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Abstract

We consider a variant of a classical coverage process, the Boolean model in R?. Previous
efforts have focused on convergence of the unoccupied region containing the origin to
a well-studied limit C. We study the intersection of sets centered at points of a Poisson
point process confined to the unit ball. Using a coupling between the intersection model
and the original Boolean model, we show that the scaled intersection converges weakly
to the same limit C. Along the way, we present some tools for studying statistics of a
class of intersection models.
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1. Introduction

The Boolean model is a geometric model for random sets in space, for example comets
striking the moon, or antibodies attaching to a virus. One starts with a Poisson point process
X of intensity » on R? (see Appendix A for some background on Poisson processes), and, for
simplicity, some fixed set S. The Boolean model refers to the set By s = | J xex (X +5), where,
forxeRY x+S={x+y:yeS). Conditioning on the (positive probability) event {0 ¢ B;, s},
we can then study, among other things, the uncovered component of R¢ containing 0, known
as the Crofton cell.

The Boolean model was first defined and studied in the 1960s by E. N. Gilbert, who inves-
tigated both percolation [12] and coverage [13]. Gilbert’s results (from both papers) were
improved by Hall [15,16], and Hall’s result on coverage [15] was improved and general-
ized by Janson [19] and Molchanov [26]. The books by Meester and Roy [22] and Hall [17]
are standard references for the percolation and coverage processes respectively, and the more
recent books by Haenggi [18] and Franceschetti and Meester [11] cover applications to wireless
networks (the motivating example from [12]).

There are a number of well-studied cousins of the Boolean model. One such class of models
is tessellations. For example, consider a hyperplane tessellation of intensity A on R¢. Namely,
let R ={R, :n €N} denote a Poisson point process with intensity A (or, more generally,
with intensity measure v) on R, and let 6,, n € N, be independent and identically distributed
(i.i.d.) uniform over the (d — 1)-dimensional unit sphere, independent of R. The corresponding
Poisson field H refers to the set of hyperplanes H,, given by H, = {x e R? : x - 6, = R,,}. i.e. H,
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132 J. RICHEY AND A. SARKAR

is the hyperplane passing through the point R,6,, with normal vector parallel to 6,,. Note that,
on average, 2A hyperplanes intersect the unit sphere in this model. The analogous object in this
context is the connected component of the tessellation containing 0, denoted Dé.

Hyperplane tessellations have a history dating back to the 19th century. Crofton’s for-
mula (1868) expresses the length of a curve C in terms of the expected number of times C
meets a random line, i.e. the expected number of times C intersects a random line tessella-
tion. Generalizations of Crofton’s formula led to the development of integral geometry [29].
Meanwhile, inspired by a question of Niels Bohr on cloud chamber tracks, [14] computed
the variance of the cell size in a random line tessellation, and [24,25] initiated the systematic
study of random line tessellations (with potential applications to papermaking in mind). We
will make use of [14] later. A recent survey article [5] gives an excellent overview of the field.

We will also use a slightly different tessellation model: tessellation by spheres, rather than
hyperplanes. Let X' be a Poisson point process of intensity A on R?, and let S= 8B = {x €
R?: ||x||» = 1} denote the boundary of the unit ball B in R?. Then the set Uxex X +9S) par-
titions R? into a union of disjoint connected components. As before, it is common to study the
connected component of this tessellation containing the origin, denoted Eé‘.

A result from [23] (see also [6]) gives a common scaling limit for these sets.

Theorem 1.1. Let Cé‘, DS, and Eé denote the Crofton cell in the Boolean model (with S =B),
and the connected components containing the origin in the hyperplane and sphere tessella-
tion models, respectively. These three models have a common scaling limit in distribution:
lim;) .~ Sd)\.C())L ~lim)_ o ZADS ~lim)_ ZSd)LE(A) ~2C, where S, is the surface area mea-
sure of S= 0B, C is the law of the normalized Crofton cell D(l), and ~ denotes equality in
distribution.

The scaling in this theorem is nontrivial and deserves some comment. Consider first the
tessellation models. As A — oo, the expected volume of the connected component contain-
ing the origin is inversely proportional to the expected number of connected components in
B. = {x:||x|| < ¢}. This latter quantity is in turn proportional to the number of points of inter-
section (of spheres or hyperplanes) in B,. The number of such intersection points scales as
A4, since each intersection point is determined by d spheres (respectively hyperplanes), so
the expected volume of the Crofton cell scales as 1=, leading to a linear scale factor of 1/A.
Finally, the constants can be determined by computing the expected number of spheres (respec-
tively hyperplanes) meeting B, in each of the three models; for Cé‘, Dé, and Eé these are
asymptotically Syie, 2A¢e, and 25, respectively.

Our contribution is to introduce a new model to this group, which we term the Boolean
intersection model. Let B denote the closed unit ball in R?, and let C,. be a Poisson point
process with intensity A on B. (We will focus on the uniform intensity case, and discuss in
Section 3 some ideas that apply for general intensity measures). Let

*=BnN ﬂ (C+B) (1.1)
ceCy,

be the intersection of copies of B shifted by C € C;.. By definition, set I* = B if C; = ). Note
that for each A, I* is a convex (connected) set contained in B, containing 0. Our goal will
be to show that I* shares the same limit as the Boolean and Poisson hyperplane tessellation
processes, up to a constant.
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Theorem 1.2. Let C denote the law of the normalized Crofton cell D(l). The following
distributional convergence holds:

lim SyAl* ~2C. (1.2)
A—00

Write || for the Lebesgue measure of a measurable set I C R4, and wg = vol(B) = lSd.
Proposition 1.1. The limiting volume of the intersection is given by
dwg

lim AB|IM = ——.
A—>00 a)d—l

For example, when d =2, lim)_, o0 A?E|[*| = 5.

One proof of this fact is via (1.2), and an appeal to classical results on the statistics of the
Crofton cell C [14]; we outline the details in Section 6. We give an alternative proof based
on general results for the intersection model in Section 3. Similar formulas hold for a more
general class of Boolean intersection models, namely where the underlying point process is not
uniform, or the balls are exchanged for other compact sets. For simplicity we focus on the case
of balls of fixed radius, and comment on generalizations in Section 3.2. Additionally, all these
results can be formulated using ‘fixed count’ versions of these models: that is, instead of using
an underlying Poisson process, for each n define /,, as the intersection of n i.i.d. translations of
B. This model also shares the Crofton cell D(l) as a scaling limit.

