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PROBLEMS AND SOLUTIONS

PROBLEMS

98.4.1. A Determinantal Identityproposed by Heinz Neudecker and Michel
van de VeldenShow that

IX'AX||X'A7IX]| = |A +B|/|A],

for ann X k matrix X satisfyingX’'X = 1, a positive definite matrixA andB =
XX'A — AXX".

REFERENCE

Bloomfield, P. & G.S. Watson(1975 The inefficiency of least squareBiometrika62, 121-128

98.4.2. An Alternative Way to Calculate the SUR Estimajpwoposed by Paolo
Paroulo Consider the following multivariate regression model under standard
assumptions

A
Vi = @ X t & (7’ 71) me + &, t=1...,T, (1)

px1 pxs sx1 pxX1 pxm pxu Ut

ux1
with exclusion restrictions oy, which do not involve complete columns of
The regressors ity are thus common to all the equationdhereag, contains the
regressors that appear in some but not all the equatiaig;, be ii.d. N(0,Q)
with Q-positive definite and definer = (af,a5)’ = veclep) = (vedy)’,
ved(n)’)’, where vec is the column stacking operaidre exclusion restrictions
can be stated as, = ved(y) = Hy1£1, whereH4 is a known matrix arin terms
of a,

£\ (Hun 0\/&
“:Hfz(Hl’H2)<§2>:<o Ipu><§2>’ @

wherea, = £, = ved(n). It is well known that the SUR estimator gfcan be
written as follows

£= (?) = (H' (M @ Q"1 H)"IH ved[ - IM,,), 3)
2

whereM,, =T 1 ELl a;b{, are sample moment matrices, by = X, y;, Qisa
suitable estimator di?, and) is the Kronecker producFinally, assume that the
usual conditions under which the SUR estimator collapses to the OLS estimator
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do not hold Show that the SUR estimatércan be calculated by using the alter-
native following steps

1. Regress,; andz; onuwg, obtaining residualy,, andz;,; compute the resulting mo-
ment matrice,,, andM,y,,, whereMap e = Map — MacMect Mep.
2. Calculate the SUR estimator éf based on the equation, = yz, + errog i.e.,

& = (Hi:(Myz, ® O HHyp) Hi ved Q My, ); 4

this definesi; = ved(7) = H11£; and hence.
3. Calculateé, by regressing; — yz; onuy, i.e.,

& = ved(My, — IM, )M, b), (5)
Orﬁ = (Myv - ’)A/sz)Mx;ul'

Note that(M,, ® Q1) in (3) is of dimensiorps X ps whereagM,,, ® Q1)
in (4) is of dimensiorpmx pm which can be substantially smalleg= m + u);
this entails smaller memory requirements and hence faster calculations

98.4.3. Regression Specification Error Test as a Gauss—Newton Regression
proposed by Badi FBaltagi Davidson and MacKinno(1993 showed that Ram-
sey’s (1969 regression error specification teRESET) can be derived as a
Gauss—Newton regressiofhis problem is a simple extension of their results
Suppose that the linear regression model under test is given by

Yt:X{,B+Ut t:L27'7T’ (l)

whereg is ak X 1 vector of unknown parameteiSuppose that the alternative is
the nonlinear regression model betwggandX;:

Ye = XiBIL+ 0(X{B) + y(X(B)Z + A(X{B)*] + . 2

wheref, v, andA are unknown scalar parametdtss well known that Ramsey’s
(1969 RESET is obtained by regressingnX,, ¥2, ¥, andy; and by testing that
the coefficients of all powers df are jointly zero Show that this RESET can be
derived from a Gauss—Newton regression®pwhich test®¥) = y = A = 0. For
further readings on this subjestee MacKinnon and Magg&990.

