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ABSTRACT

We establish several surprising rigidity results for étale groupoids associated with
algebraic actions. Our initial motivation comes from algebraic number theory, where
our results are witnessed in a particularly striking fashion. We prove that the groupoids
associated with the action of the multiplicative monoid in a ring of algebraic integers
on the additive group of the ring remember the ring up to isomorphism. Already, this
special case resolves an open problem about isomorphisms of Cartan pairs and leads to
a dynamical analogue of the Neukirch—Uchida theorem using topological full groups.

1. Introduction

The goal of this article is to establish rigidity results for groupoids arising from algebraic actions
(see [BL24]). In the special situation of actions coming from algebraic number theory, which was
our original motivation, our main result takes the following form. Let K; and K5 be algebraic
number fields with rings of algebraic integers R; and Rs, respectively. The ax 4 b-group K; x K
acts on the compact ring R; of integral adeles over K;, so we may form the partial transformation
groupoid (K; x K) x R;.

THEOREM (Corollary E). The fields K1 and K are isomorphic if and only if (K1 x K{*) x Ry and
(K2 x K) X Ry are isomorphic as topological groupoids.

Let us explain two applications of this theorem. The first is to Cartan pairs in semigroup
C*-algebras. The C*-algebra of (K; x K;°) X R; is canonically isomorphic to the boundary
quotient of the C*-algebra C*(R; x R) of the ax + b-semigroup R; X R as considered in
[CDL13, CEL15, Lil4, Lil6], where the multiplicative monoid R := R;\ {0} acts on (the addi-
tive group of) R; by multiplication. Using this, we obtain the following result, which resolves
a natural problem left open in [Lil6] (we even resolve the more general problem left open in
[BL23], see Remark 5.10).

COROLLARY (Corollary F). The fields K; and Ky are isomorphic if and only if there is a Cartan-
preserving *-isomorphism between C*(Ry x Ry*) and C*(Ry x RJ).

The second application we wish to mention here is a dynamical analogue of the Neukirch-
Uchida theorem using topological full groups. Each groupoid (K; x K*) x R; gives rise to a
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topological full group F((K; x K) x R;) as defined in [Mat12, Nek19], which is a countable
discrete group of homeomorphisms of the Cantor space R;.

COROLLARY (Corollary E).lhe fields Ky and K are isomorphic if and only if the topological
full groups F((K; x K{) x Ry) and F((K2 x KJ') x Rg) are isomorphic as abstract groups.

The present article contains various generalizations and versions of the above rigidity results
for partial transformation groupoids associated with general algebraic actions of semigroups
in [BL24]. If two such groupoids (satisfying appropriate conditions) are isomorphic, then the
globalizations of the initial algebraic actions rationally embed in each other. For specific example
classes arising, for instance, from toral endomorphisms, actions from rings, or actions from
commutative algebra, this mutual embeddability can be improved in various ways to obtain
surprisingly strong rigidity phenomena, as illustrated above in the number-theoretic setting.

1.1 Context

Over the last few decades, there have been significant advances in interactions between groups,
C*-algebras, and topological dynamics. C*-algebras of dynamical origin, such as crossed prod-
uct and groupoid C*-algebras, play a central role in operator algebras, and there are many
deep connections between operator algebras and topological dynamics. For instance, the
study of K-theoretic invariants of C*-algebras associated with Cantor minimal systems led
to striking classification results for orbit equivalence by Giordano, Matui, Putnam, and Skau
[GPS95, GMP 108, GMPT10]. At the heart of the interplay between topological dynamics and
C*-algebras are the notions of étale groupoids (cf. [Ren80] and [SSW20, §1I]) and Cartan sub-
algebras (see [Kum86, Ren08]). The bridge to group theory is built by topological full groups
attached to étale groupoids, which were considered by Giordano, Putnam, and Skau in the set-
ting of Cantor minimal systems [GPS99] and in general by Matui [Mat15]. They are defined
as groups of homeomorphisms of the Cantor set whose ‘graph’ is contained in the groupoid
as a compact open subset. These groups are very interesting in their own right, and they
have given rise to several celebrated example classes, resolving open problems in group theory
[JM13, JNdIS16, Nek18, SWZ19].

In many cases, the groupoid, the topological full group, and the Cartan pair encode exactly
the same information, and there is a precise dictionary to translate between these (a priori
very different) languages. This allows us to bring tools from one area to bear on problems in
another, e.g. groupoid techniques are a key tool in understanding topological full groups, and
the language of Cartan pairs was crucial for the result in [Li20] that all classifiable C*-algebras
have groupoid models.

1.2 Algebraic actions

A particularly interesting arena where the aforementioned interactions play out is in the context
of C*-algebras and groupoids associated with algebraic actions of semigroups. Such actions are
the irreversible counterparts of algebraic actions of groups (cf. [KL16, Chapters 13 and 14] and
[Sch95]), which have been studied intensely since the late 1980s. In contrast to the reversible
case, the theory of algebraic actions of semigroups is much less developed.

In [BL24], we initiated the study of algebraic actions of semigroups from the point of view
of étale groupoids. On the one hand, the example class of algebraic actions is interesting and
exhibits new phenomena, and on the other hand, due to the particular structure of algebraic
actions, a variety of tools is available, allowing for a systematic and detailed study. An interesting
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new phenomenon that arises in this new setting is that actions by non-invertible endomorphisms
of a given group automatically produce a particular completion of the group, and the original
action induces a system of partial homeomorphisms on this completion. Using this, we associated
an étale groupoid to each algebraic action of a semigroup [BL24]. These groupoids are interesting
in their own right but also give access to analyzing properties of C'*-algebras generated by natural
representations of the initial algebraic action, which was our goal in [BL24]. Our goal here (with
applications to topological full groups in mind) is to study the natural question of how much
information the groupoids constructed in [BL24] remember about the original algebraic actions.
Surprisingly, we discover the phenomenon of groupoid rigidity for a variety of example classes, i.e.
our groupoids remember more information than expected (in special cases, they even remember
everything). In the number-theoretic setting as mentioned above, our rigidity results resolve an
open problem about Cartan subalgebras for the C*-algebras of ax + b-semigroups introduced
by Cuntz, Deninger, and Laca in [CDL13| and lead to a dynamical analogue of the celebrated
Neukirch—Uchida theorem. However, we wish to stress that these are very special cases of our
general theorems, and only serve to demonstrate the surprising groupoid rigidity phenomenon
arising in the setting of general algebraic actions.

In our setting, the groupoids are completely characterized by their topological full groups,
so it becomes particularly interesting to study properties of these groups, and advances in this
setting have the potential for high impact in both topological dynamics and group theory. This
is, for example, the subject of a paper by the first-named author with Y. Kubota and T. Takeishi
[BKT26].

1.3 Results

Let us now formulate our rigidity results. An algebraic action o: S ~ A consists of a monoid
S, an Abelian group A, and a semigroup homomorphism from S to injective endomorphisms
of A, denoted by S — End (A), s+ 0,. We always assume our algebraic actions to be non-
automorphic (i.e. not all o4 are automorphisms) and faithful (i.e. the map s~ oy is injective).
Let C be the collection of subgroups of A which are of the form o, Lo, - oy nlasmA, where
0, X :={a€ A:0(a) € X} for asubset X C A. In this article, we always assume that o has the
finite-index property (FI), i.e. #(A/C) < oo for all C € C, or equivalently, #(A/os;A) < oo for all
s € S. In this case, the completion of A mentioned above is given by A := gn cec A/C, where C
is partially ordered by inclusion. The standing assumptions in this article furthermore include
that o: S~ A admits a globalization (which is always assumed to be minimal in the sense of
Remark 2.4), i.e. an embedding of S into a group . and a group &/ containing A together
with an algebraic action 6: . ~ &7 (necessarily by automorphisms) such that 4|4 = o5 for all
s € S. This allows us to form a partial action of .¥ on A by letting s € .% act via the restriction
ANG;'A—6,ANA of 65 to ANG, LA, Similarly, we also have the partial action of 7 on A
by translation. In [BL24], we identified a condition, called (JF), which ensures that these partial
actions on A extend to a partial action of .27 x . on A by partial homeomorphisms (see §2.1
and [BL24, §3.3] for details). In this article, we always assume that (JF) holds. The associated
partial transformation groupoid G, := (& x .) x A is the groupoid constructed in [BL24, § 3]
arising from our algebraic action ¢. We can now state our main rigidity result.

THEOREM A (See Theorem 3.30). Let 0: S~ A and 7: T ~ B be two algebraic actions of
monoids as above, with globalizations 6: . ~ </, 7: 7 ~ % and groupoids G,, G,. Assume
that S and T are Abelian, that o/ and % are torsion-free and finite rank, and that there exist
s€S and t €T such that idy — os: A— A and idp — 7v: B — B are injective.
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If G, and G, are isomorphic as topological groupoids, then 6: . ~ o/ and 7: . ~ % embed
rationally into each other, i.e. there exist injective homomorphisms t: . — .7, b: Q@ & —
Qe%,s: 7S, anda: Q® B — Q® & such that b((idg ® 75)()) = (idg @ Ty(s)) (b(7)) and
a((idg ® 7¢)(y)) = (ido ® G4y ) (a(y)) foralls€ &, x€Q® , t€ T, and y€ Q® &.

We refer the reader to § 3, in particular § 3.5, for more general results and further explanations.
Let us now present a first class of algebraic actions where our general rigidity result applies.

COROLLARY B (see Corollary 4.2). Assume that S and T are Abelian, torsion-free monoids,
that A and B are torsion-free Abelian groups of finite rank, and that 0: S~ A and 7: T ~ B
are non-automorphic faithful a]gebraw actions. Further, suppose that there eX1st seSandteT
such that the dual actions 6|y : s ~ A and 7| : tN ~ B are mixing, where sV := {s" : n € N} and
tN:={t":neN}. Let5: SIS~ S 1A and 7: T7'T ~ T~ !B be the canomcal g]obalizatjons as
in [BL24, Example 2.4], and denote the groupoids attached to o and T by G, and G, respectively.

If G, and G, are isomorphic as topological groupoids, then there exist injective homomor-
phisms t: S71S < T7!'T and b: S™*A— T~ B such that b(64(x)) = Tys) (b(x)) for all s€ S715
and x € ST'A, injective homomorphisms s: T~'T < S~'S and a: T~'B < S~'A such that
a(7(y)) = dsr)(a(y)) for all t e T~'T and y € T~'B, and the images of b and a are finite-index
subgroups of T~'B and S~'A, respectively.

The reader may consult §4.1 for more explanations and details. The concrete case of toral
endomorphisms is treated in Example 4.3.

Another motivating example class is given by the action of the monoid of non-zerodivisors of a
ring on the additive group of the ring by multiplication. For instance, torsion-free commutative
rings which are finitely generated as additive groups have received a great deal of attention
because of Bhargava’s work [BhaO4a, Bha04b, BhaO4c, Bha05, Bha08, Bhal0]. In this setting,
our rigidity result implies the following.

THEOREM C (see Theorem 5.5). Let R;, i =1, 2, be finitely generated torsion-free commutative
rings. For i =1, 2, let R be the monoid of non-zerodivisors in R; and o;: R ~ R; the algebraic
action given by multiplication. If the corresponding groupoids G,, and G,, are isomorphic, then
Q® Ry and Q ® Ry are isomorphic as Q-algebras.

Somewhat surprisingly, using very different methods, we obtain a similar rigidity result for
special classes of non-commutative rings.

THEOREM D (see Corollary 5.20). For i=1,2, let R; be a ring whose additive group is
finitely generated and torsion-free. Let R be the monoid of left regular elements (i.e. non-left-
zerodivisors) in R; and o;: R ~ R; the algebraic action given by left multiplication. Suppose
that Q ® Ry and Q ® Ry are semisimple Q-algebras. If the corresponding groupoids G5, and G,
are isomorphic, then Q ® Ry and Q ® Ry are isomorphic as (Q-algebras.

Examples of rings that are covered by Theorem D include integral group rings of finite groups
and rings of matrices over orders in algebraic number fields.

Let us now apply Theorem C to rings of algebraic integers in number fields. Let R be such
a ring, with quotient field K. Consider the algebraic action o: R* ~ R by multiplication. The
completion R is given in this case by the (additive group of the) integral adele ring, and the
partial action from above is given by the canonical partial action K x K* ~ R. Moreover,
the groupoid G, in this case is the partial transformation groupoid (K x K*)x R, and its
C*-algebra coincides with the ring C*-algebra A[R], which has been introduced and studied
n [Cun08, CL10, Lil0]. Since (K x K*) x R is effective, 2[R] contains a canonical Cartan
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subalgebra D [R]. Moreover, consider the topological full group F((K x K*) x R) of (K x K*) x
R given by the group of global bisections (see e.g. [Mat12, Nek19]) and its commutator subgroup
D((K x K*) x R).

COROLLARY E (see Corollary 5.9). Let R;, i=1,2, be rings of algebraic integers in number
fields K;. With the notation introduced above, the following are equivalent:

(i) K1 and Ko are isomorphic;
(ii) (K1 x K{) x By and (K2 x K') X Ry are isomorphic as topological groupoids;
(iii) K1 x K;"~ Ry and K2 x K ~ Ry are continuously orbit equivalent in the sense of [Lil8,
Lil7];
(iv) (A[R1],D[R1]) and (A[Rz], D[Rs]) are isomorphic as Cartan pairs;
(v) F((K1x K{) x Ry) and F((K2 x KJ*) X Rg) are isomorphic as abstract groups;
(vi) D((K1 x K{) x Ry) and D((K2 x KJ*) X Rg) are isomorphic as abstract groups.

