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We discuss an estimation procedure for continuous-time models based on discrete
sampled data with a fixed unit of time between two consecutive observations+ Be-
cause in general the conditional likelihood of the model cannot be derived, an in-
direct inference procedure following Gouriéroux, Monfort, and Renault (1993,
Journal of Applied Econometrics8, 85–118) is developed+ It is based on simula-
tions of a discretized model+ We study the asymptotic properties of this “quasi”-
indirect estimator and examine some particular cases+Because this method critically
depends on simulations,we pay particular attention to the appropriate choice of the
simulation step+ Finally, finite-sample properties are studied through Monte Carlo
experiments+

1. INTRODUCTION

In recent years, the theory of continuous-time stochastic processes has become an
indispensable tool in modern finance+ This is partly due to the elegance and trac-
tability of the so-called Itô-calculus, which allows for very general transforma-
tions of the process dynamics+ Unfortunately, it is well known that the inference
associated with such continuous-time processes is a difficult problem because
only discrete sampled data are available+
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Diffusion processes estimation is widely studied in the literature, but often
availability of continuous data is assumed (see, e+g+, Genon-Catalot and Jacod,
1993; Danesi, Genon-Catalot, and Laurent, 1994)+

The case of discrete observations is treated by several authors+ The maximum
likelihood estimator has the standard properties of consistency and asymptotic
normality under appropriate regularity conditions (see, e+g+, Prasaka Rao, 1988)+
However, it is generally uncomputable except in some well-known cases where
an exact discrete-time version is available (for GARCH discretization, see also
Drost and Werker, 1996)+

An explicit expression of the transition densities for one-dimensional diffu-
sions was given by Dacunha-Castelle and Florens-Zmirou (1986) (for a general-
ization to multivariate diffusion, see Pedersen, 1995)+Unfortunately it involves a
stochastic integral with a Brownian bridge+ Therefore the expression cannot be
used directly to compute the log-likelihood+

In the general case, the transition densities are untractable, and a natural ap-
proach is to approximate the likelihood function based on a discretized version of
the diffusion+ A direct approximation leads to inconsistency unless the observa-
tion interval goes to zero (see Florens-Zmirou, 1989)+ In recent papers, Pedersen
(1994, 1995) derived a sequence of approximations indexed by a discretization
step smaller than the observation interval and controlled by the statistician+ Con-
sistency and asymptotic normality are proved when the sample size goes to in-
finity for a discretization step decreasing to zero sufficiently fast+

Several other approaches have also recently been proposed in the econometric
literature to deal with discretely sampled data with fixed observation interval+
Parameter estimation of continuous-time processes can be achieved through the
use of moment conditions derived from properties of the infinitesimal generator
(Hansen and Scheinkman, 1995)+Some authors (Aït-Sahalia, 1992, 1996;Hansen,
Scheinkman, and Touzi, 1994) have studied nonparametric procedures for diffu-
sion processes that rely on kernel estimation of the stationary density+

Other methods consist of simulation based procedures, such as the simulated
moment method (Duffie and Singleton,1989) or the indirect inference (Gouriéroux
et al+, 1993)+ Starting with Lerman and Manski (1981), simulations have been
used as a central point of estimation procedures+ A large number of simulated
estimation methods have been discussed in the econometric literature+ Simulated
moments estimators have been introduced by McFadden (1989) and by Pakes and
Pollard (1989) in the independent and identically distributed (i+i+d+) case and have
been extended to time series by Lee and Ingram (1991) and by Duffie and Single-
ton (1993)+ Simulated maximum likelihood has been studied by Van Praag and
Hop (1987), Gouriéroux and Monfort (1992, 1993), and Laroque and Salanié
(1993) (for a review, see Gouriéroux and Monfort, 1995)+

Indirect inference procedures have been proposed by Smith (1990), Gallant
and Tauchen (1996), and Gouriéroux et al+ (1993)+ The indirect inference method
needs simulations of the true model and thus has to be modified for diffusion
processes as a result of their continuous-time nature+ Indeed, the transition den-
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sities are generally unknown for diffusion processes+ A natural way of avoiding
this difficulty is to discretize the continuous-time model and to simulate the
discrete-time approximation+ Unfortunately this approach induces a bias in the
estimation+ The aim of our paper is to derive asymptotic properties of the indirect
estimator when the sample size goes to infinity,with a fixed observation step, and
to study the bias induced by the simulation of an approximate discrete-time model
instead of the continuous-time diffusion+This bias explains the terminology “quasi-
indirect” inference+We also examine the problem of the choice of an appropriate
simulation step, both from an asymptotic point of view and in small sample sizes
through Monte Carlo experiments+

The paper is organized as follows+Section 2 presents the continuous-time model
and the quasi-indirect inference method aimed at estimating its parameter+ As-
ymptotic properties of this method are derived therein+ For illustrative purposes,
two examples will be covered: the geometric Brownian motion and the Ornstein–
Uhlenbeck process+ In Section 3, Monte Carlo simulations for these two pro-
cesses allow us to compare the finite-sample properties of the different estimators
involved in the method+ Furthermore, we discuss the choice of an appropriate
discretization step+Section 4 concludes+Most proofs and technical developments
appear in the Appendixes+

2. THE QUASI-INDIRECT INFERENCE METHOD

Let us consider the following stochastic differential equation:

dYt 5 m~Yt ;u!dt 1 s~Yt ;u!dWt , (1)

where~Yt ; t [ R1! is aRd-valued process,W is a standardr-dimensional Brown-
ian motion on a probability space~V,F,P!, and parameteru belongs to the com-
pact parameter setQ , Rp+ The functionsm ands fromRd 3 Q toRd andRd 3
Rr, respectively, are measurable, are differentiable with respect to (w+r+t+) u, and
are assumed to fulfill some Lipschitz assumptions (with Lipschitz constant inde-
pendent ofu! ensuring existence and almost sure uniqueness of the solution of
model (1) (see, e+g+, Revuz and Yor, 1991)+ Therefore, the solution of (1) induces
a probability measurePu on the space of continuous functions fromR1 toRd+We
also assume that the diffusion term in (1) is nondegenerate and that the solution
process of model (1) is stationary and ergodic+ The initial valueY0 is randomly
drawn from the ergodic distributionL0+

As it usually occurs in practical situations, the whole path of the process is not
available+We can only observeYatT fixed, equally spaced, sampling times+ Let
t be the sampling interval and

YuT
t 5 ~Yt ,Y2t , + + + ,YTt!

the observation vector+ The particular value of parameteru in model (1), under
which the observations have been generated, is equal tou0 assumed to be iden-
tifiable and in the interior ofQ+ Hence, we associate with the unique solution~Yt ;
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t [ R1! of equation (1) the process~Ytt; t [ N! that inherits the Markovian
structure of the former, as well as stationarity and ergodicity+

The application of indirect inference to diffusion processes was suggested by
Gouriéroux et al+ (1993)+ Indirect inference involves four successive steps:

1+ maximization of a given criterion applied to the observation;
2+ creation of simulated data sets of sizeT and time intervalt, using (1) as the data-

generating process for all values ofu;
3+ maximization of the same criterion using the simulated data;
4+ calibration with respect tou to minimize the distance between the outputs of steps 1

and 3+

However, step 2 cannot be achieved in general because the transition densities
of the diffusion processes are not directly computable+A natural approach is then
to use discretizations of (1), with a fixed discretization step h smaller than the
observation stept, as generating processes to obtain simulated data+ Conse-
quently, an asymptotic bias resulting from this fixed time interval in the simula-
tions is involved+As we do not simulate the true model (i+e+, the true probability
density function [p+d+f+]), we call this methodquasi-indirect inference.

