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Evaluating the electron density model by applying an imaginary modification
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A function has been proposed to evaluate the electron density model constructed by inverse Fourier
transform using the observed structure amplitudes and trial phase set. The strategy of this function is
applying an imaginary electron density modification to the model, and then measuring how well the
calculated structure amplitudes of the modified model matches the expected structure amplitudes for
the modified correct model. Since the correct model is not available in advance, a method has been
developed to estimate the structure amplitudes of the modified correct model. With the estimated
structure amplitudes of the modified correct model, the evaluation function can be calculated approx-
imately. Limited tests on simulated diffraction data indicate that this evaluation function may be valid
at the data resolution better than 2.5 A. © 2017 International Centre for Diffraction Data.
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I. INTRODUCTION

In X-ray crystallography, the structure of a crystal is actu-
ally the electron density distribution in the crystal. The elec-
tron density distribution of a crystal is the inverse Fourier
transform of its structure factors. Unfortunately, only structure
amplitudes can be derived from the experimentally recorded
diffraction intensity data; phases of the structure factors usu-
ally cannot be measured directly. Various techniques have
been developed to derive the phases and then build the elec-
tron density map, such as the direct methods (Karle and
Hauptman, 1950; Woolfson, 1987; Woolfson and Fan,
1995), which have been dominating the small-molecule
X-ray crystallography. In a previous paper (Li et al., 2015),
we have proposed a new strategy to derive the phases for
observed structure amplitudes: the correctly retrieved electron
density map is identified by an evaluation function (or a figure
of merit) from a tremendous number of electron density mod-
els, which are constructed by assigning all possible phase sets
(within certain accuracy) to the observed structure amplitudes.
Two evaluation functions were proposed for this purpose.
Recently, Burla ef al. (2017) developed a multipurpose figure
of merit, MPF, which can also be used in recognizing the qual-
ity of a current electron density model. Here, we put forward
another evaluation function (or figure of merit) for identifying
the correct electron density map. Instead of examining the
electron density model itself, this evaluation function assesses
the agreement between the calculated and expected structure
amplitudes of the modified electron density model.

Indeed, iterative electron density modification methods
for structure determination, such as the charge flipping
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methods (Oszlanyi and Siitd, 2004, 2008), have been devel-
oped a long time ago, and are gaining their popularity. In
the process of structure determination using the iterative elec-
tron density modification method, the initial electron density
model is usually obtained by the inverse Fourier synthesis
using observed structure amplitudes and random phases.
The obtained electron density map is modified in a particular
way in each following iterative cycle, and the correct electron
density map may be obtained finally. Oszlanyi and Siitd have
proposed an R factor to monitor the convergence of charge
flipping iterations (Oszlanyi and Siitd, 2004). This R factor
measures how well the calculated structure amplitudes of the
modified current electron density model agree with the
observed ones. Inspired by the R factor proposed by
Oszlanyi and Siit6, we conceived an evaluation function,
which hopefully can be used to identify the correct electron
density model. The details of this evaluation function will
be presented in the following sections.

Il. DEFINITION AND CALCULATION
A. Notation

EDM: electron density modification.
FT: Fourier transform.
IFT: inverse Fourier transform.
Peryst: the electron density distribution in a real crystal.

Po: the image of pry« at a certain resolution, which is calcu-
lated by IFT using the observed structure amplitudes and
correct phases.

p: the current electron density model which is calculated by
IFT using the observed structure amplitudes and the cur-
rent trial phase set.
the resultant electron density map after p, has been mod-
ified in a particular way.

Po*:
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p*: the resultant electron density map after the current elec-
tron density model p has been modified in a particular
way.

|[Fopsnl: the observed structure amplitudes.
Feap: the calculated structure factors of the current electron
density model, p.
F,p: the calculated structure factors of p*.
Fy .ap: the calculated structure factors of p,*.
¢: the current trial phase set for |Fgpgpl.
fi: atomic scattering factor of the ith atom in the unit cell.
h: Miller indices.

