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We consider a spun-up system of an inner cylinder of fluid surrounded by an outer fluid
layer within a rotating cylindrical container, in the absence of gravity. The outer layer may
be of differing density and viscosity to the inner layer. If the inner layer is denser than the
outer layer then the effect of rotation, in the presence of a perturbation to the interface
between the two layers, is to force the inner fluid outwards and the outer fluid inwards,
subject to possible surface tension stabilisation. The relative importance of viscosity to
rotation is described by an Ekman number. We investigate the behaviour of perturbations
to the interface in the inviscid limit and low and high viscosity limits. In the low viscosity
limit, perturbations grow as an O(Ek'/?) correction to the inviscid growth rate. In the
high viscosity limit, perturbations grow as O(Ek™"). In the absence of surface tension,
the preferred mode of growth is independent of the layer density difference and depends
only upon the domain aspect ratio, initial position of the interface, and viscosity contrast.
Numerical simulations of the flow are carried out using a volume-of-fluid formulation.
The growth rates from these simulations are compared with the theoretical predictions
in both low and high viscosity limits and the agreement is seen to be good. Finally,
we examine the special case of a single-layer rotating viscous column and describe
the preferred-mode boundary between a varicose mode and a spiral mode in the high
viscosity, high surface tension limit.

Key words: rotating flows, multiphase flow

1. Introduction

The Rayleigh—Taylor instability (Rayleigh 1883; Taylor 1950) has received sustained
research interest over the past century. Many natural occurrences of the flow have been
discovered and the uses and applications of the instability have been increasingly exploited
(see Zhou (2017a,b) for a comprehensive recent review of the subject, or for example
Boffetta & Mazzino (2017)). The original work of Rayleigh considered the instability
due to heavier fluid overlaying lighter fluid in both cases of either a continuous or a step
density stratification. In 1950 Taylor showed that the instability due to a heavy uniform
layer overlying a light uniform layer under the action of gravity was identical to that of
a stable two-layer stratification being accelerated vertically downwards at a rate greater
than gravity. The initial linear growth rate is determined by the wavelength of a given
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perturbation, the effective gravitational acceleration that the system experiences and the
density contrast between the two fluids. The growth rate may be further affected by
fluid viscosity and surface tension between the fluid layers. To some extent these fluid
properties are set by the situation in which the instability is occurring and there may
not be a way for these properties to be manipulated if the intention is to influence the
instability in some beneficial way. As such, investigators have sought to understand the
influence of long-range effects, including rotation and magnetic fields on the instability
(see e.g. Chandrasekhar 1961). A further motivation for such study is that the presence of
strong rotation and magnetic fields in astrophysical scale flows is commonly understood
to occur. Previous studies have considered rotation perpendicular or parallel to a density
stratification (e.g. Dédvalos-Orozco 1993; Carnevale et al. 2002; Tao et al. 2013) or
more general rotation of the system (e.g. Ddvalos-Orozco & Aguilar-Rosas 1989a,b;
Davalos-Orozco 1996a,b). As these studies have been often motivated by astrophysical
applications (e.g. Garcia-Senz, Cabezon & Dominguez 2018) the influence of viscosity
on the development of the instability has not necessarily been considered, though
investigations have been conducted into the global stability of rotating viscous systems
(e.g. Joseph et al. 1985). Here our emphasis is on the effects of viscosity on the growth rate
of the three-dimensional rotating Rayleigh—Taylor instability in a cylindrical domain with
an initially cylindrical interface between the two fluids that may support surface tension
effects.

Recent work has considered the effect of rotation on the Rayleigh—Taylor instability
both experimentally (Baldwin, Scase & Hill 2015; Scase, Baldwin & Hill 2017a, 2020)
and theoretically (Scase, Baldwin & Hill 20170) in the low rotation rate limit focussing on
the importance of the initial hydrostatic state. This work builds upon previous studies by
Chandrasekhar (1961) and Miles (1964). Chandrasekhar considered the effect of rotation
on a two-layer unstable stratification with an initially planar interface. However, Miles
showed that the frequency of free-surface oscillations predicted by Lamb (1932) on a
body of rotating liquid were in error, due to the assumption of a planar free-surface,
by the same order of magnitude as the correction for rotation. In Scase & Hill (2018)
the authors consider the high rotation limit of the Rayleigh—Taylor instability in inviscid
and viscous configurations and investigate the effects of surface tension and interfacial
diffusion. However, this study was strictly two-dimensional, considering only azimuthal
perturbations to two fluid layers confined in a circular domain; the effect of axial
perturbations was necessarily neglected. Here we extend that study to three dimensions.

We consider an inner cylindrical column of fluid surrounded by an outer fluid
layer all within a cylindrical container (unlike Weidman, Goto & Fridberg (1997) and
Dévalos-Orozco & Viazquez-Luis (2003), we do not consider the case of a solid inner
cylinder such as in a Taylor—Couette configuration). The outer fluid may differ from the
inner fluid both in density and viscosity. The fluids are considered initially to be ‘spun-up’
into solid-body rotation (there is no initial shear between the fluid layers unlike one of the
cases considered by Hocking & Michael (1959)). We further allow for the possibility that
there may also be surface tension between the two fluid layers. We consider the system as
the extreme high rotation rate limit of the rotating Rayleigh—Taylor instability, where the
influence of gravity may be neglected; it may be considered as a fully three-dimensional
fluid—fluid centrifuge for cases where a Hele-Shaw approximation is not appropriate. The
set-up is illustrated in figure 1 for an axial wavenumber n = 10 and azimuthal wavenumber
m = 12. By considering the system in the limits of high and low viscosity we are able to
show the dependence of the growth rate on the Ekman number, Ek, that characterises the
relative importance of viscosity to rotation. When the system is in the low viscosity regime,
Ek < 1, the effect of viscosity is to modify the inviscid growth rate by an order Ek'/?
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FIGURE 1. (@) The initial perturbation for axial wavenumber n = 10 and azimuthal
wavenumber m = 12. If the inner fluid layer is denser than the outer the perturbation on the
interface will grow as the two fluids move in opposite radial directions. (b) Schematic of
the meridional plane. Quantities associated with the inner layer have subscript 1, quantities
associated with the outer layer have subscript 2. The interface, .7, is a perturbation about r = aR
(using dimensional quantities).

correction that we derive. Conversely, when the system is in the high viscosity regime,
Ek > 1, the instability growth rate behaves as Ek~'. The effect of surface tension in the
unstable configuration is to suppress the growth rate and possibly completely stabilise
otherwise unstable modes of instability. The effect is greatest upon perturbations with the
shortest wavelengths.

A special case of the flow configuration investigated is that of a rotating viscous column
of fluid. In § 4 we examine this limit by allowing the density and viscosity of the outer fluid
layer to tend to zero. Important applications of this flow are discussed in Kubitschek &
Weidman (2007a) together with a linear stability analysis. As part of their extensive study,
Kubitschek & Weidman (2007a) considered which mode of instability has the greatest
growth rate in the limit of high viscosity and high surface tension. They established that
in this region the two most unstable modes are an axisymmetric ‘varicose’ mode and a
‘spiral’ mode. Their numerical results suggested that there is an asymptotic form of the
boundary at which the preferred mode of instability switches from varicose to spiral. We
are able to derive and confirm their conjectured form of this boundary.

Though our flow configuration is idealised, it provides a connection between practical,
realisable flows including, amongst others, stable coating flows on the inside of cylinders
(e.g. Johnson 1988) with applications in turbojet engine cooling (e.g. Chew 1996), unstable
liquid atomisation and combustion flows (discussed in Kubitschek & Weidman (2007a))
and liquid jet instability in fusion processes (e.g. Chen, Schrock & Peterson 1997).

The layout of the paper is as follows. In § 2 we introduce the governing model and the
required boundary conditions and matching conditions at the interface between the two
fluids. We first find a dispersion relation for the development of the instability for two
inviscid fluid layers that may have surface tension acting between them. We then develop
the inviscid solution by considering an asymptotic correction for the case of weakly
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viscous fluid layers. We next consider the case of highly viscous fluid layers and derive an
expression for the growth rate in the case of equal viscosity in each layer (the full solution
for highly viscous fluids with a viscous contrast is given in appendix B). In § 3 we show
the results of numerical simulations of the instability in both high and low viscosity cases
and compare the observed growth rates of the simulations with the theoretical predictions
of § 2 and show that they are in good agreement. In § 4 we investigate the special limiting
case of a rotating viscous column. Finally, in § 5 we draw our conclusions.