In the following, the different steps are discussed one by one+

2.1. First Step

The first step consists of maximizing a criterion function, i+e+, a functionS from
V 3 Q to R of the formS~v,u! 5 ST~YuT

t ,u!+ Examples of such criteria are the
log-likelihood functions, contrast functions (see Genon-Catalot, 1990), or more
generally any function involving empirical moments+

Let ZuT
* ~YuT

t! denote any measurable solution of the equation

ZuT
* ~YuT

t! 5 argmax
u*[Q

ST~YuT
t ,u*!+ (2)

Under standard regularity assumptions (see Appendix A), the direct estimator
ZuT
* ~YuT

t! is strongly consistent to

u0
*~u0! 5 argmax

u*[Q
S̀ ~u0,u*!,

whereS̀ ~{! denotes the limit criterion and it is asymptotically normal (see Ap-
pendix A)+ More precisely, we have

#T~ ZuT
* ~YuT

t! 2 u0
*~u0!!

Tr`
&& N~0,G0

*!,

where the matrixG0
* involves derivatives of the limit criterion (the explicit form

is given in Appendix A)+
In general, u0

*~u0! Þ u0; therefore direct estimation of the true valueu0 based
on a discretization of the diffusion provides inconsistency as shown by Lo (1988)+
This is illustrated in the following examples for which there are explicit expres-
sions for the asymptotic bias+
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Example 1. Ornstein–Uhlenbeck process

We consider the following diffusion equation:

dYt 5 ~a 2 mYt !dt 1 sdWt , (3)

where~Yt ; t [ R1! is aR-valued process withY0 . 0, and we aim at estimating
u 5 ~a,m,s2!+ To get stationary ergodic solutions we imposem . 0,s2 . 0+
Euler discretization of the Ornstein–Uhlenbeck (OU) has the form

Yt1t 2 Yt 5 ~a* 2 m*Yt !t 1 s *~Wt1t 2 Wt !, (4)

whereas theexactdiscretization of (3) is given by

Yt1t 2 Yt 5
a

m
~1 2 e2mt! 2 ~1 2 e2mt!Yt 1 se2m~t1t! E

t

t1t

ems dWs+ (5)

Note that the likelihoods obtained from models (4) and (5) are the same up to a
reparameterization+ The (a+s+) limit of the estimator ZuT

* ~YuT
t! of u* 5 ~a*,m*,s2*!

in model (4) is given by

u0
*~u0! 5 S a0

m0t
~1 2 e2m0t!,

1 2 e2m0t

t
,

s0
2

2m0t
~1 2 e22m0t!D, (6)

and we see that all the components ofZuT
* ~YuT

t! are downward biased for fixed
sampling intervalt+ However the bias goes to zero whent decreases, and it is of
ordert in the neighborhood of continuous-time sampling+Moreover, straightfor-
ward (but tedious)1 calculus shows that

G0
* 5

1 2 e22m0t

2t 2m0
2 3

s0
2 m0 1 2a0

2 2a0m0 0

2a0 m0 2m0
2 0

0 0 s0
4~1 2 e22m0t!2

4 + (7)

Example 2. Geometric Brownian motion

The geometric Brownian motion (GBM) is defined as aR1-valued solution pro-
cess~Yt ; t [ R1! of

dYt 5 mYt dt 1 sYt dWt , (8)

whereY0 . 0, which can be directly solved in

ln Yt 5 ln Y0 1 ~m 2 1
2
_s2!t 1 sWt + (9)

Note that~Yt! is not an ergodic process but that the first-order difference of (lnYt!
is ergodic for all values ofu 5 ~m,s2!+Maximum likelihood estimation can then
be achieved, and the estimator ofu can be easily computed+ Suppose, however,
that the Euler discretization is applied directly on equation (8), providing

Yt1t 2 Yt 5 m*Yt t 1 s *Yt ~Wt1t 2 Wt !+ (10)

Comparing with the OU example, the distribution ofYt1t conditional toYt is
misspecified in model (10), because it is normal instead of being lognormal+ In
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this simple example, too, the estimator ZuT
* ~YuT

t! of u* 5 ~m*,s2*! is easily ob-
tained and its asymptotic almost sure (a+s+) limit is given by

u0
*~u0! 5 Sem0t 2 1

t
,
e2m0t

t
~es0

2t 2 1!D+ (11)

Contrarily to the previous example, both components are upward biased+ This
bias vanishes ast goes to zero+ Furthermore, we get

G0
* 5

e2m0t~es0
2t 2 1!

t 2

3 F 1 tem0t~es0
2t 1 2!~es0

2t 2 1!

tem0t~es0
2t 1 2!~es0

2t 2 1! t 2e2m0t~e4s0
2t 1 2e3s0

2t 1 3es0
2t 2 4!~es0

2t 2 1!
G+

(12)

These examples could suggest using the explicit expression of the asymptotic
bias to obtain asymptotically unbiased estimators+ Unfortunately, this approach
cannot be applied+ Indeed, in general, there is no exact discretized version of the
continuous-time model, and the asymptotic bias cannot be derived theoretically+

2.2. Second Step

This step involves simulated data+To approximate the diffusion model we use the
following sequence of discrete-time models, indexed by the time-unith and de-
pending on the same parameteru as in (1):

Y~n11!h
~h! 5 Fh~Ynh

~h! ;e~n11!h
~h! ;u!, (13)

where~e~n11!h
~h! ;n [ Z! is a sequence ofRd-valued Gaussian white noises+ This

sequence is chosen such that (i) for allh, the solution process is unique, station-
ary, and ergodic; (ii) whenh goes to zero, the solution converges to the diffusion
process inL2+ A particular case is the Euler discretization given by

Y~n11!h
~h! 5 Ynh

~h! 1 m~Ynh
~h! ;u!h 1 s~Ynh

~h! ;u!h102e~n11!h
~h! (14)

or the Mil’shtein (1976) discretization (for a full discussion, see Kloeden and
Platen, 1992)+

Let t0N 5 $h [ R6t0h [ N%+ For anyh [ t0N and anyu [ Q, let

EYuTt~h!~u! 5 ~ EYt
~h!~u!, EY2t

~h!~u!, + + + , EYTt
~h!~u!!

be a set of simulated variables drawn from model (13)+

2.3. Third Step

We consider now the maximization of the criterionST applied to the simulated
set+
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Let ZuT
* ~ EYuTt~h!~u!! denote any measurable solution of the maximization program

ZuT
* ~ EYuTt~h!~u!! 5 argmax

u*[Q
ST~ EYuTt~h!~u!,u*!+

Under standard assumptions (see Appendix A), the simulation based estimator
ZuT
* ~ EYuTt~h!~u!! is strongly consistent toDu0

*~u,h! and asymptotically normal:

#T~ ZuT
* ~ EYuTt~h!~u!! 2 Du0

*~u,h!!
Tr`

&& N~0, EG~h!~u!!

(the explicit form of the asymptotic covariance matrix is given in Appendix A)+

Example 1. Ornstein–Uhlenbeck process (continued)

The simulation based estimator may be easily obtained by maximizing the crite-
rion w+r+t+ u* 5 ~a*,m*,s *2!:

ST~ EYuTt~h!~u!;u*! 5 2
1

2
log s *2 2

1

2
log t

2
1

2Ts *2t (
t50

T21

~ EY~t11!t
~h! ~u! 2 a*t 2 ~1 2 m*t! EYtt

~h!~u!!2+

We have

Du0
*~u,h! 5 S a

mt
~1 2 ~1 2 mh!t0h!,

1 2 ~1 2 mh!t0h

t
,
s2

mt

1 2 ~1 2 mh!2t0h

2 2 mh D
(15)

and

EG~h!~u! 5
1 2 ~1 2 mh!t0h

t

3 3
s2

1 1 ~1 2 mh!t0h

m~2 2 mh!
1

a2

m2

a

m
0

a

m
1 0

0 0
s4

t

~1 1 ~1 2 mh!t0h!~1 2 ~1 2 mh!2t0h!

m2~2 2 mh!2

4 +
(16)

Example 2. Geometric Brownian motion (continued)

The criterion to be maximized is given by

ST~ EYuTt~h!~u!,u*! 5 2
1

2
log s *2 2

1

2
log t

2
1

2Ts *2t (
t50

T21S EY~t11!t
~h! ~u!

