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THE MOVING BLOCKS BOOTSTRAP
FOR PANEL LINEAR REGRESSION
MODELS WITH INDIVIDUAL
FIXED EFFECTS
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In this paper we propose a bootstrap method for panel data linear regression models
with individual fixed effects. The method consists of applying the standard mov-
ing blocks bootstrap of Kiinsch (1989, Annals of Statistics 17, 1217-1241) and Liu
and Singh (1992, in R. LePage & L. Billiard (eds.), Exploring the Limits of the
Bootstrap) to the vector containing all the individual observations at each point
in time. We show that this bootstrap is robust to serial and cross-sectional depen-
dence of unknown form under the assumption that n (the cross-sectional dimen-
sion) is an arbitrary nondecreasing function of 7' (the time series dimension), where
T — o0, thus allowing for the possibility that both n and 7 diverge to infinity.
The time series dependence is assumed to be weak (of the mixing type), but we
allow the cross-sectional dependence to be either strong or weak (including the case
where it is absent). Under appropriate conditions, we show that the fixed effects es-
timator (and also its bootstrap analogue) has a convergence rate that depends on
the degree of cross-section dependence in the panel. Despite this, the same stu-
dentized test statistics can be computed without reference to the degree of cross-
section dependence. Our simulation results show that the moving blocks bootstrap
percentile-¢ intervals have very good coverage properties even when the degree of
serial and cross-sectional correlation is large, provided the block size is appropriately
chosen.
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1. INTRODUCTION

This paper considers the bootstrap for panel data linear regression models with in-
dividual fixed effects. The parameters of interest are the slope coefficients £, and
the estimation method is the fixed effects ordinary least squares (OLS) estimator
[? . The main goal of the paper is to develop a bootstrap method that allows for
inference on S based on ﬁ in a way that is robust to the potential presence of het-
eroskedasticity and also serial and cross-sectional dependence of unknown form
in the regressors and error term of the model. Handling both forms of dependence
in panel data models is important because in addition to the usual time series
dependence, many panel data sets are characterized by dependencies among in-
dividuals. A source of cross-section dependence can be the presence of common
shocks such as macroeconomic shocks or political shocks. See Andrews (2005)
for more discussion of common shocks and their effects on the properties of OLS
estimators in the context of cross-section regression models.

We propose the panel moving blocks bootstrap (MBB). The panel MBB con-
sists of applying the standard MBB of Kiinsch (1989) and Liu and Singh (1992)
to the vector containing all the individual observations at each point in time. Be-
cause it does not resample the individual observations directly, the panel MBB is
expected to be robust to arbitrary forms of cross-sectional dependence. By rely-
ing on the MBB, it is robust to serial dependence of unknown form as long as this
dependence satisfies a mixing type condition.

We make two main contributions. First, we study the asymptotic properties of
the fixed effects estimator for a panel linear regression model with individual fixed
effects where the regressors and errors are subject to heteroskedasticity and to se-
rial and cross-sectional dependence of unknown forms. Building on these results,
we then prove the first-order asymptotic validity of the MBB in this context.

The asymptotic results are derived under the assumption that n (the cross-
section dimension) is an arbitrary nondecreasing function of 7' (the time series
dimension), where T — oo, which allows for large n, large T' panels. To derive
the asymptotic distribution of £ in a context that allows for arbitrary forms of
cross-sectional dependence, we assume that the cross-sectional sums of the indi-
vidual scores for f (after the fixed effects have been concentrated out) satisty a

central limit theorem when appropriately standardized by n”, where p € [%, 1}.

The parameter p ensures that the long-run variance of the standardized cross-
sectional sums of the scores is bounded and bounded away from zero. When the
scores are subject to strong cross-section dependence, (e.g., as a result of common
shocks that affect all the individuals) the appropriate value of p is 1. If instead the
scores are cross-sectionally independent (or weakly dependent), p = % For each
individual in the panel, we assume that the regressors and error terms are weakly
dependent in the time dimension and impose only a weak exogeneity assump-
tion on the regressors. Under these assumptions, we show that the rate of con-
vergence of the fixed effects estimator is +/7n' 7. For the special case of strong
cross-sectional dependence, where p = 1, this result implies that the fixed effects
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estimator is only ~/7 consistent despite the fact that both n and T are large. In-
stead, if p = % (e.g., as aresult of cross-sectional independence) we get ~/nT con-
vergence. Because our assumptions allow for weakly exogeneous regressors, the
limiting distribution of ﬁ contains a bias term that is of the order Op (nl_p INT )

To obtain a limiting distribution centered at zero, we require n' ~#/y/T — 0. This
imposes a restriction on the growth rate of n with 7’ when p < 1. In particular, it
requires 7= — 0 when p = %

Although the rate of convergence of ﬁ (and of its bootstrap analogue) depends
on the degree of cross-section dependence in the panel (as summarized by p),
we show that the same ¢ and Wald statistics (and also their bootstrap analogues)
can be computed without reference to p. Specifically, we show that Wald statis-
tics studentized with a standard nonparametric heteroskedasticity and autocorre-
lation consistent (HAC) variance estimator applied to the cross-sectional averages
of the estimated scores are asymptotically valid, independently of the degree of
cross-section dependence. This result is entirely analogous to a recent result in
Hansen (2007). Hansen shows that under cross-sectional independence, the same
test statistics studentized with clustered standard errors (as proposed by Arellano,
1987) can be computed without reference to the degree of serial dependence in the
panel (which can be mixing or not). This is true despite the fact that in the Hansen
(2007) context the rate of convergence of the OLS estimator is either \/n (if no
mixing in the time series dimension exists) or /nT (under time series mixing).

The idea of applying HAC variance estimators to cross-sectional sums is not
new. Driskoll and Kraay (1998) proposed this approach for computing standard
errors for panel data estimators defined by moment conditions. Although quite
general, the Driskoll and Kraay (1998) setup does not cover the fixed effects es-
timator because it does not allow for individual fixed effects (the moment con-
ditions defining the common parameter of interest are not allowed to depend on
individual time series averages). Moreover, their results assume implicitly that the
degree of cross-section dependence is strong (i.e., their results only cover the case
p=1).

Recently, Vogelsang (2008) proposed a new asymptotic theory for test statistics
studentized with HAC variance estimators of cross-sectional sums in the context
of panel linear regression models with individual and time effects. Specifically,
Vogelsang (2008) derives the limiting distribution of the test statistic assuming
that the bandwidth is a fixed proportion of the sample size, following the approach
of Kiefer and Vogelsang (2005). His simulation results show that the fixed-b
asymptotic distribution is more accurate than the standard normal approximation
in finite samples.

We study the finite-sample performance of the MBB in the context of a panel
linear regression model estimated with the fixed effects estimator, where the errors
and the regressors follow a factor structure, thus displaying cross-sectional and
serial dependence. Our results show that the MBB performs very well, even when
there is strong serial correlation in the cross-sectional averages of the scores. The
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performance of the MBB method is robust to arbitrary forms of cross-sectional
correlation, including the case of cross-sectional independence. It outperforms
the standard normal approximation based on robust HAC standard errors. It also
outperforms the fixed-b asymptotic approximation of Vogelsang (2008) when the
serial correlation is strong and the block size is appropriately chosen.

The rest of this paper is organized as follows. In Section 2, we derive the
asymptotic properties of the fixed effects estimator. Section 3 contains the boot-
strap results. Section 4 reports the Monte Carlo simulation results, and Section
5 concludes. Two mathematical appendixes are included. Appendix A contains
the proofs of the results in Section 2, and Appendix B contains the proofs of the
results in Section 3.

2. ASYMPTOTIC PROPERTIES OF THE FIXED EFFECTS ESTIMATOR
2.1. The Model and the Fixed Effects Estimator

We consider the following panel regression model:
Vit = 0 +x, B+ ¢€ir, i=1,...,n; t=1,...,T, 6))

where a; are individual fixed effects, y;; and ¢;; are scalars, and x;; and f are
p x 1 vectors.

The parameter of interest is £, and its estimator is the fixed effects OLS
estimator

n T 1 n T
Pur = (Z Y (i — Xi) (xis _)Ei)/> Y @i —x) i — i) » (2
i=1i=1 i=1i=1

where y; = 7! Z,T=1 vir and x; = 7! Zthl Xit.

Our goal in this section is to derive the asymptotic properties of ﬁ' under gen-
eral forms of heteroskedasticity and cross-sectional/serial dependence in the re-
gressors and in the errors of model (1).

2.2. Asymptotic Distribution

Next we provide a set of assumptions that allow us to characterize the asymptotic
distribution of /)A’ . Throughout this paper, we let n be an arbitrary nondecreasing
function of 7', allowing for the possibility that n is either fixed as 7 — oo or
n, T — oo jointly. Henceforth we write n, T — oo to denote these two possibil-
ities. In what follows, for any random vector z;;, we let ||zl-,||[, = (E|zi,|1’)l/”

denote its L, norm and |z;,| its euclidean norm.
Assumption 1.

(a) E(gjy) =0and E(xj;¢;;) =0, foralli =1,...,n,t=1,...,T.
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(b) Forsomer > 2, [|xi[l,, < A <ooand |ley]l, <A <ooforalli=1,...,n
andr=1,...,T.
(c) For each i =1,...,n, {(x/,,&i) :t=1,...,T} are the realization of a

stationary a-mixing process with mixing coefficients o; (k) such that sup;
a; (k) < a (k) where a (k) = Ck~" for some constant C and some A >
4r/(r =2),r > 2.