B. Definition of the evaluation function

Traditionally, the so-called crystallographic residual is
generally used to evaluate how well the structure model agrees
with the observed structure amplitudes. The crystallographic
residual is defined as

Zh ”Fobs,h| - ’Fcal,h“

RES =
Zh |F0bs.h|

(D

RES is usually used in cases where an atomic structural model
is available, and then |F, ;| can be calculated using the atomic
scattering factors and atomic coordinates. Generally, RES can-
not be used to evaluate the quality of an electron density
model which is built up by IFT using a trial phase set ¢ and
the observed structure amplitudes because |Fcypl=Fopspl
always holds regardless of whatever the phase set is assigned
to the observed structure amplitudes.

An R factor slightly different from RES is proposed by
Oszlanyi and Siit6, and defined as

_ Zh ||F0bs,h| - |F:a],h||

R
Zh |F0bs,h|

2)

|F,.| is the structure amplitude of the modified current elec-
tron density model, therefore is always different from |Fop
even if the model is correct. When the high-resolution diffrac-
tion data are available and the trial phase set ¢ is correct
(within certain accuracy), an EDM implemented in a particular
way (e.g. electron density flipping in low-density regions as
implemented in the charge flipping algorithm) results in
very little difference between p and p*, therefore a small R fac-
tor is an indicator of the correctness of the electron density
model. Nevertheless, when the resolution of the diffraction
data is poor, electron density ripples because the truncation
effect of Fourier synthesis will lead to considerable electron
density out of the nuclear sites even the electron density
model is correctly constructed using the correct phase set.
Then an EDM, which usually take effect in low-density
regions, will lead to significant difference between p and p*.
We expect that the R factor will no longer be capable of indi-
cating the correct model in such cases. This conjecture was
confirmed by examining the evolution of R factor in succes-
sive EDM iterative cycles using simulated diffraction data at
various resolutions. As shown in Figure 1, with the deteriora-
tion of the data resolution, R values for the correct electron
density models increase, and so do the finally resultant R fac-
tors of iterative EDM cycles. In the case where the data reso-
lution is 2.5 A, the R value for the correct electron density
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model is significantly higher than the finally resultant one
obtained from the iterative cycles. Clearly, in such a case, R
factor defined in Eq. (2) is no longer capable of indicating
the correct electron density model. We also note that R factor
works well when the data of high resolution are available, and
the correct model can be retrieved from the diffraction data by
using the iterative EDM method. This implies that it might be
unnecessary to find a better figure of merit for iterative EDM
algorithms to monitor the evolution of electron density model
in the successive iterative cycles, but we do need a new figure
of merit different from R factor for identifying the correct elec-
tron density model when the data resolution is poor.
We propose Rri,, factor which is defined as

Riian = Zh ”F:)k.cal,h' - |F:al,h|| 3)

Zh |F(>)k,cal,h|
where F*

el @and Fg . represent the calculated structure fac-
tors obtained from the modified current and correct electron
density models, respectively, to which the same EDM has
been applied. When the trial phase set is correct within a certain
accuracy, Rri,, will approach to zero. This holds true even for
low-resolution data. The difficulty lies in that |F} . ;| cannot
be obtained before the correct electron density model is avail-
able. If a reasonable approximation of |F} , | can be estab-
lished using the available data, then Rry,, can be used as a
figure of merit to identify the correct electron density model.

C. The estimation of Ry;,, factor

We suppose that the lattice parameters, the constituent
atoms and their numbers in the unit cell are known together
with the observed structure amplitudes before the structure
determination. The number of atoms in the unit cell of the
investigated crystal is assumed to be N, and the atomic scatter-
ing factor of the ith atom is supposed to be f;.

