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Abstract. In this paper, it is shown that if a dynamical system is null and distal, then it
is equicontinuous. It turns out that a null system with closed proximal relation is mean
equicontinuous. As a direct application, it follows that a null dynamical system with dense
minimal points is also mean equicontinuous. Meanwhile, a distal system with trivial Indsg,-
pairs and a non-trivial regionally proximal relation of order co are constructed.
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1. Introduction
Let X be a compact metric space with a metric d and let T be a continuous map from X to
itself. The pair (X, T) will be called a (fopological) dynamical system.

Entropy and related notions are the measurements of the complexity of a dynamical
system. Recall that a dynamical system (X, T) is null if the topological sequence entropy
is zero for any sequence. For a measurable dynamical system, the nullness is defined
similarly. Kushnirenko [20] has shown that a measure-preserving transformation 7 has a
discrete spectrum if and only if it is null. Unfortunately, in the topological setting, there
is no such theorem, since Goodman [13] obtained a minimal non-equicontinuous system
which is null. Under the minimality assumption, Huang et al [16] showed that a minimal
null system looks like a minimal equicontinuous system. Precisely, if (X, T') is a minimal
null system and 7 : X — X, is the factor map to the maximal equicontinuous factor,
then (X, T') is uniquely ergodic and 7 is almost one-to-one and is a measure-theoretic
isomorphism. One purpose of the paper is to show what a null system would be without
the assumption of minimality.

Localizing the notion of sequence entropy, the authors in [16] defined the notion of
sequence entropy pairs and showed that for a minimal distal system the set of sequence
entropy pairs coincides with the regionally proximal relation, and thus a minimal distal null

) CrossMark

@

https://doi.org/10.1017/etds.2019.38 Published online by Cambridge University Press


http://crossmark.crossref.org/dialog?doi=https://doi.org/10.1017/etds.2019.38&domain=pdf
https://doi.org/10.1017/etds.2019.38

Null systems in the non-minimal case 3421

system is equicontinuous. In this paper, we will show the result remains valid without the
minimality assumption, i.e. a distal null system is equicontinuous (Theorem 3.2). In fact
we can show more, i.e. a distal, non-equicontinuous system has infinite sequence entropy
(Theorem 3.4), which extends the previous result proved under the minimality assumption
[16]. We remark that the methods that we use to show the above two results are different
from the ones in [16].

In [22], the notion of mean equicontinuity was introduced, which is equivalent to the
notion of stable in the mean in the sense of Lyapunov given by Fomin in [6]. A dynamical
system (X, T) is called mean equicontinuous if for every ¢ > 0, there exists a § > 0 such
that whenever x, y € X withd(x, y) <4,

n—1
lim sup — Z d(Tix, Tiy) <e.
n—oo 00
It was known that a minimal mean equicontinuous system is uniquely ergodic. The authors
in [22] proved that if (X, T) is a minimal mean equicontinuous system and 7 : X — X,
is the factor map to the maximal equicontinuous factor, then 7 is a measure-theoretic
isomorphism (it is not necessarily almost one-to-one; see [5]). We refer to [§-11, 15] for
further study on mean equicontinuity and related subjects. Just recently, the authors of the
current paper in [23] showed that many results (related to mean equicontinuity) proved
before under the minimality assumption hold for general systems. In this paper, we will
show that a null dynamical system with a closed proximal relation is mean equicontinuous
(Theorem 4.3). A direct consequence is that a null dynamical system with dense minimal
points is mean equicontinuous. Note that it is easy to construct a null dynamical system
which is not mean equicontinuous. It is natural to ask if a null transitive system is mean
equicontinuous. Unfortunately, we cannot answer the question in the current paper.

To get an analogous result proved before in ergodic theory, in [14] the notion of
regionally proximal relation of order d (denoted by RP!l) was introduced by Host, Kra
and Maass. We refer to [12, 24] for further study on the topic. In [4], Dong et al studied
the properties of the Indgp-pair. They showed that if (X, T') is a minimal distal system
and (x, y) € RP® =,_ RP¥, then (x, y) € Indgip(X, T). Since our Theorem 3.2
can be restated as: if (X, 7_“) is distal, RP! is non-trivial, then Ind (X, T) is not trivial.
It is natural to conjecture that the result proved in [4] is valid without the minimality
assumption. It is surprising for us that it is not the case. That is, we construct a distal
system such that RP!! is not trivial, but Indsip (X, T) is trivial (Example 5.1).

The paper is organized as follows. In §2, we gather definitions and prove some
initial theorems on the thickly syndetic sets of ZZJF. We show that a distal null system
is equicontinuous in § 3. Moreover, it turns out that a distal but not equicontinuous system
has infinite sequence entropy. In § 4, we prove that a null system with closed proximal
relation is mean equicontinuous and give some applications. In the final section, we
construct a distal system with trivial Indgp-pairs and a non-trivial regionally proximal
relation of order oo.

