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Abstract. Two-dimensional three-temperature (2-D 3-T) radiation diffusion equa-
tions are widely used to approximately describe the evolution of radiation energy
within a multi-material system and explain the exchange of energy among electrons,
ions and photons. Their highly nonlinear, strong discontinuous and tightly coupled
phenomena always make the numerical solution of such equations extremely chal-
lenging. In this paper, we construct two finite volume element schemes both satisfy-
ing the discrete conservation property. One of them can well preserve the positivity
of analytical solutions, while the other one does not satisfy this property. To fix this
defect, two as repair techniques are designed. In addition, as the numerical simula-
tion of 2-D 3-T equations is very time consuming, we also devise a mesh adaptation
algorithm to reduce the cost. Numerical results show that these new methods are
practical and efficient in solving this kind of problems.
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1. Introduction

Radiation diffusion equations are widely used to simulate problems in inertial con-
finement fusion experiments, magnetic confinement fusion experiments, astrophysics
problems, and so on. If radiation and material do not reach equilibrium, the equations
are nonequilibrium radiation diffusion problems. 2-D 3-T radiation diffusion equa-
tions [12,14-16, 25, 26] coupled with electron, ion and photon temperatures belong
to nonequilibrium radiation diffusion problems. They are widely used to approxi-
mately describe the process of energy across multiple materials and the exchange of
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energy among electrons, ions and photons. Because they have the characteristics of
high nonlinearity, strong discontinuity and tight coupling, the numerical simulation of
such equations is very challenging and interesting, which has attracted many authors’
attention.

There are two key requirements desired to be satisfied in the numerical simula-
tion of such problems. One is energy conservation property, the other is monotonicity,
i.e. preserving positivity of analytical solutions. It is well known that the analytical
solutions of the governing equations can satisfy some conservation forms inherently,
but the numerical solutions can just satisfy the discrete analogue of these conserva-
tion forms [11,13,30]. So usually a discrete scheme is conservative, it means that
this scheme can be expressed as the conservation form in a discrete sense. However,
the numerical solutions of a conservative scheme are still very likely to appear nega-
tive solutions, which are not true because of the physics of the problem and will lead
to the breakdown of computations. In order to deal with this problem, it is better to
construct a discrete scheme which is unconditional monotone or monotone under less
restrictive conditions [17,18,29,32,34,39]. Monotone schemes are tightly connected
to algebraic properties of the matrix of the discrete operator, and need impose severe
restrictions on both meshes and problem coefficients. Therefore, the construction of
monotone schemes is usually very difficult. Besides, some post-processing techniques
such as the repair paradigms proposed in [19,23,31,36] and the cutoff method ana-
lyzed in [24] can also be adapted to repair the negative solutions. The work mentioned
above only focus on elliptic equations, diffusion problems with simple diffusion tensors
and nonequilibrium radiation diffusion equations coupled with electron and ion tem-
peratures. Next, we will introduce the existing work for 2-D 3-T radiation diffusion
equations.

As to 2-D 3-T radiation diffusion equations, the relevant advances about numerical
solutions can refer to [15,26-28,38]. In the framework of UG, the paper [26] success-
fully solved the problems by using the fully implicit finite volume scheme and parallel
adaptive multigrid method on the triangular grids. The author discussed the influence
of the particular time step chosen to computational efficiency detailedly. In the context
of the symmetric finite volume scheme established in [27], two kinds of linearization
methods, namely, Newton and “fixed-coefficient”, have been researched in [28]. [15]
constructed a symmetric finite volume element scheme which made the correspond-
ing preconditioning technique applicable for 2-D 3-T radiation diffusion equations, and
proposed a mesh adaptation approach based on monitor matrix. By this mesh adap-
tation, the energy conservation error and computation efficiency can be improved ob-
viously. Through decoupling one temperature variable from the other two ones by a
special coarsening strategy, [38] designed a two-level iterative method for solving the
linear system discretized from 2-D 3-T radiation diffusion equations.

Finite volume element (FVE) methods are also called the generalized difference
methods in China, belonging to the box schemes, or the control volume methods. Simi-
lar to the standard finite volume methods, we need to primarily integrate the governing
equation on the control volume. Then, by using a finite element space to approximate
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the exact solutions, we obtain the corresponding finite volume element scheme. We re-
fer readers to [2,5,6,22,45-50] for some recent advances on FVE methods. The linear
element FVE method on triangular mesh for solving the standard linear second-order
elliptic equation is studied in [10,20,21]. And the error estimates about this method
are also discussed in these papers. In this paper, we extend the linear element FVE
methods on triangular mesh to 2-D 3-T radiation diffusion equations. The nonlinearity
and the discontinuity of the coupled equations bring difficulties to the numerical dis-
cretization. From the energy conservative form of the original system, we adopt some
reasonable numerical integral formulas and approximate methods to deal with non-
linear terms and discontinuous coefficients. By various numerical integral formulas,
we construct two kinds of conservative FVE schemes. The first one is very similar to
the SFVEM constructed in [15] and seems to have better energy conservation property
slightly. Here, we discuss its monotonicity in detail, which has never been done before.
From the analysis of monotonicity and the numerical experiments, we know that the
first one is monotone on many kinds of meshes, and the corresponding restrictive con-
ditions of meshes are derived. However, the other one is nearly impossible to monotone
and a large part of the numerical solutions would be negative at the start of actual cal-
culation. Therefore, this scheme is usually considered not available. But we specially
design two repair techniques for 2-D 3-T radiation diffusion equations, including the
global repair technique and cutoff method, to overcome this defect. From the numeri-
cal results, we find that both of them could achieve good computational efficiency. And
the cutoff method which has been known in [24] seems more preferred. Additionally, a
spacial mesh adaptation algorithm based on the residual-type posteriori error estimator
of FVE method is also proposed, by which the cost can be reduced observably.