Assumption 1(a) requires that for each unit 7 in the panel the error term be
mean zero and the regressors be contemporaneously uncorrelated with the errors.
This weak exogeneity assumption is in principle compatible with dynamic panel
models. Assumption 1(b) imposes uniform bounds on the regressors and error
moments of order 2r (with r > 2). It rules out time trends in the regressors. As-
sumption 1(c) restricts the serial dependence in the time series of the regressors
and error term for each individual i. See Hahn and Kuersteiner (2004) for a simi-
lar set of time series dependence assumptions in the context of bias correction for
nonlinear dynamic panel data models. The mixing coefficients a; (k) are defined
in the usual way. Specifically, foreachi =1, ...,n, let w;; = (x{t, e,-,) and define

=0 (-...wi,—1, wi;) and g;’:,j’" =0 (Wi k> Wi,i+k+1---) as the o-fields
generated by the corresponding set of random variables. Then, for each individual
i, we let

a; (k) = sup sup |[P(ANB)—P(A)P(B)|.
! {Aegi_”oo,Begfﬁoo}

Assumption 1(c) allows for heterogeneous forms of serial dependence across i but
imposes a uniform bound on the individual mixing coefficients. Time stationar-
ity is imposed for simplicity. Some forms of time heterogeneity could be allowed
for, but this would require extra conditions controlling the degree of heterogene-
ity. Assumption 1 does not impose a restriction on the amount of cross-sectional
dependence in {(x/,,i)}.

Our next assumption requires A,7, the Hessian matrix underlying model (1),
to be nonsingular, uniformly in (n, 7). As we will see later, the asymptotic co-
variance matrix of ﬁ depends on the inverse of A, 7, thus justifying the need for
Assumption 2.

Assumption 2. A,7 = =37 | 3" | B[(xj; — p;) (xis — 1;)'] is nonsingular
uniformly in n, T, i.e., |[det (A,7)| > € > 0 for all (n, T) sufficiently large, where
ui =E(xir).

To describe our next assumption, let
n
Spt = z (xir —pi)eip, forr=1,2,...,T,
i=1

denote the cross-sectional sums of s;; = (x;; — 1;) €is, the individual scores for f,
after concentrating out «;. We make the following assumption.
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Assumption 3. For some parameter p € [%, l] ,asn, T — oo,

T

ipd n d
T S )

where B,7,, = Var ( NG s A"’) is O (1) and is uniformly positive definite.

Assumption 3 is a high-level assumption that requires the double array formed
by the cross-sectional sums {s,,;} to satisfy a central limit theorem when appropri-
ately standardized by n”. The parameter p reflects the degree of cross-sectional
dependence in the individual scores, as we now explain.

The presence of (lagged) cross-sectional and/or serial dependence in the indi-
vidual scores {s;;} will induce serial correlation in {s,;}. Suppose {s,;} is a zero
mean weakly dependent stationary array, where n is an arbitrary nondecreasing
function of 7. Then we can write

Bl’ll p= var E 5 t —an(0)+ El (1—*) (I_‘n/)(‘[)—l_l—‘/ (T))’
> / > | T 5 n,p

where for any 7 > 0,

1
Ty (0= 37 (i) = 13 2 2 E (s

i=1j=

is the autocovariance matrix of {j{—',ﬁ} at lag 7. For B,r , to be O (1) and uni-
formly positive definite, these same restrictions need to be imposed on I, , (0).
This restricts the amount of cross-sectional dependence in the panel. If the cross-
sectional dependence is pervasive and affects all individuals in the panel (such
as in the case of common shocks), > 127 | (s,ts] ) is of order O (nz), and
the appropriate value of p is 1. If instead the cross-sectional dependence is suffi-
ciently weak such that 37_; 37_, E(si;s},) is of order O (n), we need p = 3. This
includes the case of cross-sectional independence as a special case. More gener-
ally, p = % corresponds to the case of weak cross-sectional dependence, where
some mixing type condition holds for {s;;} in the cross-sectional dimension. We
allow for intermediate cases where 37'_; 37 E(si;s],) is of order O (n*), with
2 <p <l

Under Assumptions 1-3, we show in Appendix A that the fixed effects OLS
estimator has the representation

n
VTn'=? (ﬁnT_ﬁ): anz 2 (xir = i) it + Ay - Rut,p +0p (1),
T/ 5n? R

Bias

LN(0,Bur))
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1—

where A - Rur,, is a bias term of order Op ( e ) due to the estimation of the

T
fixed effects. In particular,

1 P12 1 T
RnT,p= «/_ 2 (\/_z 1[) <\/T ;(xis_,ui)>~

. . . P
Under Assumptions 1-3, the following assumption suffices for R, 7 — 0 as
n, T — o0, ensuring that the limiting distribution of f, 7 is centered at zero.

Assumption 4. ”g
When nt L 5 0as
VT VT

T — oo, independently of the behavior of n (which can either be fixed or diverge
to infinity at any rate relative to 7 — 00). Assumption 4 is then automatically
satisfied, and Assumptions 1-3 suffice for the limiting distribution of /)A’ to be
centered at zero. When % < p < 1, Assumption 4 imposes a requirement on the
rate at which n — oo with T — oo. For the leading case in which there is weak
cross-sectional dependence and p = 2, the requirement is that 7 — 0.

Under Assumptions 1-4 we can state the following result.

THEOREM 2.1. Under Assumptions 1 and 2, and for any p € [ , } such that
Assumptions 3 and 4 hold, we have that as n, T — oo,

B2 A N Tn' P (,b’nT—ﬂ) L N(0.1,).

nT N

The proof of Theorem 2.1 and proofs of all the other results in this section
are in Appendix A. According to Theorem 2.1, [;’ is »/Tn'~ consistent. Thus,
the rate of convergence of ﬁ is inversely related to the amount of cross-sectional
dependence that exists in {s;;}. This trade-off is explained by the fact that the
stronger the cross-sectional dependence is, the less variation exists in the cross-
sectional dimension and therefore the slower the rate of convergence of ﬁ is as
a function of n. In the limiting case in which p =1 (such as when a factor
model is driving the cross-section dependence), ﬁ is only +/T consistent de-
spite the fact that both n and T are large. Instead, when p = % (such as when
there is cross-sectional independence or weak cross-sectional dependence), we get
V/nT convergence.

Under Assumptions 1-4, [;’ is consistent and asymptotically unbiased even for
dynamic panel models, where the regressors are only weakly exogenous. If p =1,
Assumption 4 is redundant, and this result is true independently of the rate of
growth of n and T, as we argued previously. Instead, if p < 1 Assumption 4

. . . 1
restricts the rate of growth of n with T, requiring that “

-p
= = Oasn, T — oo.
In particular, this requires 7= — 0 under cross-sectional independence. If n and
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T are of comparable size and the regressors contain lagged dependent variables
(as in Hahn and Kuersteiner, 2002; Alvarez and Arellano, 2003; for more recent
papers that discuss bias correction in the context of panel models estimated with
interactive fixed effects, see also Bai, 2009; Moon and Weidner, 2009) the term
Ryt defined earlier will not vanish, and a bias term will appear in the asymptotic
distribution of 4. In this case a bias correction procedure is needed. Here we do
not require bias correction because we impose Assumption 4.
We can replace Assumption 4 with the following assumption.

Assumption 4. %n% i i s B ((xirk — wik) €is (uk — #jk) ) <
A <ocofork=1,...,p.

We can show that Assumption 4’ suffices for R,z , KN 0, thus ensuring that the
results in Theorem 2.1 continue to hold under Assumptions 1-3 and 4’. Although
it does not impose a particular rate of growth of n with T, this condition imposes
additional restrictions on the cross-sectional dependence and on the exogeneity of
the regressors. In particular, we can show that it is satisfied if ¢;; is independent of
xjs for all (i, j) and (s, 1) (a very strong form of strict exogeneity), and (x{t, gi,)
is independent of ()Q;S,€jx) for all i # j and all (¢, s). The strict exogeneity as-

sumption is overly restrictive when p = 1.

2.3. Variance Estimation

Theorem 2.1 shows that the fixed effects OLS estimator ,5’ is asymptotically dis-
tributed as a normal distribution with mean zero and covariance matrix Cy, 1 , =
A;Tl By, pA;Tl, where A, 7 is defined in Assumption 2 and B, , is given in (3).
Under Assumption 1, a consistent estimator of A, is A, = % Zthl 2?: 1 (xl-t —
)E,-) (xir —X;)’, as Lemma A.2 in Appendix A shows. Next we provide a consistent
estimator of B,7 ).

We propose the following kernel estimator of By,r ,:

T-1

~ ~ T N N

Burp =Tury @+ X k(57) (Farp @ +T77, ).
=1

where k (-) is a kernel function, M is a bandwidth parameter, and for any 7 > 0,
R | 5 T—1
Loty () =T Y Su)ie,s

t=1

with §,; = X' | (xi — %;) &1, and &, = yir — yi — (xis —)Ei)/ﬁ the fixed effects
OLS residuals.

The term By7 , is a standard HAC estimator of the long-run variance of the
standardized cross-sectional sums {fﬁf =n""Y" | (xir— ,ui)e,-f}. Because u;
and &;; are unknown, we replace these with X; and &;,. To estimate B, p We
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need to take a stand on the degree of cross-sectional dependence in the panel
because 1§nT, » depends on p. As we will see in the next section, we can never-
theless make inferences on £ without having to commit to a particular value of p
when constructing a confidence interval or testing hypotheses about S, if we rely
on studentized statistics.

In the context of generalized method of moments estimators with panel data,
Driskoll and Kraay (1998) proposed estimating the long-run variance of the cross-
sectional averages of moment conditions defining a common parameter vector
with a standard HAC variance estimator applied to the cross-sectional averages
of the estimated moment conditions. Nevertheless, their setup does not allow for
individual fixed effects. When p =1, B,,T = B,, 7,1 1s an extension of the Driskoll
and Kraay approach to the case of linear panel regression models with individual
fixed effects.

