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STRUCTURES WITH NOT TOO FAST UNLABELLED GROWTH

BERTALAN BODOR

Abstract. Let S be the class of all structures whose growth rate on orbits of subsets of size n is not
faster than 2n

p(n) for any polynomial p. In this article we give a complete classification of all structures in S

in terms of their automorphism groups. As a consequence of our classification we show that S has only
countably many structures up to bidefinability, all these structures are first-order interpretable in (Q;<)
and they are interdefinable with a finitely bounded homogeneous structure. Furthermore, we also show
that all structures in S have finitely many first-order reduct up to interdefinability, thereby confirming
Thomas’ conjecture for the class S .

§1. Introduction. There are three natural sequences of counting orbits attached
to a permutation group G ≤ Sym(X ).

We write
• on(G) for the number of n-orbits of G , i.e., the number of orbits of the

coordinate-wise action of G on Xn;
• �n(G) for the number of injective n-orbits of G , i.e., the number of those n-orbits

of G which contain tuples with pairwise different entries;
• un(G) for the number of orbits of n-subsets of G , i.e., the number of orbits of

the natural action of G on n-element subsets of X .
We call the sequences (�n(G))n∈� or (un(G))n∈� , the labelled and unlabelled

growth of G , respectively.
In this article we always assume that the group G is oligomorphic, i.e., any (or

equivalently all) of the sequences defined above have finite values. In this case we can
assume without loss of generality that the domain set G is closed in the topology of
pointwise convergence, since switching to the closure of the group does not change its
orbit growth functions. By a Theorem of Engeler, Ryll-Nardzeski, and Svenonius we
know that this is equivalent toG being an automorphism group of an�-categorical
structures [36]. We also know that in this case every orbit of G is a realization
of a complete type in A [36]. By the Downward Löwenheim–Skolem theorem we
can (and we will) also assume that the underlying set X is countable (see also the
discussion in [31, Section 1]). We use the notation on, �n, un and the corresponding
terminology for the group and the corresponding structure A interchangeably. The
study of the behavior of the sequences above for oligomorphic groups was initiated

Received July 22, 2025 UTC.
2020 Mathematics Subject Classification. Primary 03C45, 03C52, 20B10, 20B27, 20B35.
Key words and phrases. permutation groups, orbit growth, unlabelled growth, CSP, oligomorphic.

© The Author(s), 2026. Published by Cambridge University Press on behalf of The Association for Symbolic Logic. This is an Open
Access article, distributed under the terms of the Creative Commons Attribution licence (https://creativecommons.org/licenses/by/4.0/),
which permits unrestricted re-use, distribution, and reproduction in any medium, provided the original work is properly cited.

0022-4812/00/0000-0000
DOI:10.1017/jsl.2026.10239

1

https://doi.org/10.1017/jsl.2026.10239 Published online by Cambridge University Press

https://orcid.org/0009-0003-6679-6355
https://creativecommons.org/licenses/by/4.0/
www.doi.org/10.1017/jsl.2026.10239
http://crossmark.crossref.org/dialog?doi=10.1017/jsl.2026.10239&domain=pdf
https://doi.org/10.1017/jsl.2026.10239


2 BERTALAN BODOR

by Cameron and Macpherson [31, 32], and it has been a subject of active research
since.

There are many structural results available about G , or the corresponding
structure A as above, when we put more restrictive upper bounds on the sequences
(�n(G))n∈� or (un(G))n∈� . Clearly, a structure is finite if and only if any of these
sequences are eventually 0. For this reason one can argue that the slower the labelled
or the unlabelled growth of a structure is, the closer it is to a finite structure. This
intuition is also confirmed by some the concrete known results we mention below.

As for (�n(G)) we know that it has an exponential upper bound if and only ifG is
a closed supergroup of a finite direct product of symmetric groups (with the action
on the disjoint union) [8]. In fact, it is shown in the same paper that �n(G) < cndn

for some d < 1 if and only if A is cellular, i.e., it is a first-order reduct of a finite
cover of a unary structure with finitely many predicates (see more details in [24, 26]
or in Section 2.7).

Compared to the labelled growth the situation tends to be much more complicated
if we put similar upper bounds for the unlabelled growth of a group. Already the
case when un(G) = 1 for all n, these groups are called highly homogeneous, is far
from obvious, and these groups were classified by Cameron: they are exactly the
automorphism groups of the five reducts of (Q, <) (see Section 2.9). Those closed
groups for which un(G) has a polynomial upper bound are classified in [35] (or in
[34]). It turns out, as it is shown in the same paper, that in this case the sequence
(un(G)) is in fact always quasi-polynomial, i.e., it can be written as

un(G) = ak(n)nk + ···+ a0(n),

where all the coefficients ai(n) are periodic functions.
In the case when the structure A is stable an interesting dichotomy holds.

Theorem 1.1 [26, Theorem 3.10]. Let A be a stable �-categorical structure. Then
exactly one of the following holds:

(1) un(A) < cn for all c > 1 if n is large enough.
(2) un(A) > cn for all c if n is large enough.

This means that for automorphism groups of stable structures there is no
difference between ‘slower than exponential’ and ‘at most exponential’ unlabelled
growth. We also know a structure description of those structures which satisfy
item 1 in the above theorem. A structure is called hereditarily cellular iff it can be
built up from finite structures by taking finite disjoint unions, wreath products with
the pure set, and first-order reducts (see more details in Section 2.7). Hereditarily
cellular structures are introduced, under a different terminology in [41], and their
automorphism groups are discussed in detail in [24]. By the results of [26] we also
know that a stable �-categorical structure has slower than exponential unlabelled
growth (item 1 in the theorem above) if and only if it is hereditarily cellular. From
this we can conclude the following.

Theorem 1.2. Let A be a countable structure. Then the following are equivalent:

(1) A is hereditarily cellular.
(2) A is stable and un(A) < cn for all c > 1 if n is large enough.
(3) A is stable and un(A) < cn for some c if n is large enough.
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STRUCTURES WITH NOT TOO FAST UNLABELLED GROWTH 3

If we remove the stability assumption then the conclusion of Theorem 1.1 no
longer holds. The simplest counterexample is the wreath productZ2 �Aut(Q) whose
unlabelled growth is the Fibonacci sequence. In general, it seems that the larger c is
in an upper bound cn for the unlabelled growth, the more complicated the situation
gets.

In this article we focus our attention to the case when c < 2. We define S to
be the class of those countable structures A such that for no polynomial p do we
have un(A) ≥ 2n

p(n) . The class S was introduced and studied in a recent paper by
Simon [52] (where these were called structures with “few finite substructures”). The
following is shown in the aforementioned paper.

Theorem 1.3. Let A ∈ S be a structure with a primitive automorphism group.
Then un(A) = 1 for all n, (and thus Aut(A) is one of the five groups in Cameron’s
classification).

We note that in the original formulation of Theorem 1.3 in [52] also allows A

to be strictly stable (stable but not �-stable) in the conclusion, however this case
can be excluded by an argument presented in [26]. Theorem 1.3 confirms a long-
standing conjecture by Macpherson. We also note that the number 2, hidden in the
definition of S , in the assumption of Theorem 1.3 is optimal. This is witnessed by
the structure S(2), called the local order, whose automorphism is primitive and its
unlabelled growth is approximately 2n/n.

Finally, we mention a recent structural result for general exponential upper
bound. A first-orderφ(x1, ... , xm, y1, ... , yn) formula is said to have the independence
property if we can find an infinite set A of m-tuples and a family b̄I : I ⊂ A of
n-tuples such that φ(ā, b̄I ) holds if and only if ā ∈ I . A structure A is called NIP
if there is no formula in any elementary extension of A that has the independence
property. A structure is called monadically NIP if all of its unary expansions are
NIP.

Theorem 1.4 [27, Theorem 5.3]. Let A be a structure such that un(A) < cn for
some c. Then A is monadically NIP.

In fact, it is conjectured that the converse of Theorem 1.4 also holds for
�-categorical structures [26, Conjecture 2].

1.1. The main result. In the present paper we give a complete classification of the
class S in terms of their automorphism groups. This is a common generalization of
the classification results given in [24, 35], and in particular contains the classification
of all closed permutation groups with subexponential unlabelled growth. Our
classification results are based on the description given [52] and the description of
hereditarily cellular structures/groups as given in [24]. We also obtain a description
of structures in S similar to that of hereditarily cellular structures we mentioned
earlier: a structure is contained in S if and only if it can be built up from certain finite
covers of Q and finite structures by taking finite disjoint unions, wreath products
with the pure set, and first-order reducts. The full details are provided in Section 7.

As a consequence of our classification we verify two conjectures made in [26]:
one about a description of structures with subexponential orbit growth (Conjecture
1, see Theorem 7.12), and one about gaps in unlabelled growths in the class S
(Conjecture 3). The latter can be formulated as follows.
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4 BERTALAN BODOR

Theorem 1.5. Let A ∈ S . Then there exists some d ∈ �, d ≥ 1 such that
limn→∞(un(A))1/n = �d where �d denotes the largest real root of the polynomial
xd – xd–1 – ··· – 1.

We also show that S contains only countably many structures up to bidefinability.
Our classification also gives us the following the characterization of structures

with at most polynomial unlabelled growth.

Theorem 1.6. Let A be a countable structure. Then the following are equivalent:
(1) un(A) is at most polynomial.
(2) There exists an expansion of A by finitely many constants which is bidefinable

with a disjoint union of finitely many copies of (Q;<) and some cellular structure.

Theorem 1.6 is especially relevant in the context of infinite-domain CSPs (see our
discussion below).

1.2. Model theoretical consequences.

1.2.1. Finite homogeneity and finite boundedness. We say that a structure A is
homogeneous if every partial isomorphism between substructures of A extends to
an automorphism of A. It follows from an easy counting argument that if A is
homogeneous and has a finite relational signature then on(A) ≤ 2cn

k
for some c > 0

where k is the maximum of 2 and the maximal arity of A, in particular A is �-
categorical. We say that a structure A is finitely homogenizable if A is first-order
interdefinable with a homogeneous structure in a finite relational signature. Note
that the upper bound above does not guarantee finite homogenizability: for instance
the infinite dimensional vector spaceV over a finite fieldK we have on(V) ≤

(|K|n
n

)
<

|K |n2
but V is not finitely homogenizable [25, 43]. In the present paper, however, we

show that every structure in S is finitely homogenizable. In fact, we show that every
structures in S is interdefinable with a homogeneous relational structure A which
is also finitely bounded, meaning that the class of finite structures that embed into A

can be described by finitely many forbidden substructures.

1.2.2. Interpretability in (Q;<). If A and B are structures then we say that B
is (first order) interpretable in A if there exist a d ∈ � and a partial surjective map
I : Ad → B such that for all relations defined by atomic formulas in B, including
x = y and x = x, are definable in A. Our classification shows that every structure
in S is interpretable in (Q;<). We also note that for this result the number 2 in
the definition of S is tight as it is shown in [10] that S(2) is not interpretable
in (Q;<).

1.3. Thomas’ conjecture. In [53] Thomas made the conjecture that every
countable homogeneous structure with a finite relational signature has finitely
many reducts up to first-order interdefinability. An equivalent formulation of the
conjecture states that automorphism groups of all aforementioned structures have
finitely many closed supergroups contained in the symmetric group acting on the
domain set of the structure. The conjecture has been verified for many well-known
homogeneous structures. The list includes the rationals with the usual ordering [29],
the countably infinite random graph [53], the homogeneous universalKn-free graphs
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STRUCTURES WITH NOT TOO FAST UNLABELLED GROWTH 5

[54], the expansion of (Q;<) by a single constant [39], the universal homogeneous
partial order [47], the random ordered graph [21], and many more [1, 2, 11, 13]. Note
that if we drop the assumption that the signature of the homogeneous structure A is
relational, then Thomas’ conjecture is false even if we keep the assumption that A is
�-categorical: already the countable atomless Boolean algebra has infinitely many
first-order reducts [25].

Note that all aforementioned results only solve Thomas’ conjecture for specific
structures mostly using some general techniques from Ramsey theory, and they all
provide the exact number of reducts of such structures. Another way to approach
this conjecture is to prove (or potentially disprove) it for more restrictive classes
of structures, but potentially without specifying the exact number of reducts. We
mention two results in this direction. In [24] the conjecture has been verified for
hereditarily cellular structures, and in [51] it is verified for �-categorical primitive
NIP structures with thorn rank 1.

In this article we show that Thomas’ conjecture also holds for every structure
in the class S . Since this class contains all hereditarily cellular structures and all
expansion of (Q;<) with finitely many constants, our result generalizes the results
of both [24, 39] with regard to Thomas’ conjecture.

1.4. Connection to CSPs. Homogeneous and in general �-categorical structures
also play an important role in the study of Constraint Satisfaction Problems, or
CSPs for short. These are usually formulated as follows. The CSP over a structure
B with a finite relational signature, denoted by CSP(B), is the decision problem
where the input is a finite structure A with the same signature as B, and we need to
decide whether there exists a homomorphism from A to B. By the famous result of
Bulatov of Zhuk, we know that if B is finite then the computational complexity of
CSP(B) satisfies a dichotomy: it is either in P or it is NP-complete [28, 55]. Both
proofs use various techniques and results from universal algebra many of which
can also be generalized to �-categorical structures, as well. In order to formulate a
complexity dichotomy we need further model-theoretical restriction since in general
even homogeneous structures with a finite relational signature can have undecidable
CSPs (see for instance [19]). One way to guarantee that CSP(B) is at least in NP
is to assume that B is homogeneous and finitely bounded, or a reduct of such a
structure. This motivates the following complexity dichotomy conjecture, originally
presented in [22].

Conjecture 1.7 (Infinite-domain CSP dichotomy conjecture). Let B be a first-
order reduct of a finitely bounded homogeneous relational signature. Then CSP(B)
is either in P or it is NP-complete.

For a general introduction and more details on infinite domain CSPs we refer the
reader to [6, 49].

A natural subclass of structures for which the above conjecture is sometimes
considered is the class of structures which are interpretable in (Q;<) (see for instance
[4], partial results in this direction have been obtained in [9, 12, 15, 16, 18, 23].
The conjecture has also been verified for various other classes of structures (see
[7, 14, 17, 20, 23, 40, 44, 45].
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6 BERTALAN BODOR

As we mentioned in Section 1.2 we know that all structures in S are interpretable
in (Q;<). In [23] Conjecture 1.7 has been verified for hereditarily cellular structures
which are exactly the stable structures in S by Theorem 1.2.

A more approachable goal would be to verify Conjecture 1.7 for structures with
at most polynomial unlabelled growth. By using Theorem 1.6 one can argue that
this is enough to show it in the case when the structure B is bidefinable with a
disjoint union of finitely many copies of (Q;<) and some cellular structure (see the
discussion at the end of Section 8). This looks promising since the infinite-domain
CSP dichotomy conjecture has already been solved for all reducts of (Q;<) [16]
and all hereditarily cellular structures [23]. We want to emphasize, however, that in
order to recover the complexity of a CSP of structure usually a much finer distinction
than just bidefinability is necessary, namely we need to identify relations which are
primitively positively definable. Therefore, even in the simple-looking case outlined
above the solution to Conjecture 1.7 poses some serious challenges.

§2. Preliminaries.

2.1. Permutation group notation. For a set X , we write Sym(X ) for the group of
all permutations of X . We say that a group G is a permutation group G ≤ Sym(X )
for some set X . Note that in this case the set X is unique, and we call it the domain
ofG , denoted by Dom(G). The cardinality of Dom(G) is called the degree ofG . We
say that two permutation groups G and H are isomorphic as permutation groups if
there is bijection e : Dom(X ) → Dom(H ) such thatH = eGe–1 = {e–1ge : g ∈ G}.
All groups appearing in this article will be permutation groups, and when we say that
two permutation groups are isomorphic we always mean that they are isomorphic
as permutation groups.

Assume thatG ≤ Sym(X ) is a permutation group, and Y ⊂ X . We introduce the
following notation:

• GY denotes the pointwise stabilizer of Y , that is,

GY = {g ∈ G : ∀y ∈ Y (g(y) = y)}.

• G{Y} denotes the setwise stabilizer of Y , that is,

G{Y} = {g ∈ G : ∀y ∈ Y (g(y) ∈ Y )}.

• G |Y denotes the restriction of G to Y , that is,

G |Y = {h|Y : h ∈ G},

provided that Y is invariant under G .
• G(Y ) := G{Y}|Y = G{X\Y}|Y .
• G((Y )) := GDom(G)\Y |Y .

If Y is finite, say Y = {x1, ... , xn}, then we simply Gx1,...,xn for GY .
Every permutation group G ≤ Sym(X ) is equipped with a topology called the

topology of pointwise convergence. This topology is defined to be the subspace
topology of the product space XX where X is equipped with the discrete topology.
We say that a permutation group is closed if it is closed in the topology of pointwise
convergence. Equivalently, a groupG ≤ Sym(X ) is closed if the following holds: for
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STRUCTURES WITH NOT TOO FAST UNLABELLED GROWTH 7

all g ∈ Sym(X ), if for every finite F ⊂ X there exists g ′ ∈ G such that g ′|F = g|F
then g ∈ G .

Let us assume thatE is an equivalence relation on some setX . Then for an element
x ∈ X we write [x]E for the unique E class that contains E. Note that in this case
[x]E = [y]E holds if and only if (x, y) ∈ E. We denote by X/E the set of E classes
on X , i.e., X/E = {[x]E : x ∈ X}. If G ≤ Sym(X ) is a group then we say that E is
a congruence of G if E is preserved by every element of G , that is, for all x, y ∈ X
and g ∈ G we have (x, y) ∈ E if and only if (g(x), g(y)) ∈ E. If E is a congruence
of G then there is a natural homomorphism G → Sym(X/E) defined by g 	→ g/E
where g/E : [x]E 	→ [g(x)]E . We write G/E for the image of this homomorphism,
i.e., G/E = {g/E : g ∈ G}.

2.2. Orbit growth functions. Let G ≤ Sym(X ) be a permutation group, and let
n ∈ �. Then we introduce the following notation:

• On(G) denotes the set of n-orbits of G , i.e., the set of orbits of the coordinate-
wise action of G on Xn;

• for a ∈ Xn we denote by oG (a) the orbit of the tuple a, i.e., the unique n-orbit
of G containing a;

• for a, b ∈ Xn we write a ≈G b if oG (a) = oG (b);
• on(G) denotes the number of n-orbits of G , i.e., on(G) = |On(G)|;
• �n(G) denotes the number of injective n-orbits of G , i.e., the number of those
n-orbits of G which contain tuples with pairwise different entries;

• un(G) denotes the number of orbits of n-subsets of G , i.e., the number of orbits
of the natural action G �

(X
n

)
= {Y ⊂ X : |Y | = n}.