2. Preliminaries
In this section we recall some notions and aspects of the theories of topological dynamical
systems.
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2.1. Cubesin Zl+' Denote by Z . (N, Z, respectively) the set of all non-negative integers
(positive integers, integers, respectively).
Forl € N, a cube in Z!,_ is defined by

PO ={p=(p1.p2....P):pi €Ly, 0<p<m,i=1,....1}

for some m € N.

Asubset SO = 50 = 0™ 0P a0y k=1,2, .. ) of Z, is syndetic if there is
a cube P,ff) such that for each element (ay, as, ..., a;) € Zl+, there is (p1, p2, ..., p1) €
P,Sll) with (a1 + p1,ax+ p2,...,a1+ p1) € SO, We say that m is a gap of SO, Note
that when / = 1 we recover the classical definition of syndetic set in Z.

Asubset TO = (7® = @ n® . n®) ik =1,2,.. ) of ZL is thickly syndetic
if for every cube P,fl), there is a syndetic set S(l) = {E,(,k) :k=1,2,...}such that

GO 4L PO k=1,2,..)cT?.

Let F/, be the set of all thickly syndetic sets in Z/, .

2.2. Compact metric spaces. Let (X,d) be a compact metric space. For x € X
and ¢ > 0, denote B(x, ¢) ={y € X: d(x, y) < ¢e}. Denote the product space X x X =
{(x, y): x, y € X} and the diagonal Ax = {(x, x): x € X}. Let U C X and denote the
diameter of the set U by diam(U) = sup{d(x, y) : x, y € U}.

2.3. Topological dynamics. Let (X, T) be a dynamical system. The orbit of a point
xeX, {x, Tx, Tx, ..., }, is denoted by Orb(x, T'). The set of limit points of the orbit
Orb(x, T) is called the w-limit set of x and is denoted by w(x, T).

If A is anon-empty closed subset of X and TA C A, then (A, T|4) is called a subsystem
of (X, T), where T|4 is the restriction of T on A. If there is no ambiguity, we will use the
notation 7 instead of T'|4.

We say that a point x € X is recurrent if x € w(x, T). The system (X, T) is called
(topologically) transitive if w(x, T) = X for some x € X, and such a point x is called a
transitive point.

The system (X, T') is said to be minimal if every point of X is a transitive point. A subset
Y of X is called minimal if (Y, T) forms a minimal subsystem of (X, T). A point x € X
is called minimal if it is contained in a minimal set Y or, equivalently, if the subsystem
(Orb(x, T), T) is minimal.

Forxe Xand AC X,let N(x, A)={ne€Zy: T"x € A}. If U is a neighbourhood of
x, then the set N (x, U) is called the set of return times of the point x to the neighbourhood
U. The following result is well known; see [7] for example.

LEMMA 2.1. Let (X, T) be a dynamical system and x € X. Then x is minimal if and only
if N(x, U) is syndetic for every neighbourhood U of x.

A pair of points (x, y) € X x X is said to be proximal if, for any & > 0, there exists a
positive integer n such that d(T"x, T"y) <¢e. Let P(X, T) denote the collection of all
proximal pairs in (X, T).

The system (X, T) is called distal if the proximal relation is trivial, i.e. P(X, T) = Ay.
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The following proposition summarizes some basic properties of distal systems.

PROPOSITION 2.2. [3, Chs 5 and 7]

(1) The Cartesian product of a finite family of distal systems is a distal system.

(2) If (X, T)isadistal system and Y is a closed and invariant subset of X, then (Y, T)
is a distal system.

Recall that a pair of points (x, y) is called regionally proximal if for every ¢ > 0, there
exist two points x’, y' € X with d(x, x’) <& and d(y, y') < &, and a positive integer n
such that d(T"x’, T"y’) < ¢. Let Q(X, T) be the set of all regionally proximal pairs in
(X, T).

Clearly, we have P(X, T) C Q(X, T).

When (X, T) and (Y, S) are two dynamical systems and 7: X — Y is a continuous
onto map which intertwines the actions (i.e. m o7 = S o), one says that (¥, S) is a
factor of (X, T) or (X, T) is an extension of (Y, S), and 7 is a factor map. If w is a
homeomorphism, then we say that 7 is a conjugacy and that the dynamical systems (X, T')
and (Y, S) are conjugate.

Ifr: (X, T)— (Y, S)is afactor map, then R; = {(x, x') € X x X: w(x) =nm(x')}is
a closed T x T-invariant equivalence relation, that is, R, is a closed subset of X x X
and, if (x, x) € Ry, then (Tx, Tx") € R;. Conversely, if R is a closed T x T -invariant
equivalence relation on X, then the quotient space X/R is a compact metric space and
T naturally induces an action on X/R by Tgr([x]) =[Tx]. Then (X/R, Tg) forms a
dynamical system and the quotient map wg: X — X/R is a factor map. Hence, there
is a one-to-one correspondence between factors and closed invariant equivalence relations;
we will use them interchangeably.

2.4. Invariant measures. Let (X, T) be a dynamical system and M (X, T') be the set of
T -invariant regular Borel probability measures on X. An invariant measure is ergodic if
and only if it is an extreme point of M (X, T). Denote by M°(X, T) the set of all ergodic
measure.

