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Abstract. We consider using a discrete network model in combination with contin-
uous nonlinear optimization models to solve the problem of optimizing channels in
nanoporous materials. The problem and the hierarchical optimization algorithm are
described in [2]. A key feature of the model is the fact that we use the edges of the
finite element grid as the locations of the channels. The focus here is on the use of
the discrete model within that algorithm. We develop several approximations to the
relevant flow and a greedy algorithm for quickly generating a “good” tree connect-
ing all of the nodes in the finite-element mesh to a designated root node. We also
consider Metropolis-Hastings (MH) improvements to the greedy result. We consider
both a regular triangulation and a Delaunay triangulation of the region, and present
some numerical results.
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1. Introduction

We consider using a discrete network model in combination with continuous non-
linear optimization models to solve the problem of optimizing channels in nanoporous
materials. The problem and the hierarchical optimization algorithm are described
in [2]. The focus here is on the use of the discrete model within that algorithm. We be-
gin by summarizing the physics problem and our hierarchical approach, thus providing
the necessary context for the ensuing discussion.

Nanoporous materials have the desirable property that within the nanopores a gas
can be stored at much higher density than, say, in a tank with comparable pressure.
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Many important applications, including the storage of electric charge, are noted in [2].
The problem is that it is difficult to charge, i.e., fill, these materials rapidly. It has
been suggested that a series of channels be constructed in the material to act like a
vascular system that facilitates the charge and discharge of the gas. Thus there are
tradeoffs among the storage capacity, the volume of the channels, and the time needed
to charge or discharge the materials. One version of the design problem is to choose the
channel structure, including the topology and the widths of the channels, to minimize
some property of the system, e.g., the average pressure, subject to the condition that
the total volume of the channels divided by the total volume of the material (called
the porosity) be bounded and that the rates of charge and discharge dictated by the
particular application be achieved. Other versions are clearly possible.

As noted above, our approach to solving these problems is described in [2]. Briefly,
we specify a PDE on the flow’s domain and allow channels to be built along the edges
of the finite element grid. Building the channels in this way restricts the channels
somewhat, but is much more efficient than solving a general topology optimization
problem. We comment more on this below. One node on the boundary of the domain
is designated as the outlet node. The optimization problem is to determine the widths
of the channels to solve the optimization problem described above. In a typical vascular
system, wide channels split into successively narrower channels to cover the domain
sufficiently to achieve the design criteria. It is thus natural think about formulating
the problem on different scales, starting with a coarse scale to get the general shape
of the channel system, followed by refinements of the scale to achieve better cover-
age. The problem on the finest scale captures all of the variables of the optimization
problem and is where the ultimate problem is formulated. This problem, however, can
be huge; exploiting this hierarchical structure, as shown in [2], can lead to significant
computational savings.

The resulting optimization problems are challenging to solve. There are many de-
sign variables (the widths of the numerous channels within the material) and many
more state variables (from the finite-element discretizations of the PDEs for the flows
in the channel and bulk material). The dramatic difference in flow rates between the
channels and bulk gives rise to significant ill conditioning. In addition, because the
numerous small channels individually have only a small and subtle effect on the objec-
tive, the solution to the optimization problem is nearly degenerate. Finally, it is not at
all clear how to obtain quality initial approximations that lead to reasonable solution
times.

The hierarchical optimization algorithm developed in [2] is a multilevel method
based on the multigrid optimization (MG/Opt) framework from [14]. The implemen-
tation is called yOpt and is described below in more detail. The MG/Opt framework
is designed for solving continuous nonlinear optimization problems in cases where a
hierarchy of optimization models is available. The hierarchy consists of a high-fidelity
(fine) model that is typically expensive to evaluate, along with lower-fidelity (coarser)
models that are used to update the estimate of the solution to the fine model. Typically
the coarser models will be cheaper to evaluate, leading to computational savings. It
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has been demonstrated in a variety of applications [2,4,6,10,12,16] that MG/Opt has
the potential to dramatically accelerate convergence to a solution.

Our hierarchical approach ameliorates some of the above difficulties, but not all.
Although the multigrid methods often require many fewer evaluations of the functions
on the fine grids, the problem of generating a good initial approximation is not ad-
dressed. Our response to this difficulty is to add to the hierarchy of models a simple
model that is not based on PDEs.

