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We discuss an estimation procedure for continuous-time models based on discrete
sampled data with a fixed unit of time between two consecutive observaBens
cause in general the conditional likelihood of the model cannot be derweith-

direct inference procedure following Gouriérgudonfort, and Renault (1993
Journal of Applied Econometric® 85-118) is developedt is based on simula-

tions of a discretized modelVe study the asymptotic properties of this “quasi’-
indirect estimator and examine some particular cad®esause this method critically
depends on simulationge pay particular attention to the appropriate choice of the
simulation stepFinally, finite-sample properties are studied through Monte Carlo
experiments

1. INTRODUCTION

Inrecent yearghe theory of continuous-time stochastic processes has become an
indispensable tool in modern finandehis is partly due to the elegance and trac-
tability of the so-called Itd-calculysvhich allows for very general transforma-
tions of the process dynamiddnfortunatelyit is well known that the inference
associated with such continuous-time processes is a difficult problem because
only discrete sampled data are available
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Diffusion processes estimation is widely studied in the litergtbrg often
availability of continuous data is assumed (seg., Genon-Catalot and Jacod
1993 Danesj Genon-Catalgtand Laurent1994)

The case of discrete observations is treated by several auifi@snaximum
likelihood estimator has the standard properties of consistency and asymptotic
normality under appropriate regularity conditions (seg., Prasaka Rad. 988)
However it is generally uncomputable except in some well-known cases where
an exact discrete-time version is available (for GARCH discretizatiea also
Drost and Werker1996)

An explicit expression of the transition densities for one-dimensional diffu-
sions was given by Dacunha-Castelle and Florens-Zmirou (1986) (for a general-
ization to multivariate diffusiopsee Pederseth995) Unfortunately itinvolves a
stochastic integral with a Brownian bridgeherefore the expression cannot be
used directly to compute the log-likelihood

In the general cas¢he transition densities are untractgtded a natural ap-
proach is to approximate the likelihood function based on a discretized version of
the diffusion A direct approximation leads to inconsistency unless the observa-
tion interval goes to zero (see Florens-Zmird889) In recent paper$edersen
(1994 1995) derived a sequence of approximations indexed by a discretization
step smaller than the observation interval and controlled by the statist@iaA
sistency and asymptotic normality are proved when the sample size goes to in-
finity for a discretization step decreasing to zero sufficiently.fast

Several other approaches have also recently been proposed in the econometric
literature to deal with discretely sampled data with fixed observation interval
Parameter estimation of continuous-time processes can be achieved through the
use of moment conditions derived from properties of the infinitesimal generator
(Hansen and Scheinkmak995) Some authors (Ait-Sahalia992 1996 Hansen
Scheinkmanand Touzj 1994) have studied nonparametric procedures for diffu-
sion processes that rely on kernel estimation of the stationary density

Other methods consist of simulation based procedstesh as the simulated
moment method (Duffie and Singletd®89) or the indirect inference (Gouriéroux
et al, 1993) Starting with Lerman and Manski (19819imulations have been
used as a central point of estimation proceduferge number of simulated
estimation methods have been discussed in the econometric lite Bitundated
moments estimators have been introduced by McFadden (1989) and by Pakes and
Pollard (1989) in the independent and identically distributedi(j case and have
been extended to time series by Lee and Ingram (1991) and by Duffie and Single-
ton (1993) Simulated maximum likelihood has been studied by Van Praag and
Hop (1987) Gouriéroux and Monfort (1992993) and Laroque and Salanié
(1993) (for a reviewsee Gouriéroux and Monfqri995)

Indirect inference procedures have been proposed by Smith (1880ant
and Tauchen (1996and Gouriéroux et a(1993) The indirect inference method
needs simulations of the true model and thus has to be modified for diffusion
processes as a result of their continuous-time natondeed the transition den-
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sities are generally unknown for diffusion procesgesatural way of avoiding
this difficulty is to discretize the continuous-time model and to simulate the
discrete-time approximatiotJnfortunately this approach induces a bias in the
estimationThe aim of our paper is to derive asymptotic properties of the indirect
estimator when the sample size goes to infinitigh a fixed observation stepnd
to study the bias induced by the simulation of an approximate discrete-time model
instead of the continuous-time diffusidrhis bias explains the terminology “quasi-
indirect” inferenceWe also examine the problem of the choice of an appropriate
simulation stepboth from an asymptotic point of view and in small sample sizes
through Monte Carlo experiments

The paper is organized as follov&ection 2 presents the continuous-time model
and the quasi-indirect inference method aimed at estimating its paramster
ymptotic properties of this method are derived therBur illustrative purposes
two examples will be coverethe geometric Brownian motion and the Ornstein—
Uhlenbeck procesdn Section 3 Monte Carlo simulations for these two pro-
cesses allow us to compare the finite-sample properties of the different estimators
involved in the methodFurthermorewe discuss the choice of an appropriate
discretization stefSection 4 concludedost proofs and technical developments
appear in the Appendixes

2. THE QUASI-INDIRECT INFERENCE METHOD
Let us consider the following stochastic differential equation
dY, = u(Y;:0)dt + o (Y;0)dW, 1)

where(Y;;t € R") is aR%valued processVis a standard-dimensional Brown-
ian motion on a probability spad¢@, F,P), and parametet belongs to the com-
pact parameter s€t C RP. The functionsu ando fromR® X @ to R andRY X
R", respectivelyare measurabjare differentiable with respect to (ut.) 6, and
are assumed to fulfill some Lipschitz assumptions (with Lipschitz constant inde-
pendent 0o®) ensuring existence and almost sure uniqueness of the solution of
model (1) (sege.g., Revuz and Yar1991) Thereforethe solution of (1) induces
a probability measurg, on the space of continuous functions fré&m to RY. We
also assume that the diffusion term in (1) is nondegenerate and that the solution
process of model (1) is stationary and ergodike initial valueY, is randomly
drawn from the ergodic distributiofi,.

