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Abstract. In this paper, we propose two initialization techniques for the lattice Boltz-
mann method. The first one is based on the theory of asymptotic analysis developed in
[M. Junk and W.-A. Yong, Asymptotic Anal., 35(2003)]. By selecting consistent macro-
scopic quantities, this initialization leads to the second-order convergence for both
velocity and pressure. Another one is an improvement of the consistent initial con-
ditions proposed in [R. W. Mei, L.-S. Luo, P. Lallemand and D. d’"Humieres, Comput.
Fluids, 35(2006)]. The improvement involves a modification of the collision term and
a reconstruction step. Numerical examples confirm the accuracy and efficiency of our
techniques.
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1 Introduction

In the past two decades, the lattice Boltzmann method (LBM) [3, 4,7, 11-13, 19, 26, 27]
has emerged as a powerful tool for simulating various fluid flow problems. Because of
its simplicity, effectiveness and massive parallelism, the method has been widely used
in many flow simulations including thermal flows [9, 10,21, 25], multi-phase and multi-
component flows [22,28], porous media flows [5,24], etc.

In the meantime, the theoretical study of the LBM has been greatly developed. In the
early literature, the macroscopic fluid dynamic equations were obtained from the LBM
by using the multi-scale technique [19, 26]. Later, the LBM was regarded as a special
discretization of the continuous Boltzmann equation [12,13]. Furthermore, some impor-
tant properties (e.g. stability conditions, dispersion effects) of the LBM were studied [20].
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After that, the non-existence of H theorems was proved for some lattice Boltzmann mod-
els [32,33]. Recently, a theory of asymptotic analysis, including stability and convergence,
for the method were established in a mathematically rigorous fashion [1,15-18, 30, 34].

Initial conditions are indispensable parts of the LBM. For practical applications, avail-
able initial data are only those of macroscopic quantities, e.g. density, velocity and tem-
perature, instead of the distribution functions f;(f,x) in the LBM. A conventional way
is to specify the initial distributions f;(0,x) as equilibrium ones £ (0o, 10) with (po, o)
the initial data of density and velocity. But this seems not correct for flows with strong
nonlinearity [35] and can lead to initial layers and thereby poor numerical resolutions.
Because of this, a non-equilibrium correction method based on the Chapman-Enskog ex-
pansion was proposed [6,29] to improve the initialization. As pointed out in [23], such
methods are cumbersome and not easy to implement in practice since it involves high-
order time and spatial derivatives. Another drawback of the previous methods is that
the initial density field pg is required but often not available. To overcome this difficulty,
an iterative initialization procedure was proposed in [2,23] to generate consistent initial
conditions. This idea is very effective. However, the pressure is only of first-order ac-
curacy, which seems to be the maximal accuracy for problems with general non-periodic
boundary conditions in the literature. We also remark that Van Leemput et al. developed
an alternative approach to generate initial conditions for LBM [31].

In this work, we propose two kinds of initializations for the LBM. The first one is
obtained by using the theory of asymptotic analysis developed in [16-18] for the LBM.
Since high-order corrections are involved, the initial layers can be avoided. Here no time
derivatives is involved, quite different from the non-equilibrium correction method [29],
so it is easy for implementation. Moreover, the velocity and pressure converge at second
order since the macroscopic quantities are chosen in a consistent way. The other one
is an improvement of the consistent initial conditions proposed in [23]. It significantly
decrease the iteration steps and numerical errors by modifying the collision term and
adding an extra reconstruction step. Numerical results show that the new initialization
routines significantly improve the existing methods.

The paper is organized as follows. In Section 2, after a brief review on the LBM and
its asymptotic analysis theory, we present the high order initial conditions for the LBM.
Motivated by the asymptotic analysis, we propose an improvement of the consistent ini-
tial conditions in Section 3. In Section 4, numerical examples are provided to show the
performance of our methods. Some conclusive remarks are made in Section 5.

2 LBM and its asymptotic analysis

2.1 The lattice Boltzmann method
The general form of the LBM is

fit+ 12 x+eih) = fi(t, )+ Ji(f(t,x))+F,  i=12,N. 2.1)
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Here f; = fi(t,x) is the i-th distribution function, E denote the external forcing term, t >
0,x€R?, >0 is a dimensionless spatial mesh-size, and f:=(f1,f2,--, fN)T. The discrete
velocities ¢; and the collision terms J;( f) satisfy the following symmetry and conservation

relations
{C1/C2/"'/CN}:{_Cll_CZ/"',_CN}, (22a)
N N .
Y Ji(f)=0, ) cii(f)=0. (2.2b)
i=1 i=1

In view of the symmetry, fori€ {1,2,---,N} we define7€ {1,2,---,N} so that
;= —C;j. (2.3)

Remark 2.1. It is known, see e.g. [15,17,30], that Eq. (2.1) is a special discretization of the
discrete-velocity Boltzmann equation with diffusive scaling

atﬂ—f-%ci‘vfi:hl_z (HH)+E).