Fig. 2 shows sample solutions to one of these problems. Domain experts in physics
expect the channels to form a tree network that connects all of the nodes in the finite-
element mesh to the outlet node. Here we use this intuition to construct a discrete
network model of the flow in addition to the finite-element PDE models. This will
allow us to create excellent initial approximations and to maintain a tree structure.
Our goal in this paper is to demonstrate how to use a pure network model as part of a
multilevel optimization algorithm such as MG/Opt. It is not straightforward to include
such a pure network model in the MG/Opt framework.

In this paper we describe how we use the discrete network model to initialize the
continuous model. We begin in Section 2 by giving a formal statement of the optimiza-
tion problem. Then we state the general multigrid optimization algorithm and describe
its convergence properties. For our algorithm to be effective, we need a good starting
approximation. As shown in [2], uniform guesses may not produce good solutions and,
even if they do, the convergence can be much slower than with a better starting guess.
We also show that a network that has a tree structure can perform much better than
one that does not. We have continued to observe this in other experiments and it is
in accord with the intuition of domain experts. In Section 3 we present a result that
provides strong justification for our use of trees—in fact, a tree structure is optimal
under certain conditions that often hold in the problems of interest. Thus we want an
initial condition that is a tree, rooted at the outlet node, that spans all of the nodes in
the finite element grid. Obviously there are many such spanning trees, so we need an
appropriate objective function to guide us. We examine some choices for the objective
function in Section 3.

We have experimented with greedy heuristics to choose good initial trees and with
a Metropolis-Hastings (MH) algorithm to improve the initial guesses. Both the initial
greedy heuristics and the improvement algorithm use pseudorandom number genera-
tors for breaking ties in the heuristics and for deciding whether to accept a tentative
move in the improvement algorithm. These details are also discussed in Section 3.

In almost all of the problems reported on here and in [2], this network initialization
procedure was employed and worked well. The only cases where the network initial-
ization was not used are the tiny problems in [2] created to demonstrate some of the
properties of the solution. By starting with an initial guess that was not a tree struc-
ture, we obtained convergence to a solution that was also not a tree structure; when
we added and enforced the tree constraint, we obtained a significantly better solution,
i.e., lower objective function. The same is true of some larger problems that we ran but
did not publish. As mentioned above, this accords with the expectations of experts in
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the physics of the problem.

In Section 4 we discuss how we transition the discrete model to the continuous one
and we consider the issue of the tree constraint, which creates a mixed-integer opti-
mization problem. In Section 5 we present the results of computational experiments
that demonstrate the effectiveness of our approach. (A more extensive set of compu-
tational experiments is contained in the technical report [3].) In Section 6, we discuss
extensions to several interesting and practical situations. Our conclusions appear in
Section 7.

2. The General Multigrid Optimization Algorithm

As mentioned above, the optimization problem can take several forms. Here we
state an abstract form of the discretized problem based on the model described in [2].
Let N,, be the number of nodes and N, be the number of arcs in the discrete domain at
the finest level. Our objective function is the average pressure over the domain, which
is a linear function of the pressure vector p, where p; is the pressure at each node in
the finite element grid. Let ¢ € R be the resulting linear operator, so the objective
function is ¢ p. Let w; be the channel width corresponding to each arc i. From [2] we
see that the PDE describing the pressure can be represented abstractly as

where, for each value of w, A(w) is a linear operator and g(w) is a vector. If ¢; is the
length of arc i, then the constraint that the porosity be bounded is that w”¢ < z for
some specified z. Since there is no reason not to use all available porosity, this becomes
an equality constraint in the final formulation:

rgi}l;l cp

subject to:  A(w)p = g(w) (2.1)
wllt = 2z
w > 0.

As the model is refined, the finite-element subdomains are divided and channels added
along the new edges. Note that we have not included the constraint that the final net-
work structure be a tree. We will discuss this issue after we describe how we construct
our network model. We show in [2] that (2.1) can be solved by creating a simple
bound-constrained problem; see also Section 2.1.

To solve the PDE-constrained optimization problem above we rely on MG/Opt. The
idea behind MG/Opt is to use the coarse models to define a search direction for the
fine-level solution. We include here an unconstrained version of MG/Opt adapted from
the constrained algorithm in [13]. To make this notationally consistent with [13] we
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use z as the vector of optimization variables. We will switch back to w in the sequel.
MG/Opt assumes the availability of a convergent optimization algorithm Opt defined
as a function of the form

T« Opt(f(-),v,Z, k)

which applies k iterations of a convergent optimization algorithm to a shifted or “sur-
rogate” problem

min fo(z) = flz) — vz (2.2)
with initial guess Z to obtain x*. If the parameter k is omitted, the optimization algo-
rithm continues to run until its termination criteria are satisfied.