To prove the consistency of B, 7,p for B, , more structure on the array { %}
is required. In particular, we replace Assumption 3 with the following assumption.

Assumption 3. For some p € [%, 1], we have that

Snt
@ |57

(b) {3 :1r=1,...,T} is the realization of a zero mean stationary o-mixing
double array of size —r/(r —2), for some r > 2;

(¢) Bur,)p = Var( >, n’”) is such that B,7,, = O (1) and det (B,7,,) >
€ > 0 for all n, T sufficiently large.

| < A < oo, for some r > 2, for all (¢, n);

We can show that Assumption 3’ implies Assumption 3. Assumption 3’(a) re-
quires the standardized sums {%} to be L,-bounded, uniformly in (¢, ). When
p =1, this assumption is implied by Assumption 1(b) because in this case moment
restrictions on the individual scores directly translate into moment restrictions on
cross-sectional averages. When p < 1, Assumption 3'(a) is satisfied under further
restrictions in the cross-sectional dependence. In particular, for p = %, itis implied
by a mixing condition on {s;;} in the cross-sectional dimension. Assumption 3’(b)
restricts the serial dependence on { Sng } by postulating this array to be strong mix-
ing. See Driskoll and Kraay (1998) for a more primitive dependence assumption
on {s;;} that implies Assumption 3/(b). In particular, it suffices that for any pair
(i, j), sir and 5,4 be asymptotically independent as 7 — co. Assumption 3'(c)
is a restatement of the last part of Assumption 3.

Our next assumption describes the class of kernels that will be considered.

Assumption 5. & (-) € IC, where

k(-):R — [0,1] such that k (x) =k (—x),Vx e R, k(0) =1,
K =< k(x) is continuous at 0 and at all but a finite number of points, »,
J25 Ik ()l dx <00, and [2 |y (£)]dE < oo

where (&) = Q)™ [Tk (x) e/ dx.
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Assumption 5 corresponds to Assumption 1 of de Jong and Davidson (2000).
As they remark, it contains many popular kernels, including the Bartlett, quadratic
spectral, Parzen, and Tuckey—Hanning kernels.

Assumption 6. M = M,,7 — oo and M;;p — 0asn, T — oo.

Under Assumption 6, the growth rate of M is a function of p. When p =1,
we require that M = o (ﬁ ) as T — oo. When p < 1, M is required to grow
VT

at a smaller rate, namely at a rate slower than = which diverges to infinity as
n, T — oo under Assumption 4. When p = %, a sufficient condition for Assump-
tion 6 is thatn = o (ﬁ) and M =o (T1/4) as T — oo. We rely on Assumption

6 to show that estimation of s,; with §,, does not introduce a bias term in the
estimation of By ,.

THEOREM 2.2. Under Assumptions 1, 3, and 4-6, énT,/) — Bur,p ﬁ) 0 as

n, T — oo.

If we are willing to strengthen Assumption 4’ as follows, we can show that
Assumptions 1, 3’,4”, 5, and 6 suffice for consistency of B,r,, for B,z ,.

Assumption 4”. %n%p Sii S B ((xink — pik) €is (Xuk — k) €j0) | <

A <ocofork=1,...,p.
2.4. Hypothesis Testing

Consider testing the null hypothesis Hy : R = r against the alternative H; : Rf #
r, where R is a ¢ x p matrix of rank ¢ and r is a g x 1 vector.
We propose the following Wald statistic for testing Hp:

S R
Wyr =T (Rﬁ—r) [RA;TanTA;TIR/} (Rﬂ —r) ,

where B,7 = B,r,1 is a HAC estimator of the long-run variance of the cross-
sectional averages {2 }.

THEOREM 2.3. Suppose that Assumptions 1, 2, and 5 hold. For any p €
[%, l} such that Assumptions 3', 4, and 6 hold, we have that under Hy : Rf =,

A / A A ~ -1 ~ d
War =T (Rp=r) [RA B Ayt R | (RE=1r) 5 22,
where énT = énT,l'

Theorem 2.3 shows that the same Wald statistic YW, can be computed and is
asymptotically X; independently of the value of p underlying the data generating
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process. In particular, this is true even though we compute Wt as if the value of
p was equal to one. Suppose p < 1. Then the appropriate Wald statistic is

201 5 "Thr=lp PO 5
War.p = Tn21=0) <Rﬁ—r) [RA;TBnT,pA;TR’} <Rﬁ—r),

where énT, p 1s a consistent estimator of B,r, ,. Because we can write EV,T, p =
n2(1-p) I§,1T, the factor n2(1=?) cancels out in Wr,p, implying that W, , = W,
for any value of p. This explains the invariance of the Wald statistic W, r to the
degree of cross-sectional dependence that exists in the panel.

Recently, Hansen (2007) has studied the asymptotic properties of test statistics
studentized with the Arellano (1987) clustered standard errors when both n and
T are large. Assuming cross-sectional independence, Hansen (2007) shows that
the OLS estimator is /n-convergent when the time series dependence is left un-
restricted, whereas it is +/27 when a mixing type condition is imposed in the time
series dimension. Despite this discontinuity in the convergence rates of the OLS
estimator, Hansen (2007) shows that the same test statistics can be used and are
asymptotically valid in the two cases (no mixing and mixing in the time series
dimension). Theorem 2.3 is the analogue of the Hansen (2007) result when we
assume that the serial dependence is mixing and the cross-sectional dependence
can either be strong or weak.

3. BOOTSTRAP RESULTS

The bootstrap fixed effects OLS estimator is defined as

n T L, 7
ﬁ;T = (2 Z (xi*t _)E;) (xi*t _)Ei*)/> 2 2 (x;kt _)E;k) (yi*t _yi*) 5
i=1t=1 i=lt=lI

i=1

where y; = T-! 2;T=1 yi; and X' = T-! Z;T:1 x/,. It is the fixed effects OLS es-
timator of /8 based on the bootstrap data {z}, = (v%.,x77) i =1,...,n,t =
l,...,T} obtained with the MBB as follows. Let Z;, = (z/lt,z’zl,...,z;”)/
denote the n (p+ 1) x 1 vector containing the n cross-sectional observations on
zit. Let £ = {7 € N (1 < ¢ < T) denote the length of the blocks and let B; ; =
{Z,,n, Zitlns--es Z,+g_1,n} be the block of £ consecutive observations start-
ing at observation ¢; £ = 1 corresponds to the standard independent and identi-
cally distributed (i.i.d.) bootstrap on the vector Z; ,. Assume for simplicity that
T = kt. The MBB resamples k = T /¢ blocks randomly with replacement from
the set of T — ¢+ 1 overlapping blocks { By ¢, ..., By—¢4+1,¢}. Thus, if we let
I,..., Iy be i.i.d. random variables uniformly distributed on {0, ..., T —{}, the
MBB pseudo-data {Z,* pst=1. T} is the result of arranging the elements of
the k resampled blocks By, +1.¢, ..., By, +1,¢ in a sequence: Zi"n =Z1,+1,n, Z;,n =
le+2,n: ey Z;,n = ZI] +l.n>s Z?+1,n = Z[2+1,n, ey Z;:l,n = ZIk+£’,n~ The panel
MBB corresponds to the standard MBB applied to the vector that contains the
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n cross-section observations for time 7. As we will prove here, this method is ro-
bust to both serial and cross-sectional dependence of unknown form when applied
to the fixed effects estimator.

A word on notation. In this paper, and as usual in the bootstrap literature, P*
(E* and Var*) denotes the probability measure (expected value and variance) in-
duced by the bootstrap resampling, conditional on a realization of the original
data. In addition, for a sequence of bootstrap statistics Z), we write Z), =

op+ (1) in probability, or Z LN 0, as n,T — oo, in probability, if for any
£>0,0>0,lim, 7500 P [P* (}Z,’;T‘ > 5) > 8} = 0. Similarly, we write Z, =
Op« (1) as n,T — oo, in probability, if for all &€ > O there exists a M, < oo
such that lim,, 700 P [P* (|Z;T| > Mg) > g] = 0. Finally, we write Z i> Z
asn, T — oo, in probability, if conditional on the sample, Z; weakly converges
to Z under P*, for all samples contained in a set with probability converging to
one.
For the bootstrap results we strengthen Assumption 3’ as follows.

Assumption 3”. For some p € B, 1}, we have that

(a) 3r
(b) {% t=1,..., T} is the realization of a zero mean stationary a-mixing
double array of size —(2+0)r/(r —2), for some r > 2, and some small

0> 0;
(¢) Bur, = Var (ﬁ P fli,,’) is such that B,7,, = O (1) and det (B,7,,) >
€ > 0 for all n, T sufficiently large.

Snt
np

< A < o0, for some r > 2, for all (¢, n);

THEOREM 3.1. Suppose that Assumptions 1 and 2 hold. For any p € [%, l}

such that Assumptions 3" and 4 are verified, if {7 — 00 and {1 = 0 (\/T ) as
T — oo,

P* (ﬁnl_p (ﬁ*—ﬁ) Sx)—P(ﬁnl_p (,5’—,6’) 5x)‘£0,

asn, T — o0.

sup
xeRp

The proof of Theorem 3.1 and proofs of all the results in this section are in
Appendix B. Theorem 3.1 justifies using the order statistics of the bootstrap dis-
tribution of ﬁ *— ﬁ to approximate the quantiles of the distribution of 5’ — f. This
result is useful for constructing bootstrap percentile confidence intervals for S
with asymptotically correct coverage probabilities.