1.1. Random variables in the space of closed sets

Our main result, Theorem 1.2, refers to a convergence of random sets. The usual modes
of convergence — in law, in probability, and in LP — are trickier to define for random sets. We
follow the approach taken in [6] and most of the existing literature, namely via the Hausdorff
metric dy on the space E of closed subsets of RY. N amely, if X;, and X are defined on the same
probability space, we say X,, — X in probability if, for every € > 0,

P(du(X,,, X) >€)— 0 as n— oo. (1.3)

Our proof of Theorem 1.2 gives an explicit coupling between the intersection model and the
Crofton cell, under which (1.3) holds.

2. Overview of results

Although our main result is Theorem 1.2, we will present two different approaches to its
corollary, Proposition 1.1. The first is direct, and appears in Section 3. The second is via
Theorem 1.2, and occupies Sections 4, 5, and 6. Below, we summarize each approach in turn.

In Section 3, we first consider a single ball B, whose center lies inside the unit ball B. A
simple volume calculation lets us estimate (in Proposition 3.1) the probability that B contains
the line segment [0, 7] on the positive x-axis. Next, we consider the full model, in which unit
balls are centered at points of a Poisson process of intensity X inside B, forming an intersection
I*. Write R* for the radius of /* in the positive x direction (for instance). Proposition 3.1,
together with an approximation argument, allows us to show that the suitably scaled radius R*
converges in distribution to an exponential random variable of mean 1. Finally, Proposition 3.3
relates the expected volume of I* to the dth moment of R*, completing the calculation of E|I*|
and proving Proposition 1.1.
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As part of this analysis, we also prove a parallel series of results for a related hyperplane
model K*, which approximates the ball model /* near the origin.

Section 4 contains some probabilistic and geometric lemmas that we will use in Section 5.

In Section 5, we prove Theorem 1.2. The main idea is to couple the intersection model with
a sphere tessellation model. With I* as above, and J* defined as the cell containing the origin
in an appropriately scaled sphere tessellation model, we show that, in our coupling, the scaled
Hausdorff distance between I* and J* converges to 0 almost surely as A — oo. To achieve this,
we carry out the following steps:

(i) Show that only points of the Poisson process close to the boundary — namely, within
2

distance ¢; = 1(>ng of 3B — contribute to the shape of I* (asymptotically almost surely

as A — 00). We use a coupon-collector-type process on dB as a test: if there are points

of C; close to 3B that are ‘spread out enough’ (in terms of angle), then I* must be

contained within a small ball at the origin.

(i) Match spheres close to dB from the intersection model with spheres close to B from
the tessellation model. Since some of the sphere centers in the tessellation model land
outside B, while the sphere centers in the intersection model are confined to B, we
must match them by shifting. We accordingly identify each point R6 of the underlying
tessellation process (with R e (1, 1+ ¢,) and 6 € 0B) with the point (R — 2)@ in the
intersection process. The spheres centered at these two points have almost the same
effect on J*, except that one makes a ‘concave’ boundary and the other a ‘convex’
boundary.

(iii) Show that the error in carrying out Step (ii), in terms of the Hausdorff distance between
the suitably scaled sets I* and J*, is negligible. This involves a careful coupling between
the underlying point processes: since we scale everything by a factor of 1, it is necessary
to have an error of order o(A~!), not just o(1).

Finally, in Section 6, we derive Proposition 1.1 from Theorem 1.2, using the d-dimensional
version of Goudsmit’s 1945 calculation [14] for the area of the Crofton cell. Although the
relevant formulas appear in [21, Chapter 6], our treatment is short and self-contained.

3. Statistics for the intersection model

To warm up, consider the following generic intersection process on R. Let C;, be a Poisson
process with intensity A on [—1, 1], and define U=U, =[—1, 1IN (ﬂcecA c+[—1, 1]),
where ¢ +[—1, 1] =[c — 1, ¢ + 1] for ¢ € R, with the convention that U =[—1, 1] if C; = .
U is always an interval, so it is determined by sup U and inf U. The distribution of the infimum
can be determined as follows. We have that inf U < —u if and only if max C; < 1 — u, which
in turn holds if and only if each element of C, is less than 1 — u, i.e. if no point of C; lies
in the interval [1 — u, 1]. The latter event has probability e *, so — inf U is approximately
distributed as Exp()»_l) as A — 0Q.

Note that inf U is a function of C, N[0, 1] and sup U is a function of C, N [—1, 0]; basic
properties of Poisson processes imply that inf U and sup U are independent. Thus, as A — oo,
the left and right endpoints of U shrink to 0 independently, and A|U, | — 4 Exp(1) 4+ Exp(1) ~
Gamma(2, 1).
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3.1. Ball and hyperplane intersection models

We now explore some basic properties of two intersection models: the ball intersection
model /%, defined as in (1.1), and an analogous intersection model with hyperplanes. Let C;L be
a Poisson point process on B with intensity measure A(v X o), where o is the surface-area mea-
sure on S and v is the measure, supported on [0, 1], given by v(0, r) = é (1 (- r)d). Define

the hyperplane intersection model K* =B N (ﬂgea H(Z‘)), where H(Z‘) is the half-space

normal to the vector C and containing 0, i.e. H(E) =C+ {xeR?: x. C< 0}. By definition,

=B if C, =@. The choice of v is special, because it makes K* asymptotically identical
to the Boolean intersection model I* with copies of B defined earlier — the difference is that
the copies of the unit disk have been exchanged for half-spaces. Indeed, placing a single disk
B with center Z© is like placing the half-space H((Z — 1)®); the difference is asymptotically
negligible as A — oo. The error is quantified precisely in terms of the Hausdorff distance in
Section 4. In this section we work with both K* and I simultaneously: the same ideas can be
used to analyze both models, with slightly different details.

For any 6 € S, define the ‘radius in the 6 direction’:

R*(0) =sup{r (0, 1):10 € I}, 0"(0) =sup{re (0, 1):10 € K*}. (3.1

The collections {R*(9):6 €S} and {Q*(6) : 0 € S} each consist of identically distributed but
not independent variables: R*(#) and R*(#’) are not independent for 6 # 6’ (except for the
special case 0’ = —0). We simply write R = R* or Q = Q" for the distribution of any one of the
R*(0) or 0*(0), respectively. For r € (0, 1), denote by F(r) and G(r) the probabilities

F(r)=P(re; ¢ B), G(r)=1P(re1 ¢ H), 3.2)

in which B=B + C, where C is a uniformly distributed point in B, H is an independent copy
of one of the random hyperplanes ]HI(C) CeC,and e = (1,0, ...,0) eR? The functions F
and G are closely connected to the distributions of R and Q respectlvely, since, for r € (0, 1),
R > rif and only if ré; € B+ C for every C € C,, and similarly for Q. Recall that wy denotes
the volume of the unit ball B in R?. We have the following formulas for F and G.