EYtt
~h!~u!

2 ~1 1 m*t!D2

+
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The expression of the unique maximum of the corresponding asymptotic crite-
rion is given by

Du0
*~u,h! 5 S ~1 1 mh!t0h 2 1

t
,
~~1 1 mh!2 1 s2h!t0h 2 ~1 1 mh!2t0h

t
D+

(17)

The expression of matrixJ*~u,h! is given in Broze et al+ (1995b)+ It is a nondi-
agonal matrix+

2.4. Fourth Step

Along the previous lines, we have seen that both the direct estimatorZuT
* ~YuT

t! and
the simulated estimatorZuT

* ~ EYuTt~h!~u!! for all values ofu are consistent and asymp-
totically normal under some usual conditions+ However, for the latter, we need
stronger conditions than pointwise convergence to ensure consistency of the es-
timators discussed later+ Therefore, we make the following assumption+

Assumption A1+ For a fixed simulation steph . 0,

PuF lim
Tr`

sup
u[Q
7 ZuT
* ~ EYuTt~h!~u!! 2 Du0

*~u,h!7 5 0G 5 1+

Because we work with general criteria, it seems difficult to avoid such an as-
sumption+ However, it should be noted that the hypothesis does not concern the
model itself because the criterion thatZuT

* ~ EYuTt~h!~u!! maximizes is under the con-
trol of the researcher (as well as the set of simulated variables)+ Therefore, it is in
principle possible to consider only criteria resulting in estimators that are empir-
ical processes, i+e+, of the form

ZuT
* ~ EYuTt~h!~u!! 5

1

T (
t51

T

q~h!~ut
~h! ;u!,

where ~ut
~h! ! is a sequence of random variables not necessarily i+i+d+ and

$q~h!~{;u!,u [ Q% is a class ofRp-valued functions, measurable in their first
argument+ To ensure uniform almost sure convergence ofZuT

* ~ EYuTt~h!~u!! to
u0
*~u,h!, it is sufficient to impose almost sure stochastic equicontinuity of the

sequence$nT
~h!~{!;T $ 1} , wherenT

~h!~u! 5 #T~ ZuT
* ~ EYuTt~h!~u!! 2 u0

*~u,h!!+ In Ap-
pendix B, we show how to check Assumption A1 in the first example (the
second example is very similar)+

To establish a link between the asymptotic (nonstochastic) limits obtained pre-
viously, we need the following assumption+

Assumption A2+ There exists a sequenceh~T ! r 0 such that

Pu0F lim
Tr`

sup
u*[Q
6ST~ EYuTt~h~T !!~u0!,u*! 2 ST~YuT

t ,u*!6 5 0G 5 1+

The following proposition is then directly deduced+
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PROPOSITION 1+ There exists a sequence h~T ! such that

Pu0F lim
Tr`
7 ZuT
* ~ EYuTt~h~T !!~u0!! 2 u0

*~u0!7 5 0G5 1+

Because in practice the set of observations is finite and the simulation time
interval is nonzero, it seems natural to replace the asymptotic limits by the cor-
responding estimators+ Therefore, we have to minimize a distance between esti-
mators based on the observation and the simulation+

DEFINITION 1+ A sequence of quasi-indirect estimators is a sequence
ZuT~u0,h!, h [ t0N, where ZuT~u0,h! is any measurable solution of

ZuT~u0,h! 5 argmin
u[Q

7 ZuT
* ~ EYuTt~h!~u!! 2 ZuT

* ~YuT
t!7+

The first problem is the consistency of this quasi-indirect estimator+ For allh [
t0N, we denoteu0~u0,h! the unique solution to the equation

Du0
*~u,h! 5 u0

*~u0!,

and we get the proposition+

PROPOSITION 2+ For any fixedvalue of the simulation step h[ t0N, we
have

Pu0F lim
Tr`
7 ZuT~u0,h! 2 u0~u0,h!7 5 0G 5 1+

Consequently, the quasi-indirect estimator is asymptoticallybiasedfor fixed
discretization steph+

Proof+ Let us consider the criterion function

QT~u,h! 5 7 ZuT
* ~ EYuTt~h!~u!! 2 ZuT

* ~YuT
t!7+

From previous results, we have uniform convergence onQ of ZuT
* ~ EYuTt~h!~u!! 2

ZuT
* ~YuT

t! to Du0
*~u,h! 2 u0

*~u0!, for all h . 0+ Moreover, QT~{,h! is continuous on
Q+ Therefore, because Du0

*~u,h! 2 u0
*~u0! is a minimum for the single value

u0~u0,h!, the proposed result holds+ n

Example 1. Ornstein–Uhlenbeck process (continued)

We have

u0~u0,h! 5 Sa0~1 2 e2m0h!

m0h
,
1 2 e2m0h

h
,
s0

2~1 2 e22m0h!

2m0h D+
Example 2. Geometric Brownian motion (continued)

We have

u0~u0,h! 5 Se2m0h 2 1

h
,
e2m0h

h
~es0

2h 2 1!D+
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Let us now examine the asymptotic distribution of the quasi-indirect estimator+

PROPOSITION 3+ The quasi-indirect estimator ZuT~u0,h! is strongly consis-
tent tou0~u0,h! and asymptotically normal:

#T~ ZuT~u0,h! 2 u0~u0,h!!
Tr`

&& N~0, PV0
~h! !,

where the explicit form of matrixPV0
~h! is given in Appendix C+

Proof+ See Appendix C+

From the previous results, we know that the quasi-indirect estimator based on
a fixed simulation steph is strongly consistent tou0~u0,h!, and furthermore, we
have

Pu0F lim
Tr`
7 ZuT~u0,h~T !! 2 u07 5 0G 5 1+

Thus there exists a sequenceh~T ! going to zero asT goes to infinity such that
expected consistency tou0 holds+ However, from a practical point of view, this
result is unsatisfactory because for a given sample sizeT, one would expect to
know how to chooseh as a function ofT to obtain a good approximation ofu0+

Hereafter, we analyze further asymptotic properties of the quasi-indirect in-
ference estimator by allowing the simulation steph to vary around zero (see
Appendix D for technical details and for the relevant expressions of the asymp-
totic covariance matrices)+

If we takeh 5 T 2d with 1
4
_ , d # 1

2
_ , we have an asymptotic normality result of

the form

#TS ZuT
* ~u0,h! 2 u0 2 hF ]u0~u0,h!

]h G
h50

D Tr`
&& N~0, P P PV0!+

On the other hand, for smaller value ofh, h 5 T 2d with d . 1
2
_ , we have the usual

normality result:

#T~ ZuT
* ~u0,h! 2 u0!

