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SUMMARY

An autonomous motion planning framework is proposed, consisting of path planning and trajectory
generation. Primarily, a spacious preferred probabilistic roadmap algorithm is utilized to search a safe
and short path, considering kinematics and threats from obstacles. Subsequently, a minimum-snap
and position-clearance polynomial trajectory problem is transformed into an unconstrained quadratic
programming and solved in a two-step optimization. Finally, comparisons with other methods based
on statistical simulations are implemented. The results show that the proposed method achieves
computational efficiency and a safe trajectory.
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1. Introduction

Quadrotor has received much attention in recent years due to its promising applications in dangerous
and confined environment, such as surveillance, detection, and delivery. Motion planning module
plays an important role in these autonomous missions. Generally speaking, there are two crucial
issues to be considered, the front-end path planning and the back-end trajectory generation. Path
planning algorithms generate a short and collision-free path from a beginning point to a final point,
while trajectory generation algorithms create a feasible trajectory, considering dynamic properties
and time information.

Search-based methods are typical representatives of motion planning. Search-based methods dis-
cretize the configuration space and convert the path-finding problem to graph searching. Common
methods like Anytime A* (ARA*),! Jump Point Search (JPS),> and hybrid A*3 have been used for
mobile robots in many applications. However, it is impractical for a dynamic system with six degrees
of freedom to explore the full state space using incremental search-based techniques. Liu* formulates
the trajectory generation problem as a minimum-time optimal control-based graph search. A linear
model of the quadrotor is established, followed by searching time-optimal motion primitives in a
discrete space. The work is extended to enable aggressive flight with attitude constraints in cluttered
environments, and a hierarchical refinement process is proposed to accelerate planning in higher
dimensions by prior lower-dimensional trajectories.’ Furthermore, motion uncertainty, constraints
on field-of-view, and dynamic environments are taken into consideration.® However, the complexity
of the search grows exponentially as the space size increases. Also, there are no explicit criterions for
the discretization of control input. To achieve better time allocation, Gao’ proposes a fast marching-
based searching method on Euclidean Signed Distance Field (ESDF) map, by building a reasonable
velocity field according to the distance of obstacles. Ding® proposes a real-time B-spline based kino-
dynamic (RBK) search algorithm, which transforms a position-only shortest path search (such as A*
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and Dijkstra) into an efficient kinodynamic search, by exploring the properties of B-spline param-
eterization. To cope with the potential sub-optimality and grid discretization in the RBK search, an
elastic optimization is used to refine the trajectory. Since search-based method usually depends on
discretization of the configuration space or state space, it is not computationally efficient to explore
a large amount of states in high-dimensional spaces. One way to cope with the difficulty is to use an
efficient heuristic function.

Sampling-based methods are widely used to solve path planning problems. Rapidly exploring
random tree (RRT) method is proposed by LaValle.® This method allows to search nonconvex high-
dimensional spaces, randomly build a space-filling tree, and grow toward the target. However, as
the number of samples increases, RRT converges almost surely to a nonoptimal value. In order to
make the sampling-based method asymptotic optimal, a rapidly exploring random graph (RRG) and
a probabilistic roadmap algorithm (PRM) are developed.!” RRG and PRM are variants of the RRT
algorithm, as they connect new samples not only to the nearest node but also to all other nodes within
a nearby region. Gao!! utilizes RRG algorithm to generate an initial path directly on voxel map. In
his method, a K-d tree built by the voxels is used to evaluate the safe volume of a sampling point,
and nodes that have enough safe volume are added to the graph. Finally, A* is used to search a
minimum distance path on the graph. Based on Gao’s work, Lin implements the informed random
sampling scheme to improve the efficiency of sampling as well as the optimality of the path.'> A
novel variant of the RRG algorithm, called RRT*, is proposed by Karaman,'? which inherits the
asymptotic optimality of the RRG algorithm while maintaining a tree structure. Richter'# utilizes the
RRT* algorithm to find a collision free path, considering only the kinematics of the vehicle.