Proposition 3.1. Consider the intersection Boolean models I and K* in dimension d > 1.

(1) Let F be asin (3.2). For any r € (0, 1),

r— 0(r3) asr— 0,

1 - W41
F(ry=—IB\ (re1 +B)| =
wq
where | - | denotes the volume (Lebesgue measure) in RY. Moreover, for r € [0, 1] we

have r < CF(r) for some constant C depending only on the dimension.

(ii) Let G be as in (3.2), and write ST ={0 €S: (0, é1) > 0}. Forany r € (0, 1),

G(r)= L / v(0, (e, 0)) do(0) (3.3)
wd S+

(r(zl +B)>
=VXOo|—m7m7mM
2

_ (d— Dwa—; Xd: (— 1)1+k<d> FEEr () o
k

dw
=

=200 asr—0.

wq
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Note that ' and G have the same linear approximation near 0. This is a reflection of the fact
that the unit ball has a smooth boundary, and hence locally is a hyperplane.

Proof. (i) Write B = C + B, where C is uniform over B, and note that, for r € (0, 1), re] ¢
B if and only if ||C —rej|| > 1, if and only if C € B\ (re] + B). The first equality follows
immediately. The shape Lune(r) =B\ (e + B) is very close to the shape Wedge(r) = {0 +
té1:0 € S™, 1€ (0, r)} obtained by shifting half of S by r along the ¢} axis, where S™ = {0 €
S: (0, e1) < 0}. The volume of Wedge(r) is |Wedge(r)| = wg_1r.

Note that Lune(r) = Wedge(r) N B. The ‘error’ set Wedge(r) \ Lune(r) is contained in a
region with triangular cross sections; in dimension d = 2, it has the form Wedge(r) \ Lune(r) =
{(x,y € R2:xe(0, r), ye (v/1—22, 1)}, where z=min (x, r — x) (see Fig. 1). In arbitrary
dimension d, the set Wedge(r) \ Lune(r) is contained in the region formed by rotating the same
region about the e axis (i.e. through the copy of the (d — 2)-dimensional unit sphere lying in
the hyperplane x' = 0). Using the expansion /1 —s2 =1 — % + O(s*), it follows immediately
that |Wedge(r) \ Lune(r)| < (d — Dwg—1 1’—36 + 0(r), proving both parts of the assertion.

(i) Write C = PO, where P € [0, 1] is distributed according to v, and ® € S is dis-
tributed according to o. The corresponding hyperplane, pinned at C, is given by H =H(C) =
{x:{x, ®) < P}, and thus P(re| ¢ H) =P(P < {rej, O)).

The first equality follows immediately by integrating. Moreover,

r(e; +B)
—
proving the second equality. To obtain the explicit sum formula, we can evaluate the integral

directly by expanding the measure v as v(0, )= 1 (1— (1 —nr?) =1 S (= DR
Thus, for d > 2,

P < 1), ©) e HP@—%EIH <§<:>C:P®e

G(r)= i / v(0, r{e1, 0)) do(9)
S+

w4

d—Dwg_y [T/ - d
= (d&/‘ / Z(— 1)1+k<k)rk cosk o sin?? o d¢p dov
wd 0 gd—1 —_l

d
d— Dawg— d /2
= (d& E (— 1)1+k<k> (/ cos o sin? % & da) .
wq 0
k=1

(This integral is not valid when d=1: in that case, G(r) = F(r) =2r.) The do integral

evaluates to P (d 1) (k 1 )
T k s od—-2 2 2

d —_— —’
‘/(‘) COS™ o sm o ade = ) (k d)

and the coefficient of the linear term (k= 1) is

@—Vog , T(5) _ o -
dwg 2r(4F) o

For example, in dimension d =2, an explicit computation — namely, for the area of
intersection of two circles — yields

3
F(r=1- %(2 arccos (r/2) = ry/ 1 = r2/4) = % -t (34)
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Wedge(r)\Lune(r)
S

ﬂ
/
Wedge(r)\Lune(r)

FIGURE 1. The left diagram shows F(r) as the area of the shaded set. Note that if any disk center lies in

the lune, then I* does not contain the point (7,0). The error between the Lune and Wedge sets is indicated

with arrows; its area is negligible, and this gives a quick approximation of the area of the lune. The

analogous set for the hyperplane model is shown on the right: G(r) is the mass placed on the shaded

set by the probability measure i v X o. The fact that the shaded set is a circle follows from elementary
geometry: the angle in a semicircle is a right angle.

Directly evaluating the integral (3.3) gives

L2 2r  r?
G(V)=—/ (2rcos@ — r? cos? 0)do = =— — —.
T Jo T 4

Recall that R and Q depend on d via the underlying dimension of the Boolean intersection
models /* and K*. The distributions of R* and Q* converge to exponential distributions as
A — 0.

Proposition 3.2. For any d > 1, as A — o0, AwgF(R*) — Exp(1) and AwqG(Q*) — Exp(1),
where the convergence is in distribution.

Proof. For any r € (0, 1), since I” is the intersection of Poi(Awg) many copies of B, P(R >
r)=P(re; € I") = exp ( — AwgF(r)). Similarly, P(Q > r) = exp ( — AwyG(r)). Fix z € (0, Awy).
Note that F and G are strictly increasing on [0, 1], and hence invertible. Thus, we can write

P(hwaF(R) > 2) = B(R > F~(z/Awg)) = exp ( — rwaF(F~(2/hwg)) = exp (- 2),
and similarly for G(Q). Taking A — oo finishes the proof. U

Corollary 3.1. The exact distributions of AwiF(R) and lwsG(Q) are given by

e * 0<z<lwy,

P(AwgF(R) > z) = P(AwqG(Q) > z) = {
0 7> Awy.

The collections {AF(R)}, and {AG(Q)}, are uniformly integrable.

Proposition 3.2 leads to a quick calculation for the expected area of I* and K* via the fol-
lowing proposition, which we state for general random sets. For a continuous function f: S —
[0, 1], let U(f)={r6:re0,f(0)],0 €S} be the set with ‘radius’ f(#) in the direction 6.
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Note that, by definition, I* = U(R*) and K* = U(Q"), where R* and Q* are viewed as ran-
dom functions on S as in (3.1). In general, if A € R? is closed and star-shaped about the origin,
then the function f3 : S — [0, 1] given by f4(6) = sup{r € (0, 1) : 10 € A} satisfies A = U(fs).