REFERENCES

Davidson R. & J.G. MacKinnon(1993 Estimation and Influence in Econometridéew York: Ox-
ford University Press

MacKinnon JG. & L. Magee(1990 Transforming the dependent variable in regression models
International Economic Revie®/1, 315-339

RamseydB. (1969 Tests for specification errors in classical linear least-squares regression analysis
Journal of the Royal Statistical Society Serie8 B535-552
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98.4.4. Regression with Missing Observations on a Explanatory Varigislke
posed by Enrique Sentan@onsider the linear regression of a varigljleon a
constant and two explanatory variahlgsandz; say and suppose that there are
available two random samples of sizésandN, (with N; = 2, N, = 3), the first
of which contains no observations an

Under the assumption of joint normalighow that OLS estimates based on the
second sample are numerically identical to maximum likelihood estimates of the
regression parameters computed from the combined sample if the sample means
variancesand covariance of;, x; are the same in both samples

SOLUTIONS

97.4.1. Hausman’s Specification Test as a Gauss—Newton RegresSiotution
proposed by Badi HBaltagi (a) The GNR on(3) runs the restricted residuals
underH, on the derivatives of the regression function with respedi smdc
evaluated at the restricted estimatiéaowing 6, the restricted estimates ()
underHgyarec=0andb= BGLS. The latter estimate follows from the fact thgit
regressed oiX;; yields the GLS estimator g8 from model(1) (see Hausman
1978. The restricted residuals frof3) underHg will therefore be the GLS re-
siduals(y; — Xii' BsLs)- These residuals are regressedgrandX;, the deriv-
atives of the regression function {i3) with respect tob and c, respectively
evaluated aBg, s andc = 0. Because we are dealing with linear regressitms
latter evaluation is not applicable

(b) From the definitions oK; and¥X;;, these regressors span the same space as
Xi; andX;. Note thatX;; can be written as the sum &f; andX;. Hence the GNR
in (a) yields the same regression sums of squares and therefore the same test
statistic as that proposed by Ahn and (1®96.

REFERENCES

Ahn, SC. & S. Lo (1996 A reformulation of the Hausman test for regression models with pooled
cross-section time-series dafaurnal of Econometricg1, 309-319
HausmanJA. (1978 Specification tests in econometrid&conometricad6, 1251-1271

97.4.2. Asymptotic Properties of the LSE of the Variance in a Linear Medel
Solutions The following solutions have been proposed independently by Bene-
dikt M. Pétscher and Xing Mindrhey both noticed a small mistake in the original
draft of the Problem as proposed by Risto Heijmans

1. Solution proposed by Benedikt MPotscher

We first note that the claim in the original formulation of the problem is not
correct The problem as posed maintains the condition,lijpy max—;—, X
f‘x|>ax4fi(x) dx= 0 (presumably for everp, but the formulation is not specific
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about a quantifier fon). This condition is superfluous given the other assump-
tions because it already follows from the assumption of a finite fourth moment
(note that the max is over a finite $eflow, under the remaining assumptions the
claimed result cannot haldnd counterexamples can indeed be constryethith
are available on requesthe reason essentially is that view of Steps 1 and,2
the claim will hold if and only ife? satisfy the appropriate central limit theorem
Because the? are not necessarily identically distributeal condition like the
Lindeberg condition needs to be verifiaghich is not possible from the given
assumptions

The solution presented below will therefore be based on the following set of
assumptionswvhich is—apart from containing an appropriate modification of the
above mentioned condition that allows verification of the Lindeberg condition—
weaker than the set of assumptions maintained in the original formulation of the
problem Let X be a(possibly randomn X k matrix that is independent of
the random vectoe = (e4,...,&,)" for everyn. (The elements oK may even
depend om, i.e., X= (X4.n).) The errors,, t = 1, are independent withe, = O,
Es; = 02, and with a common finite fourth moment,. Assume furthermore that
limsup, MaX .=, Eei*1(|&| > a) — 0 asa — co. The claimed central limit theo-
rem forS? = £’e/(n — k) — &'Pxe/(n — k), wherePy is the projection matrix onto
the column space of, is now a direct consequence of the following two steps