Next we discuss bootstrapping studentized statistics. Specifically, we consider
testing Hy : Rf = r against H| : Rf # r where R and r are as defined in the
previous section. The bootstrap Wald statistic we propose is

N 5\ Axk—1 px  px— -1 n* N
;;T:T(Rﬂ —Rﬂ) [RAnTanTAnTlR/} (Rﬁ —R,B),
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where A,’;T is the bootstrap analogue of At and is given by

R 1 & T ,

nTzﬁgg( )(xit_xt)
To define By, let §, = Y7, (x} —x}) &}, where &}, =y, — y — ( Xk ) B
are the bootstrap fixed effects residuals Note that for any j =1,...,k and t=
Lo b Sy Goyee = 2oy (Xi 140 = X7 ) & 140, Where &y = yir — &,»*— (xi —

)?l*)/ﬁA* where /; are i.i.d uniform on {0, ..., T — ¢} . Then,

/
A 1 k —1/2 —1/2 £ — 1A%
B,r =+ 2( /2” SrGonere | L2078 Gonene |- )
=1

j—

?v

Here I§;T is a consistent estimator of the bootstrap long-run variance of the boot-
strap cross-sectional average of the scores when p = 1. It is the multivariate ana-
logue of the estimator of the MBB variance proposed by Gotze and Kiinsch (1996)
for studentizing the sample mean, adapted to the fixed effects context.

THEOREM 3.2. Suppose that Assumptions 1, 2, and 5 hold and there exists
pE [%, 1} such that Assumptions 3", 4, and 6 are verified. If {7 — oo such that

{r=o0 (ﬁ) we have that, under Hy : Rf =,
sup|P* (W;T < x) — P Whr §x)| A 0,

xeR

asn, T — o.

Theorem 3.2 justifies using the MBB distribution of W) to compute critical
values for W, when testing Hy against H;. The same bootstrap Wald statistic is
first-order asymptotically valid under strong and weak cross-sectional dependence
even though W), is computed as if p = 1. As for W, 7, this is true because when
p <1 the convergence rate of ﬁ * for ﬂ is +/Tn'~” and the appropriate bootstrap
variance estimator B* can be written as n2(1~ p)B* , resulting in a bootstrap
Wald statistic Wy, that is equal to W>;.

4. MONTE CARLO RESULTS

This section provides simulation evidence of the finite-sample performance of the
MBB in the context of the following model:

/
Vit =i + x5, +€ir,

where &;; and xj; = (xl,i,,xz,,-,,xm,)’ are serially and cross-sectionally corre-
lated and ¢;; and x;, are mutually independent. Because the distribution of the
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test statistics based on the fixed effects OLS estimator considered in this paper is
exactly invariant to the value of a; and f, we can set a; = f = 0 without loss of
generality.

To introduce cross-sectional dependence we assume a factor structure for the
errors and the regressors. In particular, we let

eir = Afe,r +€eits 5)

where f;, denotes a common time varying factor with factor loading 1 and e, ;,
is an idiosyncratic term independent of f; ;. The same structure is assumed for
each of the regressors, i.e., for/ = 1,2, 3, we let

X1,it :j-fl,t'i'el,it: 6)

where (fz.r, fi.1s f2.1, f3.1) and (egir, e1,ir, €2,ir, €3,ir) are mutually independent
(thus there is strict exogeneity in this model). We let

Joi =afoqm+ttes, g~ N (0,1=a?), )
Coit =aeeii—1 +ei, Vit ~ N (0, (1 —az) (1 - /12)) , ®)

and u, ; and v, ;; are mutually independent. These variables are uncorrelated over
time and across units with f, o ~ N (0,1) and e, ;o ~ N (0,1 —4?). Thus, the
error term for each individual is correlated over time with an autocorrelation co-
efficient equal to a” at lag 7, whereas the error terms of any two individuals (i, j)
are equicorrelated according to 2%a?. A similar AR(1) structure is assumed for
each regressor.!

We let 1 € {0, +/0.5}, where / = 0 implies cross-sectional independence, whereas
4 =+/0.5 implies a cross-sectional correlation of 0.5 for each regressor and error
term (note that this implies that s;; = x;;&;; is equicorrelated with correlation equal
to 14 = 0.25). Thus, A = 0 corresponds to a value of p = %, whereas 4 = /0.5
corresponds to p = 1.

We examine the finite-sample performance of two-sided symmetric 95% con-
fidence intervals for ;| based on the studentized statistic

VT (ﬁ 1nr — B 1)
tﬂ’\ 1 A ( 1,1)
CnT

where [3’1’,17 is the first element of ﬁnT and CA‘ST’I) denotes the element (1, 1) of
énr = A;Tl é,lTA;T], with Anr and énr as given in Section 2. In particular, énr
is a HAC estimator of the variance of the cross-sectional averages of the indi-
vidual scores based on the Bartlett kernel where the bandwidth is chosen by the
Andrews (1991) automatic procedure based on approximating AR(1) models for
the elements of 22t =n~ 137 §;;.
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We consider confidence intervals based on the normal approximation (N (0, 1)
intervals), on the new fixed-b asymptotic theory of Vogelsang (2008) (Fixed-b),
and on the bootstrap (MBB). The N (0, 1) intervals rely on the standard nor-
mal distribution for computing critical values for 1h The Fixed-b intervals rely
on the fixed-b asymptotic distribution of Vogelsang (2008) (see also Kiefer and
Vogelsang, 2005), where we set b = % with M equal to the chosen data-driven
bandwidth.

The MBB intervals rely on the bootstrap distribution of

ﬁ(ﬁf’nT _ﬁl,nT)
tﬁ? = i
[ Ax(1,1)
CnT

for computing the critical values of the distribution of 75 . Here é‘;(Tl’l) is the

(1, 1)-element of C*; = A*7'B* A*2! with A*, and B}, as given in Section
3. In particular, é:T is the analogue of the Go6tze and Kiinsch (1996) bootstrap
variance estimator for the panel context.?

To choose the block size, we exploit the asymptotic equivalence between the
MBB and the Bartlett kernel variance estimators and use the integer part of the
automatic bandwidth chosen by the Andrews (1991) automatic procedure. For
comparison purposes, we also include the i.i.d. bootstrap where £ = 1.

Figures 1 and 2 contain the results for 4 = 0.5 and for 4 = 0, respectively. We
find six plots in each figure, corresponding to two different values of 7 € {25, 100}
and three different values of a € {0,0.5,0.9}. Each plot depicts the actual cover-
age rates of each interval as a function of n € {10, 20, ..., 100}. The results are
based on 2,000 random samples for each (n,T) combination, and the bootstrap
intervals are based on 999 bootstrap replications for each sample. We show re-
sults for four types of intervals: the confidence intervals based on the normal
approximation (N (0, 1)), the fixed-b intervals (Fixed-b) based on the Vogelsang
(2008) approach, and the MBB intervals implemented with a data-driven block
size (MBB) and a block size equal to one (MBB1).

Figure 1 shows that when there is no serial correlation (¢ = 0) but individuals
are cross-sectionally correlated, some finite-sample distortions arise for 7 = 25,
especially for the N (0, 1) intervals (whose rates are in the range 89.5%-91.5%).
The Fixed-b intervals outperform the N (0, 1) intervals by a small margin, with
rates between 91.5% and 94% for T = 25. The MBB with a data dependent block
size performs the best (the selected £ was on average 1.60 across all values of n
and 7). For T = 100, the differences between all methods decrease, and they all
perform well. When we increase a to 0.5, the performance of all methods deterio-
rates, but this is more pronounced for the N (0, 1) intervals (with rates around 85%
when 7" = 25). The Fixed-b intervals outperform the N (0, 1) intervals, displaying
rates between 88% and 90% when T = 25, followed by the MBB1. Choosing a
block size larger than one implies a further coverage error reduction (the average
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FIGURE 1. Empirical coverage rates, AR(1) model, 4 = +/0.5.

value of the block size was 2.00 across all values of n when 7' =25 and 3.5 when
T = 100). When a = 0.9 and 4 = /0.5, the degree of undercoverage increases
significantly for all methods (except for MBB). Of all methods, the N (0, 1) in-
tervals are the most distorted, with coverage rates between 62% and 65% for
T =25 (these rates increase to about 75% for T = 100, across all values of n). The
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FIGURE 2. Empirical coverage rates, AR(1) model, 4 = 0.

Fixed-b intervals outperform the i.i.d. bootstrap method (MBB1) and the N (0, 1)
intervals, for all values of T and n. Overall, the best method is MBB (with a data-
driven block size equal on average to 4.4 when 7" =25 and 12.2 when 7" = 100).
The performance of the MBB intervals is very good, even for the smallest sample
size, where the actual rates are between 87.6% and 91.7%.
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When 4 = 0, a comparison between Figures 1 and 2 shows that the degree
of coverage distortions for all methods decreases but the results follow the same
patterns as when 4 = +/0.5. In particular, the MBB is the best performing method
among the ones we consider, and its performance is very good across different
values of a, T, and n.

5. CONCLUSION

In this paper we introduce and show the first-order asymptotic validity of the
moving blocks bootstrap (MBB) for fixed effects estimators of panel linear re-
gression models with individual fixed effects. We show that this method is ro-
bust to heteroskedasticity and cross-sectional and serial dependence of unknown
forms under the assumption that » is an arbitrary nondecreasing function of 7" and
T — oo (thus allowing for the possibility that both n and 7' diverge to infinity).
We derive our results under weak time series dependence, but we allow for the
possibility that the cross-section dependence is either weak (with cross-sectional
independence as a special case) or strong. We show that although the fixed effects
estimator and its bootstrap analogue have convergence rates that are a function
of the degree of cross-section dependence, the same ¢ and Wald statistics can be
computed independently of how much cross-section dependence there is in the
data. Our simulation results show that the block bootstrap has better finite-sample
properties than competitors based on the normal approximation or on the fixed-
b asymptotic theory, as derived by Vogelsang (2008), provided the block size is
appropriately chosen (and given that the bandwidth is chosen in a data dependent
fashion).