2. Modelling

We consider two layers of uniform density and uniform viscosity fluid arranged as
concentric cylinders. The equations of motion for the fluid velocity u; and pressure p;,
in each layer i = 1 (inner) and i = 2 (outer) are the rotating Navier—Stokes equations with
incompressibility given by

Dll,‘ 2
piﬁ =—Vpi— 02 x (2 xx)—20,82 x uj + u;V-u, (2.1a)
V.u =0. (2.1b)

We work in cylindrical polar coordinates with unit basis vectors 7, 0 and % in the radial,
azimuthal and axial directions, respectively. Here $2 is the rotation vector, taken without
loss of generality to be 2 = £2 Z. Following Scase & Hill (2018) we non-dimensionalise
time by £27!, and length by the radial extent of the domain a (see figure 1). The density
and viscosity in each layer is non-dimensionalised as in Scase & Hill (2018) using a system
mean density po = (o1 + 02)/2 and system mean viscosity o = (11 + 12)/2. Hence we
have that
Dui 1 N

N+ P — 22 x u + EKE VR, (2.2a)
Dt Pi Pi

V-u =0, (2.2D)

where all quantities are non-dimensional and the Ekman number characterizing
the relative importance of viscosity to rotation is defined by Ek = uo/poS2a>. The
non-dimensional density p; € [0, 2] and the non-dimensional viscosity u; € [0, 2]. We
now proceed by defining the linear differential operator, £, by

Llp] = (—— - —evz) 2 23)

We are able to write the velocity and pressure perturbations to the hydrostatic initial
condition in terms of a generalised potential, ¢, in each layer (Hart 1981) as

ui=e{(1+L)Ve—L[2x V§]+2x (2x Vgy)}, (2.4a)
pi = poi(x, 1) = 2ep; (1 + L) L[], (2.4D)
where |e€| < 1. For suitable p; in each layer, this posed ansatz satisfies the equation of

motion (2.2a) at leading order and at order €. The incompressibility condition (2.2b) leads
to the governing equation for the generalised potential. Noting that V - (Z x V¢;) =0
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and that V. [Z x (z x V¢;)] = —Vﬁ,d)i, where we define the horizontal Laplacian V121 =
9, + r 19, + r29,, we have that

(1+L%) V¢ — Vi =0, (2.5)

a sixth-order, linear partial differential equation for ¢;.

The initial unperturbed location of the interface is taken to be at r = R for R € (0, 1]
(see figure 1) and we assume that the position of the perturbed interface between the two
fluid layers is given by . where

S = (R + e cos (W) exp(i (mf + a)t))) —0, (2.6)

for axial (varicose) wavenumber n € N, azimuthal wavenumber m € N and domain aspect
ratio § = d/a, and note that this definition of the interface sets the small quantity €. The
precession and growth rate of the instability are determined by the real and imaginary
parts of w, respectively. In particular, if Im(w) < O the perturbation to the interface will
grow exponentially in time. We now seek normal mode solutions for ¢, in each layer, of
the form

bi(x, 1) = ¢;(r) cos (%) exp(i (mf + wt)). (2.7)

We further note that for modified Bessel functions of the first and second kind we have
that for a scalar k € C,

2 m’ 2 2 m’ 2
VL, (kr)] = 7 + k7)1, (kr), V7[K,(kr)] = 7 + k) K, (kr), (2.8a.b)

Hence, taking qg(r) as a linear combination of both 1,,(kr) and K,,(kr), (2.5) yields an
eigenvalue equation for the generalised potential given by

iw Ekup; (1 : 1
I+ | =4+ === - & — — k) +k =0, 2.9
{+[2+2m(55 )”(5 )+ 29

where we have set 8§, = 28/(nm). This is a cubic equation in k* that yields six linearly
independent solutions for qAS,- in each layer corresponding to the three values of N2 given
by (2.9) and the modified Bessel functions of the first and second kind. (By consideration
of the appropriate Wronskians for z € C it can be shown that 1,,(—z) and K,,(—z) are
linearly dependent on /,,(z) and K,,(z) so solutions to (2.9) corresponding to —Vi2 may
be disregarded without loss of generality.) Denoting the three roots of (2.9) as k; for

Jj=1,2,3 for each layer i = 1, 2 we therefore have, taking k; = \/k?;.,

¢:(r) = € cos (Z 5

3
) exp(i(m6 + 1)) Y _ [byl,(kyr) + c;K,(kyr)] . fori=1,2.
n =1
(2.10)
Enforcing the requirement that |u;| < oo on r = 0 gives that ¢;; = 0 for all j due to the
properties of the modified Bessel function K,, at the origin. Hence we have, in general, six
unknown coefficients, b;;, three unknown coefficients, ¢,;, and an unknown quantity @ to

determine by appropriate matching and boundary conditions.
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2.1. Boundary and matching conditions

The required boundary and matching conditions are split into two groups, the first group
being ‘universal’ and applying in all cases. The second group of conditions apply only
when the fluids under consideration are viscous. In the first universal group of conditions
are the no-penetration conditions on the boundaries of the domain, and the kinematic and
pressure continuity conditions at the interface (conditions of continuity of normal velocity
and normal stress at the boundary between the two fluids). The second group of boundary
and matching conditions that apply when the fluids are viscous are referred to as ‘viscous
conditions’ and comprise no-slip conditions and the continuity of tangential velocity and
tangential stress at the interface .7 defined by (2.6).

The first universal boundary and matching conditions are the no-penetration conditions

Feur(r=1)=0 and Z-uj(z==+8)=0, fori=1,2. (2.11a,b)

It follows from (2.4a) that w; = u; - 2 = (1 + £*)d¢,;/dz and so w; is proportional to
sin([z — 8]/8,) and hence the second of these conditions, z - u;(z = £8) = 0, fori =1, 2
is automatically satisfied.

The interface is described by (2.6) and the associated kinematic conditions are that

D R <=0 i(m + wt ~0
E(r—[ —I—ecos( 3 )exp(l(m +a)))]>y_

=  Few(r=R) = eiwcos (Z; ) exp(i(mé + wn)), (2.12)

n

fori = 1, 2 (taking care with the index i, and the unit imaginary number 1). The remaining
universal matching condition is given by the normal component of the stress continuity
condition at the interface.

Denoting by A{-} a jump in a quantity from the outer fluid 2 to the inner fluid 1, the
stress continuity condition is that

1
Alo;-nl = — (V-n)n, 2.13
(o) = o (Vi) @13)
where o; = —p;I + 24;Ek e, is the non-dimensional stress tensor, e; is the non-dimensional

rate of strain tensor, 72 is the unit normal to the interface .# pointing from fluid 1 to fluid 2
and We is a Weber number given by We = py22a®/y where y is the coefficient of surface
tension (cf. Scase & Hill 2018) (We is related to the inverse of the Hocking parameter).

We first satisfy the hydrostatic stress continuity condition that is given by continuity of
the pressure across the unperturbed interface r = R. It follows from (2.6) and the definition
of n that on .%,

Vil =gty ! 20 explimé + wr)).  (2.14)
n = — € — ¢ COS exXp(m w . .
7~ R Y 5, )P

Substituting (2.4b) into (2.2a) with u; = 0 we have that the leading-order pressure satisfies
Vpo: = pir ¥ and so take without loss of generality

P1 2 2 1
—(r —R)+ , i=1

poilx, 1) = WeR (2.15)
%(F—RZ), i=2
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It follows that on the perturbed interface

Z
poi| , ~ Poi(R) + €piR cos ( 5

> exp(i(mf + wt)) + O(€?), (2.16)

n

and hence the pressure at the perturbed interface is given by

z
p,-|5, ~ poi(R) + €p; {Rcos < 5

) exp(i(mo + wi)) — 2 (1 + L?) L[qbi]} + O(€?).

(2.17)
The continuity of stress o; across the interface . in the radial, azimuthal and axial
directions is hence given, respectively, by

n

.
[_epi {Rcos (Z; 5) exp(i(mf + o)) — 2 (1+ L?) £[¢>,-]} + 2Ek u%—i]

€ (m-1,1 270 expli(md + o) 2.18)
= — — | cos exp(i(mb + wt)), )
we\ " RZ g2 5 P

n

0 v,~> 1 0u; +_0 219
wilrs () + 55 )] = @190

du;  dw\ 1"
(254 25—, (2.19b)
0z or J|_

where [ ]T indicates the jump takes place across the unperturbed interface location, » = R
and (2.15) has been used to simplify (2.19).

The condition (2.18) must be satisfied in all cases including the inviscid case when
Ek =0, u; =0, and so (2.18) is the final universal boundary and matching condition that
is used in conjunction with (2.11) and (2.12). The conditions of tangential stress continuity
(2.19) are in the second group of viscous matching conditions that are required when the
fluids are viscous.

In the viscous case we must also enforce continuity of tangential velocity at the interface

A +
6| =0 [z-w] =0 (2.20a,b)
and the no-slip conditions

0 -u(r=1)=0, Z-u(r=1 =0. (2.21a,b)

The viscous boundary and matching conditions are given by (2.19), (2.20a,b) and
(2.21a,b).

2.2. Inviscid solution
We first consider solutions to the system in the inviscid case. If the fluids in both layers
are inviscid then Ek = 0. As a result of this assumption, (2.9) becomes linear in k*> and

independent of both w; and p;, giving one value of vk?, the same value for each layer.
Hence, the number of eigensolutions reduces from nine in the general viscous case to three
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in the present inviscid case. The number of boundary and matching conditions are reduced
accordingly since we do not enforce the viscous conditions, i.e. the no-slip conditions or
continuity of tangential stress and velocity at the interface.

