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Following on from the author’s previous work, the propagation of trains of shock
waves on a planar beach is studied in the framework of the nonlinear shallow water
equations. The analysis is based on the use of a quasi-analytical solution valid for a
shock wave which is fed by a constant Riemann invariant. The asymptotic behaviour
of a train of such shock waves is inspected and novel approximate analytical solutions
are provided. These are useful both for representing fundamental physical scenarios
(e.g. propagation of saw-tooth spilling breakers in the surf zone) and for benchmarking
wave-resolving and wave-averaged theoretical/numerical solutions. Finally, a study of
the energy dissipation induced by the shock train is provided.
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1. Introduction

The study of wave breaking on beaches has always represented a topic of great
interest for the coastal scientific community. Apart from the intrinsic fascinating
aspects of breaking events, a wide range of physical phenomena are related to
wave breaking and are of crucial importance for the coast evolution and protection.
Just to cite a few of these, breaking events are the main cause of sediment
mobilization/transport and coastal erosion on sandy beaches (Elfrink & Baldock 2002;
Pritchard & Hogg 2005) and, further, they represent a forcing term for rip and
longshore currents (Brocchini er al. 2004; Kennedy et al. 2006; Guard & Baldock
2007; Brocchini & Dodd 2008; Zhang & Liu 2008).

Over the years, several numerical schemes have been developed to model the surf
zone flows. The most famous and widespread in the coastal community are all based
on depth averages of the local flow equations (e.g. the Navier—Stokes equations or the
Laplace equation) over the water depth. These models are the nonlinear shallow water
equations (NSWEs; see, for example, Park & Borthwich 2001; Brocchini et al. 2001;
Hubbard & Dodd 2002) and the numerous Boussinesq-type models (e.g. Kennedy et al.
2000; Briganti et al. 2004). Averaging these models over the wave period leads to the
definition of the so-called wave-averaged models (Van Dongeren et al. 1994; Booij,
Ris & Holthuijsen 1999) which are widely used to model longer-time events (such
as, for example, wave currents). With respect to the latter ones, the NSWEs and the
Boussinesg-type models are usually called ‘wave-resolving’ models.

The NSWEs are surely the simplest and most suited equations for the modelling of
wave breaking since, due to their hyperbolic structure, they allow for a simple and
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straightforward description of shock waves. With respect to this, an important number
of analytical results have been achieved in the last few years (e.g. Antuono, Hogg &
Brocchini 2009; Antuono & Hogg 2009; Antuono 2010; Hogg, Baldock & Pritchard
2010) which complete and extend the pioneering work of Shen & Meyer (1963).
Among these, the work by Antuono (2010) is the first which describes analytically
the evolution of a shock wave from the seaward limit of the sloping beach up to the
shoreline and, then, deals with the post-breaking evolution and the shock-induced run-
up. These results have been obtained by assuming that one of the Riemann invariants
of the NSWEs (specifically, that associated with signals entering the fluid region)
is identically constant during the whole fluid motion. The Riemann invariants are
functions which maintain constant along special curves, called characteristics. The
assumption that one of the Riemann invariants is identically constant during the
flow evolution enables the shock evolution to be modelled through an algebraic
ordinary differential equation (ODE) system which is easy and fast to solve. The
quasi-analytical solution obtained through numerical integration of this system is
characterized by a single swash event followed by a sudden water withdrawal. Such a
wave is uniquely associated with signals entering the fluid region.

Even if the results shown in Antuono (2010) have been applied to a shock wave
propagating in still water, the solution is completely general and can be used to model
a shock wave fed by a constant Riemann invariant which propagate into generic flow
conditions. This aspect is of fundamental importance and is the main idea which lies
under the present work. Indeed, it is possible to consider a series of shock waves
each of these fed by a different constant Riemann invariant (§§ 3 and 4). In this
way the solution by Antuono (2010) is still valid and a train of shock waves is
generated.

The assignment of a piecewise-constant Riemann invariant at the seaward boundary
corresponds to the assignment of purely incoming waves, that is, waves uniquely
associated with signals entering the sloping region. These are characterized by a
piecewise linear shape of the wave velocity and celerity at the seaward boundary.
Consequently, the shock train displays a sawtooth profile that remains almost
unchanged during the propagation towards the shore. This is an important feature
since the same profile is observed for spilling breaking waves when they, shoreward
of the breaking point (i.e. in the inner surf zone), reach a steady state (see, among
many others, Svendsen 1994; Elgar & Guza 1985; Ting & Kirby 1994; Kaihatu et al.
2007; Abreu et al. 2010), and this information is often also used to model the near-bed
sediment transport in the nearshore (e.g. Drake & Calantoni 2001; Suntoyo, Tanaka &
Sana 2008).

A shock train solution may also have applications as a benchmark for numerical
models of the nearshore flows, since it represents the first long-time quasi-analytical
breaking solution for the NSWEs. The study of a shock train can be addressed to
the validation of the numerical solvers based on the NSWEs (and on wave-resolving
schemes in general). In one dimension these solvers are reliable and easy to use but
they are generally tested against non-breaking solutions or breaking solutions that are
valid for short-time intervals. In this context, the use of a long-time breaking solution
may be of great importance. Then, the shock train solution may also provide useful
results for wave-averaged models. In general, such models include physical phenomena
which are not accounted for in the NSWE framework (e.g. dispersion due to flow
non-uniformity in the vertical direction, turbulence). However, when these phenomena
are neglected (by just switching off their contributions within the numerical solver),
the mean (i.e. wave-averaged) quantities related to the shock train solution should
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FIGURE 1. Sketch of geometry and flow dimensionless variables for the beach problem.

be recovered by the wave-averaged models. To this purpose, the final part of the
present work is devoted to the inspection of the asymptotic behaviour of the shock
train providing approximate analytical solutions and an overall description of the
time-averaged quantities (§ 5). Moreover, an analysis of the energy dissipation caused
by the asymptotic shock waves is provided.