Remark 2.1. It follows easily from the definitions that for any permutation
group G we have un(G) ≤ �n(G) ≤ n! un(G) and on(G) =

∑n
k=1

{
n
k

}
�k(G) where{

n
k

}
denotes the Stirling number of the second kind.

A permutation group is called oligomorphic if and only if on(G) is finite for all
n ∈ �. By Remark 2.1 it follows that the oligomorphicity of a group G is also
equivalent to un(G) (or �n(G)) being finite for all n ∈ �. We call the sequence
(�n(G))n∈� the labelled growth profile of G , and (un(G))n∈� the unlabelled growth
profile ofG . The orbit growth functions �n(·) and un(·) are introduced and discussed
in general in [31, 32]. Note that at some places in the literature the sequences on, �n,
and un are denoted by F ∗

n , Fn, and fn, respectively. In this article we are mostly
concerned with the unlabelled growth profile of permutation groups.

LetG ≤ Sym(X ) be a permutation group, and let S ⊂ X . Then we write aclG(X )
for the union of finite G-orbits of elements contained in X .1 Note that if X is finite
and G is oligomorphic then aclG(X ) is also finite.

2.3. Automorphisms of structures. In this article we denote structures by Fraktur
letters A,B,C, ... (sometimes with subscripts or other diacritics), and we write
A,B,C, ... for the corresponding domain set. The signature of a structure A is
denoted by Σ(A). For a structure A, we write Age(A) (called the age of A) for
the class of all finite structures which embed into A. We write Aut(A) for the

1The corresponding notion for structures is called algebraic closure, hence the notation.
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8 BERTALAN BODOR

automorphism group of a structure A. It is easy to see that the automorphism
group of every structure is closed. Conversely, every closed permutation group is the
automorphism group of some structure. In this article every structure is assumed to
be countable, unless otherwise mentioned. We also assume for convenience that all
structures in our discussions have a purely relational signature.2

We are considering the following two notions of equivalence on first-order
structures.

Definition 2.2. Let A and B be structures. Then we say that

• B is a reduct of A if A = B if all relations, and constants of B are definable in
A by a first-order formula;

• A and B are interdefinable if they are reducts of one another;
• A and B are bidefinable if B is isomorphic to some structure which is

interdefinable with A.

Remark 2.3. Note that bidefinability is a symmetric condition. Indeed, if A and
B′ are interdefinable and � : B′ → B and isomorphism then the structureA′ := �(A)
is interdefinable with B.

We say that a countable structure A is �-categorical if every countable model of
the first-order theory of A is isomorphic to A. By the theorem of Engeler, Ryll-
Nardzewski, and Svenonius, we know that a countable structure A is �-categorical
if and only if Aut(A) is oligomorphic (see for instance [36, Theorem 7.3.1]). The
connection between �-categorical structures and their automorphism groups is
summarized in the following theorem.

Theorem 2.4. Let A and B structures, and let us assume that A is �-categorical.
Then the following hold:

(1) B is a reduct of A if and only Aut(A) ≤ Aut(B).
(2) A and B are interdefinable if and only if Aut(A) = Aut(B).
(3) A and B are bidefinable if and only if Aut(A) and Aut(B) are isomorphic (as

permutation groups).
(4) The map C 	→ Aut(C) defines a bijection between the reducts of C up to

interdefinability and the closed supergroups of Aut(A).
(5) The map C 	→ Aut(C) defines a bijection between the reducts of C up to

bidefinability and the closed supergroups of Aut(A) up to isomorphism.

Proof. We know that a relation R is first-order definable in an �-categorical
structure A if and only if R is preserved by Aut(A) (see for instance [36, Corollary
7.3.3]). This immediately implies item 1. The implications 1 → 2 and 2 → 3 are
obvious.

For item 3 we only need to argue that closed supergroups of Aut(A) are exactly
the automorphism groups of reducts of A. Clearly, if B is a reduct of A then
Aut(A) ≤ Aut(B) and Aut(B) is closed. Conversely, if Aut(A) ≤ G andG is closed
then, as we discussed earlier, G = Aut(B) for some structure B, and then B is a
reduct of A by item 1. �

2Constants can be considered to be unary relations represented by a single element.
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STRUCTURES WITH NOT TOO FAST UNLABELLED GROWTH 9

Theorem 2.4(3) tells us that in order to classify some class C of �-categorical
structures which is closed under bidefinability, it is enough to classify the
automorphism groups of structures in C up to isomorphism.

In this article we use the following notational conventions: we use mathcal letters
(H,S,F) for classes of permutations groups, and mathscr letters (H ,S ,F ) for
the corresponding structures, (for instance we write C for the class of all structures
with automorphism groups in C). If all groups in C are closed and then we have
C = {Aut(A) : A ∈ C }.

2.4. Direct products and disjoint unions. Let {Xi : i ∈ I } be a family of pairwise
disjoint sets, and for each i ∈ I let Gi ≤ Sym(Xi) be a permutation group. Then
we define the direct product of the permutation groups Gi , denoted by

∏
i∈I Gi ,

to be the set of all permutations of X :=
⋃
{Xi : i ∈ I } which can be written as⋃

{f(i) : i ∈ I }, for some f : I →
∏
i∈I Gi that satisfies f(i) ∈ Gi for all i ∈ I . In

this case
∏
i∈I Gi as a group is also the usual direct product of the groupsGi : i ∈ I .

It is clear from the definition that direct products of closed groups are closed.
Direct products of groups correspond to disjoint unions of structures in the

following sense.

Definition 2.5. Let (Ai)i∈I be a family of relational structures with pairwise
disjoint domains.

Then we define the disjoint union B of the structures A1, ... ,An, denoted by⊎n
i=1 Ai such that

• the domain set of B is
⋃n
i=1Ai ,

• its signature of B is the union of the signatures of Ai : i ∈ I together with some
(distinct) unary symbols Ui �∈

⋃
i∈I Σ(Ai ),

• UB
i = Ai for all 1 ≤ i ≤ n, and

• RB = RAi for all R ∈ Σ(Ai ).

It is easy to see that if (Ai)i∈I are as above then Aut(
⊎n
i=1 Ai) =

∏
i∈I Aut(Ai). It

is also clear that finite unions of �-categorical structures are �-categorical which in
turn implies that oligomorphic groups are closed under taking finite direct products.

2.5. Wreath products. If G ≤ Sym(X ) is a permutation group, and S is a set
then we define the power GS to be

∏
s∈S Gs where Gs := {(g, s) : g ∈ G} and

(g, s)(g ′, s) = (gg ′, s). This makes sense since the sets Dom(Gi) = X × {i} are
pairwise disjoint. Then Dom(GS) = X × S, and since all Gi are isomorphic to G it
follows thatGS is isomorphic to the powerG |S| in the usual group theoretical sense.

Now let H ≤ Sym(Y ) be another permutation group. Then we define wreath
product of the groups G and H , denoted by G �H , as follows. The domain set
of G �H is X × Y and a permutation � ∈ Sym(X × Y ) is contained in G �H if
and only if there exist � ∈ H and αy ∈ G such that �(x, y) = (αy(x), �(y)). Note
that in this case we have a natural surjective homomorphism φ from G �H to H
by mapping every � to its action of the second coordinates. The kernel of this
homomorphism is exactly the power GY , as defined above. Moreover, the map
� : � 	→ ((x, y) 	→ (x, �(y)) splits the homomorphism φ, that is, φ ◦ � = id(Y ). This
implies that G �H can be written as a semidirect product GY � e(H ).
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10 BERTALAN BODOR

We can also define wreath products of structures as follows.

Definition 2.6. Let A and B be structures with disjoint relational signatures.
Then we define the structureA �B, called the wreath product of A and B as follows:

• the domain set of A �B is A× B ;
• the signature of A �B is Σ(A) ∪ Σ(B) ∪ {E} where E is a distinguished binary

symbol not contained in Σ(A) ∪ Σ(B);
• EA�B = {(a1, b), (a2, b) : a1, a2 ∈ A, b ∈ B};
• RA�B = {(a1, b), ... , (ak, b) : (a1, ... , ak) ∈ RA, b ∈ B} for all R ∈ Σ(A);
• SA�B = {(a1, b1), ... , (ak, b1) : (b1, ... , bk) ∈ SB} for all S ∈ Σ(B).

The correspondence between wreath products of groups and wreath products of
structures is as follows. Let A and B be a structure as in Definition 2.6. Then we have
Aut(A �B) = Aut(A) �Aut(B). This implies immediately that ifG andH are closed
then so is G �H . Moreover, if A and B are �-categorical then so is A �B which
implies that if G and H are oligomorphic groups then G �H is also oligomorphic.

2.6. Covers of permutation groups. In this section we introduce the notion of
covers of permutation groups which plays a crucial role in this article. This
construction will allow us to decompose certain oligomorphic permutation groups
into simpler parts from which the original group can be recovered. Our definition
of covers is largely based on the ones introduced in [8, 33, 38, 48]. In some cases
covers are considered for structures and in some other cases it is only considered
for closed permutation groups (these are called permutation structures in [33, 48]).
One important difference in our definition compared to the earlier ones is that
we also define everything for general permutation groups without any closedness
assumption. Although all permutation groups showing up during our constructions
will be closed, this will sometimes not follow immediately from the definition, so we
prefer this more general treatment.

Notation 2.7. Let 
 : X → Y be a map. Then we write ∼
 for the equivalence
relation {(a1, a2) : 
(a1) = 
(a2)}. IfG ≤ Sym(X ) and∼
 is a congruence ofG then

 gives rise to a homomorphism X → Sym(Y ) defined by �
(g)(a) = 
(g(
–1(a))).
We that mapping 
 is clear from the context we simply write � for �
.

Definition 2.8. Let G and G∗ be permutation groups. Then a triple
Φ = (G,G∗, 
) is called a cover of G∗ if

(1) 
 is a surjective map from Dom(G) to Dom(G∗);
(2) the equivalence relation ∼
 is preserved by G ;
(3) the image of G under �
 equals G∗.

The sets 
–1(w) : w ∈ Dom(G∗) are called the fibers of Φ.
Let a ∈ Dom(G∗), and let A := 
–1(a). Then we call the groups

• G(A),
• �–1

 (Ga),

• G((A))

the fiber group, the binding group, and the pointwise binding group of Φ at a,
respectively. The kernel of Φ is the kernel of the homomorphism �
.

If all fibers of Φ are finite then Φ is called a finite cover of G∗.
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STRUCTURES WITH NOT TOO FAST UNLABELLED GROWTH 11

Note that the binding group and the pointwise binding group at a given point
are always normal subgroups of the corresponding fiber group. We say that Φ has
finite fiber factors if all factor groupsG(A)/G((A)) : A ∈ {
–1(a) : a ∈ Dom(G∗)} are
finite. Clearly, all finite covers have finite fiber factors.

Note that ifG is closed then the direct product of the pointwise binding groups of
Φ is a normal subgroup ofG . We say that a Φ is linked if all of its pointwise binding
groups are trivial.

We say that two covers (G,G∗, 
) and (G ′, (G ′)∗, 
′) are isomorphic if there
exist bijections e : Dom(G) → Dom(G ′), e∗ : Dom(G∗) → Dom((G ′)∗) such that
�e∗ ◦ 
 = 
′ ◦ �e . So the isomorphism of two covers essentially means that there are
the same up to renaming the domains of the involved groups.

We say that a group G is a cover of G∗ if there exists a 
 : G → G∗ such that
Φ = (G,G∗, 
) is a cover of G∗. A structure A is called a cover of B is Aut(A) is a
cover of Aut(B). Finite covers of groups and structures are defined analogously.

Remark 2.9. Let G ≤ Sym(X ) be an arbitrary permutation group, and let ∼ be
a congruence of G . Let us define 
 : a 	→ [a]∼. Then it is easy to see that ∼=∼

and (G,G/∼, 
) is a cover. In fact, every cover a permutation group arises from
the construction above. Indeed, let (G,G∗, 
) be a cover. Let ∼=∼
. Then there
is natural bijection between X/∼
 and Y = Dom(G∗) defined by w 	→ 
–1(w).
By renaming the elements of Y along this bijection we obtain G∗ = G/∼ and

(a) = [a]∼
 .

Notation 2.10. For a tuple a = (a1, ... , ak) we write 
i(a) = ai .

Observation 2.11. Let (G,G∗, 
) be a cover. Then we can relabel the elements of
the domain of G such that the following hold:

(a) every element of Dom(G) is a pair;
(b) 
 = 
2;
(c) if a ≈G∗ b then 
1(
–1

2 (a)) = 
1(
–1
2 (b)), and the map (f, a) 	→ (f, b) extends

to a permutation in G .

Proof. Let us first relabel each element a ∈ Dom(G) by the pair (a, 
(a)). Then
items (a) and (b) are already satisfied.

Now letO be an orbit ofG∗, and let us fix an element a ∈ O. Now for each b ∈ O
let us consider an element gb ∈ G such that �(gb)(a) = b, and let us relabel each
element of the form (u, b) to (g–1

b (u), b). By doing this element for all orbits of G∗

it is easy to check that item (c) will also be satisfied. �

To ease the notation in our later discussions we always consider covers satisfying
conditions (a)–(c) above. This way every cover of some group G∗ is already
specified by the group G . Also, in this case we can (and we will) identify the fiber
groups, binding groups, and pointwise binding groups with their action of the first
coordinates. By condition (c) these groups are the same, not just isomorphic, at
elements coming from the same orbit. From this point on when we say G is a cover
ofG∗ we always automatically assume that the triple (G,G∗, 
2) satisfies conditions
(a)–(c).
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12 BERTALAN BODOR

Definition 2.12. We say that a cover (G,G∗, 
) is

• trivial its kernel is trivial (only contains the identity permutation);
• strongly trivial if all of its fiber groups are trivial;
• (strongly) split if there is a G0 ≤ G such that (G0, G

∗, 
) is (strongly) trivial.

Example 2.13. LetF be an arbitrary set, and let id(F ) �G∗ ≤ G ≤ Sym(F ) �G∗,
and 
 = 
2. Then (G,G∗, 
) is a strongly split cover of G∗.

It follows from the discussion in [24, Section 2.9] that ifG∗ is transitive then every
strongly split cover of G∗ is isomorphic to one given in Example 2.13.

Let us assume that (G,G∗, 
) is a cover with kernel K , and let us assume that φ
is some injective map from G∗ → G such that �
 ◦ φ = id. Then G can be written
as G = ker(�)φ(G∗). Note that Φ is split if and only if φ can be chosen to be
a group homomorphism. If G is as in Example 2.13 then φ can be chosen such
that φ(�) = �̂ where �̂ is defined to be the permutation which maps the (f, a) to
(�(f), a) for (f, a) ∈ F ×Dom(G∗).

Now we introduce some further notation which will be useful in the discussion
of the kernels of strongly split covers. Let X and F be sets, and let G :=
Sym(F ) � Sym(X ). Then for alla ∈ X := Dom(G) andg ∈ G we define �a(g) : f 	→

1(g(f, a)). Then clearly g(f, a) = (�a(f), �
2 (a)). LetH
L ≤ Sym(F ). Then we
define

KLH = {g ∈ G ∩ ker(�
2) : ∀a, b ∈ X (�a(g) ∈ L ∧ �a(g)H = �b(g)H )}.

Then KLH always forms a subgroup of G . Moreover, if H and L are closed (in
particular if F is finite) then so is KLH .

Notation 2.14. Let S ⊂ Dom(G∗) and � ∈ Sym(F ). Then we denote by κ(�, S)
the unique permutation � ∈ G ∩ ker(�
2) such that

�a(κ) =

{
� if a ∈ S
id(F ) otherwise.

We also write κ(�, a) for κ(�, {a}).

2.7. Hereditarily cellular groups and structures. In this section we briefly recall
the classification of hereditarily cellular structures mostly taken from [24].

We first need to introduce a couple of notations.

Definition 2.15. Let Ni ≤ Sym(Yi) be permutation groups for some pairwise
disjoint sets Y0, ... , Yk , and let H be a permutation group which normalizes
N :=

∏k
i=0Ni . Then we write G(H ;N0, ... , Nk) for the permutation group with

domain (Y0 × {0}) ∪
⋃k
i=1(Yi × �) generated by (N0 � (id({0}))×

∏k
i=1(Ni �

Sym(�)) and the permutations (a, n) 	→ (h(a), n) : h ∈ H .

Note that the definition of the group G(H ;N0, ... , Nk) differs from the one given
in [24], however the equivalence of the two definitions follows from the discussion
in Section 3 in the aforementioned paper.
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It is clear from the definition that

G(N ;N0, ... , Nk) = (N0 � (id({0}))×
k∏
i=1

(Ni � Sym(�)).

Now we are ready to give the definition of hereditarily cellular groups/structures.

Definition 2.16. We define the classes of closed permutation groups
Hi : i ∈ {– 1} ∪ � recursively as follows:

• H–1 = ∅;
• For n ≥ 0 a group G is contained in Hn if and only if G is isomorphic to
G(H ;N0, ... , Nk) for some N0, N1, ... , Nk,H ∈ Hn–1 where Y0 = Dom(N0) is
finite, and N0 = id(Y0).

We writeH for the union of all classesHn : n ∈ �. A groupG is called hereditarily
cellular if G ∈ H, and a structure is called hereditarily cellular if its automorphism
group is hereditarily cellular. Following our notational convention we write H for
the class of hereditarily cellular structures.

The rank of a hereditarily cellular group G , denoted by rk(G) is the smallest n
such that G ∈ Hn. The rank of a hereditarily cellular structure is the rank of its
automorphism group.

Hereditarily cellular groups/structures with rank at most 1 are called cellular.

Remark 2.17. It is clear from the definition that H0 is exactly the class of
permutation groups with finite degree.

Note that in [24] the classes Hn is defined via �-partitions, a notation introduced
in [41], but again these definitions are known to be equivalent. We recall this
equivalence below.

Definition 2.18. Let G ≤ Sym(X ) be a permutation group. Then a triple
K,∇,Δ) is called an �-partition of G iff

(1) K ⊂ X is finite, and it is fixed setwise by G .
(2) Δ and ∇ are congruences of G |X\K with Δ ⊂ ∇.
(3) ∇ has finitely many classes.
(4) Every ∇-class is a union of ℵ0 many Δ-classes.
(5) For every C ∈ X/∇ we have G((C ))/Δ = Sym(C/Δ).

The components of an �-partition (K,∇,Δ) are the permutation groups G((Y )) for
all Y ∈ X/Δ.