In the inviscid case (2.9) is reduced to

2\ /1
(1 . %) (5—2 - kg) +R=0, (2.22)

where we write k = ky for the unique inviscid wavenumber and @ = w, for the inviscid
eigenvalue, such that the growth rate of an inviscid system is determined by —Im(wy). As
(2.9) in this case is independent of both u; and p;, and therefore & is the same in each layer,
we take

1 4\2
ki=ko=—(1——2) , fori=1,2 (2.23)
Wy
and the eigensolution in each layer is given by ¢;(x, 1) = quS,-(r) cos([z — 81/8,) exp{i(mb +
wot)} where

$1(r) = bily ko), a(r) = balu(kor) + c2K, (kor). (2.24a,b)
Substitution into the kinematic condition (2.12) forces
woRP/(R) +2mep(R) = —4iR, i=1,2. (2.25)
We define
f1(r) = (wo +2) ml,, (r) + worl, (1), (2.26a)
Jx(r) = (wo +2) mK,,,(r) — worKy41(r), (2.26b)

such that the kinematic condition in the inner and outer layer may be, respectively,
expressed as

b, fi(koR) = —4iR, by fi(koR) + c2 fx (koR) = —4iR. (2.27a,b)
The no-penetration condition on r = 1 (2.11) requires that
bs fi(ko) + 2 fx (ko) = 0. (2.28)
Combining (2.24), (2.27) and (2.28) we have that
n L, (k a . ko)1, (kor) — f1(ko) K, (K
é1(r) = —4iR ( 0")7 ) =41RfK( 0) L (kor) — fi (ko) Kin( o”)‘ (2.294)
fi(koR) Jiko)fx (koR) — fi(koR)fk (ko)
Defining the Atwood number to be
o =20 (2.30)
P2+ p1
the pressure continuity condition, (2.18) with Ek = 0, yields the dispersion relation
1+%¢AS(R) 1_%$(R) w} | 2R + i m2—1+1
— _— = Z1 - .
o7 o7 4 @0 adwe\ R 8
(2.31)

Note that our definition of the Atwood number, <7, is negative for an unstable
configuration. This is consistent with, for example, Scase et al. (2017b) and
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Scase & Hill (2018), but differs in sign from the standard definition used by authors who
are considering only an unstable arrangement.

This dispersion relation is consistent with the global stability criteria determined by
Joseph et al. (1985) (stability when J > 1 in their notation; see also Weidman et al.
(1997)). In the limit n — O the two-dimensional dispersion relation (Scase & Hill 2018,
(3.16)) is recovered. This follows from k& ~ O(n) and small argument approximations to
the Bessel function following Abramowitz & Stegun (1964, §§ 9.1.7, 9.1.9) that gives

F oo 4R o 4o Ai[Reoo (1+R™) +2R(1 —R™)] 5
BR) ~ — s 00). (R m (@2 —4) (1= k) + 0.

(2.32a,b)
We may also show that for weakly unstable configurations where —«/ < 1 and .o/ We =
O(1), the growth of the unstable modes satisfy

i (R +m28,1 . 1 m> — 1 N 1 + 0w (2.33)
w5 s TR RAWe \ B2 82 ' '

We now consider the moderating effects of small quantities of fluid viscosity on the
inviscid growth rate.

2.3. Low viscosity solutions

For fluids with low but non-zero viscosity, 0 < Ek <« 1, the growth of the instability
behaves as w ~ w, + w,Ek'/> + O(Ek) where w, is the inviscid solution as described
in §2.2 and w,; is the coefficient of the first-order correction. In the limit Ek — O the
governing wavenumber (2.9) is a singular perturbation problem. The three required roots
are the regular inviscid solution and two singular roots. The regular root in each layer
i =1, 21is given by

I
ki ~ ko + 2 [ —— — ko ) EX'? + 0 (EK) (2.34)
[ON) 551(0

where k is as defined in (2.23). The two singular roots behave as

ina [ Pi 2 1/2 12 o e\ -3/2 12
kj ~ e™ (—) w) Ek'P1+ | — F (—) , EK'? + O (Ek) ¢,

i 2wy 3 Pi
(2.35)

fori=1,2,j= 2,3, where we take j = 2 to correspond to choosing the negative sign
in (2.35) and j = 3 to correspond to choosing the positive sign. We define the viscosity
contrast, 1, similarly to the Atwood number (2.30) such that

M2

. (2.36)
Mo+ g

Now, noting that
1 —of 1+ o
pr_ L AT (2.37a.b)
M l—n Mo 1+m
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o 1.15 x 1071 — 2.25i w1 =547 x 1071 +2.15 x 10%
ko 2.52 x 10" — 5.64 x 10~} — —

buo 1.75x 10784383 x107%  bpp —6.75x 1072 — 4.08 x 10~2i
bag —4.94x 10715 =357 x 1075 B3 —9.17 x 103 +5.02 x 10%

€210 —9.07 x 10 +2.83 x 10% by  2.02 x 1070 +2.12 x 1076
b —1.04x1070—1.08 x 10771 by3  4.82 x 10! — 1.79 x 10

bui 286 x 10783 +133x 107131 & 891 x 107! —4.87 x 1071}
ol —1.00 x 10° +4.01 x 1081 &3 6.56 x 1070 4+3.97 x 107

TABLE 1. Numerical evaluation of the coefficients of the low viscosity expansions in the case
o =—1/2,R=1/V/2,m=3,8,=(67)"!,n=0.

the regular behaviour and singular behaviour of the wavenumbers means that we rescale
the coefficients of the eigensolutions /,,(kr) and K,,(kr) as

byl (kr) = L,(kyr) {buo + binEK'* + O(Ek)} , (2.38)
Im(kljr)

VETE
I, (ein/4R [ 11 42%] a)(l)/zEk—W)
—-n

for j = 2, 3 in the inner layer (defining the constants b9, b1;; and 131 ;) and

byl (kr) = {131, + O(Ekl/z)} : (2.39)

byl (kr) = L, (kyr) {bao + bon EK'? + O(Ek)} (2.40)
I (ks .
byl (kr) = n. by + 0Er™)} (2.41)
L, (eiﬂﬂ* [1 + d] wy 2Ek1/2>
147

enK(kr) = K,y (kar) {cao + conEK'? + O(EK) } (2.42)

K, (ky; R
CojK (kr) = ) {& + O™}, (2.43)

12
K, (emir | L] g
1+7

in the outer layer, for j = 2, 3 (defining the constants b,jo, b11, €210, 2115 sz and ¢y)).
The inviscid solution for wy and the associated coefficients by, bajg and cyyo are given
by (2.27), (2.28) and (2.31) and follow from enforcing the universal boundary conditions.

The six modified coefficients l;ij and ¢, fori = 1,2 and j = 2, 3 are determined in terms
of the inviscid solution and the corrections by, byy1, ¢211 and w; by enforcing the viscous
boundary conditions at first order. These solutions (given in appendix A) may then be
substituted into the O(Ek'/?) universal conditions yielding a system in the remaining
four unknowns, by1, by ¢ and w; from which the correction w; may be determined.
A particular solution for & = —1/2, R = 1/«/5, m=3,8, = (6m)"", n = 0is given in
table 1.
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Numerical

ki 18.85+7.29x 107* by —7.09x 107B +1.14 x 10751 ¢p; 4.17 x 1072 +4.06 x 1071
kip 18.85—729x 107 by —7.17x 10783 +£2.99 x 10767 ¢y 4.18 x 1072 4+ 2.17 x 1073i
kiz 1885+ 1.48 x 10791 b3 —7.17x 1073 —1.44 x 107551 ¢33 4.18 x 1072 — 6.24 x 10751
ko 18.85+351 x107%H by 1.1I3x 1070 -1.00x107% w 556x 107%—-9.10 x 1077i
kyy 18.85—351x 1074 by 1.13x 10710 —1.51 x 107207 — —
ks 18.85+44.92x 10720 by; 1.13x 1078 +1.15x 1079 — —

Asymptotic
ki 18.854+7.29 x 10741« —7.18 x 107° o 4.18 x 102
kip 18.85—729x 1074 B —2.69 x 10710 — 155 x 10719 By, —1.16 x 10! — 6.72 x 10%i
ki3 18.85 yir  L13x 107 =196 x 107  pn 253 x 10! —4.39 x 10i
ky  18.85+3.51 x 1074 ayy 1.13 x 10712 oo —9.10 x 1073
kyy 18.85—3.51 x 1074 foy 2.15x 107 4124 x 1074 — —
k»3 18.85 y1 —L14x107B +197x 107131 — —

TABLE 2. Numerical and asymptotic approximations in the high viscosity regime for the
unknown coefficients and growth rates for parameters Ek = 10%, o/ = —1/2, R =1/ V2,8, =
(6m)~!, m =3, n = 0. The difference in order of magnitude of coefficients requires a high
degree of numerical accuracy to be used. The agreement between the numerical value of w
and the asymptotic value woo Ek~! is good.