Tr`
&& N~0, P P PV0!+

Finally, if h is not chosen sufficiently small, we have some additional terms
involving higher orders terms inh in the asymptotic normality result+ It is impor-
tant, however, to recall that the discretization steph is controlled by the statisti-
cian+ In practice it means that, from an asymptotic point of view, h should be
chosen as small as the computer capacities allow+ This is obvious because the
limit caseh 5 0 corresponds to the possibility of simulating the diffusion itself+
For finite sample, this point of view will be revisited in the next section+

Example 1. Ornstein–Uhlenbeck process (continued)

The asymptotic bias of the quasi-indirect estimator is approached by

u0~u0,h! 2 u0 5 ~2 1
2
_a0 m0,2

1
2
_m0

2,2s0
2 m0!h 1 o~h!,

170 LAURENCE BROZE ET AL.

https://doi.org/10.1017/S0266466698142019 Published online by Cambridge University Press

https://doi.org/10.1017/S0266466698142019


and the matrixV0 5 limTr`V0
~h~T !! is given by

V0 5 1
1 2 e2m0t

mt
0 0

a0e2m0t

m0
F1 1

1

m0tG 2
a0

m0
2t

e2m0t
s0

2e22m0t

m0
F1 1

1

2m0tG 2
s0

2

2m0
2t

0 0
1 2 e22m0t

2m0t

2 +
Example 2. Geometric Brownian motion (continued)

The asymptotic bias is given by

u0~u0,h! 2 u0 5 ~2 1
2
_m0

2,s0
2~2m0 1 1

2
_s0

2!!h 1 o~h!

and the matrixV0 by

V0 5 Sem0t 2e2m0t @es0
2t 2 1#

0 e~2m01s0
2!t D+

3. MONTE CARLO RESULTS

To illustrate the indirect estimation procedure, we perform some Monte Carlo
experiments+2 Both examples are examined+We first compute the exact discret-
ization maximum likelihood (ML) estimator to be able to compare this estimator
with the misspecified estimator obtained by a ML method on a Euler discretiza-
tion and the estimator obtained by the quasi-indirect estimation method based on
a likelihood criterion+ Closed-form expressions for both exact and Euler discret-
ization ML estimators are derived and are used whereas a numerical optimization
routine is involved in solving the minimization problem of the quasi-indirect
inference method+ The algorithm is initialized with the estimated values given by
the ML method applied to the Euler scheme+ This procedure reflects the general
situation where one wants to estimate parameters of a general diffusion process
(not knowing its exact discretization), then uses a simple enough auxiliary model
leading to closed-form estimators without being able to compute the explicit
form of the indirect estimator+We hope that the results reported hereafter closely
mimic the behavior of quasi-indirect estimators in more general situations+

Although the simulation experiments were conducted for all parameters (see
Broze et al+, 1995b),we only report the outcome concerning the diffusion param-
eters0+ This choice is motivated by the crucial need for volatility estimation in
financial econometrics+

There are two experiments conducted in the study+ All simulated data are ob-
tained from the exact discretization of either GBM or OU+

In Tables 1 and 2, we report the simulation results for 1,000 replications (see
also Figure 1)+ The sample size isT 5 200 orT 5 50+ The discretization steph
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varies from 1
10
_ to 1

5,000
_+ The initial value isY0 5 10+ Designs 1, 3, and 4 are

concerned with GBM~s0 5 0+5!; designs 2, 5, and 6 with OU~s0 5 1+5!+ For
each design,we consider three estimators obtained from (i) maximum likelihood
on the exact discretization (MLE), (ii) maximum likelihood on the misspecified
Euler discretization (MMLE), and (iii) quasi-indirect inference (QIE)+ Notice
that the first one is given as a gauge although it is not feasible in the general case+

Table 1. Characteristics of the empirical p+d+f+ of the estimators~K varying)

Method K h Bias MSE Max+ Min+ Median

Design 1+ Geometric Brownian motion: s0 5 0+5, T 5 50
MLE 20+00936 0+00252 0+63189 0+33341 0+48882
MMLE 20+07738 0+01186 0+79045 0+22844 0+41597
QIE 1 0+1 0+00119 0+00900 0+91000 20+52632 0+49273
QIE 1 0+01 0+00965 0+00942 0+96502 0+29575 0+49844
QIE 2 0+1 20+01083 0+00601 0+86070 0+29627 0+48370
QIE 2 0+01 20+00262 0+00691 0+88194 0+31765 0+48676
QIE 5 0+1 20+01160 0+00144 0+63439 0+37340 0+48603
QIE 5 0+01 20+00530 0+00141 0+63162 0+40550 0+49135
QIE 8 0+1 20+02087 0+00470 0+76032 0+31794 0+47372
QIE 8 0+01 20+01377 0+00477 0+80781 0+32520 0+47805
QIE 10 0+1 20+02197 0+00460 0+76357 0+30891 0+47438
QIE 10 0+01 20+01498 0+00462 0+78439 0+31995 0+47699
QIE 15 0+1 20+02258 0+00455 0+77223 0+30812 0+47299
QIE 15 0+01 20+01608 0+00446 0+77271 0+32387 0+47775
QIE 20 0+1 20+02277 0+00446 0+75965 0+30936 0+47177
QIE 20 0+01 20+01661 0+00430 0+77159 0+32141 0+47691

Design 2+ Ornstein–Uhlenbeck process: s0 5 1+5, T 5 50
MLE 0+01917 0+03267 2+15925 0+95634 1+51451
MMLE 20+16720 0+04833 1+79786 0+86268 1+33083
QIE 1 0+1 0+04094 0+08158 5+10261 0+92422 1+51607
QIE 1 0+01 0+06312 0+14237 8+27802 0+88318 1+52880
QIE 2 0+1 0+00189 0+04073 2+50470 0+85452 1+49351
QIE 2 0+01 0+01197 0+04534 2+28038 0+86697 1+49729
QIE 5 0+1 20+01547 0+00817 1+81240 1+18801 1+48599
QIE 5 0+01 20+00143 0+00825 1+79166 1+23555 1+49762
QIE 8 0+1 20+01442 0+02910 2+01227 0+94374 1+47698
QIE 8 0+01 0+00085 0+03174 2+12157 0+94060 1+49398
QIE 10 0+1 0+01566 0+02919 2+01222 0+95496 1+47521
QIE 10 0+01 0+00060 0+03112 2+12303 0+97291 1+49480
QIE 15 0+1 20+01651 0+02844 2+00788 0+97058 1+47507
QIE 15 0+01 20+00046 0+02999 2+05627 0+96474 1+49151
QIE 20 0+1 20+02292 0+02894 2+14687 0+96987 1+47604
QIE 20 0+01 20+00102 0+03056 2+14587 0+97012 1+48864
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For all estimators, we show the bias, the mean square error (MSE), and the min-
imum, the maximum, and the median values among the 1,000 estimator values+

Looking at the discretization step in QIE, it is clear that there is no reason to
match estimators computed with observed and simulated series of the same length+
An increased precision can be expected from such longer simulated series+ Let
K 3 T denote the length of the simulated series, maintainingT as the observed
sample size+

Table 1 emphasizes the impact of using simulated paths longer than the sample
size and gathers the outcome of a Monte Carlo experiment for the small sample
caseT 5 50+ IncreasingK does not necessarily improve the performance of QIE
in terms of bias, except for the OU case withh 5 1

100
_+ This result is confirmed by

examining the MSE: an optimal choice of K appears to be5+

Table 2. Characteristics of the empirical p+d+f+ of the estimators~h varying)

Method h Bias MSE Max+ Min+ Median

Design 3+ Geometric Brownian motion: s0 5 0+5, T 5 200, K 5 5
MLE 20+00378 0+00062 0+57566 0+41571 0+49647
MMLE 20+06954 0+00648 0+59433 0+31766 0+42714
QIE 0+1 20+01160 0+00144 0+63439 0+37340 0+48603
QIE 0+05 20+00834 0+00141 0+62007 0+39196 0+49010
QIE 0+01 20+00530 0+00141 0+63162 0+40550 0+49135
QIE 0+005 20+00464 0+00138 0+63714 0+39671 0+49192