A random closed set X is rotationally invariant if, for any ® € SO(d), X has the same
distribution as ®(X) = {P(x) : x € X}.

Proposition 3.3. Let X be any random closed set contained in B that is almost surely star-
shaped and rotationally invariant. Let S :S — [0, 1] be the random function, defined on the
same probability space as X, satisfying X = U(S). Then E|X| = wsE [S(El )d].

Proof. The volume of any closed, star-shaped set A with A = U(f), for a continuous function
f:S— [0, 1], is given by |A| = % fsf(é)d do(0). (See Appendix B for a proof.) Since X is
rotationally invariant, E[S(O)d] does not depend on 6. Thus,

E|X|=E|:l/S(9)ddo(9)]
dJs

—2 [E[se1] a0

—2 [B[s@r]ee
=}l [s] /S 1do (®)
= o [s@)7].

Since X C B, the expression inside the expectation is almost surely bounded by w,, and hence
the interchange of integration and expectation is valid by Fubini’s theorem. (]

Applying this proposition to I* and K* gives the following corollary.
Corollary 3.2. For any d > 2 and ). > 0, E |I*| = 0 ER") and E |K*| = 0 E(Q")".
We are now ready to compute E|/*|.

Proposition 3.4. lim; _, oo AYE|I*| = lim;_, o, AE|K*| = Z'“’d
d—1

Proof. Here we carry out the details only for /; the analysis for K is similar. We aim to show
that F(R") is approximately equal to its linear term when A is large. Let ¢ > 0 be any constant.
By Proposition 3.2 and the definition of F,

PR > cA™ V) =P(ea™1%e, e 1)
=exp(— kwdF(ck_l/z))
<exp (= rwg-1(cr™ 2 = 06.772y)
=exp (— O(/1)).

Proposition 3.1 now implies that for some constant C > 0,

P(’F(R*) Qd-1p

wq

>~ 3/2) —0. (3.5)
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Consequently, for any & > 0,

Wd—1
Wd

P (‘AF(R’\) —A R*

ZS)—)O.

Since convergence in probability implies convergence in distribution, Proposition 3.2 gives
us that )\wd%Rk —q Exp(1) as A — oo. By Corollary 3.1, the collection {AF(RM}3~0 is
uniformly integrable. By Proposition 3.1, for r € [0, 1] we have r < CF(r) for some constant C
depending only on the dimension. Since R* < 1 deterministically, it follows that R* < C - F(R")
for all A. Thus, the collection {AR"},~¢ is also uniformly integrable. Together, convergence in
distribution and uniform integrability imply convergence of moments (see [2, Theorem 25.12],

for example). Thus, as A — oo,

—d
_ d!
AERN - (wd . %> E[Exp(1)!] = ——.
@d Wy
Combining this with Proposition 3.3 yields the result. O

3.2. Formulas for general intensity measures

We now give a generalization of these ideas for a wider class of intersection models, where
the underlying Poisson process has arbitrary intensity measure, and the sets comprising the
intersection are arbitrary. There are many possible ways to generalize this model; we chose
a way that yields examples with the same flavor as I* and K*, but with potentially different
asymptotic behavior.

Consider a general Poisson point process C, ; on [0, 1] xS with intensity measure
A x o), where A > 0, o is the surface-area measure on S, and u is a probability measure
on [0, 1]. For each x € B, x # 0, let SO,(d) denote the coset of the subgroup SO (d) of SO(d)
given by SO.(d) = {CD € SOW): ®(e)) = ﬁ] Let A C R be a fixed closed convex set such
that B C A and 0A N 0B # @. This assumption ensures that the intersection model almost surely
() is non-empty for every A > 0 and (ii) converges to the set {0} as A — oo.

Note that SOy (d) is a compact group, and hence SO, () has a unique Haar probability mea-
sure k. For each C € C,, , sample a random element ®¢ € SO¢(d) from «c. The generalized

intersection model If’)‘ is Iﬁf’)‘ =BnN ( Neec,, PcA) + C). In words, ®¢(A) is a copy of A

that we give a random spin and pin at a random point; I/': ** is the intersection of a Poisson

number of such independent copies. Clearly, / /’: s rotationally invariant in distribution.

Let p and ¥ denote the probability measures p(0, r) = r? and D(0, r) =1 — (1 — r)? for r €
(0, 1). The Boolean intersection models /* and K* are special cases of the general intersection
model with respect to these measures, i.e. I* = Ig’k, K = Iﬁ’k, where H={xeR%:x-é) < 1}.
Define the auxiliary function F X analogous to F in (3.2): let A# = ®¢(A) + C be one of the
randomly rotated and shifted copies of A comprising the intersection model IX * where C is
drawn from the probability measure ﬁ U X o,and let F X (r) =P(ré; ¢ A*). There is a simple

generic formula in terms of F' X for the expected volume of the intersection.
Fact 3.1. For any A > 0, E|I/’f’)‘| =dwg [y 1 exp (— rwgFl(r)) dr.

The proof of Fact 3.1 is a straightforward consequence of a well-known formula for the
volume of a random set (see, for example, [27]).
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Proof. Write I = I}"*. By Tonelli’s theorem,
E|| =]E/ 1{xel}dx
R4
= f P(xel)dx
R4
=/ exp (— AwaFy (||x]])) dx
R4
1
=/ / exp ( — )»wdFX(r))rd_l drdo(0)
S J0
1
=dwg / 1 exp ( — )»wde: (r)) dr,
0

as desired. O

For example, in dimension 2, using the exact equality (3.4) and Fact 3.1 gives the exact
formula

1
M || — aa (f>_ -
E|I |—]E|IIB |_2n/0 rexp A+n 2 arccos > r1 2 dr.

Unfortunately, this integral does not admit a simple asymptotic expansion in A. The methods
of Proposition 3.3, on the other hand, do allow an easy and explicit calculation.

Continuing with the ideas of the previous section, define the radius of the intersection as in
(3.1): I/"M =sup{t € (0, 1): 10 € I'**}. The analog of Proposition 3.2 holds in general.

Proposition 3.5. Let A C RY be a fixed closed convex set such that B C A and 9A N 9B # @,
and let w be any probability measure on [0, 1]. As A — 00, Awg - FZ(R/’:‘X) — 4 Exp(1).

The proof is similar to that of Proposition 3.2. Combining Propositions 3.3 and 3.5 and
mimicking the ideas of Proposition 3.4 gives a general program to compute the asymptotic
scaling of the volume of I/’f **_Below are two examples of intersection models that can be
analyzed using this program.