As it usually occurs in practical situatiorthe whole path of the process is not
available We can only observ¥ at T fixed, equally spacedsampling timesLet
7 be the sampling interval and

Y'_I'T = (YT’YZT’ oo 7YTT)

the observation vectoTrhe particular value of parametérin model (1) under
which the observations have been generagdqual tod, assumed to be iden-
tifiable and in the interior 0®. Hence we associate with the unique solutior;
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t € R™) of equation (1) the proced¥;,;; t € N) that inherits the Markovian
structure of the formems well as stationarity and ergodicity

The application of indirect inference to diffusion processes was suggested by
Gouriéroux et al(1993) Indirect inference involves four successive steps

1. maximization of a given criterion applied to the observation

2. creation of simulated data sets of sitand time interval, using (1) as the data-
generating process for all valueséf

3. maximization of the same criterion using the simulated data

4. calibration with respect té to minimize the distance between the outputs of steps 1
and 3

However step 2 cannot be achieved in general because the transition densities
of the diffusion processes are not directly computadieatural approach is then
to use discretizations of (1)vith a fixed discretization step h smaller than the
observation step, as generating processes to obtain simulated. daase-
quently an asymptotic bias resulting from this fixed time interval in the simula-
tions is involvedAs we do not simulate the true modek(j the true probability
density function [pd.f.]), we call this methodjuasi-indirect inference.

In the following the different steps are discussed one by.one

2.1. First Step

The first step consists of maximizing a criterion functias., a functionSfrom
Q X 0 to R of the formS(w,0) = Sr(Y{,0). Examples of such criteria are the
log-likelihood functionscontrast functions (see Genon-Catali90) or more
generally any function involving empirical moments

Let OA‘T*(YIT) denote any measurable solution of the equation

03 (Y7) = argmaxS; (Y7, 6%). 2)
0"€0

Under standard regularity assumptions (see Appendjxhe direct estimator
07 (Y{) is strongly consistent to

05(00) = argmaxs,,(6o,6"),
0"€0

whereS,(-) denotes the limit criterion and it is asymptotically normal (see Ap-
pendix A). More preciselywe have

VT(O:(¥7) = 03(600) —> N(O.IF),
where the matrixy involves derivatives of the limit criterion (the explicit form
is given in Appendix A)

In general 65(6y) # 6,; therefore direct estimation of the true valigbased
on adiscretization of the diffusion provides inconsistency as shown by Lo (1988)
This is illustrated in the following examples for which there are explicit expres-
sions for the asymptotic bias
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Example 1. Ornstein—Uhlenbeck process

We consider the following diffusion equation

d¥ = (@ — pwY)dt + odW, 3)
where(Y;;t € R") is aR-valued process witl, > 0, and we aim at estimating

6 = (a, u,0?). To get stationary ergodic solutions we impgse> 0,02 > 0.
Euler discretization of the Ornstein—Uhlenbeck (OU) has the form

Yt+7' - Y[ = (a* - IU‘XYI)T + 0-*(\/\4+T - W)’ (4)
whereas thexactdiscretization of (3) is given by

@ t+r
Yoor = Ye= (1-e*)—(1-e*)Y +oe rt) j er*dW.  (5)
t

Note that the likelihoods obtained from models g4) and (5) are the same up to a
reparameterizatiofhe (as.) limit of the estimatod; (Y7 ) of 6* = (a*, u*,o*")
in model (4) is given by

1—e#7 ¢

05(00) = (ﬂ (1 — e kom), 1- ezm), 6)
HoT

T P 20T
and we see that all the componentséé(Yf) are downward biased for fixed
sampling intervatr. However the bias goes to zero whedecreasesnd it is of
orderr in the neighborhood of continuous-time sampliNtpreover straightfor-
ward (but tedious) calculus shows that

o8 pot 2a§ 2aomo 0
1 e 2mor \
Ig = 2178 200 o 25 0 . (7)
0 0 od(l—e )2

Example 2. Geometric Brownian motion

The geometric Brownian motion (GBM) is defined aR &valued solution pro-
cess(Y;;t € RY) of

dy, = wY,dt + oY, dW, (8)
whereY, > 0, which can be directly solved in

INY,=InYy + (u — 209t + oW, 9)

Note that(Y;) is not an ergodic process but that the first-order difference of;{In
is ergodic for all values of = (u, 0 2). Maximum likelihood estimation can then
be achievegand the estimator af can be easily compute®upposehowevey
that the Euler discretization is applied directly on equation§8)viding

Yerr = Yo = YT + 0" (Wi, — WO). (10)

Comparing with the OU examplehe distribution ofY,, . conditional toY, is
misspecified in model (1Qpecause it is normal instead of being lognornhal
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this simple exampletoo, the estimatoﬁ?(Yf) of #* = (u*,0?) is easily ob-
tained and its asymptotic almost sures(glimit is given by

eHoT — 1 @2roT

es<eo)=<—, . (e”37—1>). (12)

T

Contrarily to the previous examplboth components are upward bias&tis
bias vanishes asgoes to zeroFurthermorewe get

. e2y.07(eo'§r _ l)
ro = —7_2

1 TeroT(e707 + 2) (707 — 1)
. Le“OT(e"‘?T +2)(e787 — 1) 72e2ror(e8T 4 23087 4 3e787 — 4)(e78 — 1) |
(12)
These examples could suggest using the explicit expression of the asymptotic
bias to obtain asymptotically unbiased estimatbhsfortunately this approach

cannot be appliedndeed in generalthere is no exact discretized version of the
continuous-time modeand the asymptotic bias cannot be derived theoretically

2.2. Second Step

This step involves simulated dafi approximate the diffusion model we use the
following sequence of discrete-time modetsdexed by the time-uni and de-
pending on the same paramefieas in (1)

h M. (h
Y(ﬁH)—l)h = Fh(Yn(h);'E((n)Jrl)h;H), (13)

Where(e((ml)h;n € 7Z) is a sequence dk%valued Gaussian white noiseghis
sequence is chosen such that (i) forhalthe solution process is uniqustation-
ary, and ergodic(ii) whenh goes to zergthe solution converges to the diffusion
process irL2 A particular case is the Euler discretization given by

Yo o = Ya + w (Y00 + o (Y :0)h Y26, 1), (14)

or the Mil'shtein (1976) discretization (for a full discussjsee Kloeden and
Platen 1992)
Let7/N = {h € R|r/h € N}. For anyh € 7/N and anyy € 0, let