Design 4+ Geometric Brownian motion: s0 5 0+5, T 5 50, K 5 5
MLE 20+00936 0+00252 0+63189 0+33341 0+48882
MMLE 20+07738 0+01185 0+79045 0+22844 0+41597
QIE 0+1 20+01868 0+00489 0+73457 0+28320 0+47325
QIE 0+05 20+01526 0+00504 0+76395 0+30160 0+47749
QIE 0+01 20+01155 0+00504 0+77836 0+32301 0+48031
QIE 0+005 20+01115 0+00505 0+77458 0+32828 0+48187

Design 5+ Ornstein–Uhlenbeck process: s0 5 1+5, T 5 200, K 5 5
MLE 0+00433 0+00734 1+77405 1+22962 1+50383
MMLE 20+14747 0+02664 1+55143 1+14897 1+35248
QIE 0+1 20+01547 0+00817 1+81240 1+18801 1+48599
QIE 0+05 20+00885 0+00840 1+83764 1+17766 1+48916
QIE 0+01 20+00143 0+00825 1+79166 1+23555 1+49762
QIE 0+005 20+00075 0+00820 1+84266 1+21640 1+49908

Design 6+ Ornstein–Uhlenbeck process: s0 5 1+5, T 5 50, K 5 5
MLE 0+01917 0+03267 2+15925 0+95634 1+51451
MMLE 20+16720 0+04833 1+79786 0+86268 1+33083
QIE 0+1 20+01330 0+03047 2+10906 0+93110 1+47759
QIE 0+05 20+00698 0+03191 2+10805 0+93396 1+48138
QIE 0+01 0+00305 0+03502 2+14045 0+91392 1+49309
QIE 0+005 0+00569 0+03384 2+11347 0+94367 1+50209

QUASI-INDIRECT INFERENCE 173

https://doi.org/10.1017/S0266466698142019 Published online by Cambridge University Press

https://doi.org/10.1017/S0266466698142019


h

h

h

h

Figure 1. Empirical p+d+f+ of the estimators ofs in the Ornstein–Uhlenbeck process for
T 5 200 andT 5 50; a0 5 0+3, m0 5 0+2, ands0 5 1+5+
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This valueK 5 5 has been maintained for the second experiment, reported in
Table 2, where the impact of decreasingh is studied+ First, for a sample sizeT 5
200, we confirm the asymptotic theoretical result of the previous section: de-
creasingh is optimal for the bias+ The MSE is improved in the GBM case and
remains stable in the OU case+ For the small sample caseT5 50, decreasingh too
much does not improve MSE: An optimal choice of h appears to be0+01+

Finally, one should expect that MLE performs better than the other estimators,
from its asymptotic properties+ It is clear that applying maximum likelihood to
the misspecified Euler discretization of the diffusion model provides a dramatic
bias+ The bias can be substantially corrected by using QIE+ In fact it is seen that
QIE can do even better than MLE+ Similar findings have been reported by
Gouriéroux et al+ (1993) in the case of autoregressive processes and have been
explored with high order asymptotic expansions by Gouriéroux, Renault, and
Touzi (1994)+

Finally, let us remark that, from simulations not reported here, the second-
order discretization scheme of Mil’shtein (1976) does not lead to better results
(this phenomenon was also observed by Bianchi, Cesari, and Panattoni [1993])+

It is always difficult to draw definitive conclusions from Monte Carlo exper-
iments+Nevertheless, the following can be said+Although our theoretical asymp-
totic results encourage choosing an arbitrarily small discretization step, it is seen
from the numerical experiments that the gain in precision does not necessarily
balance the resulting computational difficulties+ Moreover, a larger quantity of
simulated data increases variability and alters precision+ Second, the simulations
clearly show that for a given discretization step increasing the length of the sim-
ulated path~K 3 T instead ofT ! does improve the performance of QIE+Choosing
K too large is not recommended because it both requires impressive computa-
tional times and worsens bias and precision+Therefore, from our experience choos-
ing h 5 1

100
_ andK 5 5 seems a good compromise+

4. CONCLUDING REMARKS

Simulation based estimators such as indirect inference have gained considerable
interest in recent years in financial econometrics and other areas+ Indeed, the
possibility of simulating complex models has increased our ability to estimate
models hitherto infeasible to handle like diffusions and stochastic volatility mod-
els+ Recent interesting developments along these lines are, e+g+, Ghysels,
Gouriéroux, and Jasiak (1994), Pastorello, Renault, and Touzi (1995), Engle and
Lee (1992), Gallant, Hsieh, and Tauchen (1994), Gallant and Tauchen (1995),
and Tauchen (1995)+

This paper introduced the quasi-indirect inference method for diffusion pro-
cesses and discussed its asymptotic properties+With the fixed simulation step, it
is shown that quasi-indirect inference is biased even for a large sample+We proved,
however, that by choosing an appropriate simulation step, sufficiently small in

QUASI-INDIRECT INFERENCE 175

https://doi.org/10.1017/S0266466698142019 Published online by Cambridge University Press

https://doi.org/10.1017/S0266466698142019


comparison with the sample size, one obtains an asymptotically unbiased esti-
mator+We provided explicit analytical expressions for the choice of the simula-
tion step and conducted Monte Carlo experiments to examine the bias reduction
in two commonly used examples+ In addition, applications of quasi-indirect in-
ference to real financial data can be found in Broze,Scaillet, and Zakoïan (1995a)
and de Winne (1994)+

Finally, it appears from our Monte Carlo experiments that the quasi-indirect
estimator can have better finite-sample properties as far as bias is concerned than
the exact maximum likelihood estimator+

NOTES

1+ Detailed computations can be found in Broze, Scaillet, and Zakoïan (1995b)+
2+ Computer codes in GAUSS are available on request+
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APPENDIX A+ ASYMPTOTIC PROPERTIES
OF THE DIRECT ESTIMATORS

Concerning the direct estimator, we introduce the following standard regularity
assumptions+

1+ The partial applicationS~{,u! is measurable from~V,F ! to ~R,B~R!! for all u [ Q
and continuous fromQ to R for all v [ V+

2+ For all u0 [ Q, there exists a nonstochastic limit, S̀ ~u0,u*!, such that

Pu0F lim
Tr`

sup
u*[Q
6ST~YuT

t ,u*! 2 S̀ ~u0,u*!6 5 0G 5 1+

Moreover, for all u0 [ Q, the functionS̀ ~u0,{! admits a unique maximum interior
to Q:

u0
*~u0! 5 argmax

u*[Q
S̀ ~u0,u*!+

The criterion functionST~YuT
t ,u*! is twice continuously differentiable w+r+t+ u* and

(i) for all u0 [ Q, there exists a nonstochastic matrix, \S̀ ~u0,u*!, such that

Pu0F lim
Tr`

sup
u*[Q

** ]2ST~YuT
t ,u*!

]u*]u*'
2 \S̀ ~u0,u*!** 5 0G 5 1;

(ii) \S̀ ~u0,u0
*~u0!! is invertible;

(iii)

F#T
]ST~YuT

t ,u*!
]u* G

u*5u0
*~u0!