For n € M(X, T), we define the support of u by supp(u) = {x € X : u(U) > 0 for any
neighbourhood U of x}. The support of a dynamical system (X, T), denoted by
supp(X, T), is the smallest closed subset C of X such that u(C) =1forallu e M(X, T).

Let (X, T) be a dynamical system. We call (X, T) an E-system if it is transitive and
there exists u € M (X, T) such that supp(u) = X. We say that (X, T) is uniquely ergodic
if M (X, T) consists of a single measure.

2.5. Topological sequence entropy. LetA={0<1t <t <---} CZ4 be anincreasing
sequence of natural numbers and U be a finite cover of X. The topological sequence
entropy of U with respect to (X, T) along A is defined by

1 n
hig (T, U) = n'ﬁsg;p — log N( \/ T—’fu),

i=1
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where N(\/7_, T~'il{) is the minimal cardinality among all cardinalities of subcovers of
\/lr-’zl T~ 'iU4. The topological sequence entropy of (X, T) along A is

higp(T) = sup hiny (T, U,

where the supremum is taken over all finite open covers of X (that is, made up of open sets).
If A =N, we recover standard topological entropy. In this case we omit the superscript N.

2.6. Sequence entropy n-tuple.  Given a dynamical system (X, 7') and an integer n > 2,
the nth product system is the dynamical system (X, 7)) where X is the cartesian
product of X with itself n times and 7" represents the simultaneous action 7' in each

coordinate of X . The diagonal of X is denoted by A,(X)={(x,...,x)eX®:
x € X}.
Let (x;)"_, € X A finite cover i = {Uy, . .., Uy} of X is said to be an admissible

cover with respect to (x;)7_, if for each 1 < j <k, there exists 1 <i; < n such that Xi; is
not contained in the closure of U;.

n
i

Definition 2.3. Let (X, T) be a dynamical system. An n-tuple (x;)7_, € X" n>2 s
called a sequence entropy n-tuple if for some 1 <i, j <n, x; # x;, for any admissible
open cover U with respect to (x;)!_,, there exists an increasing sequence of natural

numbers A such that hgp(T, U) > 0.

We denote by SE, (X, T) the set of sequence entropy n-tuples. Denote by SE; (X, T)
the set of essential sequence entropy n-tuples, which means that (xq,...,x,) €
SE,(X, T) with x; #x;, 1 <i < j <n. Sequence entropy 2-tuples are called sequence
entropy pairs. Denote by SE(X, T) the set of all sequence entropy pairs.

Remark 2.4. By the definition, it follows that if (x1, ..., x,) € SE, (X, T), then we have
Xiys -5 X)) €SER(X, T)UA(X) forany 1 <ij <---<ipg<n,k>2.

We have the following proposition.

PROPOSITION 2.5. [17, Proposition 3.2] Let (X, T) be a dynamical system.

() Ifu={U,..., U}isan open cover of X with h{?)p(T, U) > 0 for some increasing
sequence of natural numbers A, then for all 1 < i < n there exists x; € U{ such that
(x;)}_, is a sequence entropy n-tuple.

(2) SE,(X,T)U A,(X) is a closed T™-invariant subset of X™.

(3) Letm:(Y,S) — (X, T) be afactor map of dynamical system.

(@ If ()c,-)?:l € SE (X, T), then for all 1 <i <n there exists y; € Y such that
7w (yi) =x; and (y;)}_, € SE,(Y, S). Moreover, if SE;;(X, T) #, then we
have SES(Y, S) # 0.

) I Oy € SEa(Y.S) and (w(y)/_, ¢ Aa(X). then (x(y)_, € SE,
(X, T).

PROPOSITION 2.6. [19, Theorem 5.9] Let (X, T) be a dynamical system and (x;)!_, €
X™ with x; # xj, i # j. If for any neighbourhoods U; of x; (i =1, ..., n), respectively,
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and any k € N there is a sequence A={0<1t <tr <---<ty} of Z4 such that for any
s=(s(),...,s(k) efl,..., n}

k
(T 7"Usiy # 9,

i=1
then (x;)7_, € SE,(X, T).

Remark 2.7. By this proposition, we know that a system (X, T') is null if and only if
SE(X,T)=90.

2.7. Independence and RP(X). Let (X, T) be a dynamical system and A=
(Aq, ..., Ar) be a tuple of subsets of X. A subset F C Z. is an independence set for
A if for any non-empty finite subset J C F andany s = (s(j): j e J) € {1, 2, ..., k}V/I,
we have ﬂje] T_jAS(j) # (). For a finite subset {p1, ..., pm} of N, the finite IP-set
generated by {py1, ..., pn} is the set {e;p1 + -+ €npm € €{0, 1}, 1 <i <m}\{0}.
A pair of points (x, y) € X x X is an Indgp-pair if and only if each A = (A1, A3), with
A and Aj neighbourhoods of x and y, respectively, contains finite IP-independence sets
of length m for any m € N.