Step 1: Central limit theorem forf?[e’e/(n — k) — ¢?]. Observe that
var(n¥?[e’e/n — 02]) = ws — 4. If ps— % =0, thenn¥2[e'e/n — 02] -5
N(O, s — %) in a trivial senself u, — o* > 0, we only have to check the
Lindeberg conditiopall other assumptions in the classical central limit theorem
for independent random variables being clearly satisfifd Shiryaey 1995
Ch. Il .4). The Lindeberg condition amounts to showing convergence to zero of
N 1311 El(e2 — 02)21(|e2 — 02| > an'/?)] asn — oo for everya > 0. Now,
for every b > 0, the limsup of this expression is bounded above by
limsup,n™ 3L, E[(eZ — 02)21(|eZ — 02| > b?)]. Forb? > ¢?2, this last ex-
pression reduces to limsyp X, E[(e? — 0?)21(e? > b2 + ¢ ?)], which is
bounded above by limsyp~* 3L, E[e{1(e? > a?)], wherea? = b? + 2. This
bound is certainly not smaller than limsumax .=, Ee{*1(| &;| > a), which con-
verges to zero for — co by assumptioriThis establishes?[e'e/n — o] % N
(0,4 — o*),alsoin casgu, — o* > 0. It follows immediately that alsa¥/?[ &'/
(n—Kk) — 2] % N(0, 4 — o*) because the difference is obviously(1).

Step 2: Negligibility of #2¢'Pge/(n — k). We show than?e'Pye/(n —
k) — 0in probability From Markov’s inequalityProb(n¥?e'Pye/(n — K) > o) =
a~nY2E(e'Pge)/(n— k), and hence it suffices to show tHate 'Pye) is bounded
Using standard properties of the trace operaxmeasurability ofP, and
independence betweex and &, we obtainE(e'Pxe|X) = E(tr(e'Pge)|X) =
tr[PxE(ge’|X)] = tr[PxE(ge’)] = o 2tr(Py) = 0%k, and hencé& (e'Pye) = o k.
Note that theconditiona) expectations involved are well defined becas$ms
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finite second moments and because the elemgntsf the random matrixp
satisfy| p; | = kY2 in view of 3; ; pf = tr(PxPy) = tr(Py) = k.

Comments

(i) It is noteworthy thatapart from the independence betwe¢mnd e, no other
conditions orX have been imposed for the central limit theoremSdto hold In
particulaywe do not assumeéto have full column rankand the assumptions made
above do not rule out dependencies between regressors in the sample period 1
t = nand “future” errorssg, S > n.

(i) Clearly the condition limy_,. limsup, max—=,Eef1(]e| > a) = 0 can be re-
placed by the weakgbut more complexcondition(Lindeberg conditiop

n
lim n > E[e2—02)21(|e2 — 02| > an¥?)] =0 for everya > 0,
t=1

n—oo

without affecting any of the results

(iii) From the proofitis evident that a central limit theorem will hold 8runder any
alternative set of assumptions that implies a central limit theorer'§gtn — k)
as well as the relatio(e'Pxe) = o(n%/?). As the proof has showrthe latter
property holdgeven witho(n¥?) replaced byO(1)), e.g., if only E(ee’) = o2,

o2 < o0, andX ande are independeribr, more generallyif E(ge’|X) = E(gg’)).

In particular the temporal independence of the errors and the higher moment as-
sumptions have not been used in the proof of Stefo further sufficient condi-
tions for negligibility of thee’'Pxe term, see the theorem below

(iv) If we also allow the errors anfdr the number of regressdtsto depend om, then
S2 will satisfy a central limit theorem providesle/(n — k) satisfies a central
limit theorem andE(e'Pxe) = o((n — k,)/nY2). For exampleif k, depends om,
but otherwise the set of assumptions used above h8tdsill continue to satisfy
nY2(S2 — g2) -9 N(0, w4 — o %) whenevekk, = o(n¥2).

(v) Obviously similar results are true if we use * rather than(n — k)~* as the
normalization factor in the definition &2.