The path found by the front end cannot be directly executed by vehicles since it may be discon-
tinuous or contain unnatural swerves. Therefore, the path is further optimized to generate a safe,
continuous, and dynamically feasible trajectory, which is considered as executable. There is plenty
of research on algorithms and applications of trajectory generation for quadrotors, from bio-inspired
method to polynomial optimization method. Zhang and Xie!>~!° have developed tau theory and its
variants in a rapid point to point trajectory generation of perching for the quadrotor, not taking obsta-
cles into consideration. As the quadrotor is proved to be a differentially flat system, its trajectory
can be described as piecewise polynomials.”’ When collision avoidance is taken into account, more
constraints need to be added to guarantee safety. To ensure the trajectory collision-free with more
likehood, it is useful to build a Safe Flight Corridor (SFC). The straight-line path is enclosed by
the SFC, and a convex optimization problem can be formulated to constrain the trajectory inside the
SFC. A mixed integer method (MILP/MIQP) is proposed to ensure a collision-free trajectory.?!~%3
While it is not efficient since solving MILP/MIQP takes seconds to minutes. To efficiently gener-
ate an obstacle-free trajectory from a straight-line path, geometric constraints have been proposed.
Mellinger?® implements a specific corridor for the straight line, and the generated trajectory is con-
strained in the corridor. Oleynikova®* formulates the trajectory optimization problem as a nonlinear
optimization over the penalty of the safety and the smoothness and a loco resample method to gener-
ate collision-free trajectory in her further work.>> Furthermore, to maximize obstacle clearance and
preserve topological connections within the space, Oleynikova®® extracts a 3D Generalized Voronoi
Diagram from an ESDF map and then constructs a skeleton sparse graph. Path planning over this
graph has orders of magnitude speed-up than other methods. Lai?’ uses B-splines to enforce the
safety and motion limitations over the entire trajectory. In his another work,?® safe zones are repre-
sented with multiple interconnected bounding boxes which can be arbitrarily oriented, and the jerk
limited trajectory generation has been extended to cover the cases with asymmetrical motion limits.
Gao'! uses the point cloud map to directly find a collision-free flight corridor that consists of multiple
overlapping free space balls and turns the polynomial trajectory generation problem into a quadrati-
cally constrained quadratic programming (QCQP). The trajectory is represented as piecewise Bézier
curves by using the Bernstein polynomial basis, and the optimization problem is solved as a convex
program.?® By using Bézier curves, the position and kinodynamics of the trajectory are entirely con-
strained within the flight corridor. This method treats all the free space in the flight corridor equally,
which may result in a trajectory close to obstacles. Therefore, Lin'? proposes the gradient information
in the environments to add a penalty based on the distance to obstacles, thus pushing the optimized
trajectory away from obstacles. Liu*® derives an efficient convex decomposition method to build a
SEC from a piecewise linear skeleton, and the SFC provides a set of linear inequality constraints
in the quadratic programming (QP). Huh?! constructs a convex probabilistically safe corridor using
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tangent hyperplanes of confidence ellipsoids of GMMs, and then projects the sample goal onto prob-
abilistically safe corridors, which efficiently steers a safe direction and stepsize. The SFC problems
are generally solved as a constrained QP problem. To obtain the convex formulation, these methods
adopt the time allocation technique that requires the estimation of the time for each segment, and
an inaccurate estimation usually leads to an inadequate or infeasible solution. Unconstrained QP is
proposed by Richter,'* which can be solved in closed-form. If the trajectory intersects with obstacles,
additional intermediate waypoints are added, and the trajectory is generated again. Both numerical
stability and computational efficiency are improved in this way. However, it requires many iterations
to generate a collision-free trajectory, especially when it is in a narrow environment.

According to the above literatures, it is sensible to generate a spacious SFC in the process of
path planning. Because this can ensure computational efficiency as well as collision-free for the
trajectory generation optimization. In this paper, our motion planning framework also consists of
two parts, the front-end path planning and the back-end trajectory generation. In path planning, we
focus on the strategy of finding a straight-line path with a spacious corridor. Unlike most of the
literations,'!-2%30 in which the SFC is constructed after a shortest path generated, we try to construct
it when searching the path. Our method is similar to motion primitive methods,>’ but avoids uniform-
cost grid map and ensures computational efficiency in 3D environment. In the planning process, a
sparse graph is generated based on PRM, and each edge is described with a property of the minimum
radius from obstacles. When searching a straight-line path with A* algorithm, a more spacious path
is searched by utilizing a cost function that trades off between the threats from obstacles and the
distance. We will use SP-PRM as an abbreviation of spacious-preferred probabilistic roadmap in
the following. In trajectory generation process, a minimum snap and position-clearance polynomial
trajectory problem is transformed into an unconstrained QP and solved in closed-form efficiently. If
the trajectory collides with obstacles, it can be pulled close to the path due to the control function of
position-clearance.

The paper is structured as follows. In Section 2, the SP-PRM algorithm is introduced and
implemented to generate a sparse graph, followed by a spacious path. Minimum snap and position-
clearance trajectory generation based on polynomial optimization is presented in Section 3. Section 4
shows the related results and comparisons of simulations. Finally, conclusions are given in Section 5.

2. Path Planning

2.1. Map Representation based on voxblox

Map representation of the environment is central to the algorithms of path planning and trajectory
generation. Our map representation depends on a dense voxel map of Euclidean Signed Distance
Field (ESDF), which is built using voxblox.*? In this map space, each point is stored with its distance
to the nearest obstacle. In the scenario of this paper, the ESDF map is built and processed off-line,
and our work is to create a sparse topological graph and search a safe and short straight-line path,
using the SP-PRM algorithm.