Remark 1.1. The equivalences of parts (i), (v), and (vi) in Corollary E give dynamical analogues
of the Neukirch—Uchida theorem from non-Abelian geometry which says that the absolute Galois
group of a number field remembers the field up to isomorphism [Neu69, Uch76]. A different
dynamical version of the Neukirch—Uchida theorem is given in [BT24] using completely different
techniques. Moreover, the structure of our groups is much different from the absolute Galois
groups or the topological full groups from [BT24], since e.g. D((K x K*) x R) is simple.

Remark 1.2. The equivalence of parts (i) and (iv) in Corollary E is in stark contrast with [LL12,
Corollary 1.3], which says that the ring C*-algebras A[R;] and A[Rs] are always isomorphic.
One consequence of this is that A[Z] contains a family, parameterized by all number fields, of
isomorphic but non-conjugate Cartan subalgebras.

Semigroup C*-algebras C*(R x R*) of ax + b-semigroups R x R* were studied in [CDL13,
CEL15, Lil4, Lil6] for rings of algebraic integers R in number fields K. C*(R x R*) has a
canonical groupoid model (see [CL10, Lil4]), and hence contains a canonical Cartan subalgebra
D(R x R*). It was shown in [Li16] how to recover the Dedekind zeta function and the ideal class
group of K from the Cartan pair (C*(R x R*), D(R x R*)). However, the natural question of
whether (C*(R x R*), D(R x R*)) completely determines the number field K has been left open
in [Lil6] (see the question at the end of [Lil6, §1]). Since (A[R],D[R]) can be recovered from
(C*(Rx R*),D(Rx R*)), we are now able to answer this question.

COROLLARY F. Let R;,i=1, 2, be rings of algebraic integers in number fields K;. Then K; = K»
if and only if (C*(Ry X R;"), D(Ry x R})) and (C*(R2 X R} ), D(R2 x R5)) are isomorphic as
Cartan pairs.

In fact, we completely resolve the more general problem left open in [BL23, §5.2], see
Remark 5.10.

Theorem D, applied to matrix algebras over rings of algebraic integers, yields the following
analogous result.

COROLLARY G (see Example 5.22). Fori=1,2, let R; be the ring of integers in a number field
K;, and let n; be a positive integer. Consider the algebraic action o;: My, (R;)* ~M,,(R;) by
multiplication. The groupoids G,, and G,, are isomorphic if and only if ny =ny and K; = K.

We also have further equivalent statements analogous to parts (iii)—(vi) in Corollary E, and
the analogue of Corollary F holds as well.
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We would like to point out that we obtain more general results than the ones presented in this
introduction (see §3 for details). Thus, we can additionally treat the following example classes:

(a) semigroups of canonical endomorphisms of finite-rank torsion-free Abelian groups (§4.2);
actions from adding scalars to algebraic actions of subgroups of special linear groups (§4.3)
arithmetical S-integer dynamical systems (§4.4);
actions of congruence monoids on rings of algebraic integers (§5.2.2);

N-actions coming from zero-dimensional ideals in commutative algebra (§5.2.3);
actions from integral group rings of finite groups (Example 5.23);
actions from orders in central simple algebras over number fields (Example 5.24).

The proofs of our rigidity results are inspired by continuous orbit equivalence rigidity for

odometers (see [CM16]). Given an algebraic action o: S~ A satisfying our standing assump-

tions, the restriction of the partial action of & x . ~ A to A yields an odometer action A ~ A.

Our key insight is that a careful analysis allows us to identify situations where rigidity can be

upgraded from these odometer actions to groupoid rigidity in our sense. For Abelian acting

monoids, we take advantage of algebraic identities in semidirect product groups arising from our

algebraic actions. For non-Abelian acting monoids, our rigidity results rely on the structure of
nilpotent elements in certain matrix algebras.

2. Preliminaries

2.1 Standing assumptions
We first explain the standing assumptions on algebraic actions that we assume in this article.
Let S be a non-trivial left cancellative monoid and A an Abelian group, written additively, with
identity element 0. Assume o: S~ A is an algebraic S-action, i.e. 0: S — End z(A), s+ o, is a
monoid homomorphism such that o, is an injective endomorphism A — A for all s € S. Actions of
this form are called algebraic actions (cf. [BL24]). Unless S is a group, we assume that o: S ~ A
is non-automorphic, i.e. there exists s € S such that o34 C A. This, in particular, implies that A
is non-trivial. We also always assume that the action o: S ~ A is faithful, i.e. s — o, is injective.
Let C =Cg 4 be the family of S-constructible subgroups of A, i.e. C is the smallest collection
of subgroups of A such that:

- AeC; and
~ s€ 8 and C €C implies 0,C, 0, 1C €C.

It follows that C is closed under taking finite intersections (see [BL24, Proposition 3.9]. We say
that o: S ~ A satisfies the finite-index property (see [BL24, Definition 7.1]) if

#(AJosA) <oo forall seS. (FT)

If 0: S~ A satisfies (FI), then [BL24, Proposition 7.2] implies that every member of C is a
finite-index subgroup of A. In this case, we get a compact group Z:zl'&n cec A/C, and the

canonical homomorphism A — A has kernel Ncee C- Given C €C, we denote by C the kernel
of the canonical projection A — A/C), i.e. the preimage of C € A/C in A. We have a canonical
homeomorphism C & @DEC, pce C/D.

Remark 2.1. Tt suffices to check (FI) for generators of S. Say S is generated by S. Then we
can proceed inductively on the word length with respect to & of an element in S. Suppose
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#(A/osA) < oo for some s€ 8, i.e. A=R+0,A for some finite set R. Moreover, for t €S,
write A=F + 0;A for some finite set F. Then A=R+o0sA=R+0s(F+0A)=R+0,F +
ostA. Hence, it follows that #(A/o4A) < 0.

In this article, we only consider algebraic actions o: S~ A which satisfy (FI). Let 9E be
the compact space of characters on the semilattice £:={b+C:C €C,b€ A} U {0} (see [BL24,
§3.4]). Each « = (z¢ + C)¢ € A determines an element x, of € by

1 ifazc+C=b+C,

2(b+C):=
Xe(b+C) {o it so+C £b+C.

Since (FI) is satisfied, it is not hard to see that the map A 0E given by x> xg is a
homeomorphism.

In addition, we always assume that o: S ~ A has a globalization 6: ¥ ~ o7, i.e. S embeds
into the group ., A is a subgroup of the group </, and 6: . — Aut(&) is an algebraic action
such that 64/4 =05 for all s€ S. Then &/ x .7 acts on &/ by affine maps: (z,7).x =2+ &,(x).
Reducing to A C o7, we get a partial action (in the sense of [Exe98]) on the group A. Explicitly,
g € o/ x.% acts by the partial bijection

ANg A= (g ANA, z—g.ux.

Note that s € S acts via o5 (where we view both maps as partial bijections on A). Consider the
condition

C Cker(id—dy) = g=1forall CeC, ge(S5), (JF)

where (S) is the subgroup of . generated by S (cf. [BL24, §3.3]). Moreover, our standing
assumptions in this article include that (JF) is satisfied. In this case, the partial action &7 x . ~
A extends uniquely to a partial action & x.¥ ~A. Given g€ &/ x.%, let U,+ C A be the
domain of g, and for & € Uy-1, we let g.x denote the image of & under g with respect to the
action &7 x . ~ A. The associated transformation groupoid

(o xS )x A={(g,x)€(F xS)x A:x €Uy, gz €A}

is canonically isomorphic to the groupoid G, = I, x € from [BL24, § 3] (see [BL24, §3.5]). Since
(FI) is satisfied, (& x.#) x A is minimal by [BL24, Corollary 7.4]. By [BL24, Theorem 4.14],
(o x %) x A is effective if and only if 0: S ~ A is exact in the sense of [BL24, Definition 4.11],

i.e. Neee C=1{0}.

Remark 2.2. If S is left Ore, then we can replace (JF) by the condition that C C ker (o5 — 0y/)
for some C € C implies that s = s’ (see [BL24, Example 3.17(iii)]).

Remark 2.3. If S is left Ore, then there is a canonical partial action of 2 x & on A in general,
without the assumption that (JF) holds. We first construct the enveloping action as in [CL10]:
o extends to an action S of A, also denoted by o. Then, we set S~1A:= @S{Z, o}; this is a
locally compact (non-compact) topological group. Extend o to o: (S) ~ S~1A. This way, we
obtain a global dynamical system S~'A x (S) ~ S~YA. Then, A is a clopen subset of S™1A, so
we obtain the desired partial dynamical system by restricting S™1A x (S) ~ S™1A to A.

However, note that (JF) holds automatically in this setting if A is torsion-free by [BL24,
Proposition 7.5].

Remark 2.4. We can and do always assume that . is generated by S, i.e. . = (S). Moreover, by
[BL24, Proposition 2.7], if S embeds into the group ., then we can always take & = Z.7 ®zs A,
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and the map A —Z.¥ ®zs5 A, a+— 1 ® a will always be injective if ¢ admits a globalization. In
this case, we have &/ = (|J,c.» 5.(1® A)). Hence, for any globalization & : . ~ &/, we may and
do always assume that

7 = (Uyer:(4)). (2.1)

If S is left Ore, then we can always take . = S~1S, and in this case, we can and do always
arrange that & =J,.q 6, ' (A).

2.2 Further properties

Let us now discuss a few properties which are not part of our standing assumptions, but which
we assume for some of our results.
The principal S-constructible subgroups are cofinal in C if

for every C € C, there exists s € S such that 0,A C C. (PC)

Note that (PC) is satisfied if S is left reversible (see [BL24, Proposition 7.12]).
Consider the following condition on the algebraic action . ~ o7:

forall1#se€., 1 —-06s:=id — 6,: &/ — o/ is injective. (F)

Condition (F) is a freeness condition, modulo the fact that in the linear setting 0 will always be
a fixed point.

3. From cocycles to embeddings

Let 0: S~ Aand 7: T ~ B be algebraic actions with globalizations 6: . ~ &/ and 7: J ~ A,
respectively, which satisfy all our standing assumptions from § 2.1 (and we use the same notation
as in §2). We often view S as a submonoid of & x . via § - & x ., s+ (0,s) and A as a
subgroup of & x.¥ via A— & x ., ar (a,1). Moreover, we use multiplicative notation for
g NS

Suppose ¢: ( x.%) x A— P x T is a continuous cocycle (i.e. a groupoid homomorphism)
such that ¢7!(0,1) = A. Note that ¢ satisfies the cocycle identity c(gh,x)=c(g, h.x)c(h, )
whenever these expressions make sense. We denote the map A xS — % x 7, p— c¢(p,0) again
by «.

LEMMA 3.1. For each p € A x S, there is C(p) € C such that ¢(p, —): A— % x 7 is constant on

xz+ C(p) for every x € A.

Proof. Since A is compact and c¢ is continuous, the image of ¢(p, —) must be a finite set, which
we denote by F. For each f€F, let Uy:= c(p, =) HHFD). Then each Uy is compact open,
and we have a partition A=]];.p Uy. Since the collection {x +C': C €C,x € A} forms a base

consisting of compact open sets for the topology of A, we can write U ¢ as a finite disjoint union
Up= ]_[Z x; + C;. If we now set Cy := ﬂz Cj, then since C} is a finite-index subgroup of each Cj,
we can even write Uy as a disjoint union of the form [[; y; +Cy. Now set C(p):=(;cp Cr,

so that A is a finite disjoint union A =[], ) + C(p). For all x € A, there exists k such that

x+ C(p) =z + C(p), and ¢(p, —) is constant on xx + C(p). O

LEMMA 3.2. For every finitely generated subgroup 2 of A, there exists Cy € C such that ¢(x, —)
is constant on a + Cy for all a € A and x € .

Proof. Let a€ A, and let {x;}; be a finite collection of elements in 2 that generate 2 as an
additive monoid. Set Cy :=("); C(z;, 1), where the subgroups C(z;, 1) are provided by Lemma 3.1.

1220

https://doi.org/10.1017/S0010437X26103273 Published online by Cambridge University Press


https://doi.org/10.1017/S0010437X26103273

ALGEBRAIC ACTIONS II. GROUPOID RIGIDITY

We now show that ¢((x, 1), —) is constant on a + Cy by induction on the word length ¢(z) of x
with respect to {z;};. The induction base case ¢(x)=1 follows from Lemma 3.1. Now suppose
the claim is true for all z € A with ¢(x) =1. Given x € 2 with £(z) =1+ 1, we can write x = x;z’

for some index i and 2’ € A with £(2') = 1. Now we have, for all a +x,a +y € a+ Cy,
¢((z,1),a+z) = ¢((z;,1) (2", 1),a + @)
= o((z:,1), (2", 1).(a +2)) (2", 1), a + @)
= ¢((25, 1), (¢, 1).(a + @) ¢((2', 1), a +y)
=c((z, 1), 2" (a+z)) c((2',1),a+y)
= ¢((z5, 1), 2" (a+y)) (2", 1), a+y) =c((z,1),a + y).

Here, we used the induction hypothesis for the third equality and Lemma 3.1 for the fifth equality
('.(a+x) and 2’.(a + y) both lie in 2’ 4+ a + Cy). O

Remark 3.3. Lemma 3.2 can also be derived from the general results in [CM16], but we chose
to give a direct proof in our special setting.