For a hypothetical structure which has the same unit cell
as that of the investigated crystal and only one atom with an
atomic scattering factor of f; at the origin, its structure factor
can be readily calculated using the following equation

Fin=Y_f x exp(=2mih - /) = . )

The electron density map of the hypothetical structure p;
can be calculated by a straightforward IFT, namely,

p, = IFT(F; ;) = IFT (f). 5)

The Fourier synthesis in Eq. (5) is terminated at a resolu-
tion identical to that of the observed data of the investigated
crystal. We suppose p; changes into p¥ after applying an imag-
inary EDM, then the structure factor of pi, which is denoted as

1> can be obtained by Fourier transform. We suppose the
modification applied to p; is V;, then we have

£

pi =p;i x Vi (6)

and

Ffy =FT(p) = FT (p; x Vi) = FT(p) @ FT(V)) = f; ® »i
)

Evaluating the electron density model by applying an imaginary modification 5
https://doi.org/10.1017/50885715617001154 Published online by Cambridge University Press


https://doi.org/10.1017/S0885715617001154

a o
= 0.8A
(d)
- a )
0.5 0.54
(9) (h)
0.4 0.4
® o3l %o
0.21 0.21 0.2
0 50 100 150 200 250 300 0 50 100 150 200 250 300 O 50 100 150 200 250 300
iteration iteration iteration

Figure 1. (color online) Electron density maps of C¢Bry at the resolutions of 0.8 (a), 1.5 (b), and 2.5 A () constructed by Fourier synthesis using the structure
amplitudes and correct phases. Shown in (d—f) are the resultant electron density models at the resolutions of 0.8, 1.5, and 2.5 A, respectively, which are obtained
from successive iterative EDM cycles. The structure amplitudes and correct phases are calculated from the structure data of C¢Brg reported by Wu et al. (2004). All
electron density maps in (a—f) are projections of C¢Bre along [010] direction. The unit cell is represented by a parallelogram in each panel. Note that electron
density models shown in (d—f) have origins different from that of the original structural model. Only electron density above a certain positive threshold is
illustrated for clarity. (g—i) The evolution of R factor with the iterative EDM cycles. In each iterative cycle, non-negative electron densities are retained and
the negative ones are reset to zero. The red horizontal line indicates the R value corresponding to the correct structure model. Panels (g—i) correspond to the
iterative cycles using the simulated diffraction data of 0.8, 1.5, and 2.5 A, respectively. Crystal data of C¢Brg: P21/n, a=8.381, b=4.0192, ¢ =15.3939 A B

=92.674°, Z=2.

where ® represents convolution, and v; represents FT(V;). In
analogy to p;, p; may be considered as the electron density
map built up using a pseudo-atom at the origin with an atomic
scattering factor f* = f; ® v;, which is hereinafter referred to
as pseudo-atomic scattering factor.

The imaginary EDM applied to p; is assumed to be

_ L =4
1—{0’ p < 3

where §; is a real number close to 0. When §; is appropriately
selected, p! remains the same as p; only in a small region
around the center of the atom and is set to zero in the rest
regions. An example is given in Figure 2 to illustrate how
pi and f* vary with ;. It can be clearly seen from Figure 2
that positive pf° is limited to the region very proximate to the
atomic position even when §; is quite a small positive value.
In addition, it is found that ;* varies significantly with &;, espe-
cially in the low sin6/A range. When §; is set to an appropriate
value, f* coincides with the original atomic scattering factor
very well in the low sin6/4 range, and only in the high siné/
A range significant difference between f* and f; can be
observed. Since f; value at 8 = 0 represents the number of elec-
trons of the ith atom, f* coinciding with f; in the low siné/4
range implies that the pseudo-atom has the same number of
electrons as that of the ith atom at this J; value.
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The “observed” electron density distribution of a crystal,
Po, May be considered as the superposition of electron density
of each constituent atom in the unit cell, which can be repre-
sented by

N
po=)_pi(r) ©
i
where p;(r;) is p; translated from the origin to the atomic posi-
tion r;.
We assume

N N N
p: = p, X ZVI(FI) = Zpi(i’i) X Z VJ(']) (10)
i i ]

where Vi(r;) is V; translated from the origin to the atomic posi-
tion ;.