Example 3.1. Consider Iﬁ’A in dimension d=2, i.e. the hyperplane intersection model
K*, but where the underlying Poisson point process is uniform. In this case,
Fi(r)= f0”/2 r2cos2 6 do = ”T’z. By Proposition 3.5, ”Tz)» . (RH’f[f)‘)z — Exp(1). Thus, by
Proposition 3.3, XE|II’;H’A| = n)»IE(Rﬁ’)‘)z — - 7% = %. Note the difference in scale: Rﬁfﬂ’)” is
roughly A~1/2, while Q* = Rgﬁk is roughly A~!. This limit scaling reflects the behavior of the
densities of p and ¥ near 0.

Example 3.2. Fix g € (0, ), and define the cone set

Cone(éy, B) = {xeRd: arccos <(x,e1)> <ﬂ},

[l
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Hyp(8, 6
Cap(.5) yp(6,9)

FIGURE 2. The sets Cap(x, y) and Hyp(x, y).

FIGURE 3. On the event that the intersection model is contained in By, the difference between (I*) and

J* is that some of the copies of B in the former comprise a concave piece of the boundary (dashed), while

those in the latter form a convex boundary piece (solid). The difference is small in Hausdorff distance,
because the boundary of the ball is differentiable.

In dimension d = 2, we can show that F? (r)~ C(B)r as r — 0 for some constant C(p),

Cone(e,B)
and thus Propositions 3.5 and 3.3 suggest that

2
P, A ~ -2
E ICone(El BT T C(ﬂ)2

Unlike the ball and hyperplane models, however, the cone model does not have the Crofton
cell D(l) as a scaling limit; see Section 7 for further discussion.

4. Some geometric and probabilistic lemmas

In this section we state some basic lemmas needed to prove Theorem 1.2 via the coupling
outlined in Section 2. We begin with some notation. For any 6 € S, let Cone(8, §) denote the
cone set

, 0
Cone(9, §) = {xe RY: arccos <<)|C| ”>> < 8} .
X
Consider the spherical and planar ‘caps’ Cap(d, §) = Cone(6, §) N dB and Hyp(@, §) =
Cone(@, ) N{x:x-0 =1} (see Fig. 2). Write dy for the Hausdorff distance, defined by
du(X, Y) =max {SqueX infyey [[x — ylI, supcy infrex [1x — yl| } The first fact describes the
boundary of the unit ball B.

Fact 4.1. For § sufficiently small, dg(Cap(9, §), Hyp(0, §)) =1 —cos § < 82,

Write Sh™ (¢) for the (inner) spherical shell Sh™(e) = {x € RZ: ||x]| e (1 — ¢, }. Similarly,
write Sh™ (¢) for the outer spherical shell Sh™(¢) = {x € R4 : [lx|| € (1, 1 4+ &)}, and set Sh(e) =
Sh™(g) UdB U Sh™(¢).
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Fact 4.2. For any € > 0 there is a partition of Sh™(e) into K =K(d) sets A; =Ai(e), i=
1, ..., K, such that for any K points x; € A;, i=1, ..., K, the component of the origin in
the Boolean tessellation generated by copies of 0B centered at the points x; is contained in
Boe = {x: ||x]| < 2¢e}, where K does not depend on ¢.

For instance, when d =2, we may take K(2) =6, and make the A; consecutive thickened
arcs of length /3. To see this, assume for simplicity that all the points x; lie on the inner
boundary of Sh™(¢), i.e. that ||x;|]| = 1 — ¢. Then, with K(2) = 6, the angle between two consec-
utive x;, x; is at most 27 /3, so that the circles C; =x; + dB and C; = x; + 0B are both tangent
to Ce = 0B, = {x: ||x|| = ¢} at points p;, p; on C, separated by an angle of less than 27 /3.
Replacing C;, C; by lines [;, [; tangent to C; at p;, p;, we see that /; and /; make an angle of at
least 7w /3 enclosing Cy, so that their intersection lies in By, ; the same applies to the intersection
of C; and C;.

In higher dimensions, a similar argument applies. Once again, we may assume that the
points x; all satisfy [|x;|| =1 —¢. The A; will be thickened cap-like sets partitioning Sh™ (¢)
in such a way that the angle x;Ox; formed by two points x;, x; € A; and the origin O is small.
Consequently, the corresponding angle formed by points x;, x; in adjacent caps A;, A; is also
small. The spheres S; = x; + 0B and S; =x; + 0B are tangent to S, = 0B, = {x: [|x|]| = ¢} at
points p;, p; as before; we replace S;, S; by hyperplanes IT;, IT;, tangent to S, at p;, pj, whose
unit normal vectors n;, nj are such that n; - n; is small. This applies to points in every pair of
adjacent caps A;, Aj, so that the vertices of the polytope formed from the hyperplanes IT; all lie
inside B,,.

Upper bounds on K(d) can be obtained from classical results on covering the surface
of a high-dimensional unit ball with small spherical caps; see, for instance, [3, Theorem 6.3.1].

We will also need three standard statistical estimates: one regarding the coupon collector
process, and two related to Poisson random variables. The ‘coupon collector’ refers to the fol-
lowing discrete-time process. Given a finite collection of coupons, say {1, 2, ..., K} =[K],
we generate an i.i.d. sequence (X;);<r of [K]-valued random variables from any discrete dis-
tribution (not necessarily uniform). The process concludes at the stopping time 7" when every
coupon has been collected at least once: T =inf{r € N: [K] C {X}, X2, . .., X;}}. Very precise
results about the distribution of T are known; see, for instance, [9]. Here, we use a simple
bound that is convenient for our purposes.

Fact 4.3. Consider any coupon collector process on K coupons, for K = K(d) as in Fact 4.2.
Let T denote the time it takes to collect all K coupons, and let a, denote the minimum
probability of selecting any of the coupons. Then, for any A > 0,

P(T > log A) < KAlog1=a), 4.1)

We will apply Fact 4.3 in the following way: we collect coupon i when a point of a Poisson
process lands in a region A;. Note that, since the sets A; appearing in Fact 4.2 do not necessarily
have equal volume, the coupon collector process considered in Fact 4.3 is not necessarily
uniform. In any case, we can construct the A; so that a, > 0, and thus the probability in (4.1)
goes to 0 as A — oo.