A classical example is the D2Q9 model [26], which will used throughout this paper.
It has the following parameters

d:2/ N:9/ C9:(O/0)T’
{c1,00,03,¢4y ={(£1,0)T, (0,4£1)7},
{cs,c6,c7,c8} ={(£1,+£1)T},

Ji(F) = (7 (o) — o).

T

Here 7 is a relaxation time, the equilibrium distribution ;7 can be split into linear and
quadratic parts

£i' (o) = fir (o) + fig (1) (2.4)
with
fia (o) = (p+3u-c),
Fralw) =57 (e we) -Juw),

4/9, i=9,
=4 1/9, i=1,2,34,
1/36, i=5,6,78,

and the quantities p and u are determined in terms of the distributions:

9 9
p(t,x)::;fi, u(t,x)::;cifz-.
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At last, the external forcing term is
F=FkW®, F=3fcF,

in which F= (Fx,Py)T is the external force field, see e.g. [8].

2.2 Asymptotic expansion

Observe that the LBM solutions for (2.1) depend on the small mesh-size h. To investigate
the asymptotic behavior as /1 goes to zero, we follow [17] and seek the Ansatz

k=1
with fl-(o) = f;. This is the Strang expansion in numerical analysis. With this Ansatz, we
define
9 9
k k
o =Y F0, =Y e
i=1 i=1

for k=1,2,---. It is easy to see that

p@=1, u®=o.

and
p~ p 0+ Y 1k, 2.6)
k=1
U~ u(o)—I—thu(k). 2.7)
k=1

Substituting the Ansatz (2.5) into the LBM (2.1) and making use of the Taylor expan-
sion, we have

S (k—s)
Y 1" Disf;
k=0 s=0
1) 00 k
:thfi(k)_F%th <fi,L(P(k)/u(k))‘|’Zfi,Q(u(s)/u(k_S))_fl'(k)> _}_hSPi' (2.8)
k=0 k=0 s=0

Here the differential operator D; ; is defined as

af(cl--V)‘?

1g!
2p+q=s p:4:
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Notice that D; =1, 10 :0,p(0) =1and fl-(o) is constant. We match the coefficients of i in

(2.8) to get
Fir (0, u @)~ 19 =0, (2.9)
fir (e, u) —fi(l) =0, (2.10)
(fl N+ Zfz =) fi(k)> +03Fi, (2.11)
for k>2. Eq. (2.9) is obvious for f; 1 (1,0) :f*. From (2.10) it follows that
£V =fin (oM, u) = £ (oW +3uM) ;). (2.12)

Moreover, from (2.11) we have

£ =firl +Zﬁ )
-t ( skt i+ Dy o fP 4+ D f )+T(5k3F (2.13)

This means that fz-(k) can be inductively determined by p(*),u(®) (1<s<k) and their deriva-
tives. Note that o) and u%) are determined by fl-(k)

In order to determine fz-(k) completely, we slightly modify the proof of Lemma 3.1
in [17] to get the following theorem.

Theorem 2.1. For k=0,1,2---, assume p'>*1)(0,x) =0, u®)(0,x) = 0 and periodic boundary
conditions are posed. Then the expansion coefficients satisfy

2k 2k 2k+1 2k+1
fi( ):ff( ), fl( + ):_ff( +1)
p P (£ x)=0, u®)(t,x)=0.

The coefficients p\?) and u'V) solve the incompressible Navier-Stokes equations
ERTIONETIOR vNe) +%Vp(2) =vAuY +F, (2.14)
v =0, (2.15)

with the viscosity coefficient v=%(T—%). Furthermore, the coefficients 0 ) and u+1) with
k>1 satisfy the following linear equations

atu(2k+l)+u(1)_vu(2k+1)+u(2k+l)_vu(l)_’_%vp(Zk—&-Z):VAM(Zk—H)_'_GngJrl)/
Vo@D g p(2k)+G(2k+1)
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with the source term G§2k+l) and Gfk“) depending only on derivatives of F, 0\*) and u'*) with

0<2k+1.