Y (0) = (V" (0), % (0),.... % (0))

be a set of simulated variables drawn from model (13)
2.3. Third Step

We consider now the maximization of the criteriSpapplied to the simulated
set
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Let é#(\?fm)(e)) denote any measurable solution of the maximization program
03(Y7 ™ (9)) = argmaxSr (Y7 ™(6),6").
(=)
lAJnder standard assumptions (see Appendixthé¢ simulation based estimator
63(Y£™(9)) is strongly consistent t8;(9, h) and asymptotically normal

Too

VT(63(YF ™ (0) — 85(6,h)) —— N(0,T™(6))

(the explicit form of the asymptotic covariance matrix is given in Appendix A)
Example 1. Ornstein—Uhlenbeck process (continued)

The simulation based estimator may be easily obtained by maximizing the crite-
rion wirt. % = (a*, u*, o *?):

- , 1 ) 1
Sr(Yf(h)(H);G*) = _E log 0% — E logr

1 3 -
= oo 2 (Y, (0) = a'r = (L= w'n)Y,"(6))
t=0

We have

—A—-uh)™ ¢21—(1— wh)z/Mh
R R R e

T DT 2 — uh
(15)
and
Fg) = 1-@- "
-
i 1+@A—-uh™ a? « T
2~ - 4 = 0
p2—ph W o
o
X — 1 0
"
0 0 ot (141 — ph”M(1 - (21— ph>/M
L T w32 = uh)? i

(16)
Example 2. Geometric Brownian motion (continued)

The criterion to be maximized is given by

- 1 1
Sr (7" (0),0") = =3 logo*? — - logr

o Tj(?é%xe)
2To™r S\ %" 0)

t=0

2
-1+ ,ufT)) .
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The expression of the unique maximum of the corresponding asymptotic crite-
rion is given by

5 1+ uh)™ — 1 (1L + wh)?2 + o2h)™ — (1 + yh)27/h

03(0,h):<( ©h) ’(( ph)® + oh) 1+ ph) )

T T

(17)

The expression of matrix*(6, h) is given in Broze et al(1995b) It is a nondi-
agonal matrix

2.4. Fourth Step

Along the previous lingsve have seen that both the direct estimé&ih(_{) and

the simulated estimat@® (Y7 " (6)) for all values o) are consistent and asymp-
totically normal under some usual conditiofowever for the latter we need
stronger conditions than pointwise convergence to ensure consistency of the es-
timators discussed latérherefore we make the following assumption

Assumption Al For a fixed simulation step > 0,
%[ im supldi (% ™(0) = G50, ] = 0] = 1
T->w gco -

Because we work with general criterid seems difficult to avoid such an as-
sumption Howevey it should be noted that the hypothesis does not concern the
model itself because the criterion tht(¥7 " (9)) maximizes is under the con-
trol of the researcher (as well as the set of simulated varialilasyeforgitis in
principle possible to consider only criteria resulting in estimators that are empir-
ical processes.e., of the form

. 10
1) = T 3 a™(u;0),
t=1

where (ut(h)) is a sequence of random variables not necessaiilg. iand
{q™(-;0),0 € O} is a class ofRP-valued functionsmeasurable in their first
argument To ensure uniform almost sure convergence 66fY7™(6)) to
05(6,h), it is sufficient to impose almost sure stochastic equicontinuity of the
sequencéry”(-);T = 1}, wherev{” (6) = VT(:(YF™(6)) — 65(6,h)). In Ap-
pendix B we show how to check Assumption Al in the first example (the
second example is very similar)

To establish a link between the asymptotic (nonstochastic) limits obtained pre-
viously, we need the following assumption

Assumption A2 There exists a sequenh€T) — 0 such that

1%0[ lim sup|Sy (Y7 "™(60),6%) — Sr(Y7,6%)| = 0] -1

T g*e0

The following proposition is then directly deduced
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PROPOSITION 1 There exists a sequenc€lh such that
Byp| lim |65(FT(60)) — 65(60)] = 0|~ 1

Because in practice the set of observations is finite and the simulation time
interval is nonzergit seems natural to replace the asymptotic limits by the cor-
responding estimator§herefore we have to minimize a distance between esti-
mators based on the observation and the simulation

_ DEFINITION 1. A sequence of quasndirect estimators is a sequence
0+(0o,h), h € /N, whered+(6y, h) is any measurable solution of

07 (60, h) = ar;)grgiriléﬁ"—(i#m(e)) = 03(Y7)|.
E"
The first problem is the consistency of this quasi-indirect estimbtorallh €
7/N, we denotéy(6y, h) the unique solution to the equation
and we get the proposition

PROPOSITION 2 For any fixedvalue of the simulation step & 7/N, we
have

Byp| 1im 10700, b) = Bo(6, )] = 0] = 1.
T—oo
Consequentlythe quasi-indirect estimator is asymptoticabiasedfor fixed
discretization step.
Proof Let us consider the criterion function
Qr(6,h) = |67:(¥r ™ (6)) — 7(Y7)].

From previous resultsve have uniform convergence @hof 63 (Y7 (9)) —
é?(Yf) to 65(0,h) — 05(0,), for all h > 0. Moreover Q+(-, h) is continuous on
0. Therefore becaused(h,h) — 65(6y) is a minimum for the single value
0o(0o, h), the proposed result holds [ |

Example 1. Ornstein—Uhlenbeck process (continued)

We have

ag(l — e #o) 1 — g #oh g2(1 — e 2moh)
00(009h) = < ) )
Moh h 2uoh
Example 2. Geometric Brownian motion (continued)
We have

e roh — 1 @2woh

Ho(eo,h):<T, - (ev%h—n).
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Let us now examine the asymptotic distribution of the quasi-indirect estimator

PROPOSITION 3 The quasindirect estimatord+ (6,, h) is strongly consis
tent to6y(6y, h) and asymptotically normal

f@mmm—M%m>”“waw
where the explicit form of matrix, "is given in Appendix C
Proof See Appendix C

From the previous resulta/e know that the quasi-indirect estimator based on
a fixed simulation step is strongly consistent t6q(6,, h), and furthermorgwe
have

o[ im 107(60,0(T)) — 6o = 0] = 1.