2. The shock relations

For wave fronts approaching a uniformly sloping, frictionless beach with a small
incident angle (Ryrie 1983; Brocchini & Peregrine 1996), the onshore problem of
weakly two-dimensional NSWEs (in dimensionless form) is

di+0,=0,
& o 2.1)
—+ =) =hd,
0+ (2 +2 )
in which Q = ud is the onshore flux, u is the onshore velocity, d = h + n is
the total water depth, n is the free surface elevation, 7 = —x is the still-water

depth and subscripts give partial differentiation. The axes origin is posed at the
undisturbed shoreline; the x coordinate gives the onshore direction and points in
the landward direction (x,z) forming a right-handed Cartesian reference frame (see
figure 1). The scale factors for vertical lengths, horizontal lengths and times are,
respectively, the still-water depth at the seaward boundary Aj = h*(x = —1), hjj/tan6
and t; = \/hj/g/tan6 where tan6 is the beach slope, 6 the angle of the plane beach
with respect to the horizontal plane and the starred variables indicate dimensional
variables. More details can be found in Brocchini & Peregrine (1996).

System (2.1) is hyperbolic and can be cast into its characteristic form by using the
following variables

a=u+t+2c, B=u+t—"2c, 2.2)
where ¢ = +/d. Using o and g, the system (2.1) becomes

(2.3)

do/dt =0, on curves such that dx/dt =u+ c,
dgB/dt =0, on curves such that dx/df =u — c.

The curves defined in (2.3) are called characteristic curves (see, for example, Lax
1957; Toro 2001) and coincide at the shoreline where ¢ = 0. When the flow is
subcritical (that is, u — ¢ < 0 < u + ¢), we call the former ones ‘incoming’, since
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they move from the seaward boundary (x = —1) to the shoreline, and the latter
ones ‘outgoing’, since they move toward the opposite direction. As pointed out by
Antuono & Brocchini (2007), the former curves carry information on the incoming
waves entering the seaward boundary while the latter curves carry information on
the wave reflection at the shoreline. Note that « is constant along the incoming
characteristic curves and 8 is constant along the outgoing curves. These functions are
the so-called Riemann invariants (see, for example, Lax 1957; Jeffrey 1976; Leveque
2002) and are associated with incoming and reflected signals, respectively. Similarly to
the characteristic curves, o and 8 coincide at the shoreline (¢ = 0).

In the present work we consider a boundary value problem (BVP) including shock
waves, that is, we solve the NSWEs assigning discontinuous wave signals at the
seaward boundary of the domain (i.e. at x = —1). As discussed by Antuono &
Brocchini (2007), the solution of the BVP for the NSWEs, is obtained by assigning
the incoming Riemann invariant o at x = —1. This procedure intrinsically accounts
for the reflection at the shoreline since the outgoing Riemann invariant 8 directly
derives from the o datum. Indeed, the o datum is carried by the o characteristic curves
towards the shoreline where 8 = o and the « characteristic curves coincide with the B
characteristic curves. Then, these curves move back to the seaward boundary carrying
the B values, that is, the reflected signals.

In the framework of hyperbolic systems, shock waves have to satisfy typical
conservation properties (e.g. mass and momentum conservation). This leads to the
so-called Rankine—Hugoniot relations (hereinafter simply called shock relations):

sldll = 121,
@, @ (2.4)
s1ol = [[2 + dﬂ ,

where s is the shock wave velocity and [f] =f, —f; represents the jump of the quantity
f across the discontinuity. The subscript ‘2’ indicates the values seaward of the shock
wave while ‘1’ indicates the values shoreward of the shock wave.

As widely known in the literature (see, for example, Lax 1957; Whitham 1974;
Leveque 2002), shock relations are not sufficient to find the solution univocally. As
a consequence, further conditions (called entropy conditions in analogy with the gas-
dynamics theory) are introduced to recover the uniqueness of the solution. For a shock
wave generated by the collapse of the incoming characteristic curves, the entropy
conditions prescribe

uy+c; <s<up+ oy, (2.5)

and these enable rewriting the shock relations as

1 [ d? 1 /d?
s=u + 2(d?+d2> or s=u,+ 2<d;+dl>’ (2.6)
and
d 1
d2:—51+§\/d%+8d1(s—u1)2. 2.7

Further, it is d; < d, and u; < u,.
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FIGURE 2. Sketch of the datum « at x = —1 (thick solid lines). The shaded volumes measure
the discrepancy with respect to the still water solution « =2 + t.

3. The a-constant shock train

In Antuono (2010) a quasi-analytical solution for the propagation of a shock wave
is derived. This is based on the assumption that the flow field seaward the shock
is characterized by a constant incoming Riemann invariant «. To enforce such a
condition it is sufficient to impose o = constant at the seaward boundary of the
domain (that is, at x = —1). Owing to the first equation in (2.3), each incoming
characteristic curve carries a specific value of « from the seaward boundary inside the
sloping region without altering it. Consequently, the constancy of « at the seaward
boundary results into the constancy of « inside the whole fluid domain.