The present paper is built up as follows. We describe the 2-D 3-T radiation diffusion
equations briefly in Section 2. We derive two FVE schemes and analyze their energy
conservation property and monotonicity in Section 3. Because the second scheme is
hard to satisfy the monotonicity, repair techniques are extended to make this scheme
preserve positivity in Section 4. In Section 5, we introduce a mesh adaptation algo-
rithm. And then some numerical results are presented to highlight the correctness and
efficiency of our methods in Section 6. Finally, some conclusions are given in Section
7.

2. 2-D 3-T radiation diffusion equations

The system of 3-T radiation diffusion equations is solved in a bounded open region
Q2 over the time interval (0,7]. As shown in Fig. 1, Q = Ui:l Qy is a half upper
circle with radius R under two dimensional Cartesian coordinate system, and the circle
center overlaps with the coordinate origin, diameter aligns with the x coordinate axis.
In Q, three different types of materials are included, where deuterium gas (DT) is filled
in the innermost subdomain 2, covering the area with 0 < r < R, glass (Si02) is filled
in the middle subdomain 2, covering the area with R < r < R, plastic foam (CH) is
filled in the outside subdomain Q3. I'; denotes the free boundary and I'y denotes the
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symmetric boundary. Let ' = (7., T;,T,), then 2-D 3-T radiation diffusion equations
coupled with electron temperature T,, ion temperature 7; and photon temperature 7,
are defined by

pce% — V- (F,) = S(T), (2.1a)
oT; .

peigr = V- (F) = Si(T), in Q x (0,7] (2.1b)

4¢, T3 6;;’“ — V- (F,) = S.(T). (2.1c)

For each unknown 7, the corresponding flux vector F,, is defined by
F, = ko VT,

where k., = AaTg/ 2(@ =e,i), k. = A, T3% are conductive coefficients of electron, ion
and photon.

For o = e,i,7, So(T) are the source terms, specifically formulated as

Se(T) - pwei(n - Te) + pwer(Tr - T€)7
Sz(T) = pwei(Te - Tz)a
ST(T) = pwer(Te - TT’)7

where we; = pAeiTe 2/3 is the energy exchange coefficient between electron and ion,
and w,, = pAerTgl/ ? is the energy exchange coefficient between electron and photon.

According to physical experiments, the initial conditions are given by
T.(X,0)=30x10"% X eQ, a=e,i,r
The boundary conditions are defined as
e Symmetric: ﬁaaalrf Ir,= 0,a = e,i,r, where n is the unit outer normal vector
along boundary;

e Free: naaalﬁ* Ir,=0,a=e,i; T, |p,= 2.0.

Here p denotes the density of the medium. All parameters appeared in above descrip-
tion p, cq, Aa(a = €,i,7),0, Ae;, Aer are constants within each subdomain, but they are
discontinuous across interfaces of subdomains. Mention that the values of the parame-
ters will be given in Section 6.

In addition, the system energy of unit mass is defined by

1
E=E6+EHE, Ee=cde, &=cT;, & = —ch;l. (2.2)
p
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Figure 1: Computational domain €.

3. Finite volume element schemes

FVE methods are also called the generalized difference methods, the box schemes,
or the control volume methods. Because FVE methods offer the flexibility to han-
dle complicated geometries and follow the physical conservation law, including mass,
momentum and energy, moreover are easy to be understood and implemented, FVE
methods have been used widely in sciences and engineering, such as computational
fluid mechanics, electromagnetics, petroleum reservoir simulations and other practical
problems. The numerical analysis and general presentations of these methods are dis-
cussed concretely in [10,20]. Let 0 = tg < t; < --- < ty_1 < ty = 7. Integrating Egs.
(2.1a)-(2.1c) on the interval [t,,, t,,+1], we have

trt1 tnt1
pce(Te(th)—Te(tn))—/ : V-(Fe)dt—/ Us(mydt=0, @D
tn tn
tnt1 tni1
pci(Tl-(thrl)—Ti(tn))—/ V-(E)dt—/ S;(T)dt =0, (3.2)
tn tn
(2} tnt1
CT(Tf(th)—Tf(tn))—/ V-(Fr)dt—/ S, (T)dt = 0, (3.3)
tn tn

For the temporal discretization, we use the backward Euler method to ensure the prop-
erty of absolute numerical stability. Then, we obtain the nonlinear PDEs as follows:

pee (T — Ty =V - (FMY At — ST AL = 0, (3.9
pei(TM =T =V - (EMYHY AL — S AE =0, (3.5)
o (T — (T = V- (B At — SPHE At = 0. (3.6)
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Figure 2: The dual element surrounding vertex Pj.

where At = "1 — 7 T and T**! are temperature functions at times ¢" and t"*1,
respectively, and F?+1 S7+1 are used to denote F,(T"*!), S, (T"H) with 77+ =
(TgH_l, T;TLJrl’ T;H—l).

We utilize the linear FVE method on triangular meshes to obtain spacial discretiza-
tion. The specific construction procedure is as follows.