Thus there exists a sequent@ ) going to zero ag goes to infinity such that
expected consistency # holds Howevery from a practical point of viewthis
result is unsatisfactory because for a given sample Biome would expect to
know how to choosé as a function off to obtain a good approximation 6§.

Hereafterwe analyze further asymptotic properties of the quasi-indirect in-
ference estimator by allowing the simulation stepo vary around zero (see
Appendix D for technical details and for the relevant expressions of the asymp-
totic covariance matrices)

If we takeh = T~ with 3 < § = 3, we have an asymptotic normality result of
the form

ﬁ(éT*(ao, h) — 6 — h[_aao(ao,h)

T—oo
], ) =,

On the other handor smaller value oh, h = T = with 8 > 3, we have the usual
normality result

VT (05 (00,h) = 60) — N(O. V).

Finally, if his not chosen sufficiently smalve have some additional terms
involving higher orders terms imin the asymptotic normality result is impor-
tant howeverto recall that the discretization stéps controlled by the statisti-
cian In practice it means thafrom an asymptotic point of viewh should be
chosen as small as the computer capacities alldws is obvious because the
limit caseh = 0 corresponds to the possibility of simulating the diffusion itself
For finite samplethis point of view will be revisited in the next section

Example 1. Ornstein—Uhlenbeck process (continued)
The asymptotic bias of the quasi-indirect estimator is approached by

00(009h) - 60 = (—%aoﬂo,_%ﬂg,—ﬂgﬂo)h + O(h)7
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and the matrix/y = lim+_,..V{"™ is given by

1— e #or
e 0 0
MT
age Mo” 1 [ oge2moT 1 oé
Vo=| = [1+—]——2° g mor =2 [1+ ]f 3
Mo HoT HOT Ho 2pot 2pu67
1 — e 207
0 0 —_—
2,(L0'T

Example 2. Geometric Brownian motion (continued)

The asymptotic bias is given by

00(60,N) — 0o = (—315,08(210 + z08)h + o(h)
and the matrin/, by

gHoT  2@2roT[@o8T — 1]
Vo = 2 .
0 e(2M0+Uo)T

3. MONTE CARLO RESULTS

To illustrate the indirect estimation proceduree perform some Monte Carlo
experimentg Both examples are examined/e first compute the exact discret-
ization maximum likelihood (ML) estimator to be able to compare this estimator
with the misspecified estimator obtained by a ML method on a Euler discretiza-
tion and the estimator obtained by the quasi-indirect estimation method based on
a likelihood criterion Closed-form expressions for both exact and Euler discret-
ization ML estimators are derived and are used whereas a numerical optimization
routine is involved in solving the minimization problem of the quasi-indirect
inference methadrhe algorithm is initialized with the estimated values given by
the ML method applied to the Euler scheriiéis procedure reflects the general
situation where one wants to estimate parameters of a general diffusion process
(not knowing its exact discretizatiarihen uses a simple enough auxiliary model
leading to closed-form estimators without being able to compute the explicit
form of the indirect estimato¥We hope that the results reported hereafter closely
mimic the behavior of quasi-indirect estimators in more general situations

Although the simulation experiments were conducted for all parameters (see
Broze et al 1995b) we only report the outcome concerning the diffusion param-
etero. This choice is motivated by the crucial need for volatility estimation in
financial econometrics

There are two experiments conducted in the stAdlysimulated data are ob-
tained from the exact discretization of either GBM or OU

In Tables 1 and 2we report the simulation results forGDO replications (see
also Figure 1)The sample size i = 200 orT = 50. The discretization step
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TaBLE 1. Characteristics of the empiricaldsf. of the estimatorgK varying)

Method K h Bias MSE Max Min. Median
Design 1 Geometric Brownian motiarog = 0.5, T = 50
MLE —0.00936 000252 063189 033341 048882
MMLE —0.07738 001186 079045 022844 041597
QIE 1 01 0.00119 000900 091000 —0.52632 049273
QIE 1 o001 000965 000942 096502 029575 049844
QIE 2 01 —0.01083 000601 086070 029627 048370
QIE 2 001 -—0.00262 000691 088194 031765 048676
QIE 5 01 —0.01160 000144 063439 037340 048603
QIE 5 001 -—0.00530 000141 063162 040550 049135
QIE 8 01 —0.02087 000470 Q76032 031794 047372
QIE 8 001 —0.01377 000477 080781 032520 047805
QIE 10 Q1 —0.02197 000460 076357 030891 047438
QIE 10 Q01 —0.01498 000462 078439 031995 047699
QIE 15 Q1 —0.02258 000455 (077223 030812 047299
QIE 15 Q01 -—0.01608 000446 077271 032387 047775
QIE 20 Q1 —0.02277 000446 075965 030936 047177
QIE 20 Q01 —0.01661 000430 077159 032141 047691
Design 2 Ornstein—Uhlenbeck process, = 1.5, T = 50
MLE 0.01917 003267 215925 095634 151451
MMLE —0.16720 004833 179786 086268 133083
QIE 1 01 0.04094 008158 510261 092422 151607
QIE 1 001 006312 014237 827802 088318 152880
QIE 2 01 0.00189 004073 250470 085452 149351
QIE 2 001 001197 004534 228038 086697 149729
QIE 5 01 —0.01547 000817 181240 118801 148599
QIE 5 001 -—0.00143 000825 179166 123555 149762
QIE 8 01 —0.01442 002910 201227 094374 147698
QIE 8 001 000085 003174 212157 094060 149398
QIE 10 Q1 0.01566 002919 201222 095496 147521
QIE 10 Q01 Q00060 003112 212303 097291 149480
QIE 15 Q1 —0.01651 002844 200788 097058 147507
QIE 15 Q01 —0.00046 002999 205627 096474 149151
QIE 20 Q1 —0.02292 002894 214687 096987 147604
QIE 20 Q01 —0.00102 003056 214587 097012 148864

varies from+s t0 sg55- The initial value isY, = 10. Designs 13, and 4 are
concerned with GBMo, = 0.5); designs 25, and 6 with OU(cy = 1.5). For

each designwe consider three estimators obtained from (i) maximum likelihood
on the exact discretization (MLE(ii)) maximum likelihood on the misspecified
Euler discretization (MMLE)and (iii) quasi-indirect inference (QIENotice

that the first one is given as a gauge although it is not feasible in the general case
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TABLE 2. Characteristics of the empiricaldsf. of the estimatorgh varying)