This solution can be generalized in a straightforward way to get a sequence of
shock waves followed by an «-constant field. In this case the datum o at the seaward
boundary of the domain has to be piecewise continuous (see figure 2) and each
discontinuity corresponds to a shock wave entering the sloping region. In the following
such a sequence is called an a-constant shock train.

Now, let us assume that the solution along the (n — 1)th shock of the train is
known and focus on the nth shock. The o field along the seaward side is known
through the seaward boundary assignment. Conversely, all of the quantities on the
shoreward side are obtained through the solution of the previous shock wave. In fact,
after the solution along the seaward side of the (n — 1)th shock wave is known, the
B characteristic curves (second equation in (2.3)) are used to propagate the values of
B up to the shoreward side of the nth shock (see figure 3). Here, the value of « is
known through the seaward boundary assignment and, using (2.2), it is possible to
compute the water depth and velocity. This procedure is schematically displayed in
figure 3. After this, the solution of the nth w-constant shock wave is obtained through
the following algebraic ODE system:

dx®

” 3.1)

1
=s" =u" + [
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FIGURE 3. Sketch of the «-constant shock train. The dashed line represents a B characteristic
curve which emanates from the (n — 1)th shock wave and reaches the nth shock wave. The
symbol xy (f) represents the shoreline.

and the correct solution for dé") is obtained through the following sixth-order
polynomial:

22 —9¢" 7 + 8/t — o 4 2612
—2@5” — " +2¢")? + (1)1 + ()} =0, 3.2)

where z = ¢!/ \/C(T") and ¢ = 1/d"™ for i =1, 2. The superscript (n) indicates all of
the quantities associated with the nth shock wave. The polynomial above is obtained
by combining (2.6) with (2.7) and the correct root is that satisfying the entropy
conditions in (2.5). Note that, in agreement with the hypotheses made above, it is
a” =al"" (see figure 3).

The choice of the datum « at the seaward boundary needs some care. Indeed,
notwithstanding the condition o = constant can be achieved in different ways, some of
those can lead to solutions characterized by strong variations of the volume of water in
the sloping region. In the present work we do not deal with them but focus on ‘regular’
trains on shores, that is, shock trains which induce small variations of the volume of
water. To do this, we require that the boundary datum has a null integral mean with
respect to the still water solution at the seaward boundary, that is o« =2 + ¢. In some
sense, this is equivalent to require that the ‘volume’ of information coming from the
seaward boundary is not characterized by any mean excess/lack with respect to the still
water case. This condition is very general and allows for a wide range of boundary
data. In the specific, in the present work we apply such a condition to each single
shock event entering the sloping region (see, for example, figure 2). This leads to the
following relation between the jump of « and the interval between two subsequent
shock waves:

AP =2Aa®, A =2A0" — A1 (3.3)
where A =" — 1§V (1" being the instant at which the nth shock enters
the sloping region) and Aa® = o)’ — o =l — """, Figure 4 shows two
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FIGURE 4. Case (a), shock train which does not satisfy relation (3.3). Case (b), shock train
satisfying relation (3.3).

different «-constant shock trains, cases (a) and (b), which start from still water
conditions. Case (a) (top panel) does not satisfy relation (3.3) and, therefore, is
characterized by strong variations of the volume of water in the sloping region. In the
specific, a decrease of the water level is observed. Conversely, case (b) (lower panel)
satisfies the relation in (3.3) and shows a very regular shock pattern. In any case, a
deeper analysis of the relation between the boundary data and the variation of the
water volume is provided in § 5.1. The initial data of the shock trains in figure 4 are
provided in tables 1 and 2. Since both cases start from still water conditions, it is
aéo) =2+, with aéo) being the value of « on the shoreward side of the first shock
event. The specific choices of At and A« are made to avoid shock merging and/or the
shock withdrawal up to the seaward boundary. The former case occurs when a shock
wave is too strong in comparison with the previous one. Conversely, the latter case
occurs when a shock wave is so weak that it is led out of the sloping region by the
flow field induced by the previous shock wave.

In figure 5 the water depth and the water velocity at fixed x positions are displayed
for the shock train of case (b). In the specific, the first 10 shock waves are considered
since the global behaviour for longer times does not significantly deviate from the
last shock events of figure 5. As expected, the wave signals at x = 0 show larger
displacements from the still water solution during the initial shock events while a more
regular behaviour appears for longer times. The maximum velocity is obtained when
the first shock wave reaches the still shoreline and is associated with the maximum
run-up of the wave train (see the lower panel of figure 4). Conversely, the wave signals
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n t(()") a® t(()”) a®

1 00 210 11 4.00 6.17
2 04 270 12 440 6.52
3 08 305 13 480 6.86
4 12 210 14 520 722
5 16 210 15 560 7.60
6 20 210 16 6.00 8.00
7 24 210 17 640 840
8 28 210 18 6.80 8.80
9 32 210 19 720 9.20
10 3.6 210 20 7.60 9.60

TABLE 1. Initial data for the shock trains described in the upper panel of figure 4.

noo a® o ) a®

1 000 210 11 374 594
2 020 236 12 4.14 634
3 052 272 13 454 6.74
4 092 313 14 494 7.14
5 134 354 15 534 754
6 174 394 16 574 794
7 214 434 17 6.14 834
8 254 474 18 654 8.74
9 294 514 19 694 9.14
10 334 554 20 734 954

TABLE 2. Initial data for the shock trains described in the lower panel of figure 4.