LEMMA 3.4. For every finitely generated subgroup 2 of A, the map AN Cy — B x 7 given by
x> ¢(x,0) is an injective group homomorphism.

Proof. Additivity is easy to see. Now suppose we have x,y € AN Cy with ¢(z,0)=c(y,0).
Consider the element (x,0)(y, 0)~! of the groupoid (& x.#) x A. Since ¢ is a groupoid homo-
morphism, ¢((z, 0)(y, 0)~!) = (0, 1). Hence, using the assumption ¢~1(0, 1) = A, we conclude that
(xy~1,0) = (x,0)(y,0)"! € A, which implies = =y. O

Note that 2N Cy is a finite-index subgroup of 2. In particular, if A is finitely generated,
then we get an injective group homomorphism from a finite-index subgroup of A into % x 7.

3.1 The additive homomorphism
Given a finitely generated subgroup 2 of A, we now want to find [ € Z~y and C €C together
with a homomorphism b: €:=[(2NC) — Z such that ¢(z) = (b(x), 1) for all x € €.

ProrosiTION 3.5. Suppose that AC A is a finite-rank subgroup and that s €S satisfies
os(A) C A. Let d be the degree of the polynomial det(z — &), where 65 :=idg ® (05|4): Q® A —

Q® A, and let kg € Z~o be the smallest positive integer such that p(z):= kqdet(z — &5) has

integer coefficients, and write p(z) = kgz? — kq_1297F — - — K12 — kg (for some ke € 7).

Then, for every finitely generated subgroup 2 of A, there exists C € C depending on s such
that the following hold.

(i) The restriction of ¢ to ¢:=2ANC is an injective group homomorphism € — B x 7.

(ii) We have ¢(s)%c(x)"e = c(x)"0c(s) - - - ¢(x)"a-1¢(s) for all x € €.
(iii) For all z € €, if ¢(z) = (3, @) and ¢(s) = (8,7), then

wda”d =ayafty -ty (3.1)

in 7.
Proof. Let us denote the restriction of og to A again by o,. For all x € A, the following holds in
Ax S as kgod(z) = kg 1097 (z) + - - -+ Kow in A:
5 (kqr) = kgod(2)s? = (koz)s(k12)s - - - (Kg_1)s.
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Given a finitely generated subgroup 2 of A, choose Cy as in Lemma 3.4. Set
C:=C(s)No'C(s)N---No7@ V()N CoynoT Cyn---Noy D0y,

Then part (i) is satisfied because of Lemma 3.4.
We have, for all z € C:

(s (q)) = (s (q), 0) = (5", az)c(rgz, 0)
¢(sT Y, o5 (kaw))e(s, kax)e(kqz, O)
82 (kgw)) - - (s, Kgr)e(Kq, 0)
= ¢(s,0)c(s,0) - - - ¢(s, 0)e(kgx, 0) = c(s) e(kg).
Here, we are allowed to replace o’(kqx) by 0 for £=0,1,...,d—1 because x lies in C(s)N

o'C(s)n--noTVCs).
We also have, for all x e ANC:

= =c(s,00  (kqx))c(s, 0

c((koz)s(k1x)s - -+ (kg—17)s) = ¢((kox)s(k1x)s - - - (kKg—1x)s, 0)
= ¢((kor)s(k1z)s - -+ (kg_17),0)c(s, 0)
= ¢((rkox)s(k12)s -+ , kg—12)c(kg—12,0)c(s, 0)

(

= (ko 05 (k1) + - - - + 03 (kg_12))e(s, (k12) + - - - + 0972 (kg_1))

c( _ox, 05(Kg—12))c(s, Kg—1x)

¢(kg—12,0)c(s, 0)

= ¢(kox,0)c(s,0) - - c(kg—2x,0)c(s,0)c(kg—12,0)c(s, 0)
= c(koz)c(s) - - - c(kg_12)c(s).

Here, we are allowed to replace the second arguments of ¢ by 0 because z lies in C(s)N---N
o VO NANCy NoT 0y N -+ Nos 0y
Moreover, we have, for all z € C and k € Z, that ¢(kz) = ¢(x)" because x lies in 2 N Cy. So all
in all, we have c¢(s)%c(z)" = c(z)c(s) - - - ¢(z)"1¢(s) for all z € € =2A N C. This shows part (ii).
Now let us prove part (iii). Suppose that c¢(z)=(5,«) and c¢(s)=(d,v). Comparing
T -components, we obtain Y%/ = aoya iy - - - @1y, O

Remark 3.6. Suppose we are in the setting of Proposition 3.5, and put e:=xg— Kg_1 — - —
K1 — ko. If 7 is Abelian, then (3.1) is equivalent to a=1. If p(z)=2%— kg, then (3.1)
is Ylay=¢=a", ie. a and 7 satisfy the defining relation for the Baumslag—Solitar group
BS(1, ko) &£ Z[1/ko] x Z. If ¥* and a both have infinite order, then (7%, o) = BS(1, o).

LEMMA 3.7. With the same notation as in Proposition 3.5, set € :=kq — Kqg_1 — - — K1 — KQ-
In addition to the assumptions in Proposition 3.5, assume that 1 — o, is injective on A. Then
we have € # 0. If, in addition, every 2-generated subgroup of 7 is free or Abelian, then af = 1.

Proof. The first claim follows from kg det(1 — d4) =e. For the second claim, our assumption
implies that the subgroup («, ) C (T) is free or Abelian. We claim that o and v must commute.
Indeed, it suffices to treat the case that the subgroup is free. Because « and ~ satisfy the
non-trivial relation (3.1), the group (a,~y) is either trivial or infinite cyclic; if it is trivial, we
are done. Suppose (a, ) is cyclic. Then, in particular, ay =~vya, as desired. Now (3.1) becomes
ot = ydghotrittha which implies that af = 1. O
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Ezxample 3.8. Let us mention two classes of groups whose 2-generated subgroups are either free
or Abelian. A group is called semifree if it has a presentation where the only relators are of the
form [s,t], where s and ¢ are generators. If s,t are elements in a semifree group and [s,t] # 1,
then {s,t} is a basis for a free group by [Bau81, Theorem 1.2].

A group is 2-free if every subgroup generated by two elements is free. Given a non-empty set
w of prime numbers, a D,-free group is a group whose elements each have exactly one pth root
for all primes p € w (see the introduction in [Bau60]). By [Bau68, § 8], every D,,-free group from
[Bau60] is 2-free.

Let us introduce the following conditions.
DEeFINITION 3.9. Let A C A be a subgroup of finite rank. Consider the following conditions.

(i1) There exists s € S such that o4(A) CA, 1—05 is injective on A, and every 2-generated
subgroup of .7 is free or Abelian.

(iz) There exists s € S with o3 = kid for some k € Z \ {0, 1}, and for all « € .7, if « is conjugate
to & in 7, then « must be torsion.

COROLLARY 3.10. If AC A is a subgroup of finite rank and condition (iy) or (iz) holds, then for
all finite generated subgroups 2 C A, there exist [ € Z~q and C € C such that, with €:=[(ANC),
there exists an injective homomorphism b: € — 2 such that ¢(x) = (b(x), 1) for all x € €.

Proof. Let s € S be as in condition (i;) or (i), and C, € as in Proposition 3.5. Let ¢ be the
composition A — % x T — 7, where the first map is ¢ and the second map is the canonical

projection. Now ¢ (€) is finitely generated. Moreover, if condition (i;) holds, then Lemma 3.7

implies that ¢ () is torsion, hence finite. If condition (i2) holds, then Proposition 3.5(iii) implies
that ¢ 5 (€) is torsion, hence finite. Set [:=#c 5 (€). Then, for all x € I€, c»(z) =1, so our claim
follows (Lemma 3.4 gives injectivity of b). O

Recall that 7: 7 ~ £ is our globalization of 7: T'~ B.

DEFINITION 3.11. Let A C A be a subgroup of finite rank. Consider the following conditions.

(ii;) For all torsion orders [ >1 of elements of .7, there exists 1# s; € S and coprime inte-
gers ju,v € Zwg such that o, (A) CA and pdet(z — ) = pz’ — v with ged(l, u) >1 or
ged(l,v) > 1.

(iiz) Condition (F) holds for 7.

Note that, in particular, condition (ii;) holds if .7 is torsion-free or if, for all k € Z~, there
exists s, € S with o5, =k idy4.

DEFINITION 3.12. We say that condition (IIT) holds if there exists s € .S such that o3 =k idy
for some k € Z \ {0, 1}, £ is of finite rank, and condition (F) holds for 7.

COROLLARY 3.13. Let AC A be a subgroup of finite rank. Assume that one of the following is
true:

— condition (iy) or (iz) holds, and condition (iiy) is satisfied or condition (iiz) holds and A is
torsion-free;

— condition (III) holds and A is torsion-free.

Then, for all finitely generated subgroups 21 C A, there exists C' € C such that, with €:=ANC,
there exists an injective homomorphism b: € — % such that ¢(z) = (b(z), 1) for all x € €.
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Proof. To prove the first item, let s € S be as in condition (i) or condition (iz), and C, € as
in Proposition 3.5. First assume that condition (ii;) holds. Let ¢s be the composition A —
B x T — T, where the first map is ¢ and the second map is the canonical projection. As
Cy(é) is finitely generated, the set L of possible non-trivial torsion orders of elements in cﬁ(éﬁ)
is finite. For each I €L, choose s; as in condition (ii1) and set C:=C N[, C(s;). Applying
Proposition 3.5 to s;, we obtain that, for all z € AN C with ¢(z) = (8, a), we have o* and o
conjugate in .7, where p and v are the natural numbers from condition (iiy). If aw# 1, then the
torsion order of « is a number [ € L, but condition (ii;) implies that o/ and o” have different
torsion orders, which is absurd. Now suppose that condition (iiz) holds. Take x € ¢ and write
¢(z) = (B, a). Lemma 3.7 implies that a®=1. Then

(B,0) = (B+7Ta(B)+- -+ 7 (B), ) = (B+Ta(B) +- -+ 7 (B), 1)
and
(1-F)(B+7a(B)+---+75(B) =0,

which implies 8+ 7o (8) + - - + 7S H(B) =0if @ # 1 by (F). So ¢(z)¢ =1 and hence ¢(ex) = 1 and
thus ex =0. As A is torsion-free, this implies z =0. So if z # 0, we must have o= 1.

Now we prove the second item. As above, let s € S be as in condition (IIT), and C, € as in
Proposition 3.5. Given z € €, write ¢(z) = (3, a) and ¢(s) = (6,7). Equation (3.1) implies that
ya = o™y, and therefore a =~ tay. It follows that every eigenvalue of 7, :=idg ® 7, is a root
of unity. Indeed, take A\; € Sp (7). Then a =~ 1a’~y implies that there exists Ay € Sp (7o) with
A1 = A5. Similarly, there exist A3, A4, ... € Sp (7o) such that A\; = A}, ;. As Sp(7,) is finite, we
must have \; = A\;, for some 7 and p. It follows that \; = )\fp and hence that \; is a root of unity.
But then A\; = A¥" implies that A\; must be a root of unity as well. Hence, there exists m € Z~g
such that 1 is an eigenvalue of 7'. This implies that 1 — 7" is not injective, so that 7' =1 by
(F). Now argue as for the first item that this, together with (F), implies o = 1. O]

Remark 3.14. The difference between Corollaries 3.10 and 3.13 is that in the latter, we may
choose [=1.

DEFINITION 3.15. Assume that A =J,, A, for an increasing family of finite-rank subgroups A,,.
Consider the following conditions.

(I) Condition (i;) holds for A4, for all n, or condition (iz) holds.

(IT) Condition (i) holds for A, for all n, or condition (iiz) holds and A is torsion-free.

COROLLARY 3.16. Suppose we can write A=]J,, A, for an increasing family A, C A of finite-

rank subgroups.
If condition (I) holds, then:

(a) there is an increasing family of finitely generated subgroups A C A with A=, Ay,
and for any such 2y, there are Iy € Z~o and C} € C such that, with € := (A N Cyk),
there exists an injective homomorphism by : €, — % such that c¢(x)= (bg(x),1) for all
z ey,

If conditions (I) and (II) hold, or if condition (III) is satisfied and A is torsion-free, then:

(a*) there is an increasing family of finitely generated subgroups 2 C A with A=J, 2, and
for any such 20y, there is Cy € C such that, with &€ : =% N Cy, there exists an injective
homomorphism by, : € — 9B such that ¢(x) = (bg(x), 1) for all z € €.

1224

https://doi.org/10.1017/S0010437X26103273 Published online by Cambridge University Press


https://doi.org/10.1017/S0010437X26103273

ALGEBRAIC ACTIONS II. GROUPOID RIGIDITY

Proof. Since A={]J,, A,, we can find 2 with the desired properties. Moreover, for each k,
since Ay, is finitely generated, and A=|J, Ay, we can find n such that 2, C A,. Now apply
Corollaries 3.10 and 3.13. O

Remark 3.17. With the notation from Corollary 3.16, we have /€< A/Cy, so that
# (2 /€) is finite and divides #(A/Ck).

3.2 The multiplicative homomorphism

Define t: . — 7 to be the composition . — A x J — .7, where the first arrow is given by
¢(—,0) and the second arrow is the canonical projection. Clearly, t is a homomorphism.

LEMMA 3.18.

(i) If A is torsion-free and condition (a) holds, then t is injective.