Within MG/Opt the shift v is used to adjust a coarse model so that it matches a
fine model to first order at the current estimate of the solution. Thus the surrogate
model acts like a Taylor series approximation to the fine model. But unlike in a Taylor
series where the approximation is based on a generic polynomial function, here the
approximation is based on a coarse model that has the potential to be a far better
approximation to the fine model.

The algorithm MG/Opt attempts to reduce the number of iterations of Opt on the
finest grids by doing only a relatively few iterations before and after a so-called recur-
sion step that exploits the coarser grids. Specifically, MG/Opt performs k; steps in the
“pre-smoothing” step and k; steps in the “post-smoothing” step. Here is the complete
algorithm for MG/Opt:

Given an initial estimate of the solution x%, set v, = 0. Let [ ,f and I 1}3 be down-
date and update operators, respectively, that map between successive models in the
hierarchy. Then for j = 0,1, ..., set

x{fl — I\/IG/Opt(fh(-),vh,x{L)
where the function MG/Opt is defined as follows:
e Coarse-level solve: If on the coarsest level,
x{fl — Opt(fh(-),vh,xfl).
Otherwise,

e Pre-smoothing: '
Zp, < Opt(fi(-), vh, 23, k1)

e Recursion:

— Compute

Ty = I;{I[Eh
v = I,fvh + VfH(CEH) — I;foh(fh)
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— Apply MG/Opt recursively to the surrogate model:
CCE — MG/Opt(fH(), v, fH)

- Compute the search directions ey = z}; — g and e, = [%ey.

- Use a line search to determine z; = zj, + aey, satisfying fi,(z}) < fi(Z5).

e Post-smoothing: ‘
o Opt(fu(-), it ko)

As reported in [2], MG/Opt is significantly better than Opt at solving the nanoporous
material problem. For a problem where the fine-level model has 24,704 edges and
where two coarser models were used in the hierarchy, MG/Opt took 287 seconds to
converge to a solution while Opt took 3546 seconds, about 12 times longer. In ad-
dition, MG/Opt found a better solution. The final objective value with MG/Opt was
7.2 x 10~7 while the final objective value with Opt was 2.2 x 1076,

We use the discrete network model to initialize MG/Opt, but not as part of the
model hierarchy in the MG/Opt framework. Since the network model is discrete, it is
not sensible to talk about a search direction. Also, it is not obvious how a solution to
the network model can be used to update the solution to a finite-element model. For
these reasons we use the network model as part of a full-multigrid initialization, i.e., to
help obtain the initial solution to the PDE model on the coarsest finite-element mesh.
Interestingly, we can also use a network approximation, but one based on the finest
level, to ensure that a tree structure is maintained, i.e., to help to satisfy the constraint
that we maintain a tree. These details are in Section 4. Viewed in this way our fine level
has two coarse approximations, one based on the grid and one based on the network.
Thus the overall hierarchy is now a tree structure, rather than a conventional linear
hierarchy. This is discussed further in Section 5.

The discrete model is a crude approximation to the PDE-based model. Diffusion
within the material is reduced to simple source terms at the nodes of the network. And
flow within the channels is reduced to network flow-balance equations (flow in equals
flow out). What is remarkable is that such a crude model can be of practical value as
part of the model hierarchy.

2.1. Convergence and Descent

There are two phases to the overall algorithm: the initialization using the discrete
network model, and the subsequent application of MG/Opt to the PDE model. The
discrete network model is discussed in Section 3.1; here we discuss MG/Opt.

To address descent for MG/Opt in our case, we need to provide more detail on our
optimization model. As explained in [2], we are solving a steady-state optimization
problem that consists of finding the channel widths w that minimize the mean pressure
within the medium subject to a constraint on the fraction of the overall volume, or
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equivalently the porosity, that is allocated to the transport channels. The optimization

problem has the form
Ne 2
Z/ w; — Z]
i=1 "¢

subject to [the weak form of the equations of flow],

1
min / p(w) + =6
w o 2

ngzguza

where the variables are the channel widths w. Here p(w) is the pressure (obtained from
the solution to the equations of flow), and z is a specified target value for the proportion
of the domain devoted to channels. In our implementation the flow equations are used
to solve for p(w) given a set of channel widths w. Thus this is a bound-constrained
nonlinear optimization model once the network has been specified.