Theorem 2.19 [24, Theorem 3.41]. Let n ≥ 0. Then G ∈ Hn if and only if G has
an �-partition with components in Hn–1.

Remark 2.20. We know from the results of [41] (and Theorem 2.19) that if
A ∈ H then rk(A) also equals to the Morley rank of A. In particular, the Morley
rank of every hereditarily cellular structure is finite.

Next we recall a few important facts about hereditarily cellular groups that we
will need in this article.

Theorem 2.21 [24, Corollary 3.43]. H is the smallest class of groups which contains
id({∅}), closed under isomorphisms, and is closed under taking
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14 BERTALAN BODOR

• finite direct products,
• wreath products with Sym(�), and
• finite-index supergroups.

In particular, every hereditarily cellular group is closed.

Theorem 2.21 can also be formulated in terms of structures. We say that a reduct
B of A is of finite index if |Aut(B) : Aut(A)| is finite.

Theorem 2.22 [24, Theorem 3.44]. A class H is the smallest class of structures
which contains the one-element pure set, closed under isomorphisms, and is closed
under taking

• finite disjoint unions,
• wreath products with the pure set, and
• finite-index reducts.

Notation 2.23. For a permutation group G we denote by Gfin the intersection of
all finite-index closed subgroups of G .

Remark 2.24. Note that if |G : H | is finite, thenH contains a normal subgroup
N which has also finite index in G . Indeed, we can take N to be the kernel of the
action of G by right multiplication on the set of right cosets of H . In this case
N =

⋃
g∈G g

–1Hg, so ifH is closed then so isN . This implies that Gfin is also equal
to the intersection of finite-index normal closed subgroups of G .

Lemma 2.25. Let G ∈ Hn. Then |G : Gfin| is finite, and for every group Gfin ≤
G∗ ≤ G we have G∗ ∈ Hn.

Proof. By Lemma 3.34 in [24] we know that if G = G(H ;N0, ... , Nk) and
|G : G∗| is finite then G∗ ⊃ G(N ;N0, ... , Nk) ∈ Hn. It also follows from the proof
of Lemma 3.34 in [24] that |G : G(N0, ... , Nk)| is itself finite. Therefore, Gfin =
G(N ;N0, ... , Nk). In particular, Gfin ∈ Hn. Since |G∗ : Gfin| < |G : Gfin| is finite it
follows that G∗ is closed, and thus G∗ ∈ Hn. �

By the results of [41] we know that a structure is hereditarily cellular if and only
if it is �-categorical and monadically stable.

Definition 2.26. We say that a structure A is monadically stable iff every
expansion of its theory by unary predicates is stable.

The class of hereditarily cellular structures can also be described by their
unlabelled growth profile. We say that a function f : � → R is slower (faster) than
exponential if for all c > 1 we have f(n) < cn (f(n) > cn) if n is large enough.
Using these notions we have the following dichotomy result for the unlabelled
growth profile of �-categorical stable structures.

Theorem 2.27 [26, Theorem 3.10]. Let A be an �-categorical stable structure.
Then exactly one of the following holds:

(1) un(A) is slower than exponential, and A is monadically stable.
(2) un(A) is faster than exponential, and A is not monadically stable.

Next we recall a description of cellular structures using their unlabelled growth
profile.
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Definition 2.28. A permutation group G is called P-oligomorphic if un(A) has
a polynomial upper bound.

The following two theorems follow from the results of [26, 34].

Theorem 2.29. Let A be a countable structure. Then the following are equivalent:
(1) un(A) is P-oligomorphic.
(2) un(A) ∼ cnk for some c ≥ 0 and k ∈ �.
(3) For all c > 0 we have un(A) < ec

√
n if n is large enough.3

Theorem 2.30. Let A be a countable structure. Then A is cellular if and only if A
is stable and Aut(A) is P-oligomorphic.

For further discussion on the unlabelled growth profile of hereditarily cellular
structures we refer the reader to [26].

2.8. Homogeneous and finitely bounded structures. Next we recall some definitions
and basic results concerning homogeneity and finite boundedness of structures.

Definition 2.31. A structure A is called homogeneous if every isomorphism
between finite substructures of A can be extended to an automorphism of A.

We say that a structure is m-homogenizable if it is interdefinable with a
homogeneous structure with a finite relational signature all of whose relations
have arity of at most m. We say that a structure is finitely homogenizable if it is
m-homogenizable for some m ∈ �.

Remark 2.32. In the general definition of homogeneity we have to consider
finitely generated rather than finite substructures. However, since we only consider
purely relational structures, this does not make a difference in our setting.

An easy calculation on types shows that every homogeneous structure with a finite
relational signature is�-categorical; in fact if A is homogeneous in a finite relational

signature and the maximal arity of relations of A is m then on(A) ≤ 2cn
max(2,m)

for
some c > 0.

It turns out that m-homogenizable and in turn finitely homogenizable structures
can also be characterized in a natural way in terms of their automorphism groups.

Notation 2.33. For any n-tuple a and a function p : [m] → [n] we write a
 for the
tuple (ap(1), ... , ap(m)).

Definition 2.34. We say that a permutation group G is m-sensitive if for all
u, v ∈ An if u �≈G v there exists a function p : [m] → [n] such that up �≈G vp. We say
that G is finitely sensitive if it is m-sensitive for some m ∈ �.

Lemma 2.35. LetG be closed oligomorphic group, and letm ≥ 2. Then the following
are equivalent:

(1) G is m-sensitive.
(2) G is the automorphism group of a homogeneous relational signature structure

with arity at most m.

Proof. Follows essentially from [24, Lemma 2.21]. �

3Here we also allow c = 0 to include finite structures.
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Lemma 2.35 can also be formulated for structures.

Lemma 2.36. Let A be an �-categorical structure, and m ∈ �. Then the following
are equivalent:

(1) A is m-homogenizable.
(2) Aut(A) is m-sensitive.

In the study of homogeneous structures we are particularly interested in the ones
which are finitely bounded, i.e., whose age can be described by finitely many forbidden
substructures. The precise definition is as follows.

Definition 2.37. Let � be a relational signature, and let C be a set of finite �-
structures. Then we denote by Forb(C ) the class of those finite �-structures which
do not embed any structure from C .

A relational structureA is called finitely bounded if its signature � := Σ(A) is finite,
and there is a finite set C of �-structures such that Age(A) = Forb(C ).

We write B for the class of structures which are interdefinable with a finitely
bounded homogeneous relational structure.

We close this section by recalling some results about finite-index reducts of
homogeneous structures.

Lemma 2.38 [24, Lemma 4.2]. Let H ≤ G be permutation groups with |G :
H | = d <∞, and let us assume that H is m-sensitive for some m ≥ 2. Then G is
dm-sensitive.

As usual, Lemma 2.38 can also be formulated in terms of structures.

Corollary 2.39. Let A be an m-homogenizable structure, and let B be a reduct
of A with |Aut(B) : Aut(A)| = d . Then B is a dm-homogenizable. In particular, the
class of finitely homogenizable structures are closed under taking finite-index reducts.

We know in fact that the second statement of Corollary 2.39 also holds for the
class B.

Lemma 2.40 [24]. The class B is closed under taking finite-index reducts, finite
disjoint unions and wreath products with the pure set.

Note that Lemma 2.40 together with 2.21 immediately implies that H ⊂ B.
In this article we will generalize this result to the class S by following a similar
argument.

2.9. Highly set-transitive groups. We say that a permutation group G is highly
set-transitive if un(G) = 1, that is,G acts transitively on the set of n-subsets ofA for
all n ∈ �. In [29] Cameron classified all closed highly set-transitive groups.

Theorem 2.41. Let G be a closed highly set-transitive permutation group acting
on a countable set. Then G is isomorphic to the automorphism group of one of the
following five structures:

• (Q;<): the rationals equipped with the usual ordering;
• (Q; Betw) where Betw denotes the betweenness relation:

Betw(x, y, z) ⇔ (x < y < z) ∨ (z < y < x);
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• (Q; Cyc) where Cyc denotes the circular order:

Cyc(x, y, z) ⇔ (x < y < z) ∨ (y < z < x) ∨ (z < x < y);

• (Q; Sep) where Sep denotes the separation relation:

Sep(x, y, z, t) ⇔
(
Cyc(x, y, z) ∧ Cyc(y, z, t) ∧ Cyc(z, t, x) ∧ Cyc(t, x, y))∨(
Cyc(z, y, x) ∧ Cyc(t, z, y) ∧ Cyc(x, t, z) ∧ Cyc(y, x, t)) ;

• the pure set (�; =).

Theorem 2.41 immediately implies that the structure (Q;<) has exactly five
reducts up to interdefinability.

Theorem 2.42. Let A be a reduct of (Q;<). Then A is interdefinable with (Q;R)
where R ∈ {<,Betw,Cyc, Sep,=}.

Next we recall how the automorphism groups of the structures (Q;R) : R ∈
{Betw,Cyc, Sep} can be generated over Aut(Q;<).

Notation 2.43. Let r be a fixed irrational number. Then we denote by ϕ+(ϕ–) an
order preserving (resp. order reversing) bijection from Q(< r) = {q ∈ Q : q < r} to
Q(> r) = {q ∈ Q : q > r}. Then we define

• ↔:= ϕ– ∪ ϕ–1
– ;

• �:= ϕ+ ∪ ϕ–1
+ .

The following statements are easy to check and well-known in the literature.

Facts 2.44.

• Aut(Q; Betw) = Aut(Q;<) ∪Aut(Q;<)↔.
• Aut(Q; Cyc) = Aut(Q;<) ∪Aut(Q;<) � Aut(Q;<).
• Aut(Q; Sep) = Aut(Q; Cyc) ∪Aut(Q; Cyc)↔.

We will need the following two observations in our later discussion.

Lemma 2.45. LetN ≤ Sym(X ) be a closed highly set-transitive permutation group,
and let us assume thatN
G ≤ Sym(X ). Then we can rename the elements ofX such
that one of the following holds:

• G = N = Aut(Q;R) where R ∈ {<,Betw,Cyc,Sep,=}.
• N = (Q;<), G = (Q; Betw) and |G : N | = 2.
• N = (Q; Cyc), G = (Q; Sep) and |G : N | = 2.

Proof. Clearly, N is also a normal subgroup of Ḡ . Therefore, by Theorem 2.41
we may assume that N,G ∈ {Aut(Q;R) : R ∈ {<,Betw,Cyc, Sep,=}}. It is well-
known that the full symmetric group does not have any nontrivial normal closed
subgroup (see for instance Corollary 2.2 in [30]), and it is easy to check that none of
the groups Aut(Q;<) and Aut(Q; Betw) is a normal subgroup of either Aut(Q; Cyc)
or Aut(Q; Sep). In the remaining cases either N = G = Ḡ ; or

• N = (Q;<), G = (Q; Betw); or
• N = (Q; Cyc), G = (Q; Sep).

In the last two cases we have |Ḡ : N | = 2, and thus in fact G = Ḡ . �
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Lemma 2.46. LetG ≤ Sym(X ) be a closed highly set-transitive permutation group
different from Sym(X ), and let s, t ∈ X with s �= t. Then Gs,t is isomorphic to either
Aut(Q;<)3 × id({0, 1}) or Aut(Q;<)2 × id({0, 1}).

Proof. By Theorem 2.41 we can assume that G = Aut(Q;R) where R ∈ {<,
Betw,Cyc, Sep,=}. We can also assume without loss of generality that s < t.
Note that ↔ cannot be contained in Gs,t . This implies that Gs,t = Aut(Q;<)s,t or
Gs,t = Aut(Q; Cyc)s,t .

In the first case it is clear that

Gs,t = Aut(Q;<)s,t
= ((– ∞, s);<)× ((s, t);<)× ((t,∞);<)× id({s, t})

� Aut(Q;<)3 × id({0, 1}).

Now let us assume that Gs,t = Aut(Q; Cyc)s,t . Note that (s, t) = {a : (s, a, t) ∈
Cyc}, thus this interval is preserved by Aut(Q; Cyc). Moreover, for a, b ∈ (s, t) we
have a < b if and only if (s, a, b) ∈ Cyc holds. Therefore, (Aut(Q; Cyc)s,t)|(s,t) ⊂
Aut((s, t);<) � Aut(Q;<). On the other hand, we have

Aut((s, t);<) ⊂ (Aut(Q;<)Q\(s,t))|(s,t) ⊂ (Aut(Q;<)s,t)|(s,t) ⊂ (Aut(Q; Cyc)s,t)|(s,t),

therefore all of these groups are equal. This implies that

Aut(Q; Cyc)s,t = Aut((s, t))× id({s, t})× (Aut(Q; Cyc)s,t)|Q\(s,t).

Let � be an automorphism of (Q; Cyc) that maps s to t and t to s . Then �((s, t)) =
Q \ (s, t). This implies that the restrictions of Aut(Q; Cyc)s,t to (s, t) and Q \ (s, t)
are isomorphic. Therefore, we have

Gs,t = Aut(Q; Cyc)s,t
= Aut((s, t);<)× id({s, t})× (Aut(Q; Cyc)s,t)|Q\(s,t)

� Aut(Q;<)2 × id({0, 1}). �

§3. Covers with finite fiber factors. In this section we discuss how covers of a given
group G∗ with finite fiber factors can be recovered from linked finite covers of G∗

together with some additional information on the fiber groups and the pointwise
binding groups. This reconstruction is reflected in the following construction.

Definition 3.1. Let G∗ ≤ Sym(X ∗) be a permutation group, and let G̃ be a
linked finite cover ofG∗ with domain X̃ . LetD be a map defined onX ∗ such that

• for all a ∈ X ∗ we have D(a) = (Ba, Fa, φa) where
– Fa and Ba are permutation groups with Ba 
 Fa .
– φa is a surjective homomorphism from Fa to the fiber group of (G̃, G∗, 
2)

at a with kernel Ba .
• D is constant on each orbit of G∗.

Then we define a set L(G̃, G∗, D) to be the set of those permutations g of⋃
a∈X∗(Dom(Fa)× {a}) which satisfy the following conditions:
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(1) g preserves ∼
2 ,
(2) for all a ∈ X ∗ the permutation �a(g) : u 	→ 
1(g((u, a))) is contained in Fa ,

and
(3) there exists a g̃ ∈ G̃ such that

(1) �
2(g) = �
2(g̃);
(2) for all a ∈ X ∗ and u ∈ 
1(
–1

2 (a) ∩ X̃ ) we have φa(�a(g))(u) =

1(g̃((u, a))).

Next we show that the construction above indeed gives rise to a cover of G∗ with
finite fiber factors.

Lemma 3.2. Under the assumptions of Definition 3.1 the following hold:

(1) L(G̃, G∗, D) is a group.
(2) L(G̃, G∗, D) is a cover of G∗ with finite fiber factors.
(3) L(G̃, G∗, D) is closed if and only if G̃ is closed and all groups Ba are closed.

Proof. Put G := L(G̃, G,D).
(1). Clearly, id(

⋃
a∈X∗(Dom(Fa)× {a})) ∈ G . Now let g, h ∈ G where condition

(3) is witnessed by the permutations g̃, h̃ ∈ G̃ , respectively. We have to show that
h–1g ∈ G . Clearly, h–1g preserves ∼
2 , and it follows from the definition that
�a(h–1g) = (�h–1g(a)(h))–1�a(g). Moreover, we have �(h–1g) = �(h)–1�(g) since �

is a homomorphism. Using this one can easily check that the map h̃–1g̃ witnesses
the fact that h–1g ∈ G .

Note that the map g̃ as in item (3) of Definition 3.1 is unique, and in fact it follows
from our argument above that the map g 	→ g̃ is a surjective homomorphism from
G to G̃ . We denote this homomorphism by �.

(2) It is clear from the definition that (G,G∗, 
2) is a cover. Now let a ∈ X ∗, and let
D(a) = (Fa, Ba, φa). We claim that the fiber group and the pointwise binding group
at a are Fa and Ba , respectively. The former is clear from the definition. It is also
clear that Ba is contained in the pointwise binding group. Now let us assume that
g ∈ G fixes all elements outside 
–1

2 (a). Then �(g) = �(�(g)) = id(Dom(G∗)),
and by definition �(g) also fixes all elements outside 
–1

2 (a). Since (G̃, G, 
2) is
linked, this implies that in fact �(g) is the identity map, and therefore by definition
�
1(g|
–1(a)) ∈ Ba . Finally, by definition the groups Fa/Ba are finite which means
exactly that (G,G∗, 
2) has finite fiber factors.

(3) Let us first assume that the groups G̃ and Ba are closed. Since we have
|Fa/Ba | <∞ this also implies that the groups Fa are also closed. Let g ∈ G , we
show that in fact g ∈ G . Let (gi)i be a sequence in G converging to g. The fact that
g preserves ∼
2 is clear. Also, for all a ∈ X ∗ the sequence (�a(gi))i converges to
�a(g). On the other hand, limi→∞(�a(gi)) ∈ Fa = Fa . Thus, g satisfies conditions
(1) and (2) in Definition 3.1. Finally, it is easy to check that the sequence (�(g)i) is
convergent, and its limit is exactly �(g).

For the other direction let us assume that G is closed. Then, as we have seen
before, the groups Ba are exactly the pointwise binding groups of (G,G∗, 
2), so
these groups are also closed. Now let (g̃i)i be a convergent sequence in G̃ with
limit g̃. We have to show that g̃ ∈ �(G). Let gi : i ∈ � be arbitrary permutations in
G with �–1(gi) = g̃i . Let a ∈ G∗. Then the sequence (�a(gi))i stabilizes eventually
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moduloBi . In this case we can modify the elements gi by first permuting the elements
of 
–1(a) so that �a(gi))(u) stabilizes eventually. By doing this modification for each
fiber we can obtain a sequence (g ′i )i inG which converges, and still has the property
that �–1(g ′i ) = g̃i . Let g ′ := limi→∞ g

′
i . Then g ′i ∈ G since G is closed, and thus

�(g ′) = limi→∞ g̃i = g̃. �
Next we show that in fact every closed cover of a permutation group with finite

fiber factors arises from the construction above.

Lemma 3.3. Let G∗ be a permutation group. Then every closed cover of G∗ with
finite fiber factors is isomorphic toL(G̃, G∗, D) where G̃ andD are as in Definition 3.1.

Proof. Let (G,G∗, 
) be a cover with finite fiber factors. We assume as usual
thatG,G∗, 
 are as in conditions (a)–(c). For a ∈ X ∗ := Dom(G∗) we write Fa and
Ba for the fiber and pointwise binding groups of (G,G∗, 
) at a, respectively. As
before, these groups are considered by their action of the first coordinates. Since the
groups Fa/Ba are finite, they are isomorphic to some permutation group with finite
degree. Let us pick some permutation groups Pa : a ∈ X ∗ with finite degree, and
some surjective homomorphism φa : Fa → Pa with ker(φa) = Ba . We can do this in
such a way that if a, b ∼G∗ then (Pa, φa) = (Pb, φb). Let us denote the domain set
of Pa by Da , and let X̃ =

⋃
a∈X∗ Da × {a}.