(vi) Related resultsMany textbooks prove asymptotic propertiesS3funder addi-
tional but unnecessary assumptions on the regredg@sonvergence oX’X/n.
Glesern(1966 proved strong consistency 8f only under the assumption that the
errors are.i.d. with zero mean and finite variance and tias nonstochastic and
of full column rank Schmidt(1976 noted that the full column rank assumption
can be dropped and extended the result by Gleser to SUR mdgmiarently
unaware of Glesg1966), Kloek (1972 proved weak consistency under the same
assumptions as did Glesg966), and Drygaqg1975 noted that the full column
rank assumption in Kloek’s paper can be dropgeat more related resultsee the
comments in the next section

Extension to correlated errors and to residual autocovariance estimatidine
solution given above proceeded by reducing asymptotic normalitg?ofin
Step 3 to asymptotic normality of its unobservable counterpset/(n — k).
Asymptotic normality of this latter quantity can be obtained directly from central
limit theorems available in the literatyrand thus generalizations of Step 1 are
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quite straightforwardl hus we shall concentrate on obtaining more general con-
ditions under which the reduction steipe., Step 2 still carries throughThe
generalizations concern more general error strucfuneparticular correlated
errors and address estimation not only of the residual variance but also of resid-
ual autocovariance$ he results and methods used in this section draw on results
and methods used in Findlegydtscher and WdiL997, see the comments below
for more discussion

LetX = (x4, n) be a(possibly randormn X k, matrix, and lete = (&q,...,&,)’ be
arandonm X 1 vector with finite second moments aiifs) = 0. (The mean zero
assumption is only made so that we can talk about variances and autocovariances
rather than about noncentral second momeiis not necessary for the math-
ematical development belowLet X, denoteE(ee’), and pute = (I — Py)e, the
ordinary least squares residual vectdonsider forj = 0 the estimatow,; =
n~'X{1 & 8., and its unobservable analogfig; = n~* 2{"] e, &, with the
conventionthay, ; = ¥,; =0ifj = n(e.qg,, if & is stationarytheny, ; will be an
estimator for the autocovarian&gs, &.,;)). Similarly as in Step lconvergence
or asymptotic distributional results for the unobserva]e often follow easily
from laws of large numbers or central limit theoreraad hence analogous re-
sults will hold for the corresponding estimatgy; if the differencey,, ; — ¥, j can
be shown to converge to zefat an appropriate rateNote that in case of residual
variance estimatign.e,, j = 0, the differencey,, o — y,, o precisely equals*e'Pye,
the quantity appearing in Step Ih what follows §,, always denotes a sequence
of positive real numbers that is bounded away from zero

We first show how the differenceg, ; — 7, ; can be bounded by, o — V0,
thus allowing one to concentrate on the latter differehtéhe following lemma
we use the convention that an empty sum is assigned the value zero

LEMMA. Lety,anduv,, 1=t=n,n=1, be triangular arrays of random
variables Then

n—j n—j
-1
max n 2 Ut nUt+jn — 2 Ut,nVt+j,n
0=j<c0 t=1 t=1

n n 1/2 n 1/2
= n_lE(ut,n_Ut,n)2+ 2{n_12(ut,n_vt,n)2} {n_lZ utz,n} .
t=1 t=1

Proof We have
n—j n—j
2 Ut nVt+j,n — E Ut nUt+j,n
=1 =1
n—j
= t}:l(Ut,n - ut,n)(UH—j,n - ut+j,n)

n—j

n—j
+ 2 (Ut,n - ut,n)ut+j,n + 2 Ut,n(Ut+j,n - ut+j,n)~
=1 =1
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Applying the triangle and the Cauchy—Schwarz inequality obtain
n—j n—j
Z Ug nUi+jn — 2 Ut nUt+j,n
t=1 t=1

n—j 1/2 (n—j 1/2
= {E(vt,n_ut,n)z} {E(Ut+j,n_ut+j,n)2}
t=1 t=1

n—j 1/2 (n—j 1/2
{ (Ut,n_ ut,n)z} {2 ut2+j,n}
t=1 t=1
n—j 1/2 (n—j 1/2
+ {tzlutzn} {tzl(vt-%—j,n_ ut+j,n)2}

n n 1/2 n 1/2
SE(ut,n_vt,n)z+2{2(ut,n_vt,n)2} {E ut2,n} . u
t=1 t=1 t=1

The lemma shows that the distance between the empirical second cross-moments
of the arraysu, , and v, , can be bounded bya function of) the size of
Nt 3L (Ug, — vyn)?, Which itself can be viewed as a measure of closeness
between the arraysor exampleit follows that givenn 3, uZ, = Op(1)
[0(1) as.], the difference between the empirical second cross-moments of
Uy, andoy , converges to zerap. [as.] if ™' 3L, (U, — vyn)? has the same
property