A pair (x,y) € X x X is said to be regionally proximal of order d if for any § >
0, there exist x’, yY € X and a vector n= (ny, ..., ng) € Zi such that d(x, x') <6,
d(y,y') <8, and d(T™¢x’, T™y') < § for any € = (€1, . .., €7) € {0, 1}\{0}, where
n-e€= Z?:l €in;. The set of regionally proximal pairs of order d is denoted by RP4I(X).
In [14], the authors showed that if the system is minimal and distal, then RPL! (X) is an
equivalence relation and (X/ RPl(X), T) is the maximal d -step nilfactor of the system.

2.8. .7-"tls is a filter. We recall some notions related to a family. Denote by P! = P! (ZZ_)
the collection of all subsets of Zl+. A subset F! of P! is called a family if it is hereditary
upward, i.e. F1 C F, and F] € F! imply that F, € Fl.oA family Flis called proper if it
is a non-empty proper subset of P, i.e. neither empty nor all of P'. A proper family F'
is called a filter if Fy, F; € F! implies that Fy N F> € Fl. Recall that ]-'tls is the set of all
thickly syndetic sets in Zl+. Then we have the following theorem.

PROPOSITION 2.8. Forl €N, if F1, F> € ftls, then we have F1 N F> € ]—',ls.

Proof. Forl € N, assume that Fy, F; € .7:[[5.
FixneN;as Fj € ]-",IS, there is a syndetic set S,(,l) = {E,(lk) tk=1,2,...} with

{Er(lk)_i_PrSl);k:],Z,...}CFI'

Let m € N be a gap of S,(,l).
Putd =m +n. Again, as F; € ]-'tls, there is a syndetic set Sg) = {56(1’() k=1,2,...}
with
P+ PV k=1,2,.. ) CF.

For every k € N, there is an my € P,S,l ) with Efik) +my € S,(ll) and hence Et(ik) + my +

P c F.
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Thus,
FNRB2EP+ PO k=12, 40P + PP k=1,2,.. )
) {Ec(lk) + my + P,fl) : for some my, € P,fll), k=1,2,...}.
Clearly, {5 +71;)22 | is syndetic, which implies that Fy N F» € F,. O

By induction, we can easily obtain the following corollary.

COROLLARY 2.9. Forl,neN, if Fi, F, ..., F, € F

n !
ts’ then ﬂi:l Fi € 'Fts'
3. Systems with sequence entropy n-tuples
In this section we will give the conditions under which a dynamical system has a sequence
entropy n-tuple.

LEMMA 3.1. Let X be a dynamical system with fixed points x;,i =1,2,...,n, n>2.
If, for any neighbourhood W; of x;i,i =1, 2, ..., n, there exists a minimal point y such
that for every i = 1,2, ..., n there is m; € Z4 with T™'y € W;, then (x1, x2, ..., X) €
SES(X, T).

Proof. Let U; be aneighbourhood of x;,i =1, 2, ..., n. Thereisad > 0 with B(x;, ) C
Ui,i=1,2,...,n. Foragiven N € N, by the uniform continuity, there is a §' > 0 such
that d(T/u, T/v) <8 forevery 1 < j <N andu, v e X withd(u, v) <§'.
We can choose a minimal point y € X and m; € Z such that d(x;, T™y) < §'/2 for
alli=1,2,...,n PutV; = B(x;, §); then N(y, V;) is notempty fori =1, 2, ..., n.
ForleNands € (1,2,...,n),1et V® =TT._, Vi and U® =]'_, Us). Then

!
AP =lii=(n1,na ... m) € Zl+ S(TMy, ..., T"y) e V) :l_[ N, Vsay)
i=1
is syndetic since y is a minimal point.
For every ii=(ny,na,...,n) €AY, p=(p1,pa....,p)ePY and i=1,2,
..., 1, we have T"y € V). It follows that d(T"y, xsy) < &', which implies that
d(T"*Piy, x;)) < 8 for every 0 < p; < N. Thus,

1
Bs(l) = {}71 =g, ny,...,n) EZZJr : m T_niUS(,') 75@}
i=1

S>{a=0my,no, ..., 1) eZl_‘_ S(T™My, T™y, ..., T"y) e UY)
S+ Py :ieA?).

That is, B{" is thickly syndetic.
By Corollary 2.9, it follows that
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Pick (ny, np, ..., n;) € ﬂse{] ,,,,, n)l Bs(l). Without loss of generality, assume that n <
no < ---<n;. Then
l
m T s(i) 75 @
i=1
for any sef{l,2,..., n}l, which implies that (x1,x2,...,x,) € SE,(X,T) by
Proposition 2.6. O

THEOREM 3.2. Let (X, T) be a distal and null system. Then it is equicontinuous.