Proof of Fact 4.3. Let ay, as, . . ., ag denote the probabilities of selecting the K coupons
respectively, and a, = min{ay, aa, ..., ax}. Let Vi(r) denote the indicator random variable of
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the event that coupon 7 has not been collected by time #, i.e. Vi(t) = 1ji¢(x, x,.... x,}}- Note that
EV;(t) = (1 — a;)". By Markov’s inequality,

K K K
P(T >1=P (Z Vi) = 1) <Y BV =) (1 -a) <K(1-a).

i=1 i=1 i=1
Setting ¢ = log X yields the result. O

Proposition 4.1. Fix any @, § > 0, and let N ~ Poi(u), N' ~ Poi(u + 8). Then TV(N, N') <,
where TV denotes total variation distance between probability distributions.

See, for instance, [1].

Fact 4.4. Let Y ~ Poi(V,1), where V; is the volume of Sh(ey), and &, =1~ 1og2 M. Then
P(Y <log 1) < A~ L, for sufficiently large .

See [8], for example.

5. Coupling the intersection and tessellation models

The goal of this section is to prove our main convergence result, Theorem 1.2. We carry
out the argument for the intersection model with balls, by coupling it to the tessellation model
with spheres. Under this coupling, the Hausdorff distance between the two models tends to 0
as A — o0, even after rescaling both sets by A.

The coupling works as follows. Let X = X} be a Poisson point process in R? of intensity
’—;, and consider the set |, y (x + 9B). Let J* be the connected component of the origin in the
resulting tessellation. Also, let I* denote the ball intersection model on B, i.e. I* = Ncee, (C+
B), where C;, is a Poisson point process on B of intensity A. The reason that I* comes from a
point process of intensity twice that of J* is that only points inside B contribute to I*, while
points both inside and outside B will contribute to the shape of J*. Recalling notation from the
previous section, define X* = X N Sh(g), and consider the ‘restricted” model J?, the connected
component of the origin in the tessellation induced by

U (x + 0B). (5.1
xeXe
Also, let C; =CyN Sh(e)=C),N Sh™(e) ={CeC;:||C|]|e(l —¢, 1)}, and define Ig\ =
ﬂCeC§ (C; + B). For ¢ chosen appropriately, the restricted models are not far from the original
models. To be precise, we have the following proposition.

2
Proposition 5.1. Ser ¢ =g, = 2% As A — 00, P(J}, =J")— 1 and P(I}, =1")— 1.

Moreover, with probability tending to 1, J* C Bye and I C By,.

This is essentially the statement that only points near 0B contribute to the component of the
origin.

Proof. We will prove the assertion for J*; the proof for I* is similar. The main ingredients
are Facts 4.2 and 4.3. Fix any A > 0, and let {Ai((‘?k)}l{(zl denote the sets given by Fact 4.2.
Consider the stopping time A°°Y =min{n : X, NA;(ey) #V fori=1,2, ..., K}. We regard the
Poisson point processes X' = A, as nested, i.e. they are coupled so as to form a non-decreasing
sequence of sets as 7 increases. This makes A°°¥ a well-defined stopping time.
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Fix n > 1. By Fact 4.2, J7 C By, . It follows that any point y € &; N Sh(2¢;)“ does not
contribute to J", i.e. y + dB does not lie on the boundary of J”. Thus, J'7 =J" in this case.

To finish the proof, it suffices to show that P(A*°®Y < i) — 1 as A — o0. For the above event
to occur, the point process X, must have at least one point in each set A;(e;). It is enough to
have log A points of &j in A7; then, by Fact 4.3, each A; will have at least one point with high
probability. The number of such points is Poisson with mean V, - 1. By Fact 4.4 and a union
bound, and noting that a, > 0,

PO > ) < KAlog=a) 4 =1 0 a5 ) — oo. O

Additionally, the two restricted models are close to each other.

Proposition 5.2. The random sets I, I g‘ J*, and J)‘ can be constructed on the same probability

2
space such that as . — 00, with ¢ =&, /2 = M}" as in Proposition 5.1, IE”(dH()J?, )Jf;) <
Cr~Y* = 1, for some global constant C > 0.

Proof. We will give an explicit coupling of the intersection and tessellation models on
the same probability space where the two models agree with high probability. The coupling
works as follows. We will build the intersection model from the Poisson point process X,
so the random sets J* and J* are defined above, see (5.1), and then construct I* and I* as
functions of X'. Fix any A > O and partition X* = X} into two sets: X® = {xe X* : [|x|| > 1}

U{xe X¢:||x]| < 1} := X®T U X% ™. The points of X lying in X%* and X®~ are X5+ =
X1, X0, .. X} X597 ={Xy ... Xy} Write X;=5;0; for i=1,2,...,N', where
Si>1and ©; €S, and set C;=(S; —2)0; for i=1,2,..., N, while C;=X; for i=N"+
1, ..., N. Generate further points Cl/-, i=N+1,...,Z, from a Poisson process of intensity A
in {(xeB:[]x|| < 1 —e}. Then we set (I*) =2, (C; +B) and (I}) =, (C, + B). Note
that the set (/1) does not have exactly the same distribution as I?": because Sh™ (¢) has more vol-
ume than Sh™ (¢), (I é)’ has slightly more points than I?. Also, since the shift map s6 — (s —2)0
is not an isometry, those points are no longer uniformly distributed over the inner shell. It
remains to show that the error between these two point processes is small. The two distributions
in question can be described as follows:

@) Ig‘ is formed by sampling a Poisson variable N with mean u = Awg(1 — (1 — &)?) and
placing N points on Sh™(g) with i.i.d. uniform angles in S and i.i.d. radii R distributed
as

(1-—w?' - g/
I—(1—g)d ~°

PR<1—w)=HWw)= we (0, e).

(ii) (I}) is formed by sampling a Poisson variable N’ with mean u' = %a)d((l +e)l—
(1 —&)?) and placing N’ points on Sh*(¢) with i.i.d. uniform angles in S and i.i.d. radii
R’ distributed as

1+ w)y — 1 —w)

PR =T=wm=Hw =1 = ==t

we (0, e).

The difference between the means is i’ — = Awy (( )8 + 0(83)) 0(r&?).