Method h Bias MSE Max Min. Median
Design 3 Geometric Brownian motiarvg = 0.5, T =200 K =5
MLE —0.00378 000062 057566 041571 049647
MMLE —0.06954 000648 059433 031766 042714
QIE 01 —0.01160 000144 063439 037340 048603
QIE 0.05 —0.00834 000141 062007 039196 049010
QIE 0.01 —0.00530 000141 063162 040550 049135
QIE 0.005 —0.00464 000138 063714 039671 049192
Design 4 Geometric Brownian motiarog = 0.5, T =50, K = 5
MLE —0.00936 000252 063189 033341 048882
MMLE —0.07738 001185 079045 022844 041597
QIE 01 —0.01868 000489 073457 028320 047325
QIE 0.05 —0.01526 000504 076395 030160 047749
QIE 0.01 —0.01155 000504 077836 032301 048031
QIE 0.005 —0.01115 000505 077458 032828 048187
Design 5 Ornstein—Uhlenbeck process, = 1.5, T = 200 K = 5
MLE 0.00433 000734 177405 122962 150383
MMLE —0.14747 002664 155143 114897 135248
QIE 0.1 —0.01547 000817 181240 118801 148599
QIE 0.05 —0.00885 000840 183764 117766 148916
QIE 0.01 —0.00143 000825 179166 123555 149762
QIE 0.005 —0.00075 000820 184266 121640 149908
Design 6 Ornstein—Uhlenbeck process, = 1.5, T =50,K = 5
MLE 0.01917 003267 215925 095634 151451
MMLE —0.16720 004833 179786 086268 133083
QIE 0.1 —0.01330 003047 210906 093110 147759
QIE 0.05 —0.00698 003191 210805 093396 148138
QIE 0.01 000305 003502 214045 091392 149309
QIE 0.005 Q00569 003384 211347 094367 150209

For all estimatorswe show the biaghe mean square error (MSE)Nd the min-
imum, the maximumand the median values among thedo estimator values
Looking at the discretization step in QIEis clear that there is no reason to
match estimators computed with observed and simulated series of the same length
An increased precision can be expected from such longer simulated. t&ties
K X T denote the length of the simulated seyiesintainingT as the observed
sample size
Table 1 emphasizes the impact of using simulated paths longer than the sample
size and gathers the outcome of a Monte Carlo experiment for the small sample
caseT = 50. IncreasingK does not necessarily improve the performance of QIE
in terms of biasexcept for the OU case with= 5. This result is confirmed by
examining the MSEan optimal choice of K appears to 15
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FiGure 1. Empirical pd.f. of the estimators af in the Ornstein—Uhlenbeck process for
T = 200 andT = 50; @g = 0.3, uo = 0.2, andog = 1.5.
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This valueK = 5 has been maintained for the second experigrepbrted in
Table 2 where the impact of decreasihgs studied First, for a sample siz& =
200, we confirm the asymptotic theoretical result of the previous sectien
creasingh is optimal for the biasThe MSE is improved in the GBM case and
remains stable in the OU cager the small sample ca3e= 50, decreasingptoo
much does not improve MSEn optimal choice of h appears to B 1

Finally, one should expect that MLE performs better than the other estimators
from its asymptotic propertiest is clear that applying maximum likelihood to
the misspecified Euler discretization of the diffusion model provides a dramatic
bias The bias can be substantially corrected by using.QiEact it is seen that
QIE can do even better than MLEimilar findings have been reported by
Gouriéroux et al(1993) in the case of autoregressive processes and have been
explored with high order asymptotic expansions by Gouriér&®enaulf and
Touzi (1994)

Finally, let us remark thatfrom simulations not reported herthe second-
order discretization scheme of Mil'shtein (1976) does not lead to better results
(this phenomenon was also observed by Bian€esarj and Panattoni [1993])

It is always difficult to draw definitive conclusions from Monte Carlo exper-
iments Neverthelesghe following can be said\lthough our theoretical asymp-
totic results encourage choosing an arbitrarily small discretizationistegeen
from the numerical experiments that the gain in precision does not necessarily
balance the resulting computational difficultiddoreover a larger quantity of
simulated data increases variability and alters preciSecondthe simulations
clearly show that for a given discretization step increasing the length of the sim-
ulated pati{K X Tinstead ofT ) does improve the performance of QIEhoosing
K too large is not recommended because it both requires impressive computa-
tional times and worsens bias and precisidrereforefrom our experience choos-
ing h = 35 andK = 5 seems a good compromise

4. CONCLUDING REMARKS

Simulation based estimators such as indirect inference have gained considerable
interest in recent years in financial econometrics and other ahedsed the
possibility of simulating complex models has increased our ability to estimate
models hitherto infeasible to handle like diffusions and stochastic volatility mod-
els Recent interesting developments along these lines @ge Ghysels
Gouriéroux and Jasiak (1994pastorellpRenaulf and Touzi (1995)Engle and
Lee (1992) Gallant Hsieh and Tauchen (1994)allant and Tauchen (1995)
and Tauchen (1995)

This paper introduced the quasi-indirect inference method for diffusion pro-
cesses and discussed its asymptotic propeitiih the fixed simulation stept
is shown that quasi-indirect inference is biased even for a large sanvpj@oved
however that by choosing an appropriate simulation styficiently small in
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comparison with the sample sizene obtains an asymptotically unbiased esti-
mator We provided explicit analytical expressions for the choice of the simula-
tion step and conducted Monte Carlo experiments to examine the bias reduction
in two commonly used examples addition applications of quasi-indirect in-
ference to real financial data can be found in Br&eaillet and Zakoian (1995a)
and de Winne (1994)

Finally, it appears from our Monte Carlo experiments that the quasi-indirect
estimator can have better finite-sample properties as far as bias is concerned than
the exact maximum likelihood estimator