Proof. Assume that (X, T') is not equicontinuous; then there is (x, y) € Q(X, T) \ Ay,
with xg, vk, z€ X andnp € Z4, k=1, 2, ..., such that

lim (xx, yi) = (x, y) and  lim (T"xg, T"yp) = (2, 2).
k—o00 k—00

As (X, T) is distal, T is invertible and (X x X, T x T) is pointwise minimal by
Proposition 2.2. Without loss of generality, we may assume that 7 "%z — w; then
((x,y), (w,w)) e Q(X x X, T x T) since

Jm d((T > T)™ (e, yo), (T x )™ (T ™™z, T™2))
— 00

= lim d((T"xg, T™y), (z, 2)) =0.
k— 00

Putx=(x, y), w= (w, w), Xk = O, k), 2=(2,2), X=X x Xand T =T x T.
Let

R:{(u,v)e)N(x)N(:u,veOrb(x, T)}U{(u,v)e)?xf:u,veOrb(w, T)}UA;(.

It is easy to see that R is a T x T-invariant closed equivalence relation. Let ¥ = X /R
(i.e. we collapse Orb(x, T) to a point and collapse Orb(w, T) to a point); then [x], [w] are
fixed points in Y.

It is easy to see that lim_ o d([Xk], [X]) =0 and limj_, d(?"k [xk], [z]) = O since
[wl=[z]. By Lemma 3.1, it follows that ([x], [z]) € SE(Y, T), which implies
that SE(X, T) #¥. We can choose ((ci, ¢2), (d1, d>)) € SE(X, T) with ¢ #d; by
Proposition 2.5.

Now consider the projection w1 from X x X to the first coordinate; again by
Proposition 2.5, we have (c1,d;) € SE(X, T). It is a contradiction which shows the
theorem. O

By the proof above, we can show more. That is, if (X, T) is distal but not
equicontinuous, then for every n > 2, SES (X, T') # 0.
Before showing the statement, we need the following lemma.

LEMMA 3.3. Let (X, T) be a distal dynamical system with fixed points x1, x>. If there

exist points yy € X andny € Z4, k=1,2, ..., such that
lim d(yx, x1) =0 and lim d(T™y, x) =0, (D
k—o0 k—o00

then, for everyn > 2, SES(X, T) # 0.
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Proof. As (X, T) is distal, yx, k =1, 2, ..., are minimal. By Lemma 3.1, it is clear for
n =2. Let Uy and U; be neighbourhoods of x| and x; respectively with U NU;=0.

CLAIM 1. Let U{ =U N T~ Uy and Uy = Uy N T~'U,. There is a K € Z. such that for
every k > K, we can choose Iy € Z., with Ty, ¢ Uy uus.

Proof of the Claim. Clearly, U{ and U] are still neighbourhoods of x| and x; respectively
since x1 and x; are fixed points. As limg_, o d(yk, x1) =0, there is a K € Z such that
yk € Uj forallk > K.

Fixk > K andput [y = min{n € Z, : T"*ly; € U,}; then we have Ty, ¢ Uj. Indeed,
if Ty, € U], we have Ty, T'*+ly, € U;. By the definition of [, it follows that
Thtly e Uj € U, which is a contradiction. Thus, Ty, ¢ Uy uuj. O

By considering the limit points of {T% Yk}re k> We may assume that Ty, — x3 as
k — oo. Then it is clear that x3 # x1, x3.

Let Ry ={(u,v) e X x X:u,veOrb(x3, T)} UAy; itis a T x T-invariant closed
equivalence relation. Put X1 = X, X» = X1/R;; then we have that x1, xo, x3 (instead of
[x1], [x2], [x3]) are fixed points of X» and limy_, d(leyk, x3) = 0. As yi is minimal in
X1, so01isin X».

Again by Lemma 3.1, we have (x1, x2, x3) € SE3(X2, T), which implies that
SE3(X, T) = SE3(Xy, T) # ¥ by Proposition 2.5. Moreover, we have SES(X, T) # ()

since x3 # X1, X2.
(1)

Now assume that xi, x, ..., X, are fixed points of X, and yx € X;u—1, 1y,

0)
n? . oneZin) =0,k €N, with limy_, 00 d(x;, T" y3) =0,i=1,2,...,m.
Choose neighbourhoods Uy, U, ..., U, of xi, xa, ..., x, respectively with U; N

Uj=0forl<i#j<m.

CLAIM 2. Let Ui’ =U;NTU;,i=1,2,...,m.Thereisa K € Zy such that for every
k > K, we can choose my € Zy with T y ¢ | JiL, U/.

Proof. 1t is similar to the proof of Claim 1. O

By considering the limit points of {T"*y;}72 ., we may assume that 7" y; — X, 1 as
k — oo. Itisclear that x,,, 1 £ x;,i =1,2,...,m.

Let Ryy—1 ={(u,v) € Xjy—1 X Xpy—1:u, v € Orb(xy41, T)}U Ay, ,. Then it is a
T x T-invariant closed equivalence relation. Put X,, = X;,—1/Rn—1; then we have
that xq, x2, ..., xp;u41 (instead of [x1], [x2], ..., [xm+1]) are fixed points of X,, and
limg_s 0o d(T"™ yi, xm+1) = 0. Moreover, we have that y; is minimal in X,,.

By Lemma 3.1, we have (xi,x2,...,Xpn+1) € SEut+1(Xm, T) and so SEan
(X, T) # 0 by repeatedly applying Proposition 2.5. Thus, the proof is finished by
induction. O

Now we are ready to show our statement.