2.2. Generation of a sparse graph

In order to obtain a sparse graph, a sampling-based method is adopted to generate points that connect
others, including the beginning point and the goal point. Based on the advantage of the ESDF map,
the safe radius of an arbitrary point in the map can be easily obtained. In addition, we can locate the
point with the smallest safe radius for an arbitrary edge, using a specific interpolation method. The
primary pseudocode of the algorithm is presented in Tables I and II. In Table I, a graph G is initialized
with the beginning point and the goal point. In this graph, a point p consists of two parts, the position
p.c and its safe radius p.r. The while function attempts to sample N points randomly and find valid
connections with their neighbors. During each pass in the loop, a new position p,,.c is generated
by the sample function in the first place. According to the ESDF map, the safe radius of the new
position, p,,.r, which can determine whether it is a valid position, is obtained by the radius function.
Once the new position is valid, its K nearest neighbors in graph G can be find by neighbors function.
For each of the neighbors, a check function is used to determine whether it can be connected with the
new position. What is worth mentioning, the minimum safe radius of the connection line is obtained
by check function at the same time.
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Table 1. Main loop.

Sample and connect points for PRM

Requires Voxblox Map M
G<pp, G<pg, i <0
while i < N do
Pm-c < sample(), p,,.r < radius(p,,.c, M)
if p,,.r >ry
G<—GUpp
for p, € neighbors(p,,, G)
if check(p,, pn, Fmin)
connect(p,,, p,)
end if
end for
end if
i<—i+1

end while

Table II. Interpolation process.

Check whether to generate an edge, and obtain a minimum safe radius

DPm.r < radius(p,,.c, M), p,.r < radius(p,.c, M)
Fmin <— Min(p,,.r, p,.r)

D.C < Py.Cy ¥ <= Pp.T

d < distance(p,,.c, p,.c)

while » < d do

(pn.cxr+(d—r)xp.c)

] , p.r < radius(p.c, M)

p.c <
if p.r <r,
return false
end if
d<d—r,r<p.r
Pinin <— Min(r i, 7)
end while

return true

The pseudocode of the check function is presented in Table II. In this process, two points are given
as the inputs, and a linear interpolation is used to obtained a new position step by step. Specifically
speaking, a linear ratio of interpolation is calculated as Z, where r is a safe radius of the start point,
and d is a distance between the two points in each cycle. If the new interpolated point has a safe
enough radius for the quadrotor, take it as the start point in the next cycle. Otherwise, break this
function, which means that the connection is invalid. In addition, rp;, equals the minimum safe
radius when all cycles are over.
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2.3. A*algorithm through sparse graph

As presented above, a sparse graph has been created. Since there are multiple feasible paths from
the beginning point to the goal point in the graph, a search-based algorithm A* is utilized to find an
optimal one, considering a specific objective function. A* is a typical heuristic search algorithm, and
it is a crucial issue how to design cost function of this algorithm. As is known to all, a cost function
value consists of two parts: an actual cost function and a heuristic function.

f(p)=g(p)+h(p) ()

where p is the next point on the path, g(p) is the actual cost of the path from the beginning point to
p, and h(p) is a heuristic function that estimates the cost of the optimal path from p to the goal. If
the heuristic function does not overestimate the actual cost to the goal, A* algorithm is guaranteed
to find an optimal-cost path. As the cost of a path is the sum of its edge costs, it is significant to
define the edge cost. In general, it is in Euclidean metric.'! While we make a different definition in
this paper. For each edge, whose start vertice and end vertice are p, and p,, respectively, the cost
function c(e) is defined as follows:

c(e) =d(e)w(e) +max(0, zg — z5) 2
w(e) = wi(e)ws(e) 3)

where d is the edge length, w(e) is the edge weight, and z is the vertical component of a point.
The edge function w(e) contains two parts, wi(e) and w;,(e). The major advantage of wj(e) is to
ensure a relatively wide straight-line path which tends to keep away from obstacles, while w,(e)
is responsible that the straight-line path can be optimized to an obstacle-free trajectory in a high
probability, by constraining the length of each line. As shown in Egs. (4) and (5), both w;(e) and
wy(e) depend on the minimum safe radius ry;,(e) of the edge, which is obtained in the generation
process of the graph.

n (rmir:(;)rirs> + 1, if rg < rmin(e) <ry

“

wi(e) =
1, ifrmin(e)zru

d(e) 2
wo(e) =ay (— — a2> +1 5

rmin(e) — I

where r; is the minimum radius that the quadrotor can pass through, r, is the maximum radius
that can affect the flight of the quadrotor, and a; and a, are constant numbers. The probability of
a collision with obstacles increases, as the value of ry,(e) decreases. Therefore, a smaller ry;,(e)
makes a bigger w) (¢), which lead the algorithm to search a path keeping away from obstacles.

In a real flight, the quadrotor follows a smooth trajectory, not a straight-line path. The former is
optimized from the latter, which will be introduced in Section 3. Generally speaking, an optimized
trajectory has an overshoot relative to the straight line. The overshoot is probably larger than the
secure radius of the line and results in an intersection with obstacles. It is more likely to intersect
with obstacles for the trajectory from a longer straight line in a narrow scenario. On the other hand,
a shorter straight line in a wide scenario is less efficient. Therefore, to avoid both cases, w;(e) is
proposed to adapt the length of edge to the environment. Intuitive descriptions of the functions are
presented in Fig. 1. As a result, the quadrotor has to get through the edge in a lower speed, which
adds to the time cost. In the second part of this equation, it takes an additional power cost if there is
an increase of height in the edge. The definition of w(e) is defined in equation. Finally, we choose to
use the sum of Euclidean distance and Manhattan distance in positive vertical direction as a heuristic
function, that is,

h(v) =d(p, pg) +max(0, z; — 2) (6)

where d and max means the Euclidean distance and positive vertical Manhattan distance between
two points, respectively. Finally, a simple 2D and a 3D verifications of our method compared with
PRM are presented in Fig. 2.
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Fig. 1. Descriptions of weights with specified parameters. In (a) r, = 1 and r; = 0.3. In (b) a; = 0.01 and a, = 4.