NOTES

1. Detailed computations can be found in Bro3eaillet and Zakoian (1995b)
2. Computer codes in GAUSS are available on request
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APPENDIX A. ASYMPTOTIC PROPERTIES
OF THE DIRECT ESTIMATORS

Concerning the direct estimatowe introduce the following standard regularity
assumptions

1. The partial applicatio(-,#) is measurable fror12, ) to (R, B(R)) forall § € ©
and continuous fron® to R for all € Q.
2. Forallgy € 0, there exists a nonstochastic lig®,(6,0*), such that

Peo[ lim sup|Sr(Y7.,6%) — S.(60.6%)| = 0] -1

T—>w g e
Moreover for all 8o € 0, the functionS,, (6o, -) admits a unique maximum interior
to O:
05(00) = argmaxS,,(6,60™).
N=LC)

The criterion functiorS (Y{,6™) is twice continuously differentiable.nt. 6* and
(i) forall 85 € O, there exists a nonstochastic mafi$ (6o, 6*), such that

925 (Yf, 0%
—ST( it ) =0|=1
0090

IP(,O[ lim sup - 5,(60,60%)

T—w g*co
(i) S.(60,05(60)) is invertible
(i)
aSr(Y7,0™)

- ] 225 N(0,3%(6o))
00 0*=03(00)

g

We have then the following first-order expansion
03 (YF) = 05(00) + T~ Y2X5(6o) + 0p(T ), (A1)

where

02Sr(Y730%) | 7| 9Sr(YF;6%)
90%00*' 90" o 05000

X3 (0o) = ﬁ[

isa Gayssian random vectonmﬁ with mean 0 and asymptotic covariance matrix given by
I5 = [S4(60,05(60))] 1 3*(00)[ S (80, 05(60))] ™
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Let us now introduce the assumptions needed to derive the asymptotic properties of the
simulation based estimator

3. Foralld € ® and allh € 7/N, there exists a nonstochastic Iil;rafoh’(e,a*), such
that
Pe[ lim sup|Sr (Y™ (6),0%) — S (6,6%)] = o] =1
Tow g*eo -

Moreover for all 6 € 0, the functionsg‘)(e,-) admits a uniqgue maximum interior
to O:

(0, h) = argmaxs” (6,6).
NSC)

The criterion functiors; (Y7 ™ (9),6%) is twice continuously differentiable.wt. 0*
and
(i) forall & € 0, there exists a nonstochastic ma,t@)(e,a*), such that

2 v 7(h) *
9°Sr (Y7 (6),6%) _0] .

_ & *
a60%90™' = (6,67)

IP’G[ lim sup
Tow g*eo
uniformly in 6* € 9;
(i) &M (0,d5(0,h)) is invertible for allg € ©;
(iii)
aSr (Y ™(9),0* o
[ﬁ S 0L0) =25 N(0,3%(6,h)).
a0 0"=G5(0,h)
Under Assumptions 1 and e have for all # € © and allh € 7/N, the following
asymptotic expansion analogous talp

03 (YF ™ (0)) = 65(0,h) + T ~Y2X1(6,h) + 0,(T 2/2), (A.2)
where

. 9*Sr(Y " (0);60%) | | aSr(Yr™(6);6%)

XT(G, h) - _ﬁ|: ag*aax/ (’)0* 0*:58(0,h)

is a Gaussian random vectorlit? with mean 0 and asymptotic variance given by

T (9) = [8(0,050,h)] 3%, NS (6,050, )] L

APPENDIX B. UNIFORM CONVERGENCE
OF THE SIMULATED ESTIMATOR
THE ORNSTEIN-UHLENBECK CASE

We check Assumption 1 for the Ornstein—Uhlenbeck pracBlse geometric Brownian
motion can be analyzed very similarly using the expressions given in Brozg £985b)
and involves much easier computations
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We assume that the compact parameter s@ise’ncluded in a space of the forfé =
(a, p,02); 8 > p > u,0? > g?} wherefi, u, o ? are positive constants wifla < 2/h. The
first-order conditions in the maximization & (Y7 "(9);6*) can be solved easily in this
case and yield estimators éfof the form

’ (YYl)T

7(h) R
EEDO)T = 3 _YT + 0,(D),

at(Yr "))

ey ~ o,

- 172 o
P O)T = = Z (Yito:(0) — a3 (YF " (0)7

L — (1= p5EDO) 7)Y (0))2 + 0p(2),

where \?T = YTSLa %0, Y& = T30 %"%6), and YW1 = 1T x
Et 0 Yt h)(H)Y(ﬁTl)T(G). We will note thelr as. limits Y, Y2, and YV, respectively For
simplicity, we omit the dependence éhin these notations'heo,(1) terms correspond to
quantities converging.a to zero wherl goes to infinity uniformly on®.

As the simulated proceﬁ?k(ﬁ)(e))kzo is obtained from the use of the recursive form
corresponding to the Euler discretizatj&ﬁh)(e) is a continuous function df, for all t =
0. Besidesbecause we work on a compact parameter spheequantitiesyr, Y2, and
(YYy) (and their limits) are uniformly bounded d@n

To obtain the a. uniform convergence of Assumptionitis then sufficient to prove
that these terms converge uniformly to their limits and that there exists a real number
0 such thaty?s — Y2 > v, as, for all € 0, at least for largd.