The crucial condition under which the MBB works is that a mixing condition
holds in the time series dimension. If such a condition does not hold, the MBB
is not valid. This occurs, e.g., if the error term includes an individual specific
random effect that is uncorrelated with the regressors and the estimated model
does not include an individual fixed effect, as in the simulations of Hounkan-
nounon (2008). In this case, all observations for a given individual are equicorre-
lated over time, and this will not satisfy our mixing conditions in the time series
dimension.

The MBB and also the HAC standard errors do not exploit any mixing in the
cross-sectional dimension. This is an attractive feature because no natural order-
ing in the cross-sectional dimension need exist (other approaches that rely on the
availability of a cross-sectional ordering have been proposed in the literature on
cross-sectional dependence; see, e.g., Conley, 1999; and more recently, Ibragimov
and Mueller, 2010; Bester, Conley, and Hansen, 2008; Bester, Conley, Hansen,
and Vogelsang, 2008). Nevertheless, if an ordering in the cross-sectional dimen-
sion exists, the MBB as proposed here may not be the most efficient method.
Proposing a bootstrap method that exploits the mixing conditions in both dimen-
sions (cross-sectional and time series) is an important area of research.
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NOTES

1. We also ran simulations for an AR(1)-7g model where the normal distributions in (7) and (8)
were replaced with student-#¢ distributions, suitably scaled so as to guarantee that Var ( fg,,) =1and
Var (eg,,-l) =1—,2; and for an MA(1)-Gaussian model, where (7) and (8) were generated by MA(1)
models. The (unreported) results followed the same patterns as for the AR(1)-Gaussian model.

2. An alternative approach in computing the bootstrap statistic tﬁl* is to replace B, with an

estimator of the same form as E,IT, where the bootstrap data replace the original data. This naive
approach was recently considered by Gongalves and Vogelsang (2011) in the pure time series context.
Their results show that there is a close link between the naive bootstrap and the fixed-b asymptotic
theory, with the naive i.i.d. bootstrap (where the block size equals one) following almost exactly the
fixed-b asymptotic theory. In unreported results, we found that the same patterns hold for the panel
context. We also found that the naive block bootstrap approach implemented with a data dependent
bandwidth and a data dependent block size was dominated by the MBB based on the Gétze and
Kiinsch (1996) variance estimator as implemented in Figures 1 and 2.
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APPENDIX A: Proofs of the Results in Section 2

This Appendix is organized as follows. First, we state some auxiliary lemmas and their
proofs. Then, we prove the results in Section 2. Throughout we will let x; = E (x;;) for all
(i,1). We first state a well-known maximal inequality for strong mixing double arrays.

LEMMA A.l. Let {Xy;:t=1,2,...,N=1,2,...} be a zero mean o.-mixing array

with mixing coefficients a (k) = sup, sup{AegN, BegN’,j‘”} |[P(ANB)—P(A)P(B)]
—00> +

where gI_VgO =o(..,XN;) and gtNJr’,jOO =0 (XN,t+ka-~~)- Then for some constant K
and forany 1 < p <r,

i) if 1< p <2 [lmaxyan | S A, < K (5720 P=0) (g,
lweliP)

@) if p > 2 |mayey|S A, < K(Z2at®/P=0M) (N,
e 172

The next set of results are auxiliary in deriving the asymptotic distribution of ﬂA,,T.

LEMMA A.2. Under Assumption 1, asn, T — oo,

(i) Apr — Ay =T 0, where Ayp = 50 ST (i — py) (i — )’
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(ii) 5 27y (m—f,')(m—fi)’#’o-
(iii) App —Ayr =0, where A, = nTZ IZI | (ip = X)) (i — X))
LEMMA A.3. Under Assumptions 1, 3 (or 3'), and 4, as n, T — oo,
() B!y~ STy i Sy (i = i) i > N (0,1p);
(i) =3y ap Thoy (i = )i > 0;
(iii) BnTl/pZ\IFZI_l ar 2y (i — %) &ig -4 N (0,1p).

Proof of Lemma A.1. By Corollary 17.6 of Davidson (1994, p. 265), we can show that
{XNz,gﬁ’,o} is an L,-mixingale with mixingale coefficients y (k) = a (k)(1/P)=(1/7)
and mixingale constants cy; = O (||X Nt ||r). We can then apply the maximal inequalities
for Lp-mixingales given, e.g., in Hansen (1991, 1992). u

Proof of Lemma A.2.

(i) We show that E ‘AnT - AnT‘ — 0 as n, T — oo, from which the result follows
given Markov’s inequality. For each i, let wj; = (xisx — pix) (xiey — piy), a

typical (k,I) element of (x;; — u;) (xj; — ;). Define ¢ = Ethl (wi; —E(wjz))-
For each i, under Assumption 1(b), {w;; —E (w;;)} is a zero mean process with
sup; ; lwirll,, < A < oo. By Assumption 1(c), it is a-mixing of size —4r/(r —2)
uniformly in i. Thus, it follows that

- 1 n 1 n
E|Aur = Awr| < = ¥ sup Elgirl< — 3 sup lgirlly.
nTl—11<l<n nTz—lliiS’l
For each i, Assumption 1 and Lemma A.1 imply that El¢;7| < ll¢i7llo = O (VT)
uniformly in i. Thus, it follows that E|A,7 1 — Ayt | = O(T71/2) =0 (1).
(ii)) We can write

1 l n
Rl,nT:*Z(ﬂz_xl)(/h_xz = ZT_ZEZ(XH‘ i) (xis — ﬂz)
n n

i=1 i=1 t=1s=1

- 2 T_2 2 2 thZ”,

izl t=1s=1

where we let z;; = xj; — u;. We show that E|R1,nT‘ — 0 and consequently
Riar —P o by Markov’s inequality. Define &7 = ZthlZit~ It follows that
Rinr = —T}z I (Z,Tzl Zit) (ZSTZI Z;S) = —T;z !  &iré! . The triangle in-
equality and the Cauchy-Schwarz inequality imply that E|Ry ,7| < H%Zl’f:l
E|&r¢lr| < = 37, iz 113 - Next we show that [|&7 [l = O (T1/2) uniformly
in / using a maximal inequality for mixing processes. This implies that E ‘Rl, nT ‘ =

0(%) =o0(1) as T — oo. Specifically, for each i, Assumption 1 implies that

zj; 1s @ zero mean a-mixing process with a; (k) < a (k). Thus, by Lemma A.1,
we have that [|&7llp < K322, (k)(l/z)_(l/r) (ZIT=1 ||Zi[||%)1/2 for some r > 2.
Assumption 1(b) implies that ||z;;]|, < A < oo, whereas Assumption 1(c) implies
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that 2,‘3‘;1 a (k)(l/z)_(l/’) < 00, thus proving that ||&7 [, < CT'/2 for some con-
stant C.

(iii) Adding and subtracting appropriately, we can write AnT —Aur = AnT +ay a1+
a3 a1 +agnr — Anr, Where ap 7 = - S0 ST (i — ) (i = 5) a3 ot =
ab s and ag 7 = Losn ST (i = %) (i — %) By part (i) of this lemma,
Anr — At = op (1). We can show that ay o7 =op(1)asn,T — oo given part
(ii). The same holds for a3 ;7 and a4 ,, 7, thus completing the proof. n

Proof of Lemma A.3. Part (i) is Assumption 3. Alternatively, if we let “—” = ni,) '
(xir — pi)&i¢, under Assumption 3 (a)—(c), the array {3% :1=1,2,..., T} satisfies the
assumptions of Theorem 5.20 of White (2001), implying (i). Part (ii) follows by noting
that u; —x; = —% Z,T=1 (xjy — ;) and using Assumption 4. Part (iii) follows from (i)

and (i1). [ |

Proof of Theorem 2.1. We can write
ﬁnl—p (ﬂ’\”T _ﬂ) = an Z z (Xir — %) &is-

Under Assumption 1, by Lemma A.2, AnT —Ayr =T 0asn, T — oco. Assumption 2 guar-
antees that An_Tl exists. Thus, we have that /Tn! =7 (ﬁnT —ﬁ) = ;Tl j»zt 1 n,) Py
(xjr — )E,») gir +op (1). Adding and subtracting appropriately yields

2 2 (xir —Xi) &ir = Z 2 (xir — pi) €ir + Rt P
~——

l—l = t—l
=op(1)

—)dN(O,BnT’p)
given Assumptions 3 and 4 (or 4') and Lemma A.2. This proves the result. n
Proof of Theorem 2.2. By definition,

T
D -1 —2pa ot
B,,T,p—B,,T,pzT Zn psmsm
t=1

+2 2 k( ) <T_1 Z n- psn,snl+ +77! 2 n” psm_{_fsm)
=1 t=1

_Bl’lT,pa
where §p, = X7 (xj — X;) &, where &;; is the fixed effects OLS residual. In partic-
ular, &;; = (viy —¥i) — (i = %) B = yir — x], — &;, where &; = j; — X 3. Because
eir = yir — o — X, f3, it follows that &;; = &;; — x/, (/)A’—ﬁ) — (@ —a;). We can write
a; —a; = —)fl{(/)) —ﬁ) + &;, implying that &;; = ¢;; —x;t (/J’—ﬁ) — (&,‘ —ai) =¢&j; —
(xir — %) (ﬁ—ﬂ) —&;. We can write $y; = sps + rnr, where spr = X7 (% — 1) €
and rpt = (ant +bnt) +cnt = dpt +cnr. Let G = Zthl (xip —pi) = Z[T:l zjp and ;7 =
Zthl gjt- Then,

n 1 n

ant = Y, (i —%)eir =—=T 7 Y &Téirs

i=1 i=1
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n n n n
bur=— Y, (xj — i) & — », (i — %) & = -7 Y ziemir + T2 > &renir
i=1 i=1 i=1 i=1
= bip +bouts
n
e ==Y, (ir = %) (i =5 (B 8).
i=1
Substituting $ in By, p — Bur, p yields Byt , — By, p = It T + I nT + I3 07 + B o7
where