THEOREM 3.4. Let (X, T) be a distal but not equicontinuous system, then, for every
n>2 SE:(X, T) #. Consequently, the sequence entropy of (X, T) is oo by the result
in [18].
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Proof. Assume that (x, y) € Q(X, T)\Ax withxg, yx,z€ Xandny € Z+,k=1,2, ...,
such that

lim (x, yo) = (x,y) and  lim (T x 7)™ (xg, yx) = (2, 2).
k—o00 k—o00

As (X, T) is distal, it follows that for every k € N, (x, yx) is minimal in X x X
and Orb((x, y), T x T) N Ax = . By collapsing Orb((x, y), T x T) and Ay to points,
respectively, we obtain a factor (Y, §) of (X x X, T x T') which satisfies the condition (1).
This implies that SE;, (Y, S) # @ for every n > 2. Moreover, SE; (X x X, T x T) # @ for
every n > 2.

Fix n > 2 and choose ((u;, vi));’il € SEZz(X x X, T xT).

For every ze X, let I, ={u;: 1 <i < n2, u; =z}. Clearly, there exists 1 <m <
I’l2,Zj eX,j=1,...,m, suchthatlzj # 0.

If m > n, let uj; € Izj for some 1 <i; < n?; then ((uij, Uij))l}zl eSEN(X x X, T x
T) by Remark 2.4. Now consider the projection 71 from X x X to the first coordinate; it
follows that (uij)’}zl € SE(X, T) by Proposition 2.5.

If m < n, there exists 1 <ig <m with [ =|I, | > n%/m > n.

Suppose that Ui; = Zigs j=1,...,1; then ((ui_/, v,-j.))"}zl eSE(Xx X, TxT).
Now consider the projection 7o from X x X to the second coordinate; it follows that
(v,-_/.);f:1 € SEZ (X, T) by Proposition 2.5. Thus, we have completed the proof. O

4.  Null systems and mean equicontinuity
In this section we will discuss in which case a null dynamical system is mean
equicontinuous. We start with the following characterizations of mean equicontinuous
systems.

Before showing our theorem, we need the following lemmas.

LEMMA 4.1. [2, Corollary 1] If (X, T) is a dynamical system and P (X, T) is closed in
X x X, thenitisa T x T-invariant closed equivalence relation.

LEMMA 4.2. [16, Theorem 3.1] If (X, T) is a transitive not minimal E-system, then we
have SE(X, T) #40.

Now we are ready to show the following result.

THEOREM 4.3. Let (X, T) be a null system. Then the following conditions are equivalent:
(1) P(X,T)isclosed;

2 PX.T)=0X,T);

(3) (X, T) is mean equicontinuous.

Proof. By [22, Theorem 3.5], we know that (3) implies (2). It is clear that (2) implies (1).
It remains to show (1) = (3).

Since P(X, T) isclosed in X x X, P(X, T) is a T x T-invariant closed equivalence
relation by Lemma 4.1. Let Y = X/P (X, T) and  : X — Y be the factor map; then Y
is the maximal distal factor. As (X, T') is a null system, so is (¥, T') by Proposition 2.5.
Moreover, (Y, T) is equicontinuous by Theorem 3.2.
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Assume to the contrary (X, T) that is not mean equicontinuous; then there are points
Xk, Yk, 2 € X, positive integers ny € N, k =1, 2, ..., and go > 0 such that limy_, 5o xx =
7 =limg_ Yk and, for every k € N, we have

ni—1

> d(Tixi, Ty = e
i=0

1

ng

Let ux = (1/n) Z:’ial S(rix, Tiyy- We may assume that ur — pu as k— oo
(otherwise consider the subsequence), where € M(X x X, T x T).

We claim that p(supp() \ Ax) > 0. Actually, d(-, -) is a continuous function on X X
X ; then we have when k — o0,

/ d(x,y)duk—>/ d(x,y)du
XxX XxX

and
np—1

| deondi= 3 T = 0
XxX ng i=0

which implies that
p(supp(p) \ Ax) > 0.

By ergodic decomposition, we have v(supp(u) \ Ax) > 0 for some ergodic measure v
on X x X.

Case 1: supp(v) is not minimal.
It follows that supp(v) is an E-system which is not minimal; then SE (supp(v), T X
T) # ¥ by Lemma 4.2, which implies that SE(X, T) # 0.

Case 2: supp(v) is minimal.

Assume that supp(v) = Orb((u, v), T x T), where (u, v) ¢ Ax.