(ii) Suppose that condition (F) is satisfied for . If there exist | € Z~q, a non-zero, finitely
generated subgroup AC A, C €C and an injective homomorphism b: €:=[(ANC)— A
such that ¢(z) = (b(x), 1) for all x € €, then t is injective.

Proof. Suppose t(s) =t(s’). Then c¢(s71s’,0)=(x,t(s71s'))=(x,1) for some x€%B. Set
£:=5"1s'. Since 0 lies in the domain of 5., and since ¢(g, —) is locally constant, there must
exist C'(e) € C such that C(e) is contained in the domain of . and ¢(e, —) is constant on C(¢).
Now suppose that € C A is a non-zero subgroup such that there exists an injective homomor-
phism b: € — % with ¢(z) = (b(x), 1) for all x € €. Then ¢(e,0) commutes with ¢(z,0) for all
x € €. We have (0,¢)(z,1) = (6¢(x), €) = (6:(x),1)(0,¢). Soif 0z € €N C(e),

((6-(z), ), 0) = ¢(6-(2)e, 0) = ¢(5-(z), 0)c(e, 0).

At the same time,
c((6s(z),€),0)=c(ex,0) =c(e, z)c(z, 0) =c¢(e,0)c(x,0) =c(z, 0)c(e, 0).

Here we are allowed to replace x by 0 because x lies in C(g). Moreover, we used that c(e, 0)
commutes with c(x,0). Therefore, a comparison yields ¢(6.(x),0)=c¢(x,0). It follows that
Ge(x) =12.

For part (i), write A =, 2, as in condition (a). Applying the above to € = €}, from condition
(a), we obtain 6.(z) ==z for all z € €, NC(e) for all k. Now let y € A; then there exists k with
y € Ap. Since €, NC(e) is finite index in Ay, there exists N € Z~( such that Ny € €, NC(e).
We have Né6.(y) =6-(Ny) = Ny, so that, because A is torsion-free, 6.(y) =y. Now (JF) implies
e=1

For part (ii), if 6.(z) = for any x # 0, then condition (F) implies that ¢ = 1. O

3.3 Equivariance
DEFINITION 3.19. We set [:={#(A/C):C eC}.

LEMMA 3.20. Assume that A is torsion-free. If condition (a) holds, then for all s€ S, x € €y,
os(x) €y (k<) there exists n € Z~g such that nos(z) =os(nz) € €, and we have b(os(nzx)) =
Ti(s)(b(nx)). If condition (a*) holds, then we may take n €I in the statement above.

Proof. Since €; is of finite index in 2; (see Remark 3.17), there exists n € Z~q such that nog(z) =
os(nx) € € (since [ depends on s, n also depends on s). Since €; N C(s) is of finite index in €,
we can find N such that Nnz € €, N C(s). Set y:= Nnz. Let ¢(s,0) = (0, t(s)) for some § € A.
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We have
(b(os(y)) +0,4(s)) = (b(os(y)), 1)(4, t(s)) = c(as(y), 0)¢(s, 0)
= ¢((0s(y),5),0) =¢((0,5)(y,0),0) =¢((0, 5),y)c((y, 1), 0)
((0,5),0)¢((y,1),0) = (6, t(s))(b(y), 1) = (6 + Ty(s) (b(y)), (s)),
(b

where the sixth equality uses that y € C(s). Hence, b(0s(y)) = Tys)(b(y)), i.e. Nb(os(nz))=
N7y (b(nz)). We obtain b(os(nx)) =7y (b(nx)) as & is torsion- free as desired. O

=

3.4 Conclusion: The embedding theorem

Assume that o: S~ A and 7: T'~ B are algebraic actions satisfying our standing assumptions
from §2. Let Z[I~!] be the subring of Q generated by Z together with {1/n:n €1}. We start
with the following observation.

LEMMA 3.21. We have Z[I7!|® A=Z[I"!]® &, i.e. the canonical map Z[I"'|®@ A = Z[I"1]®
2, 1®x—1Q® x is an isomorphism.

Recall that we always assume (2.1), i.e. & = ({U,c» 7s(A)). Otherwise, Lemma 3.21 would
not be true in general.

Proof. Because of (2.1), it suffices to prove that for all xe€ &t_ll&sl : atllaslA (where
t1,81,...,1,8 €9) there exists N in the multiplicative submonoid (I)* of Z* generated by
I with Nz € A. We proceed inductively on I. For the case [ = 1, observe that [5, ' A : A] < oo for
all t € S because &; induces a bijection &, 'A/A= A/o;A. Now suppose that = =5, 'G,(y) for
some y € o/ with Ny € A for some N € (I)*. Since [6; 'A: A] < oo, there exists M € (I)* with
Mé&; (05(Ny)) € A. Hence MNz € A, as desired. O

DEFINITION 3.22. We say that condition (k) is satisfied if A=, A, for an increasing family
of finite-rank subgroups A,,, conditions (I) and (II) hold, or condition (III) holds. In addition,
there exists an increasing family of finitely generated subgroups 20, C A with A =], 2 such
that os() C Ay for all s€ S and all k, S and T are right reversible, &/ = S~1A, .7/ =8715,
B=T7"'B, 7=T7T, and o: S ~ A satisfies (PC).

Now suppose ¢: (& x.7) x A— % x .7 is a continuous cocycle such that ¢=*(0,1) = A.
THEOREM 3.23. Suppose &7 and % are torsion-free.

(i) If (I) holds, then there exist injective homomorphisms t: . < & and b: QR QR A
such that b(ds(z)) = 7y (b()) for all s€ . and x € o/ .

(ii) If (x) holds, then there exist injective homomorphisms t: . < 7 and b': ST'A— T~ !B
such that b/ (o4(x)) = Ty (b (2)) for all z€ ST'A and s € 7.

Proof. (i) We proceed in several steps. First, we claim that for each k, by : €, — % has a unique
extension to an injective homomorphism br: Ap — Q ® A, and that, moreover, by satisfies

br(z) =m ™oy (mx), (3.2)

for any m € Z~o with m&l, C €. To see this, choose m € Z~¢ such that m2l, C &, and define
b (z) ;== m by (mz) € Q ® B. It is easy to check that by, is a group homomorphism (i.e. additive)
and that by, is injective (here we need that 2 is torsion-free). This is independent of the choice
of m, because if m’' € Z~ with m/?;, C €, then for z € 2, we have

m o (max) =m ™ (m)) " top(m'mz) = (m/) Tim T mbg (m/z) = (m!) Lo (m/z).
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Next, we claim that the maps by, are compatible in the sense that b;|s(, 2, = bi|a,na, for all &, 1 €
Z~0. Choose m large enough so that m2(; C €, and m2(; C €;. Then, using (3.2), we have, for all
x € Wy, N2y, that by(x) = m~1b;(ma) = m b (mzx) = by(z). It follows that we get a well-defined
injective homomorphism b: A = U Ak = Q ® £ such that [;\glk = by, for all k.

Let us show that b is equivariant. Let z € A and s€ S. Then z €2, for some k, so by
Lemma 3.20, we can find n € Z-o large enough so that nx € €, nos(z) =os(nz) € €, and
b(os(nz)) = Ty(s)(b(nx)). Now we have

b(os(x)) = 0" b(os(n2) ="y (b(na)) = Fy(s) (0 b(n)) = 7y(s) (b()).

Lastly, we extend b to Q® A as follows. Given p/q@xeQ® A for pEZ and q€Z*, there
exists a unique element y € Z such that qy = b(pz) in 2, and we set b(p/q@x) =y. Now it
is straightforward to check that this is independent of p, ¢, and z, and that b is an injective
homomorphism Q ® &7 < Q ® . Moreover, equivariance of b with respect to & and 7 implies
equivariance of b with respect to ¢ and 7.

(i) First of all, every element of S~! A is of the form s~'a = & !a for some a € €, (for some k).
Indeed, the statement is clear if we just ask for a € A for some k because of Remark 2.4. By
(PC), there exists $ € S such that o4(a) € Cf, so that o;(a) € € because o4(Ax) C Ay, and we
have 65 la= 6,16, (5sa), as desired.

Now, given an element of S~*A of the form &; 'a for some a € € (for some k), we claim
that b'(5;ta) ::%tzsl)(b(a)) is well-defined and has the desired properties. To prove that it is

1

well-defined, assume that &;'a =5, 'a. Since S is right reversible, there exist u,v €S with
us = vt. Hence, 656, 6,0 =6, a=6;'a=6,"'6,'5,a. It follows that &,a = &,4. Now choose
an integer m such that moy,(a), moy,(a) € € and equivariance holds (here we use Lemma 3.20).
Then we have m%,t_(sl)b(a) = %,(_(sl)b(ma) = %tzsl)%tzi)b(au(ma)) t(t) Tiw )b(av(ma)) t(tl)b(ma)

m%tztl)b(d). As % is torsion-free, we conclude that Tt(s)b(a) =T (tl)b(d), as desired. It is easy to

t
see that b’ is additive.

To show equivariance, take r,s € S. Since S is right reversible, there exist u,v € .S with
ur =vs and thus rs~!' =u"1v. Given a € €, choose an integer m such that 6v(ma) € ¢, and
equivariance holds (here we use Lemma 3.20). Then we have mb’(5,6;(a)) = b'(6,16,(ma)) =
%&fi)b(@,(ma)) Te (u) Te(w)b(ma) = mﬁ(r)%tzsl)b(a). As 2 is torsion-free, we deduce b/ (5,6 (a)) =

%f(r)(%tfsl)wa)) = Ty(r)(0'(05 1a)), as desired.

(I

Remark 3.24. Actually, we obtain an equivariant embedding Z[I7'] ® & < Q ® 4. And if con-
ditions (I) and (II) are satisfied, or condition (III) holds, then we even obtain an embedding
Z[I™Y ® o — Z[I7'] ® 4, using Lemma 3.20, because condition (a*) holds by Corollary 3.16.

3.5 Consequences

Let us formulate symmetrized versions of our rigidity results.

Schmidt defined finite (algebraic) equivalence for algebraic actions of a fixed group (see e.g.
[Sch02, Definition 8.1]). The dual version of Schmidt’s notion will appear naturally in our setting.
In order to explain this, let us introduce some terminology.

DEFINITION 3.25.

(i) An (algebraic) embedding of 6: . ~ &/ into 7: T ~ A consists of a pair (t,b), where
t: Y — .7 and b: & — % are injective homomorphisms such that b(Gs(7)) = 7y (b(z))
for all s€.¥ and z € &/. The embedding (t, b) is called finite index if the image of b has
finite index in &, full if b is surjective, and strict if t is an isomorphism.
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(ii) We say that 6: . ~ &/ and 7: .F ~ B are mutually embeddable (written 6: . ™~ o ~pe
7: T ~AB) if each can be embedded into the other. If, in addition, the embeddings can be
chosen to be of finite index, then we write 6: . N & ~ame,, T: T . Given an Abelian
group Q, we write 6: SN ~pe, T TNAB I 6: S NQQQA ~pme T TN QAR B,
where 05 =idg ® 05 and 7;:=idg ® 7. We write 6: S~ ~pe e T2 T A if there
exist full embeddings of 6: Y YO R & into 7: T QR A and of 7: T ~ QR A into
. . NORA.

We say that 6: ¥ ~ o/ and 7: T ~ A are strictly mutually embeddable (and we write
g: S A ~gpme T T~ PB) if each can be strictly embedded into the other. If, in addition,
the strict embeddings can be chosen to be of finite index, then we write 6: . ~ & ~gme,.,
7: 7 n 2. Given an Abelian group Q, we write 6: S A ~ypme, T2 T NRB it 6 S
QR ~spmeT: T QR A.

Wewriteo: SN/ =Zg7: T nHB,and call6: ./ ~ o/ and 7: T ~ B isomorphic over
Q, if there exists a full and strict embedding of 6: Y Y Q® & into 7: T QR A.

(iii) We say that the algebraic actions o: S~ A and 7: T~ B are isomorphic if there is a
pair (t,b), where t: S — T is an isomorphism of semigroups and b: A — B is a group
isomorphism, such that b(os(x)) = Ty (b(z)) for all s€ S and x € A.

Remark 3.26. The dual notion of a strict (algebraic) embedding in our sense is an algebraic
factor map in the sense of [Sch02, Definition 8.1].

If (¢, b) is a finite-index embedding of 5: . ~ &/ into 7: .7 ~ A and &/ and A are torsion-
free, then o/ and % are quasi-isomorphic in the sense of [Tho03, Definition 3.3].

If 6: SNA ~gpme,, T2 T A, then we also call 6: S~/ and T: T A finitely
algebraically equivalent (cf. [Sch02, Definition 8.1]).

We are mostly interested in our notions involving an Abelian group @ when Q =Q.

If o and Z are torsion-free, then ~ g, implies ~ag,. and ~sae,, implies =q.

If o7 and £ are torsion-free and of finite rank, then ~ ¢ implies ~ g, and ~zaqe implies
~sMEp, (see e.g. [Fuc73, Exercise 5 in §92]).

DEFINITION 3.27. Given algebraic actions o: S~ A and 7: T ~ B, let condition (Is) be the
symmetrized version of condition (I) from Definition 3.15, i.e. condition (I) holds and the ana-
logue of condition (I) with reversed roles for o and 7 holds as well. Similarly, let conditions (Il;),
(I1l), and (*s) be the symmetrized versions of conditions (II), (III), and () from Definitions 3.15,
3.12, and 3.22.