Xi{m) Xifm)

Paths in easy environment Paths in medinm environmment Paths in hard environment

Fig. 2. Paths generated by SP-PRM compared with PRM in different maps. Paths in blue lines are generated
by SP-PRM, while those in red lines are generated by PRM. The simple 2D simulations are presented in (a)
and (b). (a) With a spacious and a narrow corridor. (b) With a narrow corridor only. Obviously, there is a more
spacious corridors to choose in (a) for SP-PRM. As there is only a narrow corridor, the path generated by SP-
PRM stays as far away from obstacles as possible. (c) A 3D machine hall map based on voxblox.>? The original
paths may be in zig-zag patterns in a 3D map, green lines and black lines corresponding to SP-PRM and PRM.
After random path shortening process,>® the blue lines are the final path for SP-PRM and the red ones for PRM.
Obviously, the blue path has a more safe corridor than the red one.

3. Trajectory Generation

In this section, an analytical method is proposed to optimize a minimum-snap as well as position-
clearance polynomial trajectory. Before the optimization, the straight-line path has been obtained
based on the SP-PRM method mentioned in Section 2, which has a considerable spacious corridor.
To ensure computational efficiency and numerical stability, the optimization problem is transformed
into an unconstrained QP.

3.1. Cost function

As presented in ref. [20], the quadrotor dynamics with four inputs is differentially flat. Thanks to the
differential flatness property of the dynamic model, it is possible to reduce the full state space of the
quadrotor to the position and yaw angle and their derivatives. With the advantage of differentiabil-
ity, polynomial trajectory is really a good choice to be used as a representation of the quadrotor
dynamics. We focus on generating a minimum-snap as well as position-clearance polynomial
trajectory.

3.1.1. Cost function based on minimum-snap. According to ref. [14], the cost function of the tra-
jectory optimization is derived from the square of the snap. They are meaningful since the input
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(%o M5 2¢) (Xi+1, Vie1r Zis1)

Fig. 3. Distance from a point to a straight line. q is the vector of a segment line, which equals (x;;; —
Xiy Yi+1 — Yi» Zi+1 — Zi), and r is the vector from the start point of the segment line to an arbitrary point of
the corresponding trajectory, expressed as (x — x;, ¥y — Vi, 2 — Zi)-

variables are algebraically related to the snap. By concatenating cost matrices in a block-diagonal
matrix, the minimum-snap cost function can be respectively described as follows:

p [ P,
Ji= /0 POy = : D |=p"Q%p ()
Py QYW (Ty) | Lpu
In this expression, p; = [ pit ... Di N]T e RV*! is a vector of the N coefficients in the ith polynomial

segment, and Q§4)(T,<) e RV s the corresponding cost matrices with time duration 7. Here we
make N = 10, so they can be expressed with basic matrices.

Ti 4 5 6 7,8 9 77
@y T _ 2 3 4 5 6
Q! (T,)_/O B,B!, B,= [0, 0,0, 3!, —I!T, —2!T ,—3!T ,—4!T ,—5!T ,—6!T } 8)

3.1.2. Cost function based on position-clearance. As the SP-PRM method is implemented in
Section 2, the straight-line path has a considerable safe corridor. Due to this fact, it is safe to keep
the trajectory close to the straight-line path. Therefore, the cost function for position-clearance can
be described as the distance between the trajectory and the path. In order to simplify things, we just
deduce the equation for the ith segment. We use a vector-based method to calculate the distance, and
the schematic diagram is shown in Fig. 3.

According to the figure, the squared distance from the trajectory point to the line can be described
and arranged as Eqgs. (9) and (10).

2 2 2 2

rq oh

l2=|r|2—<—) =—+=+—==P+Ph+P &)
lq] fo fo  Jo :

fi1=0ip1 —yi)x + (6 —xi31)y + (Xip1Vi — X Vig1)

o= @iy —z)x + (5 — xip)z + (X120 — XiZig1) 10)
f3=Git1 —z2)y + i = Yitr1)Z + Yig1Zi — YiZi41)
fo= i1 —x)* + Gis1 — y)* + (@ig1 — 2)?

To solve one of the three dimensions, we assume the other two known. For example, to solve p, ., Py,
and p,, are already known. For simplification, we take the solution of p, as an example. Then p, and
p. are already known, which means that P; does not contain unknown variables and can be ignored
when taking derivatives. Therefore, P; can be written as a form corresponding to Eq. (11).

