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The Turan Number T'(n,k,r) is the smallest possible number of edges in a k-graph of order
n such that every set of r vertices contains an edge. The limit

—1
t(k,r) == lim T(n,k,r) (Z)
n—oo

exists, but there is no pair (k,r) with r > k > 3 for which this function could be determined
as yet. We give a constructive proof of the upper bound

_ k—1
k) < (u)
r—1

for every k and r with r > k > 2. In the case k = 6, r = 11 we improve this result, refuting
thereby a conjecture of Turan.

1. Introduction

Paul Turan [8] raised the problem of determining T (n, k,r), the smallest number of edges
a k-graph H = (V(H), E(H)) of order n can have if it contains no set of r independent
vertices. (A set of vertices is called independent if it contains no edge.) Turan himself
determined T(n,2,r) for every n and r, but the general problem seems to be extremely
difficult. As noted by Katona, Nemetz and Simonovits [6], T (n,k, r)(,’(’)_1 is increasing in
n; therefore the limit t(k,r) := lim,_, T(n,k, ;’)(Z)f1 exists. For ordinary graphs Turan’s
theorem yields that t(2,r) = rl—l Erd6s [3] has offered $500 for the determination of ¢#(k, r)
for a single pair (k,r) with r > k > 3.

Now t(k,r) > T(r,k,r)(,’()71 = (1’;)71 for every k and r. De Caen [1] has improved
this bound to t(k,r) > (,Zj)_l for every k and r. For the case (k — 1)|(r — 1) Turan [9]
constructed the so called “Turan Hypergraphs’: Divide n vertices into (r —1)/(k—1) vertex
classes as equal as possible and let every set of k vertices which are all in the same vertex
class be an edge. He conjectured that these k-graphs are extremal, i.e. that they have the
smallest size among those that don’t contain an independent set of r vertices.

This construction yields that t(k,r) < (1) holds for (k — 1)|(r — 1), and if this
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conjecture is true this bound would be sharp. As Giraud [5] notes, Kostochka has found
some examples with k = 3 and n not a multiple of 3 where the construction of Turan
does not yield the correct number T'(n,k,r). However, as far as we know, the conjecture
t(k,r) = (’;_;ll)k_1 for (k — 1)|(r — 1) had not yet been disproved.

2. A general upper bound for t(k,r)

Now we generalize the bound t(k,r) < (’;%})k_l to arbitrary values of k and r > k. Our
construction in the case k = 2 is identical with that of Turan [8]; in the case k = 3 our
bound was already found by de Caen [2].

Theorem 2.1. t(k,r) < (’;%%)ki1 holds for every k and r with r >k > 2.

To prove this theorem we first state some definitions and lemmas. Note that we take
all indices modulo r — 1, if not stated otherwise.

Definition 2.1. Let Vy,...,V,_, be a partition of a set V. Then for a subset W < V and
i=0,...,r—2 we define: n; =n(W) = |WnV]—1

Definition 2.2. Let Gf.k_)l(n) be the following k-graph with vertex set V, |V| = n: Divide
V into r — 1 vertex classes as equal as possible, i.e. let |V;| = [:%{J,j =0,...,r—2. Leta
set W of k vertices be an edge if there is an i, 0 < i < r — 2 such that the following k — 1
inequalities hold:

(W) >0, (W) +n(W)>0, ..., (W) +n(W)+...+n—2(W) > 0.

Lemma 2.1. If W is an edge of a Gik_)l(n) then there is a unique i = i(W) such that the
k — 1 inequalities in Definition 2.2 hold.

Proof. Suppose that the inequalities hold for both i and j, i # j. Theni € {j,...,j+k—2}
or j € {i,...,i + k — 2} since otherwise {i,...,i +k —2} and {j,...,j+k — 2} would be
disjoint and therefore W would consist of 2k vertices. Now we can suppose without loss of
generality that j € {i,...,i+k—2},1e. j € {i+1,...,i+k—2}. Then ny(W)+...+n;_1(W) >0
and nj(W)+ ... + nig—(W) > 0 and therefore ni(W) + ... + nipr—2(W) > 1. However,
since W consists only of k vertices, this sum can be at most 1. ]

Lemma 2.2. The k-graph Gf.k_)l(n) contains no independent set of r vertices.

Proof. We assume that Gik_)l(n) contains an independent set U. For i = 0,...,r — 2 let
ni = ni(U) = |UN V| —1. Then there is a j; = 1 such that ng +... +nj_; < 0. (If
no+...+nj;—1 >0 for all j; =1,...,k — 1 then the first k counted vertices of U would
form an edge.) We also have positive j,, js,... such that

njy oo N1 S 0, Mjigjp oo Njipjppji—1 S 0,
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We can continue in this way as long as we like, passing the vertex classes arbitrarily often.
Stopping at j; + ...+ j, = s, we obtain

( S —1)|U|<L S J\U|<s+no+...+n3_1<s.
r—1 r—1

This yields that |U| <s (%5 — 1)_1, and for s — oo this bound tends to r — 1. O
Before stating the next lemma, we recall that for a k-graph G the degree of a vertex set
S € V(G), 0 < |S| <k, is defined as

dg(S) == |{T = V\S,SUT € E(G)}].