Let 7;, be a triangular partition of computation domain §2, which is called primary
partition. For the triangulation 7, Ej denotes the set of edges and N, is the set of
vertices. The diameter of the triangular element K € 7, and the length of the edge
l € Ej, are denoted by Hx and Hj, respectively.

We connect the barycenter point of every triangular element to its edge midpoints
by straight line segments to obtain the dual partition. Fig. 2 shows that P, is an inner
node, P; (j = 1,2,...,6) are neighboring nodes around Fy, Q; (j = 1,2,...,6) are
barycenter points of triangular elements, and M; (j = 1,2,...,6) are edge midpoints of
primary elements. Connect M; and Q; (j = 1,2,...,6) successively to form a polygonal
region K7, surrounding I, called a dual element. The set of all the dual elements
is denoted by 7, called the dual partition. Let Sg and S} denote the areas of the
element K¢ and the dual element K}, respectively.

Remark 3.1. In order to facilitate the application of FVE method, we assume that there
is no mixed material element in the primary partition 7,. In this case, some nodes
of 75, appear on the interfaces of different material areas. Let I';,,; denote the interfaces
of different material areas.

Define two finite dimensional trial function spaces associated with 7; by
Uy = {uh e C@) : up ke P, wcen}, 3.7)
Ul = {uh €C[@) up ke P, VK eT, and up |r, = 2.0}, (3.8)

where P! consists of all the polynomials with a degree less than or equal to 1.
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Here, we introduce a linear transformation on triangle element K,

T =TI\ + Tady + 233,
(3.9)
Y = y1A1 + Y22 + ysAs,
where
HERAE 1oy 1
AL = 25 |2 %2 1, A= 5% Y 1, (3.10)
@lry yz 1 @les yz 1
1 |71 wn 1 1|xr n 1
A3=rco— |12 y2 1|, Sg=5l|12 ¥2 1f, (3.11)
QSQ 2
rz y 1 T3 ys 1

and (x;,y;) is the coordinate of the vertex P;,i = 1,2, 3.

For any uj, € Uy or u, € Uy, set u; = up(F;) (i = 1,2,3) and then on the ele-
ment KQ, Up, = ULA] + Us Ao + Uz 3.

Define the test function space associated with 7,* by

Vi, = {Uh € L*(Q) : vy \K;: constant, V P € Nh}, (3.12)

with the following basis functions (characteristic functions): for each P € Ny,

1, if X €K},
vr(X) = { 0, if X ¢ Kp. (3.13)

Multiply (3.4)-(3.6) by v¥p € V},, integrate them on €2, and use the Green’s formula to
obtain the following variational FVE form for (3.4)-(3.6): Find 77/, T, € U3, T €
Uy, such that

(pce(Tg;1 —T,),vp) + ae(Tg,;“, Yp)At — (52;1, Yp) At =0, (3.14)
(pei(T =T, p) + ai( T wp) At — (ST wp) At = 0, (3.15)

(Cr((TZ,Z;;H)4 —(T7)*h),vp) + GT(T,Z?;TIWP)At - (SZZIWP)At =0, (3.16)

where )
orrr
aa(T2H" p) = — / k! a‘“’h ds, (3.17)
K%, n

and (-, ) is the standard inner product of the space L?(2).
Based on various kinds of numerical methods, we construct two discrete schemes
for 2-D 3-T radiation diffusion equations in the next installment.
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3.1. Scheme I

Because the parameters p, ce, ¢;, ¢, Ae, A, Ay, 0, Aei, A are discontinuous on the
interfaces of different material areas, the approximate values of the parameters at these
nodes located on the interfaces I';,,; need to be considered specially.

Let ¢ stand for some parameter. When the node P is not located on I';,,;, the value of
e at P is e(P). When the node P is located on I';,,;, the value of ¢ at P is approximated
by the linear weighted combination of £(Q;) (j = 1,..., Np), namely

Ne Sk, NK*
Q.

(P = Y e@y)
i=1 P

where @); are around P as shown in Fig. 2, and Np denotes the number of elements
around P throughout the paper. Actually, if P is not located on I';,¢, e(P) = ¢(Q;) (j =
1,...,Np) since ¢ is a constant in each subdomain.

We utilize a simple numerical integral formula, that is using the nodal value to
replace the integrand, to obtain the approximations of integrals in (3.14)-(3.16):

(el T = T2)vow) = [ (T2 = T2 )ax
P

= p(P)ee(P)(T5 (P) = T, (P)) - Sp, (3.18)

(pei (] = T1), p) = / pei(T5 = T7y,)dX

*

P

= p(P)e(P)(T5(P) — T14(P)) - S, (3.19)

(e (T = (7)), vp) =/ e (T )t = (T)1)dX

*
P

= ¢, (P) (T ) (P) = (T)*(P)) - S, (3.20)
(saitowr) = [ spjlax
Kp
= So(T)TH(P)) - Spla = e, i, ), (3.21)

where Ty H(P) = (T2 (P), T (P), T (P)).