Py = (sip,, + Ap)" Q;(sip,, + Ap;)
Ap, = (xi = Xi4 )Py, + (Xip1Yi — Xi Vit 1)Py,

’ Vo
_ Yk =i V<N

VR
Q; =/, BB

(11)
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where p, =[1,0,...,01" e R'>! and B=[1,T, T T3, T* 75, 7% T7, T*, T°)]. Similarly, P,
can be expressed in the same form. Finally, by using block-diagonal matrices S and Q, the position-
clearance cost function is formulated as:

S Q. (T)
Sy Qu(Ty)

J»=(Sp + Ap)" Q(Sp + Ap) -
=p’S"QSp + Ap"QSp+p’S"QAp + Ap" QAp

Considering weight parameters W, and W, to trade-off smoothness and clearance, the formulation
of the complete cost function can be finally written as:

J=WiJi + Wals (14)

3.2. Unconstrained quadratic programming
As there are two endpoints of each segment, fixed or free constraints of position, velocity, acceler-
ation, jerk, and snap are implemented on each endpoint. Therefore, we can deduce the constraints

equations for the ith segment.
A c
Aipizc,»,A,:[ “} ,ciz[ 0} (15)
Ar ; ¢r |,

Here, A; is a mapping matrix between coefficients and endpoint derivatives, A, for the beginning
point, and Ay for the end point of the ith segment. As mentioned above, each endpoint has five
constraints, no matter fixed or free. Therefore, A; is formulated as follows.

1T 0 0 0 0 0 0 0 0 07
01! 0 0 000O0O0O0
Ag= 1|0 20 0 0 00 0O (16)
0 3 0000 00
0 0 4 0 0 0 0 0
r1 T; 7}2 Tl3 Tl4 Tis 7*16 T17 ]‘;8 T19 1
2! 3! 4 5! 6! 7! 8! 9!
o 1 =1 Z=r* =713 Zr1* =Z71> =T1° —717 =T8
1! 2000 3170 4t s et gL
3! 4 5! 6! 7! 8! 9!
' Do T2 23 Pgd Ttps s Ope 7 g
e e TR TR TR TR A R R T (17)
4 5 6! 7! 8! 9!
0 0 0 3 T =T? T3 —T* =T ZT°
1! 2000 317 41t 51 6L
5! 6! 7! 8! !
0 0 0 0 4! =1, —=T1* =713 =T 9_T.5
L 1! 2000 3100 4t 5

¢; € R' is a vector containing 10 constraints, 5 for each point of the ith segment. In order to keep
continuity, constraints at the end of the ith segment must match those at the beginning of the (i + 1)th
segment.

(18)

€1, = Coyyy
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Therefore, the whole constraints can be formulated by concatenating mapping matrices in a block-
diagonal matrix in Eq. (19).

A P; ¢
Ay Py Cm

Now, by constituting (7), (13), and (19) into (14), we can get a new quadratic cost function. If we
assume 7; as known parameters, then the cost function is only determined by the constraints of all
endpoints.

J=W, (c"A7"STQSA "¢+ Ap"QSA e+ c"ATS"QAp + Ap” 0 Ap)
(20)
+ WieTATTQWA e

Generally speaking, five constraints are all fixed for the start point and the goal point, while the
position is fixed and its four derivatives are free for each intermediate point. With this in mind, we
can reorder these variables, by putting fixed constraints together as ¢y and those free as ¢p. Here, ¢p
is predefined known before the trajectory optimization, and ¢p are the variables to be optimized. ¢’

can be reordered as:
. T
= [ F} 0 1)
Cp

In this expression, O is a permutation matrix with ones and zeros to accomplish this reordering. Now
constitute (21) into (20) and group the new augmented matrices into a single matrix.

T T T
C C C C C (¥
T=W, [F} H[ F]+E|: F}r[ F} E’ +B +W1|: F} H(4)|: F} (22)
Cp Cp Cp Cp Cp Cp

In this expression, H=O0A"7STQSA'07, E=Ap"QSA~'0O”, B=Ap’QAp, H® =
OATQWA~'0T. Furthermore, (22) can be written in a partitioned form according to indices of the
fixed and the free derivatives.

T T
I—w Cr Hrr Hpp || cF N Er cr N
- cp Hpr Hpp || cp Ep cp

T T (4) “
cr Er cr Hyr Hpp || cr
E B[+ W 4) )
cr P cr Hpp Hpp cr
Finally, we deduce the Jacobian of J with respect to the free variables ¢, and assign it to zero, then
the solution can be found.

—1
cp=— (WzHPP + Wng‘;) [(WZHPF + Wng}) cr+ WZEP] (24)

Before the solution, there are two problems to be considered. The first is time allocation. According
to (8) and (16), A; and Q; are matrix consisting of 7; in each segment. Therefore, we need to allocate
time for each segment in advance before optimization. A naive time allocation method is to map the
path into time domain using trapezoid velocity profile, but may result in large velocity and acceler-
ation out of threshold. Inspired by Richter,'* we also map the path into time domain using sigmoid
velocity profile. The approach is described in Eq. (25).