Itis achievable that the region with V; (;) = 1 of each atom
does not overlap with that of adjacent atoms by selecting
appropriate ;. In such cases,

pi(r) x Vi(rj) =0
fori#j
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(color online) The dependence of pf and f* on &;. (a—) The modified electron density distributions on the (001) plane (at z=0) of a hypothetical

structure with only one carbon atom at origin. The colored regions have electron densities greater than &;. The original electron density map of the
hypothetical structure is constructed at the resolution of 1 A by using Eq. (5), and then modified according to Eqs (6) and (8). Maps shown in (a—c)
correspond to the resultant electron density distributions modified with 6=0.012, 0.0057, and 0.0 e/A>, respectively. The hypothetical structure is derived
from a known organic compound C,s,H3,60,9 reported by Czugler et al. (2003). (d) f* corresponding to 6=0.0, 0.0057, and 0.012 e/A3 and the atomic

scattering factor of carbon (shown in black).

Then we obtain

N N
= DA x Vi) =} pi(r) (1n

and

N
Fioun =FT(p}) =) frexp(=2mih - 7)  (12)
i

The experimental observed diffraction intensity of a crys-
tal is given by

|Fobs.n| —KZfoexp[th
_K{Zfz—f-z foexp[th ( )]}

L)

N - 2 Z](l#j}flfexp[zmh ( i — rJ):I

ZKZfiz YV

—rj)]

13)

where K is a scale factor independent of 8. According to Eq.
(13), the intensity of the imaginary crystal with the electron
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density distribution p} should be

}F:,cal,h|

N

N > Zfél #)Jif exp [27'”7?‘ (71) - 7J))]

YA
v Y iy kkififiexp| 2wk (7 =)
= Kzfi 1+ N 2.2
i i ki
(14)
where k; =f*/f; and k;= Jj* /f;- If k;=k;, then we obtain
N s
N gxo
1 = 22 | as)

F =
o,cal,h N
i

As discussed above, f* can coincide with f; in the low 8
range when &; is appropriately set. This implies that in such
cases kj=k;=1 and Eq. (15) is valid. At high 6 angle, k; =k;
seems to be a prerequisite hard to meet. Nevertheless, we
note that Eq. (15) agrees well with results derived from
Wilson distribution (Wilson, 1942), which is described by

N
<|Fopsn| > =K' R (16)

where <IF s, hI > is the averaged |Fps, W? overa given range of
sin®6, and K is a scale factor independent of 6. Eq. (16) is
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valid when A/sin@ is small compared with the inter-atomic dis-
tances. Similarly, the following equation

N
<|Fgcanl™> =K 347 a7)

is valid when A/sin@ is small. Combining Eqs (16) and (17),
we obtain

A2
i” 1

Although the validity of Eq. (18) does not mean that Eq.
(15) is valid, it implies that estimating {F:,cal,h |2 using Eq. (15)
is statistically reasonable.

Combining Eqgs (3) and (15), we obtain

2o 1FG canl — [Feanll
Zh |F;,ca1,h|

>
>

[N o2
Zh %Nf}g |Fobs,h |2

Note that EDM applied to both the correct and the current
electron density models should be the same in Eq. (3). In Eq.
(19), we actually have assumed that the multiplier applied to
modify the correct electron density model is va Vi(r;) by

<|F > = <|Fopen|*> (18)

Rrian =

|Fopsn|” = [FZull (19

2l
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taking \/ (va 72y I3 |Fobs.n |2 as the approximation of
|Fy can|- Therefore, the current electron density model should
be modified by multiplying it with Zfl Vi(r). Unfortunately,
va Vi(r;) contains the atomic position r; and cannot be deter-
mined prior to the structure determination. An alternative way

to modify the current electron density model is multiplying it

with
W= {
|F,

where S,y is a real number. Clearly, |F, | varies with both
the trial phase set and J.,ys. When the modified current elec-
tron density map p* = pW is close to the modified correct elec-
tron density map p; = va pi(ri) x Vi (i), Rrjan calculated
with Eq. (19) reaches the minimum, ideally, zero.