In the regression contexte., whenu, , = &, v, = &, 1=t = n, the measure
of closeness becomas !>, (e, — &)2. Becauset is obtained through pro-
jection this expression coincides witj, o — ¥n,0. Hence the lemma translates
into

+

Orl]jg{.(o"?n’j - ')A’n,j ‘ = (7n,0 - '}A’n,O) + 2('7n,0 - i’n,o)l/z(nilsrs)l/zv (1)

which provides the required upper bound in termsyQf — yn 0. Of course
¥no — ¥nois also a lower bound for mgx—..| ¥n; — ¥n,j|. Consequentlywe
obtain that convergence §f, o — 710 t0 zero ip. [a.s.] is necessary and sufficient
for convergence to zero ¢, ; — ;| i.p. [as.] for all j = 0 (even uniformly
in j), providedn~'&’e is Oy(1) [O(1) as.]. Furthermored,(¥n0 — ¥no) — O
i.p. [as.]implies8Y?| ¥, — ¥nj| = 05(1) [0(1) as.] for all j = 0 (even uniformly
inj), providedn te’e is O,(1) [O(1) as.].

As already notedobserve tha§, o — ¥,0 = N~ *e’Pxe. Hence for the more
general problem of residual autocovariance estimattoscrucial step is to es-
tablish(a bound foy the rate of convergence to zerorfls'Pge. This will then
imply (a bound foj the rate of convergence §f, ; — 7, j in view of (1). This leads
to the following result which is a generalization of the result in Step 1

THEOREM Suppose X is independentsofor every n, and led, denote the
largest eigenvalue df,,. Then the following holds:
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(@) nEe'Pxe = Apkn/n.

(b) If SpAnkn = 0(n), thens,|¥no — Pnol = 0in LY, and hence in probabilityas
n— oo.

(©) If 8nAnka=0(n) and mttr(X,) = O(1), thenmaXo=j<o. 872 ¥nj — ¥nj| — 0in LY
and hence in probabilityas n— oo.

(d) If ,k,=0(n) and if the largest eigaralue ofs,, is boundedi.e., A\, =M < oo for
all n, thendy, | ¥n0 = ¥n,0l = 0 @ndmaxyj ., 83|, ; — ¥nj| — 0in L% and hence
in probability, as n— co.

Proof Part (a) follows from E(E(e'Pxe|X)) = E(E(tr(e'Pxe)|X)) =
E(tr(PxE(ee’|X))) = E(tr(P2,)) = E(A,tr(Py)) = A,k,. Part(b) follows im-
mediately from parta), noting thaty, o — .0 equalsn—*e’Pxe and is nonneg-
ative Part(c) follows from part(b), the Cauchy—Schwarz inequality applied
to (1), andn~1tr(Z,) = O(1). Part(d) follows from (b) and(c), observing that
n~tr(3,) < A, ]

Comments

(i) If the conditionn=1tr(,) = O(1) is replaced by the weaker condition’s’'e =
O, (1), then par(c) still holds with convergence in probabilitgoth conditions are
clearly satisfied if the variances ef are boundedas is e.g., the case under weak
stationarity.

(ii) The conditionA, =M < oo for all nis certainly satisfied if the errors are uncor-
related and their variances are bound&dother sufficient condition for bound-
edness ol is provided by the case in which the errey$orm a mean zero weakly
stationary process with an essentially bounded spectral density furfcti@n
see that this is a sufficient conditipbserve that\, = SURyw—1 W' ,W =
J7 Iw(A)[2f (1) dA, wherew () = 31w, exp(—ijA). Hence if Cis an essential
bound forf, we obtain\,, = C[”_|w(A)|2dA = 27C.

(ili) The results presented above continue to hold without any changes #llowed
to depend om. Also, the independence betwe&rande can be replaced by the
weaker assumption th&t(ee’| X) = E(gg’).