As a corollary of the last theorem, the asymptotic expansions in (2.6) and (2.7) are
reduced to

u ~ huW 3G

Thus, the solution (p,v) of the incompressible Navier-Stokes equations is given by

p= ;p (Zﬁ >+(’) (h?), (2.16)
v:u(l)zﬁgciﬂ—i—(?(hz). (2.17)

2.3 Initial conditions for the LBM

As a result of Theorem 2.1 and Eq. (2.12), the first-order expansion coefficient is given by

FV=3fu0.c,. (2.18)

Plugging this into (2.13) with k=2 leads to

F = Fi0(0®,u®)+ fi0(wW,uW) —(c;- V) £V
Zfz-*p(z) +fz-,Q(u(1),u(1)) —37tf/c; -V(u(l) -Ci). (2.19)

Furthermore, fl-(a) has the following expression

f1(3) :fi,L(p(s)/u(s))_T<atfi(l)+%(Ci'v)2fi(l)+ci'vfi(2)> +TF1'
:3fz-*u(3)~ci—3Tfl-*8tu(1)-ci—érﬁ*(ch)z(u(l)-ci)—l—TFl-

—Tci-V(fz-* "+ fio®,ul) 3£ e V() -c;))
=3fru®.c;+3tfrci- (uV-vuV —vAul)

—Tci-sz-lQ(u ) ul ))+3T<T—%)fi*(ci-V)2(u(1)-cz-). (2.20)

In the above derivation, the incompressible Navier-Stokes equations (2.14) are used to
replace the time derivative 9u). According to (2.5) and (2.18)-(2.20), we can write the
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distribution function as

ﬁ‘:ﬁ-(o)+hfi(1)+h2fi(2)+h3ﬂ(3)+0(h4)
= £1(1,huM) —hre; V£ (0,huV)) + 12 £ p?)
+303 fru® ;43037 frep- (uD - vuM) —y Au)

+3h3r(r—%)fz-*(ci-V)z(u(l)-ci)+(’)(h4). (2.21)
In view of the consistency of macroscopic quantities
p?(0,x)=3po(x), uV(0,x)=w0(x),
we take the initial distributions as
£i(0,x) = £ (1,hvg) —he;- V £ (0,hog) +3h* £ po

1
+313Tf} <ci-(vo-Vvo —vAvy)+ <T— E) (c;-V)* (o -cl-)) +313 fFFu®(0,x)-¢;. (2.22)
It remains to choose 13 (0,x). To this end, we recall from Theorem 2.1 that
3)(0 1) = —9,02 1
V-u®)(0,x)=—0¢p'“(0,x) — EV-F, (2.23)

Remark that the time derivative is involved here and there are infinitely many u(®)(0,x)
satisfying Eq. (2.23). For definiteness, we suggest to take (> (0,x) =u() (0,x) + 1 F solving
the following Poisson equation

%AIZ(S) (0,x) =v(Avo-Vog+v-V(Awg))

— (Vpo'vvo —|—Uo'vzpo)
—((Uo-vvo)-V00+Uo-V(UQ-V00)). (2.24)

The reason is given in the appendix.
As shownin [16], the above choice of initial distributions ensures that the LB solutions
have the following asymptotic expansion

fit )= O nf N 2D 1w P L o nt)

in the usual L?>-norm. Referring to (2.16) and (2.17), we have second-order convergence
for both the velocity and pressure.

Remark 2.2. We can also take the following

fi(0,%) = fi (1,hoo) +31* f (po—¢;-V (v9-¢;)). (2.25)
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as initial distributions. This formula is simpler than that in (2.22). But it only ensures the
following asymptotic expansion

filtx)= £ +hf 112 £ L O0P).

Referring to (2.16) and (2.17), we have only first-order convergence for the pressure, while
second-order convergence for the velocity.