In order to calculate the growth rate correction w; we use the results of (A 1) to write
four linear equations for byyy, byyy, ¢211 and w;. We define the functions

Fi(r) = m8%kowol, (kor) + r(@o — 2) Ly (kor), (2.44q)
T (r) = m82kowoK, (kor) — r(wy — 2)Kyy1 (ko). (2.44b)

Hence we are able to show

wq
(@i — 4)

FRb, = — {b10 271 [wn(@} — 4) + 4]
+ 2ko [md, (—wo + 2m) + 2R*] (wy — 2)a)olm(kQR)] + 4iR8 kowi (wy — 2)}
+e {kowo(m25,3 + R*)(wy — 2) [(b110 — b2o) L (koR) — 210K n(koR)]

+2m [ﬁ(R)(b110 — ba10) —fK(R)Czlo]}

« 1w3R ﬂ . 1+ AN 1-n N (2.45q)
0 1—7p 1+ o/ 1+ ’ '

1+ o 111 211 Im(kOR) G = Im(kOR)a)o(a)% — 4) 210 1+ o 110
x (4koRIL,11(koR) + [30§ + 4(m — 1)] 1,(koR))
+ c210 [ +4m — D)K,u (koR) — 4RkoK 41 (koR) | } ; (2.45b)


https://doi.org/10.1017/jfm.2020.842

https://doi.org/10.1017/jfm.2020.842 Published online by Cambridge University Press

907 A33-12 M. M. Scase and S. Sengupta

W
a)(z) (a)g —4)

X (L (koR)ba1o + 210K (koR)) — 2iR5ﬁwo]

ﬁ(R)b211 +fK(R)0211 = {Zkowo(wo -2) [(mSﬁ(a)o —2m) — 2R2)
- (zﬁ(R)bZIO + 2fK(R)0210)(w0(wg —4)+ 4m)}
— e Lk (282 + R (@0 — 2) [eaioKon(oR)

+ 1y koR) (Botg — bu)] +2m(Fic Rz + (bano — biuo)fs (R |

1+ o7\ 12 147\ /1 127) !
x{wg/2R<ltr_n) {1+(1:@{> <1J_rz> , (2.45¢)

20)1

a)(z) (a)(z) —4)

X (Lu(ko)baig + Ko (ko)cat0) + [wo(@d — 4) + 4m] (fi(1)bao +f,<<1>cm>}

Fiban +fe(Dean = — {kowo(wo —2)[2 = m82(wo — 2m)]

e /4 {kowo(mzfs,f-l- 1) (£ (ko) D210+ K, (ko) c210) (wo — 2)+2 m(ﬁ(l)bzm-l-fl((l)czm)}

14\
x {w3/2 (T) } : (2.45d)
n

For parameters o/ = —1/2, R = l/ﬁ, m=23, 8, =(6m)"", n =0 values of the
inviscid solution and the coefficients for the low viscosity asymptotic correction are quoted
in table 1. For the same parameters, figure 2(a) is a plot of the difference between the exact
eigenvalue w for non-zero Ek, and the inviscid solution w,. Both the real and imaginary
parts of @ — w, behave as Ek'/? as Ek — 0, consistently with the asymptotic description.
The upper solid line is Im(w — wy) which is positive as the effect of the fluid viscosity is
to inhibit the growth of the perturbation. The lower solid line is —Re(w — wy). The dashed
straight lines that coincide with the solid lines as Ek — 0 are the correction w;Ek'/?
calculated as described above by solving the linear system (2.45).

Figure 2(b) shows contours of Im(wy), the growth rate of the inviscid solution, for the
same Atwood number and initial interface location as figure 2(a). The contours show the
behaviour of the inviscid system; the higher the azimuthal wavenumber, m, and the higher
the axial wavenumber, n (corresponding to lower values of §,), the greater the growth
rate in general. Figure 2(c) shows contours of the imaginary part of the coefficient w;.
The change in sign compared with Im(wy) shows that the viscous correction w;Ek'/? acts
to suppress the growth of the perturbation. Contours are shown for n = 0 (solid) where
the viscosity is the same in each layer, ;t; = w,. Also shown are contours of n = —1/4
(dashed) where the inner layer is more viscous than the outer layer, @, > u,, andn = 1/4
(dot-dashed) where the inner layer is less viscous than the outer layer, 1, < w,. For the
chosen parameters the plot shows that for a given Ekman number and Atwood number,
having the more viscous fluid in the outer layer is more stable than having the more viscous
fluid in the inner layer.

The effects of surface tension may be included in the low viscosity correction by using
values of byy9, 210, €210 and wy from the inviscid solution, including surface tension effects,
in (2.45). No further modification of the linear system (2.45) for the remaining coefficients
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FIGURE 2. (a) The solid lines are the real and imaginary parts of the difference between the
exact eigenvalue w calculated numerically and the inviscid eigenvalue wq (the upper line is the
imaginary part, the lower line is the real part) for varying Ek. The parameters chosen were </ =
—1/2,R=1/+/2,m = 3,8, = (6m)~". The imaginary part controls the growth of the instability
and the correction to the inviscid growth rate behaves as Ek'/2. The dashed lines that coincide
with the numerical solution are the asymptotic correction calculated as described in §2.3.
(b) Contours of the imaginary part of the inviscid eigenvalue wy for & = —1/2, R = 1/+/2.
As m and n increase the growth rate of the instability increases. (c¢) Contours of the imaginary
part of the order Ek'/? correction, w; for o = —1/2, R=1/ V2. The solid lines are for fluids
of equal viscosity n = 0, the dashed lines are the same value contours, but for an inner layer
that is more viscous than the outer with n = —1/4, and the dot-dashed lines are the same value
contours again, but for an outer layer that is more viscous than the inner with n = 1/4.

b, by ¢y and w; is required. Figure 3 shows an example where &/ = —1072,
R=1/2,m=60,8, = (101)"!, We = 10°, n = 0. The solution without the correction
for surface tension is shown dot-dashed. The asymptotic correction to the inviscid growth
rate including the effects of surface tension is shown dashed and behaves as Ek'/?, just as
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FIGURE 3. The correction to the inviscid solution, wg for Ek < 1. The chosen parameters
were &/ = —1072, R =1//2, m =60, 8, = (10m)~', =0, We = 10°. The low viscosity
asymptotic solution is @ ~ 7.58 x 1073 —3.47 x 1071i 4+ (=6.70 x 107! 4 9.94 x 10'i)Ek'/?
+ O(Ek). The positive imaginary part of the viscous correction shows viscosity damping the
growth rate of the mode. The dot-dashed line is the low viscosity behaviour without the
correction for surface tension. As the dashed line lies above the dot-dashed line the effect of
the surface tension is to further dampen the growth rate of the instability.

the solution without the correction for surface tension. As the surface-tension-corrected
solution (dashed) lies above the correction without surface tension (dot-dashed) the effect
of the surface tension is to inhibit the growth rate of the instability as might be anticipated
on physical grounds.

2.4. High viscosity solutions

For very viscous fluids where Ek >> 1 the three solutions for k* to the governing
wavenumber (2.9) behave as

! 200 1\ 2ipws 1 1
K~ T ———+0(—). 2.46
vosr (8,1u,~ Ek) + 3u; EK T 5o (2.46)

where @ ~ w,Ek™' + O(Ek™?) for the three values j = 1, 2, 3 of 4; that satisfy /113 =—1.
Specifically we take

A =expli[2j—3]n/3} forj=1,2,3. (2.47)

We seek the leading-order growth rate w.,Ek~!' and so must determine the coefficients
bjand ¢y fori=1,2andj =1, 2, 3 to a high enough order of accuracy that w., may itself
be determined. For each of the nine coefficients, as with (2.46), this requires finding the
first three terms of the asymptotic expansion. Motivated by observations from numerical
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solutions we pose, for i = 1, 2, that the coefficients be of the form

b ~ i+ B + Y +0(i) (2.480)

' T Ek " EkA3 " EkS/3 Ek2 )’

b ~ e+ =2 4y +0(i), (2.485)
E Ek*/3 Ek3/3 Ek?

by ~ alll TN L S +0(i), (2.48¢)
Ek Ek*/3 Ek3/3 Ek?

and similarly for ¢; for j = 1, 2, 3. This form of approximation to the coefficients replaces
the nine unknown general coefficients b; and c¢,; with nine unknown coefficients in the
large Ek expansion; o in the inner layer, oy and oy, in the outer layer, and similarly for
B and y. The leading and second-order boundary and matching equations at O(Ek=*/?)
and O(Ek=>) are automatically satisfied, leaving a system of ten linear equations (see
(B 1)~(B 10) in appendix B) in the nine unknown coefficients «, § and y and the
eigenvalue w,, that may be solved by standard methods.

Here we give the solution for wy, in the special case of equal viscosity in each fluid layer,
n = 0 and no surface tension. The general expression for arbitrary n and surface tension
is considerably more cumbersome, but may be found from (B 1)—(B 10). We express we
in terms of the following functions:

r 2 r
Fi(r) = 28,rK 1 5 + [(m —2)yms; + r*] K, ) (2.49a)
m82 R*r? 1 R? 4 #? 1
FZ(r) |: T:| Km-H (a) + man |:(m - 2)m52+ ) :| Km (E) s
(2.49b)

2
F3(r) =2(m* —4)m*s, + [m*(* + R*) + 2m(1 + r* + R)] 5; — R* (1 — %)

We also define the constants G, and G, in terms of the parameters m, §, and R

1 1\ 3m+2 1 |
G =-L. (— 8,1, ro|—
2 <8> T (6) e (6)
lmeome— Ll (LY., (L) = "p (1 (2.50a)
n | m 8,1 m+1 (Sn 9 m 8n ’ .