To check that sup-e|Y — Y| = 0 as. asT — oo, we use Corollary 8 in Pétscher and
Prucha (1994)

i. We first show the pointwise convergence¥fto Y. Using the recursive form cor-
responding to the Euler discretizatighe as. limit Y may be written

t
Y=2 4 im = E E WG L0),  as.
Mmoo Toe I S0

wheregy, = (1 — uh) andu(,H)T(e) = a\/FEﬂ/:hglgoﬁe(Hl),_kh, or equivalently

Y=—+li L 2 0
P Tinm T Wi TU(|+1)T( ), as.
withwi = (1—of ""™/(1 - oFM.
The varlablemll),(e) 1=0,1,...areii. d with finite varianceand we have 8<

Wit < 2/1 — @}", which leads to IT2 3" V[w, Tule)T(H)] — 0as. asT — oo,
and a pointwise strong law of large numbers applielsall 0 € 0.

i. Then it may dlrectly be verified that the sequerﬁi’éﬂ),( ), WhereZ<l+1),(0)
Y(Hl)T(O) —a/u= Sio <p“ D7/ uf|hll)7(0) is as. asymptotically Césaro uniformly
equicontinuous o, i.e.,

AP = Tim ? 2 sup sup |Z(t+1)7(9) Z((thil)r(é)|%07

T—eo =0 6E0 #EB(H,5)

as. asd — 0 whereB(0,5) denotes the open bdh € 0;]0 — | < &}.
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Indeed we have
Zi0) 1:(0) = Z{1)-(0) = Z[ R N (TR ()
+&h U 0-0) — ui @)

1 T-1| T—-1

h : t—1)7/h —(t—1)7/h h

Al = 1im —E[Z sup sup |eh V7" — &V |suplu(ly). (60)]
0EO

T— I=0L t=I 6€o 6€B(H,5)

1 T-1f T-1 (t—1)e/h
im = suplah " [sup sup [uffly),(0) — uffly),(9)]
0E6 €0 0€B(0,5)

1 T-[T1 e
m 3 [2 ggg(@h + 8T — T |]5Up| U(|+1)r(9)‘

1T 1- sup| @[TV
[2=1c)

h
T —on |Sup sup |u((|4)rl)7(0)_ (|+1)T(9)|
T | 20 1 — supl@n|™ 60 6€B(6,5)

0E®

(B.1)

Now assuming thad is chosen small enouglit can be seen that the sum tins
uniformly bounded ifil and goes to zero asgoes to zeroMoreover

17 1 [T-17/h-1
T 2 UP|U<|+1)T(9)| =7 > > leqsnr—nl |suplevhl,
r <0 K=o 0€0

and the right-hand side of the inequality converges to a finite number iwgees to
infinity. Finally, we have

sup sup |uf’y,(0) — ufly (0]

96 9EB(,5)
r/h—1
= > leqn-—knlsup sup |oef — Faklvh
k=0 G€0 0EB(0,5)
7/h—1

<A D l€tnr—knl
k=0

for any positive constanit(independent df), by choosing sufficiently small There-
fore the second term in the right-hand side ofi(Bs bounded by

2\ Lt L T*1| | At/hy2/m
im —= €l+r—khl = -
1 - sup|@y|™" o T T 150 1 — sup|@n|™"
0E6G 0EOG

from the strong law of large numbeis follows thatAfsh) —0as. asé — 0.
To conclude on the uniform convergence¥ef it remains to check the following
uniform integrability-type condition
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1 5(h p
im 5 3 E| (SUPZ0rO)] ) Louneizits 0w | 0

a.s. asM — oo for somep = 1.
Indeed we have

t 7/h—1

h t—I h+k
sup|z<&ll>7<o>|< VhY S suploeh " e 1yrknl
I=0 k=0 6€06
2 7/h—1
= sup|o]| PE——— 2 |€t+1)7—khl-
ve6 1 — sup|en|”" o
0EO

Therefore it admits a finite variancéhen the condition holds sind[| e+ 1), —kn| >
M]— 0 asM — co.
Therefore we get

lim supl¥y — Y| =0 as
T—w ge6

It can be proven through similar but more tedious computations that

lim sup|Y2; —Y2| = lim sup|(YY1)T YV =0 as

T—o g6 Too ge

Moreover we have

(a5 (F®™(0) — m5(0, )7

[Y2r — Y2IIYY — (Y¥)r + Y2 — V2]
[Y2r — VRI[YZ - V2]

n [(YY)r — Y2I[Y2 - Y2 + Y2 — Y]
[Y?r = VZI0Y? = V2]
Because both numerators are made of products of terms converging uniformly to zero
or boundedit remains to prove that the denominator is uniformly bounded away

from zera
Itis easily seen that

inf lim |Y2; — Y2 = lim inf [Y?; — Y.
0€0 T—>o T—o0 HEO
Moreover some computations lead to the following expression

L 1T
Y2 — Y2| = T kzo 2 a1 (0) o ?heds 1) —kn + 0p(1),

where the coefficientay}(6) satisfyay;(6) = a, for all h,k,t and6 € © with a a
strictly positive constanfTherefore

T-17/h—1
lim inf Y2 — ¥2| = ag2h lim = 3 E €41 1)r—kn = 802
T—>oo 6EO Toowo t=0 k=0

Hence we have lifL, . supee (a5 (Y™ (0)) — @5(6,h)) = 0 as,, from which we
can deduce the uniformsa convergence o&; (Y7 (6)) to &;(6,h) thanks to the
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second equation of the first-order conditions stated at the beginning of this Appendix
The uniform as. convergence of32(Y£ "(9)) to 6¢2(6, h) is obtained along similar
lines from the third ongwhich completes the proof

APPENDIX C ASYMPTOTIC PROPERTIES
OF THE QUASI-INDIRECT ESTIMATOR

The indirect estimator is defined as the solution of the minimum distance problem
07(60,h) = argmir 03(Yr™(9)) — 65 (Y9)|.
€06

The first-order conditions associated with this program are
902 (YD (0)) o . .
[T O [0H ™ (@160, ) — G7(¥F)] = 0. (c.1)
=01 (60.)
The expansion o (Y7 () around the asymptotic valwg (6o, h) gives for largeT,
03 (¥£ ™ (67 (60, h)

303 (Y ™ (0))

90’ } [6+1(60,h) — Bo(6o, )]
0=00(00, 1)

= 07(Y7 ™ (6o(00, h))) + [

+ 0,(T %2,
and (C1) becomes

Hr (g7 (h)
[M] [[ﬁ(?{‘“)wo(eo,m» — 050Y7)]
96 0=07(0o,h)

[ 305 (Y™ (0))

’ :| [éT(009 h) - 00(007 h)]
a0 0=00(00, 1)

+ op(Tl/Z)] = 0.