By Proposition 4.1, TV(N, N) < cie? for some ¢ > 0. To couple the points of I* and (I*Y,
first note that the random angles can be coupled directly, so it suffices to couple the radii. We
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FIGURE 4. As long as the angles between intersecting hyperplanes are not too small, their d-fold
intersections move by O(§) if the hyperplanes are shifted by at most §.

rely on an idea from optimal transport, namely the optimal coupling for the Wasserstein-1 dis-
tance, rather than total variation. The optimal coupling with respect to the L' distance is given
by the transport map H' o H~': given R, the random variable H'(H~!(R)) on the same prob-
ability space is distributed as R, and the average L! distance between R and R’ is minimized
for this coupling; see, for instance, [28, Section 2.1]. Explicit computations with series expan-
sions show that, for u € (0, &), u — H o H (1) = O(£?). Since £2 « A73/2 as 1 — oo, for A
sufficiently large there exists a coupling between R and R’ such that

IR—R'| <2732 almost surely as 1 — oo. (5.2)

Let us summarize the proof up to this point, ignoring ¢ and A for simplicity. We start with
the points X; close to dB, which define the tessellation model J, a small set near the origin,
whose boundary is composed of convex parts (corresponding to X; lying just inside the unit
ball B) and concave parts (coming from X; lying just outside B). We then shift the X; lying
outside B to diametrically opposite points C;; this ‘flips’ the corresponding spheres, which are
now centered at the C;, so that the resulting set I’ is now convex, being composed entirely of
convex parts. This last step does not generate a random copy of /; we have introduced a slight
distortion, in that the density of the points C; is not quite uniform. We thus have to shift the
C; slightly in accordance with (5.2), so that the corresponding parts of the boundary of I’ also
shift a little, until we finally generate a truly random instance of the intersection model /.

Fact 4.1 and (5.2) together show that, in carrying out these two steps, the parts of the bound-
aries of the sets I and J corresponding to a fixed X; are close (within Hausdorff distance A =3/,
before scaling). It remains to show that the sets / and J are themselves close. For this, we
must exclude certain unlikely geometric configurations arising when different sphere bound-
aries intersect. Namely, if the angle at which some set of spheres meet is too small, shifting
them by 8 = 23/ (as indicated in Fig. 4) could move the common intersection by much more
than §. See Fig. 4 for a diagram in dimension d =2 (drawn with lines instead of circles for
simplicity). To complete the proof, we need to show that the probability that these shifts move
the boundary of J by more than A!/48 = A~>/* tends to zero.

In dimension d = 2 (see Fig. 4), all we need to show is that each angle ¢ at each corner of the
boundary of J is not too small. In higher dimensions, a slightly more complicated argument is
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required; see below. We will use the fact that the points of J that move the most during shifting
are the extreme points of J, so we focus attention on these extreme points, each of which is the
common intersection of d bounding spheres.

By Fact 4.1, we may replace the spheres X; + 0B by hyperplanes Y;-z=«;e, where
Yi=(IXil|=1)- H))g_iH and 0 < o; < 1. To further simplify matters, we may upper bound the
movement during shifting by assuming that all o; = 1, and that the total number of hyperplanes
comprising the intersection is O( log? 1) (which holds with high probability, since the number
of hyperplanes is Poisson with mean C, log? 1). Temporarily rescaling so that ||Y;|| =& =1,
our task is to show that shifting any d of the hyperplanes Yj,-z=1 to Y}, - z=1+ 6 moves
their common intersection w (a single point) by no more than O(1!/48), with high probabil-
ity. Equivalently, we need to show that w is not too large in modulus; specifically, we need
|[w]| < C4a!/4, for some constant C; depending only on d, with high probability.

Suppose not, so that ||w|| > Cdkl/4, and recall that Y, - w=1 for each 1 < i <d. Choose
w’ parallel to w and in the affine span of the Y}, so that w' =" B;¥;, with }_ g; =1. Then
W Wl =w -w=3 Bi(Yj, - w)=3_ Bi=1, so that ||w|| < (Cz)~'A~1/*. In other words,
the affine span of the Y}, passes within distance (C4)~'A=1/% of the origin. For this to happen,
some point Y, lies within angular distance C&A‘l/ 4 of a great hypersphere defined by some
d — 1other points Y}, ..., ¥}, ,. There are O( logz(d’l) A) such choices for ¥}, ..., Y}, ,,and
for a fixed such choice, the probability that Y}, lies within 17174 of their great hypersphere is
C;’)ﬁl/ 4 Thus, each boundary intersection point is indeed not too large in modulus, and so
does not move by more than A!'/4§ = A ~5/4 after shifting, with high probability. Putting the
pieces together, the sets / and J are within Hausdorff distance 2 >/ with high probability, and
) ]P’(dH(MZ;, M) > CA_1/4) — 0, as desired. O

The final ingredient is a union bound.

Proof of Theorem 1.2. Combining Propositions 5.1 and 5.2 gives P(dgy(AJ*, AI*) > Cre?) <
P(J%, #J%) + P, # 1) + Pdu(MJ),, AD,) > CL=14) — 0. O

This method could likely be applied to a wider class of intersection models: the ball B
could be replaced by another set satisfying some curvature condition. The difficulty in such
a generalization would lie in finding a canonical way to construct a coupling between the
intersection model and another model known to have the Crofton cell of a tessellation model
as a scaling limit.

6. The expected volume of /*

We first sketch Goudsmit’s classical calculation for the second moment of the area A of a
typical cell in a Poisson line tessellation T, when d = 2.

First, we recall some basic facts about T, which can be defined as follows. Let P be a
unit-intensity Poisson process on [0, 277) x R*. We associate the point (6, p) € P with the
line x cos 6 + y sin 6 = p. This yields a translation- and rotation-invariant measure on families
of lines in the plane; T is a random instance of this measure. It is not hard to show that the
intersections of T and another random line form a Poisson process of rate 2, and also that T
has 7 intersections, and thus 7 cells, per unit area.

Goudsmit [14] considered tessellations on the surface of a sphere, but we can rephrase his
argument in terms of a realization of T over a large circular region R of area N. We choose two
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points x, y € R uniformly at random and ask for the probability gy that they lie in the same cell
of T. If f(¢) denotes the density function for the area A of a typical cell, then, as N — oo,

N Jo Pf(ndr  E(A?)
o de  EA)’

Ngy

since #f(¢) is the density function for the area of a cell containing a given point. On the other
hand, x and y lie in the same cell of T if and only if the line segment /,, joining them does
not intersect T. As noted above, the number of intersections between [, and T is Poisson
with rate 2, so there are no such intersections with probability e~2/. Consequently, Ngy —
fooo 2rle2 dl= % Combining these two expressions yields the formula E(A%) = %IE(A) = %,
which we may rewrite as

E@A?)  x?