T

—1 -2, /

Il,nT =T Zn psntsm
t=1

T-1 T lT—r 5 1T—T 9
- - / — — /
+ Y k(—) T n P suspe T 2 0 Pspryesy, | —Bar,p:
=1 M =1 =1

T T T
ar =T VY 072 sr + T 07 ruesyy +T71 Y 0™ rygr)ys and
=1 =1 =1

J0

rr,nT

=79

sronT =Ysr,nT

T—1 T
I = k (—)
3.nT Tg,l M

T—1 T—1 T—1
-1 -2 / -1 -2 ’ -1 -2 /
x| T 2 n ’)smrm_,_r +T 2 n prmsm_H +T 2 n prmrm_,_,
t=1 =1 t=1

Jt

rr,nT

Jt

rs,nT

J?

sr,nT

By Assumption 3’(a) and (b), 1 LnT £> 0 given Theorem 2.1 in de Jong and Davidson
(2000) applied to the array {:li,,’} provided Assumption 5 holds and M — oo such that
M/T — 0. Next we show that each of the remaining terms is op (1). Specifically, we
bound each of the preceding J terms. Start with J AF’r,nT. We can write

T T
0 _ =1 -2 / —1 -2 r _ 50 0
Jsr,nT =T 2 n psmdnl +T Z n psmcnt = ‘]sr.l,nT + ‘]sr.2,nT'
t=1 =1

Replacing dy; with ays + by yields

T T
0 -1 -2 4 -1 -2 _
Jsr.l,nT =T Z n psmam +T Z n psmb;“ = Xsa,nT +Xsb,nT-
t=1 t=1

By the Cauchy—Schwarz inequality,

T 1/2 T 1/2
}Xsa,nT‘ < (T_l Z |”l_psnt|2> (T_l Z |”l_pant{2> .

t=1 =1

Similarly,

T 1/2 T 1/2
Xgpnr]| < (r—l 3 }n—psn,}2> (r—l Y }n—ﬂbn,F) .
=1 =1
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Next we provide a bound for each of the sums in X, ,7 and Xy, 7 that holds unifomly
in n, T. Consider T~! 2,T=1 ‘n_psm‘z, LS A<

for some r > 2, and therefore 77! 2,T=1 ‘n_psm ‘2 = Op (1). Next consider 7! Z[T=1

}n_/’an ' |2 . The Minkowski and the Cauchy—Schwarz inequalities imply that Hn_/’an ' ||2 <
P NG la iy < AT 1n=r ! it ll4, where we have used Assumption

1(b) to bound ||<"it ll4. By deﬁnition of the L4- and the euclidean norms, [|&i7ll4 =
1 4 1 4 l 4
(E|fiT| /= ’Zk 151Tk ) / (Zk !
k=1,...,p, we can show that ||fiT,kH4 < CJT for some constant C independent of
i. In particular, Lemma A.1 implies that &7 k[, < sz?’ila(j)(l/“)_(l/r)(ZtT:l

. Foreach

Hziz,ka/)l/z for some ’ > 4. Setting ' = 2r (where r > 2) and using the size con-

dition in Assumption 1(c) (we need A > 4r/(r —2)) and the moment condition in As-

surnption 1(b), it follows that H@T k” 4= O(I )
—p—1/2 -1 - 1/ —r

Cn'=PT=1/2. This implies that (T~' 3T, [n="a ;| =0p ("ﬁ ) and therefore

Xsanr = Op <T_Tp) =op (1), under Assumptions 1, 3, and 4. Alternatively, using the

definition of the euclidean norm, we can write

T 2 T
1Y a7 Y
t=1 t=1

n 2

1 p
—nTPTTVY Grep
i=1

p

T n n
=713y Y Y ST ke k1

r=li=1j=1
T T T
T pIIPN

This term will be O p (T_l) under Assumption 4", implying that Xs, o7 = Op (T~1/2).
Next we analyze T~ ZT h ‘n pbm{ Because by = byy; + by, 1, we have that Hn P
by < by + [ b2

M'u
Il M:
I M=

ts,kgitzju,kgjt-
k

—_

2 where

n n 1—p

- —pr—1 —pr—1 n

| Pbine|l, <n™PT7" Y Nzignirlla <2 PT7 Y Nzigla lmiTlla = O <T1/2> ,
i=1 i=1

given the mixing and moment conditions imposed under Assumption 1. Similarly,
2 n
|n™Pbonrly <n T2 Y MET g IniTlla

i=1
1

=o(n')o(r2)o(1'?)0(1'?) =0 (" T_p> .

This implies then that (T~'S7_, [~ by |*)"/? = 0p (n1 =P T=1/2) and thus X 7 =
Op (n(l_p)T_l/ 2) =op (1) if we impose Assumption 4. Alternatively, we can write

-1 r _ 2 -1 I —p—1 < ?
TN |0 Pbiy| =T7" Y |n™PT7 Y zigmir
t=1 t=1 i=1
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L -3 =2
=Y T7°n ™YY i kT2 kT
k=1 i,j t

=7"! 2 {T_2 —ZpZ 2 Zit,k€isZjt, kgju}

=1 ]fSu

The term in the curly brackets will be Op (1) under Assumption 4”, implying that 7~
zszl !"_pblnt‘z =O0p (T_l). Similarly,

T n 2 P
TS 0Py [P = (0P TTE Y G omir| = X TS G anir &y
=1 i=1 k=1 ij
T_2 2 {T_2 _2/)2 Z Zit,k€isZju, kgjl)}
k=1 i,j1,8,u,0

The term in the curly brackets is O p (1) under Assumption 4”, implying that the whole ex-
pression is O p ( _2) Thus, under this condition, X ,7 = Op (T_]) =op (1). To con-

1—

clude, we get that J” T = =0p ("Tl—/z)) under Assumptions 1, 3/, and 4, or Op (ﬁ) un-
der Assumption 4”. Next we study J?rz WT = 7! ZIT:l n_zf’smC,/qt, where ¢, =
=30 i — %) (xip — X)) (B —B). Let p = 1 for simplicity and write Wy, =n~! P
(xjr — )Ei)z . Then we have that

M=

raar =0 (A-p)] 77!

N——— t
or(%)

(n_psnt) *Wat,
1

where n!=(f - g) = OP(%) under the assumptions of Theorem 2.1. By the

Cauchy—Schwarz inequality,

- 12 . 12
< (T_] 2 !n_psnt|2> : <T_1 2 |Wnl|2>
t=1

=1
=0p(1)-0p(1),

T
T_l z (n_psm) 'Wl’l[
t=1

because ||n_psm Hr < A < oo under Assumption 3" and || Wy || < A < co under Assump-

tion 1(b) that [|x;/|lo, < A < oo. It follows that sz T = Op (ﬁ) = op (1) under our

assumptions. This concludes the proof that JO srnT =

and 4,or Op (ﬁ) under Assumptions 1, 3/, and 4”. To complete the proof that Lt =

=0p (L7 T1/2 7) under Assumptions 1, 3/,

op (1) we need to study Jror T = 71 Ztrzl n_2prmr,/lt, Recalling that r; = dps + cps»
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where dy; = ans + byy, it follows that

T
‘]ror,nT = T_l Z ’l_zﬂ (dnt +cne) (dne +Cnl)/
=1

T T T
=Ty 02 dyd)y + TV Y 0™yl + TV Y 0™ eped),
=1 =1 =1

T
+T71Y % epechy,
t=1

— 70 0 (V4 0
= Yrr.1,nT + Jrr.2,nT + ‘,rr.Z,nT + ‘Irr.3,nT'

Writing dy; = ant + by, it follows that

T T
JPr.l,nT = T_l Z n_zpdmdr/lt = T_l Z n—2p (ant +bnt) (ant +bnt)/
t=1 r=1

T T T
7! z n_z”ama;,t +771 2 n_zpambl’” +77! 2 n_zf’bma;”
=1 t=1 t=1

T
+T71 Y 07 by b,
t=1

Take the first term. It follows that

A / I 5\ 2 22(=p) '
T™ Zn_ Papran, | < | T~ 2|n_pam| =0p or O(T_ ),

t=1 t=1 T

under Assumption 4 or 4” (plus Assumptions 1 and 3’). Similarly,

T T 1/2 T 1/2
— — — — 2 —1 — 2
171 S n P anb,| < (T LY |n |) (T X 1 b )
t=1 t=1

t=1
1—p I—p 2(1=p)
n n n
or O (T_l) if Assumption 4” is used instead of Assumption 4. The last term in Jror'1 nT

can be analyzed similarly, concluding the analysis of Jror.1 7 For Jron2 27 teplace ¢ =

=31 (g —%)? (B =) = —Was -n(f — B), where Wy, is defined as before and we let
p =1 for simplicity. Then we can show that

M~

T
B = § = = (1) 1§ 0w
=1

") o()woly)

1

T

. - .
showing that Jror.2,nT =0p (%) or 0(%) Using the same arguments, we can show

that JrOr.3, T = Op (%) under both sets of assumptions. Thus, it follows that Jror,nT =

Op (an_/’) or O (%), which concludes the proof that I ,7 =op (1).
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Finally we analyze I3 ,,7. By the triangle inequality,

T
vrnT’+ rs nT‘ + Jrr,nTD >

} | Til :[
" =1
where fort =1,...,T,

T—1 T—1

T _ =1 -2 / T | -2 /

st =T N 0T P spirpg Jisnr =T Y 0 Pruspq,, and
t=1 t=1

T—1
T _ =1 -2 /
rr,nT — T Z n prmrnt+r'
t=1

Using the same arguments as before, we can show that each of these terms is either

Op ( IT ) under Assumptions 1 and 3’, or Op (T_1/2) if we impose Assumption 4",

uniformly in 7. Thus, because MZT__(T 1)]k( )| - f+°°|k(x)|dx < 00, by

Assumption 5, it follows that |3 ,7| = OP( ﬁp), or |I3,r| = Op (%), if

Assumption 4” is added.