at the seaward boundary (x = —1) and inside the sloping region (x = —0.5) show
a rapid convergence to a sawtooth profile. This shape is similar to that observed
for spilling breaking waves when they reach a steady state, that is, when they
resemble a bore (see, for example, Svendsen 1994). Further, the sawtooth profile is
in good agreement with that predicted using the definition of ‘incoming’ and ‘reflected’
components of the boundary data introduced by Antuono & Brocchini (2007) and,
then, further inspected in Antuono (2010). This concept is based on the following
decomposition at the seaward boundary (that is, at x = —1):

c(—=1,0=14+@+R0@) ul=1,1) =@+ @), (3.4)

where the superscript ‘I’ indicates the incoming components and ‘R’ indicates the
reflected components. The incoming components are univocally associated with the
variable o and satisfy u/ = 2¢’. Conversely, the reflected components are univocally

associated with the variable B and satisfy uf = —2c®. Extending the results found by
Antuono (2010) under the assumption that « is constant, it follows that
—-1,0)—-2—1¢
ﬂﬂ:ﬂé—%——f V> 0. (3.5)

Since a(—1, t) is piecewise continuous (see figure 2), both ¢/ and u/ show a sawtooth
profile. Figure 6 shows the reflected components ¢® and u® for the case (b) shock
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FIGURE 5. Water depth and water velocity of the case (b) shock train at fixed x-coordinates:
(a,b) x=0; (c,d) x = —0.50; (e,f ) x=—1.0.

train. These have been computed using the numerical outputs illustrated in the lower
panels of figure 5 and subtracting the incoming components in (3.5) according to the
definition given in (3.4). As predicted in Antuono (2010), they satisfy the relation
uR = —2¢R. Since c® and u® are of order O(107?), the numerical outputs at the seaward
boundary are almost coincident with the incoming components. This means that ¢/ and
u! can both be used in numerical solvers for the assignment at the seaward boundary,
that is, we can assume ¢~ 1 + ¢! and u ~ .

4. Numerical details

In this section we briefly describe the algorithm used to obtain the shock train
solutions. First, we assume the (n — 1)th shock to be known, that is, we assume that
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FIGURE 6. The reflected components for the shock train described in table 2.

all quantities along its seaward side are known. Then, to solve the nth shock wave
through the algebraic ODE system in (3.1) and (3.2), we first need to compute all of
the flow quantities between the (n — 1)th and the nth shock wave (we recall that the
data oV and " are known by assignment). In the specific, it is sufficient to find
out the value of B at a generic point (x,t) between the (n — 1)th and the nth shock
waves. Then, using B(x, t) and a(" D we get the flow field ahead of the nth shock
through the following relations:
(n—1) (n—1)
u(x, ) = @  +FAxD t, clx,t) = ot—,B(xt) (4.1)
2 4

To find B(x,f) we proceed as follows. First, using (2.2), we rewrite the second
expression of (2.3) in the following way:

dx !
pm = <4+'B t on curves such that 8 = constant, 4.2)
and, integrating, we obtain
(n 1) 2 (n—1)\2
- + 38 _ @)
= x=D = Tl @—"Y)y—— 4= 43
x = +< y y R “3)
where (17D, x"=D) denotes the point along the (n — 1)th shock wave intersected by

the specific B characteristic curve. A straightforward representation of the shock wave
provides 7"~V as an independent variable and x,, 8 as dependent variables. However,
as proved in Antuono (2010), it is possible and more convenient to use B as an
independent variable and write =" = "~V (8) and, consequently, x""~V = x""D(B).
This means that both /"~ and x(” b unlvocally depend on the chosen value of B. As
a consequence of this ch01ce 4. 3) only depends on x, ¢ and 8. As proved in Antuono
(2010) for each pair (z,x) with t > 1"~V (B), it is possible to make B explicit (that
is, p = B(t,x)) and this solution is unique. This implies that, for a fixed pair (x, ?),
the specific value of B(t, x) is simply obtained by evaluating numerically the (unique)
zero of

(n—1) =1 2
mm=ﬁ+w“w+(4fﬂ) — 1"V (B)) - ‘Ligl(“)

for t > 1"V (B).
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After the flow quantities along the shoreward side of the nth shock are computed,
polynomial (3.2) is used to obtain dé"). The correct root is obtained by using a simple
bisection method and noting that it must lie in the following range:

(n) (n)
P <ie 2Aa® + M) | ws)

\/ ™ 4 \/9(C<n>)2 + 8(Aa™)? + 16¢™ Aa®™

A detailed proof of the bounds above is given in Appendix A.

Finally, the value of dé") is used to solve the ODE (3.1). In the specific, a fourth-
order Runge—Kutta scheme has been used. The time step to be used as a reference
inside the four sub-steps of the Runge—Kutta scheme is given by

AV =go[1 — (1 —d")"1,  with y =12, 7= 107%, (4.6)

for the first shock event (that is, the shock propagating in still water) while

dr" = 19\/d\"”, with 7, =107%, 4.7

for the subsequent shock waves. The specific value of 7, guarantees a fine
discretization of the shock wave (~30000 points for each shock event). The
dependence of dr™ on d" is motivated by the request for a higher accuracy as
the shock wave moves shoreward (that is, as d; goes to zero). The specific structure
of such a dependence is needed to make the solution go up to df") = 0(107"?) near
the shoreline (for lower values of d” the computation is stopped). The request for
d" = 0(107'2) near the shoreline is due to the fact that the accuracy on the seaward
side of the shock wave is, generally, smaller. In fact, as a consequence of the results

found in Antuono (2010), it is d\” ~ 1/d"” = 0(107%) and " = /dJ” = 0(107?)
near the shoreline.