(iv) Inthe important case in whidk, — kandA, =M < o for all n, the condition on
8, in the theorem is implied b§,,/n — 0. The theorem then implie# particular
that consistency results fgr, ; can immediately be deduced from corresponding
results fory, j, which typically follow from laws of large number€oncerning
distributional convergence resultsote that part(d) then impliesn?(y, o —
Vn0) = 0p(1), and hencey, o will satisfy a central limit theorem i, o does soln
contrastwe cannot deduce?(¥,; — ¥n,j) = 0p(1) for j > 0 from part(d) of the
theorem In fact, there is no hope to obtain such a result fr¢th because this
would require establishingPxe = 0,(1) (note thah~'e’e will typically be bounded
away from zer. This is howeveyimpossible in general becaysender typical
assumptions o ande, the quantitye’Pxe has a nondegenerate limit distribution
(frequently the distribution of a multiple of a chi-squar@f coursethis does not
mean thah?(¥, j — ¥nj) = 0p(1) is impossible or that a central limit theorem for
Ynj» ¥n,j cannot hold iff > 0.)

(v) Related resultsThe results above are closely related to results in Findley. et al
(1997). For examplethe result given in the lemma represents one of the steps in
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the proof of Proposition.1 in Findley et al (1997 cf. with (A.11) in that paper.

In Section 61 of that paperas. convergence of, ; to the same limit ag, ; is
established for a wide class of dependent procesgg®ut imposing any condi-
tions on thelnonstochasticregressorsThis result substantially extends Gleser’s
(1966 result for ii.d. errors Convergence in probability resultsimilar to the
ones presented abawnd a related consistency result fgr; in case of Gaussian
errors due t&tulajter(1991) are discussed in Sectior?6of Findley et al(1997).

2. Solution proposed by Xing Ming

Notice thatS? is an unbiased estimator @f and that the following asymptotic
results hold s™/n % 0, n/(n — k) = 1, kvlio%(n — k) = 0, X"X/n -5 3,
XTe/vA % N (0,0°23,). But

eTe — e TX(XTX) X Te
\/n(SZ—a'Z):\/n< n(—k ) —a'2>
ele—noc? n k-vn
= + o?

vn ‘n—-k n—k

<8TX n )(XTX>1 XTe
n n-—k n NG

Hence we only need to prove that

8T8 - n0'2

- LN, s — ?), )

whereu, — o is the variance of?. We prove(2) by using the Lindeberg—Feller
central limit theorem by checking the Lindeberg—Feller condit®manos1995

p. 174). Because?, i =1,2,3,..., are positivehave constant mean?, and con-
stant variance, — o#, the Lindeberg—Feller condition for ady> 0 becomes

10
lim = > (x2—=0?)?fi(x)dx= 0. (3)
n—co N {21 Jy2>62+yns

The LHS of(3) is equal to

lim [} i x*; (x) dx
nl 1

n—oo i=1 Jx%>c,
202 n ot n
-— > x2f (x) dx+ — D) f,(x) dx|,
n =1 Jxzsc, N =1 Jxzsc,

wherec, = o2 + VNis. As long as we can claim that the first term of the above
expression converges tg the second and the third terms will converge to 0
automatically For
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lim —2] x4 (x)dx =0

n—)oon| 1

to hold we need to make the following assumption

a—oo 1=i<oo

lim maxf x4 (x)dx = 0, (4)
|x|>a

which is stronger than the assumption suggested by the author

a—oo 1=i<n

lim max f x4 (x) dx = 0 for anyn. (5)
[ x|>a

I would like to point out that assumptidb) is equivalent to the assumption that
Esi*= u,foralli, i.e, itis not an additional conditiamhus questions we should
ask are(a) do we really need a stronger conditi@h for the asymptotic result to
hold and(b) does there exist such a sequence that satighelsut not satisfies
(4)? Because conditiof¥) is equivalent to the Lindeberg—Feller conditi3),
the answer tda) is yes The example that follows satisfies conditi) but not
condition(4). Thus the answer t@b) is also yes

Example.Definee, to be any random variable wiffe; = 0, var(g;) = c?>=1/8
andEe? = w4 = 1/4. Defines;, for i = 2, as follows

(1 with proh  p; = (i —2)/16(i — 1)
—1 withproh p,=(i —2)/16(i — 1)

g =1{i  withprob ps=1/16i(i —1)
—\i with prob p,=1/16i(i — 1)

L0 otherwise

from which we obtain
1 withproh (i—2)/8(i—1)

g2 =141 withprob 1/8i(i —1) (6)
0 otherwise

Then we have

ESi = 0,

Ee? = p+ P, +ips+ipa=1/8=072

Eef' = p1+ po+i%pp+i%ps=1/4 = pa.