R R R R
Gy =l g K, a + Kt g I, a . (2.50b)
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Finally, we define the following five constants in terms of the m, §,, and R and the functions
F,, F5 and constants G, and G,:

2 1 2 ) 1
H = [(m+2)R* — m] 8,K, 41 )+ [(m —2)ms; + R*] K, ) (2.51a)
2 2 R
H, = [(m +2)m8;, + R*| RK,11.1 (5—> — 2mé,F(R), (2.51b)
- 1 1
Hy =[14 (m+2)°5;] Kusi 5 ) 2K (5 ) (2.51¢)

1
Hy = —mé, [(m — 2)m$; + R*| K,y (5—)

1 1
+ 3 [40m —2)m’s, + (4R* + Dm’S; + R*] K, (5—) , (2.51d)
2

R ) 1 » (R
H5:7 [1+(m+2)m8n]Km+1 5 +(m+2)8,F ()¢ 1, 5,

+ R {F3(O)Km (8l

n

I R I R
X 1y o m o
s, ) "\,

+ {% ([(m + 2)m83 — R2] (1 —R% — F3(O)) Kot (SL)

n

i ms? 1 , (R

) — 8, [(m* — dyms; + 2R*(m + 1) — m] Ky (51)}

We may now write the coefficient of the asymptotic growth rate as

i 8,12 ! F)(R) — H,I? ! I’ R
Woo = mo,, — — — —
RG/G, "\6,) "’ Hrt\s, ) 1\,
1\’ , (1 R R
+R mSnHlIm o - 2F2(1)I +1 o Im o + GlFl (R) Im+1 ~
(Sn " (Sn 6” 5"
R , (1 , (1 R\’
_? m(an3Im 8_ +F1(1)Im+1 8_ Im+1 6_
G, (B - m (] (2.52)
14124, 8,1 54m+1 6,1 m (Sn . .

As with the special n = 0 case above, for arbitrary n the leading-order growth rate in
the absence of surface tension, w.Ek~', is linear in the Atwood number, <7, and its
dependence upon the aspect ratio § and the axial wavenumber n is only through §,.
A solution for the purposes of verification of any implementation is provided in table 2.
Figure 4(a) shows the behaviour of w (solid curves) for parameters &7 = —1/2, R =
1/+/2,m =3,8, = (6n)~", n = 0 and no surface tension. As Ek — 0o, the imaginary part
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FIGURE 4. Numerical solutions for & = —1/2, R = 1/\/5, n=0, m=3, §, = (67()_1.
(a) The real and (negative) imaginary parts of the eigenvalue w. The imaginary part controls
the growth of the instability and behaves as Ek~!' as Ek — oco. The dashed line that coincides
with the numerical solution is calculated using (2.52). The upper horizontal solid line is the
imaginary part of the inviscid solution given by (2.31). The real part of the solution behaves as
Ek—% as Ek — oo and again tends to the real part of the inviscid solution shown by the lower
solid horizontal line as Ek — 0. (b) The real part of & and (c) the imaginary part of & where
the horizontal velocity is written as u = u(r) cos(8,; lz—68D exp(i(mf + wt)) and here Ek = 1.
The transitions between the inner and outer solutions occur at r = R (vertical dotted line) and
are indicated by the white circles.

of o behaves as Ek~!, whereas the real part behaves as Ek~2. The precession, controlled
by Re(w), is suppressed more rapidly than the growth of the perturbation as the Ekman
number is increased. The horizontal solid lines are the imaginary (upper) and real (lower)
parts of the inviscid solution wy. It can be seen that as Ek — 0 the solid curves tend toward
the inviscid solution since w — wy. The dashed line that coincides with the upper solid
curve as Ek — oo is the asymptotic high viscosity approximation —Im(w..Ek™") given
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FIGURE 5. Contours of Im(w), the most unstable mode in the absence of surface tension for:
@n=0,R=1/v2;(b)yn==9/11,R=1/v2;(c)n =9/11,R=1/v/2;(d)n =0,R=1/2
as a function of azimuthal wavenumber, m, and §,,. The minimum value in each case is shown
by a black circle. The minimum value with m constrained to integer values is shown by a white
circle.

by (2.52). This approximation is an estimate of the instability in the high viscosity limit
and can be seen to be in good agreement with the numerical value as Ek — oo.

Figures 4(b) and 4(c) show typical profiles of the radial dependence of the radial velocity
field. Writing u = it(r) cos(§, [z — 8]) exp(i(mf + wt)) the real and imaginary parts of &
are shown in figures 4(b) and 4(c), respectively. The inner layer solutions extend from
r = 0tor = R and are shown as solid lines. At 7 = R the inner solution matches smoothly
onto the outer solution as a result of the requirements of continuity of velocity and stress
at the interface. The points at which the two solutions match, at » = R, is indicated by a
white circle. The outer solution extends from r = R to r = 1 and is also shown as a solid
line. The continuation of the inner layer solution into the outer layer is shown dashed and
the continuation of the outer layer solution into the inner layer is shown dot-dashed.

In the absence of surface tension, w,, is proportional to &7 and hence the most unstable
mode pairing (m, n) is a function of R, § and n alone. Furthermore, the dependence of wq,
on 6 and 7 is through §,, only. Hence, provided we are in the high viscosity regime, Ek >> 1,
and surface tension is negligible, we have that the most unstable mode pairing (m, n), for a
given aspect ratio § is determined by the interface location, R, and the viscosity contrast
alone. Figure 5 shows contours of Im(wy,) for different choices of R and . The minimum
value of Im(w.,) in each case is shown with a black circle (treating w,, as continuous
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FIGURE 6. The growth rate —Im(w) for the chosen parameters &/ = —1072, R=1 / \/Z
m = 60,8, = (10m)~!, n=0,We= 100 (the same parameters as in figure 3). The high-viscosity
asymptotic solution is @ ~ —1.65 x 107iEk~! + O(Ek™2) shown as the diagonal dashed line.
The horizontal dashed and dot-dashed lines are the inviscid solution with and without the
correction for surface tension, respectively. The dot-dashed diagonal line is the high viscosity
asymptotic solution without the correction for surface tension. As the dot-dashed line lies above
the dashed line, as with the low-viscosity case, the effect of the surface tension is to dampen the
growth rate of the instability.

in m) and the most unstable mode of growth is shown with a white circle (treating w., as
dependent on m € N).

In figure 5(a) the parameters are R = 1/ V2 (equal volumes of fluid in each layer) and
n = 0 (no viscosity contrast between the two layers, ;; = u,). Treating @, as continuous
in m, the minimum value of Im(wy) is located at m = 1.76, §, = 0.18. However, for
the most unstable mode of growth we require m € N and the minimum subject to this
constraint is located at m = 2, §, = 0.19, an elliptical deformation of the inner fluid layer
about the axis.

In figures 5(b) and 5(c) the location of the interface is kept as in figure 5(a), but the
viscosity contrast between the layers is varied. In figure 5(b) n = —9/11 meaning that the
inner layer is a factor of 10 times more viscous than the outer layer. The minimum of
Im(we) is located at m = 1.19, §, = 0.38 and constraining m to integer values gives the
most unstable mode at m = 1, §, = 0.39. This corresponds to a translational motion of the
inner layer away from the axis toward the outer boundary.

In figure 5(c) n = 9/11 meaning that the outer layer is a factor of 10 times more viscous
than the inner layer. The minimum of Im(wy) is located at m = 0.09, 6, = 0.14 and
corresponds to a most unstable mode given by m = 0, §, = 0.14. This indicates that the
instability develops as a varicose instability, the outer layer is sufficiently viscous that it
does not allow the inner layer to move its centre of mass radially and the two fluids tend
to change places initially through the growth of axial perturbations alone. The value of
min{Im(w)} in figure 5(c) is greater than the value of min{Im(w)} in figure 5(b) indicating
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that, as in the low viscosity limit, for a given Ekman number and Atwood number having
the more viscous fluid in the outer layer is more stable than having the more viscous fluid
in the inner layer.

Figure 5(d) shows contours of Im(wy,) for layers of equal viscosity (n = 0) but with the
interface at R = 1/2. As with figure 5(b), a preference is shown for a translational motion
of the inner layer to the outer boundary as the two fluids start to move.

Figure 6 is a comparison of the high viscosity solution with and without surface tension.
The solution without the correction for surface tension is shown dot-dashed. The high
viscosity asymptotic solution for the growth rate including the effects of surface tension is
shown dashed and behaves as Ek~! (just as the solution without the correction for surface
tension). As the surface tension solution (dashed) lies below the solution without surface
tension (dot-dashed) the effect of the surface tension is as in the low-viscosity case, to
inhibit the growth rate of the instability.

3. Numerical simulation of instability

The numerical simulations of the instability were performed using the volume-of-fluid
method implemented in the ‘interFoam’ solver which is part of the OpenFOAM
distribution (Weller et al. 1998). The solver is reviewed and discussed in Deshpande,
Anumolu & Trujillo (2012) and the modifications for use in rotating frames of reference
are described in Scase & Hill (2018). A volume-of-fluid approach is used to solve the
continuity equation

ap
ot

and the rotating momentum equation

+ V- (pu) =0 3.1)

ad
a(pu)+V-(puu)=—Vp—pSZx(SZ xXx)—2p2 xu+[V--(uVu)+Vu-Vul.