This behaviour is also the cause of a numerical issue which affects the solution for
the shock trains. Indeed, if we choose dil) = 0(107'2) as a threshold depth for the
first shock wave, we would get d(l) 0(107%) on the seaward side. When the flow
field in front of the second shock wave is computed, this would imply dm 0(107%)
and, therefore, d(z) 0(1073) on the seaward side. As a consequence, we would have
lower and lower accuracy at the shoreline as new shock waves are solved. To avoid
this problem, for each shock event we use the generalized Shen & Meyer (1963)
solution described in Antuono (2010) to ‘extend’ the depth on the shoreward side from
di") = 0(107% to di") = 0(107'2). The generalized Shen & Meyer (1963) solution is
an asymptotic solution valid in the neighbourhood of the shoreline. It is given by

(x — xn(1))?
d(x,t) = iy (4.8)
where
1
xy(@ =x" +ad (t — 1) — 2+;ﬂﬂ (4.9)

is the shoreline and x(") and tﬁ"j)v are the x and ¢ coordinates at which the nth shock
reaches the shoreline. The corresponding solution for the water velocity is obtained
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through

u(x, t) = ol —2+/d(x, 1) — t. (4.10)

Note that the use of the generalized Shen & Meyer (1963) solution is motivated only
by numerical reasons and does not alter the validity of the shock train solution.

5. Asymptotically periodic shock trains

In this section we study shock trains which satisfy condition (3.3) and which
asymptotically converge towards a periodic solution. This means that, for a long
enough time, each shock event has to be identical to the previous one except for an
unessential time translation. To attain such a behaviour, we first need to achieve an
asymptotically periodic assignment at the seaward boundary. Denoting by

Aa = lim Aa™ and Ar= lim Ar™, (5.1)
n—+00 n—+00
condition (3.3) gives At = Aa and At is the asymptotic period of the shock train.
For example, the case (b) shock train has Aa = 0.4 and the asymptotic assignment at
the seaward boundary is reached after the sixth shock event. Notwithstanding that, the
asymptotic solution takes a much longer time to be attained since each shock event is
influenced and disturbed by the previous events.

In figure 7 the free-surface elevation and the water velocity of this shock train are
displayed at # = 30.59 and r = 30.79 (that is, just after the 78th shock event enters
the sloping region). The solution can be regarded as approximatively periodic since the
time variation of the mean quantities is very small (more details are given in the next
section). The free surface as well as the velocity display a sawtooth profile all over
the sloping region with a relatively small distortion near the shoreline. The jump in
the water depth decreases almost linearly as shock waves move shoreward while the
jump in the velocity keeps almost constant with a slight increase just seaward of the
shoreline.

In § 5.1 we deal with the asymptotic conditions to be satisfied by the periodic shock
train and with the energy dissipation induced by the shock events. However, before
proceeding to the analysis, we define the following variable:

a® 4 D

2 )
which represents the mean of the o values along the seaward and shoreward side of
the nth shock. In Appendix B we prove that, for large values of n and for shock

trains starting from still water conditions (such as those described here), the following
asymptotic relation holds true:

A = (5.2)

t(()") =A™ —2 for n large. (5.3)

Under the same hypothesis, formulae (5.1) and (5.3) permit us to obtain the
asymptotic expressions of ¢/ and u!:

;Ao —12t u,_Aoz—Zr

< == (5.4)

C

where 7 = — 1" (note that T € [0, Aa]).
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FIGURE 7. Long-time evolution for the case (b) shock train (Aa = 0.4): (a,c) the
free-surface elevation (solid lines) and the beach bottom (dotted lines); (b,d) the water
velocity.

5.1. Integral equations and shock-induced dissipation

In the following we provide a simple analysis of periodic solutions based on a
space/time average of the NSWEs. Before proceeding, we add to system (2.1) the
equation of the total energy in its conservative form (see the Appendix C):

Q> 0’ B
(5i+5),+ (5 +me) =0 2

Let us integrate the NSWEs and the energy equation for —1 < x < xy(#) and, then, for
tin [¢, t + T]. Imposing the solution to be periodic with period 7, we obtain

(Qo) =0 o
_/[S8, 4
<V>_<Lz0+2]> (5.6)

Q3
21=([8 +wal)

where the brackets (.) indicate the mean over a period, the subscript O denotes the
quantities at the seaward boundary (x = —1), V is the water volume in the sloping
region and, finally, & is the dissipation caused by the shock waves. Before proceeding
to the analysis, we underline that system (5.6) is approximatively valid also when
the time variations of the mean quantities are negligible, that is, when the solution
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FIGURE 8. The wave celerity (a) and its reflected component (b) for the case (b) shock train
(see figure 4b) after 75 shock events (the 75th shock event starts at t = 29.34). The dashed
lines indicate the still water solution. All signals are computed at the seaward boundary
x=—1.

is approximatively periodic. All details of derivations are provided in Appendix C.
The first equation in (5.6) provides a necessary condition for the attainment of the
asymptotic solution, that is, the mean volume flux across the seaward boundary must
be zero. The second equation gives the asymptotic value of the water volume in the
sloping region (note that the volume in still water conditions is equal to 1/2). Finally,
the third equation states that the energy dissipation caused by a single shock event
must equal the mean energy flux across the seaward boundary.