Proof of Theorem 2.3. The proof follows by Theorems 2.1 and 2.2.

APPENDIX B: Proofs of the Results in Section 3

First, we state some auxiliary lemmas and their proofs. Then, we prove the results in
Section 3.

LEMMA B.1. Under Assumption 1, if ¢ =0 (T) as T — ©o,
(i) n —lr- 121_1 Zt 1 ( X} ” xilxlfl) I: 0, in probability;
(i) n=V S| (5 —5) (55 = %) 5 0, in probability;
(iii) A* —A,,T P%* 0, in probability, where AZT = %2?:1 Z,T=1 (xf —xF) () —)E?")/
and Apy = S0 ST (i — %) (i — 50
LEMMA B.2. Suppose that Assumption 1 holds. For any p € [%, 1] such that Assump-
tions 3" and 4 are verified, if € = o (ﬁ) as T — oo,

asn, T — oo, in probability.

THEOREM B.1. Suppose that Assumption 1 holds. For any p € [%, 1] such that As-

sumptions 3" and 4 are verified, if { = o (ﬁ) as T — oo, I};T p~ BnTp P70, in
probability.
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Proof of Lemma B.1. For simplicity and without loss of generality, we consider the
scalar case with p = 1.

Proof of (i). Let w;; = x and write w; =T~ Zt | wir- We want to show that W =
L DY (w - wl) =op+ (1) in probability. By repeated application of Markov’s inequal-
ity, it suffices to show that E }E* ! TH =o0(1) as n,T — oo. Adding and subtracting
appropriately implies that

1 & _
=1 > (0 B (5])) +

i=1 i

(E*(_*) _u_)l') = anT+W2*nT'

Using the properties of the MBB, we can write

k €
¥ —E* (o) :lc_lf_1 Z 2 (wi,1j+t_E* (u')l*)) =k~'c7! Z Ai L+

j=lt=1 j=1

Th=

S| =

where A; ;1 = Zt 1(“’1 ]+t_E ( )) and /; ~1i.id. {0,1,..., T — {}. It follows that

for each i,
s | - % * (=% 1,— -1 1 =
E* o} —B* (0})] <k~'¢ E}E |Ai140| = € mgo}m,my
By the triangle inequality,
{ 14
A je| < | 2 (wijrr —E (wijar) ) [+ X (B (wij40) —E* (0]))]
t=1 t=
which irnplies that
E* (W] = ZIE*\ of)|
1_
1 & . 1 T—C| ¢
S;EI" mz,o 2'1 wi,./+t—E(wi,j+t))'
13 -1 1 i * (=%
o X i 2 | 2 (B(wi ) —E7(0]))
i=1 j=0|t=1

=Wiiar +Wioar-

Next we show that E (E* !Wl*nT ‘) =o0(1). We start by showing that E‘Wl.l,nT’ =o(1).
Let w;; = wi; —E(wj;) = wj; — ptyy,i» where E(w;;) = pyy; by time stationarity. Under
Assumption 1(b), [|w;/|l, < A < oo, whereas Assumption 1(c) implies that {w;,} is a zero

mean o-mixing process of size —2r / (r - 2) uniformly ini =1, ..., n. It follows that

! —172
mZ zw,m o(c1?) =0,
provided £ — oo, as we assume. In particular, under Assumption 1, a maximal inequality

N 1/2
yields E )Zﬁ;l col-,,+j‘ < (E)Zf;l a)i’,+j‘ > =0 (\/E) , uniformly in i. Next con-
sider Wy 2 7. We have that

1 1 —1
E\Wiar|<=2>¢

1=

1 & - L ~
E[Wianr| =~ 3 Eluwi —E* ()] = — 3, E(E|of

i=1 i=1
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1/2
where &7 = T‘lthzlw;‘t. Because E* |@f| < (E* |CZJ1*|2) , it follows by Jensen’s
inequality that

E}Wl'z’”ﬂsrlzigE(E*mﬂ) /2 %g( (E*@* 2))1/2.

Under Assumption 1, by Lemma A.1 of Gongalves and White (2005), we can show that
1 2
=0 = o

uniformly in i. This implies E W 7| = O (ﬁ) o (%) if ¢ = o(T), concluding

the proof that W' .. = op+ (1) in probability. To end the proof of (i), we consider Wy, .
We have that

1 & _ 1
Wil <2 S et @)+ L S jaut
i=1

i=1

T 2

2 oy

=1

N—
O(T)+0(£?)

E(E* \@7\2) = %E E*

The first term is of order Op ( f) +Op ( ) by the same argument as that used to

study Wy 2 7. The second term is of order O p (f) given that E ‘Zz 160n =0(T)

by a maximal inequality.
To prove (ii), note that

n n
n! 2 ()El* _)El')2 =n"! 2 ()El* —E* ()Ei*) +E* ()?tik) _)Ei)z <2 (‘]1*,nT+J2*,nT) >
i=1 i=1

— - - 2 — - -1\2
where g = noVSI (5 B ()7 and g3, = 0 S (B () —5)2
Using the same arguments as before, we can show that E ‘E* I ‘ ’ =o(l)asn, T — oo.
Consider first J, . Note that ¥/ —E* (¥7) = 77! 3, (xf, =B (§)) =&~'¢7' 2}
Zf 1 (x, t+1; —E* ()El-*) ) =A;, I where [; ~ii.d. uniformon {0, 1,...,T —{}and A; ; =
Zz 1 (x, -+t —E* ( )) We can write

n n k 2
S =S (5 —E ©) = S, (rlf—l zA) |
j:

i= i=1

and it follows that

E*

n k
Har| <07t Ba2eRE (2/*) <n 3 zsz* "
j=1

i=1 i=1

n! .
Z T €+1 Z i

i=1

2
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] T—C| ¢ 2
— * —*
l; T — €+1120 tzllzl t+]+€( —E ( ))
e SIS o] 0§ e e )P
Ziot 206 (ui — B (5
i=1 T €+1j ' P B i=1

=F1+ 5,

where z; 1y j = x; ¢4 j — u; and where the first inequality holds by the triangle inequality
and the second and third hold by the c,-inequality. We can show that E|Fj| = O (1) =
o(1)if ¢ — oo. Specifically, for each i, Assumption 1 implies that z; ;1 ; is a zero mean a-

mixing process with a; (k) < a (k). Thus, by Lemma A.1, we have that E} Zle Zidj ‘2 <
K (zl?il a (k)(l/Z)—(l/r))sz;l HZlEH'J' Hf for some r > 2. Assumption 1(b) implies that
Hz,;;_,_j Hr < A < 00, whereas Assumption 1(c) implies that 322 | o (W/D=/r) < 0,
thus proving that E|Zf 1 Zijt+j ’2 < C{ for some constant C. Thus, E|F}| < ! z?:[

21 /(T =+ 1)2 JE[x lz, ,+,| < Kn7U'SP 6720 = 0(¢71). Next, we show
that E|Fy| = O(T~1) + 0 ((£)?). Because p; —E* () = =T~ ' ST E* (x}, — ;) =
—77'yT | E*(z},) = —E*(z}), it follows that

n n
=t Y R (i~ B () =7 3 B (1)

i=1 i=1
4 2

Y E (5.
i=1

2
We can show that E|E*(|El*|2)| = 0(%) + O(%) uniformly in i, which implies that
Fy = op+ (1) in probability.

To prove (iii), note that we can write

- N 1 & I %2 1 & I 2 1 & —x = \2
Apr — AnT = ﬁglglxn D IDIE T B W CHET)
1 L
—2= 3 (¥ —%) %
iz
= aT,nT _a;,nT _ag,nT'

By parts (i) and (i), a] . = op+ (1) and a5 - = opx (1), in probability, respectively. To
show that a3, » = op+ (1), in probability, it suffices to show that E|E* ’a; nT| ’ =o(1) as
n, T — 0o. By the triangle inequality, E* ’a; nT‘ < %Z"_l X;E* ’)Ei* —%;

, and therefore

|a3 Wl < 1”_1 (E|xi | 1/2( E(E*|x} — %) )1/2 We can show that E|)E,~|2 <

A < oo, whereas E (E* |xi —X; ’) = 0(%) + O(T) = 0(1), uniformly in i. This com-
pletes the proof. u
Proof of Lemma B.2. Let &0 =y —x*/f —q; and note that &, = &0 —x*/ (f — §) —

(a; —a;). Similarly, & = &;; —x/, (/)’ B) — (@; —a;). By the Flrst Order Conditions for
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[)A’, Z;‘:l Zthl (xj —X;)&;; = 0. Thus, adding and subtracting appropriately, we can write

T 1 2
* * * *
2 ) Z Xi ) it :afl,nT toinr — %2 T ta3nr — 04 01>
= i=1
where
I 1 1 L /s K
% nt nt
= — X )€
él,nT t; Y t; (( ﬂt) — (xir — i) lt) T[g,l(np )
L
apnr = Y — (X; — 1) &irs
=11
* —x% %0,
) (% — i) eir's

B

il il

e R
M~
2=

NMﬂ
e

M=
e

(xir — )(,t(ﬁ /J’) (ai a,-)); and
=) (53 (B=p) +ai—a).