ForleN, let By ={(x,y) e X x X :d((x, y), (u, v)) < 1/1}; then u(B;) > 0. Since
0 < u(By) <liminfy_, o wx(B;) and

1 . .
uk(B) = —#0<i<ng —1:(T'xx, T'yx) € Bi},
ng

there is k;, i; € N with 0 <i; < ny, — 1 such that (Tilxk,, T Yk;) € B;. Hence, we have
lim (xg,, yg) = (z,z) and  Lim (T"x,, T"y,) = (u, v).
[—o00 [—00

Let (Z, S) be the maximal equicontinuous factor of (X, 7) and w: (X, T) — (Z, S)
be the factor map. Then R, ={(x,y) e X x X :w(x) =n(y)} C P(X, T). Fix ¢ > 0.
As 7 is continuous, there is §; > 0 such that d(w(a), 7 (b)) < &/3 whenever a, b € Z
with d(a, b) < 1. As (Z, S) is equicontinuous, there is §; > 0 such that d(S"a, $"b) <
min{e/3, §1} for every n € N whenever a, b € Z with d(a, b) < §,. Put § = min{§, >}
Now choose [ € N such that d(xy,, yr,) <82 and d(u, Txy,) < 81, d(v, T'yy,) < 8.
Then .

d(m(T"x,), w(T"yy,)) = d(S" 7 (xg,), S"7 (i) < 3
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d(m(u), T(v)) < d (@), 7(T"x,)) +d @ (T xi,), 7 (T ) +d(T"yy,), 7(v) <&,

which implies that 7(u) = w(v). Moreover, (u, v) € P(X, T), Orb((u,v), T x T)N
Ax # . It is a contradiction. Thus, (X, T) is mean equicontinuous. O

THEOREM 4.4. For a null system (X, T), if it has dense minimal points, then it is mean
equicontinuous.

Proof. 1t is sufficient to show that Q(X, T) = P(X, T) by Theorem 4.3.
If there is a pair (x, y) € Q(X, T) \ P(X, T), by the definition of Q(X, T), there are
Xk, Yk, z€ Xandng e N k=1, 2, ..., such that
lim xy =z= lim y; and lim (T xg, T™y) = (x, ).
k— 00 k— 00 k— 00
As the minimal points for T are dense in X, so are those for 7 x T in X x X (see [1]).
Without loss of generality, we can assume that (xi, yx) is minimal in X x X for every
k e N.
Putx=(x, y), xk = (xg, yx), 2=(z, ) and X =X x X, T =T x T.

Since (x, y) ¢ P(X, T), we have Orb(x, T) N Orb(z, T) = . Let

R={(a,b)e X x X:a,beOrb(x, T) or Orb(z, T)} U Az.

~

It is easy to see that R is a closed T x T-invariant equivalence relation on X.
Let Y =X /R; it follows that [x], [z] are fixed points in Y and limg_, oo[Xk] =
[z], limg— oo Tk [xk] = [X]. As Xk is minimal in )~( so is [xk] in Y. By Lemma 3.1, we
have ([x], [z]) € SE(X, T), which implies that SE (X, T) # # by Proposition 2.5.

It is a contradiction, which shows that Q(X, T) = P(X, T). O

COROLLARY 4.5. Let (X, T) be a null system. If supp(X, T)= X, then it is mean
equicontinuous.

Proof. By [21, Lemma 3.3], we have

supp(X, T)= | J suppw)= | J suppv).
peM(X,T) veMe(X,T)

Clearly, (supp(v), T') is minimal since a transitive and non-minimal E-system is not
null [16, Theorem 3.1]. Thus, the minimal points for 7 in X are dense, which implies that
(X, T) is mean equicontinuous by Theorem 4.4. O

5. A counterexample
In the last part of this paper, we give the example which is mentioned in the introduction.

Example 5.1. There is a distal system (X, T') (consisting of periodic orbits) such that
RPl(X, T) # Ax and Indgp(X, T) = 0.

Let A € [0, 1] x [—1, 1] and denote the horizontal ordinate and vertical ordinate by x 4
and y4, respectively. We define a relation ~ on [0, 1] x [—1, 1] by (x, 1) ~ (x, —1) for
x € [0, 1]. Clearly, it is an equivalence relation.
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Assume that A(x1, y1), B(x2, y2) €[0, 1] x [—1, 1]/ ~ and let

P4, B) = /Ix1 — %22 + (min{lys — yal, 2= [y1 — vl

it is easy to check that p is a metric on [0, 1] x [—1, 1]/ ~.
We begin to construct (X, T) in [0, 1] x [—1, 1]/ ~.
Step 1: Basic periodic systems.
First, we construct basic periodic systems (/;, 7;). Put

k i .
L=1(0,=):k=o0,.... 200 ul(=, L):s=1,...,2:j=01
2i 2t 20
—t
u{<1,_,);t:1,...,zi}.
2i
The map 7; from I; to itself is defined by
0 k=1 facl(o, L) k=23 2i
_— 1 — ) K=
9 2l. 72l. 9 9 b l b

1 P .
(S; 2i> ifAeU{(%,%):s:O,l,...,Z’—l;j:O,l}
1

and s + j is even,

A= i +1 mod 2 ; .
TiA s md Y racul(S L) s=0.1,.. . 2 j=0.1
21 2i 2t0 20

and s + j is odd,

1 —[ ! if A e 1 —t k=0,1 2i —1
1 . 9 s 0 vy 5
’ 2i ’2i ’ !

O, 1) ifA=(1,-1)

such that (/;, T;) is a periodic system.

See the Figures 1 and 2 for the construction.