(3.2)
The solution domain is taken to be a wedge where r € [0, 1], 6 € [-2n/m, 27t/m]
and z € [—1/2, 1/2]. For the simulations shown the domain is split into approximately
250 x 25 x 250 cells. The total number of control volumes was greater than 1.5 x 10°
and the temporal step size was At = 2.5 x 1073, The interface is initially perturbed with
an azimuthal wavenumber m = 60 and an axial wavenumber n = 10. The initial condition
in the numerical simulations is that the flow starts from rest in the rotating frame.

Two series of simulations were run, one series in the low viscosity regime and one
series in the high viscosity regime. The flow domain had a dimensional radius and height
of 10 cm giving an aspect ratio § = 1/2, the initial unperturbed position of the interface
was taken to be R =1/ /2 such that the volume of each phase was equal. In the low
viscosity regime the two fluid phases had properties similar to those of water with a
reference density of 10* kg m~* and both layers a dynamic viscosity of 10~ kg m~! s~
The Atwood number was chosen to be an unstable .o/ = —1072, and the rotation rate was
set at 87 rad s~ or 240 r.p.m. The theoretical predictions are that the non-dimensional
inviscid growth rate is given by —Im(w,) = 0.67, the exact growth rate in the low viscosity
regime is —Im(w) = 0.54, and the low viscosity asymptotics give a predicted growth rate
described by —Im(wy + o, Ek'/?) = 0.52.

Figure 7 shows the developing interface, defined to be the surface where p = py,
between the two fluid phases at non-dimensional times t = 0, 1.38, 2.14, 2.51 and 3.64

from left to right, respectively, for fluids in the low viscosity regime. The r = 0 axis is to
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FIGURE 7. The developing instability at the interface for fluids in the low viscosity regime.
The simulation parameters were </ = —0.01, R = 1/«/5, 8p = (10m)~ 1, m =60, n =0, Ek =
3.98 x 107°. The Ekman number follows from a dimensional rotation rate of the system of
87 rad s~! for two fluids with mean dynamic viscosity g = 1073 kg m~! s~! and mean density
po = 103 kg m™3 in a domain of radial extent ¢ = 0.1 m. The non-dimensional times shown are
t =0, 1.38,2.14, 2.51 and 3.64 from left to right.

the left of the shown contour as drawn. For ¢ = 2.5, nonlinear effects start to be observed
at the interface.

In the high viscosity regime the two fluid phases had properties similar to those
of a dense and viscous black treacle or molasses. The reference fluid density was
1.5 x 10° kg m~3 and the dynamic viscosity in each layer was taken as 10 kg m~! s™!, the
Atwood number was unchanged at .27 = —10~2. The rotation rate was 27 rad s~! or 60
r.p.m. The exact theoretical growth rate in the high viscosity regime is given by —Im(w) =
3.68 x 10~* and the high viscosity asymptotics predict —Im(w.Ek™!) = 3.68 x 107*.

The simulated and predicted growth rates of the perturbation to the interface in the low
viscosity regime are compared in figure 8(a). The amplitude of the simulated perturbation
to the interface is shown by the circular and square data points, the circular data points
are the amplitude of the axial perturbations and the square data points are the amplitude
of the azimuthal perturbations. The dashed line is the predicted amplitude using the
inviscid model of §2.2 that gives wy = 0.01 — 0.67i for the chosen parameters &/ =
—1072,8, = (10m)~", m = 60, R = 1/+/2. As anticipated on physical grounds, due to the
absence of viscosity, the inviscid model overpredicts the growth rate of the perturbation.
The dashed-dot line is the asymptotic correction to the inviscid prediction using the
low-viscosity solution in § 2.3. With the chosen parameters the simulated Ekman number
is Ek = 3.98 x 107 and the low-viscosity prediction using § 2.3 is @ ~ 0.01 — 0.52i. The
exact eigenvalue calculated numerically is @ = 0.01 — 0.544, and this solution is shown as
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FIGURE 8. The amplitude of the interfacial perturbation with non-dimensional time for
parameters ./ = —1072, I (IOn)’l, m = 60, n = 0. The data points are from the numerical

simulation where the amplitude of the perturbation has been calculated by considering the axial
perturbation through a meridional plane (circular data points) and the azimuthal perturbation
through a horizontal plane (square data points). (@) The low viscosity regime: the dashed line
is the predicted amplitude from the inviscid model wy = 0.01 — 0.67i, the dot-dashed line is
the low Ekman number asymptotic prediction w ~ 0.01 — 0.52i and the solid line is the exact
solution from the full model w = 0.01 — 0.54i. (b) The high viscosity regime: the solid line is
the exact solution calculated from the model w = 9.61 x 10~ — 3.68 x 10~*i, the dashed line
is the amplitude predicted by the high viscosity asymptotics (2.52), weo Ek~! = —3.68 x 1074,
but cannot be distinguished from the exact solution at the scale shown.

the solid line. As is observed, once the instability starts to grow its growth rate during the
linear phase is well-predicted by both the exact solution and the low-viscosity asymptotic
model.

Figure 8(b) compares the predicted and observed amplitudes of the interfacial
perturbation in a high viscosity regime. The circular and square data points indicate the
amplitude of the axial and azimuthal perturbations, respectively, as in figure 8(a). The
solid line follows the exact numerical growth rate —Im(w) = 3.68 x 10*. Also plotted is
a dashed line following the high viscosity asymptotic prediction —Im(w.Ek~'), but at
the scale shown this lies on top of the exact numerical solution. A good agreement is
observed between the predicted growth rate and the observed amplitude of the simulated
perturbation.

4. Rotating viscous column

A special case of the configuration of fluids that has been considered so far is that
of the rotating viscous liquid column. This situation occurs in the absence of an outer
fluid layer, in the limit p, — 0, w, — 0. We refer to this limit as the ‘viscous column’
limit which may be equivalently taken as &/ — —1, n — —1. The behaviour of liquid
columns has received considerable attention in the past, building from the initial work of
Rayleigh (1879, 1892) to the inclusion of rotation (Hocking & Michael 1959) and viscosity
(Hocking 1960). More recently a linear stability analysis of a uniformly rotating viscous
liquid column in the absence of gravity was considered by Kubitschek & Weidman (2007a)
together with a companion experimental study (Kubitschek & Weidman (2007b), where
gravity was present) following on from the inviscid studies of Weidman et al. (1997) and
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Weidman (1994). In Kubitschek & Weidman (2007a) the authors investigated an analytical
description of the linear stability of a uniformly rotating viscous column numerically,
including showing how their results tend to the established inviscid results in the limit
Ek — 0. The authors investigated the preferred mode of instability of a uniformly rotating
viscous column as a function of the Ekman number, Ek, and the Weber number, We
(Reynolds number, Re, and Hocking parameter, L, in their notation). Through an extensive,
careful numerical investigation they were able to establish which mode of instability had
the greatest growth rate for a given value of Ek and We and conjectured an asymptotic form
of the boundary between the two most unstable modes (an axisymmetric mode and a spiral
mode) in the limit of high viscosity and high surface tension (see figure 13 Kubitschek
& Weidman (2007a), figure 1 Kubitschek & Weidman (2007b): the boundary is
denoted Ty).

Here we are able to compare our general asymptotic approximations derived in §2
with the special case of a single uniformly rotating viscous column layer. By modifying
the dependence of the axial wavenumber and Weber number, such that they depend on
the Ekman number, we are able to confirm the conjectured asymptotic form of the T,
boundary identified by Kubitschek & Weidman (2007a) and find an expression for the
boundary that is in good agreement with their numerical estimate.

The boundary between the preferred modes of instability depends upon the growth rate
of the most unstable mode in each regime only. The wavelengths of the associated most
unstable modes either side of the boundary may be quite different, as may the precession
associated with the mode.

In the case of a single fluid layer, the governing system of equations described in § 2
is reduced. The six coefficients, b,; and c¢,;, describing the behaviour of the outer layer
may all be considered identically zero as the outer layer is not present. The three boundary
conditions on » = 1 for the outer layer, (2.11a) and (2.21), the outer layer’s kinematic
condition, (2.12) (when i = 2), and the two conditions of tangential velocity continuity
(2.20) (six equations in total) are removed from the system accordingly. This leaves the
kinematic condition for the inner (only) layer, and the three free-stress conditions (subject
to surface tension) to determine the three remaining coefficients, by;, and the eigenvalue w.
Hence the system is reduced from ten equations in ten unknowns to four equations in four
unknowns.