Now, we give an estimate of the seaward boundary quantities in (5.6). We first
assume that the reflected components are much smaller than the incoming components.
This is suggested by figure 8 where the seaward boundary is displayed after 75
shock events. Denoting through ¢ and § the orders of magnitude of the incoming and
reflected components respectively, we have

W =2 =0() uf=-2R,R=0(0) withd <e<kl. 5.7

From the expression of the incoming velocity in (5.4) it follows that € = Aw/2. The
second assumption is that (c®) % 0. Again, this is suggested by figure 8 and, as shown
in the following, it is needed to satisfy the condition (Qpy) = 0. These assumptions
imply

(Aa)’® R 2¢ o2
13 —2(c") + 0(€76, §),

1 7(Aa)®  9(Aa)* R )
V)=~ 2 0(eé, 8%, (5.8)
WI=3% Tloa *ag0ep T2 O
(Aw)?  3(Aa)* X 4o o

= -2 O (€8,687) .

2 T agag A HO(C0E)
Imposing (Qy) = 0, we obtain (c®) = (Aa)?/96, that is, § = €> which is consistent
with the initial assumption on the order of magnitude of the reflected components.
Then, at the leading order we obtain

111 (Aa)’

_ o 1t 2 3 _ 4
(V)= 7 + 192(A0t) +0(e”), (9)= 13 + O(e"). (5.9)

Obviously, these formulae are increasingly accurate as € becomes smaller and smaller.

(Qo) =

(2)
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t t

FIGURE 9. Mean surface elevation and mean velocity of the case (b) shock train after 25
shock events. Dotted lines indicate the still water conditions while the dashed line represents
the beach bottom.

After 25 shock After 75 shock Asymptotic
events events values
(Qo) 2.51 x 1073 2.42 x 1073 0
(Vy—1/2 6.67 x 1073 6.76 x 1073 ~9.1 x 1073
(2) 5.86 x 1073 5.77 x 1073 ~33x 1073
(c®y 4.10 x 107 4.55 x 1074 ~1.6 x 1073

TABLE 3. Time-averaged quantities for the case (b) shock train (Aa = 0.4).

In table 3 the time-averaged quantities of the case (b) shock train are computed after
25 and 75 shock events. The integration is made over 5 shock events (i.e. quantities
related to the 25th shock wave have been computed by using shocks from 23 rd to
27th). This shock train is characterized by Ao = 0.4 (that is, € =(.2) and, therefore,
represents a strongly nonlinear case (see, for example, figure 7). The computed values
are in good agreement with the leading-order analytical relations of system (5.8) but
are quite different from the asymptotic values shown in the fourth column of table 3.
This implies that the asymptotic solution is not attained yet. However, the fact that
system (5.8) is satisfied at the leading order means that the time variation of the mean
quantities is extremely small and that the solution can be regarded as approximatively
periodic. This is confirmed by the second and third columns of table 3 and by
inspection of the numerical solution. In the specific, after the 15th shock event the
solution can be practically regarded as periodic.

In figure 9 the mean surface elevation and mean velocity are displayed for the same
train after 25 shock events (all quantities have been computed by using shocks from
23th to 27th). An increase of the mean water level (1) is observed all over the sloping
region. As expected, this grows towards the shore where it is rather pronounced.
Conversely, the mean velocity (u) is characterized by a more complex profile with a
minimum at the still shoreline position (x = 0) and remains negative all over the fluid
domain.
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FIGURE 10. (a) Seaward and shoreward velocity along the 25th shock wave (Aa = 0.4).
(b—d) |uy 4 uy| /€ along the 25th shock for different values of Aw.

5.2. Approximate asymptotic solution: a conjecture

In the previous section, the asymptotic behaviour of the periodic shock train has been
studied by analysing the mean quantities which characterized it. Here, we provide an
approximate asymptotic solution for the shock wave which is based on a conjecture
about the velocity field distribution along it.

Let us consider figure 10. In the top left panel the seaward and shoreward velocities
are displayed along the 25th shock wave of case (b) (Ao = 0.4). Their signs are
opposite but their profiles are very similar. This behaviour is reached after ~15-20
shock events and remains unchanged during the subsequent evolution (at least until
the 75th shock event which is the last shock event inspected). Further, it appears
almost identical for shock trains characterized by different values of A«. This seems
to indicate that the sum (u#, + u;) remains small asymptotically. To quantify this aspect,
the remaining panels of figure 10 display the quantity |u, + u;|/€ showing that it
remains smaller than 0.1 during most of the shock evolution. A larger (but temporally
limited deviation from 0.1) is observed in the neighbourhood of the shoreline position.
However, it always remains smaller than 0.4.

Starting from these observations, we assume the following conjecture to hold
asymptotically, that is, |u; 4+ u;|/€ < 1. Thanks to this assumption, we are able to find

an implicit asymptotic solution for the shock wave evolution. Denoting u, = —u; = v
(n)

and T =t — 1, , we obtain
12
A 2 2 VKt +8 A
2_=2 K R L s with k=== _1  (5.10)
2 k+1 2(1 — k?) 2vu
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FIGURE 11. Comparison between the asymptotic solution in (5.10) (dashed lines) and the
numerical solution (solid lines) for the 25th shock event of the periodic shock train with
Aa =0.4.

and t € [0, 2]. Further, it is

Aax (t —v) Aax  (t+v)

2 5 =1+ 2 s (5.11)
All details of computations are reported in Appendix B. The asymptotic solution
described in (5.10) predicts a shock wave which starts travelling inside the sloping
region at T =0 and reaches the shoreline at r = 2. The predicted velocity at the
shoreline is v = Aw/2 while at the seaward boundary (that is, for T =0) v >~ Ax/4.
Further, this is the value of the velocity field which is kept almost constant during the
shock evolution (see, for example, the top left panel of figure 10).