This target porosity z is formulated as a penalty term with penalty parameter 6, a
decision based on our choice of Opt (see below); with a different choice of Opt it could
have been formulated as an explicit constraint. The domain consists of bulk material
in the region 2 and channels (edges) e;. A Dirichlet boundary condition is imposed at
the outlet, and a no-flow (i.e., zero flux) Neumann condition is imposed elsewhere on
the boundary.

As is proven in [13], if Opt is a convergent optimization algorithm, then MG/Opt
will be convergent as well. In our computational results, Opt is chosen as the limited-
memory quasi-Newton method L-BFGS [11], which has the necessary convergence
properties. In addition, at every iteration of L-BFGS, there is a guarantee of descent,
i.e., there is progress toward the solution of the optimization problem. Thus both Opt
and MG/Opt are convergent in our implementation, and descent is guaranteed for Opt.

For MG/Opt, the issue of descent only arises in the line search based on the search
direction for the multilevel recursion:

w;{ = wy, + aeyp,.

Because L-BFGS maintains feasibility with respect to the bound constraints, the search
direction ¢;, will be a descent direction if the following theorem [13] is satisfied.

Theorem 2.1. Assume that
o V fr(wy) is defined for all values of wy,.
o V2 f,(wy) is continuous for all choices of wy,.
o (I')T = CrIH for some constant C; > 0.

In addition, assume that V fy(wy) # 0. Then the search direction ey, from the recursion
step of MG/Opt will be a descent direction for f; at wy, if
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(@ fs(wf) < fs(wp), and
(b) e,V fru(wy +nep)eq > 0for 0<n < 1.

To assess whether the conditions in the above theorem are satisfied by our model,
it is necessary to examine the flow equations in more detail. In the two-dimensional
case, the weak form of these equations (taking into account some simplifications and
re-normalizations described in [2]) has the form

N, _
B B - B ou dp ~
uf + Vu-Vp|édy + /wi [uﬂ—f‘w?——} dl—/ uw(Vp) -ndS =0. (2.3)
/Q[ pl&dy ; i T V)

Here, u is a test function, (3 is the capacitance ratio (a constant), £ is a volume element
(a scalar), and I is a large constant, perhaps ~ 10'2. Hence this equation is nonlinear,
with cubic terms in the channel widths w, and products of terms involving w and the
pressures p.

Let us now examine the above theorem for our optimization model. Our algorithms
are designed only to evaluate the objective function and the PDE model at points that
satisfy the bound constraints. For these points, V f, is defined, and V2 f;, is continuous.
In addition, we have chosen update and downdate operators that satisfy (I%)7 = C I}
for some constant C; > 0. If Opt performs at least one iteration on the coarse model,
then fs(w};) < fs(wx). This leaves only the condition

SEVQfH(QZ)H + 77€H)6H >0

for 0 < n < 1. Thus we have to assess the convexity of the coarse-model version of

Ne 2
E / w; — 2 .
i=1 "¢

Because of the nature of the nonlinearities of the flow equations, the Hessian of the
first term is not guaranteed to be positive definite, and hence the final condition in the
theorem may not be satisfied for all choices of w.

However, because this is an optimization model, the Hessian will be positive semi-
definite at the solution. In addition, the Hessian of the second term has the form 0F
for some positive-definite diagonal matrix £ whose diagonal entries are proportional
to the lengths of the channels. Hence, if the penalty parameter 6 is sufficiently large,
it is possible to guarantee that the theorem will be satisfied and thus to guarantee that
MG/Opt will produce descent directions in the line-search step.

More can be said for special cases of the network. For example, if a two-dimensional
rectilinear network is used, and if restrictions on the channel widths are imposed, then
the model is convex [15].

flw) = [ o)+ 30
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3. Objective Functions and Algorithms

In defining the discrete model we must relate the continuous (PDE-based) opti-
mization model to the objective function and constraints in the discrete model. In this
section we focus on the objective function. We examine several choices and describe
our algorithm for obtaining an approximate solution to the discrete model. In Section 5
we demonstrate the behavior of the algorithm and its components.

The constraints in the discrete model correspond to the network structure and are
handled implicitly within our algorithm by maintaining a particular network structure
(a spanning tree). Flow satisfies network-flow constraints: at each node the flow in
must match the flow out. In the PDE model, diffusion of the gas within the bulk
material results in flow of gas into the channels. In the network model, source terms
in the network are included at nodes internal to the bulk material and represent a
simplistic approximation of the diffusion of the gas in the bulk material. There is a sink
at the outlet.