2d
2d max -
t= 14 k2™ o Vnna (25)

vmax amax
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k is a magic number decided by the user. A large k leads to conservative dynamics and a small
one corresponds to aggressiveness. The second problem is dynamic constraints, while it is hard to
optimize if we formulate them as nonlinear inequalities. Therefore, we do not consider the constraints
when solving the QP. After the trajectory is obtained, an time scaling method®° is implemented to
ensure the dynamic constraints, keeping the geometry of the trajectory no change.

3.3. Solution strategy

3.3.1. Two-step optimization framework. According to Mellinger®® and Richter,'* the three dimen-
sions are decoupled in both the cost function and the constraints so the problem can be separated into
three optimization problems. However, it is different in our research because the partial cost function
J> is coupled in three dimensions. To solve the optimization problem in our research, we propose a
two-step optimization strategy as follows:

1. Optimize the problem with the cost function J; only, which is the same as ref. [14]. After the
optimization, we can obtain an initial solution to each dimension. If the initial trajectory is col-
lision free, it is taken as the final trajectory and the optimization stops. Otherwise, step 2 will be
implemented.

2. Reoptimize the problem based on the total cost function J; and J,. As the initial trajectory is
obtained in the former step, the coefficients of three dimensions, py, p,, and p; are already known.
Therefore, a new p, is solved in the second-step optimization, coupled with known p, and p..
Then this dimension is updated after the solution. Similarly, repeat the process for the other two
dimensions. Finally, the second-step optimization stops until all the three dimensions are updated.

The first-step optimization is only based on the minimum-snap cost function, and its solution is taken
as the initial trajectory. After the first-step optimization, the initial trajectory is probably away from
the searched path and collides with obstacles. If this situation happens, the second-step optimization
can quickly pull it close to the path and regenerates a much safer trajectory. More details will be
demonstrated in the following Section 3.3.2.

3.3.2. Cost nondimensionalization and iteration. Note that the cost function consists of two parts
according to (14), it is a critical problem how to arrange the weight for each part. Generally speaking,
the value of J, is much larger than that of J; after the first-step optimization. There are two reasons:
the first and most decisive one is that we just take minimizing J 1 into consideration in the first-step
optimization; the second one depends on the maximum velocity and acceleration of the quadrotor
and the geometric shape of the path. Due to the above reasons, the difference between J; and J,
depends much on different situations, which make it not easy to decide the values of W; and W,. To
obtain an analytical solution, we make the cost function dimensionless. Therefore, W; and W, can
be arranged as follows:

1
Wi =—

Ji

1 n €0, o) (26)
Wy =—

J>

where J; and J, are the respective snap and position cost values in the current solution, and 7 is an
factor to determine the approaching rate between Ji and J,. Readers should distinguish that J; and
Jp are cost functions for the next solution, described as matrices with unknown coefficients, while
J1 and J; are cost values under the current solution. According to (26), we just give an appropriate
value of 7 to solve the second-step optimization with different requirements. To demonstrate how the
different values of n work, we implement a simple 2D simulation in a corridor-like environment. In
the simulation, we choose Vmax = 2, dmax = 2, 1 = (0, 0.5, 1, 5, 10, 50, 100). The optimization results
are shown in the following Fig. 4(a) and Table III.
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Table III. Optimized parameters with different values of 7.

n 0 0.5 1 5 10 50 100
Jy 0.73 0.80 0.88 1.20 1.41 2.26 278
J 56.91 27.25 18.17 6.42 4.19 1.20 0.60
v(m/s) 2.00 2.00 2.00 2.00 2.00 2.00 2.00
a(m/s?) 0.81 0.87 0.92 0.93 0.91 0.89 0.89
1(s) 29.32 27.66 27.12 27.54 28.10 29.11 29.38
(a) (b)
14 B :
; b4 P
10 o
E )
=
6l
a4l
2 -
% 2 4 6 8 0 12 14 % 2 4 6 8 10 12 14
x(m) x(m)
— =] — =1 —_— =10 — =100 — =) — =2 — = — =
—_— =05 == =5 n=50 == Path _—i=] = i=3 i=5 == Path
Trajectories with different values of n Iterated Trajectories with n = 1:5

Fig. 4. The dashed line is the straight-line path. As the path has a drastical change in directions, there is a
large overshoot in the first-step optimized trajectory which is the blue curve with n = 0. (a) It is obvious that
the second-step optimization can pull the trajectory close to the path, and the value of 7 can determine the
amplitude of the change. As can be seen in the figure, the trajectory becomes collision-free when n =5, 10,
50, and 100. (b) n = 1.5 is chosen for iterations. The trajectory converges to the path in exponential rate and
its amplitude approximately becomes to a half after each iteration. It is obvious that the trajectory becomes
collision-free after two iterations and almost coincides with the line after five iterations.

From the results of the table, We can summarize some qualitative conclusions:

T42x 7 T42x
boundary in this simulation, while this value differs in different situations. However, we do not
need to know the specific value.

2. The final trajectory is scaled until either v or a meets its constraint according to.*® Inspite of
the same allocated time, the final scaled time is different after the optimizations with different .
There seems to exist a minimum value of the scaled time, and it occurs when the optimized value
of J is equals to 2.