Kubitschek & Weidman (2007a) considered an infinitely long column of radius a
subject to axial, azimuthal and temporal perturbations of the form exp{st + 1(n6 + kz)},
in their notation, subject to rotation, viscosity and surface tension described in terms of a
non-dimensional Reynolds number, Re, and non-dimensional Hocking parameter, L. As a
result of the choice of domain there is not a unique mapping between their variables and
those used in the present study, but a natural choice is to take

o/ = —1, n = —1 (the viscous column limit) and R =1. (4.1a—c)

Then, writing terms in the present notation on the left and terms in the notation of
Kubitschek & Weidman (2007a) on the right, we have the equivalence

Ek < i, We < i m<>n, 6,< —, < —is. (4.2a—e)

Re 2L k
Kubitschek & Weidman (2007a) consider the growth rates for axisymmetric (m = 0)
disturbances of wavelength §, = 1 and show that in the limit Ek — 0O the growth rates
approach the inviscid growth rate, as may be anticipated (see Kubitschek & Weidman
2007a, figure 3). The numerical calculation is repeated here, by way of verification of
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FIGURE 9. (a) The numerical solution for the imaginary part of w in the rotating viscous
column reduced system with & = —1,n = —1,R=1,m = 0, §, = 1. In this limit the solution
is independent of the Weber number, We. The solution of Kubitschek & Weidman (2007a)
figure 3 is shown solid and the present solution is shown dashed, overlaid and the two curves
coincide. The inviscid solution due to (2.31) is the horizontal dashed line wg ~ —0.433i. The
high viscosity asymptotic approximation is the dashed curve on the left, given by (4.3). The low
viscosity asymptotic approximation is the dashed curve on the right, given by w ~ wg + wyEk,
where wj is given by (4.4). (b) A comparison of the imaginary part of w — wq (solid) and
the imaginary part of woFk (dashed). As the Ekman number increases it can be seen that
the imaginary part of w — wq tends toward the imaginary part of woEk in agreement with the
asymptotic expansion. (Quantities in square brackets use the notation of Kubitschek & Weidman
(2007a).)

our results, and the imaginary part is shown (dashed) overlaying their solution (solid) in
figure 9(a). The solutions are seen to coincide. The inviscid solution —Im(w) = 0.433 is
shown as the horizontal dot-dashed line and is given by solution of (2.31) in the viscous
column limit with R =1, m =0 and 3, = 1. In this special case, the eigenvalue w is
independent of the Weber number, We. The asymptotic approximation in the high viscosity
limit may be determined from the viscous column approximation to (B 1), (B 3), (B 7) and
(B8)andforR=1,m = 0and §, = 1 is given by

L(1)%

~— Ek™' + O(Ek™?) ~ —0.166i Ek~', 4.3
O Ty —anapr OB ‘ )

shown as the dashed curved line on the left-hand side of figure 9(a) that tends toward the
numerical solutions as Ek — 00, Re — 0. For general m and §, the approximation in the
limit Ek — oo is given in appendix C (C 1).

The correction to the inviscid growth rate in the low viscosity limit as calculated from
§2.3 is of the form @ ~ wy + w,Ek'/? + O(Ek). However, in the special viscous column
limit the coefficient w, is identically zero, and so if a higher-order approximation than the
leading-order inviscid approximation is sought, a further term in the expansion is required.
Following the same method as in § 2.3 taking the viscous column limit with R = 1, the
eigenvalue w ~ wy + w,Ek + O(Ek*/?) where wy is the inviscid eigenvalue given by (2.31)
and the correction term is given in appendix C (C2). In the special case considered in
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FIGURE 10. (a) A numerical solution of the reduced system for Ek = 10%, We = (1078/3) /2,
m = 1. The high viscosity asymptotics of § 2.4, where We and §,, are fixed, is shown dot-dashed.
Scaling the Weber number as Ek~%/3 and 8, as 8, ~ Ek'/3 leads to the approximation (4.5)
which is shown dashed. The estimated most unstable mode is shown as the white data point.
An enlargement of the approximation (dashed) in the neighbourhood of this turning point is
compared with the numerics (solid) in the inset. The estimated most unstable mode is in good
agreement with the full numerical solution. (b) The preferred mode diagram of Kubitschek
& Weidman (2007a, figure 13) is reproduced with the asymptotic approximation to the 7Ty
boundary, Re ~ 9+/3/32 L~3/2, indicated by the arrow. (Quantities in square brackets use the
notation of Kubitschek & Weidman (2007a).)

figure 9(a) for axisymmetric instability, m = 0, and §, = 1 there is simplification and

wy = a)z;{ {[wg — 8kg — 16] 11 (ko)* — 2ko [wy — 3w + 4] Io(ko) 1, (ko) + 8kglo(ko)* }
00
x {ko (4 + [wokol®) To(ko)* — [(4 + ep) fo(ko) + 4koly (ko) | I (kO)}il ’ @4)

where ko is given by (2.23) and approximately w ~ —0.433i+ 6.631Ek. This
approximation is shown as the curved dashed line on the right-hand side of figure 9(a)
that coincides with the numerical solutions as Ek — 0, Re — oo. The difference between
the imaginary part of the full viscous eigenvalue, w, and the inviscid eigenvalue, wy, is
shown (solid line) in figure 9(b). The first term of the asymptotic approximation to this
difference, w, Ek, is shown dot-dashed and is in good agreement as Ek — O.

Kubitschek & Weidman (2007a) focused interest upon which of all the modes of
instability has the highest growth rate for a given Ekman number and Weber number, as it
might be anticipated that this dominant mode may be the observed mode of instability in a
given realisation of the flow. The question of which mode is preferred, and the boundaries
between these modes, were presented in their figure 13 (reproduced here in figure 100).
They note that in the high viscosity, high surface tension limit the two most unstable modes
are the m = 1 ‘spiral’ mode instability and the m = 0 axisymmetric mode instability.
They further conjecture that the boundary between these two modes appears to follow
asymptotic behaviour of the approximate form Re ~ 0.5L~*/2, in their notation.

A solution of the reduced system in this approximate region of parameter space is shown
in figure 10(a) (solid line) for Ek = 10*, L = 10%° (= Ek*/*), « = 1, m = 1. The high
viscosity asymptotics of § 2.4 for large Ekman number and fixed Weber number and §,
is shown dot-dashed. The approximation is in good agreement in the region §;' 2> 0.3,
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but does not capture the behaviour of the full numerical solution for §;' < 0.2. As Ek is
increased the turning point of the solution at §, '~ 0.181, Im(w) ~ 1.89 (indicated by the
black circle) moves to the left, and the region in which the asymptotic approximation does
not agree with the full numerical solution decreases. Indeed, as Ek increases for any fixed
38, and We the asymptotic approximation improves, as it must. However, the approximation
does not capture the behaviour of the most unstable part of the solution if we treat the
Weber number and §, as fixed parameters rather than coupling the Weber number and
8, to the Ekman number. In order to capture the behaviour in the region §;' < 0.2 we
require a different asymptotic approximation to w, where We and §, are not fixed, but are
proportional to powers of Ek.

In the region of (Re, L) space where Re ~ L™/* we pose that the most unstable mode
solutions to the reduced system in the m = 1 spiral mode case behave as 8, ~ Ek'/3, We ~
Ek™*?, and 0 ~ o} + ofEk™"? + O(Ek™7), where o}, is real and leads to precession of
the mode only, rather than growth. (Equivalently in the notation of Kubitschek & Weidman
(2007a), k ~ Ek~'3, L ~ Ek*3, which implies k ~ Re'/?, L ~ Re™*?3.) Here w;} is distinct
from the inviscid solution, w,, given by (2.31). We seek solutions of the reduced system
where We = o’Ek=/*/2, 8, = K~'Ek'/® where a and K are positive real constants of
proportionality. We find in the m = 1 spiral mode case that

32

K 3i
0~ 1=+ 2 (K—a) KB +0/(E). @.5)
o

The growth rate of this spiral mode is O(Ek~'/?) and the most unstable mode is given
by the stationary point at K = 3a/4 where w ~ 1/4 — 3a)*i27""Ek~'/3. The imaginary
part of the approximation (4.5) is shown in figure 10(a) (dashed) and compares well with
the full numerical solution (solid) in the region §;' < 0.2. The estimate of the location
and magnitude of the maximum growth rate given by min{Im(w)} is shown as the white
circular data point. The neighbourhood of this turning point is shown enlarged in the inset
where again the full numerical solution is shown as the solid line and the asymptotic
approximation is shown dashed. The approximation is in excellent agreement with the
numerical solution.
The equivalent result for the m = 0 axisymmetric mode is

i
~——Ek '3+ 0 (EK?? , 4.6
w e +0( ) (4.6)

independent of K. There is no precession of the axisymmetric mode, but the growth rate is
O(Ek='/3), the same order of magnitude as the m = 1 spiral mode. This therefore confirms
the conjectured form of the 7, boundary by Kubitschek & Weidman (2007a) and we are
thus able to determine the value of « at which the preferred mode transitions from m = 0
axisymmetric instability to m = 1 spiral instability. The two growth rates are equal when

Ga)* 1
20 T 6a?’

4.7)

balancing powers of Ek~!/3. The only positive real solution to (4.7) is @ = (4/3)%°, which
gives the Ty, boundary as Re ~ 94/3/32 L2 ~ 0.487L 3% in the notation of Kubitschek
& Weidman (2007a), in good agreement with their numerical estimate.

The straightforward forms of (4.5) and (4.6) do not reflect the manipulations required to
determine them. Asymptotic approximations to the coefficients b;; are required, and these
series begin at O(Ek'/?) and descend in powers of Ek'/. Sufficient terms to determine
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by; at O(Ek™>"°) are required for the solution to be determined. Similarly the required
solution to (2.9) is a series that begins at O(Ek~'/?) and also descends in powers of Ek'/°
and must be expanded to O(Ek~''/°) in order to determine wg and w7,

5. Discussion and conclusions

We have investigated the three-dimensional centrifugally driven Rayleigh—Taylor
instability, in particular the very high rotational limit of the rotating Rayleigh—Taylor
instability in which the effects of gravity may be neglected. A cylindrical domain and
initially cylindrical interface between the two fluid layers have been modelled. We
have considered the inviscid case, the low viscosity case and the high viscosity case.
In all three cases the system is subject to linear instability when the inner layer is
denser than the outer layer or, equivalently, the Atwood number, as we have defined it,
is negative.