Another expansion gives

007 (Y7 ™ (6)) _ | 967w ™ 0) o)
a0 =600 1) a6 0=00(00,1) %
T\Yo, olYo,

and replacing in the preceding equation
205 (Y7 (9)) 063 (F7 M (9)) ] 1

01 (00,h) — Bo(6o,h) = [

70 00’ 0=00(00,1)
" [ 905 (Y7 (9)) ]
a0 6=00(60, h)
X [63(YF) — 65 (Y7 ™ (8o(6, )] + 0p(D). (C.2)
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From equation (AL), we know that

07(YT) = 05(60) + T~ Y2X5(60) + 0p(T ~2), (C.3)

and similarly from equation (A2),

03 (Y2 ™ (B0(00, 1)) = 05(60) + T 2K (6o(60, ), h) + 0(T ). (C.4)

By difference using (C3) and (C4), we have

03(YF) — 65(¥2 ™ (B(00, ) = T~ Y2[Xr(6o(60, h),h) — X3 (6o)] + 0p(T ¥2). (C.5)
Replacing in (Q2), we see that the quasi-indirect estimator fulfills the first-order expansion
0180, ) = Bo(00,h) + T Y2X1(8g,h) + 0,(T Y/2), (C.6)

where

907 (Yr ™(9)) 967 (¥¢ ™ (0)) }l [ 807 (Y¢ " (9)) ]
0=00(60,h)

X (Bo, 1) = ﬁ[ 90 90’ 90

0=00(00,h)

92Sr (Y7 ™ (00(6o, 1);6%) | *| 9Sr (¥ ™ (8o(60, ) 6%)
x 96*00™' 0™

- [azsr<vf;a*>]—1[asr<vf;e*)”
0*00™' a0* 0" =65(00)

The asymptotic distribution of3 (6,) is given by a normalN(0,T5’) independent from
X1(8o(00, h), h) which convergegor T — oo, in distribution to a normah/(0, T ™ (04 (6, h))).
Thereforeif there exists a nonstochastic matkigh) such that

aé‘*/ ?T(h) 0
P90|: lim [M _ Vo(h) =0|=1
T—oo a6 0=04(00, )

andVo(h)’Vo(h) is nonsingularthe asymptotic covariance matrix of the quasi-indirect esti-
mator is

V8" = V8"V 11 (F M 0000, ) + To) Ve V6" V61,

whereVg"” = plimr_,..[005' (¥ ™(0))/96 1g-p450.1-

Various consistent estimates of the covariance m&?tf'i‘)( may be computed along the
lines described in Gallant and White (1988n. 6), Andrews (1991)and White (1994
Sect 8.3), noting as shown in Gouriéroux et #1993) that differentiating the first-order
condition

052 (6,05(0,h) _
0™ ’

with respect ta, the matrixvo(h) may be rewritten in terms of derivatives of the limit
criterion
92.(6,85(6,h)

Vo = [82(0.05(0. )0 200000 — 55754 .
0=0(00, h)

Therefore Vé'” can be estimated by plugging the estimat@gtf,, h) into the previous
expressionEstimates ofiy andT ™ (6,(0o, h)) are easily obtained along the same lines
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because they are also expressed in terms of derivatives of the limit criterion (see Appen-
dix A).

APPENDIX D. CHOICE OF THE
DISCRETIZATION STEP

We first recall the asymptotic expansions respectively obtained for the diieailated
and quasi-indirect estimators (see Appendixes A and C)

B (¥F) = 05(80) + TY2X5(8p) + 0p(T~/2),
éjli(?f(h)(a)) = 58(9, h) + T*l/ZXT(e’ h) + Op(Tfl/Z)’
6160, h) = 60(60,h) + T ~Y2X1 (6o, h) + op(-r—l/z)_

From similar assumptions as in Appendix e have the following expansions for the
first-order terms in the last two expressions

65(0,h) = 65(0,0) + h [668(0’ h):| + o(h),
oh h=0

600(00, h)

i LO + o(h,

Bo(eo,h) = 00 + h|:
and equivalently for their stochastic parts
T _1/2XT(07 h) = T _1/2>"(’T(030) + Op(T _1/2)7
T Y2X1(60,h) = T~Y?X1(60,0) + 0y(T ~2).

From these asymptotic expansione get

A . o 305(60,h o
03 (Y2 ™ (Br (0, ) — 67(¥F) = G50 (6,1, 0) + “[O(T.)]ho + T 7/2%r(66,0)
= 03(60) — T2X5(8o) + 0p(h) + 0p(T~¥?)
< . 205(0,0) .
—ea<eo,o>—eo<eo>+[ B ] (6r(60.h) — 0o)
=00

h[%] + TV2(Xr(60,0) — Xi(60)
h=0

+ 0p(h) + 0,(TY?)

| 965(6,0)
| el

960(60, N
] (edm)—owh[%}
0=0o h=0
dah h=0

+ T Y2(X1(00,0) — X3(60)) + 0p(h) + 0,(T ~¥2).

+ T7Y2X1(65,0)) + h[
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Therefore the first-order condition (§) becomes

965'(9,0) 965(6,0) 960(6, ) )
[ % ]6-%{[ a6’ ]0_60(h[—ah ]h_O+T WxT(eo,O))

905(6o,h
+h[ 5(60,h)

oh ]ho + T Y2(X1(60,0) — XT*(90))}

+ 0p(h) + 0,(T¥2) = 0,

The equation in the nonrandom terms writes

065'(6,0) 405(0,0) 300(00, h) 40500, h) .
96 0=0g 9’ 0=00 oh h=0+ dh h=0 7

and for the random terms

[ 005 (6,0 205(0,0) B * )
[ ]9_90{[ 9’ ]Q_HDXT(%’O) ”XT(@o’O)—XT(eo))}o.

Hence we deduce for the constant term

[ 964(60,h) ~[[ 98500 905(6,0) -
L dh h=0 - 99 6=06o 96" 6=0o

905'(0,0) 005(0o, h)
X a0 0=6, ah h=0

and for the random part

|| 965'(6,0 905(6,0) -1
X1(60,0) = |:|: 90 :|e—90|: EYL :|e—60:|

65’ (0,0)
«|

} (X3(60) — Xt(60,0)),
6=06,

which has as asymptotic covariance matrix
Vo = 2[Vg Vo] V5 T3 Vo[ V6 Vol 2,

V(h(T))

Wlth VO = IimTﬁw 0 .
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