3. When the value of J, has a n-times change, the amplitude of the overshoot has an approximately

/n-times change. This is because J> is an integral of the squared distance.

1. After the optimization with 7, J is approximately changed to ( b 2) ) Ten is kind of the

These conclusions are instructive for us to choose the value of 1 and implement the optimization. For
example, if we want to approximately change the overshoot to a half, we can make 1 equal to 1.5.
Based on this principle, we can accomplish the second-step optimization in an iterative process. The
pseudocode is shown in Table I'V.
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Table IV. Optimization process.

OptForSmooth()
fori <~ Oton:
if CollisionFree():
break

else:

f1 <« ComputeJ;(), fz <« ComputeJ,()

1 U
Wi« —, Wy < —
Ji Jy
OptForSmoothAndPosition()
end if
i<i+1
end for
(a) (b)
; . ; : : 38 :
.0 —a =05
5| —a j=15
3 —a 3
5 B—a 5
— 30
. 26 1 1 1 1 1
0 2 4 6 8 10 12 14 16 0o 2 4 6 8 10 12 14 16
iterations iterations
Cost Value J, versus iterations Flight time versus iterations

Fig. 5. (a) fz changes in an exponential rate and it converges in several iterations. (b) There is a minimum value
for the flight time, and we can get an approximate one for it after one or two iterations, depending on n. When
the trajectory converges to the path, the flight time also converge to that of the velocity ramp method.?

OptForSmooth function is used as the first-step optimization only with the cost function J;. Then
a small and appropriate value of 7 is chosen, and the second-step optimization is implemented iter-
atively. In each loop, it stops if the trajectory is collision free. Otherwise, values of Jy and J, under
the current solution are computed, followed by the update of W; and W, according to (26). Finally,
the trajectory is optimized by OptSmoothAndPosition function, taking both J; and J, functions into
consideration. In addition, the loops should stop when satisfying a number of times . In this process,
the value of J, converges in an exponential rate as shown in Fig. 4(b). In addition, the cost value J,
and the flight time ¢ over iterations are also presented in Fig. 5.

3.3.3. Control for each segment. As we have known in the above section, 1 has a direct impact on
the change of b. According to Fig. 4(a), each segment becomes collision-free with different values
of n (0 for the first segment, 5 for the second, 1 for the third, and 0.5 for the last). It is more reasonable
to choose different values of n for each segment. Therefore, we formulate a vector for 1, which is
n=10,5, 1, 0.5]. The optimized trajectory is shown in Fig. 6, compared with the corresponding
trajectory with single value of 5. It is another key point how to choose an appropriate vector of 7. As
we have obtained a secure radius ry,;, for each segment in Section 2, it is instructive for us to decide
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Y L R SONTY JEL T . S
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y(m)

L=

— =) — =1 — =(0,5,1,0.5]

— n=0.5 — =5 = = Path

Fig. 6. Optimized trajectory for each segment. The black curve is the optimized trajectory with n = [0, 5, 1, 0.5].
It approximately coincides with the blue curve (n = 0) in the first segment, the cyan curve (n =5) in the second
segment, the red curve (n = 1) in the third segment, and the green curve (n =0.5) in the fourth segment. An
appropriate vector of n plays an effective and flexible role in the optimization process.

a value for the corresponding segment. Suppose that 7; is the secure radius, and R; is the maximum
distance from the trajectory to the path in the ith segment. We will choose a value of n; for each
segment, as an approximate formula.

Ri(R; — 1)
n=-——s—"

T

(27)

In this equation, we just assume Jy is proportional to 7> as mentioned above. Although it is an empir-
ical formula lack of proof, we do not need to be too precise for the iterated second-step optimization.
Analytical researches will be carried out in the future work.

4. Results and Simulations

As shown in the above sections, the proposed method is validated in some 2D simulations and proved
to be significant. Without loss of generality, we will evaluate it on real 3D datasets and compare with
other methods. Thanks to researchers of ETHZ lab for their contributions to the open-source code,**
we can fastly integrate our proposed method in it and compare with other methods. The simulation
is done on a laptop equipped with a 2.6 GHz Intel Core i7-6700HQ CPU and 8 GB RAM.

The evaluation benchmark is from the work of Oleynikova.26 Three kinds of datasets, named
“Shed,” “Rubble,” and “Machine-Hall,” are available for simulations, and we choose the ‘“Machine-
Hall” dataset in our research. Based on the complete global map, we compare different global
planning strategies and evaluate their performances. It is noted that a global planning strategy con-
sists of a front-end path searching method and a back-end trajectory optimization method, so four
methods are chosen for the front-end in Table V and 3 for the back-end in Table VI, finally combining
12 kinds of global planning methods.

Before the simulations, we should limit the number of added waypoints in the splitting approaches.
Because more additional points require more times of optimizations and increase the computational
complexity of the QP problem. Furthermore, more waypoints seem to result in more flight time of
the final scaled trajectory. Therefore, we choose five additional waypoints at most in our simulations.
In addition, we also limit the number of iterations to five in the two-step optimization method.