I, p> Scryst
0, p< 6cryst

lil. DISCUSSION
A. The validity of the method to estimate |F; .|

The validity of the method to estimate |F o, Cal‘h| using Eq.
(15) is tested on simulated diffraction data, which are obtained
from the known structure of C¢Brg (Wu et al., 2004). Electron
density maps with the resolution of 1.0, 1.5, and 2.5 A are cal-
culated by IFT. At each data resolution, dc and g, are appro-
priately set to satisfy the condition that f;* coincides with f;
approximately in the low sinf/A region. Then the theoretical
values of |F}; | are calculated using Eq. (14) and shown
in Figure 3 as red crosses. The estimated values of {F:,cal,h|
are calculated using Eq. (15) and presented in Figure 3 as

040 044 048
SING/A
(d)
200- R
- B HE
o
s |
oy o - -
[ o
5,100 "
(9] B -
= e g m%ﬁ
H
0dr ¥ mE m m%nmmﬁ
005 010 015 020
Sino/i

Figure 3.  (color online) |F:j.ca],h| calculated using Eq. (14) (red cross) and (15) (blue square) of C¢Brg. (a) Data resolution: 1.0 A, 6c=0.0018 e/A3, O, =0.125 e/A3;
(b) is an enlarged view of the bottom-right region of (a). (c) Data resolution: 1.5 A, 8c=0.003 /A3, 85,=0.07 ¢/A%; (d) Data resolution: 2.5 A, 8¢ = 0.0024 /A%, 55,

=0.021 e/A>.
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blue squares. As shown in Figure 3, at each data resolution, the
estimated |F} | values agree well with the theoretical ones.
To derive Eq. (15) from Eq. (14), we have assumed that atomic
scattering factors of different atoms vary by the same propor-
tion as a result of EDM. It seems to be a condition hard to be
satisfied. Nevertheless, tests on simulated diffraction data of
CeBrs indicated that Eq. (15) is valid in estimating |F% |
even there are atoms with significantly different scattering
power, such as C and Br, in the unit cell. On the other hand,
we also would like to explicitly state that Eq. (15) can only
be applied to estimate the structure amplitudes of an electron
density map modified in a specific way, which has been
described in details in Section II C.

B. The validity of Ry, in identifying the correct phase
set

The factor Rrj,, is aimed to identifying the correct phase
set from a great number of possible phase sets assigned to the
observed structure amplitudes. The capability of Rry,, in eval-
uating the trial phase sets is tested on simulated diffraction
data of known structure C,5,H3,6019 (Czugler et al., 2003).
Two data sets at the resolution of 1.0 and 2.5 A, respectively,
are generated. Four hundred iterative EDM cycles are per-
formed to retrieve the correct electron density model from
the simulated data set at the resolution of 1.0 A. The initial
electron density models are constructed by FT using the
“observed” structure amplitudes and random phases. In each
following iterative cycle, electron densities greater than Jcryg
are retained, and the others are set to zero. The variation of
R and Rryy,, factors with the iterative EDM cycles is shown
in Figure 4(a). Both R and Rrj,, drop drastically at the early
stage and then keep stable in the following iterative cycles.
The convergent R and Rry,, values coincide with each other,
and both are much higher than the expected values for the cor-
rect model. It is noteworthy that the expected value of Rry,, is
lower than that of R factor. In this case, the correct model can-
not be retrieved by iterative EDM cycles, as indicated by the
high convergent R and Rryy,, values. Then a partial structure
including 10 correctly located carbon atoms is build up, and
a phase set is derived from this partial structure. This phase
set is combined with the “observed” structure amplitudes to
generate the initial electron density model. Starting with this
initial electron density model, iterative EDM cycles converge
to the correct electron density map. The evolution of R and