Lemma 2.3. Let G be a fo)l(n) with vertex classes Vy,...,V._a; let S € V, where 0 < v <
r—2and 1 <|S| <k
Then we have for n = (r — 1)m with m an integer

(k—l)m—|S|>

dg(S) = ( k— S|

aois1= (20 () o ()
¢ r—1 k—|S| '

Proof. For general n we can put n = (r — 1)m+ o(n); therefore it is sufficient to prove the
first equality.

Because of Lemma 2.2 every set of k vertices of a Gg‘_)l((k — 1)m) is an edge, so Lemma
2.3 is true if r = k. It remains to prove that for fixed m the degree dg(S) does not depend
on r. For a graph G = G(rlﬂl((r — 1)m) with vertex classes Vy,...,V,—» we have a graph
G = Gg‘_)l((k — 1)m) with vertex classes Vy,..., Vi_p. Without loss of generality, let S < V.
Fori=0,...,r —2 let N(S,i) be the number of k-sets W with § <« W < V(G) such that
the k — 2 inequalities n_j(W) > 0,...,n_y(W) + ... + n_ix—2(W) > 0 hold (indices mod
r—1), and for i = 0,...,k — 2 let M(S,i) be the respective number of k-sets W’ with
S = W’ = V(G’) such that the same k — 2 inequalities hold (with indices taken mod k —1).

Clearly N(S,i) = M(S,i) for i = 0,...,k — 2. Further, we have N(S,i) = 0 for i =
k—1,...,r —2 since otherwise we would have a k-set W with S ¢ W < V_,_»U...UV_y,
in contradiction to S < V. Now because of Lemma 2.1 we have

and for general n

r—2 k=2 k—2
dg(S) =D N(S,i)=> N(S.i)=>_ M(S,i) = da(S). O
i=0 i=0 i=0

Proof of Theorem 2.1. By Lemma 2.3 we know that in the graph G = G(,]ﬂl(n) every vertex

v € V(G) has degree
k—1\""/ n 1
d(;(v)—(r_1> (k_1>+0(n ).
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Therefore we obtain by Lemma 2.2

) e(G(rk—l(n)> - Dveria) do(v) k—1\""
r < T T :<r—1) ’

3. A better construction in a special case

Results of Frankl and Raodl [4], Giraud [5] and Kim and Roush [7] show that the bound
in Theorem 2.1 is not always sharp if r = k+ 1. We now prove by an explicit construction
that this bound is not sharp also in the case k = 6,7 = 11. This means that in this case
the Turan hypergraphs do not yield the correct value of t(k,r).

Theorem 3.1. 1(6,11) < 7384 - 8¢
(Note that 7384-87% = 0.0282... is smaller than the bound 31—2 = 0.03125 of Theorem 2.1.)

Proof. We construct a graph G of order n as follows: Divide V(G) into eight cyclically
ordered vertex classes Vy,..., V7 as equal as possible. Let the edges of G be those sets W
of six vertices for which one of the following conditions holds:

(1) W has at least five vertices in one vertex class.

(2) There is a vertex class containing four vertices of W and in each of the the two
following or each of the two preceding classes there is exactly one vertex of W.

(3) There are two vertex classes which contain exactly three vertices of W each.

(4) There is a vertex class in which there are three vertices of W, and in each of the three
following vertex classes there is exactly one vertex of W.

(5) There are three vertex classes containing exactly two vertices of W each.

We prove the theorem by showing:

A. G contains no independent set of 11 vertices.
B. lim, .., ¢(G)(!)™" = 738487

To prove claim A, suppose that G contains a set W of 11 independent vertices. Let the
largest number of vertices in one vertex class be mj, the second largest my, ..., and let
the smallest be mg. Because of condition (1) we have m; < 4. If m; = 4, (2) yields that
my; = mg = 0, and (3) yields m, < 2. If my = 2 we have because of (5) m3 = 1, so W
contains at most 4 +2 4+ 1+ 1+ 14 1 = 10 vertices. If m; = 3, (4) yields mg = 0 and (3)
my < 2. If my =2, (5) yields m3 < 1, so W contains at most 3+2+4+14+1+1+141=10
vertices. If m; = 2, (5) yields m3 < 1, so W contains at most 2+2+14+14+1+1+141 =10
vertices. So in every case we have obtained a contradiction.

To prove claim B, note that e(G) = e1(G) + ... + es(G), where e;(G),i = 1,...,5 is
the number of edges given by condition i. It is easy to check that lim,_,. ei(G)(Z)_l is
respectively 344 - 876,480 - 876,560 - 87,960 - 8¢ and 5040 - 8. O

In a forthcoming paper we will prove that only on a rather strong condition on k and
r can the bound in Theorem 2.1 be sharp. The proof is based on the observation that in

https://doi.org/10.1017/50963548397003039 Published online by Cambridge University Press


https://doi.org/10.1017/S0963548397003039

Constructive Upper Bounds for the Turan Number 479

many k-graphs G = Gi’i)l(n) we can find a set S whose degree dg(S) given by Lemma 2.3
is so large that G cannot be extremal.
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