Tr`
&& N~0,J*~u0!!+

We have then the following first-order expansion:

ZuT
* ~YuT

t! 5 u0
*~u0! 1 T 2102XT

* ~u0! 1 op~T 2102!, (A.1)

where

XT
* ~u0! 5 2#TF ]2ST~YuT

t ;u*!
]u*]u*' G21F ]ST~YuT

t ;u*!
]u* G

u*5u0
*~u0!

is a Gaussian random vector inRp with mean 0 and asymptotic covariance matrix given by
G0
* 5 @ \S̀ ~u0,u0

*~u0!!#21J*~u0!@ \S̀ ~u0,u0
*~u0!!#21+
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Let us now introduce the assumptions needed to derive the asymptotic properties of the
simulation based estimator+

3+ For all u [ Q and allh [ t0N, there exists a nonstochastic limit, S̀~h!~u,u*!, such
that

PuF lim
Tr`

sup
u*[Q
6ST~ EYuTt~h!~u!,u*! 2 S̀~h!~u,u*!6 5 0G 5 1+

Moreover, for all u [ Q, the functionS̀~h!~u,{! admits a unique maximum interior
to Q:

Du0
*~u,h! 5 argmax

u*[Q
S̀~h!~u,u*!+

The criterion functionST~ EYuTt~h!~u!,u*! is twice continuously differentiable w+r+t+ u*

and
(i) for all u [ Q, there exists a nonstochastic matrix, \S̀~h!~u,u*!, such that

PuF lim
Tr`

sup
u*[Q

** ]2ST~ EYuTt~h!~u!,u*!
]u*]u*'

2 \S̀~h!~u,u*!** 5 0G 5 1

uniformly in u* [ Q;
(ii) \S̀~h!~u, Du0

*~u,h!! is invertible for allu [ Q;
(iii)

F#T
]ST~ EYuTt~h!~u!,u*!

]u* G
u*5 Du0

*~u,h!

Tr`
&& N~0,J*~u,h!!+

Under Assumptions 1 and 3, we have, for all u [ Q and allh [ t0N, the following
asymptotic expansion analogous to (A+1):

ZuT
* ~ EYuTt~h!~u!! 5 Du0

*~u,h! 1 T 2102 FXT~u,h! 1 op~T 2102!, (A.2)

where

FXT~u,h! 5 2#TF ]2ST~ EYuTt~h!~u!;u*!
]u*]u*' G21F ]ST~ EYuTt~h!~u!;u*!

]u* G
u*5 Du0

*~u,h!

is a Gaussian random vector inRp with mean 0 and asymptotic variance given by

EG~h!~u! 5 @ \S̀~h!~u, Du0
*~u,h!!#21J*~u,h!@ \S̀~h!~u, Du0

*~u,h!!#21+

APPENDIX B+ UNIFORM CONVERGENCE
OF THE SIMULATED ESTIMATOR:

THE ORNSTEIN–UHLENBECK CASE

We check Assumption 1 for the Ornstein–Uhlenbeck process+ The geometric Brownian
motion can be analyzed very similarly using the expressions given in Broze et al+ (1995b)
and involves much easier computations+

QUASI-INDIRECT INFERENCE 179

https://doi.org/10.1017/S0266466698142019 Published online by Cambridge University Press

https://doi.org/10.1017/S0266466698142019


We assume that the compact parameter spaceQ is included in a space of the form$u 5
~a,m,s2!; Tm . m . om,s2 . ts2% where Tm, om, ts2 are positive constants withTm , 20h+ The
first-order conditions in the maximization ofST~ EYuTt~h!~u!;u*! can be solved easily in this
case and yield estimators ofu of the form

5
1 2 [mT

* ~ EYuTt~h!~u!!t 5
~YY1!T 2 PYT

2

Y2
T 2 PYT

2
1 op~1!,

[aT
* ~ EYuTt~h!~u!!

[mT
* ~ EYuTt~h!~u!!

5 PYT 1 op~1!,

[sT
*2~ EYuTt~h!~u!!t 5

1

T (
t50

T21

~ EY~t11!t
~h! ~u! 2 [aT

* ~ EYuTt~h!~u!!t

2 ~1 2 [mT
* ~ EYuTt~h!~u!!t! EYtt

~h!~u!!2 1 op~1!,

where PYT 5 10T (t50
T21 EYtt

~h!~u!, Y2
T 5 10T (t50

T21 EYtt
~h!2~u!, and ~YY1!T 5 10T 3

(t50
T21 EYtt

~h!~u! EY~t11!t
~h! ~u!+ We will note their a+s+ limits PY, Y2, and YY1, respectively+ For

simplicity, we omit the dependence inu in these notations+ Theop~1! terms correspond to
quantities converging a+s+ to zero whenT goes to infinity, uniformly onQ+

As the simulated process~ EYkh
~h!~u!!k$0 is obtained from the use of the recursive form

corresponding to the Euler discretization, EYtt
~h!~u! is a continuous function ofu, for all t $

0+ Besides, because we work on a compact parameter space, the quantities PYT , Y2
T , and

~YY1!T (and their limits) are uniformly bounded onQ+
To obtain the a+s+ uniform convergence of Assumption 1, it is then sufficient to prove

that these terms converge uniformly to their limits and that there exists a real numbern .
0 such thatY2

T 2 PYT
2 . n, a+s+, for all u [ Q, at least for largeT+

To check that supu[Q6 PYT 2 PY6r 0 a+s+ asTr`, we use Corollary 4+3 in Pötscher and
Prucha (1994)+

i+ We first show the pointwise convergence ofPYT to PY+ Using the recursive form cor-
responding to the Euler discretization, the a+s+ limit PY may be written

PY 5
a

m
1 lim

Tr`

1

T (
t50

T21

(
l50

t

wh
~t2l !t0hu~l11!t

~h! ~u!, a+s+

wherewh 5 ~1 2 mh! andu~l11!t
~h! ~u! 5 s#h (k50

t0h21 wh
ke~l11!t2kh, or equivalently

PY 5
a

m
1 lim

Tr`

1

T (
l50

T21

wl,T u~l11!t
~h! ~u!, a+s+

with wl,T 5 ~1 2 wh
~T2l !t0h!0~1 2 wh

t0h!+
The variablesu~l11!t

~h! ~u!, l 5 0,1, + + + are i+i+d+with finite variance, and we have 0,
wl,T , 201 2 wh

t0h, which leads to 10T 2 (l50
T21 V @wl,T u~l11!t

~h! ~u!# r 0 a+s+ asT r `,
and a pointwise strong law of large numbers applies, for all u [ Q+

ii + Then it may directly be verified that the sequence~ EZ~t11!t
~h! ~{!!, where EZ~t11!t

~h! ~u! 5
EY~t11!t
~h! ~u! 2 a0m 5 (l50

t wh
~t2l !t0hu~l11!t

~h! ~u!, is a+s+ asymptotically Césaro uniformly
equicontinuous onQ, i+e+,

Ad
~h! 5 lim

Tr`

1

T (
t50

T21

sup
Nu[Q

sup
u[B~ Nu,d!

6 EZ~t11!t
~h! ~u! 2 EZ~t11!t

~h! ~ Nu!6r 0,

a+s+ asd r 0 whereB~ Nu,d! denotes the open ball$u [ Q;7u 2 Nu7 , d%+
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Indeed, we have

EZ~t11!t
~h! ~u! 2 EZ~t11!t

~h! ~ Nu! 5 (
l50

t

@wh
~t2l !t0h 2 Twh

~t2l !t0h#u~l11!t
~h! ~u!

1 Twh
~t2l !t0h@u~l11!t

~h! ~u! 2 u~l11!t
~h! ~ Nu!#+

Hence,

Ad
~h!

# lim
Tr`

1

T (
l50

T21F(
t5l

T21

sup
Nu[Q

sup
u[B~ Nu,d!

6wh
~t2l !t0h 2 Twh

~t2l !t0h6Gsup
u[Q
6u~l11!t

~h! ~u!6

1 lim
Tr`

1

T (
l50

T21F(
t5l

T21

sup
u[Q
6 Twh

~t2l !t0h6Gsup
Nu[Q

sup
u[B~ Nu,d!