We define a map � : G → Sym(X̃ ) as follows. Let g ∈ G . Then, as above,
for all a ∈ X ∗ we write �a : u 	→ 
1(g((u, a))). By using condition (c) we can
conclude that �a ∈ Fa . Now for a pair (d, a) ∈ X̃ we define �(g)((d, a)) =
(φ(�a(g))(d ), �(g)(a)). We claim � is a homomorphism. Indeed, for g, h ∈ G and
(d, a) ∈ X̃ we have �a(gh) = ��(h)(a)(g)�a(h), and therefore,

�(gh)((d, a)) = (φ(�a(gh))(d ), �(gh)(a))

= (φ(��(h)(a)(g)�a(h))(d ), �(g)(�(h)(a)))

= (φ(��(h)(g))(φ(�a(h))(d )), �(g)(�(h))(a))

= �(g)(φ(�a(h)), �(h)(a)) = �(g)(�(h)(d, a)).

Let G̃ = �(G). Then G̃ is a finite cover of G∗.
We claim that (G̃, G∗, 
2) is linked. Let a ∈ X ∗ and A := Da × {a}. We have to

show that G̃((A)) = id(A). Let g̃ ∈ G̃ |A. By definition this means that there exists
some g ∈ G such that �(g) = g̃, that is, �
2(g) = id(X ∗) and �b(g) = Bb for all
b ∈ X ∗ \ a∗. Let h ∈ G such that h|X\A = g|X\
–1(a) and h|
–1(a) = id(
–1(a)). Then
since G is closed it follows that h ∈ G . Let g ′ := gh–1. Then g ′ fixes every element
outside A, and Ba � �a(g ′) = �a(g). Therefore, �a(g̃) = �a(�(g)) = φ(�a(g)) =
id(A), and this is what we needed to prove.

Finally, we show that G = L(G̃, G∗, D) where D : a 	→ (Fa, Ba, φa). For a
permutation g ∈ G items (1) and (2) of Definition 3.1 are clear and item (3) is
witnessed by �(g) ∈ G̃ . This shows G ⊂ L(G̃, G∗, D). For the other direction let
g ∈ L(G̃, G∗, D) be arbitrary. As we noted before, the map � : g 	→ g̃ is also a
surjective homomorphism from L(G̃, G∗, D) to G̃ . Thus, we can find some g ′ ∈ G
such that �(g ′) = �(g), that is, �(g(g ′)–1) = id(X̃ ). In this case however g(g ′)–1

must be contained in the direct product of pointwise binding groups ofBa : a ∈ X ∗.
Since G is closed, this implies that gg ′ ∈ G , and thus g = g(g ′)–1g ′ ∈ G . �
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We close out this section by an important observation taken from [33] (Lemma
1.4.2). For the sake of completeness we also provide a proof here.

Lemma 3.4. Let (G,G∗, 
) be a finite cover. Then if G is closed, then so is G∗.

Before showing Lemma 3.4 we first show an easy observation about sequences of
permutations which we will also need later.

Lemma 3.5. Let (gi)i∈� be a sequence of permutations of some countable set X
such that for all x ∈ X the set FX := {gi(x) : i ∈ �} is finite. Then (gi)i∈� has a
convergent subsequence.

Proof. Let x1, x2, ... be an enumeration of X . Then by induction on j we can
define subsequences (gji )i∈� such that gji = gj–1

i if i ≤ j and |{gji (xj) : i > j}| = 1.
Then the sequence hi := gii is a convergent subsequence of gi . �

Proof of Lemma 3.4. Let (g∗i )i∈� a convergent sequence inG∗ with limit g∗. We
have to show that g∗ ∈ G∗ = �(G). Let us choose gi ∈ G with gi/E = g∗i . Clearly,
the set {gi(x) : i ∈ �} is a subset of 
–1({g∗i (
(x)) : i ∈ �}), in particular, it is finite.
Thus, by using Lemma 3.5 we can take a subsequence (hi)i∈� of (gi)i∈� which is
convergent. Then we have

�( lim
i→∞

hi) = lim
i→∞

(�(hi)) = lim
i→∞

(g∗i ) = g∗,

which finishes the proof of the lemma. �
Using the results of this section Lemma 3.4 can also be generalized to cover with

finite fiber factors.

Corollary 3.6. Let (G,G∗, 
) be a cover with finite fiber factors. If G is closed,
then so is G∗.

Proof. By Lemma 3.3 we can assume without loss of generality that G =
L(G̃, G∗, D) where G̃ and D are as in Definition 3.1. Then by Lemma 3.2, item
3 we can conclude that G̃ is closed, and thus G∗ is also closed by Lemma 3.4. �

§4. Groups with not too fast unlabelled growth. We denote by S the class of closed
groups G such that for no polynomials p do we have un(G) ≥ 2n

p(n) . As usual, the
corresponding class of structures is denoted by S . The class S was introduced and
discussed in [52], and it is the main topic of this article. In this article we refer to
the elements of S (resp. S ) as groups (resp. structures) with not too fast unlabelled
growth.4

Next we recall one of the main results of [52] rephrased in a way that it is more
suitable for our discussion.

Lemma 4.1. Let G ∈ S. Then there exists a permutation group G∗ with G∗ ∈ H,
and a cover (G,G∗, 
) such that for all a ∈ Dom(G∗)

4The word ‘slow’ is a bit overloaded and usually indicates something slower than what we want to
have, for instance polynomial or slower than exponential. Our upper bound is slightly faster than ‘slower
than exponential’, this is why we picked the term ‘not too fast’.
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• either |
–1(a)| = 1 or
• for every finite subset B of Dom(G) \ 
–1(a) the group (GB )|
–1(a) is a finite

cover of a highly set-transitive, but not highly transitive group.

Moreover, for a given a ∈ Dom(G∗) satisfying item (2) the fibers of the finite cover
do not depend on our choice of B .

Proof. We follow the proof of Theorem 5.1 in [52]. Let M be a structure
with Aut(M) = G . We define F to be the equivalence relation of equialgebraicity
on elements of order type (i.e., (a, b) ∈ F iff a ∈ aclG({b}) and b ∈ aclG({a}))
extended by the equality relation on the rest of the structure.

Then let us consider the equivalence relations F onM , and E onM/F as defined
in the proof of Theorem 5.1 in [52]. The exact details of the definition of F and E
are not important for our argument, we only need that they satisfy the following
properties which are argued for in the aforementioned proof:

(∗)

• F has finite classes,
• the group (G/F )/E is the automorphism group of a stable structure, and
• for all C ∈M/F one of the following two conditions holds:

(1) |C | = 1.
(2) For any finite subset B of M/F \ C the group (Aut(M/F )B,{C})|C is

isomorphic to a highly set-transitive, but not highly transitive group.

The unlabelled growth of the group of (G/F )/E is clearly slower than that of
the group G which implies that (G/F )/E ∈ S. Let N be a structure with Aut(N) =
(G/F )/E. Then N is stable and has at most exponential unlabelled growth. By
Theorem 2.27 this implies that in fact N ∈ H , and thus (G/F )/E ∈ H.

Now let us define E ′ to be the pullback of E to M , that is, E ′ =
{(a, b) : (a/F, b/F ) ∈ E}. Then we can translate statement (∗) for classes of E ′

as follows.
Let C ′ ∈M/E ′. Then of the following holds:

• |C ′| = |
⋃
C∈C ′ C | = 1.

• For any finite subset B ′ of M \ C the group (Aut(M )B ′,{C ′})|C ′ is a finite
covering of a highly set-transitive, but not highly transitive group.

Then by defining G∗ = G/E ′ and 
 : a 	→ [a]E we obtain the statement of the
lemma. The “moreover” part follows from the fact that the fibers as in item (2) are
exactly the F classes contained in the corresponding E class. �

Note that it does not follow directly from the argument presented in [52] that any
of the groups (GB)|
–1(a) are closed. In the following we show that not only all these
groups, including the fiber groups of the cover (G,G∗, 
), are closed, but they are in
fact finite-index supergroups of the corresponding pointwise binding groups (which
are always closed). This implies in particular that the cover (G,G∗, 
) has finite
fiber factors which makes it possible to use the results of Section 3. In particular, we
obtain by Corollary 3.6 that the group G∗ also needs to be closed.

In order to show the claims above we need the following two lemmas about finite
covers of highly set-transitive groups both of which will be proven in Section 5. For
convenience, we introduce the notation F for the class of closed finite covers of
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highly set-transitive groups. Note that by Lemma 3.4 we know that all groups in F
are in fact finite covers of some closed highly set-transitive group.

Lemma 4.2 (Corollary 5.3). There is no infinite strictly descending sequence of
groups in F with the same fibers.

Lemma 4.3. LetN,G ∈ F be permutation groups with the same fibers so thatN is
a normal subgroup of G . Then |G : N | is finite.

Now we prove a stronger version of Lemma 4.1 that was indicated in our
discussion above.

Theorem 4.4. Let G ∈ S. Then there exists a permutation group G∗ ∈ H, and a
cover (G,G∗, 
) such that for all a ∈ Dom(G∗)

(1) either |
–1(a)| = 1 or
(2) the fiber group Fa , and the pointwise binding group Ba at a are both contained

in F , Fa and Ba have the same fibers, and |Fa : Ba | is finite.
In particular, all fiber groups of (G,G∗, 
) are closed.

Before proving Lemma 4.4 we first show the following easy observation about
restrictions of pointwise stabilizers of invariant subsets.

Lemma 4.5. Let G be a closed permutation group, and let (A,B) be a partition of
Dom(G) with G-invariant subsets. Let us assume that for all finite subsets T of B we
have (GT )|A = G |A. Then GB |A = G |A = G |A.

Proof. We first show the equalityGB |A = G |A. The “⊂” containment is obvious.
For the other direction let us take an element h ∈ G . We have to show that h|A ∪
id(B) ∈ G . Since the group G is closed, for this it is enough to show that for all
finite sets S ⊂ A and T ⊂ B there exists some h′ ∈ G such that h′|S = h|S and
h′|T = id(T ). This means in other words that there exists some h′′ ∈ (GT )|A such
that h′′ and h′ agree on S. The existence of such a permutation follows from the fact
that h|A ∈ G |A ⊂ (GT )|A.

Finally, since the group GB is closed, the equality G |A = G |A follows. �
Proof of Theorem 4.4. Let 
 and G be as in the conclusion of Lemma 4.1. Let

a ∈ X := Dom(G∗) and C = 
–1(a). If |C | = 1 then we are done, so let us assume
that this is not the case. Let A0 ⊂ A1 ⊂ ... be finite sets such that

⋃∞
i=0(Ai) =

X \ C . By our construction, we know that the groups (GAi ,{C})|C are all finite
covers of highly set-transitive groups. Thus, by Lemma 4.2 we can conclude that the
sequence (GAi ,{C})|C stabilizes after finitely many steps. This implies that there exists

a finite subset B of X \ C such that for all finite S ⊂ X \ C we have (GB,{C})|C =

(GB∪S,{C})|C . Thus, we can apply Lemma 4.5 to the groupGB,{C} and the partition
(C,X \ C ). We obtain that G((C )) = GB,{C} = GB,{C}. This in turn implies that
G((C )) ∈ F . Moreover, G((C )) and G(C ) must have the same fibers. Clearly, G((C ))

is a normal subgroup in G(C ), and thus also in G(C ). Therefore, by Lemma 5.9 we
obtain that |G(C ) : G((C ))| <∞, and thus also |G(C ) : G((C ))| <∞. In particular,
G(C ) is closed, and thus G(C ) ∈ F .

We have shown that (G,G∗, 
) is a cover with finite fiber factors. Therefore, by
Corollary 3.6 the group G∗ is also closed. �
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Using Theorem 4.4 we will obtain a classification of groups in S in the following
steps:

• We first identify all possible pairs (Ba, Fa) as in item (2) of Theorem 4.4. This
boils down to the classification of those pairs (N,G) such that

(i) N,G ∈ F ∩ S,
(ii) N and G have the same fibers, and

(iii) N
G .
This will be done in Section 5. The reason why the groups Ba and Fa

need to be contained in S follows from an easy orbit counting argument (see
Lemma 7.1). We will also show that the conditions above are sufficient in the
sense that if G∗ ∈ H, and G is a closed cover of G∗ all of whose pointwise
binding groups and fiber groups are as in items (i)–(iii) above then G ∈ S (see
Section 7).

• Then we give a description of finite covers of hereditarily cellular groups. This
will be done in Section 6. In particular, we will see that closed finite covers of
hereditarily cellular groups are also hereditarily cellular.

• Finally, by using the results of Section 3 we can recover all groups in S from
the information provided in the previous items.

The full details of the classification outlined above will be presented in Section 7.

§5. Finite covers of closed highly set-transitive groups.

5.1. Classification. Finite covers of reducts of Q are described in [38, Section 2].
We start this section by recalling this description in terms of automorphism group,
and as a result, we give a complete characterization of groups in F .

We first need to introduce some further notation. Let r be an arbitrary irrational
number that will be fixed throughout this section, and let us consider some
permutations ↔ and � as in Notation 2.43.

Notation 5.1. Let F be a finite set, and let �, � ∈ Sym(F ). Then we define the
permutations ��,↔�∈ Sym(F ) � Sym(Q) so that

• �
2(��) =�;
• �a(��) = � for a > r;
• �a(��) = id(F ) for a < r;
• �
2(↔�) =↔;
• �a(↔�) = � for all a ∈ Q.

Theorem 5.2. LetG be a closed finite cover of some highly set-transitive groupG∗.
Then we can rename the elements of Dom(G) and Dom(G∗) so that the following
hold:

(i) Dom(G∗) = Q

(ii) Dom(G) = F ×Q,
(iii) 
 = 
2 is a finite cover,

and there existH
L ≤ Sym(F ) such that one of the following holds:
(a) G∗ = Aut(Q;<) and G = KLH (id(F ) �Aut(Q;<)).
(b) G∗ = Aut(Q; Betw) and G = 〈KLH (id(F ) �Aut(Q;<)),↔�〉 for some
� ∈ Sym(F ).
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(c) G∗ = Aut(Q; Cyc) and G = 〈KLH (id(F ) �Aut(Q;<)),��〉 for some � ∈
Sym(F ).

(d) G∗ = Aut(Q; Sep) andG = 〈KLH (id(F ) �Aut(Q;<)),↔� ,��〉 for some �, � ∈
Sym(F ).

(e) G∗ = Sym(Q) and G = KLH (id(F ) � Sym(Q)).

Proof. By Lemma 3.5 we know that G∗ is also closed. Thus, by Theorem 2.41
we can assume that G∗ is the automorphism group of one of the five reducts of
(Q;<) listed in the same theorem. The finite covers of the full symmetric group are
classified in [24, 37]. From now on we assume that G∗ �= Sym(Q).

By [38], Theorem 2.1 we know that every finite cover of Aut(Q;<) is strongly split
which means that the domain of G can be renamed such that G = Ker(
)(id(F ) �
Aut(Q;<) for some finite set F . Furthermore, from the rest of the results of
Section 2.1 in [38] we know that

• if G∗ = Aut(Q; Betw) then ↔�∈ G for some � ∈ Sym(F ),
• if G∗ = Aut(Q; Cyc) then ��∈ G for some � ∈ Sym(F ), and
• if G∗ = Aut(Q; Sep) then ↔�,��∈ G for some �, � ∈ Sym(F ).

Let us define φ(α) := α̂ for α ∈ Aut(Q;<), φ(↔) :=↔� if ↔∈ G∗ and
φ(�) :=�� if �∈ G∗. Then we can extend φ to G∗ in a straightforward way
so that 
2 ◦ φ = id.

Finally, by the results of Section 2.2 in [38] we know that Ker(
2) can be written
as KLH for some H
L ≤ Sym(F ). Considering that the group G can be written as
G = Ker(
2)φ(G∗), the statement of the theorem follows in all cases. �

The classification given in Theorem 5.2 immediately implies the following.

Corollary 5.3. There is no infinite strictly descending sequence of groups in F
with the same fibers.

Proof. Let us suppose for contradiction that there exists an infinite sequence
G0 � G1 � of groups in F with the same fibers. By Theorem 5.2 it follows easily
that the groups G0, G1, ... can only realize finitely isomorphism types. Therefore,
there existGi � Gj which are isomorphic. In this case, however, for all n ∈ �we have
on(Gi) = on(Gj) and since these are oligomorphic we have in factOn(Gi) = On(Gj).
Since the groups Gi and Gj are closed this implies Gi = Gj , a contradiction. �

For the rest of this section we assume that the groups G,G∗, H,L are as in the
conclusion of Theorem 5.2.

Lemma 5.4. Let us assume that ↔� ,↔�′∈ G . Then the following hold:
(1) �2 ∈ L.
(2) Either � ∈ L or �L is an index 2 supergroup of L.
(3) �L = �′L.
(4) H
 �L.

Proof. Let α :=↔–1
�′↔� . Then α = Ker(
), thus α ∈ KLH . On the other hand,

we have �a(α) = (�′)–1� for all a ∈ Q. Therefore, (�′)–1� ∈ L which implies item 3
immediately.

Item 1 follows immediately from item 3 applied in the case when �′ = �–1. Item 2
is clear from item 1.
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Finally, let a ∈ Q and � ∈ H be arbitrary. Then

KLH �↔–1
� κ(�, a) ↔�= κ(�–1��,↔(a)).

Therefore, �–1�� ∈ H , that is, � normalizes H . We already know that H
L, thus
item 4 follows. �

Lemma 5.4 implies that L̃ := �L is an index 1 or 2 supergroup of L group which,
together withH and L, already determine G in the case when G∗ = Aut(Q; Betw).

Lemma 5.5. Let us assume that ��,��′∈ G . Then the following hold:

(1) � ∈ L.
(2) �H = �′H .
(3) �–1�–1�� ∈ H for all � ∈ L.

Proof. (1) It is easy to see that �2
�= κ(�,Q). This implies immediately that

� ∈ L.
(2) Let α :=�–1

�′�� . Then α = κ(�–1�,Q(> r)), and therefore �–1� ∈ H .
Now let us assume that � ∈ L. Let � := κ(�,Q) ∈ KLH ≤ G . Then we have G �

�–1 �� � =��–1�� . Thus, by item 2 we obtain that �–1�� = �H , and thus item 3
holds. �

Lemma 5.5 implies that in the case when G∗ = Aut(Q; Cyc) then the groups H ,
L, and the coset �H already determine the group G .