Since our goal is to develop a low-cost model, we do not attempt to capture all the
physics of the overall problem, but we use our knowledge of the problem to formulate
simple yet effective objectives. As stated in Section 1, we are often interested in either
minimizing the porosity or bounding it as a constraint. We formulate the porosity as
follows.

Let u be the velocity of the material in a given arc, let w be the channel width, let
1 be the viscosity, and let p be the pressure. The physics of viscous flow in two space
dimensions imply that

2190
P (3.1)
12 p Oz
in which x represents distance along an arc. The volumetric flow rate is then given by
0 = |ulA = |u|w, (3.2)

where A is the cross-sectional area (just w in 2-d) and we have assumed that all pres-
sure gradients are approximately the same. From this, we obtain that

0 o we. (3.3)

Our goal is to minimize the porosity while being sure that all nodes are connected to
the outlet node. This means that we want to minimize the volume of the channels. We
can easily compute the channel volume (in 2-d) as

Ng
Vehannel = Z&-wi, 3.4
i=1

where N, is the number of arcs in the graph, and /¢; is the length of the i-th arc.
Combining (3.3) and (3.4), we obtain

Nq
L
Vehannel = Zfz‘(vz’)3- (3.5)

i=1
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An interesting result by Banavar et al. [1] shows that if (3.5) is used as the objective
function, then the optimal structure will always be a tree. In particular, they consider
a general transportation network with one outlet and an objective function of the form

Ng
S o,
=1

where «; is a given constant associated with edge i, v > 0 is a constant, and w; is to be
determined. They show that if v < 1 then the optimal network is a tree. This of course
means that there can be no loops in the optimal structure and many edges may not be
present in the optimal network, i.e., if edge i is not in the final tree, w; will be zero. On
the other hand, if v > 1 then it is most efficient to use all of the edges available and
thus loops emerge. In our case, v = 1/3 (or 1/4 in three dimensions), so a network
minimizing the porosity will be a tree. Since our goal is either to minimize porosity or
bound it, we will consider only trees in our formulations.

The volumetric flow rate along a given arc a; can be thought of as the total flow
into a; that comes from the part of the tree “above” it. Let f; be the total flow along

arc a;. The contribution to Vap4nne1 Of aj is ¢; fjl/ %, Let T be the set of the indices of
the arcs in the tree. Then )
Vehannel = Z ity (3.6)
jET
and our goal is to find a 7' that minimizes V4 nel-

We must account for flow from the bulk into the spanning tree and can use suitable
choices of f; for this purpose. There are two obvious choices. We can assume that
the flow from the bulk into an arc is proportional to the arclength and use the total
arclength “above” node j in the tree, or we can assume a source of one on each node
and use the total number of nodes “above” node j in the tree. To be specific, we define
f5 as the choice using the arclength and f}' as the choice using the number of nodes
and we obtain the two objective functions

Vehannel = Z 6 (fi)s (3.7)
jET
and 1
Vehannel = Zgj(f}l)g- (3.8)
jET

In addition to these choices, we also consider simple objective functions that involve
the flow variables f;. If f; is the current flow in the incomplete spanning tree containing
1 arcs, and arc k is added to the tree, then for the f]‘? variables, the resulting flow is

o1 = f{ + length(ay,), (3.9)
and for the f}' variables, the resulting flow is

fiy1=fi+ 1. (3.10)
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The obvious trouble with (3.10) is that all arcs look the same.

Since we will eventually bound or minimize the porosity, we constrain our greedy
algorithm to construct trees. Our heuristics yield good, but typically not optimal, span-
ning trees.

These network models are admittedly crude approximations to the underlying physics,
and they do not have the fidelity or realism of the PDE models described in [2]. The
PDE models are based on more sophisticated physics, and in addition it is the fine-
level PDE model that ultimately is used to identify the optimal solution. We selected
the network models to be (a) crude enough to be inexpensive to use, but (b) sophisti-
cated enough to give us a useful initial guess for the PDE model. The network models
and the coarser PDE models are used to accelerate convergence to the solution of the
high-fidelity model.

3.1. A Greedy Algorithm

Our greedy heuristics choose a spanning tree that connects all nodes to a specified
root node. To do so, they maintain a frontier of nodes connected with the root. As
long as unconnected nodes remain, a “best” one that can be connected to the frontier
is chosen, and a most attractive arc from the chosen node to a node in the frontier is
added to the spanning tree. We used the objective functions above for our definitions
of “best” and “attractive” and found randomization useful in breaking ties.