DEFINITION 3.28. Suppose & is torsion-free and of finite rank. We say that 5: . ~ .o/ is
strongly faithful if

oy =pop ! implies s =t for all 5,t € .7 and p € Aut(Q ® &), (SF)
where 7 :=1idg ® Gs.
Remark 3.29. If det o6 : . — Q™ is injective, then &: . ~ o satisfies (SF).
We are now ready for the main result of this section.

THEOREM 3.30. Assume thato: S~ A and 7: T ~ B are algebraic actions satisfying our stand-
ing assumptions from § 2.1, with globalizations 6: . ~ &/ and 7:  ~ 9. Suppose that &/ and
P are torsion-free.

1228

https://doi.org/10.1017/S0010437X26103273 Published online by Cambridge University Press


https://doi.org/10.1017/S0010437X26103273

ALGEBRAIC ACTIONS II. GROUPOID RIGIDITY

(i) If condition (I5) holds and there exists an isomorphism of topological groupoids
(xS )x A= (B xT)x B,

then6: S o ~pey T2 T B

(ii) If condition (x5) holds and there exists an isomorphism of topological groupoids
(STTAXSIS)x A= (T 'BxT'T)x B,

then: S~'SAS A~ e 7: T T AT 'B.
If, in addition, &/ and % have finite rank, then we obtain 6: % ~ & ~pmg,e 71 T ~ P in part
(i) and 5: ST1S A ST A~ pe,, 7: TXT AT 1B in part (ii).

If, in addition, &/ and 9 have finite rank and 6: . ~ o/, 7: T ~ % both satisty (SF), then
we obtain 6: . ~ o/ 2o 7: T ~ P inpart (i) and 5: SIS~ ST A~ pe,, T T T AT B
(ie. 5: SIS~ S™'A and 7: T~'T ~ T~ B are finitely algebraically equivalent) in part (ii).
Proof. Everything except the last claim follows from Theorem 3.23. For the last claim, suppose
that (t,b) is an embedding of 6: ¥ Z"Q ® & into 7: 7 ~Q ® A and (s, a) is an embedding of
71 TnQe%Binto 6: S ~Q® .. For s€.7, we have (aob)ss(aob)™! = aft(s)a_l = Osot(s)>
so that (SF) implies (s ot)(s) =s. Hence, s o t=1id &, so by symmetry, tos=1id 5. Our assump-
tions imply that Q ® &/ and Q ® & have the same dimension as rational vector spaces, so that
the injective maps a and b are invertible. The second part of the last claim is similar using that

any injective endomorphism of a finite-rank torsion-free Abelian group necessarily has finite
index image (see e.g. [Fuc73, Exercise 92.5]). O

Remark 3.31. In some of our examples, A is finitely generated, in which case we take 20, = A
for all £ in condition (*), so that the requirement o4(2(;) C 2 in condition (*) is automatic.

Remark 3.32. Suppose that both o: S~ A and 7: T~ B are exact. Then the corresponding
groupoids are effective and minimal by [BL24, Theorem 4.14] (see also [KM21, Lemma 2.23])
and [BL24, Corollary 7.4]. Hence, the following are equivalent:

(i) (& x.%)x A and (% x T) x B are isomorphic as topological groupoids;

(ii)) (A,,D,) and (A, D,) are isomorphic as Cartan pairs, where 2(, and 2(, are as in [BL24,
Definition 3.1], and ®, and D, are as in [BL24, Proposition 3.30];

(iii) F((« x.%)x A) and F((% x 7) x B) are isomorphic as abstract groups;
(iv) D((« x %) x A) and D((% x 7) x B) are isomorphic as abstract groups.

This follows from [Ren08] (see also [Raa22]) and [Rub89, Theorems 0.2 and 3.3] (or [Matl15,
Theorem 3.10]).

4. Algebraic actions on finite-rank torsion-free Abelian groups

In this section, we apply our rigidity results to example classes of algebraic actions on finite-rank
torsion-free Abelian groups.

4.1 Algebraic actions of torsion-free Abelian monoids whose dual actions are
mixing

Let 0: S~ A be an algebraic action, with A Abelian. Let &: Smg/l\)e the dual action as in

[BL24, Remark 2.2] and denote by p the normalized Haar measure on A. Recall (see e.g. [Sch95,

§1] or [Wal82, Definition 1.5]) that & is (strongly) mixing (with respect to p) if, for all Borel
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subsets X, Y of g, we have
Jim p(XN65(Y)) = p(X)u(Y).

If S has no non-trivial finite subsemigroups, we have the following relation between the mixing
property of ¢ and condition (F) for o.

Remark 4.1. Assume that S has no non-trivial finite subsemigroups. Then & is mixing if and
only if we have, for all 0 #a € A and 1 # s € S, that os(a) # a, i.e. the analogue of condition (F)
holds for o: S ~ A.

Indeed, in general (without our assumption on S), & is mixing if and only if, for all infinite sub-
semigroups S’ C S and 0# a € A, we have that #{os(a): s € 5’} = 0o (see [Sch95, Theorem 1.6]
and also [Ber85], in particular [Ber85, Theorem 2.1]). It is now straightforward to see that, if .S
has no non-trivial finite subsemigroups, then the latter statement is equivalent to the condition
that for all 0#a € A, we have #{s €S :05(a) =a} <oco. This condition, in turn, is equivalent
to the statement that we have os(a) #a for all 0#a€ A and 1# s € S (again assuming that
S has no non-trivial finite subsemigroups), as desired, because {s € S:05(a) =a} is always a
subsemigroup of S.

Note that the condition that S has no non-trivial finite subsemigroups is in particular satisfied
if S is torsion-free, in the sense that, for all s1,s9 € S and i € Z~g, s} = s, implies that s; = so.

With the help of this observation, let us now present the first example class to which we can
apply our general rigidity results.

COROLLARY 4.2. Assume that S and T are non-trivial, Abelian, cancellative, torsion-free
monoids, that A and B are torsion-free Abelian groups of finite rank, and that o: S~ A
and 7: T ~ B are non-automorphic faithful algebraic actions. Further suppose that there exist
s€ S and t €T such that the dual actions &|g:s" ~ A and 7|x :tY ~ B are mixing, where
sNi={s":neN} and t":={t":neN}. Let 6: STLS~S71A and 7: T"'T ~T7'B be the
canonical globalizations as in [BL24, Example 2.4].

If there exists an isomorphism of topological groupoids

(STTAXSTIS)x A=(T7'BxT7'T) x B,
then G: S~1S~A S TA~ e, 7: T T AT 1B.

Proof. First of all, note that condition (JF) is satisfied because of [BL24, Proposition 7.5] and
(FI) holds by [BL24, Example 7.6]. Thus, o and 7 satisfy our standing assumptions from §2.1.
Moreover, it is straightforward to check that S~'S and T~1T are torsion-free and that rk; S~ A =
rkz A, tkzT ' B = rkz B. Now our statement follows from Theorem 3.30(ii) for the finite-rank case
because of Remark 4.1. OJ

Let us briefly explain the conclusion of our results for the case of (duals of) toral
endomorphisms.

Ezample 4.3. Let a € M,,(Z) and b € M,,,(Z) with | det(a)|, | det(b)| > 1, where n,m € Z~¢. If a
and b both have no roots of unity as eigenvalues, then the duals of the N-actions o: N~ Z"
and 7: N~ Z™ given by o4 (v) = a*v and 73, (w) = bFw for k € N, v € Z", and w € Z™ are mixing.
Suppose that the corresponding groupoids are isomorphic. Then, since (SF') holds in this case,
Theorem 3.30 implies that n =m and that the matrices a and b must be conjugate over Q, i.e.
there exists ¢ € GL,(Q) such that a = cbe™L.
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4.2 Canonical endomorphisms of finite-rank torsion-free Abelian groups

Let ACQ™ be a torsion-free Abelian group of rank n € Z-y. The multiplicative monoid
Z* =7\ {0} acts on A by multiplication. Each s € Z* gives rise to the endomorphism o5: A — A
given by o,(z) = sz. For any submonoid M C Z*, the associated algebraic action o™ : M ~ A,
where oM := 0|y, is faithful and satisfies (FI). It is easy to see that ¢™: M ~ A is non-
automorphic if and only if there exists m € M such that A is not m-divisible, i.e. mA C A.
Since det (&) = s™, we see that det o5 : Z~o — QX is injective, so that o™ : M ~ A satisfies (SF)
(see Remark 3.29). Since M is Abelian, we obtain a globalization &M : (M) ~ M~tA, where
(M):=M"'M CQ* acts on M~'A:=J,.),(1/5)A by multiplication. It is easy to see that
oM (M) ~ M~'A satisfies (F). For s, s’ € Z~g, we have sAN s’ A=lcm(s,s')A (see e.g. [Fuc?0,
§20]). Hence, the M-constructible subgroups for M ~ A are given by {sA:s € M}. From this,
we see that 6™ : (M) ~ M~'A satisfies (JF). Let 21, ..., x, € A be rationally independent, and
put A :=spany({z1,...,zy}) ZZ" C A. For each k € Z~o, let

Ap:={zc A: (KNzecA}=An (k)'2A

Each 2 is a Z*-invariant finitely generated subgroup of A, and we have A =], y.
We can now apply Theorem 3.30 to obtain the following result.

COROLLARY 4.4. Let A and B be finite-rank torsion-free Abelian groups. Let M, N CZ* be
submonoids such that there exist m € M and n € N with mAC A and nB C B. If there is an
isomorphism of topological groupoids

(M™*Ax (M) x A= (N7'B % (N)) x B,
then the actions (M) ~ M~'A and (N) ~ N~1B are finitely algebraically equivalent.

Remark 4.5. If Z~o C M, then M ~ A is exact if and only if the Ulm subgroup of A vanishes
(cf. [Fuc70, §1.6]).

4.3 Actions adding scalars to algebraic actions of groups

Let I' C SL,(Z) be any subgroup, and let M C Z~ be a submonoid. Then, MT' :={ay:a € M,y €
I'} is a submonoid of M,,(Z)* := {x € M, (Z) : det(x) # 0}, where we view M as a submonoid of
M,,(Z) via the diagonal embedding. Since M,,(Z)* acts canonically on Z", we obtain a faithful
algebraic action MT" ~ Z". It is easy to see that M T ~ Z" is exact if and only if M is non-trivial.
Note that (M)I' ~ (M ~1Z)" is a globalization for MT' ~ Z™ that satisfies (JF). Since I acts by
automorphisms on Z™ that commute with the action of M, we have Cpjr~zn =Cprr~zn. Let ZL
denote the completion of Z™ with respect to the family Cas~zn.

Remark 4.6. The globalization (M)T' ~ (M ~'Z)" often will not satisfy (F). For instance, take
M =7~ and I = SLy(Z). Then id — v is not injective on M ~1Z? = Q?, where v = (} }) € SL2(Z).

In order to apply our rigidity result in this setting, we need an observation on subgroups of
SL,(Z), which comes from [DK18, Example 26.8 and Lemma 26.16].
LEMMA 4.7. Let I' CSL,(Z) be a subgroup. If yay~!=a" for a,y €T and k€ Z~1, then
a € tor(I).
Proof. Suppose yay~! = a” for a, y €' and & € Z~1. Let p be a prime divisor of k. For [ > 1, con-
sider the congruence subgroup I'(p') :={a € SL,(Z) :a=1, mod p'}, and put [ :=T NT(p").
Since I', is a finite-index subgroup of I', we can find m € Z~( such that o™ €T',. If o' # I,,,
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then since (), I'yy = {1, }, we can find [ > 1 with o™ ¢ I';y. Now o™T'yr and oI have the same
order in the p-group I',/T';: because yay~! = a”, which is a contradiction since p | x. O

COROLLARY 4.8. Let I', A C SL,,(Z) be subgroups and M, N C Z~ non-trivial submonoids such
that, for every v € tor(I"), there exists s € M with ged(ord(7), s) > 1, and for every A € tor(A),
there exists t € N with ged(ord(\),t) > 1. If there is an isomorphism of topological groupoids

(M7YZ" % (M)T) x Zy, = (N7YZ™ x (NYA) x ZYy,

then M = N and there exist g, h € M,,(N~'Z) N GL,(Q) such that I' C gAg~! and hAh~! CT.
Proof. By Lemma 4.7, condition (*4) holds, so this follows from Theorem 3.30. O]

Remark 4.9. The assumptions on I', A and M, N in the statement of Corollary 4.8 are satisfied,
for instance, if M = N =Z~¢ or if I' and A are torsion-free (and M, N # {1}).

Remark 4.10. If, in the statement of Corollary 4.8, I' and A are not conjugate via an element
in GL,(Q) to any of their proper subgroups, then the conclusion can be strengthened to the
following: M = N and there exists g € M,,(N~!Z) N GL,(Q) such that I' = gAg~'. This holds,
for instance, if I' and A are co-Hopfian.

4.4 Arithmetic dynamical systems

Let us consider the algebraic N-actions studied by Chothi, Everest, and Ward in [CEW97]. Let
K be a number field with ring of integers R, and let Px denote the set of non-zero prime ideals of
R. For p € Pk, let v, and | - |, denote the associated additive and multiplicative p-adic valuations
on K, respectively. Given a subset S C Py, the corresponding ring of S-integers is

Rs:={zx e K :|z|, <1 for every p € P\ S},

i.e. Rs consists of the elements of K that are p-adic integers for every p € Px\S. For £ €
RS = Rs\ {0}, the map m¢: Rs — Rs given by me(x) = £z is an injective endomorphism of the
additive group of Rs. The dual action m¢: N ml/{\g is called an arithmetic S-integer dynamical
system, see [CEW97, §2]. The group of units (i.e. invertible elements) in Rs is R ={x € K*:
|z|, =1 for every p € Pi\ S}. Note that Rs is a proper subring of K if and only if S C Pk. Also
note that RS C RS whenever Rs C K. Let us record some basic observations about the algebraic
action mg: N Rs. Let mg: Rs[1/€] = Rs[1/£] be given by mg(x) = &x. Then me: Z ~ Rs[1/€]
is a globalization of m¢: N~ Rs.