As shown in Fig. 2, the line integral along 0K} in (3.17) can be written as a
summation of the integrals along the broken segments 0K, N K¢ (j = 1,..., Np). Then

using " $1(Q;) to approximate %! in the line integral, we have
NP aTn-}tl
+1 - +1 @,
ol Tof i) == o kNQ) [ s (3.22)
j=1 8[(Pﬁ[(Qj
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The aforementioned approximation, together with (3.18)-(3.22), yields

p(P)c(P)St - TP AtZK"H / aTéﬁrlds
‘ F ek OKENK on
~ S (T H(P)) - Sp = p(P)ee(P)Sp - T4 (P), (3.23)
8T-n+1
P)ei(P)Sp - T (P) = Aty wH(Q / b g
p(P)ei(P)Sp - T, Z OKpNKg, on
—AtS(Tpt (P)) - Sp = p(P)ei(P)Sh - T1Y,(P), (3.24)
aTn—I—l
ST — At /ﬁ”“ / mh s
( ) P ( Z BK;OKQ], on
—AtS(TPHH(P)) - Sp = e (P)Sh - (T, (P)*. (3.25)

On any triangular element K,

Oun _ (y2—y3) w1+ (y3 —y1) - ua + (y1 — y2) - us
oz 250 :

(3.26)

ouy, _ (1‘3 — xg) cuq + (xl — 1‘3) s U + (1‘2 — 1‘1) . u;;’ (3.27)
oy 2S¢

where (z;,y;)(j = 1,2, 3) are the coordinates of three vertexes on Kq, u; = up(xj,y;)
(1 =1,2,3).
Then, by a simple calculation, it follows that

or it oT it Tyt
/ ——ds = / < —dy — dm)
OKpNKq, on OKpNKq, Ox dy

—_—
_ ‘ Pij+1‘ Tn+1(P)+
B 4Sg, b

J

_— =
PPiy1 - PiBiy1 g

P (3.28)
45@] a,h ( .7)

—_—
‘P‘jﬁ ) I)ij+1 TTL+1

P,
4SQ] a,h ( J+1))

where Np + 1 = 1. Substituting (3.28) into (3.23)-(3.25), we gain the fully discrete
scheme of (3.14)-(3.16) on any triangular partition.

3.2. Scheme II

We compute the integrals of (3.14)-(3.16) by another method, and the discretiza-
tions of line integrals in (3.17) are the same as Scheme I. For the other integrals in
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(3.14)-(3.16), we employ the following way to approximate. Because the three Egs.
(3.14)-(3.16) have the same form, we just give the discretization of Eq. (3.16) in detail.
Firstly, the first term on the left side of Eq. (3.16) is approximated by

(@ = (), v

Np
_ / e (T = (T) X =3 / e (T = (T,))dX
Kp j=17KpNKq

=Y a@(atey [ e -@ney [ max). @29
’ KpnKq, ’ KpnKg,
Secondly, we discrete the source term in Eq. (3.16) as

*
P

(St o) = [ oA (T A — T ax

Np
— Z/ * pQAer(TeTl;;LFl)—l/Q(TeTl;;l o Tﬁ;l)dX
7=1

PmKQj
Np
= 0H(Q)) A (@) (T (P)) V2 / (T - TAX. (3.30)
j=1 KpnKq,

By exactly integrating the aforementioned equations (3.29) and (3.30), we establish
another discrete scheme for the 2-D 3-T radiation diffusion equations.

3.3. Energy conservation and monotonicity

We already present two different numerical schemes for solving 2-D 3-T radiation
diffusion equations, and then, we will compare them by theoretical analysis and nu-
merical tests.

Firstly, we analysis their energy conservation property by the concepts of differential
and discrete conservation [11,13,30]. The conservation property of the governing
equations (2.1a)-(2.1c) can be illustrated by integrating them over domain 2 x [0, 7],
and applying Green’s formula to the divergence yields

/pceTe(X,T)dX—/pceTe(X,O)dX—/ dt/ Se(T)dX =0, (3.31)
Q Q 0 Q
/ch-Ti(X,T)dX—/ch-Ti(X,O)dX—/ dt/ Si(T)dX =0, (3.32)
Q Q 0 Q

/ & THX,7)dX — / & THX,0)dX — / dt / S,.(T)dX
Q Q 0 Q
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—/ dt/ F, -nds = 0. (3.33)
0 Iy

From the definition (2.2), we know that Egs. (3.31)-(3.33) can be seen as a statement
of global energy conservation equation. Taking the sum of (3.31)-(3.33), we obtain
another simplified form

> ( /Q peaTo(X,T)dX — /Q PCaTa(X,O)dX> + /Q e THX,T)dX

a=e,l

- / e TH(X,0)dX — / dt [ F,-nds=0. (3.34)
Q

For numerical solutions, they can not satisfy exactly the analytic statements of con-
servative equations (3.31)-(3.33) and (3.34). Usually, we call a discrete numerical
scheme is conservative, if the discrete integral of a certain quantity is preserved by this
scheme. In Scheme I (3.23)-(3.25), summing the discrete equations over node P and
time level n, respectively, we have

N

S (e TP - Sp = 3 (pe I (P) - 55— 3 ( S S(Tp(P)) - s:a)m ~0, (3.35)

PEN}, PENy, n=1 “PEN,

> (peTN)P) - Sp = Y (paiTP)(P) - S Z ( > siTpp SP)At =0, (3.36)

PeENy, PeNy, n=1 *PEN}
> (e(TH)HP) - Sp = Y (en(T2))(P) - Sp
PeNy, PeNy,
Z( > S(Ti(P Sp)m— ( > / Fl, - nds)At—O (3.37)
PEN, peny JOKRNM

where Tj*(P) = (17, (P), T}, (P), T}, (P)) and N} denotes the set of nodes located on
the boundary I'y. Further more, by the definition of S, and taking the summation of
Egs. (3.35)-(3.37), it follows that