The following observation will be useful in our later discussions.

Lemma 5.6. Let S ⊂ Q with 3 ≤ |S| <∞. We write GS for the group {g ∈
G : �
2(g) ∈ G∗

S}. Then (GS)|
–1(S) = KLH |
–1(S).

Proof. Let g ∈ GS . Since g∗ := �
2(g) fixes three elements of Q it follows that
g∗ cannot be contained in �Aut(Q; Betw). Thus, we can assume without generality
that G∗ = Aut(Q;R) for some R ∈ {<,Cyc,=}. In these cases it follows from the
definition of the groups listed in Theorem 5.2 that �s(g) ∈ L for all s ∈ Q. It remains
to show that �s(g)H = �t(g)H for all s, t ∈ S. By Theorem 5.2 this is again clear if
G∗ = Aut(Q, <) orG∗ = Sym(Q). We are left with the case whenG∗ = Aut(Q,Cyc)
in which case

G = 〈KLH (id(F ) �Aut(Q;<)),��〉
for some � ∈ L by Theorem 5.2.

Let u = (u1, ... , uk) be a tuple listing the elements of S, and let

O1 := {((�(u1), s), ... , (�(uk), s), (�h(u1), t), ... , (�h(uk), t)) :

� ∈ L, h ∈ H, s, t ∈ Q, s < t},
O2 := {((�(u1), s), ... , (�(uk), s), (��h(u1), t), ... , (��h(uk), t)) :

� ∈ L, h ∈ H, s, t ∈ Q, s > t},
O := O1 ∪O2.

Then it follows from the construction of G that O is a 2k-orbit of G . Now let
s, t ∈ S. Then clearly GS cannot map a tuple O1 ∩ 
–1({s, t}) to O2. Hence, GS
preserves O1 which means exactly that �s(g)–1�t(g) ∈ H . �
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5.2. Normal subgroups. In this section we examine all those pairs (N,G) such
that

(1) N,G ∈ F ,
(2) N
G , and
(3) N and G have the same fibers.

In particular we show that for all such pairs of groups the index |G : N | is finite.
So let us consider some pair (N,G) as above which we will fix throughout this

section. By renaming the elements of Dom(N ) we can assume that there exists some
N ∗ ∈ Aut(R) for some R ∈ {<,Betw,Cyc, Sep,=} such that the pair (N ∗, N ) is as
in the conclusion of Theorem 5.2. Let G∗ := �(G) = �
2(G). Then (G∗, G, 
2) is
also a finite cover, and it is also as in the conclusion of Theorem 5.2. For the rest of
the section we assume that the G,G∗, N,N ∗, 
 are as above.

We start with a few observations.

Lemma 5.7. N ∗ 
G∗.

Proof. Letn∗ ∈ N ∗ andg∗ ∈ G∗. Then there existn ∈ N andg ∈ G with�(n) =
n∗ and �(g) = g∗. Then g–1ng ∈ N , so (g∗)–1n∗g∗ = �(g–1ng) ∈ N ∗. �

By Lemma 2.46 we know that the groups G∗ and N ∗ are as in the conclusion of
Lemma 2.46. By Theorem 5.2 we know that Ker(�|G) = KLH and Ker(�|N ) = KM

H ′
for some H ′ ≤ H,H ′ 
M,H 
 L ≤ Sym(F ).

Proposition 5.8. H = H ′.

Proof. Clearly, ker(�|N ) = ker(�|G) ∩N is a normal subgroup of ker(�|G). Let
s ∈ Q and α ∈ Aut(Q;<) such that α(s) �= s , and let h ∈ H be arbitrary. Then
α̂ ∈ N and κ(h, s) ∈ KLH ≤ G . Hence, � := α̂–1κ(h, s)α̂ ∈ N . Now �s(�) = h and
�t(�) = id(F ) for all t �= s, α(s). This implies that h must be contained in H ′.
Therefore,H = H ′. �

By Lemma 2.46 we know that �∈ N ∗ if and only if �∈ G∗. In this case we know
by Theorem 5.2 that ��∈ N ∗ for some � ∈M . Since �� is also contained in G we
can assume that it is also the permutation which appears in either item c or item d
in the definition of the group G .

Let

L̃ := {� ∈ Sym(F ) : ∃α ∈ G ∀a ∈ Q(�a(α) = �)}.

It follows from Theorem 5.2 that in cases a, c, and e we have L̃ = L, and in the
remaining cases if ↔�∈ G then L̃ = �L. The group M̃ is defined similarly but with
the group N .

Lemma 5.9. M̃ is a normal subgroup of L̃, and

(1) G/N � L̃/M̃ × Z2 = L/M × Z2 if |G∗ : N ∗| = 2 and L̃ = L.
(2) G/N � L̃/M̃ otherwise.

In particular |G : N | is finite.

Proof. The fact that M̃ is a normal subgroup of L̃ is clear from the
definition. Let α ∈ G be arbitrary. Then if a, b ∈ Q then one can easily check
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that �a(α)H = �b(α)H . Therefore, the homomorphism �• : G → L̃/H is well-
defined. Let N ′ := (�•)–1(M̃/H ). Then G/N ′ � (L̃/H )/(M̃/H ) � L̃/M̃ by the
third isomorphism theorem for groups. In the case when G∗ = N ∗ it is clear that
N ′ = N , so in this case we are done.

Now let us assume that |G∗ : N ∗| = 2. In this case↔�∈ G \H for some � ∈ L̃ \ L.
If � �∈ L, that is, |L̃ : L| = 2, then we have N = N ′ again. If � ∈ L, that is, L̃ = L
then �
(N ′) = G∗, and N can be written as N = N ′ ∩ 
–1(Aut(Q; Cyc)). In other
words N is the kernel of the surjective homomorphism

�′• := G → L̃/M̃ ×G∗/N ∗, α 	→ (�•(α)M̃ , �
(α)N ∗).

Therefore, by the homomorphism theorem for groups it follows thatG/N � L̃/M̃ ×
G∗/N ∗ � L̃/M̃ × Z2. �

The following theorem summarizes the results of this section.

Lemma 5.10. Let N,G be permutation groups with the same domain. Then the
following are equivalent:

(1) • N,G ∈ F ,
• N
G , and
• N and G have the same fibers.

(2) There exist some permutation groups H,L, andM with some finite domain F
such that H
M,L andM
L, and we can rename the elements of Dom(G)
such that one of the following holds:
(a) N = KMH (id(F ) �Aut(Q;R)) and G = KLH (id(F ) �Aut(Q;R)) with
R ∈ {<,=}.

(b) N = KMH (id(F ) �Aut(Q;<)) and G = 〈KLH (id(F ) �Aut(Q;<)),↔�〉.
(c) N = 〈KMH (id(F ) �Aut(Q;<)),↔�〉 and
G = 〈KLH (id(F ) �Aut(Q;<)),↔�〉.

(d) N = 〈KMH (id(F ) �Aut(Q;<)),��〉 and
G = 〈KLH (id(F ) �Aut(Q;<)),��〉.

(e) N = 〈KMH (id(F ) �Aut(Q;<)),��〉 and
G = 〈KLH (id(F ) �Aut(Q;<)),�� ,↔�〉

(f) N = 〈KMH (id(F ) �Aut(Q;<)),�� ,↔�〉 and
G = 〈KLH (id(F ) �Aut(Q;<)),�� ,↔�〉,

where
• � ∈M with {�–1m–1�m : m ∈M} ⊂ H , and
• either � ∈ L; orH,L 
 �L and |�L : L| = 2.

Proof. The implication (1) → (2) follows directly from the argument presented
in this section. The converse is a straightforward calculation. �

5.3. Finite covers with not too fast unlabelled growth. In this section we classify
those closed finite coverings of highly set-transitive groups which are also contained
in the class S, and we describe when we have a normal subgroups relation between
two such groups with the same fibers. We will see that a group G ∈ F is contained
in S if and only if its pointwise binding group is highly transitive.

We start by introducing a sequence Sd : d ∈ N = {1, 2, ... } of subclasses of S
by imposing some stronger, but still exponential, upper bounds on the unlabelled
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profile. Within the class F these classes correspond exactly to those groups whose
fiber size is at most d .

Definition 5.11. Let d ∈ N. Then we denote by �d the largest real root of the
polynomial fd (x) := xd – xd–1 – ··· – x – 1, and we denote by Sd the class of those
closed groups G such that for all ε > 0 we have un(G) < (�d + ε)n if n is large
enough.

Example 5.12. �1 = 1 and �2 = 1+
√

5
2 ≈ 1.618, the golden ratio. The next values

of this sequence are approximately �3 ≈ 1.839, �4 ≈ 1.928, and �5 ≈ 1.966.

Lemma 5.13. The sequence (�d )d is strictly increasing and limd→∞ �d = 2.

Proof. Clearly, �d > 0 since fd (0) =– 1 < 0. Since fd (�d ) = 0 we have
fd+1(�d ) = �nfn(�n) – 1 =– 1 < 0. Therefore, �n+1 must be greater than �n.

Put � = limd→∞ �d . If t ≥ 2 then we can easily show by induction thatfn(t) ≥ 1.
Indeed, f1 = 1 and fn+1(t) = tfn(t) – 1 > 2 – 1 = 1. Therefore, �d < 2, and thus
� ≤ 2. On the other hand, if p < 2 then

∞∑
k=1

( 1
p

)k
=

1

p(1 – 1
p )

=
1
p – 1

> 1,

and thus
∑d
k=1( 1

p )k > 1 for some d ∈ �. In this case we have

fd (p) = pn
(

1 –
d∑
k=1

( 1
p

)k)
< 0,

and hence �d > p. This proves that � = 2. �

It is clear from the definition that S1 ⊂ S2 ⊂ ... , and by Lemma 5.13 we have⋃
d∈� Sd ⊂ S. Later we will see that in fact the equality holds.
For convenience, we sometimes write S∞ for S.

Lemma 5.14. The classes Sd : d ∈ N ∪ {∞} are closed under taking stabilizers of
finite sets.

Proof. For d = ∞ this is exactly Lemma 2.2 in [52], and for d <∞ essentially
the same proof works. �

Our next goal is to give a description of all groups in F ∩ Sd for d ∈ N ∪ {∞}.
Let us fix a group G ∈ F . Then we can rename the elements of Dom(G) such

that there exists a finite cover (G∗, G, 
) and groups H
L ≤ Sym(F ) as in the
conclusion of Theorem 5.2. We also use the notation from Section 5.1. Next we show
that G ∈ Sd if and only if H is highly set-transitive and |F | ≤ d . We know that all
finite coverings of Sym(�) have a polynomial orbit growth (see [35]). In particular
all these groups are contained in S1. This handles the case when G∗ = Sym(Q).
Next we examine what happens in the other cases.

We first need the following general observation about the unlabelled growth of
finite-index subgroups.

Lemma 5.15. Let H ≤ G ≤ Sym(X ). Then un(H ) ≤ |G : H |un(G).
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Proof. Let �i : i ∈ I be such that G =
⊔
i∈I �iH . If the Aj ∈

(
X
n

)
: j ∈ J

represent all orbits of the actionG �
(
X
n

)
then the sets �i(Aj) represent all orbits of

the action H �
(
X
n

)
. Therefore, the inequality un(H ) ≤ |G : H |un(G) follows. �

The following is a straightforward consequence of Lemma 5.15.

Corollary 5.16. Let G be a permutation group, and let H be a finite-index
subgroup of G . Then G ∈ Sd if and only ifH ∈ Sd .

Lemma 5.17. Let us assume that G∗ �= Sym(Q), and let s1, s2, s3 ∈ Q with s1 <
s2 < s3. Then GF×{s1,s2,s3} fixes the set F × (s1, s2), and the restriction

K := (GF×{s1,s2,s3})|F×(s1,s2)

is isomorphic to KHH (id(F ) �Aut(Q;<)) = H �Aut(Q;<).

Proof. By Theorem 2.42 we know that G∗ preserves the relation Sep. It is easy
to check that (t, s2, s3, s1) ∈ Sep if and only if s1 < t < s2. Moreover,

K∗ := (G∗
s1,s2,s3

)|s1,s2,s3 = Aut((s1, s2);<) � Aut(Q;<).

This implies that GF×{s1,s2,s3} ≤ �–1

 (G∗

s1,s2,s3
) preserves the set F × (s1, s2) and

�(K)|(s1,s2) ≤ K∗. We know that G contains the group KHH (id(F ) �Aut(Q;<))
from which we can easily conclude that K contains both KHH |F×(s1,s2) and
(id(F ) �Aut((s1, s2);<)). Therefore, K∗ is a finite cover of K . The only thing we
have to check that the kernel of this cover is KHH |F×(s1,s2), that is, �a(α) ∈ H for
all α ∈ K and s1 < a < s2. By our definition α extends to and element of G fixing
F × {s1, s2, s3} pointwise. But then �s1(α) = id which implies �a(α) ∈ H . �

Corollary 5.18. Let us assume that G∗ �= Sym(Q), and let

G0 := H �Aut(Q;<)).

Then for all d ∈ N ∪ {∞} we have G ∈ Sd if and only if G0 ∈ Sd .

Proof. The “if” direction is obvious since G0 ≤ G . The other direction follows
from Lemmas 5.14 and 5.17. �

Now let us fix the group G0 as in Corollary 5.18. Then we can write the following
recursion formula for the unlabelled growth of G0.

Lemma 5.19. un(G0) =
∑|F |
i=1 ui(H )un–i(G0).

Proof. Let A be an n-element subset of F ×Q. Let m be the maximum of
those numbers which appear as the second coordinate of an element of A, and
let Amax := {a ∈ A : 
(a) = m}. Then the G0-orbits of Amax and A \ Amax can be
recovered from the orbit of A. Conversely, by the construction of G0 it follows that
the orbit of A is uniquely determined by the orbits of Amax and A \ Amax. Whenever
|Amax| = i then we have ui(H ) many choices for the orbit ofAmax and un–i(G0) many
choices for the orbit of A \ Amax. Hence, the recursion formula follows. �

The following statement follows from the resolution of linear recursion. For the
sake of completeness, we also give a direct proof.
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Lemma 5.20. Let (an)n be a sequence of positive numbers satisfying the recursion
an+k :=

∑k–1
i=0 cian+i for some ci > 0. Let q be the largest real root of f(x) := xk –∑k–1

i=0 cix
i . Then there exist C1, C2 > 0 such that C1q

n < an < C2q
n for all n ∈ N.

Proof. We can clearly find C1, C2 > 0 such that C1q
n < an < C2q

n holds for
n ≤ k. We show by induction that this choice suffices.

Let us suppose that C1q
m < am < C2q

m holds for m < n. Then we have

an =
k–1∑
i=0

cian–k+i ≥ C1q
n–k

k–1∑
i=0

ciq
i = C1q

n–k(qk – f(q)) = C1q
n.

The other inequality follows similarly. �

Lemma 5.21. Let us assume that G∗ �= Sym(Q), and let d ∈ N ∪ {∞}. Then G ∈
Sd if and only if H is highly set-transitive and |F | ≤ d . Moreover, if d ≥ 2 and
G ∈ Sd \ Sd–1 then un(G) ≥ C�nd for some C > 0.

Proof. G0 be as in Corollary 5.18, and let G∗
0 := �
(G0). By Corollary 5.18 it is

enough to prove the statement for the group G0.
Let us define the polynomial f(x) := x|F | –

∑|F |–1
i=0 ui(H )xi , and let q be the

largest real root off. Then by Lemmas 5.19 and 5.20 we can conclude that un(G0) =
Θ(qn). Now ifH is not highly set-transitive, then uj(H ) ≥ 2 for some 0 ≤ j ≤ k – 1.
In this case,

f(2) = 2n –
|F |–1∑
i=0

ui(H )2i ≤ 2n –
|F |–1∑
i=0

2i – 2j = 1 – 2j ≤ 0.

Therefore, q ≥ 2 and thus G0 �∈ S. On the other hand, if H is highly set-transitive
then f(x) = x|F | –

∑|F |–1
i=0 x

i , and thus q = �|F |. Therefore, G0 ∈ Sd if and only if
�|F | ≤ �d , that is, |F | ≤ d .

The “moreover” part of the lemma is also clear from the calculation above. �

Remark 5.22. By solving the recursion in Lemma 5.20 one can easily conclude
that in fact un(G0) ∼ C�n|F | for some C . We do not need this fact in our discussion.

Highly set-transitive groups of finite degree are classified in [42].

Theorem 5.23. LetK be a highly set-transitive group with degree n ∈ �. Then one
of the following holds:

(1) K is the full symmetric group Sn.
(2) n ≥ 3 and K is the alternating group An.
(3) n = 5 and K is the affine group AGL(1, 5).
(4) n = 9 and K is the projective linear group PGL(2, 8).
(5) n = 9 and K is the projective semilinear group PΓL(2, 8).

Now let us assume that H is one of the groups above. Since L̃ contains H it
follows that L̃ is also one of the groups on the list. By item 4 of Lemma 5.4 we
also know that H is a normal subgroup of L̃. This is only possible in the following
cases: (†).
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(1) H = L̃;
(2) H = An, L̃ = Sn in which case |L̃ : H | = 2; (∗)1

(3) H = PGL(2, 8), L = L̃ = PΓL(2, 8) in which case |L̃ : H | = |L : H | = 3.
(∗)2

Considering this and Lemma 5.2 we can give a list of every group in F ∩ S.

Theorem 5.24. Let G ∈ F ∩ S. Then G is isomorphic to one of the following
groups:

(i) KLH (id(F ) � Sym(Q) for some H
L ≤ Sym(F ).
(ii) KHH (id(F ) �Aut(Q;R)) where H is one of the groups listed in Theorem 5.23

and R ∈ {<,Betw,Cyc, Sep}.
(iii) KLH (id(F ) �Aut(Q;R)) where the groups H and L are as in (∗)1 or (∗)2 and

R ∈ {<,Betw,Cyc, Sep}.
(iv) KAnAn (id(F ) �Aut(Q;R))↔� where � is an odd permutation and R ∈ {<,Cyc}.
(v) KLH (id(F ) �Aut(Q;R))�� where the groups H and L are as in (∗)1 or (∗)2,
� ∈ L \H and R ∈ {<,Betw}.

Conversely, all the groups listed above are in F ∩ S.

Using the results of Section 5.2 we can easily determine in which cases two groups
from the list as above are in a normal subgroup relationship.

Lemma 5.25. Let N and G be groups as in items (i)–(v) in Theorem 5.24. Then
N
G if and only if one of the following holds:

(i) N = G .
(ii) N = KMH (id(F ) � Sym(Q)), G = KLH (id(F ) � Sym(Q)) andM
L.