6u~l11!t
~h! ~u! 2 u~l11!t

~h! ~ Nu!6

5 lim
Tr`

1

T (
l50

T21F(
t5l

T21

sup
Nu[Q
6~ Twh 1 d!~t2l !t0h 2 Twh

~t2l !t0h6Gsup
u[Q
6u~l11!t

~h! ~u!6

1 lim
Tr`

1

T (
l50

T213 1 2 sup
Nu[Q
6 Twh6~T2l !t0h

1 2 sup
Nu[Q
6 Twh6t0h 4 sup

Nu[Q

sup
u[B~ Nu,d!

6u~l11!t
~h! ~u! 2 h~l11!t

~h! ~ Nu!6+

(B.1)

Now assuming thatd is chosen small enough, it can be seen that the sum int is
uniformly bounded inT and goes to zero asd goes to zero+ Moreover,

1

T (
l50

T21

sup
u[Q
6u~l11!t

~h! ~u!6 #
1

T F(
l50

T21

(
k50

t0h21

6e~l11!t2kh6Gsup
u[Q
6s#h6,

and the right-hand side of the inequality converges to a finite number whenT goes to
infinity+ Finally, we have

sup
Nu[Q

sup
u[B~ Nu,d!

6u~l11!t
~h! ~u! 2 u~l11!t

~h! ~ Nu!6

# (
k50

t0h21

6e~l11!t2kh6 sup
Nu[Q

sup
u[B~ Nu,d!

6swh
k 2 Ts Twh

k6#h

, l (
k50

t0h21

6e~l11!t2kh6

for any positive constantl (independent ofl !, by choosingd sufficiently small+There-
fore the second term in the right-hand side of (B+1) is bounded by

2l

1 2 sup
Nu[Q
6 Twh6t0h

(
k50

t0h21

lim
Tr`

1

T (
l50

T21

6e~l11!t2kh6 5
lt0h%20p

1 2 sup
u[Q
6 Twh6t0h

a+s+

from the strong law of large numbers+ It follows thatAd
~h!

r 0 a+s+ asd r 0+
To conclude on the uniform convergence ofPYT , it remains to check the following

uniform integrability-type condition:
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lim
Tr`

1

T (
t50

T21

EFSsup
u[Q
6 EZ~t11!t

~h! ~u!6Dp
1supu[Q 6 EZ~t11!t

~h! ~u!6.MGr 0

a+s+ asM r ` for somep $ 1+
Indeed, we have

sup
u[Q
6 EZ~t11!t

~h! ~u!6 # #h (
l50

t

(
k50

t0h21

sup
u[Q
6swh

~t2l !t0h1k66e~t11!t2kh6

# sup
u[Q
6s6

2

1 2 sup
u[Q
6wh6t0h

(
k50

t0h21

6e~t11!t2kh6+

Therefore it admits a finite variance+Then, the condition holds sinceP@6e~t11!t2kh6.
M # r 0 asM r `+

Therefore we get

lim
Tr`

sup
u[Q
6 PYT 2 PY6 5 0 a+s+

It can be proven through similar but more tedious computations that

lim
Tr`

sup
u[Q
6Y2

T 2 Y26 5 lim
Tr`

sup
u[Q
6~YY1!T 2 YY16 5 0 a+s+

Moreover, we have

~ [mT
* ~ EYuTt~h!~u!! 2 Im0

*~u,h!!t

5
@Y2

T 2 PYT
2#@YY1 2 ~YY1!T 1 PYT

2 2 PY2#

@Y2
T 2 PYT

2#@Y2 2 PY2#

1
@~YY1!T 2 PYT

2#@ PY2 2 Y2
T 1 PYT

2 2 PY2#

@Y2
T 2 PYT

2#@Y2 2 PY2#
+

Because both numerators are made of products of terms converging uniformly to zero
or bounded, it remains to prove that the denominator is uniformly bounded away
from zero+

It is easily seen that

inf
u[Q

lim
Tr`
6Y2

T 2 PYT
26 $ lim

Tr`
inf
u[Q
6Y2

T 2 PYT
26+

Moreover, some computations lead to the following expression:

6Y2
T 2 PYT

26 5
1

T (
k50

t0h21

(
t50

T21

ak, t
~h!~u!s2he~t11!t2kh

2 1 op~1!,

where the coefficientsak, t
~h!~u! satisfyak, t

~h!~u! $ ta, for all h,k, t andu [ Q with ta a
strictly positive constant+ Therefore,

lim
Tr`

inf
u[Q
6Y2

T 2 PYT
26 $ ta ts2h lim

Tr`

1

T (
t50

T21

(
k50

t0h21

e~t11!t2kh
2 $ ta ts2t+

Hence we have limTr` supu[Q~ [mT
* ~ EYuTt~h!~u!! 2 Im0

*~u,h!! 5 0 a+s+, from which we
can deduce the uniform a+s+ convergence of [aT

* ~ EYuTt~h!~u!! to Ja0
*~u,h! thanks to the
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second equation of the first-order conditions stated at the beginning of thisAppendix+
The uniform a+s+ convergence of[sT

*2~ EYuTt~h!~u!! to Is0
*2~u,h! is obtained along similar

lines from the third one, which completes the proof+

APPENDIX C+ ASYMPTOTIC PROPERTIES
OF THE QUASI-INDIRECT ESTIMATOR

The indirect estimator is defined as the solution of the minimum distance problem

ZuT~u0,h! 5 argmin
u[Q

7 ZuT
* ~ EYuTt~h!~u!! 2 ZuT

* ~YuT
t!7+

The first-order conditions associated with this program are

F ] ZuT
*'~ EYuTt~h!~u!!

]u G
u5 ZuT~u0,h!

@ ZuT
* ~ EYuTt~h!~ ZuT~u0,h!!! 2 ZuT

* ~YuT
t!# 5 0+ (C.1)

The expansion ofZuT
* ~ EYuTt~h!~{!! around the asymptotic valueu0~u0,h! gives, for largeT,

ZuT
* ~ EYuTt~h!~ ZuT~u0,h!!

5 ZuT
* ~ EYuTt~h!~u0~u0,h!!! 1 F ] ZuT

* ~ EYuTt~h!~u!!

]u ' G
u5u0~u0,h!

@ ZuT~u0,h! 2 u0~u0,h!#

1 op~T 2102!,

and (C+1) becomes

F ] ZuT
*'~ EYuTt~h!~u!!

]u G
u5 ZuT~u0,h!

F@ ZuT
* ~ EYuTt~h!~u0~u0,h!!! 2 ZuT

* ~YuT
t!#

1 F ] ZuT
* ~ EYuTt~h!~u!!

]u ' G
u5u0~u0,h!

@ ZuT~u0,h! 2 u0~u0,h!#

1 op~T 2102!G 5 0+

Another expansion gives

F ] ZuT
*'~ EYuTt~h!~u!!

]u G
u5 ZuT~u0,h!

5 F ] ZuT
*'~ EYuTt~h!~u!!

]u G
u5u0~u0,h!

1 op~1!

and replacing in the preceding equation

ZuT~u0,h! 2 u0~u0,h! 5 F ] ZuT
*'~ EYuTt~h!~u!!

]u

] ZuT
* ~ EYuTt~h!~u!!

]u ' G
u5u0~u0,h!

21

3 F ] ZuT
*'~ EYuTt~h!~u!!

]u G
u5u0~u0,h!