S (e IN)(P) - Sp— 3 (peI0)(P) - Sp+ S (peTH)(P) - 53

PeNy, PeN,, PeNy,
= > (peT)(P) - Sp+ Y (er(TH)NP) - Sh— Y (en(T))(P) - S
PeNy, PeNy, PeNy,
- Z ( > / Elh - nds) At = 0. (3.38)
PENl aK* Ny

It can be observed that Egs. (3.35)-(3.37) and (3.38) are the discrete analogues of
equations (3.31)-(3.33) and (3.34), respectively. Therefore, Scheme I satisfies the to-
tal energy conservation in a discrete sense. As to Scheme II, the computation of line
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integrals is the same as that in Scheme I, just the approximation of double integrals on
dual elements is different. Using analogical analysis as Scheme I, we can get another
discrete analogue of equations (3.31)-(3.33) and (3.34). The discrete equations corre-
sponding to Scheme II can be expressed in the form of (3.35)-(3.37) and (3.38). So
they both discretely conserve the vector T' = (7., T;,T,) in space and time.

Next, we discuss the monotonicity of these two discrete schemes. The monotonicity
of discrete solutions is an interesting topic, which has attracted the attention of many
scholars [17,18,29,32,39]. And so far, the M-matrix is still the most universal standard
in terms of the monotonicity.

Let U" = (TeT,Lb TZLl? T:,Ll? TeT,L27 1}727 T:}Qv o 7TeTf"]7 T‘zT,L"V Tr:f"]): where TeTfm = TeTfh(Pm)7
17 = T (Pn), Tl = T (P (m = 1,2, - -+ ,J), and J is the number of nodes of 7j,.

Thus, discrete schemes in last subsection can be written as
AUTthontt = F(om). (3.39)

The system (3.39) is nonlinear, which is caused by nonlinear equations (2.1a)-(2.1c),
rather than by our discrete methods. In the beginning of discussing the monotonicity,
we use the Picard iterations to linearize (3.39) [15]. Then, (3.39) can be written as a
linear algebraic system

AU = F(U™), (3.40)

where U™ = (1) Tl.fo),T(") T Tl.(g),T(") o, 7 T 7Y s the latest solu-

e, 1 rl o te2 r,2 'Tred ) T VT
tion functions of linear equations 1n the nonlinear iteration. Since a M-matrix [35]

guarantees that the solution of a system of linear algebraic equations will be non-
negative for any non-negative right hand side, the analysis of monotonicity is usually
come down to analyze the algebraic properties of the matrix of the discrete operator.

For a general irreducible matrix A, A is a M-matrix when it satisfies the following
three properties [1]:

1. All diagonal entries of matrix A are positive.
2. All off-diagonal entries of matrix A would be non-positive.

3. Every row sum in matrix A is nonnegative, and at least one of them is positive.

Let us recall Scheme I first. After computing the line integral exactly and linearizing,
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(3.25) becomes

s (1) py132Q; 2 ) p 2/39Q; | PiPj1 | S
S (e ()22 + Dtp? Aer (L) (P) 72220 + A7) Q) L ) - T (P)
j=1 Qj
—
n 50, m " PP, - PP, .
— DtpPAer(TU) (P) 72322 T (P) — Atk (@) ( L) LT ()
3 48,
PP-D,P, .
— AN Q)) | L= ) T (P
4Sq,
Np So
= cr(Qj)T”(Tlfh(P))“, (3.41)
j=1

where Np + 1 = 1. (3.23) and (3.24) have the similar expressions. It is obvious that
the matrix A(U (™) satisfies property 1 for any vector U(™ > (. Because

—_—
w0l E o PRt BB o ) PP BBl (g 4
r.h J 45@]_ r.h J 45 ; J 45ij .

the row sum in matrix A(U(™) equal to cr(T(Z) (P))? ng which is positive, i.e., the ma-

trix A(U™) satisfies property 3. Moreover, if PP; .1 - P;Pj+1 > 0 and ﬁ P;Pj 1 >0,
A(U™) satisfies property 2. In conclusion, A(U() is a M-matrix for any vector U™ >
0 if and only if the maximal interior angle of the primary partition is not greater
than 90°. Scheme I is monotone under this given condition. Next, we concentrate
on Scheme II. The matrix A(U ™) still satisfies properties 1 and 3. However, the second
property of the M-matrix is so hard to be achieved, because many positive terms are
added to off-diagonal positions. For example, the coefficient before Tf}f '(P;) becomes

N £ 2 7Sq, W, PP PP,
e (T35 (PP 5 + Dtp? Aei(T[5) (P) ™5 =2 — Atn{5)(Q)) TR R
J

(3.43) is an off-diagonal value of A(U(™), so it should be nonpositive when A(U) sat-
isfies property 2. In physical experiments, the value of p? Aei(T (h) (P))~2/3 is very large.
If Scheme II is monotone, the constraint for meshes is quite harsh. This is hard to be
realized in practice.

4. Repair techniques

Scheme II is not monotone based on the above analysis in Section 3. And in the
numerical experiments underlying Scheme II, a large part of the numerical solution
become negative at the beginning of computation. The negative solution is not true
because of the physics of the problem, and leads to the breakdown of computation
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because both the energy exchange coefficients and diffusion coefficients include rad-
ical signs. In this paper, we employ two post-processing techniques to deal with the
problem.