LEMMA 4.11. We have:

(i) me: N Rg is faithful if and only if § is not a root of unity;

(i) me: N Rs is exact if and only if it is non-automorphic, if and only if £ is a non-unit;
(ili) me: Z ~ Rs[1/€] satisfies (JF).

Proof. Parts (i) and (iii) are obvious. For part (ii), let £ € RS\ R%. Then there exists p € P\ S
such that ||, < 1.If z € Rg liesin [~ £" Rs, then for each n > 0, we can write x = "y, for some
yn € Rs. Now we have |z, = [€[[yn[, <[]} for every n, so that 2 = 0. The other implications
in part (ii) are easy to see. O

Remark 4.12. An element x € K is integral over Z if and only if Z[x] is finitely generated as a
Z-module, so the additive group of Rg is not finitely generated whenever S # ().
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For each k € Zq, let Ay, := Rs N (k!)"'R={x € Rs: (k!)x € R}. Then Rs = J;, A, and every
2y is finitely generated and invariant under R*.

COROLLARY 4.13. Let K and Ky be number fields with rings of algebraic integers Ry and Ra,
respectively, let S C Pg, and T C Pk, by proper subsets of primes, and let £ € Ry \ R’{’S and
ne Ry\ RZ,T' If there is an isomorphism of topological groupoids

(R1s[1/€] % (€)) x Ris = (Ro,7[1/n]  (m)) X R,
then m¢ ~ Ry s[1/£] and m, ~ Ry 7[1/7] are finitely algebraically equivalent.
Proof. Condition (*s) is satisfied, so Theorem 3.30 yields the result. O

Remark 4.14. Given any £ € R3\ RS, there exists | € Zs( such that [£ € R, and then the pair
(id,my) is a strict, finite-index embedding of m¢: N~ Rs into mye: N~ Rs. In particular,
me: N Rs and my¢: N~ Rg are isomorphic over Z[lil}. Thus, up to inverting an integer,
Corollary 4.13 applies to all (faithful, exact) actions of the form m¢: N~ Rs.

5. Algebraic actions from rings

The rank of a ring R is defined to be the rank of the additive group of R, i.e. the dimension of
Q®yz R as a vector space over Q. We say that R is torsion-free if the additive group of R is a
torsion-free (Abelian) group. Examples of torsion-free rings of finite rank include integral group
rings of finite groups and R™ or M,,(R), where R is an order in a central simple algebra over an
algebraic number field.

5.1 General preparations

Let R be a unital torsion-free ring of finite rank n € Z~y. Then Q ®z R is an n-dimensional
Q-algebra containing R as a full subring. The sum of two elementary tensors in Q ®7 R is again
an elementary tensor, so that Q®z R=QR:={q®x:q€ Q,x € R}. Moreover, if LC R is a
full-rank subgroup, then Q ®z £L =QL and QL = QR. Each a € QR gives rise to a Q-linear map
6a: QR — QR given by x — ax. We let x,(t) denote the characteristic polynomial of this map,
and put N(a):=|det(d,)|. For a € R*, put o, :=d4|g.

Following the notation from [Li10], we let R* denote the multiplicative monoid of left regular
elements in R, i.e. R* consists of those a € R such that o, is injective. Since R is a torsion-free
ring of finite rank, the element a € R is left regular if and only if N(a)# 0. The action of any
submonoid M C R* on (the additive group of) R by left multiplication is faithful, by injective
endomorphisms, and satisfies (FI) (see e.g. [Fuc73, Exercise 92.5]). If £ is a full-rank additive
subgroup of R that is invariant under the action of M, then M also acts faithfully on £ by
injective endomorphisms and the action M ~ L satisfies (FI). Under the canonical inclusion
RCQR, R* is carried into (QR)*. If M C R* is a submonoid, then we let (M) denote the
subgroup of (QR)* generated by M. Since L is of full rank, we have £ N R* # () and thus M ~ L
is faithful.

PROPOSITION 5.1. Fori=1,2, let R; be a torsion-free ring of rank n and M; C R;* a submonoid.
Let £ be a rank-n subgroup of Ry, and assume that spany(M;) has finite index in R;. If
there is an injective additive group homomorphism b: QL — QRs and a group homomorphism
t: (My) — (Ma) such that b(azx) =t(a)b(x) for all a € M, and x € QL, then there exists a unital
Q-algebra isomorphism ¢: QRy — QRz such that o| ) = t.
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Proof. First, we show that b(1) is invertible in QRy. For every a € My, we have b(a) =b(al) =
t(a)b(1), so that b(z) lies in the Q-vector space (QR2)b(1) for all x € spany(M;). Since b is
injective and rky(spany(M;)) =n, we have n =rkz(im(b)) < dimg((QR2)b(1)) < dimgQR2 = n.
Hence, dimg((QR2)b(1)) = dimg(QR2), which implies that b(1) is invertible.

We now define p: QR; — QRs by ¢(z):=b(z)b(1)~!. Clearly, ¢ is additive and (1) =1.
Since b is injective and b~! is invertible, we see that ¢ is also injective. Let a € M;. We obtain
t(a) =b(a)b(1)~t = p(a). Thus, for a € My and = € Ry, we have

plaz) = b(az)b(1) ™ = t(a)b(2)b(1)~! = t(a)p(z) = p(a)p(z).
Set Mult(p):={a € R1: p(azx) =¢(a)p(x) for all x € R;}. It is straightforward to see that
Mult(yp) is a subring of R; containing Z and M;. Since spany (M) is of finite index in Ry, it fol-
lows that Mult(¢) = R;. Hence ¢ is a ring homomorphism. Thus, ¢ is a Q-algebra isomorphism
QR; — QRy satisfying ¢,y =t. O]

Given a torsion-free ring R of finite rank, we let O denote the integral closure of Z in QR. If
R is finitely generated, then R C O by [Rei03, Theorem 1.10]. However, O may not be a subring
if R is non-commutative. Given a submonoid M C R*, let M := (M) N O. Note that M need not
be closed under multiplication.

The following corollary demonstrates criteria under which we can deduce rigidity results.

COROLLARY 5.2. For i=1,2, suppose R; is a finitely generated torsion-free ring of finite rank
and that M; C RiX is submonoid. Assume there exist Q-algebra isomorphisms p1: QR; — QR3
and po: QRy — QR such that p1((My)) C (Ms) and po({Ms)) C (My). If:

(S7) ¢((My)) € (My) = ¢((M1)) = (M) for all ¢ € Autg.ag(QR1),

then @1 ((M7)) = (Ms) and @o({(Ms)) = (M), so that (M1) ~QR; and (M) ~ QR are isomor-
P

(N) M;=M; (fori=1,2) and

(S) ¥(M1) € My = o(My) =M, for all i € Autg-aig(QR1),

then o1 (My)= My and py(Ms) = M. Therefore, M; ~ spany(M;) and My~ spany(Msy) are

isomorphic, and, if each O;, the integral closure of Z in QR;, is closed under addition and
M;-invariant, then M ~ Oy and Mo ~ Oy are isomorphic.

Proof. Let 1) := g 0 @1 € Autg.alg(QR1). Then 9((M1)) = p2(p1({M1))) C p2((Ma2)) C (My), so
that ¥((M1))=(M;) by condition (S’). Now we have (M;)=1v((Mi))=p2(p1({(M1)))C
p2((Ma)) C (My), 50 that pa((Ma)) = (M),

Now assume that conditions (N) and (S) hold. Since Q-algebra homomorphisms preserve
integrality, we have ¢1(01) = O and ¢2(0O32) = O1. Moreover, we have M; C O, for i =1, 2, so our
assumption that ¢1(M1) C (M) and @a(M2) C (M) forces ¢1(M1) € Oz N (Ma) and @2(Ma) C
O1 N (M1). We have

N N
V(M) = ea(1(M)) S a(02 1 (M) ' o (M) € 01 1 (a)
so that condition (S) forces ¥(M1) = My, so that 1 (M) = My and pa(Msz) = M;. O

)Mla

5.2 Groupoid rigidity when the acting monoid is Abelian

In this section, we specialize to the case where the acting monoids are Abelian. The following is
an immediate consequence of Theorem 3.23 and Corollary 5.2.
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THEOREM 5.3. For i=1,2, suppose R; is a torsion-free finitely generated ring, M; C R an
Abelian submonoid such that spany(M;) has finite index in R;, and L; C R; an M;-invariant
full-rank subgroup. Assume that there exists a € My such that L1 — L1,z — (1 — a)x is injective,
and similarly for M.

If there is an isomorphism of topological groupoids (M _1£1 X (My)) x L1 22 (M_lllg X
(Ms)) x Lo, then there exist Q- algebra isomorphisms ¢1: QR 5 QR; and w2: QRy = QR such
that gol(Ml) C M2 and gDQ(Mg) - M1

We obtain the following rigidity results.

COROLLARY 5.4. Suppose that, in addition to the assumptions in Theorem 5.3, conditions (N)
and (S) from Corollary 5.2 hold and that L; =spany(M;) = R; or L; = O;, then the following
statements are equivalent:

(i) the algebraic actions My ~ Ry and My ~ Ry are isomorphic;

(i) (M Ry x (M) x Ly and (My 'Ry x (Ms)) x Ly are isomorphic as topological groupoids.

Note that £; = O; requires that O; is closed under addition and M;-invariant, neither of
which is automatic.

5.2.1 Connection to Bhargava’s work. Torsion-free commutative rings with finitely gener-
ated additive groups have received a great deal of attention recently [Bha0O4a, Bha04b, BhaO4c,
Bha05, Bha08, Bhal0].

THEOREM 5.5. Let R;, i =1,2, be finitely generated torsion-free rings. If the groupoids (QR;y x
(QR1)*) x Ry and (QR2 x (QR2)*) X Ry are isomorphic, then QRy = QRs as Q-algebras.

Proof. This follows from Theorem 5.3, applied to M; = R and £; = R;. Since Z C R;, we just
need to show that spany(M;) = R;. Indeed, for every aERz, there exists k € Z* such that
a+r€R]. Assp(c,) is finite, we have 0 ¢ sp(dq4x) =sp(dq + £ 1d) =sp(d,) + & for sufficiently
big k. O

5.2.2 Actions of congruence monoids on rings of algebraic integers. Let K be a num-
ber field with ring of integers R, and let Ry, C R* =R\ {0} be a congruence monoid as in
[Bru20, § 3], where m =mymy is a modulus for K and I" is a group of residues modulo m. Let
CX(R % Ry 1) denote the left regular C*-algebra of the monoid R x Ry r and Dy (R X Ry 1) the
canonical Cartan subalgebra of C5(R X Ry r) (see [BL23, §2.2]). Using the results from [Bru20,
§2], it is not difficult to show that the family of constructible subgroups for the multiplication
action Ry~ R is given by Cr, .~r={(0)#1 I R: I is coprime with m}. In particular, the
completion R of R with respect to C Rmr~R depends only on the prime divisors of m.

LEMMA 5.6. The ring spany (R ) is an order in R, i.e. it is of finite index in R.

Proof. Since Ry, 1 contains (1 +mg), it follows that the subring of R generated by R,  contains
(mg)+, the set of totally positive elements in the ideal mg. If x € my, choose k € N* Nmy such
that x + k is totally positive. Since z = (x + k) — k, we see that every element of my is a difference
of totally positive elements. Hence, the ring generated by Ry contains mg, which implies that
it is of finite index in R. O

LEMMA 5.7. We have the following.
(i) The monoid Rn 1 satisfies conditions (N) and (S) as in Corollary 5.2.

(ii) The action Ry ~ R is exact.
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Proof. We use the notation from [Bru20]. (i) First, let us show condition (N). By
Proposition [Bru20, Proposition 3.2], we have

(Rnr)={z € K* :vy(x) =0 for all p | mp, [z]m €T},

from which we see that (Ry ) "R = Rur-

Now we verify that condition (S) holds. Let 3 € Gal(K/Q). We have 1(Rm 1) = Ry(m),p(I)
where 1(m) is the modulus defined by w|®¥(m)s if and only if wow|my and ¥(m)y:=
(mp), and ¥(I") is the image of I' under the isomorphism (R/m)* = (R/v(m))* given by
[a]m = [¥0(a)]yp(m)- Since Rym)pr) =¥ (Rmr) € Rur, [Bru20, Proposition 9.2(1)] implies that
Y(m)|m, ie. P(m)o[mp and P(M)eo(w) =1 = moo(w) =1, and my ym)(P(T)) €T, where
Tmap(m) - (/m)* — (R/¢(m))* is the canonical quotient map arising from the divisibility condi-
tion ¢ (m) | m. Since 1»(mg) and mp have the same norm, 1)(mg) | mg forces 1 (mgy) = my. Since the
finite sets supp(y(m)s) and supp(ms;) have the same cardinality, supp(¢(m)ss) C supp(meo)
forces supp(y(m)so) =supp(My), i.e. P(M)so =me. Therefore, ¥(m)=m, which implies that
Tm,p(m) = id, 80 that 7y ) ((T)) €T becomes 9 (I') CT. Since #y(I') = #I', we must have
’(/)(F) =T. Thus, we have Rw(m)nb(l“) = Rm,I‘-

(ii) It is enough to show that Ry r contains a non-unit a because then (), -, a"R = {0}.
Observe that Ry contains the set (14 mg)y of totally positive elements in 1+ mp. Since
(1+mg)4 contains infinitely many positive integers, we see that Ry, r contains non-units. [

In this setting, we have the following complete rigidity theorem.