(iii) N = KHH (id(F ) �Aut(Q;R)), G = KLH (id(F ) �Aut(Q;R)) where the groups
H and L are as in (∗)1 or (∗)2 and R ∈ {<,Betw,Cyc, Sep}.

(iv) N = KMH (id(F ) �Aut(Q;R)), G = KLH (id(F ) �Aut(Q;R)) ↔id where
• eitherH = L or H and L are as in (∗)1 or (∗)2,
• M ∈ {H,L}, and
• R ∈ {<,Cyc}.

(v) N = KAnAn (id(F ) �Aut(Q;R)) andG = KAnAn (id(F ) �Aut(Q;R))↔� where � is
an odd permutation and R ∈ {<,Cyc}.

Proof. It follows from Lemma 5.10 that for all pairs of groups (N,G) satisfying
any of the items above we have N
G .

For the other direction, let us assume that N
G .
We already handled the case whenG∗ = Sym(Q), so let us assume that this is not

the case.
We are using the notation of Section 5.2 for the groups N and G . Then we have

H ≤M ≤ L ≤ L̃ where H
L and |L : L̃| = 2. Considering that H and L̃ are as
(†) it follows that |L̃ : H | ≤ 3, so either L = H or L̃ = L.

Case 1. L̃ = H . In this case we have N = G .
Case 2. L̃ = L �= H . In this case we have either M = H or M = L. If M = H

then depending on whether |G∗ : N ∗| is 1 or 2 either item iii or item iv holds. If
M = L then ↔id must be contained in G , otherwise we would have N = G . In this
case item iv holds again.
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Case 3. L̃ �= L. In this case |L̃ : L| = |G∗ : N ∗| = 2 andL =M = H . This is only
possible if L̃ = Sn and L =M = H = An, and then itemv holds. �

Corollary 5.26. Let N and G be groups as in items (i)–(v) in Theorem 5.24. Let
us assume that N
G and G∗ �= Sym(Q). Then |G : N | is isomorphic to one of the
following groups: Z1, Z2, Z3, Z2 × Z2, Z3 × Z2 � Z6.

Proof. We have seen already that |L : H | ∈ {1, 2, 3}. Thus, the statement of
corollary follows from Lemma 5.9. �

The results of this section are summarized in the following theorem.

Theorem 5.27. LetN andG be permutation groups with the same domain, and let
d ∈ N ∪ {∞}. Then the following are equivalent:

(1) • N,G ∈ F ∩ Sd ,
• N
G , and
• N and G have the same fibers.

(2) The size of fibers of N and G is at most d , and we can rename the elements of
Dom(G) = Dom(N ) such that bothN andG are as in one of the items (i)–(v)
of Theorem 5.24 and one of the items (i)–(v) of Lemma 5.25 holds.

5.4. Finite homogenizability of finite covers. We finish this section by showing that
all finite covers of reducts of Q are finitely homogenizable. By Lemma 2.35 we can
translate this fact to finite sensitivity of groups in F .

We first show that for groups in F finite sensitivity already follows from a
seemingly weaker condition.

Lemma 5.28. Let G,G∗, L,H, F be as in Theorem 5.2, and let m ≥ 4|F |. Then G
is m-sensitive if and only if the following condition holds:

(∗)m For all u, v ∈ (F ×Q)n with 
2(u) = 
2(v) if for all p : [m] → [n] we have
up ≈G vp then u ≈G v.

Proof. The forward direction is clear. Now let us assume that (∗)m holds, and
let u, v ∈ (F ×Q)n be arbitrary such that up ≈G vp holds for all p : [m] → [n].
We have to show that u ≈G v. We can assume without loss of generality that the
tuples u and v are injective, i.e., their entries are pairwise distinct. Since m ≥ 2
it also follows that 
2(ui) = 
2(uj) if and only if 
2(vi) = 
2(vj) for all i, j ∈ [n].
Let U = {u∗1 , ... , u∗n∗} = 
2({u1, ... , un}) and V = {v∗1 , ... , v∗n∗} = 
2({v1, ... , vn}).
Then by rearranging the tuples u and v we can assume without loss of generality
that

u =(u11, ... , u1�1 , u21, ... , u2�2 , ... , un∗�n∗ ), and

v =(v11, ... , v1�1 , v21, ... , v2�2 , ... , vn∗�n∗ ),

where 
2(uij) = u∗i and 
2(vij) = v∗i for all 1 ≤ i ≤ n∗, 1 ≤ j ≤ �i . We show that
the tuples u∗ = (u∗1 , ... , u

∗
n∗) and v∗ = (v∗1 , ... , v

∗
n∗) are in the same orbit of G∗.

Recall that G∗ is the automorphism of some structure (Q;R) with R ∈ {<,
Betw,Cyc, Sep,=}. Note that all these structures are homogeneous. Therefore, by
Lemma 2.35 if u∗ �≈G∗ v∗ then (u∗i1 , u

∗
i2
, u∗i3 , u

∗
i4

) �≈G∗ (v∗i1 , v
∗
i2
, v∗i3 , v

∗
i4

). However, this

https://doi.org/10.1017/jsl.2026.10239 Published online by Cambridge University Press

https://doi.org/10.1017/jsl.2026.10239


34 BERTALAN BODOR

is impossible since by our choice the tuples

(ui11, ... , ui1�i1
, ui21, ... , ui2�i2

, ui31, ... , ui3�i3
, ui41, ... , ui4�i4

),

and

(vi11, ... , vi1�i1
, ui21, ... , vi2�i2

, vi31, ... , vi3�i3
, vi41, ... , vi4�i4

)

are contained in the sameG-orbit, and the arity of these tuples are at most 4|F | ≤ m.
Now let α∗ ∈ G∗ such that α∗(v∗) = u∗, and let α ∈ G with �
2(α) = α∗. Then the
tuples u and α(v) are as in (∗)m. Hence, by our assumption, we have u ≈G α(v),
and thus u ≈G v. �

Lemma 5.29. Let G,G∗, L,H, F be as in Theorem 5.2. Then G is 4|F ||L : H |-
sensitive.

Proof. Let d := |F | and m := 4d |L : H |. We prove that G is m-sensitive by
showing that it satisfies condition (∗)m from Lemma 5.28.

Case 1. G = KHH (id(F ) � Sym(Q)) = H � Sym(Q). In this case m = 4d . By
Lemma 5.28 it is enough to check condition (∗)m. Let u, v ∈ (F ×Q)n be as in
(∗)m. We use the notation u∗, v∗, and uij as in the proof of Lemma 5.28. By our
assumption, it follows that the tuples (
1(ui1), ... , 
1(ui�i )) and (
1(vi1), ... , 
1(vi�i ))
are in the same H -orbit. This implies that u and v are in the same KHH -orbit, so in
this case we are done.

Case 2. G = KLH (id(F ) � Sym(Q)). Let N := H � Sym(Q). Then N
G and |G :
N | = |L : H | by Lemma 5.9, and we already know by Case 1 thatN is 4d -sensitive.
Therefore, by Lemma 2.38 we obtain that G is 4d |L : H |-sensitive.

Finally, for the general case we check the condition (∗)m again. Let G0 :=
KLH (id(F ) � Sym(Q)). Let u, v be as in the assumption of (∗)m. We claim that
for all p : [m] → [n] we have up ≈G0 vp. Indeed, by our assumption, we already
know that up ≈G vp, and thus in fact up ≈G
2(up)

vp. Since m > 2d , it follows that

|
2(up)| ≥ 3. Thus, by Lemma 5.6 it follows that G
2(up) = G
2(vp) = (KLH )
2(up)
which in particular implies that up ≈G0 vp. By Claim 2 we already know that G0 is
m-sensitive. Therefore, u ≈G0 v, in particular u ≈G v, and this is what we needed to
show. �

Corollary 5.30. Every finite cover of a reduct of Q is finitely homogenizable.

Proof. Theorem 5.2 and Lemma 5.29 together imply that every finite cover
of Aut(Q) is finitely sensitive. Then the statement of the corollary follows from
Lemma 2.36. �

Let A be a homogeneous structure in F . By Theorem 5.2 we know that in this
case A is multichainable in the sense of [50]. Then by Theorem 39 in [50] we know
that A is in fact finitely bounded. Combining this fact with Corollary 5.30 we obtain
the following.

Lemma 5.31. F ⊂ B.

§6. Finite covers of hereditarily cellular groups. In this section we describe all
pairs (G,G∗) where G∗ is hereditarily cellular and G is a finite cover of G∗. We first
show that in case G is also hereditarily cellular.
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Lemma 6.1. The classes Hn are closed under taking closed finite covers.

Proof. We show the statement by induction on n. For n = 0 the statement is
trivial. For the induction step let G∗ ∈ Hn, and let (G,G∗, 
) be a finite cover. In
this proof we use the recursive description of the classes Hn given in Theorem 2.19.

So let P∗ := (K∗,∇∗,Δ∗) be an �-partition ofG∗ with components contained in
Hn–1. Let

K = 
–1(K∗),∇ := 
–1(∇∗),Δ := 
–1(Δ∗), P := (K,∇,Δ).

Then it is clear from the definition that P is an �-partition of G . It remains to
prove that the components of P are contained in Hn–1. We put X := Dom(G) and
X ∗ := Dom(G∗). Let Y be a Δ-class, and let Y ∗ := 
(Y ). Let

N ∗ := (G∗)((Y∗)), N := �–1

 (N ∗).

Then N is a finite cover of N ∗ witnessed by the map 
|Y . Since N ∗ is a component
of P∗ we know that N ∗ ∈ Hn–1. Thus, by the induction hypothesis N ∈ Hn–1.

By an abuse of notation we write NF for the group

{g|Y : g ∈ GF ∧ �φ(g) ∈ N ∗},
where F is any subset of X . We claim that for every finite set F ⊂ X \ Y the group
NF is a finite-index closed subgroup of N . The fact that NF is closed follows from
Lemma 3.5 (see the proof of Lemma 3.4). Now let a1, ... , ak be an enumeration
of F . Then the orbit of ai with respect to the group �–1


 ((G∗)X∗\Y∗) is contained in
the ∼
 class of ai , in particular it is finite. Therefore,

|(�–1

 ((G∗)X∗\Y∗))a1,...,ai : (�–1


 ((G∗)X∗\Y∗))a1,...,ai+1 | <∞
for all i = 1, ... , k. This in turn implies that

|(�–1

 ((G∗)X∗\Y∗)) : (�–1


 ((G∗)X∗\Y∗))F | <∞,
and thus |N : NF | is finite.

We obtained that for every finite subset F of X \ Y we have NF ⊃ Nfin. On the
other hand, by definition we have

G((Y )) =
⋂
{NF : F ⊂ X \ Y, |F | <∞}.

Therefore, G((Y )) ⊃ Nfin. Then by Lemma 2.25 we can conclude that G((Y )) ∈ Hn–1,
and this is what we needed to show. �

Next we give a recursive description of all closed finite covers of hereditarily
cellular groups up to isomorphism.

Definition 6.2. We denote by A the minimal class of finite covers which contains
all finite covers of finite degree groups and which satisfies the following condition.

Let us assume that (H,H ∗, �) ∈ A, let N0, ... , Nk groups such that
|Dom(N0)| <∞, N0 = id(Dom(N0)), Ni ∈ H, andNi :=

∏k
i=0Ni 
 H . LetN ∗

i :=
�
(Ni). Then (G,G∗, 
) ∈ A where

• G = G(H ;N0, ... , Nk) (see Definition 2.15);
• G∗ = G(H ∗;N∗

0 , ... , N
∗
k );

• 
((a, n)) = (�(a), n).
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Lemma 6.3. Let (G,G∗, 
) a finite cover. Then the following are equivalent:

(1) G ∈ H.
(2) G∗ ∈ H and G is closed.
(3) (G,G∗, 
) is isomorphic to some element in A.

Proof. The implication 3 →2 is clear from definition, and the implication 2 →1
follows from Lemma 6.1.

It remains to show that item 1 implies item 3. Let us assume that (G,G∗, 
) is a
finite cover, andG ∈ Hn. We show by induction on rk(G) that (G,G∗, 
) is as in item
3. For rk(G) = 0 there is nothing to prove. Otherwise, we can rename the elements
of Dom(G) such that G = G(H ;N0, ... , Nk) for some H,N0, ... , Nk ∈ Hn–1. Then
since G ⊃ id(Dom(N0))×

∏k
i=1(id(Dom(Ni)) � Sym(�)) it follows that for all

(a,m), (b, n) ∈ Dom(H ) \Dom(N0) with n �= m we have (a,m) �∼
 (b, n). Indeed,
if (a,m) ∼
 (b, n) would hold for some n �= m then we would have (a,m′) ∼
 (b, n)
for any m′ �= m, n, and thus the ∼
-class of (a,m) would contain infinitely many
elements. Using the fact that ∼
 is a congruence of G it also follows that
(a, 0) ∼
 (b, 0) if and only if (a, n) ∼
 (b, n) for all n ∈ �. Let us define ∼′ on
Dom(H ) such that a ∼′ b if and only if (a, 0) ∼
 (b, 0). Then ∼′ has finite classes,
that is,H is a finite cover ofH ∗ := H/∼. Let � : Dom(H ) → Dom(H ∗), a 	→ [a]∼′ .
Then by the induction hypothesis we can rename the elements of Dom(H )
and Dom(H ∗) such that (H,H ∗, �) ∈ A. We obtain in particular that H ∗ ∈ H.
Let N ∗

i := Ni/∼′|Dom(Ni ). Then similarly we have N ∗
i ∈ H. It is also clear from

the definition that |Dom(N0)| <∞, N0 = id(Dom(N0)), and N ∗ :=
∏k
i=0N

∗
i is a

normal subgroup ofH ∗. In this case the map � := (a, n) 	→ (�(a), n) defines a finite
covering map fromG to G(H ∗;N ∗

0 , ... , N
∗
k ). It is also clear from the definition that 


and � have the same fibers. This implies thatG∗ is isomorphic to G(H ∗;N ∗
0 , ... , N

∗
k ),

and thus the cover (G,G∗, 
) is isomorphic to some cover in A. �

Lemma 6.3 has the following consequence which we will need later.

Lemma 6.4. Let (G,G∗, 
) be a finite cover with G ∈ H. Then there exist G0 ≤ G
and G∗

0 ≤ G∗ with G0 ∈ H such that (G0, G
∗
0 , 
) is strongly trivial.

Proof. By Lemma 6.3 we can assume that (G,G∗, 
) ∈ A. We show the statement
by induction of rk(G). If rk(G) = 0, that is, Dom(G) is finite then we can take both
G0 andG∗

0 to be the identity group. Otherwise, let us assume thatH,H ∗, �,Ni ,N
∗
i :

i ∈ {1, ... , k} are as in Definition 6.2. We can assume without loss of generality
that H = N =

∏k
i=0Ni and H ∗ = N ∗ =

∏k
i=0Ni . By the induction hypothesis, we

know that there exist someH0 ≤ H,H0 ∈ H andH ∗
0 ≤ H ∗ such that (H0, H

∗
0 , �) is

a strongly trivial cover. Let

G0 :=G(H0; (H0)|Dom(N0), ... , (H0)|Dom(Nk )),

G∗
0 :=G(H ∗

0 ; (H ∗
0 )|Dom(N∗

0 ), ... , (H
∗
0 )|Dom(N∗

k
)).

Then it is easy to check that the groups G0 and G∗
0 are as stated in the lemma. �

§7. Finishing the classification. In this section we put together the pieces from
the previous sections and present a classification of groups in all the classes
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Sd : d ∈ N ∪ {∞}. We start with a necessary condition which follows directly from
the results of the previous sections.

Lemma 7.1. Let d ∈ N ∪ {∞}. Then every permutation group in Sd is isomorphic
to some group G = L(G̃, G∗, D) where

(1) the triple (G̃, G∗, D) is as in Definition 3.1,
(2) (G̃, G∗, 
2) is isomorphic to some finite cover in A (see Definition 6.2),
(3) for all a ∈ X ∗ we have D(a) = (Ba, Fa, φa) where either |Dom(Fa)| = 1 or

(i) Ba, Fa ∈ F ∩ Sd ,
(ii) Ba and Fa have the same fibers, and

(iii) Ba 
 Fa .

Proof. The statement of the lemma essentially follows from Theorem 4.4 and the
discussion in Section 3. The only thing we have to check is that if G = L(G̃, G∗, D)
and G ∈ Sd then for the groups Ba and Fa as above we have Ba, Fa ∈ S. Since
|Fa : Ba | <∞ it is enough to check that Ba ∈ S. The finiteness of |Fa : Ba | also
implies that there exists some finite subset S of Dom(G) \ 
–1

2 (a) such thatGS |
–1
2 (a)

is isomorphic to Ba (see for instance the proof of Lemma 4.5). On the other hand,
clearly un(GS |
–1

2 (a)) is at most un(G). Therefore, Ba ∈ S. �

Remark 7.2. Note that in the construction of the group G̃ (see the proof of
Lemma 3.3) the fibers F of G̃ can be chosen arbitrarily as long as Fa/Ba embeds
into Sym(F ). On the other hand, we know by Corollary 5.26 that all these quotient
groups are isomorphic toZk for k ∈ {1, 2, 3, 4, 6} orZ2 × Z2. Since all these groups
embed into S5, this means that we can always choose the group G̃ above so that all
of its fibers are of size at most 5.

Next we show that the converse of Lemma 7.1 is also true: every group G =
L(G̃, G∗, D) as described above is contained in the class Sd . We will show this
via a third equivalent description of the classes Sd analogous to Theorem 2.21.
Namely, we show that Sd is exactly the smallest class of permutation groups which
contains (Sd ∩ F) ∪ id({∅}) and is closed under taking finite direct products, wreath
products with Sym(�), finite-index supergroups, and isomorphisms. We present a
slightly stronger formulation of this statement in Theorem 7.10 below.

We start by showing that the classesSd are in fact closed under the aforementioned
constructions. By definition, this is clear for taking supergroups and isomorphisms.

Lemma 7.3. The classes Sd : d ∈ N are closed under taking finite direct products
and wreath product with Sym(�).

Proof. We first show that Sd is closed under taking finite direct products.
For this, it is enough to show that if G1, G2 ∈ Sn then G1 ×G2 ∈ Sd . Let Xi :=
Dom(Gi), X := X1 ∪ X2. Let A ∈

(
X
n

)
. Then the orbit of A is uniquely determined

by |A ∩ X1| and the Gi -orbit of A ∩ Xi for i = 1, 2. For |A ∩ X1| we have n + 1
choices, and if k := |A ∩ X1| is given then we have uk(G1) choices for theG1-orbit of
A ∩ X1 and un–k(G2) choices forA ∩ X2. Therefore, un(G) =

∑n
k=0 uk(G1)un–k(G2).