We defined a non-dimensional Ekman number in terms of the mean viscosity, mean
density, rotation rate and domain radius such that the low viscosity regime is characterised
by a small Ekman number and the high viscosity regime is characterised by a typically
large Ekman number. The growth and precession rates in the low viscosity regime are an
O(Ek'/?) correction to the inviscid growth and precession rate. The growth rate in the high
viscosity regime is O(Ek~') while the precession rate is O(Ek~?).

In the stable configuration (27 > 0) a similar asymptotic dependence on the Ekman
number is observed. In the low viscosity limit the oscillation rate and precession rate
behave as an O(Ek'/?) correction to the inviscid oscillation and precession rate. In the
high viscosity limit the oscillation and precession rate behave as O(Ek™).

In the unstable high viscosity limit the growth rate behaves as O(Ek~') and in the
special case that surface tension may be neglected has a linear dependence on the Atwood
number. This means that the preferred mode of instability in this limit is independent
of the absolute values of the viscosity and independent of the density in each layer;
the preferred mode in this limit is determined only by the aspect ratio of the domain,
38, the non-dimensional viscosity contrast, 7 and the initial location of the unperturbed
interface, R.

Finally, we showed how our results apply to the special limiting case of a rotating
viscous column of fluid in the absence of gravity. For fixed wavenumber and Weber
number our asymptotics describe the growth rate of perturbations to the rotating viscous
column when the density and viscosity of the outer fluid layer a taken to be zero. In contrast
to the general two-layer arrangement, in this special single fluid layer case, in the low
viscosity limit, there is an O(Ek) correction to the inviscid growth rate. The boundary over
which the preferred mode of growth changes from varicose to spiral in a high viscosity,
high surface tension regime is shown to behave as Ek ~ 27/237/2We™/? ~ 0.726We /2.

Our results follow from a linear stability analysis and so are subject to the usual caveats.
We cannot draw conclusions relating to any subcritical instability or nonlinear interactions
between the various possible modes of instability.
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Appendix A. Low viscosity asymptotic system

The coefficients l;ii’ ¢y fori=1,2,j=2,3 are shown here for completeness, but their
values do not need to be explicitly determined if only the growth rate correction, wy, is
required;

-1
. iR/ (@0b,) V1= R 1—a\'"? (1=n\""
by = _e exp —el I 01)12 R|1+ ( ) ( 77)
8 J1—1 20 / 14+ o/ 1417
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Appendix B. High viscosity asymptotic system

The universal boundary and matching conditions are given by: the kinematic condition
for the inner layer,

. 2N g\ R
|:(m233 + Rz) oy — ims? (a) (1 — d) B | 1Ly <E)
2\ 1=n\" R R 2iR52
+ A 5 - mé,1, 5 + Rl 5 )| = s B1

the kinematic condition for the outer layer,

— imA,82

() () @) (]
(3 ()" o (2) e ()
o (2) o ()]

o (2 o (2) . ()

L (B2)

the normal (radial) stress continuity condition,

= [((m — D)mé; + R) m8,1,, (55) + (M8} + R*) Ry <§)}
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(the final term in the right-hand side of (B 3) is the only surface tension term in the
whole system (B 1)—(B 10)); the final universal condition is the no-penetration condition
onr=1,

, 2\ 140\ 1 1
S (5) (15) [ ()5 e]
1 1 2\ 140\
A (14 ms2) [zm (5) w1 + Ky (8_) m} + (5_) (1 - ;)
Snl ! +1 ! + | ms, K, ! K ! =0
X moy 1y, 5,1 m+1 8n Y21 mo, 18y, 8,1 m+1 Sn Y22 = V.

The viscous boundary and matching conditions are given by: the azimuthal velocity
continuity condition,

8,1, R + RI R
Moy, 8,1 m+1 8,1
‘ 2\ 23 1 — 1/3 1+ 1/3
X {lm (o — o) + 4 (g) |:(1 — ;) B — (] +;) Bai
R R 2\ 1+9\"?
- SnKm o _RKm o i /l o
e (5.) = s ()] st () (755)
2\ /3 -y 2/3 R
imd, | — I, —
I 2(8) (1 —d) (6n>y“
14+19\" R R
— I, | — K,|— =0; B5
(1 +d> 5 Va1 + 5, V22 (B5)
the axial velocity continuity condition,

R R
[(m +2)8,1, (6_) + Rl (5—)] (ay — ay)
R R 2\ 1=n\" (R
- |:(m + 2)5nl(m (8_n> - RKerl (8_n>i| (65%) + AZ (g) <1 — M) Im <g) Yu

1 23 R R
- (1 j_;) [Im (3—> va + K <8_> )’22” =0; (B6)
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the azimuthal stress continuity condition,

. 2 2 R R
ima, { ((m —1)yms; + R*) I, (8—) — RS,y <8—> [(1T+noa — (1 = nay]

n n

) ) R R
+ [((m — Dmd,; + R )Km <8_> + R, K1 (8_>i| (I+ 77)0522}

n n

(3 [l £

R (11— (1+m*?
—Rb, 1,11 (8—”):| [—(1 — JZ{)]/31311 - —(1 n ;2?)1/3'821]

R? R R 1+ 3
— [((m — Hmés? + 7) K (g) + R3, Ky t1 (g)] ﬁﬁzz}

2\ R R
“i(5) i van () +men (5]

(1= (14
(1—427)2/3)/“ - (1_’_%)2/3)/21

R R 1 5/3
— [(m —1)8,K,, (5_) — RK,,,, (5_)] %m} =0; (B7)

the axial stress continuity condition,

2 . . (R R
5 ((m+ 1yms; + R*) I, (8_> + Rt (8_> (T —man — (1 + na]

n

2\ R\[ (1 —m* (1 +m*
— i, (5) mé, {Im (g) [(1 )i B — (0 + )73 ,321:|
R\ (14+n)*?
-+ (5) i o]
2 4/3 R R (1 _ n)5/3 (1 + 77)5/3
+ A, (g) {[mSnIm (g) + Rl (g)} [(1 EPVASTE Y — (1 + )23 V21i|
R R\ (14 n)”3
[k (5) = (5 | e} o "y

the azimuthal no-slip condition,

1 1 2\ 1+9\"
|:m6n1m (E)‘i‘lmﬂ (5):| mﬂlazl—i(g) (l—l—%) B

2 2 p2 R R
-5 ((m+ Dmé; + R*) K,y (8_> — R6, K11 (6_> (I +maxn
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| | 2\ 2/3 149 1/3
[ (5) -0 ()] [”“ () (59) ’322}
%) 1/3 1+7) 2/3 1 1
+m (8_) (1 n 42%) [lm (8_) Yo + K (5—) J/zz] =0; (B9)

and finally the axial no-slip condition,

1 1 ! 1
[(m + 28,1, (6_> e (5‘)} “at [(m 0k (8_> o (S_H "
2\ /14 2/31 o (2 (2 —0 B 10
(@) () e @ @)

Appendix C. Rotating viscous column system

In (4.3) the high viscosity approximation for the rotating viscous column in the
axisymmetric case m = 0, with §, = 1 was given. It is a special case of the general
approximation,

Bk
4We
+2 [(m+2)m8; — 1] m8, L, (8, Vi1 (8, ") — 2m*871 (8, }
x [(m* —2We — 1)8; + 1] {[1 + m(m’ + 6m* — m — 6)5,
+@m* — 6m + )3, 1,8, DI, (8, + 28, [(m® + 2m* — m — 2)m’S;
+@m* = 3m+ Dms, +m+ 1] L, (8, Vi1 (5,
+28, [m? = )82 —1]12,,(8, )
—[1+ n* +2m = 3)m’8; + 2(m — Ymé; | 131(3;1)}’1 ) (C1)

28,1, (8, ") + [(m 4+ ©)mS; — 1] 1,,(8, Vi1 (8, 1)

w

This expression is determined by taking the viscous column approximation, &/ = —1,
n=-—1,to(B1),(B3),(B7)and (B8), and setting R = 1.

In (4.4) the low viscosity approximation for the rotating viscous column in the
axisymmetric case m = 0, with §,, = 1 was given. The general approximation for arbitrary
m and §, is given by

_2i
Rz
+ 2 [mog(wo + 2)*(m — 13, + wy — 35 + 42m + 1) koS gL (ko) s (ko)
+ 2(wp + 2) [m*wy(wy + 2)(m — 1)6,
+ mwg(wy + 2)(wo — 1)°8; — 4(wy — 2)] Lu(ko)*}
x {[(m* — 2We — 1)8; + 1] [4kolus1 (ko) + (w0 + 8m + 4)1,,(ko) | koS L1 (ko)
+ (w0 + 2) [(wo +2) (2[(wo — 2)* — m] We + m (m* — 1)) 8105
+ [ma (o +2) — 40m* — 2We — 1)(@o — 2)] 82 — 4(wo — 2)] L (ko)?} . (C2)

wy [(m* —2We — )5, + 1] {(wj — 4) [8 + wj(4mwy — wy — )87 ] Ls1 (ko)
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