THEOREM 5.8. For i=1,2, let K; be a number field with ring of integers R;, and sup-
pose (R;)m,r, C R is a congruence monoid as in [Bru20, § 3]. The following statements are
equivalent.

(i) The algebraic actions (Ri)m, 1, ™~ R1 and (R2)m, r, ™ Ry are isomorphic.

(ii) We have that ((R1).' R1 % ((R1)m, 1)) X R1 and ((R2).} 1. Ro % ((R2)m,.r,)) X Ra are

my, I’ ma,I's
isomorphic as topological groupoids.

(iii) We have that (Rl);},an X ((R1)m, 1,) ~ Ry and (RQ);;FQRQ X ((R2)m,,) < ™~ Ry are
continuously orbit equivalent in the sense of [Lil8, Lil7].

(iv) We have an isomorphism of Cartan pairs
(AR ) my oy AR DRy vy AR Ry my vy ~Ras D (Ro)umy.rg ~Ra)-
(v) We have an isomorphism of Cartan pairs
(CX(R1 % (R1)m, 1), DA(B1 % (Ri)m, 1))
= (CX(R2 1 (R2)m, 1,), Da(R2 X (Rg)m, 1,))-

(vi) We have an isomorphism of abstract groups

PR3k B (B ) 5 B2 = F((Ro)yk g, Ro 4 (Re)r,) ).
(vil) We have an isomorphism of abstract groups

D((R)5! 1, B % (B, r,)) 5 BD) 2 D(((Ro)yh g, R # (Re)as)) ).

Proof. (i) (ii). Let 1 # a € Ry, r,. Then multiplication by 1 — @ is injective on K; = Q ®z R;, and
thus also injective on R;l r,Ri C K;. Thus, by Lemmas 5.7(i) and 5.6, we can apply Corollary 5.4
to obtain the desired equivalence.

Equivalence of statements (ii), (iii), and (iv) follows from [Lil7, Theorem 2.7].
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(v)=(iv). This follows from the description of the primitive ideals of C5(R; X (R;j)m,r,) in
[Bru20, Theorem 7.1] and the observation that 2 Ri)m, r,~R; 18 the unique simple quotient of
CX(Ri % (Ri)m,r,) and the quotient map C}(R; ¥ (Ri)m,r,) = A(R,)m, r,~R, carries Dy(R; x
(Ri)m,,r,) onto D(r,),. . ~r, (cf. [Bru20, §8]). Clearly, (i)=(iv).

Equivalence of statements (vi), (vii), and (ii) follows from Lemma 5.7(ii) and Remark 3.32.

O

Specalizing to the case where the moduli are trivial, and observing that the algebraic actions
R ~ Ry and RS ~ Ry are isomorphic if and only if K; = Ky, we obtain the following.

COROLLARY 5.9. For i =1,2, let K; be a number field with rings of integers R;, denote the
corresponding ring C*-algebras by A[R;], and their canonical Cartan subalgebras by ©[R;]. The
following are equivalent:

(i) K1 and Ky are isomorphic;
(i) (K1 % K{) x By and (K2 x KJ') X Ry are isomorphic as topological groupoids;
(iii) K1 x K, ~ Ry and Ky x K ~ Ry are continuously orbit equivalent in the sense of [Lil8,
Lil7];
(iv) (A[R1],D[R1]) and (A[R2], ®[Rs]) are isomorphic as Cartan pairs;
(v) (C3(R1 % Ry), Dx(R1 x RY")) and (C5(R2 x RJ'), Dx(R2 x R5)) are isomorphic as Cartan
pairs;
(vi) F((K1 x K{) x Ry) and F((Ks x K) x Ry) are isomorphic as abstract groups;
(vii) D((K1 x K{) x Ry) and D((K3 x KJ) x Ry) are isomorphic as abstract groups.

Remark 5.10. The equivalence of parts (i) and (v) in Theorem 5.8 completely answers the natu-
ral problem left open in [BL23, § 5.2]: the Cartan pair (CY(R % Ry ), DA(R % R r)) remembers
the isomorphism class of the semigroup R x Ry, r. The equivalence of parts (i), (iii), and (v) in
Corollary 5.9 completely answers the natural question left open in [Lil6, §1].

5.2.3 Algebraic actions from commutative algebra. In this subsection, we analyze a class of
algebraic N?-actions that are irreversible analogues of the algebraic Z?-actions studied in [Sch95,
Chapter IIJ.

We need the following observation. If R is a commutative finitely generated torsion-free
ring of rank n, then integral closure O of Z in QR is a ring by [Rei03, Corollary 1.11]. Since
R C O, for each element a € R, the map ,: QR — QR, d,(z) = ax, leaves O invariant. Thus,
N(a)=|det(d,)| lies in Z~ for every a € R*.

LEMMA 5.11. Let R be a commutative finitely generated torsion-free ring of rank n and
ai,...,ax € R*\ R*. In addition, assume that, for every 1 <i <k, there exists a prime p such
that p | N(a;) and p{ N(a;) for j #1i. We have:

(i) if ¢ € Autgalg(QR) is such that ¢ ({ai,...,ax)") C(a1,...,ar)", then ¢ =id;

(i) (a1,...,a)NO=(an,... a5)™;

(iii) aq,...,ar are multiplicatively independent, so that the canonical map NF - {at,...,ap)"
is an isomorphism.
Proof.
(i) Take v € Autg.ag(QR) with ¢({a1,...,ax)™) C(a1,...,a5)". Then, for each 1<i<k,
there exist ny,...,n; €N such that (a;)=a]"---a*. Now, for a€R*, we
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have 100, =0y 0. In particular, det(oy)=det(o,). Thus, N(a;)=N(¢(a;))=
N(ap)™ -+ N(ag)™. This, together with our assumption on N (a;), shows that ¥ (a;) = a;.

(ii) Let x € (ai,...,ar) NO. Then there exist ny,...,ny € Z with x=a]" ---a;*. We need
to show that each n; is non-negative. By assumption, for each 1<+ <k, there exists
a rational prime p dividing N(a;) such that p{N(a;) for j#i. Thus, 0 <v,(N(x))=
Z?Zl njvp(N(a;)) =nivy(N(a;)), which shows n; >0 (here, the first inequality uses that
x lies in O). The containment ‘O’ is obvious.

(iii) Suppose ai" - --a;* =1 for some ny,...,n, € Z. Fix 1 <i <k and choose a rational prime

p such that v,(N(a;)) >0 and vy(N(a;)) =0 for j#i. Now 0=v,(N(a1)™ --- N(ap)™) =
n;vp(N(a;)), so that n; =0. O

Let d € Z~o and denote by R} :=Z[uy,...,uq] the ring of polynomials with integer coeffi-
cients in the d variables uq, ..., uq. Let I < R; be a non-zero ideal. By the Hilbert basis theorem
(see e.g. [Eis95, Theorem 1.2]), R; is Noetherian, so there exist fi,..., fin € R(‘; such that [ is
generated by {f1,..., fm}. Since we are only interested in the quotient ring R:{ /I, let us assume
that u; ¢ I for all 1 <i<d. Let

V(I):={zeC%: f(z)=0 for every f eI} CC?

be the complex variety defined by I. It follows from [CLOO07, Chapter 5, Theorem 6] that
dimgQ ®z R} /I < oo if and only if V() is a finite set. If #V (I) < oo, then C®z I is said to
be zero-dimensional, in which case there exists a basis for C ®z R; /I consisting of (cosets of)
monomials (see [CLO07, Chapter 5, Proposition 4]), so that R} /I is finitely generated. For the
remainder of this section, we assume #V (I) < oo.

For f e RJ, let o7 denote the endomorphism of R; /I given by left multiplication with the
coset f+ 1. Let x¢(t) denote the characteristic polynomial of oy viewed as an endomorphism of
C®z R;r. Let us record the following properties of these endomorphisms.

LEMMA 5.12. For f € R}, we have:

(1) xs@) =Il.evn(t— f(2)"#) where u(z) := dimcO,, where O, is the localization of C ®g,
R at the maximal ideal m, :={g € C®z R: g(z)=0};
(i) oy is injective if and only if f(z)# 0 for every z € V(I);
(ili) id — o = 01—y is injective if and only if f(z) # 1 for every z € V(I);
(iv) if, for all FCV (), [l,cr f(2)#%1, then x; is not divisible by any unimodular
polynomial.

Proof. Part (i) follows from [CLOO05, Chapter 4, Proposition 2.7], and the other parts are
consequences of this. O

If N €Zsg, then it follows from part (ii) of Lemma 5.12 that the endomorphism oy is
injective, so we see that R:{ /I is torsion-free.

We let 4; denote the image of u; modulo I. Note that u; # 0 by our assumption that u; ¢ I. If
z;#0 for all z € V(I), then oy, is an injective endomorphism of R} /I by Lemma 5.12, and we
obtain an algebraic action (i1, . .., %)™ ~ R} /I, which satisfies (FI). Let Ry := Zuft, ..., uf]
be the ring of Laurent polynomials in the variables w1, ..., ug; then R; /I embeds in Ry/IRy,
and the multiplicative group (i1, ..., @g) acts on Ry/I R4 by multiplication. It is easy to see that
(i1, ..., 0q) ~ Ry/IRq is a globalization of (u1, ..., ug)" ~ R} /I. Let Q; denote the completion
of R} /I with respect to the family of (i, ..., @q)T-constructible subgroups.
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THEOREM 5.13. Fori=1,2, let d; € Z~¢ and let I; be a non-zero ideal of Z[uy, . . ., uq,]. Assume

that, for i =1, 2:

(a) #V(I;)<oo andup ¢ I; for allk=1,..., d;;

(b) 2z #0 for every z€ V([;) and k=1,...,d;;

(c) there exists a monomial f in uy,...,uq, such that f(z)#1 for all z € V(I;);

(d) for each 1 <j <d;, there exists a rational prime p with p| N(u;) and p{ N(ty,) for k # j.
Then the following statements are equivalent:

(i) the algebraic actions N ~ R:{l /Iy and N% ~ R;};/IQ are isomorphic;

(ii) (Rg,/I1Rq, x Z%) x Q, and (Ry,/IaRg4, X Z%) x Q, are isomorphic as topological

groupoids.

Proof. First, note that condition (d) implies | N (;)| > 1, so that 7; is a non-unit for all 1 < j < d;.
Conditions (a) and (b) ensure that R;Z /I; is a finitely generated torsion-free ring and that the
action N% ~ R;it /I; is by injective group endomorphisms whose images all have finite index. We
are in the situation of Corollary 5.4, so we only need to show that conditions (N) and (S) are
satisfied. That conditions (N) and (S) are satisfied follows from parts (ii) and (i) of Lemma 5.11,

respectively. O
Remark 5.14. In the situation of Theorem 5.13, Lemma 5.11(iii) implies that N% =
(U, ... 1g,)t.

Remark 5.15. Every finitely generated commutative ring of finite rank is isomorphic to a ring of
the form Zluy, ..., uq]/I, where I is zero-dimensional. However, the isomorphism will typically
not be canonical, e.g. if R is the ring of algebraic integers in a number field K, then any choice
of Z-basis {x1,...,xq} for R gives rise to a surjective homomorphism Z[u1, . .., ug] — R, whose

kernel must be a zero-dimensional ideal.

Let us explain two concrete example classes that are covered by Theorem 5.13.

Ezample 5.16 (Principal algebraic N-actions). A proper ideal I <Z[u] satisfies #V (I) < oo
if and only if I =Z[u]f for a non-constant monic polynomial f & Z[u] (see e.g. [Eis95,
Proposition 4.1.a]). The action oy, : N~ Z[u|/Z[u] f is called a principal algebraic N-action. When
f is non-constant and monic, the cosets of 1,u,...,u" ! form a Z-basis for Z[u]/Z[u] f, where
n = deg(f). The matrix for o, with respect to this basis is equal to the companion matrix Cy of
f, so oy, is injective if and only if f(0) = £ det(C}) is non-zero. All in all, since V(Z[u]f) is the
set of zeros of f, we see that o,,: N~ Z[u]/Z[u] f satisfies conditions (a)—(d) in Theorem 5.13 if
and only if f is non-constant, monic, and |f(0)| > 1, f(1) #0.

Remark 5.17. It follows from [Krz93, Theorem] that o,: N~ Z[u]/Z[u] f is exact if and only if
no unimodular polynomial divides f (in Q[u]).