3 An improvement of the consistent initial conditions
In [23], a simple and effective iteration method was proposed to generate consistent initial
conditions when the initial pressure py(x) is not known. The key idea can be expressed

with the following LBM-like scheme
filt+1? x+cih) = fi(t,20) + ] (f(tx))+F, 1=12,,N. (3.1)
Here the collision term is given by
= 1
M) = (£ (p o)~ ), 62)
and vy is the initial velocity field. Multiplying the collision term by ¢; and summing over

index i leads to
old nog—u
0
Zc Ji — 7

in general. This means that u:=} ;c;f; is not a collision invariant, in contrast with (2.2).
To fix this problem, we refer to the decomposition in (2.4) and propose the following
new collision

f““’(f)2%(ﬁ,L(P/M)+ﬂ,Q(hUO/hUO)_fi)' (3.3)

A simple calculation shows that
Z]new =0, ch]new

Substituting the Ansatz (2.5) into (3.1) with the new collision term (3.3) and making
use of the Taylor expansion, we have

00 k
hk Di, fi(k_S)
= Z hkfi(k) + 1 Z h* (fi,L (p(k),u(k)) ‘|’fz',Q (Uo,Uo)5k2 —fl-(k)> (3.4)
k=0 T=o
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with 0, =1 if k=2 and otherwise &y, =0. Matching the coefficients of K in (3.4), we obtain

0=fi1 (0@, u®)— 9, 65
0= £, (o, a0y — £V, o
V1Y =2 (Filo® )+ fo(on00)~ 1), )
Dix 1 f ) +Dip o f P 4 4Dy fY

:% <fi'L (p®,u®) _fz‘(k)> +0isF; (3.8)

for k> 3.
As in the previous section, (3.5) is obviously true. Multiplying (3.7) by 1 and ¢; and
then summing the resultant relations over index i we obtain

v-ul =0, (3.9)
VoM =0. (3.10)

Next, we integrate (3.8) with k=3 over the computational domain (2 and sum over index

i to get
d / ok >——O,
t< p'/dx

where the periodic boundary condition for f(¥) are used. This, together with (3.10) and
the initial condition p(V)(0,x) =0, leads to

oD (t,x)=0, Vt>0. (3.11)
Thus, (2.18) still holds: fl.(l) =3 fi*u(l) -¢;. Moreover, Eq. (3.7) can be rewritten as

FO = 1 (0@ uP) 4 £, 0(v0,00) — i V£V (3.12)

Now we multiply (3.8) with k=3 by c;, sum the resultant relation over index i and use
(3.12) to obtain

iu) +vo-wo+%vp<z> =vAuV 4 F. (3.13)

With the divergence operator acting on the two sides of the last equation and using (3.9),
we see that the pressure pg = %p(z) is consistent to the initial velocity field

V- (vo-Vovg)+Apg=V-F.

On the other hand, Eq. (3.13) together with (3.9) constitutes the non-homogeneous
Stokes equations with vy given. The Taylor-Green flow in Section 4 shows that these
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equations could have a solution u(!) #vy. Therefore the distribution functions f; cannot
provide reasonable initial conditions with the new collision term (3.3).

To fix this problem, we propose the follow algorithm with a reset step. The distribu-
tion functions f; are reconstructed by using the formula (2.25) with initial pressure py as
follows.

(1) For k=0, take the initial distribution function fz-*’k(x) by using the formula (2.25)
with pf=0.

(2) Execute the LBM

~

FE Gebeihy= £+ 1 (F (00 + oo oo) — F74(2)) +

where p** and u** is determined by
kN ek v k
*h__ ) * M R
P =L W= af
i=1 i=1

(3) Compute p’é“ with the formula

plé-i-l 3h2 <ka+1 ) )

Then compute f;" 1(x) with formula (2.25) with pErt.If leé—ngHZ is small

enough, namely, the pressure py converges, then output f;" k“( )

and stop.
(4) Otherwise, set k=k+1 and repeat the steps (2)-(4).

The output of this algorithm will be our initial distributions for the LBM:

£i(0,2) = £ (x) (3.14)

with k the total iteration steps.

Remark 3.1. To see our algorithm more clearly, let us rewrite it in a compact form by
eliminating fl.*’k . For this purpose, we compute p** by using (2.25) to obtain

9 9
p k=Y frr =143 pk— 32Ty (fici-V(vo-ci))
i=1 i=1

=1+4312pl 21V vy
=1+431*pf.
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In the last step we have used the fact that the divergence of vy equals to zero. Substituting
the expressions of p** and fi*’k into the evolution equation in step (2), we arrive at

FEr(xteih) = £ (6" (x), v (x)) = 3> £ (T—1)¢; V(0o (x) -¢;) +F, (3.15)
where g* is given with
9
=Y fr.
i=1
In conclusion, our algorithm can be presented in a more concise form:
(1) For k=0, we take
F(x) =1 (L hvo (x— i) —3H* f; (T—1)c;- V (v (x —cih) -c;) + F.
(2) For k>0, execute the iteration
fif (xtein) = £7 (6 (x), oo (x)) =312 £ (= 1)ei- V (v (x) -¢1) + F,

where ﬁ is given by

(3) Compute pk+1 with the formula

g (£7-1).