In figure 11 the comparison between the asymptotic solution in (5.10) and the
numerical solution is displayed for the 25th shock event of case (b) the train. The
match is fairly good for the velocities and the largest discrepancies occur just seaward
of the shoreline. However, the velocity profiles and the values at the seaward boundary
and at the shoreline are well approximated. For what concerns the depth, the match is
excellent for both d; and d, and the profiles of the numerical and asymptotic solutions
are practically coincident.

The asymptotic solution in (5.10) may be useful not only for benchmarking wave-
resolving models (such as, for example, the NSWEs or the numerous Boussinesq-
type models) but also for wave-averaged models (e.g. SHORECIRC, SWAN, etc.). In
fact, these models contains forcing terms which come from wave-resolving models
and/or are obtained through approximated analytical solutions. In the latter case,
such analytical solutions are generally derived through the linear theory of wave
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propagation and, therefore, rely on a rough approximation and do not account for
wave breaking. With respect to this, the asymptotic solution in (5.10) may be a useful
benchmark for wave-averaged models.

6. Conclusions

On the basis of the work of Antuono (2010), a train of shock waves fed by a
constant Riemann invariant has been built and studied in detail. The quasi-analytical
solution proposed in the present work represents the first long-time solution for
shock waves on planar beaches and, therefore, may have important implications in
the evolution of both wave-resolving and wave-averaged models. To this purpose, the
asymptotic behaviour of a train of such shock waves has been inspected providing
useful relations/results for the mean water level set-up and for the mean dissipation
induced by a single shock event. Finally, an approximate asymptotic solution for the
shock wave propagation has been obtained. This solution, as well as the asymptotic
relations for the mean quantities inside the sloping region, may be a useful benchmark
for wave-averaged models.

The author would like to thank Professor Maurizio Brocchini for his useful
comments and suggestions and Dr Luciano Soldini for the help received during the
reviewing procedure.

Appendix A. Numerical details

Here, we prove that the correct root of polynomial (3.2) satisfies the following
bounds:

2(Aa + ¢))
\/cl + \/96% + 8(Awa)? + 16¢c,Ac

where the superscript (n) has been dropped for the ease of notation. First, let us define
& =5 — uy and rewrite (2.7) as follows:

d 1 [ 4d,&?
dy=——+ -\/di + 846> = : (A2)
2 2 di + +/d} + 8d,&2

Since z = ¢,/ /c; and & > 0, using the equation above we immediately obtain

28

; (Al)

Jer <z <

7= . (A3)
\ e+ /el + 882
Now, rearranging the entropy conditions in (2.5), we find
a1 <ES (—w) + o (A4)
and, using the definition of «, we obtain
c <ELAa — (¢, —cp) +cy. (A5)
Since (c; — ¢1) = 0, we overestimate the upper bound by writing
a<é&E<Aa—+c. (A6)

Now, using (A3), it is simple to prove that dz/d§é > O, this meaning that the
expression in (A 3) is an increasing function of £&. As a consequence, we substitute
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the upper and lower bounds of (A 6) into (A 3) and obtain the upper and lower bounds
in (A1).

Appendix B. Asymptotic solution: details of derivation

In this section we derive the asymptotic solution for a periodic shock train. First, we
prove that, for a shocks train starting from still water conditions, the following relation
holds true for large n:

where A™ has been defined in (5.2).
Proof. Let us consider the relation (3.3) and apply the following summation:

n—1 n—1 n—1
> At =23 " Aa® =Y A (B2)
2 2 2

Since these series are telescopic, we simply obtain
t(()n) (2) 2( (n— 1) (l)) _ ( (n—l) _ l(()l)). (B 3)

According to the first formula in (3.3), t(z) “) + 2(0((1) - aéo)) and, therefore, the
expression above simplifies as follows:
t(()n) — t(()nfl) + Z(aénfl) _ (X;O)) + 2[(1). (B 4)

Asymptotically, the shock events are periodic with period T = A«. As a consequence,
for large values of n, we can assume 7 " ~ 1" — Aa and Aa ~ o)’ — oV,
Substituting these relations into (B 4), we obtain

1) =A" — o) +1. (BS)

Since a(o) 2+ t(l) the thesis is proved. U
Now, we are in a position to prove the asymptotic solution given in (5.10).
Combining the expressions in (2.6), we obtain

d, + d,
—uy = (dy—d , B6
u, —uy = (dy ) 2did, (B6)
that is,
V2¢ie(ur — wy) = (¢ — e1)(e2 + €1) ¢+ B7)
Let us assume u, = —u; = v so that u, + u; =0 and define T =¢ — (") where t(")
given by (B 1). Since ¢ = (0« — v — 1)/2, it follows that
Aa (t —v) Aax (t+v)
=1-— - =14 — - . B8
“ 4 2 e=1+t7 2 ®B8)

At the shoreline ¢; = ¢, =0 and the expressions above imply v = Aw/2 at 7 = 2.
Substituting these expressions in (B 7) and rearranging, we find

2 2
U[(Z—t)2—<A2a—v> 1 =Q2-1) <A2°‘—u> \/(2—1:)2+<A2a—v>

(B9)



https://doi.org/10.1017/jfm.2011.352

https://doi.org/10.1017/jfm.2011.352 Published online by Cambridge University Press

602 M. Antuono

Now, using
9
g ' (B 10)
Aa/2 —v
we obtain
g2—1=<—1)g\/g2 (B 11)
or simply

E2— 1 =kE\EX+ 1, (B 12)

where ¥k = Aa/(2u) — 1. On the basis of the observation of the numerical solutions, «
and & are assumed to be positive and finite. Then, squaring and solving, we find two
possible solutions:

(B 13)

_ 24+ k2t kK248 2
5= 2(1 — k2) ’

Comparing them with the numerical outputs, one finds that the correct solution is that
with the positive sign. Using (B 10), this can be rewritten as follows:

12
Ao« <2+K2+K\/IC2 +8>

2—1= (B 14)

2 k+1 2(1 — «2)

This expression is singular for « = 1, that is, for v = Aa/4 implying that this value
is achieved for T — —o0o0. Anyway, an approximate solution at the seaward boundary
(that is, at T = 0) can be obtained by expanding the right-hand side of (B 14) in the
neighbourhood of k=1 (or, equivalently, assuming k=1 — ¢ with 0 < ¢ K 1). We
obtain

36Aa?

Klieg=1—
=0 25Aa? + 768 + 16:/6+/25A02 + 384

Since the last term on the right-hand side is, generally, small, the approximate solution
predicts k >~ 1 (that is, v >~ Awa/4) at T =0 as observed in the numerical solutions.

+ O(Aa?). (B 15)

Appendix C. The energy equation and the integral NSWEs
The energy equation for the NSWEs is obtained by combining the continuity and
momentum equations. This means that in the framework of the NSWEs the total
energy is not an independent quantity but depends on both depth and volume flux.
First, let us rewrite the momentum equation in the following non-conservative form:

U+ un, +dy = h,. Chn
Then, multiplying it by u#, we obtain the kinetic energy equation:
u? u?
<2>t+u<2>x+udx:uhx. (C2)
Now, adding the continuity equation, we find
u? u?
(2 +d>[+u<2 +d>x+(ud)x:uhx, (C3)
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or equivalently

I/t2 u2
<+d) +u<+d> —d, = uh,. (C4)
2 t 2 X

The quantity (u%>/2 + d) represents the total energy (kinetic plus potential) per unit of
mass. To get the conservative format of (C4), it is sufficient to multiply it for the
water depth and rearrange the derivatives as follows:

u? u? u’
[d(2+d>] + [ud(2+d>] — [di + (ud),] (2 +d> —dd, = udh,. (C5)

Finally, using the continuity equation, we find

w d u?
I R E

2 2 3
(Q + ‘;) + (Q + dQ) — Oh,. 7

or, equivalently,

2d 24d?

The forcing term on the right-hand side can be moved inside the fluxes. In fact, using
the continuity equation and the fact that & = h(x), we can write

Qh, = (Qh), — Q:h = (Qh), + d;h = (Qh), + (dh),. (C8)
As a consequence, (C7) becomes
2 2 3
(gd—a;—i—nd>1+<2Qd2+nQ)x:0, (C9
or, equivalently,
0> 0
<2d+2)t+(2dz+nQ>X:0. (C10)

Now, let us integrate (C10) for x € [—1, xy(#)] and h(x) = —x. Since the fluid
domain is cut by shock waves, the integration has to be done by collecting together
the spatial intervals in which the solution is continuous. Then, using the Leibniz rule
and the conditions d = Q = 0 and n = xy(?) at x = xy(¢), we, finally, obtain

po v (O - wl[Q 7 " o “1_
E=3 _<2d3+"°Q")+;{_s 2172 Tz T =0

(C11)
where the subscript O indicates quantities at the seaward boundary (x = —1), n
represents the number of shock waves which are inside the fluid domain at the time ¢
and
x (1) Q2 n2
E@) = = + — | dx. Cl12
o= (G+%) e

As explained in Stoker (1957), the jump relations for the energy equation do not close
to zero and represent the dissipation induced by the shock waves. This implies that
each term of the summation in (C 11) is positive. In contrast, when this procedure is


https://doi.org/10.1017/jfm.2011.352

https://doi.org/10.1017/jfm.2011.352 Published online by Cambridge University Press

604 M. Antuono

(n+2) (n+3)

(n—2) (n—1) ‘T—’

FIGURE 12. Sketch of the integration over a wave period for the periodic shock train. The
thick solid lines indicate the intervals of different shock waves which appear inside a wave
period. The thick dashed lines indicate their rearrangement into a single shock event.

applied to the continuity and momentum equations, these terms are all identically null
and give the shock relations in (2.4).

Applying the time-average operator to (C11) along with the periodicity of the
solution and the continuity of xy(¢), it immediately follows:

Q3
(2) = < {M‘% + noQo] > , (C13)
where (Z) represents the average of the dissipation induced by the shock waves. It is
easy to convince oneself, that, under the hypothesis that the solution is periodic, (&)
coincides with the mean of the dissipation induced by a single shock event (see, for
example, figure 12). Applying the same procedure shown above to the continuity and
the momentum equations, we find

d2 Q2 xy (1)
(Qo) =0, (V)= < [2“ + d“]> with V() = / d(t, x) dx. (C14)
0 -1

Finally, let us consider again (C11). After some lengthy algebra, it is possible to
rearrange the (local) dissipative terms as follows:

2 2 3
—SHQ+”H+HQ+nQH=—4$d2[[d1P, (C15)

2d 2 2d?

where m = (u, — 5)d>» = (u; — s)d; is the mass flux across the shock wave. For a shock
wave generated by the collapse of the o characteristic curves, m < 0 while [d] > 0
and, therefore, the expression in (C 15) is positive as expected. This term, first found
by Stoker (1957), relates the dissipation to the mass flux across the shock wave and to
the jump of the water depth.
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