3 @ ZuT
* ~YuT

t! 2 ZuT
* ~ EYuTt~h!~u0~u0,h!!# 1 op~1!+ (C.2)
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From equation (A+1), we know that

ZuT
* ~YuT

t! 5 u0
*~u0! 1 T 2102XT

* ~u0! 1 op~T 2102!, (C.3)

and similarly, from equation (A+2),

ZuT
* ~ EYuTt~h!~u0~u0,h!!! 5 u0

*~u0! 1 T 2102 FXT~u0~u0,h!,h! 1 op~T 2102!+ (C.4)

By difference, using (C+3) and (C+4), we have

ZuT
* ~YuT

t! 2 ZuT
* ~ EYuTt~h!~u0~u0,h!!! 5 T 2102 @ FXT~u0~u0,h!,h! 2 XT

* ~u0!# 1 op~T 2102!+ (C.5)

Replacing in (C+2),we see that the quasi-indirect estimator fulfills the first-order expansion

ZuT~u0,h! 5 u0~u0,h! 1 T 2102XT~u0,h! 1 op~T 2102!, (C.6)

where

XT~u0,h! 5 #TF ] ZuT
*'~ EYuTt~h!~u!!

]u

] ZuT
* ~ EYuTt~h!~u!!

]u ' G
u5u0~u0,h!

21 F ] ZuT
*'~ EYuTt~h!~u!!

]u G
u5u0~u0,h!

3 FF ]2ST~ EYuTt~h!~u0~u0,h!!;u*!
]u*]u*' G21F ]ST~ EYuTt~h!~u0~u0,h!!;u*!

]u* G
2 F ]2ST~YuT

t ;u*!
]u*]u*' G21F ]ST~YuT

t ;u*!
]u* GG

u*5u0
*~u0!
+

The asymptotic distribution ofXT
* ~u0! is given by a normalN~0,G0

*! independent from
FXT~u0~u0,h!,h! which converges, for Tr`, in distribution to a normalN~0, EG~h!~u0~u0,h!!!+

Therefore, if there exists a nonstochastic matrixV0
~h! such that

Pu0F lim
Tr`**F ] ZuT

*'~ EYuTt~h!~u!!

]u G
u5u0~u0,h!

2 V0
~h!** 5 0G 5 1,

andV0
~h!'V0

~h! is nonsingular, the asymptotic covariance matrix of the quasi-indirect esti-
mator is

PV0
~h! 5 @V0

~h!'V0
~h!#21V0

~h!'~ EG~h!~u0~u0,h!! 1 G0
*!V0

~h!@V0
~h!'V0

~h!#21,

whereV0
~h! 5 plimTr` @] ZuT

*'~ EYuTt~h!~u!!0]u#u5u0~u0,h! +
Various consistent estimates of the covariance matrixPV0

~h! may be computed along the
lines described in Gallant and White (1988, Ch+ 6), Andrews (1991), and White (1994,
Sect+ 8+3), noting as shown in Gouriéroux et al+ (1993) that differentiating the first-order
condition

]S̀~h!~u, Du0
*~u,h!!

]u*
5 0,

with respect tou, the matrixV0
~h! may be rewritten in terms of derivatives of the limit

criterion

V0
~h! 5 @ \S̀~h!~u, Du0

*~u,h!!#u5u0~u0,h!
21

]2S̀~h!~u, Du0
*~u,h!!

]u*]u ' *
u5u0~u0,h!

+

Therefore, V0
~h! can be estimated by plugging the estimate ofu0~u0,h! into the previous

expression+ Estimates ofG0
* and EG~h!~u0~u0,h!! are easily obtained along the same lines
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because they are also expressed in terms of derivatives of the limit criterion (see Appen-
dix A)+

APPENDIX D+ CHOICE OF THE
DISCRETIZATION STEP

We first recall the asymptotic expansions respectively obtained for the direct, simulated,
and quasi-indirect estimators (see Appendixes A and C):

5
ZuT
* ~YuT

t! 5 u0
*~u0! 1 T 2102XT

* ~u0! 1 op~T 2102!,

ZuT
* ~ EYuTt~h!~u!! 5 Du0

*~u,h! 1 T 2102 FXT~u,h! 1 op~T 2102!,

ZuT~u0,h! 5 u0~u0,h! 1 T 2102XT~u0,h! 1 op~T 2102!+

From similar assumptions as in Appendix A, we have the following expansions for the
first-order terms in the last two expressions:

5 Du0
*~u,h! 5 Du0

*~u,0! 1 hF ] Du0
*~u,h!

]h G
h50

1 o~h!,

u0~u0,h! 5 u0 1 hF ]u0~u0,h!

]h G
h50

1 o~h!,

and equivalently for their stochastic parts,

H T 2102 FXT~u,h! 5 T 2102 FXT~u,0! 1 op~T 2102!,

T 2102XT~u0,h! 5 T 2102XT~u0,0! 1 op~T 2102!+

From these asymptotic expansions, we get

ZuT
* ~ EYuTt~h!~ ZuT~u0,h!!! 2 ZuT

* ~YuT
t! 5 Du0

*~ ZuT~u0,h!,0! 1 hF ] Du0
*~u0,h!

]h G
h50

1 T 2102 FXT~u0,0!

2 u0
*~u0! 2 T 2102XT

* ~u0! 1 op~h! 1 op~T 2102!

5 Du0
*~u0,0! 2 u0

*~u0! 1 F ] Du0
*~u,0!

]u ' G
u5u0

~ ZuT~u0,h! 2 u0!

1 hF ] Du0
*~u0,h!

]h G
h50

1 T 2102~ FXT~u0,0! 2 XT
* ~u0!!

1 op~h! 1 op~T 2102!

5 F ] Du0
*~u,0!

]u ' G
u5u0

~u0~u0,0! 2 u0 1 hF ]u0~u0,h!

]h G
h50

1 T 2102XT~u0,0!! 1 hF ] Du0
*~u0,h!

]h G
h50

1 T 2102~ FXT~u0,0! 2 XT
* ~u0!! 1 op~h! 1 op~T 2102!+
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Therefore the first-order condition (C+1) becomes

F ] Du0
*'~u,0!

]u G
u5u0

HF ] Du0
*~u,0!

]u ' G
u5u0

ShF ]u0~u0,h!

]h G
h50

1 T 2102XT~u0,0!D
1 hF ] Du0

*~u0,h!

]h G
h50

1 T 2102~ FXT~u0,0! 2 XT
* ~u0!!J

1 op~h! 1 op~T 2102! 5 0+

The equation in the nonrandom terms writes

F ] Du0
*'~u,0!

]u G
u5u0

HF ] Du0
*~u,0!

]u ' G
u5u0

F ]u0~u0,h!

]h G
h50

1 F ] Du0
*~u0,h!

]h G
h50

J 5 0,

and for the random terms

F ] Du0
*'~u,0!

]u G
u5u0

HF ] Du0
*~u,0!

]u ' G
u5u0

XT~u0,0! 1 ~ FXT~u0,0! 2 XT
* ~u0!!J 5 0+

Hence we deduce for the constant term

F ]u0~u0,h!

]h G
h50

5 2FF ] Du0
*'~u,0!

]u G
u5u0

F ] Du0
*~u,0!

]u ' G
u5u0

G21

3 FF ] Du0
*'~u,0!

]u G
u5u0

F ] Du0
*~u0,h!

]h G
h50
G

and for the random part

XT~u0,0! 5 FF ] Du0
*'~u,0!

]u G
u5u0

F ] Du0
*~u,0!

]u ' G
u5u0

G21

3 F ] Du0
*'~u,0!

]u G
u5u0

~ FXT
* ~u0! 2 FXT~u0,0!!,

which has as asymptotic covariance matrix

P P PV0 5 2@V0
'V0#21V0

'G0
*V0@V0

'V0#21,

with V0 5 limTr`V0
~h~T!! +
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