In order to guarantee statistical property, we run 100 simulations for each global planning strategy.
In each simulation, the start point and end point are randomly selected with a minimum of 2 m apart.
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Table V. The front-end path planning methods.

Front-end method Summary information

RRT* Probabilistically optimal planner, run for 2.0's

Skeleton A sparse topological planner, to compare with our method?®

PRM Probabilistic roadmap, to compare with our method. Preplanning for 2.0 s
and real-time planning for 0.1s

SP-PRM Our proposed method, the same setup with PRM

Table VI. The back-end trajectory optimization methods.

Back-end method Summary information

Loco Local trajectory optimization, with visibility waypoint resampling?®

Polynomial Minimum-snap trajectory optimization with unconstrained quadratic
programming and a splitting approach to ensure collision-free'*

Two-step opt Our proposed method, minimum-snap and position-clearance

trajectory optimization, with iterations for collision-free

(a) (b)
. - 1.0
0.8}
2 2
3 B oco S os B Loco
2 B Polynomial A I Polynomial
2 Bl Two-step Opt g o4 Bl Two-step Opt
7] 7
0.2
RRT" Skeleton PRM _ SP-PRM *® " RRT" Skeleton PRM _ SP-PRM
Planners Planners
Umax = lm/s, @max = 1 m-.ﬂz Umax = 4m/s, @pax = 4 TT]_.-52

Fig. 7. Success rate of 12 global planning strategies on Machine Hall dataset. (a) With a conservative initial
condition, our two-step optimization method is able to give smooth dynamically feasible trajectories as well as
the “Polynomial” method, a little better than the “Loco” method. In addition, paths generated by the SP-PRM
planner provide a better condition for the two-step optimization, resulting in a higher success rate. (b) With an
aggressive initial condition, our two-step method and the “Polynomial” method perform well as in (a), while
the “Loco” method becomes out of use.

In addition, the quadrotor is regarded as a sphere with a radius of 0.5 m, not considering attitude
angles. The corresponding success rate for each planning method is shown in Fig. 7.

In addition to the success rate, the run time and the flight time are two significant indicators to
evaluate the three smoothing methods. In the following, we simulate 100 times for a specified flight
task. In each simulation, the start point and the end point are fixed, and the straight-line paths are
generated by PRM and SP-PRM, followed by the three different smoothing methods. Corresponding
paths and trajectories of a typical simulation in the “Machine Hall” dataset are presented in Fig. 8.
In addition, the average of run time and flight time is shown in Fig. 9.

As we can see in the figure, the two-step optimization method runs a little faster than the polyno-
mial method and almost an order of magnitude faster than the loco method. As to the flight time, the
loco method performs the best, and the two-step optimization is slightly better than the polynomial
method. It is probably because the trajectory generated by the loco method is further away from
obstacles, which can be seen in Fig. 8. In summary, the proposed method can generate a fast and safe
trajectory with an efficient computation.
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(a) (b)

Trajectories base on PRM method Trajectories base on SP-PRM method

Fig. 8. Optimized trajectories in the “Machine Hall” dataset. The green line is the path, and the red, orange, and
blue curves are trajectories optimized by loco, polynomial, and two-step methods, respectively. (a) The path
generated by PRM is close to the obstacles, so the optimized trajectories are more likely to collide with them.
(b) The path generated by SP-PRM has a considerable safe corridor and the trajectories becomes safer and
easier to avoid collisions after optimization. It is also noted that the trajectories optimized by the “loco” method
have no significant difference between (a) and (b). That is because this method resample new waypoints and
tends to keep away from obstacles, which has the same purpose as SP-PRM.

(a) (b)

I Polynomial
EE Two-step Opt

B Polynomial

Run time(s)

EEl Two-step Opt

Flight time(s)

0.144s - 0.138s

PRM PRM SP-PRM

Planners Planners

Fig. 9. Performance parameters for different methods. As can be seen, our proposed method in blue bars makes
a good showing. (a) Average run time for different methods. (b) Average flight time for different methods.

5. Conclusion

We propose a framework of motion planning for the quadrotor in a known environment. In this
framework, path planning and trajectory generation are discussed as a front-end and a back-end,
respectively. A safe straight-line path is created based on a SP-PRM algorithm, followed by a
minimum-snap and position-clearance trajectory generation which is solved by an unconstrained
QP. Due to the penalty of position-clearance, the trajectory can be quickly pulled close to the path,
ensuring collision-free. Comparisons based on statistical simulations are designed to demonstrate the
validity of our method. SP-PRM prefers to search a path with spacious corridor, but not the most ideal
one due to the short cutting process. Finally, the minimum-snap and position-clearance optimization
makes a significant contribution to achieving computational efficiency and safe trajectory.

In the future, we will extend the work to a more appropriate map like ref. [35] for the best SFC.
We also plan to do more analysis how to adaptively trade-off the weights between minimum-snap
and position-clearance costs. Furthermore, we aim to challenge this method in extreme situations
such as complex and dynamic environments and finally implement the whole framework in a real
flight of the quadrotor.
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