E@A? 2

Goudsmit’s argument generalizes to higher dimensions. Write V,; for the volume of a typ-

ical cell in a Poisson hyperplane tessellation T4 in R. This time we will choose a different
normalization for the measure 11g_1 on the space A(d, d — 1) of affine hyperplanes in R?, in
which the measure of hyperplanes meeting the unit ball is 2, i.e. the diameter of the unit ball.
Consequently, in the corresponding tessellation T4, the expected number of hyperplanes H
meeting the unit ball is two. With N now representing the volume of a large spherical region
R, and gy as before, we once again have

N Jo Pfmd  EVD
JoSfdr E(Va)

Ngn

as N — oo. The second part of the calculation requires a slight modification; we now wish to
estimate the number /; of intersections of a line L of length / with T;. Once again, I; has a
Poisson distribution, with mean ¢, given by Crofton’s formula [30, p. 172], namely

1 2w4—1
- LN H|pwg—1(dH) = = ¢y,
L Ja@,a-1 dwy
where
/2
Wd = ——— <
Id/2+1)

is the volume of the unit ball. Continuing the argument as before, and recalling that S; = dwy
is the surface area of the unit ball, we have

* d—1 1 d!
NqN—>/ Syt e dl = —@d-
0 g

As before, this yields

E(V])  d!
= —wd,
E(Va) ¢

and, since (with this normalization) we have
2\¢ 1
EVp=(=) —
cq) wq
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(see [21, pp.156, 179]), we conclude that

E(VH 4 ,
—d T2
E(Vg)2 ~ 24

in agreement with [21, p.179].

6.1. Intersection model

In this section we apply the above results to give an alternative proof of Proposition 1.1. This
is essentially contained in Theorem 1.2 and the formulas above; Theorem 1.2 relates the vol-
umes of I* and D(l), and the above analysis applies to D(l). The scaling in Theorem 1.2 relies on
the scaling in Theorem 1.1, which was briefly sketched in the introduction. For completeness,
we now explain the scaling in more detail, in the context of Theorem 1.2.

Suppose, then, that we know that the intersection I* = I 31‘ converges to the Crofton cell of a
suitably scaled Poisson hyperplane process, and we wish to determine the scaling.

First, consider the Poisson hyperplane model normalized, as above, so that the expected
number of hyperplanes meeting the unit ball is two. Write B, = {x: ||x]| < €}, so that the
expected number of hyperplanes meeting B, is 2¢. For this process, the expected volume E(Vg)
of the Crofton cell Vg is related to the volume of the typical cell V,; as follows:

E(V)  d dlddoit!
= —] = .
E(Va)  of 0 2dad

E(V)) =

The last two equalities come from the preceding section. The first equality is proved by calcu-
lating the probability that a point chosen uniformly at random in a large region lies in the same
cell as the origin (as in the first part of Goudsmit’s calculation).

Second, let us choose ¢ = &(1) — 0 so that the expected number of spheres in the inter-
section model that meet B, tends to infinity. Then the intersection model inside B, is
well-approximated by a Poisson hyperplane tessellation. The number of intersecting spheres
meeting B, is the number of points of the underlying Poisson process in the shell Sh™ (¢) =
{xeR%:||x|| € (1 — &, 1)}. This number is asymptotically sidwgy, i.e. Adwgy/2 times the
‘normalized’ value above. Consequently, as A — oo,

2 \? d\wy
E(5D = (1 MHEVH [ ——) =@ 1 ,
(7D = (1 4+ o(1))E( ")<Adwd) (I +o( )))defi,_1
so that 2
lim 2/E(1) - S22
r—00 Wy_4

in agreement with Proposition 1.1.

7. Further questions

We close with some questions related to intersection processes that arose in the course of
our research.

Question 7.1. What class of intersection models has the Crofton cell of the hyperplane
tessellation model D(l) as a scaling limit?

https://doi.org/10.1017/jpr.2021.34 Published online by Cambridge University Press


https://doi.org/10.1017/jpr.2021.34

Intersections of random sets 149

Some kind of curvature condition is likely necessary. For example, consider the cone inter-
section model Ié(’ﬁle(a’ 8) (discussed at the end of Section 3.2). Just like the hyperplane model,
the cone model is a polyhedron. However, when B # 7, each cone whose apex lies at the
boundary of the intersection will contribute an additional vertex. Back-of-the-envelope calcu-
lations show that these vertices remain with positive probability in the limit A — oo, which

strongly suggests that the cone model does not have D(l) as a scaling limit.

Question 7.2. Proposition 3.5 shows that the radius RX - converges to an exponential distri-
bution under some rescaling. How does the rescaling relate to the geometry of A? How does it
relate to the behavior of u?

For example, when A = B, only the behavior of the density of p near 0 matters in the limit.

Question 7.3. Let Sy, denote the number of faces of the intersection model I*. Fact 4.2 suggests
that S, is uniformly tight — i.e. that for any § > 0 there exists t > 0 such that for any X > 0,
P(S). > t) <8 — which would imply the existence of a limiting stationary distribution for S.
Can the limiting distribution and transition probabilities for the stochastic process (S))y>0 be
computed or approximated?

A similar question has been answered for the typical Poisson—Voronoi cell and for the
Crofton cell of a hyperplane tessellation, in a different limiting context [4,7]. The intersec-
tion construction of the Crofton cell D(l) seems ideal to study this question, because it has a
natural renewal quality as X increases.

Appendix A

In this appendix we recall the definition and some basic properties of Poisson point
processes, which are used throughout this article.

Definition A.1. Let  C R? be a Borel set, and w a finite Borel measure on 2. The Poisson
point process (PPP) on © with intensity u, denoted X, is the finite set consisting of Poi(u(£2))-
many independent points sampled from the probability measure ﬁu

This is a natural, intuitive definition; for a proper introduction to the theory of Poisson point
processes, see [20].

Fact A.1. Suppose X is a PPP on a Borel set Q C R? with intensity meausre .

(a) Let A C Q2 be any Borel set. Then |A N X'| ~ Poi(u(A)).
(b) IfA, B C Q2 are disjoint Borel sets, then X N A and X N B are independent.
An important special case of Fact A.1(a) is that the probability that a given region A contains
no points of X" is given by P(A N X = @) = exp ( — u(A)).
Appendix B

In this appendix we note a formula for finding the volume of a star-shaped domain in R™
by doing an integration over the (m — 1)-dimensional sphere.

Fact B.1. Suppose g:S"~! — RT is continuous, and let A C R™ be the star-shaped open
set defined by A ={xeR": x| < g(x/|x|)}. Then Vol(A) = % me,l g"dS, where dS is the
(m — 1)-dimensional surface area form on S™ .
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Proof. The formula comes from integrating in spherical coordinates. Applying Folland’s
theorem [10, Theorem 2.49] to the function f(x) = 1{x € A} gives

Vol(A) = f f(x) dx
R4

/ / Frx)yr N drdo(xX)
sm=1.J0

gt
/ 7"V drdo (X))
Sm—l 0

1
- f g™ do (x). d
m Jgm—1
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