Let ε > 0. Then by our assumption we have un(Gi) < c(�d + ε)n for some c ∈ R
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(which depends on ε). By the formula above we obtain

un(G) =
n∑
k=0

uk(G1)un–k(G2) ≤ (n + 1)c2(�d + ε)n,

which is clearly smaller than (�d + 2ε)n if n is large enough.
For the second part of the lemma let us assume that G ∈ Sd . We show that

G � Sym(�) ∈ Sd . Let X = Dom(G), and let A ∈
(
X×�
n

)
. We can assume without

changing the orbit of A that

|A ∩ (X × {0})| ≥ |A ∩ (X × {1})| ≥ ··· ≥ |A ∩ (X × {n})| = 0.

We put ki := |A ∩ (X × {i})|. Then
∑n–1
i=0 ki = n. Observe that the (G � Sym(�))-

orbit of A is uniquely determined by the sequence (k0, ... , kn–1) and the G-orbits of
the setsAi := {a : (a, i) ∈ A}. The number of choices for the sequence (k0, ... , kn–1)
is p(n), that is, the number of partitions of n. The asymptotic behavior of the

partition function p(n) is well-known: p(n) ∼ 1
4n

√
3

exp
(


√

2n
3

)
(see for instance

[46, Section 16.4]). In particular, for all c > 0 we have p(n) < cn if n is large enough.
By our assumption, we know that un(G) ≤ c(�d + ε)n for some c ∈ R. Then based
on our argument above we can give the following upper bound on un(G � Sym(�)):

un(G � Sym(�)) =
∑ { n–1∏

i=0

uki (G) : k0 ≥ ··· ≥ kn–1 ∧
n–1∑
i=0

ki = n
}

≤
∑ { n–1∏

i=0

c(�d + ε)ki : k0 ≥ ··· ≥ kn–1 ∧
n–1∑
i=0

ki = n
}

= cnp(n)(�d + ε)n,

which is smaller than (�d + 2ε)n if n is large enough. �

Remark 7.4. Note that for d = ∞ our proof above does not work. However, as
we will see, S =

⋃
d∈N Sd , so the statement of the lemma is still true in this case.

Now let us assume that (G̃, G∗, 
) where G̃ ∈ H. Then by Lemma 6.3 we can
find a finite cover (H̃ ,H ∗, �) ∈ A and groups Ñ0, ... , Ñk, N

∗
0 , ... , N

∗
k such that after

renaming the elements of the domains of G̃ and G∗ we have

• H̃ ,H ∗ ∈ H;
• |Dom(Ñ0)| <∞;
• Ñi ∈ H;
• N∗

i := �
(Ñi );
• G̃ = G(H̃ ; Ñ0, ... , Ñk);
• G∗ = G(H ∗;N∗

0 , ... , N
∗
k );

• 
((a, n)) = (�(a), n).

Now let G = L(G̃, G∗, D) be as in the conclusion of Lemma 7.1. Note that
in this case D is constant on elements of the form (a, n) : n ∈ �. Moreover, the
map a 	→ (a, n) gives rise to a bijection between the fiber groups of H ∗ and G∗.
Thus, for a ∈ Y ∗ := Dom(H ∗) we can define Ba := B(a,·), Fa := F(a,·) and φa : � 	→
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1(φ(a,0)(�̄)) where �̄ : (a, n) 	→ (�(a), n). Finally, we putD(a) := (Ba, Fa, φa). Then
it is easy to check that the triples (H̃ ,H ∗, D) and (Ñi , N ∗

i , D) also satisfy the
conditions in Definition 3.1. Let H := L(H̃ ,H ∗, D), Ni := L(Ñi , N ∗

i , D). As in
Section 2.7 we write

• N :=
∏k
i=0Ni ,

• X := Dom(G),
• Yi := Dom(Ni ),
• Y := Dom(N ) =

⋃k
i=0 Yi ,

and we also use the analogous notation with tildes and asterisks.

Lemma 7.5. With the above notation N
H and the group G is isomorphic to
G(H ;N0, ... , Nk).

Proof. Let n ∈ N and h ∈ H , and let ñ ∈ Ñ and h̃ ∈ H̃ witnessing this fact as
in Definition 3.1. Then since Ñ 
 H̃ we have h̃–1ñh̃ ∈ Ñ which witnesses the fact
that h–1nh ∈ N . Therefore, N
H .

The isomorphism from right to left is induced by the bijection � : ((u, a), n) 	→
(u, (a, n)). Let G ′ := G(H ;N0, ... , Nk).

We introduce the following notation:

• T := id(Y0 × {0})×
∏k
i=1(id(Yi ) � Sym(�))

• Nn,i := {κ(�, n) : � ∈ Ni}
• K := {κ(�,�) : � ∈ H},

and we also use the analogous notation with tildes and asterisks. Then we know
that G ′ is the closure of the group generated by T,Nn,i , and K , and G̃ is the closure
of the group generated by T̃ , Ñn,i , and K̃ .

Let us fix for all a ∈ Y a map �a which is a right inverse of φa such that

• φa(id) = id, and
• φa only depends on the orbit of a.

Then we define a map � by the formula �(g) := (u, a) 	→ (φa(�a)(u), �
2 (a)).
This definition works on all groups H̃ , Ñi , G̃ , and for all g in any of these groups
we have �(g̃) = g.

Let B be the kernel of the homomorphism G → G̃, g 	→ g̃. Then B is equal to
the direct product of the groups {(u, (a, n)) 	→ (�(u), (a, n)) : � ∈ B(a,n)�}. Since
Ba = B(a,n) this implies immediately by the definition of � that B ⊂ ��(G ′).

Using the description of the group B above one can check easily that

• ��(T ) = �(T̃ );
• �(Nn,i ) ⊂ ��(Ñn,i ) ⊂ �(Nn,i )B ;
• �(K) ⊂ ��(K̃) ⊂ �(K)B .

Therefore, we have

��(G ′) = 〈��(T ), ��(Nn,i) : (n, i) ∈ � × {0, ... , k}, ��(K)〉

= 〈�(T̃ ), �(Ñn,i) : (n, i) ∈ � × {0, ... , k}, �K̃〉B = �(G̃)B = G. �

Lemma 7.6. With the above notation |G(H ;N0, ... , Nk) : G(N ;N0, ... , Nk)| is
finite.
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Proof. Let G = G(H ;N0, ... , Nk) and G0 = G(N ;N0, ... , Nk). Then the map
homomorphism g 	→ g̃ defined on G and G0 have the same kernel and they are
equal where both of them are defined. Therefore, |G : G0| = |G̃ : G̃0| which is finite
by our argument in Lemma 2.25. �

Lemma 7.7. Let d ∈ N ∪ {∞}, and let G ∈ Sd . Then G can be constructed from
the following groups by taking isomorphism, finite-index supergroups, finite direct
products, and wreath products with Sym(�).

(1) id({∅}).
(2) G = H �Aut(Q;<) where H is a finite-degree highly set-transitive group with

degree at most d .
(3) G = 〈H �Aut(Q;<),��〉 where H is a highly set-transitive group with degree

at most d and H
H�.

Remark 7.8. Clearly, the “finite-degree” condition is only needed if d = ∞.

Proof. We can assume that G = L(G̃, G∗, D) as in Lemma 7.1. We prove the
statement by induction on rk(G∗).

We first show the induction step. By defining the groups H,H ∗, N0, ... , Nk,
as above we know by Lemma 7.5 that G is isomorphic to G(H ;N0, ... , Nk)
where H,N0, ... , Nk ∈ S, and rk(H ∗) < rk(G∗). By Lemma 7.6 and Corol-
lary 5.16 we can conclude that G(N ;N0, ... , Nk) ∈ Sd . Clearly, un(Ni), un(H ) ≤
un(G(N ;N0, ... , Nk)). Therefore, all the groups N0, ... , Nk,N,H are contained in
Sd . Then the induction step follows from Lemma 7.6 and the definition of the group
G(H ;N0, ... , Nk).

By our argument above it is enough to show the lemma in the case when G̃ and
G∗ have finite domains. Let B be the kernel of the natural homomorphism G → G̃ .
Then |G : B | is finite and B is isomorphic to the direct product of the groups
Ba : a ∈ Dom(G∗). By our construction all groups in Ba are either isomorphic to
id({∅}) or it is contained in F ∩ S. In the latter case it follows from Theorem 5.24
and Lemma 5.25 that Ba has a finite-index normal subgroup as in items 2 or 3. It
remains to show that the fiber size of Ba is at most d . By using Corollary 5.16 we
know that Ba ∈ Sd , and clearly un(Ba) ≤ un(B) for all a ∈ Dom(G∗). Thus, we are
done by Lemma 5.21. �

Lemma 7.9. Let d ∈ N ∪ {∞}, and let G ∈ Sd . Then G is isomorphic to a closed
supergroup of a finite direct product of groups of the form Γ �N where N ∈ H and
Γ = id({∅}) or Γ = H �Aut(Q;<) where H is a finite-degree highly set-transitive
group with degree at most d .

Proof. We can assume that G = L(G̃, G∗, D) as in Lemma 7.1. Let G̃0 ≤ G̃
and G∗

0 ≤ G∗ as in the conclusion of Lemma 6.4, and let G0 be the set of
those permutations in G which are witnessed by some permutation g̃ ∈ G̃0 as
Definition 3.1. Then (G0, G

∗
0 , 
2) is still a cover and since (G̃0, G

∗
0 , 
2) is strongly

trivial it follows that for all a ∈ Dom(G∗) both the pointwise binding group and the
fiber group of (G0, G

∗
0 , 
2) at a is Ba . This implies that G0 can be written as a direct

product of the wreath products Ba � (G∗
0 )|O where O goes through the orbits of G∗

0
and a ∈ O. Since G∗

0 is hereditarily cellular, so are the groups (G∗
0 )|O. Finally, by

the same argument as in the proof of Lemma 7.7 we can conclude that each Ba is a
closed supergroup of some Γa as described in the lemma. �
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We summarize the results of this section in the following theorem.

Theorem 7.10. Let d ∈ N ∪ {∞}, and let G be a permutation group. Then the
following are equivalent:

(1) G ∈ Sd .
(2) G is isomorphic to some group L(G̃, G∗, D) where

• the triple (G̃, G∗, D) is as in Definition 3.1,
• (G̃, G∗, 
2) is isomorphic to some finite cover in A,
• for all a ∈ X ∗ we have D(a) = (Fa, Ba, φa) where either |Dom(Fa)| = 1 or

(i) Ba, Fa ∈ F ∩ Sd ,
(ii) Ba and Fa have the same fibers, and

(iii) Ba 
 Fa .
(3) G can be constructed from the groups

(1) id({∅}),
(2) G = H �Aut(Q;<) where H is a finite-degree highly set-transitive group

with degree at most d ,
(3) G = 〈H �Aut(Q;<),��〉 where H is a highly set-transitive group with

degree at most d and H
H�
by taking isomorphism, finite-index supergroups, finite direct products, and

wreath products with Sym(�).
(4) G can be constructed from the groups

(1) id({∅}),
(2) G = H �Aut(Q;<) where H is a finite-degree highly set-transitive group

with degree at most d
by taking isomorphism, closed supergroups, finite direct products and wreath

products with Sym(�).
(5) G is isomorphic to a closed supergroup of a finite direct product of groups of the

form Γ �N whereN ∈ H and Γ = id({∅}) or Γ = H �Aut(Q;<) whereH is a
finite-degree highly set-transitive group with degree at most d .

Note that all possible pairs (Ba, Fa) as in items (i)–(iii) are classified in
Theorem 5.24 and Lemma 5.25 up to renaming the elements of Dom(Fa). This
finishes the classification of all classes Sd : d ∈ N ∪ {∞}.

Proof. We prove the theorem by showing the implications 1→2→3→4→1 and
2→5→4

The implication 1→2 is Lemma 7.1. The implications 2→3 and 2→5 are shown
in Lemmas 7.7 and 7.9, respectively. The implications 3→4 and 5→4 are obvious.

Finally, we show the implication 4→1. Let us first assume that d ∈ N. By
Lemma 7.3 we know that the class Sd class is closed under taking finite direct
products and wreath products with Sym(�). Also, clearly Sd is closed under
isomorphisms and taking closed supergroups. Finally, by Lemma 5.21 we know
that the groups listed in item 4 are all contained in Sd . Now for d = ∞ if G as in
4 then since the construction of G is finite, it follows that it also satisfies item 4 for
some d ′ ∈ N. Then by the argument above we can conclude that G ∈ Sd ′ ⊂ S. �

Corollary 7.11. S =
⋃
d∈� Sd , that is, for all G ∈ S we have un(G) ≤ cn for

some c < 2 if n is large enough.
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Proof. Clear from the equivalence of items 1 and 3 (or 4) of Theorem 7.10. �
The following is a straightforward consequence of Theorem 7.10.

Theorem 7.12. Let d ∈ N ∪ {∞}, and let A ∈ Sd . Then the following hold:
(1) A can be constructed from the one-element pure set and finite covers of (Q;<)

and (Q; Cyc) of fiber size at most d by taking isomorphism, finite index reducts,
finite disjoint unions, and wreath products with the pure set.

(2) A is bidefinable with a reduct of a finite disjoint union of wreath products of
the from F � H where each H is hereditarily cellular and each F is either the
one-element pure set or a finite cover of (Q;<) of fiber size at most d .

Moreover, if d = 1 then either of the items above implies A ∈ S1.

Remark 7.13. Note that in general items 1 and 2 above do not imply A ∈ Sd
since not all finite covers of (Q;<) are in S .

Note that the equivalence of A ∈ S1 and item 2 of Theorem 7.12 in the d = 1
case confirms Conjecture 1 in [26]. Indeed, in this case we can choose < to be the
union of the orders {((s, a), (t, a)) : s < t} : a ∈ H .

Corollary 7.14. S ⊂ B, i.e., every structure in S is interdefinable with a finitely
bounded homogeneous structure.

Proof. Follows from Lemmas 2.40 and Lemma 5.31 and item 1 of Theorem 7.12.
�

§8. Orbit growth analysis. By taking a closer look at our calculations on the
unlabelled profile in this section we obtain the following.

Theorem 8.1. Let G be a permutation group acting on a countable set. Then one
of the following holds:

(1) un(G) < cn for all c > 1 if n is large enough, and un(G) = un(G∗) for some
G∗ ∈ H.

(2) There exists some d ≥ 2 and c ∈ R+ such that c�nd < un(G) and for all ε > 0
we have un(G) < (�d + ε)n if n is large enough.

(3) un(G) ≥ 2n

p(n) for some polynomial p.

Proof. We can assume without loss of generality that G is closed. If G �∈ S then
by definition, item 3 holds, so let us assume thatG ∈ S. Let G̃, G∗, D be as in item 2
in Theorem 7.10. We can assume without loss of generality that G = L(G̃, G∗, D).
Let d be the largest fiber size of the groups Fa = 
1(D(a)) : a ∈ Dom(G∗). Then
by Theorem 7.10 we know thatG ∈ Sd which gives us the required upper bound for
un(G).

If d = 1 then it follows from [52, Corollary 5.5] that un(G) = un(M∗) for some
stable structure M∗. By Theorem 2.27 we know that in this case M∗ is monadically
stable, and thus it is hereditarily cellular. Then G∗ := Aut(M∗) ∈ H, so in this case
we are done.

Now let us assume that d ≥ 2. Then we show a lower bound as stated in item 2.
Let us pick some a ∈ Dom(G∗) such that for the fiber group Fa = 
1(D(a)) has
fiber size d , and let C := 
–1(a). We claim that u ≈G v some tuples u, v in C then
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1(u) ≈C 
1(v). Indeed, if g(u) = v for some G then g fixes the whole fiber C , and
thus �
1(g|C ) ∈ Fa . This implies immediately that un(G) ≥ un(Fa). Together with
the “moreover” part of Lemma 5.21 this gives us the required lower bound. �

Note that Theorem 8.1 immediately implies Theorem 1.5 which confirms
Conjecture 3 in [26].

Theorem 1.5. Let A ∈ S . Then there exists some d ∈ �, d ≥ 1 such that
limn→∞(un(A))1/n = �d where �d denotes the largest real root of the polynomial
xd – xd–1 – ··· – 1.

By following the proof of Theorem 5.1 in [52] we can describe the group G∗ in
the d = 1 case in the proof of Theorem 8.1 as follows. Let us assume that G =
L(G̃, G∗, D) as in item 2 in Theorem 7.10, let Y ∗ := {a ∈ X ∗ : |Dom(Fa)| �= 1}.
Then clearlyY ∗ is an invariant subset ofG∗. LetX∗ := � × Y ∗ ∪ {0} × (X ∗ \ Y ∗).
Then G∗ can be described as the set of permutations � ∈ Sym(X ∗) for which there
exists a �∗ ∈ G∗ such that 
1(�(n, a)) = �∗(a). Note that in this case the second
projection defines a covering map from G∗ to G∗. It is easy to see that in this case
we have

rk(G∗) = max(rk(G∗|Y∗), rk(G∗|X∗\Y∗)),

rk(G∗) = max(rk(G∗|Y∗) + 1, rk(G∗|X∗\Y∗)).

In particular rk(G∗) ≥ 1 if and only if rk(G∗) = 1 andY ∗ is a subset of the union
of finite orbits of G∗. Combining this with Theorem 2.30 we can give a description
of closed groups with at most polynomial unlabelled growth using our notation.
This classification is also given in [34] but our presentation is different.

Theorem 8.2. Let G be a permutation group acting on a countable set. Then the
following are equivalent:

(1) G is P-oligomorphic.
(2) G is isomorphic to some group L(G̃, G∗, D) where

• the triple (G̃, G∗, D) is as in Definition 3.1;
• (G̃, G∗, 
2) is isomorphic to some finite cover in A with rk(G∗) ≤ 1;
• for all a ∈ X ∗ we haveD(a) = (Fa, Ba, φa) where either |Dom(Fa)| = 1; or
a ∈ aclG∗(∅) and one the following holds:

(i) Ba = Fa = Aut(Q;R) where R ∈ {<,Betw,Cyc,Sep};
(ii) Ba = (Q;<) and Fa = (Q; Betw);

(iii) Ba = (Q; Cyc) and Fa = (Q; Sep).