Hence sequence?, i = 1,2,3,..., satisfies the requirements proposed by the
author but it does not satisfy the Lindeberg—Feller conditiwhich is equivalent
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to condition(4). From (6), we see that for any, the LHS of(3) will be no less
than
10 (i—1/8)2 1

N4 8i(-1 8

Hence the central limit theorem does not holdne can also check directly that
for this special sequence conditio) does not hold
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97.4.3. Multivariate Regression Subject to Orthogonality ConditierSolu-
tion,® proposed by Michel van de Velden and Heinz Neudeckensider the
problem

mBintr(Y — XB)'(Y — XB), (1)

whereY is a givemn X p matrix, X is a givern X g matrix of full column rankand
B is an unknowrg X p matrix.
Without restrictions o3, we have the solution

B =(X'X)"1X"Y. (2)
We will solve (1) whenB is subjected to one of the following normalizations

1 BB=I,
2. BB' =,

Note that in both cases we have
B =B, 3)
whereB* denotes the Moore—Penrose inverse
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It follows from (2) and(3) that
[(X'X)"IX'Y]" = Y'X(X' X)L (4)
For the Moore—Penrose inverse of a mafkixwe have
At = (A'A)TA = A'(AA))*.
Use these equalities to see tldtyields
Y X(X' X)L =[Y'X(X'X)2X Y]TY' X(X' X)L
and
Y/X(X'X) ™= YOX(XX) THIXX) XYY X (X X) T
Now, consider the two cases

1. rank of X"Y is p or equivalentlyy’XX'Y >0, (p=qgq=n)
2. rank of Y’'X is g or equivalentlyX’YY'X >0, (gq=p=n)

Then for case 1 we get
Y X(X'X) T =Y/ X(X'X) 72X Y] LY/ X(X' X)L
S Y XX X)T2X'Y =1, (5)
and for case 2 we get
Y/ X(X' X)L = Y/ X(X' X)X X)X YY X (X X) 1]t
=Y X(XYY' X)X X = (XX) "= (XYY X) Y2 (6)
We see thatwhenX’Y has full row rank(case 2, then
B=(X'YY'X) ¥2X"Y.

This matrix satisfies the constraiBB’ = | .

Itis clear thaBB'B = | ,whenX"Y has full column rankcase 1. This follows
immediately from(5). A unique expression fdB is not obtainable

For the special case whepe= g andX'Y is nonsingularwe have

B = (X'YY'X) ¥2X'Y = X'Y (Y'XX'Y) V2 (7

The proof is immediatee.g., by the singular value decomposition theorem or by
the Schur decomposition theorem

The problem can also be solved by using a standard optimization technique
For examplerewrite the problem irfl) as

mBaxz trY’'XB —trB’ X’ XB,

St.B'B =1,
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Define the Lagrangean function

¢ =2trY'XB —trB’X’XB —trL(B'B — I).
We consider variations iB, hence

dep = 2trY’'XdB — 2trB’X’XdB — 2trLB'dB,

where we have used the symmetry of the malrinf Lagrangean multipliers
Equating to zero yields a first-order condition together with the constraint

Y'X =B'X'X + LB’ (8)
B'B=1I,.

Postmultiply(8) by B to get

Y'XB =B'X’XB + L.

Due to the symmetry df, we have

(B'X'XB 4+ L)2=Y'XBB'X'Y.

Hence

(Y'XBB'X'Y)Y2=Y'XB=B'X"Y. (9)
For the cas@ = g, we haveBB’ = | ,, so that

(Y'XX'Y)¥2 =B'X"Y.

Now, if we assume the rank of' X to bep, we obtain expressio(?), i.e.,
B=XY(Y'XX'Y) V2

NOTE

1. Excellent solutions have been proposed independently bsn&ford and by RW. Farebrother
the poser of the problem
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