It became clear early in testing (see Section 5) that this simple version of the greedy
algorithm would often generate very long channels. To avoid this, we implemented

Dijkstra’s shortest path algorithm to compute the minimum distance, Dist™™ from
node i to the root. We then picked a factor, Dmax > 1, and attempted to ensure that
the path from node i to the root was no longer than Dmax X Distlmm. It is clearly
possible that this may not be attainable in the context of the greedy algorithm, so
we put in a procedure to calculate the smallest value of Dmax that we could use to
complete the greedy procedure. It is not surprising that since the value of Dmax affects
the progress of the greedy algorithm, the final values will depend on the initial value.
For example, in one test the initial value was 1.6 and the final value was computed to
be 1.68 whereas for an initial value of 1.2, the final value remained at 1.2.

The computational complexity of Dijkstra’s algorithm is, in general, O(N,+N,logN,,),
where N, is the number of vertices [8]. The greedy algorithm can be seen to be O(XV,)
and thus the entire procedure is quite fast. We emphasize that this procedure is only
performed on the coarsest mesh, making it even more efficient.

3.2. Metropolis-Hastings Improvements

As mentioned above, we experimented with several variants of a Metropolis-Hastings
(MH) algorithm for improving the results of the greedy algorithm just described. The
basic idea is simple: randomly select a vertex in the network and then randomly select
an edge from that vertex. Replace the current edge from that vertex with the randomly
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selected edge and evaluate the objective function. If the objective is improved, accept
the change. Otherwise accept the change with some probability. Repeat while progress
seems worthwhile.

To make this effective in our context, we added some modifications. First, any
change must result in a legal network, so we check that the change did not cause a
loop or otherwise disconnect the vertex from the root. This saves time in eliminating
the need to calculate the objective function. Second, a large fraction of the proposed
changes do not improve the objective function, so one has to choose the probability of
acceptance conservatively to allow some exploration, but not so much that the objective
never recovers. Finally, to improve the speed, we implemented a parallel version in
which we randomly select a vertex and, in parallel, evaluate all edges from that vertex.

It is clear that each iteration of the MH algorithm requires a bounded number of op-
erations, so the cost is dominated by the number of MH iterations actually performed.
In our case, we simply limit the number of such iterations, but even though this is
only performed on the coarsest grid, it depends on N, and can be quite expensive. We
comment more on this in Section 5 and Section 7.

3.3. Algorithm Summary

We conclude this section by summarizing our initialization scheme in algorithmic
form.

1. Generate a coarse finite element grid on the domain representing the bulk mate-
rial.

2. Pick a node on the boundary as the designated outlet node.
3. Pick an objective function from (3.7 — 3.10) and a random number seed.

4. Run the greedy algorithm with this objective to obtain a tree connecting all of the
nodes in the finite element grid to the designated outlet node.

5. Pick a number ¢ > 0 and a random number seed.

6. Perform ¢ iterations of the MH algorithm starting from the result of the greedy
algorithm.

7. Store the total flow through each arc in the final tree.

In the next section we discuss how to use this tree and the flow through each arc of
the tree to create an initial approximation for the optimization problem.

4. Use of the Network Model

Having developed efficient techniques to generate a tree structure that connects
all of the nodes in the finite element grid to the outlet node, we consider here how
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to use this discrete model as an adjunct to our continuous hierarchical models. The
original motivation for creating the network model was to be able to generate a good
initial approximation for the optimization problem; we start with a description of our
procedure of translating the network approximation to the continuous model.

From the procedures in the previous section we obtain the discrete flow through
each arc. Let ¢;, i = 1,--- , N, be the flow through arc i. We have assumed a source
with a value of 1 at each node, so it is easy to keep track of the total flow through each
arc. To accommodate this flow, in two dimentions we assume that the width of each
arc is proportional to the flow. Thus we initialize each width w; to ¢;. Note that any
arc not part of the tree T is set to zero. Then we scale w so the porosity constraint is
satisfied, i.e., the area of the channels is

Na
i=1

Let A be the total area of the domain. Then set the initial condition wg = w * 3, where
zA
o

8=

This initialization is for the coarse grid. We use a full multigrid method to extend
this to the fine grid. Specifically, we do an automatic grid refinement that systematically
partitions each triangle of the finite element grid into four subtriangles. This allows us
to maintain the tree structure on the coarse grid and we can use the update operator to
initialize the variables on this level. After doing a multigrid V-cycle on these two levels,
we add the next level in the same manner.

Recall that the tree constraint is not part of the optimization problem (2.1). We now
add this constraint. Let 7 be the set of all possible trees connecting all nodes of the
finite element grid to the outlet node and let T'(w) = {i : w; # 0}. The tree constraint
is simply T' € T.