R value

100 150 200 250 300
iteration

0¥ '
0 50

Figure 5. (color online) (a) The variation of R and Rry,, factor with the
iterative EDM cycles at the resolution of 2.5 A. Oeryst 18 set to zero in the
iterative EDM cycles. Black and red dotted lines indicate the R and Rrja,
values for the correct electron density map, respectively. (b) The electron
density model corresponding to the minimum value of Rrj,,. (¢) The correct
electron density map of C¢Brg at the resolution of 2.5 A. Both (b) and (c)
are projections along [010] direction. Only electron densities above 2.5 e/A>
are illustrated for clarity.
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Figure 4. (color online) The variation of R and Rr;,, factors with the iterative EDM cycles at the resolution of 1.0 (a, b) and 2.5 A (c). The initial electron density
model in (a) is generated using random phases while in (b) it is generated using phase set derived from the partial structure. In (c) the correct electron density map
of C,5,H326019 is used as the initial model. In each panel, the target values of R and Rrj,, corresponding to the correct electron density maps are shown as black
and red horizontal dotted lines, respectively. dcrys is set to zero in all iterative EDM cycles.
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Rrian factors in this attempt is shown in Figure 4(b). In this
case, the convergent R value approaches to the expected
value for the correct model, while the convergent Rrj,,
value is still significantly higher than the expected value for
the correct model. The discrepancy between the convergent
and the expected value of Rry,, is because of the difference
between the convergent and the correct electron density mod-
els. This indicates that R;,,, is more sensitive than R to the var-
iation of electron density models. At the resolution of 2.5 A,
we use the correct phase set to establish the initial electron
density model for the iterative EDM cycles. The evolution
of R and Rry,, in this case is shown in Figure 4(c). The R factor
decreases considerably with the iterative cycles, while Rrja,
increases significantly in the same process. This indicates
clearly that R factor is no longer valid at this resolution, but
Rrian 18 still valid for identifying the correct phase set. In addi-
tion, we note that Rr,, is lower than R for the correct model at
both data resolution, and the latter increases faster than the for-
mer when the data resolution deteriorates.

Tests are also performed on the simulated data of CgBrg at
the resolution of 2.5 A. The variation of Ry, and R with the
iterative EDM cycles is shown in Figure 5(a). The initial elec-
tron density model was generated by IFT using the “observed”
structure amplitudes and the random phases. As discussed in
Section II B, the R factor is no longer valid in identifying
the correct electron density model in this case. It is interesting
to note that Rrj,, reaches a minimum during the iterative pro-
cess, which is close to the expected value for the correct elec-
tron density model. The electron density model corresponding
to the minimum value of Rry,, is presented in Figure 5(b).
Comparison between this model and the correct electron den-
sity map [shown in Figure 5(c)] reveals that it is a close resem-
blance to the correct map. This example further confirms that
Rrian is still valid in identifying the correct electron density
model at a resolution of 2.5 A. Moreover, Ri,, seems to be
more sensitive than R factor because it varies more signifi-
cantly than R, especially when an approximately correct
model has been obtained.

C. Application of Ry, in structure determination

In Section III B, we have checked the capability of Rrj,, in
identifying correct phase set by investigating its variation with
the iterative EDM cycles. This does not mean that the Rrja,
factor is designed for iterative EDM algorithms. Usually, iter-
ative EDM algorithms work only in cases where the high-

10 Powder Diffr., Vol. 33, No. 1, March 2018

https://doi.org/10.1017/50885715617001154 Published online by Cambridge University Press

resolution diffraction data are available. In such cases, Rrj.n
is only slightly different from R factor numerically, and R fac-
tor can be more readily calculated than Ryj,,. Rria factor is
independent of iterative EDM algorithms. For an arbitrary
trial phase set assigned to the observed structure amplitudes,
Rrian can be estimated approximately. The correct phase set
is supposed to have the lowest Rr,, value. Tests on simulated
diffraction data indicate that Ry, is valid even at the resolu-
tion of 2.5A. Clearly, since the number of all possible
phase sets is tremendous, it is not realistic to estimate Rrja,
values for all possible phase sets and then pick out the
phase set with the lowest Rry,, value. Potentially, Rrj,, may
be applied as a goal function of global optimization algorithms
for retrieving the electron density map from data set of poor
resolution.
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