For every i, put A;=(0,1),B;=(0,0),C; =(1,0), D; =(1, —1); from the
construction, it is easy to see that Tizl+l B; =C;, Tf’Ai =B;.

Step 2: Construction of (X, T).

To get the properties, we need to glue all the basic periodic systems constructed above.
For compactness, it is necessary to compress them first. Precisely, for every i, squeeze
I; horizontally such that the distance from B; to C; is 1/(2i(i 4+ 1)), and horizontally
translate B; to B;((2i + 1)/(2i(i 4+ 1)), 0) and C; to C/(1/i, 0), which is denoted by I.
The map 7/ defined on I can be induced from T;, that is, T/ keeps the relative position.

Let X = |J;Z, I and T be the map from X to itself such that T | ;= T} and T |(o)x[—1,1]

i=1"%
is the identity.
Put A=1im; o Al(=1im;_o D)), B=1im; o B/(=1im; . C)) and I = {0} x
[—1, 1], where A!((2i + 1)/(2i(i + 1)), 1), D/(1/i, —1).

See Figure 3 for the construction.

CLAIM 1. For each d>1, we have (A, B) e RPN (X, T) and hence (A, B)e
RPI(X, T).
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(h,Th) (1, T>)

FIGURE 1. (a) The periodic system (/1, 77). (b) The periodic system (15, 73).

Proof. Fix d > 1; for every & >0, there is an i e N with p(B], B) = p(A], A) =
Qi +1)/Q2i(i + 1)) < and (1 + d)di < 2.

Put i = (2i, ..., 2di) € Z4. For each a € {0, 1}9\{0}, we have 2i <7i-a < (Il +
d)di < 2'. Tt follows from the construction that 72! B! =C|, T2iA; = B/, which implies

that
2i +1

- <
2i(i+1) ~

_ _ 1\? 1 2
TR TR _ _ ,
Pl i i) < (21’) +(2i(i+1)> =€

which means that (A, B) € RPII(X, T) and hence (A, B) € RPI®/(X, T). o

—

1
xT;"U‘A;’ xTﬁ,aBl_/ < 7 and 0< yT;,.aAl{, yTﬁ-aB; =< 2_1

Thus,

Remark 5.2. Actually, by a similar argument, we can show that for every C € I with C #
B, (C, B) e RPI™®I(X, T).

CLAIM 2. Indgp(X, T) =0.

Proof. 1f there is a pair (C, D) € Indgp(X, T), then C, D € I. Indeed, as Indﬁp(li/, T)=0
for every i € N, we obtain that C, D cannot belong to the same /. Now if C belongs to I;
for some k € N, we can choose the neighbourhoods U, V of C, D respectively which
are small enough such that ((,c.y 77"U) N (U,eny T7"V) =0. Therefore, (C, D) ¢
Indsp (X, T), contracting the assumption.
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FIGURE 2. The periodic system (I3, 73).

Without loss of generality, assume that C = (0, ¢), D = (0, d) with0 <d <c¢ < 1.

Choose k € N suchthatc > 2/k. Let Uy, Uz be C, D neighbourhoods respectively with
diam(U;) < min{1/(4(c — d)), 2k + 1)/(2k(k + 1))} and p(Uy, U>) > 3/(4(c — d)).
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y
Ay 4 Al
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I pl / 1 .
B3 BZ Bl
Dy D D)

FIGURE 3. The system (X, T).

As (C, D) € Indgp(X, T), there are ny, ny € Zy and P € X with
PeUNT MU NT™U NnT My,

Assume that P e Ii’ and the period of P is m;. As P eU; and diam(U;) <
2k +1)/(2k(k 4+ 1)), we obtain xp < (2k + 1)/(2k(k + 1)), which implies that i > k and

_ 2i+1 1
di U > — 2 — 2> S
iam( 1)_\/(XP xc)” + (yp = yo) 225 T 2

For j=1,2,wehaven; =k;m; +rj, where k; € Z and 0 <r; < m; with
p(T" P, P)=p(T"I P, P) < diam(U,).

As c¢/4 > diam(U;) > d(C, P) > |c — yp|, we obtain yp > 3/(4c) > 1/k > 1/(2i).
Similarly, we also have yyrp > 1/(2i). It follows from the definition of I; that the
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maximal distance of two adjacent points is 1/(2i), that is, p(T Q, Q) < 1/(2i) for every
Q € I;. We have that p(T"2P, P) + 1/2i > p(T"?™ P, TS P) for any s € N.
Hence,

o(T" 2P PY=p(T""2P, P) < p(T"""2P, T"" P) + p(T"' P, P)

1
<p(T"™P, P)+ % +p(T" P, P)
l
— 3
< 3diam(U)) < Z(c —d).

As p(U1, U>) > 3/(4(c — d)), it follows that T"17"2 P ¢ U,. It is a contradiction which
implies the claim. O

6. Some open questions
Some questions concerning null systems are open. Here we state two of them. The first
one appears in [16].

Question 6.1. Is a null transitive system minimal?

We conjecture that Question 6.1 has a negative answer. A question we cannot solve in
this paper is as follows.

Question 6.2. Is a null transitive system mean equicontinuous?
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