Solving a nonlinear optimization problem having many integer variables would be
difficult. Instead, we use the following heuristic: after completing the first complete
MG/Opt cycle, we again use the network approximation to enforce the tree structure.
In this case, the network is based on the finest grid. This network is checked to see
if more than one outlet arc is associated with any node; if so, only the arc with the
largest pressure drop is kept and the others are constrained to be zero. This is done
only once; the tree structure is then frozen. This means that after the first multigrid
cycle our optimization problem is continuous.

An alternative to this approach would be to model the tree structure using explicit
constraints in the optimization model. This would result in a mixed-integer nonlinear
programming (MINLP) problem. Such problems are challenging to solve. For a convex
model, a variety of approaches are available, such as branch and bound [9], or the outer
approximation method [7], although they are computationally intensive. However, as
we discuss in Section 2, our model will in general be non-convex. Solving MINLPs in
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(a) Rectangular mesh (b) Delaunay mesh

Figure 1: Rectangular and Delaunay meshes

the non-convex case is significantly more challenging, and heuristics must be used in
an attempt to find good solutions [5]. Our approach is a heuristic designed around our
specific application, and it avoids the large computational overhead associated with
solving a MINLP problem.

5. Numerical Results

In this section we discuss numerical tests we performed using the objectives and
algorithms of Section 3 in conjunction with yOpt for solving the complete optimization
problem. We conducted a broad range of numerical experiments with each of the
objective functions, both with and without the MH improvement. Since the idea of
bounding the pathlength came later, we also tested the effects of bounding. For each
category, we performed three tests, each with a different starting seed for the random
number generator used in the algorithm.

As mentioned above, our procedures in Section 3 produce remarkably good initial
approximations for xyOpt. This holds true for all of the options considered, with some
slight variations. The complete results are in [3]. Rather than show all of these results,
which would need to be digested in detail, we summarize them and point out certain
of the more interesting observations.

The most significant differences in the results depend on the underlying finite ele-
ment grid. The first set of tests was done using a regular triangulation based on square
grid with all of the diagonals added (Fig. 1(a)). Thus all of the arcs are either 0, 45,
90 or 135 degrees. The second set of tests used a more general Delaunay triangulation
(Fig. 1(b)), which yields a richer variation in arc angles. For the Delaunay triangu-
lation, the results for problems of similar sizes are substantially better in terms of the
final average pressure, often by more than two orders of magnitude. Specifically, for the
square grids, the final average pressure varied between 3.5x 107 and 5.7 x 10~7; for the
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Delaunay grids, the final average pressure varied between 6.6 x 107! and 7.6 x 1077,
a considerably wider variation than for the square grids. It should be noted, however,
that there were only 3 of the 21 tests in the range of 107, 2 in the range of 10~8, but
15 in the range of 10~ and 10~'°. Only 1 was in the range of 10~!!. Also, the number
of iterations to convergence for the Delaunay triangulations was very small, typically
only about 6 evaluations of the function and gradient on the finest grid. Fig. 2 shows
the pressure distributions for both the rectangular and Delaunay grids. One can also
see the final network of channels.

(a) Final pressure distribution for (b) Final pressure distribution for
rectangular grid Delaunay grid

Figure 2: Pressure distributions with rectangular and Delaunay grids

Some specific observations are as follows:

e In early testing using (3.9) and (3.10) as objective functions, we found that
bounding the pathlength made the networks “nicer” visually and often, but not
always, produced better final solutions. In fact, the highest average pressure in
the square grid case came from a long path solution, but so did the lowest aver-
age pressure. In a number of other tests, the bounded pathlength results were
sufficiently better that we used bounding in all subsequent tests. Fig. 3(a) shows
a run without the pathlength bound; Fig. 3(b) is with the bound. Note the very
long path to the outlet from the nodes in the upper right hand corner in Fig. 3(a).

e xOpt was run using three levels, i.e., three MG/Opt levels with the network ap-
proximation used to define the starting point for the full multigrid initialization.
From the point of view of the hierarchy, we can consider the network approxima-
tion to be the fourth, and coarsest, level of the hierarchy for the purposes of the
full-multigrid initialization.

e As noted above, on the first set of tests on the regular triangulation, all of these
approaches yielded final objective values from yOpt that were between 3.5 x 10~
and 5.7 x 10~7. By simply changing the random number seed for the greedy algo-
rithm or the MH improvement, however, the results can vary by about this much.
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Iritial flow using objective (2.1) Initial flow using objective (2.1) and bound on pathlength
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(a) Network with no path bound (b) Network with path bound