The first one is called global repair technique which can preserve the total energy
conservation. It is proposed in [19,36] to deal with elliptic problems. We extend it to
2-D 3-T radiation diffusion equations. Define the total energy

3

Euota = Y (peTe(Fy) + peiTi(By) + er(Ton(P))* ) S “.1)
j=1

where J is the number of nodes of 7y,. Let T¢ i, = min TO, T; min = Min T s Tromin =

min 77, where T2, T? and T? are obtained by the initial condition. Each negative

value Ty, ,(FP;) is replaced by the minimum 7Ty yin(o = e,i,7). Let T, denote the

unrepaired solution, and T} ; denote the repaired solution. The total energy of the

unrepaired solution is

J

Eirnar = D (PecTE(Py) + peiT,(P) + (T (P))*) S “2)

J=1

and we require that the modified solution has the same total energy, namely
J
Etotal = Z (PCeTer,h(Pj) + PCiTiT:h(Pj) + CT(Tﬁh(Pj))4> S}k?j = Eiotal- (4.3)
j=1

For o = e, i,r, we divide N}, into two classes:

JTe,p {JG’]@ E N}UT@ h(.]e) - Te,min},
J1p = {3i33i € Nu, Tj%(3i) > Timin }

JTT,p = {jr?jr € NhaT;fh(jr) > Tr,mz’n}a

and
JTe,n = {je;je € NhaTéfh(je) < Te,min}’
JTi,n = {]za]z € Nhaj—;lfh(]z) < T%,min}a
JTT,n = {jr;jr € Nh’T;fh(jr) < Tr,min}-
Define
gTe:P: Z pce(Telfh(j) - emm)S>|<
jEJTe,p
ETi,p = Z pcz(Tfh(]) Zmzn)S*
jEJTi,p
Erp= Y (TGN = (Trmin))S;,
JeJT,
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as the total energy, which is available in the whole region, and

ETe,n:_ Z pce(Telfh(]) emzn)S*
jEJTe,n

gTi,n:_ Z pCZ(T;fh(]) me)S*
jeJTi,n

Erpn=— > (T = (Trmin)")S5,
jEJTi,n

as the total energy, which is needed in the whole region. For 2-D 3-T radiation dif-
fusion equations, the temperature 7, is easy to be negative in the process of the
computation, and the proportion of negative solutions in the whole solution vector
is very large. In this case, the needed energy &7, ,, will greater than the available
energy &r, ,. Therefore, it is not applicable to repair these three temperatures sepa-
rately. In the following, we take them as a whole to repair the negative values. De-
fineE, =&r.p+Er,p+Er.pand &, =Er, n + €0 + €1, 0. Let

Tg,h(ja) = Ta,mma V ja € JTa,nv a=e,,r. (4.4)
Furthermore,
En
- w ooy CTagae . .
Toc h(]a) = Toc h(ja) T T aox 0 v Ja € JTa,p)a = €,1, (45)
) ) CaS
. . \\4 5Trur5 1/4 .
T2 = (@) = ) L Y € T +6)
7‘ j’r
where

gTa,ja = pca(Ts,h(ja) - a mzn)S* 5 .]a S JTa py 0= e,i,
&, g = cr(( ;fh(jr)yl - (Tr,min) )S* s Jr € J1p-
From (4.4)-(4.6), it follows that £, , = &*, ;. Thus, the global repair technique dose
not change the total inner energy.
On the other hand, we can repair the numerical solutions by replacing the negative
solution by a relevant value. The idea of this method comes from the cutoff method

proposed and analyzed in [24]. We still use the notations defined above. And denote
the numerical solutions at the former time level by 17 1, additionally. Let

TCC,h(jOé) = ToTzl,h(jOé)7 v jOt € JTa,TM o= e,i,r, (47)
T hGa) =Ty p(Ja), Y Ja € Jryp, = e,i,1. (4.8)

Obviously, this method would change the total inner energy at every time level, but is
applicable for 2-D 3-T radiation diffusion equations.
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5. Mesh adaptation

Posteriori error estimators are indispensable in adaptive computations. There are
general three types of posteriori error estimators: residual type, recovery type and hi-
erarchical type. We refer readers to [41,45-48] and references therein for detailed
research on recovery type and hierarchical type posteriori error estimations. In this
paper, we employ the residual type estimator to conduct the adaptive computation.
In [37], the authors proved the residual posteriori error estimate of the finite vol-
ume element method on triangular mesh for the general two dimensional nonlinear
parabolic equation. Based on this theoretical result, we develop a adaptive algorithm
for 2-D 3-T radiation diffusion equations. Here, we briefly describe the relevant theory.

Let T, = (Ten,Tin,Trp) be the numerical solutions at some time level, K; €
Tr and K, € T;, two adjacent elements, | € E), the common edge of K; and K. If [ €
09, lis supposed to be located on K. Then jumps J*(« = e, 4, r) across [ are expressed
as follows:

n - Iia7hVTa7h +ny - Iia7hVTa7h , if 1 e Eh \ 69,
o ( )k, ( )&' 5.1)
ng - (“a,hVTa,h)Kla if e E;,NoQ,

where n; is the unit normal vector to [ pointing from K; to Ky and ny is the unit
normal vector in contrast to n;. For any element K € 7,, we introduce the element
residual R% (a = e,i,r):

oT,, .
% = <pca h vy (KanVTan) — Sa(Th)> , a=e,l, (5.2)
6t ) ) K
oT,
;{ = (4C7~(Tr,h)3 6t7h -V (er,hVTr,h) — Sr(Th)> . (5.3)
K

Now, we give the main result for posterior error estimates.