Ezample 5.18 (Algebraic N%-actions defined by a point). A special class of Né-actions arises
from d-tuples of algebraic integers. These are the irreversible analogues of the algebraic Z?-
actions from [Sch95, §7]. Suppose that ¢ = (c1, ..., cq) € (Z" )%, where Z denotes the ring of all
algebraic integers, and let p. denote the kernel of the evaluation at ¢ map le' —Zlery ... eq) C
Q(c1,...,¢cq). Then p. is a prime ideal of R}, and we can characterize when the action N¢ ~
R /pc satisfies conditions (a)-(d) in Theorem 5.13 in terms of c. First, identify V(p.) with the

set Hom (Q(c1, . . ., cq), Q) of field embeddings of Q(c1, . . ., cq) into Q, the algebraic closure of Q
in C. Explicitly, this identification is given by sending z = (21, . .., z4) € V(p¢) to the embedding
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Q(c1, . . ., cq) = Q determined by c; — z;. From this, it is easy to see that conditions (a) and (b)
from Theorem 5.13 are satisfied if and only if ¢; # 0 for all 4, and condition (c) from Theorem 5.13
is satisfied if and only if there exists a finite non-empty set F'C {1,...,d} such that [[, . ¢; #
1; to see this, note that for any z=(z1,...,2q) € V(pe), we have [[,cp 2 #1 if and only if
[Licr ci # 1. Condition (d) from Theorem 5.13 is satisfied if and only if, for each 1 < j <d, there
exists a rational prime p with p| N(¢;) and pt N(cy) for k # j.

5.3 Algebraic actions from rings: The non-commutative case

For :=1,2, let R; be a ring whose additive group is finitely generated and torsion-free. Let
L; C R; be a full-rank subgroup, and let M; C RiX be a submonoid such that £; is M;-invariant.
Then, M; ~ L; is faithful since £; has finite index in R; and R; is torsion-free. Let £; denote
the completion of £; with respect to the family C; of M;-constructible subgroups of £;. Our goal
now is to establish the following rigidity result.

THEOREM 5.19. Continue with the notation and assumptions above, with the additional
assumptions that, for i =1,2, spany(M;) has finite index in R;, that there exists k; € M; for
some k; € Z\ {0, 1}, and that QR; is a semisimple Q-algebra, i.e. the (Jacobson) radical of QR;
is trivial (see e.g. [Kap72, Part II, § 1]). If there is an isomorphism of topological groupoids

(@Rl X <M1>) X Zl = (QRQ X <M2>) X ZQ,

then there are Q-algebra isomorphisms 1 : QR]_%QRQ and pa: @Rgi@Rl such that
¢1((Mn)) C (M2) and @a((Ma)) C (Mn).

Taking M; = R and £; = R; in Theorem 5.19 yields the following.

COROLLARY 5.20. If QR; and QRy are semisimple Q-algebras and there is an isomorphism of
topological groupoids B B
(QR1 x (QR1)") x By = (QR2 x (QR2)™) x Ry,

then there is a Q-algebra isomorphism QR; = QRs.

Proof. Observe that spany(R)=R; as shown in Theorem 5.5. The claim now follows from
Theorem 5.19. 0

Remark 5.21. The actions R ~ R; in Corollary 5.20 are exact, so Remark 3.32 applies here.

Before proceeding to the proof, let us explain several example classes to which our results
apply.

Ezample 5.22 (Matrices over orders in number fields). Let n € Zs¢. Let R be an order in a
number field K, and let I <R be a nonzero ideal. Then, M,,(I) C M, (R) is invariant under
the canonical action M, (R)* ~ M, (R), so we get an algebraic action M,,(R)* ~M,(I). We
have QM, (/) =M, (K), so M,(I) has full rank in M;,(R). We have Z1, CM,(R)*, and
spany (M, (R)*) has finite index in M,,(R) by the proof of Corollary 5.20. Thus, the hypotheses of
Theorem 5.19 are satisfied (for £=M,,(I) and M =M, (R)*). Moreover, (M,,(R)*) = GL,(K).
Therefore, if K7 and K9 are number fields with rings of algebraic integers R and Ra, respectively,
I <Ry, I 9 Ry are non-zero ideals, ni, ng € Z~o, and if (M, (K1) X GL,, (K1)) X My, (1) =
(M,,, (K2) % GL,,, (K3)) x My, (I2) as topological groupoids, then M,,, (K1) =M, (K3).
In particular, Theorem 5.19 implies that

(My,, (K) x GLy, (K)) x My, (R1) =2 (My, (K3) x GLy, (K2)) x My, (R2)

as topological groupoids if and only if n; =ne and K1 = Ko.
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Ezample 5.23 (Group rings of finite groups). Let F} and F; be finite groups. By Maschke’s the-
orem (see e.g. [Kap72, Theorem 25]), QF; is a semisimple Q-algebra (i =1, 2), so Corollary 5.20
implies the following. If there is an isomorphism (QFy x (QF})*) x ZFy = (QFy x (QF2)*) x ZFy,
then QF; =2 QF5. Note that if Fiy, F» are Abelian, then QF; =2 QF5 if and only if F} & F5 by
[PW50, Corollary 1 and Theorem 3]. It is a non-trivial result that there exist finite non-Abelian
groups Fi, Fy with ZF, 2 ZF; and F; % F» (see [Her01]).

Ezample 5.24 (Central simple algebras over number fields). Let A be a central simple algebra
over the number field K, i.e. A is a finite-dimensional simple K-algebra whose centre is precisely
K, and let O be an order in A. By the Wedderburn structure theorem, there exists a (central)
division algebra D over K and p € Z~q such that A= M, (D). Thus, the algebraic action O* ~ O
fits into the setting of Corollary 5.20. Hence, if (A; x A}) x O1 =2 (As x A%) x O as topological
groupoids, then A = A,.

Now our goal is to prove Theorem 5.19. For the remainder of this section, we work with the
assumptions and notation from Theorem 5.19. We need some preparations.

LEMMA 5.25. Let R be a ring whose additive group is torsion-free and of rank n, and let M C R*
be a submonoid. Suppose that a € (M) satisfies a = yafy~! for some v € (QR)* and k € Z~1.
Set m := k(dimgQR)! — 1. Then there exists a nilpotent element 1, € QR such that o™ =1+,
(i.e. & is a unipotent element of the Q-algebra QR).

Proof. The map m: QR — End ¢(CR) = M,,(C) given by 7(q ® a)(z ® b) = gz ® ab is an injective
Q-algebra homomorphism. The equation a =~ya®y~! implies that m(a) = m(y)7(a)*r(y)"! in
M,,(C). Tt follows that sp(m(«)) =sp(m(a)”) =sp(m(a))® :={A\": XA €sp(m(a))}, where sp(m(a))
is the spectrum of 7(a). Thus, the map sp(m(a)) — sp(m(c)) given by A+ A* is bijective. Write
sp(m(a)) ={A1,..., A}, and let p be the permutation of sp(7(c)) determined by \; = Ay for
all 1 <i<j. Since j < dimgQR, we have p(dme@R)! —id. Thus, \; :AZSS@%%% = AF(dimeQR)!
so that )\f(dlm@QR)!_l =1. We now see that 1 is the only eigenvalue of 7(«)™. By considering
the Jordan normal form of 7(«)™, it follows that there exists a nilpotent matrix N, € M,,(C)
such that ()™ =14 N,. Since N, =7(a)™ — 1 =7(a™ — 1), we see, by injectivity of 7, that
Ne :=a'™ — 1 is nilpotent. O

Given a division algebra D, we regard D™ as an M,,(D)-D-bimodule in the usual way. Thus,
a basis for D™ will always mean a right D-basis. We use a subscript D on the right to indicate
that we are viewing something as a right D-vector space.

LEMMA 5.26. Let D be a finite-dimensional division algebra over Q and n € Z~q. Suppose that X
is a non-trivial finitely generated Abelian subgroup of GL, (D) consisting of unipotent matrices,
so that every a € ¥ is of the form a =1+ n,, where 1, € M, (D) is a nilpotent matrix. Let
t:=(N ey kerng and k:=dimtp. We have tkz¥ <n-(n—k)[D: Q.

Proof. Let M:=spang{7a : a € ¥} C M, (D). For a, o’ € ¥, we have
1+ Naa = ad = (1 + 77(1)(1 + 770/) =140+ Mo + NaNa,

so that NaNe = Nae — Na — N lies in . From this, we see that I is a non-unital commutative
sub-Q-algebra of M, (D).

For a € &, let log av:= "5 (—1)""1((1 — «)?) /i; this is a finite sum because 1 — « is nilpotent.
Note that log « lies in 91. Since ¥ is Abelian, log defines an injective group homomorphism (with
inverse given by exp, see e.g. [Hal03, §2.10, Exercise 8]) from ¥ into 91, so that rkz¥ < dimg91.
Thus, we are done once we show that dimgM <n - (n—k)[D: Q).
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Since M is closed under multiplication and consists of nilpotent elements, [KapT72,
Part II, §5, Theorem 35] asserts that there exists a right D-basis wi,...,w, for D" such
that 91 is strictly upper triangular with respect to this basis. This means that if we define
Wi :=span{wi,...,w;}p for i=1,...,n, then nw; =0 and for each i >2, nW; CW;_; for all
neMN. Let WC{wy,...,w,} be a subset such that VW together with a basis for £ is a basis for
D™, and put W =span(W)p. Since 0| =0 for all n € N, the map N — Hom (W, D) p, n+— n|w
is injective; moreover, since w, € ND", we see that it is not surjective. Hence, dimgpM <
dimgHom (W, D")p = dimgM,,x (n—r)(D) =n- (n — k)[D : Q]. O

Proof of Theorem 5.19. Let ¢ be the cocycle defined by the composition

(hy

(QRl X <M1>) X Zl = (QRQ X <M2>) X ﬁ QR X <M2>

where the second map is the canonical cocycle obtained by projecting onto the group component.
Lemma 3.4 produces a (finite-index) subgroup C € C; such that g(z) := ¢(x, 0) defines an injective
group homomorphism from C' into QRy x (Ms). Let T C (M) be the image of C' under the
composition

C—)QRQN <M2>( i

<M2> (5.1)
By assumption, there exists € M; with k € Z\ {0,1}. Let m :=r(dimgQRz2)! — 1. Then we
claim that, for every a € ™, there exists a nilpotent element 7, € QRy such that a =1+ 17,.
Indeed, as k € Ma, Proposition 3.5 implies that there exists v € (Ms) such that o = ya*y~! for all
«a € T. The result now follows from Lemma 5.25. In particular, ™ is torsion-free. The subgroup
mC C C is mapped onto ¥ under the projection in (5.1), so T is moreover finitely generated.
We show that T is trivial, which implies that there exists an injective group homomorphism
b: mC — QR such that g(z)=(b(z),1) for all z € mC. Since T™ is free abelian, there exists
a subgroup Cz C mC such that mC = C’" & Cg, where C' = {x e mC: g(x) = (y, 1) for some y €
QRs}, and Cx is mapped isomorphically onto T under the map in (5. 1)

Let B be the image of C’ under the composition mC 2 QR <M2) QRQ Note that 8B
is a subgroup of QRy because the second map is a homomorphism on QR2 x {1}, which contains
the image of C".

Let us now show that the group T is trivial. Since QRy is a semisimple Q-algebra,
the Artin—Wedderburn theorem implies that there exists a decomposition of Q-algebras

QRy =@;_; My, (D;), where r,ni,...,n, € Zso and each D; is a finite-dimensional division
algebra over Q. Thus, (M) C €P;_; GLy,(D;). For each i=1,...,r, let B; be the image of B
under the canonical projection QRy — M,,, (D;). For each i =1,...,r, let ¥; be the image of T

under the canonical projection (M) — GLy, (D;). Then T; = {1 + 7%, : a € T™}, where 7, denotes
the ith coordinate of 7, (which come from Lemma 5.25); in particular, the group ¥; consists of
unipotent elements. Let £ := (), cqn ker (%) and k; :=dim (&) p

Take 2’ € C' and write g(z') = (5, 1). If x € C¢, we can write g(z) = (8, @). Then g(z')g(z) =
(B + B, a), whereas g(z)g(z') = (B + af’, a). Thus, o’ = 3, i.e. o3’ = 0. It follows that 1%, 3 =0
for all « € ™ and € B;, so that im(5) C¢; for all 5 € B;. From this, we see that im(8) C ¢;
for all 8 € span(B;)p, :={>_; B;d; : Bj € Bi, d; € D;}. Hence, dim(span(B;)p,)p, <n; - ki. Now
we have rkzB; = dimg(Q ® B;) < dimg(span(B;)p,) <n; - k; - [D; : Q).

Assume, for the sake of contradiction, that €™ is non-trivial, so that ¥; is non-trivial for some
i (i-e. ki <n;). By Lemma 5.26, we have rkz%; < n; - (n; — k;)[D; : Q], where k; := dim(&;) p,. Since
kT <37 rky T and tky®B <Y rky®B;, we obtain
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dimQQRl =rk;C' = I'kzcl +1kyCx =1kzB + 1k T™

<> rkeTi+ > tkeBi <Y n?-[D;:Q] =dimgRy,
=1 =1 =1

where the strict inequality uses our assumption that k; <mn; for some i. By symmetry, we also
get dimgQRy < dimgQR;, which is a contradiction. Thus, k; =n; for all <. Hence, T is indeed
trivial.

We conclude that there exists a group homomorphism b: mC — QR such that g(z)=
(b(z),1) for every z € mC. Let t be the composition (M) % QRy x (My) — (Ms), where the
second arrow is the canonical projection map. It is easy to check that t is a group homomor-
phism, and Lemma 3.18 shows that t is injective. Now Lemma 3.20 shows that for all s € M; and
x € mC, we have b((01)s(z)) = (52)y(s)(b(x)), where o7 is the algebraic action My ~ L1 and G2
is the algebraic action (Ms) ~ QRs. Hence, the same proof as for Theorem 3.23(i) produces an
injective homomorphism b: QR < QRy which is equivariant. Applying Proposition 5.1 yields
the desired result. O
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