Figure 3: Networks with and without path bound

This suggests, but does not prove, that many initial networks can be optimized to
yield near-optimal average pressure for this grid.

e MH can change the networks quite a bit, but, again, it does not always yield
better final solutions. For example, in using (3.7) as the objective MH reduced
the value obtained by the greedy algorithm by approximately 10%, but the final
values of the average pressure for each run showed no clear pattern.

e The final networks from yOpt on the coarsest grid maintain the look of the initial
networks. This concurs with our expectation that the initial guess determines the
basic coarse channel network, which is then refined to produce the final opti-
mized value, i.e., the particular local solution found.

Although the focus of this paper is on the use of a network approximation in the
context of an MG/Opt algorithm, a few comments on the overall performance of yOpt
are in order. The problems reported here and in [3] are of moderate size and all of
them converged in three or fewer multigrid cycles. Thus, for these problems, the net-
work approximation indeed produced a remarkably good initial approximation for the
continuous model and the multigrid recursion steps were effective. In larger problems
reported in [2] and in unpublished other experiments, the network approximation also
produced good starting approximations, but the number of MG/Opt cycles to achieve
final convergence was often substantially larger. Since these problems are nonlinear, it
is not surprising that the recursion step did not always reduce the objective or reduced
it only by a small amount. It did, however, often make a substantial difference. In [2]
we ran a test without the tree constraints to make a consistent comparison between Opt
and yOpt and, as noted above, found that xYOpt was about 12 times faster. This can also
be observed by the fact that we typically obtained our best results using a small num-
ber of iterations on the finest grid, thus allowing the recursion steps to be more fully
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exploited. Finally, we note that the triangulation of the region will, of course, have an
effect on the final solution. Since we assume uniform properties of the bulk material,
we were careful to ensure that the triangulation was also uniform in the sense that all
of the triangles were of roughly the same size with comparable edge lengths. Clearly,
having a significantly nonuniform mesh would lead to certain regions of the bulk not
being effectively used in the final solution.

6. Extensions

Here we briefly describe some simple extensions. Sometimes it is appropriate to
consider multiple inlet/outlet nodes for charging and discharging the material. Sup-
pose, for example, that we want all of the nodes on a given edge to be inlet/outlet
nodes. In this case, we create a fictitious node outside of this edge and add fictitious
arcs connecting each node on the edge to the new fictitious node. We have successfully
performed tests using this approach.

Sometimes one must restrict the flow on some of the edges. In fact, in all of the
problems reported in this paper, the flow on any boundary edge was constrained to
be zero. In other experiments, we wanted to test networks with the flow restricted to
either vertical or horizontal arcs to be able to compare with analytic solutions. To do
so, we simply constrained the flow on the other edges to be zero, thus removing them
from consideration from both the greedy algorithm and from yxOpt. Again, simple
experiments have shown this to be effective.

Related to these extensions is the problem of allowing an entire edge to be an outlet.
Here, we repeat the above procedure of allowing all nodes on that edge to be outlets
and then restrict all flow along the boundary arcs to be zero.

7. Conclusion

We have shown that a network approximation to the flow in nanoporous materials
can be a valuable complement to continuous models based on PDEs. Our view that the
network approximation is just another member of the hierarchy leads to a consistent
and more general way of thinking about such approximations. Since our problem has
the non-smooth constraint that the solution must be a tree, we use this model at the
coarsest level to set an initial condition and then use the model at the fine level to
enforce the tree structure. Viewed in this way, the hierarchy is represented as a tree
rather than the typical linear structure.

Our method begins with a greedy algorithm, based on an appropriate objective
function, to generate an initial network along with edge widths that can be appropri-
ately scaled to yield a quality initial approximation. We found it useful to restrict the
pathlength from any node to the root node to be a modest multiple of the shortest path
to the root. We also developed a Metropolis-Hastings procedure to improve the ob-
jective function from the greedy algorithm. This improvement did not generally yield
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lower average pressures from the xyOpt optimization runs, but the MH procedure may
be useful in other contexts.

Our approach provides a powerful and flexible way to generate quality starting
approximations to the optimal network. Our results confirm that there are many local
solutions that give similar values for the final average pressure. We found Delaunay
triangulation to be much better than a regular triangulation. Other considerations,
e.g., manufacturability, may dictate the best choice of the mesh and the initial network.
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