Theorem 5.1. Suppose that v, 6 are two positive constants, only associated with the small-
est inner angle of the triangulation Ty,. Then it holds that

<Ry, > 1/2
| Ru == sup % < C{ > (HK)Q} ; (5.4)
0£pc H1(Q) P gt KeT,

where

N 1 N 1/2
nk =Y vHk || R% |12 +9{§ Y H| G, Hiz} : (5.5)

leoK

and H* is the dual space of H'(S2), Ry, is the total residual.

The proof of Theorem 5.1 is similar to that in [37]. We refer readers to [37] for
more details.

According to the theory of mesh adaptation based on the posteriori error indica-
tor 7, we design the following algorithm for Egs. (2.1a)-(2.1c).
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Algorithm 5.1. Let 7 be the initial adaptive triangulation which can be generated
by the initial conditions, and T;(k = 0,1,2,---) be the kth adaptive grid, then find

the adaptive grid T}, ;:

(i) Solve the nonlinear PDEs (3.4)-(3.6) with the finite volume element scheme con-
structed in Section 3 on mesh T;;

(i) Calculate the posteriori error indicator nx on each element of T,";

(iii) Mark the element K to refine, on which nx is greater than a given value. And
mark the element K to coarsen, on which ny is very small;

(iv) Create adaptive grid 7;’11 by refining and coarsening the marked elements of T;.

6. Numerical Test

In this section, some numerical results are presented to indicate how our schemes
and post-processing techniques work in terms of preserving positivity and maintain-
ing energy conservation. A comparison between our schemes and another numerical
scheme proposed in [15] can be seen directly. Besides, the numerical efficiency of mesh
adaptation is also presented.

We take the typical model of laser-driven implosion of inertial confinement fusion
in paper [26] as a benchmark. Deuterium gas (DT), glass (SiO2) and plastic foam
(CH) are filled into subdomain i, Q9,25 respectively. Below are the values of all

parameters:

0.09 in €y, ce = 1.5, 35 wmn Q, 35 1n Q,

p = 2.5 in QQ, C; = 15F17 Fe: 40 in QQ, Fz: 40 in QQ,
1.1 in Q3, | ¢ = 0.007568, 45 in Qs, 70 in Q,
1.0 in Q, 200 in 4, 5 in Q,

g = 2.4 in QQ, Ae = 60 in QQ, Ai = 0.00017 n QQ,
3.0 in Q, 81 in Qs, 0.02 in Qs,
1.8x107/p  in Q, 2000 in Q, 10 in Q,

A,« = 9.0 x 102/p1'5 mn QQ, Aez‘ = 4000 in QQ, Ae,« = 140 mn QQ,
2.1 x10%/p?  in Qs, 7000 in s, 79 in Qs,

and R = 90, R = 95,R = 132. In this paper, we use the energy conservation error
defined in [15,26] to evaluate the efficiency of different numerical methods for Egs.
(2.1a)-(2.1c). It is defined as follows:

n n 0
Err = genter B (gown B gown)
= on ,
enter
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Figure 4: The stereogram of photon temperature at initial time.

where £ ... and &, denote the total radiation energy importing from free boundary
and the system energy at time t,,, respectively, and £0 = the initial energy of the system

own
at time tg = 0.

6.1. Results of Scheme I

In this part, we obtain the results of Scheme I. In the following computation, we use
the unstructured triangular mesh with 2224 elements which is denoted by Mesh0. Fig.
3 and Fig. 4 depict the triangulation M esh0 and the stereogram of photon temperature
at initial time. There is no mixed material element, since the triangular mesh is fit with
the interfaces between different subdomains. Here, we take a constant time step At =
5 x 10~* and let the final state be t = 14.

Figs. 5-8 show the stereograms of photon temperature at time of 3, 6, 10, 14 in
the numerical example. The first row of Table 1 shows the energy conservation error
of Scheme I at six different physical time. It is worth mentioning that the numerical
solutions are positive on the whole domain 2 throughout the process of computation.
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Figure 6: The stereogram of photon temperature at t=6 (Scheme I).
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Figure 7: The stereogram of photon temperature at t=10 (Scheme I).

6.2. Results of Scheme II

In this part, the numerical results of Scheme II are presented. We still use the
unstructured triangular mesh Mesh0, take a constant time step At = 5 x 10~4 and let
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200

i g 200 “100

Figure 8: The stereogram of photon temperature at t=14 (Scheme I).

the final state be ¢ = 14.

At the first time level, the numerical solutions appear negative values which lead
to the breakdown of the computation. We use the post-processing techniques proposed
in Section 4 to overcome this obstacle. The numerical results obtained by combining
Scheme II with the global repair technique are denoted by Scheme I1(G). The numerical
results obtained by combining Scheme II with the cutoff method are denoted by Scheme
II(C). Because the tendencies of Scheme I, Scheme II(G) and Scheme II(C) are similar,
we just provide the stereograms of photon temperature at the final time in Fig. 9
and Fig. 10. The energy conservation errors of Scheme II(G) and Scheme II(C) are
displayed in the second row and the third row of Table 1 respectively.

Table 1: Energy conservation error (%) of various numerical schemes.