4) If | p— p’é*l H2 is small enough, then take the formula (2.25) with p;,
distributions for the LBM. Otherwise, set k=k-1 and go to step (2).

k+1 as our initial

4 Numerical examples

In this section, we test the accuracy and efficiency of our initialization techniques by
several numerical examples. The incompressible Navier-Stokes equations (2.14)-(2.15)
are simulated in the periodic domain Q) =[0,1]2. The mesh size Ax=Ay=h and the time
step At =h? are set according to the preceding analysis. Let N =1/h be the number of
grids in each spatial direction.

Apart from the velocity and pressure, the normalized total kinetic energy and the
normalized projection of the pressure will also be computed:

2
K(t):Nzllz // (ui—ku;)dxdy,

P(t)=— N2U2 // (t,x,y)cos(2mt(x+y))cos(2rt(x—y)) dxdy.
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Here Uy =0.05 is the initial velocity amplitude, which will be used later. The relaxation
time T is taken as 0.506 or 0.65, to which the corresponding viscosity v=1 5(T— 1) is 0.002

or 0.05. And we define the numerical errors as follows

1/2
eu(T)= sup < / | ™ () —u®@(t)] dxdy> ,

te[0,T)
1/2

) —sup(/ - 0 ddy )

te[0,T)
ex(T)= sup [K™™(f) —K=9(t)|,
te[0,T]

ep,(T) = sup [P (8) =Py ()]
te[0,T)
4.1 The Taylor-Green vortex flow

We firstly consider the Taylor-Green vortex flow, see e.g. [23]. The external force field
F=(0,0)T, and the analytic solution is given by

uy(t,x,y) =—Up cos(27rx)sin(27ty)e’8”2”, 4.1)
uy(t,x,y) = Upcos(27y) sin(27tx)e_8”2”, (4.2)
p(t,x,y)=— % Ujcos(27t(x+y))cos(2rt(x—y) )e 167Vt (4.3)

Example 4.1. In this example, we test the numerical errors of LBM. The initial distribu-
tions f;(0,x) are given by (2.22). According to (4.1)-(4.3), vo(x,y) and po(x,y) can be given
explicitly for (2.22) as

vo(x,y) =Up(—cos(27rx)sin(27y),cos(27y)sin(27tx)),

po(x,y)= —%U%cos(Zn(x—Fy))cos(27r(x—y)).
And u® (0,x,y) in (2.22) is taken as
u®(0,x,y) = —6rvU3 (sin(271x) cos (27x),sin(271y) cos (271y) ),
which satisfies the Poisson equation (2.24).
In Fig. 1, the numerical errors with different i are output. The results of data fitting

indicate the convergence rate in /1 in Table 1. From which, we can see the convergence
rates are not less than second order.
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Figure 1: Example 4.1: Numerical results for T=1. Left: blue triangles denote ¢, pink rings denote e, the
red dash-dot line and the blue dashed line are their fitting results. Right: blue triangles denote ep,, pink rings
denote ek, the red dash-dot line and the blue dashed line are their fitting results.

Table 1: Example 4.1: the convergence rate in I for different variables at T=1.

v utxy) pltxy) K(E) Pt
0.002 3.55 2.02 427 3.11
0.05 2.02 2.03 205 1.98

Example 4.2. In this example, the new initialization algorithm described in Section 3
is tested. We also make a comparison with Mei et al.’s iteration method [23]. In this
example, the initial pressure

po(x,y) = — 5 Upcos(27(x-+y) )eos(27(x —y))

is not a prior known. The key idea of the iteration is to obtain the numerical initial pres-
sure po(x,y) based on the initial velocity vy (x,y). In Figs. 2 and 3, the ¢? errors of the initial
pressure ||po— pol|, versus the virtual time ¢, are plotted for different / and v. Since the
iteration step K is dependent on the small parameter }, the virtual time t, = KAt = Kh?
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Figure 2: Example 4.2: the 2 errors of the initial pressure ||po—pol|, versus the number of iterations K. The
red dash-dot line and the blue dashed line corresponding to h= ﬁ and ﬁ respectively.
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Figure 3: Example 4.2: the 2 errors of the initial pressure ||po— po||, versus the virtual time t,. In each figure,
the red dash-dot line is our method and the blue dashed line is Mei et al.'s method. Top: h= é; Bottom:

1

is introduced to measure the convergence speed. From the figures, we can see that our
method converges much faster than Mei et al.’s iteration. Moreover, the virtual time is
almost independent of h. We notice that the convergence trend can not last as iteration
increasing, since the discretization error would dominate the total error.
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4.2 The flow with external force field

Consider the following analytic solution for the incompressible Navier-Stokes equations

uy(t,x,y)= Uo(—ZnUOte’4”2Vtcos(27ty) +e’2”2”sin(27ty)), (4.4)
uy(t,x,y) = er’znzw, (4.5)
p(t,x,y)= mvlpe 2" cos (2mty). (4.6)

The external force field is as follows
Fe=Up(22ve Y7V 442 UBte V) sin (27ty),
F, = —2Uyr?ve 2" (14sin (27y)).

Example 4.3. We test the numerical errors of the LBM in this example. The distribu-
tion function is initialization by (2.22), here vy(x,y) and po(x,y) can be explicitly given
according to (4.4)-(4.6) as

vo(x,y) =Up(sin(27ty),1),
po(x,y) =mvlycos(27my).

And u®)(0,x,y) is taken as

u®(0,x,y) = (0,37%1*Upsin(27ry) ) — %F(O,x,y).

which consistent to (2.23).

In Fig. 4, the numerical errors with different i are output. The results of data fitting
indicate the convergence rate in  in Table 2. From which, we can draw the same conclu-
sion as in Example 4.1.

Table 2: Example 4.3: the convergence rate in h for different variables at T=1.

v ou(txy) pltxy)
0.002 201 2.00
005  2.00 2.00

Example 4.4. Asin Example 4.2, we numerically test the modified iteration initialization.
In Figs. 5 and 6, the ¢2 errors of the initial pressure | po— po||, versus the virtual time t, are
plotted for different & and v. From the figures, we can see the new algorithm remarkably
improves the accuracy.

Remark 4.1. The numerical results have indicated that the initialization iteration will
converge before the virtual time ¢, ~0.5. Compared with the total computational cost of
the LBM, the additional cost of the initialization algorithm is quite minor.
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Figure 4: Example 4.3: Numerical results for T=1. Blue triangles denote ¢y, pink rings denote e,, the red
dash-dot line and the blue dashed line are their fitting results.
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Figure 5. Example 4.4: the 2 errors of the initial pressure ||po— o, versus the number of iterations K. The
red dash-dot line and the blue dashed line corresponding to h= ﬁ and ﬁ respectively.
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Figure 6: Example 4.4: the (2 errors of the initial pressure ||pg— py||, versus the virtual time t;. In each figure,

the red dash-dot line is our method and the blue dashed line is Mei et al.'s method. Top: h= (%4; Bottom:
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5 Conclusion

Two kinds of initialization for the LBM are proposed based on the theory of asymptotic
analysis in the diffusive scaling. By involving high-order corrections and choosing con-
sistent macroscopic quantities, the method can be very accurate. In particular, we sug-
gest an initialization, which ensures the second order convergence rate for the velocity
and pressure for the incompressible Navier-Stokes equation. The other approach signifi-
cantly improves the efficiency and accuracy of the iteration initialization when the initial
pressure is not a prior given. The key idea of this approach is to introduce a modification
of the collision term and a new reconstruction step. We verify the accuracy and efficiency
of the idea by several numerical examples. An interesting question is how to apply these
initializations for the LBM with multiple-relaxation-time (MRT). We are currently inves-
tigating this important extension and hope to report our progress in the near future [14].
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Appendix

From Theorem 2.1, we can see

V-iu® =—9,0?. (A1)

As we have discussed in Section 2.3, it is not easy to get #(®) by using (A.1). Thus, we
take divergence of (2.14) to obtain

V-(u(l)-Vu(l))—F%Ap&) =0. (A.2)

By comparing with the term 9;(Ap(?)), we can get the following equation
AI® =39, (u . vu ) (A.3)

from (A.1) and (A.2). Eliminating the time derivative in (A.3) by using (2.14) leads to the
Poisson equation:
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%Mm) — () Vu® 440V (3,uD)

1 1
= (vAu(l) EVICO N v §Vp(2)> Vu 440y (vAu(l) Wy — gvp(Z))

.y (Aum Vu) Ly .V(Aum)) _% (vp@) Vu) Ly .v2p<z>>
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