By Theorem 2.2 of Gongalves and White (2002) (for weaker moment conditions, see also
1/251 T —4"N (0,1,), in probabil-

ity, provided {34 } satisfies Assumption 3” and £ = o(f ). Here a7 is equal to the
bias term Ry7 , and therefore is o p (1) under Assumption 4. Next we show that 01’21k T =

1
7T
Ly (31, 25) (S, e10). By repeated application of the Cauchy-Schwarz inequal-
ity, it follows that

a3 nT

<
Il
_

*

a4,n

0
M= M= IM= M=

IS
—
=

~ ¥

I
LR
I
-

Gongalves and de Jong, 2003), we can show that B,

OP* (1), in probability. Writing z} =X — u; = T_IZ _1 2> we have that a2 T =

i’

n T
(o) =7 2 (| (59 (£
| n r |2 T 2\ 2
* * * *0
< T\/Tn/’ i; E|E zztt E(E zgtt

=1 t=1

Using Assumption 1, we can show that uniformly in i, E(E*| X1, 2%, }2) =0(T)+0(6?)

and similarly for E E* ’ Zt 1601 | ) This implies that the term in curly brackets is O (T') +
1-p [2

0(£2)+ 0 (V/T¢). Thus, E(E*|a2nT])=0("lT_p)+0("f T)+0(;’})_0(1)

under the assumptions that n! ﬁ — 0 and ﬁ — 0. Finally, we can show that a3 ,7 —

a4’nT = op+ (1). We can write a3 ,7 — a4 nr =V ar T ‘//2 a7 Where 1//2 a7 = 0and
Yiar = (Aur —AZT)«/TnI_p (f—pB) =op+(1)-Op (1) =o0p=+ (1), in probability, given
Lemma B.1(iii) and the fact that ~/Tn' =7 (f — B) = Op (1) by Theorem 2.1, which com-
pletes the proof. n

Proof of Theorem B.1. Take p = 1. We follow the proof of Gongalves and White
(2004), adapting it to the fixed effects estimator context. For any j = 1,...,k and
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*

t=1, 0 et 5y o 1)[+t_2_1(x,1+, l)ell+,,wheres,[_y,[—xﬁ
with &} = 7 —xl-*/,B*, and where /; are i.i.d uniform on {0,...,7 —¢}. Similarly, let
S;,(j—l)t’—H =3, (xi’1j+, - ﬂi)Si,IjH, where &;; = yi; — x/,f — a;. Consider

1

' 2
Byp,= z 21 ( o2 Z n’ ( Sn,(i=1)e+1 5:%))
/:

=1

2
L E(Zin —2p-x2

=k~21< / 2" Psu G | — 5T
j=

=1

where 5 = 7! Z,T 1 St~ We can apply Lemma B.1 of Gongalves and White (2004) to

show that B;g p -Br p = op+ (1), in probability, where B p= = Var* (% Z,T 1 si’)
Because B p - BT p —> 0, it suffices to show that BnT 0 BnT » % 0, in probability.

*
LetSn,j_n Et:] G 1)+t and Sn’J_n pthl n’(j_])f_i_t.Wehavethat

n % *0
nT,p ~— BnT N

k
- 2 ¢! (3*2 -5 ) +n~25%2 = Dt 4 D3,
Ai =1
where D’z" = Op= (ﬁ) in probability (by an argument similar to that used in Gongalves
and White, 2004). Next we prove that D} = opx (1), in probability. We can write §;;, =
Sne +an; +bpy, where ay, =30 (,u, —X; )6*0

n

V== 3 (s =) 55 (B =) = 3 (5 =) (0 i) = b+ B

i=1 i=1
It follows that

and

¢ ¢ ¢
Ok — * — * — *
Sy =07 X s Genyess 07 2 oty T X by o1yt
=1 =1 =1

=57, R+ Rl

and
}D |< 25_ (‘ 1n1‘+)R2n1‘ S;,j 1n1‘+ n,j 2n]D
215_ ‘Rln]‘+ Z{’_ ‘R2n1)+2 25_ 'an,j‘
/_
+2 25— ~R§‘n’j‘
/—l

=A"+B*+C*+D".
We show that each of these terms vanishes in probability. We first prove that E (E* ‘A* !) -
0. We have that E (E* [4*[) < 2 5%_, ¢~'E (E |R;2 ) . But

2
E*

307§ (us=51)efh e

Rln/‘_
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2

L
Py (i =) X i n4
=1

a 1/2

n

n2 n z (E* ((ﬂi —)f;k)4))1/2 E*

i=1

{
2 e i+t
t=1

implying that
a11/2

14
2 Ei, 11+t
t=1

E(E*|A*D§2£’_lnl_2pi§[ (E* (—*4))}1/2 -

where 7} = X — u;. By an application of Lemma A.1 of Gongalves and White (2005),

we can show that E(E*(z}%)) = 0( 5) + 0(T4) uniformly in i (for this, it suffices
that||z;|lo, < oo and {z;;} is a-mixing of size —4r /(r —2), for some r > 2), whereas

¢ 4 X
D i jte =0(£’),
=1

also uniformly in i. Thus E(E*|A*|) = 0(6’_1)0(n2(1_p))(0( )+ O([—z)) =

(1) (1) o

0( T )+0( T —)—o(l) prov1ded”\/»%0.andT—>0 Next we show

4 1 Tif
= — E
T—+1 4

that E (E* }C * D =0(1). By the Cauchy—Schwarz inequality

12 12
* * 1 L —1 | ox 2 1 k —1 * 2
SR <2 5 205t L
J= J=

1 &
E<E* (sz anlrt]’))
j=1
J
1 & V2 k
< <k Y e 'E (E* St )) (k 25—115(13*
j=1 j=1

L2(1=p) 201-p) g2
= e = 1
o\ =—]+o|—=—F]=00.

where we have used the previous result and the fact that we can show that %Z}‘: ¢ -1

2 &
_ng
j=1

implying that

o 1/2
Rln,j’

E*| Sy |2 = ( ) (this relies on an application of a maximal inequality to the array
{3 1. Next consider B*:

n,(j—1)5+t

* 2 k —_ —
B :Ezf ‘ 27!]‘ 26
2

= B! +Bj.

2

+ = Zf‘

2k
PR >

2" Pb3 =1yttt

=1

Z” PbY =1yttt

=1
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We have that
2

Rl

* 2 J -1
Bj =22£
j=1

t n
—1 * —% *
PIDY (xi,(j—l)f+t_xi)xi,(j—l)ert
=1 i=l

=ll}l*
=71

o (5r-)f

Because ~/Tnl =" (ﬁ* —,8) = Op-= (1), it suffices that %‘P* = op= (1), in probability. For
some constant K,

k | 4 | n 2
Zf 62}’[ 'ZE(E*‘(xi’(i+t—xlfk)xi,1j+,‘ )

if £ = o(T). This shows that B = op= (1), in probability. Next consider Bj. Let El-*o =
7! 2;T=1 g;‘to and note that &} —a; = 5;"0 —x (,é* —ﬂ) . It follows that

n
* - * =% Ak
b, (j—1)e41="" ’ 2 (xi,(j—1)€+t - ) (a] —a;)
i=1
n

=P * _ =k ) %0
=" Z (xi,(j—l)[+t Xi ) &
l

DY (x;(j_l>€+,—x;f)x;* (ﬂ*_ﬂ)’

i=1

—_

=

which implies that

2
k 4 n
—1 - ) =%0
B;<K%2€ Zn pZ(x;(j_l)f_H—x;‘)g;k
j=1 =1 i=1
2 & L& il ’ 1—p (4 2
— — % —x ) =% - *
S COWADIW DY (xi,<j—1)€+t‘xi)xi ‘” p(ﬁ _ﬂ)’
j= t=1 i=1
K ~ 2
=M} + ¥ VTl (ﬁ*—ﬂ)‘ .

The second term is 0 p+ (1) in probability, as we proved before. For M7, we can argue as for

2015 2 2(1-
A* to show that E (E* [M}|) = O (2 (;- & )+0 ([ ”T(; ﬂ)) = 0(1) under the assumptions
nl=?

NG
op+ (1), in probability. We have that |D*|* < [2(%2}?:15—1

— 0and ? — 0. Thus B* = o p+ (1), in probability. Finally, we show that D* =

e 212 e 1/2]7
S DR CURGEE

that

n,j

OP* (1) cOp* (1) =op* (1), because %Z‘le 5_1 ’S:l:j|2 = OP* (1) and B* = O px (1), in
probability. n
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Proof of Theorem 3.1. We can write

VTP (- p) = Ay _” %
=) =i = Ee $ (-
_ Y I
= An]l'Brlzézp n?l/z f 2 ’ zzl X

i—1 —1 Ax—1 i—1
+ [(AnT —Aur) +(Anr — AnT)]
ECl*,nT +{;,nT‘
By Lemma B.2, B 1/2
and the fact that —= Zt (TP EE L (xf =X el = Op« (1), imply that ¢ - = 0p« (1),
in probability. n

AntCE ot —d" N (0,1p), whereas Lemmas A.2(iii) and B.1(iii),

Proof of Theorem 3.2. The proof follows from Theorems 3.1 and B.1 using standard
arguments. |
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