Physical time 0.5 1.0 3.0 5.0 10.0 14.0
Scheme I 15.30 12.84 10.08 9.19 8.19 7.77
Scheme II(G) 18.38 14.93 11.24 10.09 8.98 8.46
Scheme II(C) 17.06 13.88 10.55 9.52 8.37 7.91
SFVES 15.39 1290 10.12 9.22 8.22 781

6.3. Comparing with SFVES

In [15], a symmetric finite volume element scheme(SFVES) is proposed to solve
2-D 3-T radiation diffusion equations. In order to compare with SFVES, we use the
same unstructured triangular mesh and time step size as mentioned above to proceed
the numerical simulation. The same as Scheme I, the numerical solution arising from
this SFVES is also positive in the whole process of computation. The stereogram of
photon temperature at the final time is shown in Fig. 11. Comparing Figs. 8-11, there
is no obvious differences between Scheme I and SFVES. In the forth row of Table 1,
the energy conservation error of SFVES is displayed. From Table 1, it can be seen that
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Figure 9: The stereogram of photon temperature at t=14 (Scheme II(G)).
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Figure 11: The stereogram of photon temperature at t=14 (SFVES).

Scheme I is a little more effective in this respect of energy conservation.
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Figure 12: Two triangulations of the computational domain (2.
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Figure 13: Adaptive mesh and contour of photon temperature at ¢t = 1.

Table 2: Convergence accuracy of Scheme I.

Physical time 0.5 1.0 3.0 5.0 10.0 14.0
Mesh( 15.30 12.84 10.08 9.19 8.19 7.77
CM1 7.50 631 498 454 396 3.76
CM?2 459 3.66 2.72 244 210 1.99

Table 3: Convergence accuracy of Scheme II(G).

Physical time 0.5 1.0 3.0 5.0 10.0 14.0
Mesh0 18.38 1493 11.24 10.09 8.98 8.46
CM1 9.20 7.31 5,58 494 436 4.16
CM?2 474 3.76 285 253 225 2.12

6.4. Numerical convergence on the energy conservation

Because the nonequilibrium radiation diffusion problem is relatively complex, it is
extremely difficult to theoretically analyze the convergent accuracy of various numeri-
cal schemes. Therefore, we can only discuss the approximation accuracy from the view
of numerical test. Let C M 1 be a consistent refinement of Mesh0O and C M2 a consistent
refinement of C'M 1. The numerical results obtained on C'M1 and C' M2 are presented
in Table 2 and Table 3. From Table 2 and Table 3, we note that both Scheme I and
Scheme II have first-order convergent accuracy.
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Figure 14: Adaptive mesh and contour of photon temperature at ¢t = 3.

o
s
T
RERRRRS
AR
KR 0
CRE<EGE

VO KK
RN SRR

by VAVAVSVAVANG R |

VLS TAVAVAVAVAVLTAVAS S S it L1 |

o -100  -s0 0 50 100 150 B0 00 50 0 50 100 150

(a) Adaptive mesh (b) Contour of photon temperature

Figure 15: Adaptive mesh and contour of photon temperature at ¢t = 6.

Table 4: Element average number and CPU time(h).

Items MeshO0 Meshl Adaptive(G) Adaptive(C)
Average num 2224 35584 10790 10337
CPU time 1.2 28.1 8.6 7.5

6.5. Results of mesh adaptation

In this part, we present the numerical results of mesh adaptation. From the former
numerical results, we know that Scheme I is more better in terms of energy conserva-
tion and monotony. So Scheme I is employed to solve the PDEs (2.1a)-(2.1c) in the
adaptive computation.

During the adaptive simulation, we split every triangular element marked for re-
finement into four by connecting the midpoints of three edges or into two by bisecting
through the longest edge. If some element carries with hanging nodes on its edges,
split the element into two by bisecting through the longest edge, until all the hanging
nodes disappear. On the other hand, for the element ready to be coarsened, we firstly
find out the elements coming from the same farther element with it, then merge all
elements into one.

Because the adaptive meshes contain distorted elements, a part of numerical so-
lution is negative. We still use the post-processing techniques to repair the numerical
solution. We denote the examples combined with the global repair technique and cut-
off method by Adaptive(G) and Adaptive(C) respectively. For comparison, we finish the
numerical simulation with Scheme I on a dense mesh Meshl (Fig. 12(b)). The initial
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Table 5: Energy conservation error (%) of Adaptive(G), Adaptive(C).

Physical time 0.5 1.0 3.0 5.0 10.0 14.0
Adaptive(G) 3.64 2.77 199 1.82 1.73 1.64
Adaptive(C) 3.61 2.73 190 1.75 1.66 1.59

Meshl 459 3.66 2.72 244 210 1.95

adaptive mesh is depicted in Fig. 12(a).

Figs. 13-15 show the contours of photon temperature and the adaptive meshes at
time of 1, 3, 6 in the numerical example Adaptive(G). It can be seen that the adap-
tive meshes can capture the abrupt face of photon temperature and the regions on
which elements mostly concentrate would change gradually as the abrupt face move
towards the inner. Likewise, the same phenomena is also found in the numerical exam-
ple Adaptive(C). Table 4 shows the average numbers of elements and CPU time. The
energy conservation errors are filled in Table 5. We can see that the accuracy of the
two adaptive simulations are both better than refining the mesh consistently, and the
cost can be reduced by nearly two-thirds by using the adaptive algorithm.

7. Conclusion

This paper is concerned with two FVE schemes on triangular mesh for 2-D 3-T dif-
fusion equations. Scheme I not only keep energy conservation well, but also preserve
positivity of solutions for given meshes. Solutions of scheme II cannot preserve posi-
tivity, but the designed repair techniques are effective to overcome this disadvantage.
From the numerical results, it can be seen that the mesh adaptation based on the pos-
teriori error indicator can reduce the cost obviously without the loss of accuracy.
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