Proof. Note that condition 1 implies thatG ∈ S1. Therefore, it is enough to show
that a group G = L(G̃, G∗, D) as described in item 2 of Theorem 7.10 for d = 1
satisfies the conditions specified in item 2 of this theorem if and only if un(G) has
a polynomial upper bound. First, let us notice that by Lemma 2.46 the conditions
described for a pair (Fa, Ba) : |Dom(Fa)| �= 1 in the d = 1 case holds if and only if
one of the conditions (i)–(iii) above holds.

Since the largest fiber size of the groups Fa is 1, the groups G and G∗ have
the same unlabelled growth profile where G∗ is the group as described above. By
Theorem 2.29 this holds if and only if rk(G∗) ≤ 1. As we have seen, this hold if and

https://doi.org/10.1017/jsl.2026.10239 Published online by Cambridge University Press

https://doi.org/10.1017/jsl.2026.10239


44 BERTALAN BODOR

only if rk(G∗) ≤ 1 and for all a ∈ Dom(G∗) which has an infinite orbit we have
|Dom(Fa)| = 1. �

Remark 8.3. By taking a closer look we can give a more detailed description of
the finite covers (G̃, G∗, 
2) showing up in item 2 of Theorem 8.2. Let (H̃ ,H ∗, 
2) ∈
A and Ñ0, ... , Ñk, N

∗
0 , ... , N

∗
k be as in Definition 6.2. (The case when Dom(G∗) is

finite can be covered by the case when k = 0.) Then since rk(G∗) ≤ 1 it follows that
all groups N ∗

i and H ∗ and therefore also Ñi and H̃i must be finite. Moreover, if
u ∈ Dom(H ∗) \Dom(N ∗

0 ) then the groups in D((u, 0)) must be trivial, therefore
in this case we can assume that |
–1

2 ((u, 0))| = |
–1
2 (u)| = 1. On the other hand, if

u ∈ Dom(N ∗
0 ) then |F(u,0) : B(u,0)| ≤ 2, so we can also assume that all fiber sizes

|
–1
2 ((u, 0))| = |
–1

2 (u)| are at most 2.

Example 8.4. Let us consider the groups Z2 ⊂ Sym({0, 1}) and Z4 ⊂
Sym((0, 0), (0, 1), (1, 0), (1, 1)) generated by the cycle ((0, 0) (0, 1) (1, 0) (1, 1)). Then
(Z4, Z2, 
2) is a finite cover which corresponds to the homomorphism 
 : Z4 →
Z2, 1 	→ 1. Clearly, this cover is non-split. Now let F := (Q; Betw), B := (Q;<),
let φ be the only isomorphism from B/F to Sym({0, 1}) � Z2, and let D be the
constant map on {0, 1} with value (B, F, φ). Then by Theorem 8.2 the group
G := L(Z4, Z2, D) is P-oligomorphic. This group is isomorphic to the group
generated by Aut(Q;<)2 ≤ Sym(Q)2 and some operation � (which corresponds
to the generator of Z4) that flips the two copies of Q and on one side it is an
isomorphism and on the other side it is an anti-isomorphism (i.e., it reverses the
order). Note that in this case �2 preserves the two copies of Q but it reverses the
order on both.

Next we show that if we are allowed to add finitely many constants then closed
P-oligomorphic groups have a much simpler description.

Theorem 8.5. Let G be a permutation group acting on a countable set. Then the
following are equivalent:

(1) G is P-oligomorphic and closed.
(2) There exists a finite set F ⊂ Dom(G) such that GF is isomorphic to a direct

product of finitely many copies of Aut(Q;<) and some cellular group.

Proof. The implication 2→ 1 follows directly from Theorem 8.2 considering that
P-oligomorphic groups are closed under taking supergroups.

Now let us assume that 1 holds. Then we can assume that G = L(G̃, G∗, D) as
in item 2 of Theorem 8.2. Let X ∗ := Dom(G∗), and let Y ∗ be the union of finite
orbits of G∗. Since G∗ is oligomorphic it follows that Y ∗ is itself finite. Let

Z∗ := {a ∈ X ∗ : |
–1(a)| �= 1}.

Then by the conditions listed in item 2 of Theorem 8.2 we can conclude that
Z∗ ⊂ Y ∗, and thus Z∗ is also finite, and for all a ∈ Z∗ we have

Aut(Q;R)× id({a}) ≤ G((
–1(a))) ≤ G(
–1(a)) ≤ (Aut(Q;R)↔)× id({a})

for R ∈ {<,Cyc}.
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Now let H ∗ := (G∗)Z∗ and let H be the intersection of the setwise stabilizers
of 
–1(a) : a ∈ Z∗. Then H is a cover of H ∗. Let s, t ∈ Q with s < t, and let
F := {s, t} × Z∗. Then F ⊂ X := Dom(G) is finite. For all a ∈ Z∗ we have the
following inclusions:

(Ba)s,t × id({a}) ≤ (HF )|
–1(a) = (HF∪(X\
–1(a)))|
–1(a) ≤ (Fa)s,t × id({a}).

We have seen that |Fa : Ba | ≤ 2 and |Fa : Ba | = 2 is only possible if↔∈ Fa . Note,
however, that ↔ cannot be contained in the stabilizer of two different elements of
(Q;<) therefore in either case (Ba)s,t = (Fa)s,t , and therefore the equality holds
everywhere in the chain of inclusions above. This implies that the group HF can
be written as the direct product of the groups (Ba)s,t × id({a}) and (HF )|X\
–1(Z∗).
By definition 
 is one-to-one outside 
–1(Z∗) so the latter group is isomorphic to
G∗|X∗\Z∗ which is an invariant subset of a cellular group, so it is cellular. On the
other hand, by Lemma 2.46 it follows that the groups (Ba)|s,t must be isomorphic
to either Aut(Q;<)3 × id({0, 1}) or Aut(Q;<)2 × id({0, 1}). This implies thatH |F
is isomorphic to a direct product of finitely many copies of Aut(Q;<) and some
cellular group. Finally, let us observe that if a permutation in G fixes an element of

–1(a) then it also fixes the whole class 
–1(a). This implies that in fact GF = HF
which finishes the proof of the theorem. �

Remark 8.6. It follows from an easy calculation that G is P-oligomorphic then
so is GF for every finite F ⊂ Dom(G).

As usual Theorem 8.5 can also be formulated in terms of structures which gives
us exactly Theorem 1.6.

Theorem 1.6. Let A be a countable structure. Then the following are equivalent:
(1) un(A) is at most polynomial.
(2) There exists an expansion of A by finitely many constants which is bidefinable

with a disjoint union of finitely many copies of (Q;<) and some cellular structure.

The relevance of Theorem 8.5 (or Theorem 1.6) in the context of CSPs is as
follows. We say that a countable �-categorical A is a model-complete core if the
closure of Aut(A) (in the set of all functions A→ A) is equal to its endomorphism
monoid. We say that two structures A and B are homomorphically equivalent if
there exist homomorphisms between them in both directions. Note that in this case
CSP(A) = CSP(B). By the results of [5] we know that every�-categorical structure
is homomorphically equivalent to a model-complete core which is unique up to
isomorphism and is also �-categorical. We also know that this model-complete
core always has at most as fast as the unlabelled growth profile of the original
structure (see for instance [24, Lemma 3.16]). For this reason in order to solve
the infinite-domain CSP dichotomy conjecture for structures with P-oligomorphic
automorphism groups it is enough to solve them for the ones which are model-
complete cores. We also know that for �-categorical model-complete cores adding
constants does not change the complexity of its CSP up to LOGSPACE reductions
[3]. Combining the argument above with Theorem 8.5 we obtain that every CSP over
a structure withP-oligomorphic automorphism group is LOGSPACE equivalent to
a CSP over a model-complete core whose automorphism group is a direct product
of finitely many copies of Aut(Q;<) and some cellular group.
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§9. Counting structures with not too fast unlabelled growth. In this section we show
that Thomas’ conjecture holds for structures with not too fast unlabelled growth,
that is, every structure in S has finitely many reducts up to interdefinability; or
equivalently every group in S has finitely closed supergroups. The idea of our proof
is similar to the one given in Section 5 of [24] where the statement is shown for
the special case of hereditarily cellular structures: we define some parameters such
that they never increase when taking a reduct, and such that up to bidefinability
there are only finitely many structures in S with any given finite upper bound on
these parameters. As a byproduct of our argument we also obtain that S contains
countably many structures up to bidefinability; or equivalently S contains countably
many groups up to isomorphism.

Definition 9.1. Let G be a permutation group. Then we write

• �(G) for the number of congruences of G , and
• w(G) for the supremum of the set

{|aclGx/E(∅)| : x ∈ Dom(G), E is a congruence of Gx}.

Observation 9.2. The following are clear from the definition:

• If G is oligomorphic then �(G) and w(G) are finite.
• If E is a congruence of G then �(G/E) ≤ �(G) and w(G/E) ≤ w(G).
• If G ≤ H then �(H ) ≤ �(G).

We know the following from [24].

Theorem 9.3. For all n,m ∈ � there exist finitely many groups G ∈ Hn with
w(G) ≤ m up to isomorphism.

Our plan in this section is to show an analogous statement for the whole class S,
and thereby show that every structure in S has finitely many closed supergroups.
By using the following observation it is enough to check the finiteness “up to
isomorphism.”

Lemma 9.4. Let G be a closed oligomorphic group. Then the following are
equivalent:

(1) G has finitely many closed supergroups.
(2) G has finitely many closed supergroups up to isomorphism.

Proof. We know that G is the automorphism group of some �-categorical
structure A. Then item 1 is equivalent to A having finitely many reducts up to
interdefinability and item 2 is equivalent to A having finitely many reducts up to
bidefinability. The equivalence of these conditions then follows from Proposition
6.37 in [8]. �

We start by a couple of easy observations about the functions w and �.

Lemma 9.5. Let (G,G∗, 
) be a cover. Then �(G∗) ≤ �(G). Furthermore, if all
binding groups of (G,G∗, 
) are transitive then w(G∗) ≤ w(G).

Proof. The first claim is clear since for every congruence E of G∗ the relation

–1(E) is a congruence ofG . For the other claim, let us pick anx ∈ X ∗ := Dom(G∗),
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and a congruence of E∗ such that G∗
x /E

∗ has w(G∗) many finite orbits. Let A :=

–1(x) and pick an element a ∈ A. We claim that �
(Ga) = �
(G{A}). Clearly,
we have Ga ⊂ G{A}, and thus �
(Ga) ⊂ �
(G{A}). For the other containment, let
us assume that g ∈ G{A}. Then by our assumption we know that there exists a
h ∈ ker(�
) such that h(g(a)) = a. Then hg ∈ Ga and �
(hg) = �
(g). Now let
E be the inverse image if E∗ on X := Dom(G). Then clearly E is a congruence
of G(A) and thus it is also a congruence of Ga ⊂ G(A). Since �
(Ga) ⊂ �
(G{A})
and∼
⊂ E we obtain thatGa/E � G{A}/E � Gx/E∗. In particular, |aclGa/E(∅)| =
|aclGx/E∗(∅)| = w(G∗), and thus w(G) ≥ w(G∗). �

Proposition 9.6. Let G ∈ H. Then �(G) ≥ rk(G).

Proof. We show this by induction on rk(G). For rk(G) = 0 there is nothing
to show. Otherwise, rk(G) can be written as G(H ;N0, ... , Nk) with rk(H ) =
rk(G) – 1. Thus, by the induction hypothesis we have �(H ) ≥ rk(G) – 1. Let us
observe that for all congruences E of H the relation E ′ = {((a, n), (b, n) : (a, b) ∈
E} is a congruence ofG . Since none of these congruences include the full congruence
Dom(G)×Dom(G) we have �(G) ≥ �(H ) + 1 ≥ rk(G). �

Next we show that for a fixed group G∗ ∈ H and a d ∈ N there exist only finitely
many non-isomorphic groups G = L(G̃, G∗, D) where the triple (G̃, G∗, D) is as in
item 2 of Theorem 7.10.

Note that by Remark 7.2 we can always choose the group G̃ such that all of its
fibers have size at most 5. We first show that under these constraints there are finitely
many options for G̃ up to isomorphism.

Lemma 9.7. Let n ∈ �. Then every hereditarily cellular group has only finitely
many covers with maximal fiber size at most n up to isomorphism.

Proof. We prove the lemma by induction on the rank. For finite-degree groups
there is nothing to prove. Now let us fix some group G∗ ∈ H of rank at least
1, and let (G,G∗, 
) be a finite cover of G∗. By Lemma 6.3 we can assume
without loss of generality that (G,G∗, 
) ∈ A. This means that we can find some
groups H, ... , N0, N1, ... , Nk,H

∗, N ∗
0 , ... , N

∗
k and a finite cover (H,H ∗, �) ∈ A as

in Definition 6.2. By the definition of the rank we know that ranks of all groups
H ∗, N ∗

0 , ... , N
∗
k are at most rk(G∗). Clearly, all the fibers of all the covers (H,H ∗, �)

and (Ni,N ∗
i , �|Dom(Ni )) have size at most n. Thus, by the induction hypothesis there

are only finitely many options for the cover (H,H ∗, �) and the groupsN0, ... , Nk up
to isomorphism. Since these groups determine the cover (G,G∗, 
) we obtain that
G∗ has only finitely many finite covers with maximal fiber size at most n. �

Lemma 9.8. Let G∗ ∈ H, and d ∈ N. Then up to isomorphism there exist finitely
many groups G ∈ Sd which are isomorphic to some group L(G̃, G∗, D) where
(G̃, G∗, D) is as in item 2 of Theorem 7.10.

Proof. As we argued above, we can assume that the maximal fiber size of the
cover (G̃, G∗, 
2) is at most 5. SinceG∗ is oligomorphic, andD must be constant on
each orbit it is enough to show thatD(a) = (Fa, Ba, φa) can only take finitely many
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values for a given a (up to renaming the elements of Dom(Fa)). By Theorem 5.27 we
know that there are only finitely many possibilities for the pair (Fa, Ba), and since
|Fa : Ba | is finite there are also only finitely many options for the homomorphism φa .

�
Lemma 9.9. Let d, n,m ∈ �, d ≥ 1. Then there exist finitely many groups G ∈ Sd

with �(G) ≤ n and w(G) ≤ m up to isomorphism.

Proof. Suppose that G satisfies the conditions of the lemma. Let (G̃, G∗, D)
be as in item 2 of Theorem 7.10. Since G is a cover of G∗ with transitive binding
groups we have �(G∗) ≤ �(G) ≤ n and w(G∗) ≤ w(G) ≤ m. Combining this with
Proposition 9.6 and Theorem 9.3 we obtain that there are finitely many possibilities
for the groupG∗ up to isomorphism. Then the statement of the lemma follows from
Corollary 9.8. �

The following is a direct consequence of Lemma 9.9.

Corollary 9.10. S contain countable many groups up to isomorphism. Equiva-
lently S contains countably many structures up bidefinability.

Now we are ready to prove Thomas’ conjecture for the class S .

Theorem 9.11. Every group inS has finitely many closed supergroups. Equivalently,
every structure in S has finitely many reducts up to interdefinability.

Proof. LetG ∈ S. Then by Corollary 7.11 we know thatG ∈ Sd for some d ∈ N.
Now letG+ be a closed supergroup ofG . ThenG+ is also contained inSd . Moreover,
we have �(G+) ≤ �(G) and w(G+) ≤ w(G). Therefore, by Lemma 9.9 there are
finitely many possibilities for the group G+ up to isomorphism. The statement of
the lemma then follows from Lemma 9.4. �

Note that since every structure in S is finitely homogenizable (see Corollary 7.14),
it follows that all these structures indeed fall into the scope of Thomas’ conjecture.

§10. Interpretation of structures with not too fast unlabelled growth. In this section
we show that all structures in S are interpretable in (Q;<). Our strategy is to use
Theorem 7.12 by showing that all constructions listed in the theorem preserve
interpretability in (Q;<).

Definition 10.1. Let A and B be structures. We say that I is an interpretation of
B in A if there exists some d ∈ � such that I is a partial surjective map from Ad to
B such that for every atomic formula ϕ(x1, ... , xk) in the signature of B the relation

I –1(R) := {(a1
1 , ... , a

d
1 , ... , a

1
k, ... , a

d
k ) : B |= ϕ(I (a1

1 , ... , a
d
1 ), ... , I (a1

k, ... , a
d
k ))}

is definable in A.
We say that A interprets B, or B is interpretable in A, if there exists an

interpretation of B in A. For a fixed structure A we write I(A) for the class of
structures which are interpretable in A.

Let us consider some interpretation I as in the definition above. By applying
the definition for the formula (x = x) we see that the domain set of I needs to be
definable. Moreover, by applying the definition for the formula (x = y) we obtain
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that the kernel of the map I : Dom(I ) → B also needs to be definable in A. This
means essentially that the domain set of B can be thought of as a definable quotient
of some definable substructure of some power of A and every relations of B needs
to be represented by some set of tuples which are also definable in A.

We start with some easy observations about interpretability in a given structure.

Lemma 10.2. Let A,B,C be relational structures such that A has at least two
elements, B,C ∈ I(A) and B and C have disjoint signatures. Then B  C and B � C
are interpretable in A.

Proof. Let I : Ad → B and J : Ae → C be interpretations of B and C,
respectively. We can assume without loss of generality that d = e and that B and C
are disjoint.

Let us define the partial map

I + J : Ad+2 → B ∪ C, (a1, ... , ad+2) 	→
{
I (a1, ... , ad ) if ad+1 = ad+2

I (a1, ... , ad ) if ad+1 �= ad+2

wherever it is defined. Then it is easy to see that I + J is an interpretation of B  C

in A.
For the other claim we simply consider the partial map

I × J : A2d → B × C, (a1, ... , a2d ) 	→ (I (a1, ... , ad ), J (ad+1, ... , a2d ))

wherever it is defined. Then it can be checked easily that I × J is an interpretation
of B � C in A. �

Corollary 10.3. Let us assume that A has at least two elements, and B ∈ I(A).
Then every strongly split finite cover of B is interpretable in A.

Proof. Clearly, every structure interprets the one-element pure set as witnessed
by the constant map. It is also clear that I(A) is closed under taking reducts, therefore
it is enough to show that every strongly trivial finite cover of B is interpretable
in A, i.e., for all finite subsets (F ; =) �B ∈ I(A). This follows directly from
Lemma 10.2. �

Theorem 10.4. S ⊂ I(Q;<) and H ⊂ I(�; =).

Proof. By Theorem 5.2 we know that all finite covers of reducts of (Q;<) are
reducts of some strongly split finite cover of (Q;<). Therefore, by Corollary 10.3
all these structures are interpretable in (Q;<). Then the statement of the theorem
follows from Theorems 7.12 and 2.22 and Lemma 10.2. �
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