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LARGE DEVIATIONS FOR INFINITE-DIMENSIONAL
STOCHASTIC SYSTEMS WITH JUMPS

VASILEIOS MAROULAS

Abstract. Uniform large deviation principles for positive functionals of all
equivalent types of infinite-dimensional Brownian motions acting together with a
Poisson random measure are established. The core of our approach is a variational
representation formula, which for an infinite sequence of independent and identically
distributed real Brownian motions and a Poisson random measure was shown in
[A. Budhiraja, P. Dupuis and V. Maroulas, Variational representations for continuous
time processes. Ann. Inst. H. Poincaré (to appear)].

§1. Introduction. The theory of large deviations is one of the most active
research fields in probability, having many applications to areas such as
statistical inference, queuing systems, communication networks, information
theory, risk sensitive control, partial differential equations and statistical
mechanics. We refer the reader to [7, 8, 11, 20] for background, motivation,
applications, and fundamental results in the area. In this paper we establish a
general uniform large deviation for functionals of a Poisson random measure
(PRM) and infinite-dimensional Brownian motion. These two types of driving
noises are used in a wide range of processes describing various physical
and/or financial phenomena, e.g. reaction—diffusion of particles, environmental
pollution, stock return, etc. The uniform large deviation result is expected to
be fruitful in the study of asymptotics of steady state behavior for such infinite-
dimensional stochastic partial differential equations with jumps describing the
aforementioned phenomena. The uniformity is with respect to a parameter ¢
that takes values in some compact subset of a Polish space &. Typically, ¢ is
the initial condition of the corresponding stochastic partial differential equation
(SPDE) whose solution’s large deviation estimates are considered. A similar
large deviation result for functionals of an infinite-dimensional Brownian motion
was established in [2] and its uniform analogue in [3]. These results were used
to study small noise asymptotics for a variety of infinite-dimensional stochastic
dynamical models, and a partial list of such studies is [1, 3, 4, 6, 9, 10, 13—
17,19, 21-23, 25]).

Our approach to the large deviation analysis is based on a variational
representation for Polish space valued functionals of a PRM and infinite-
dimensional Brownian motion. Such a variational result was already established
in [5] for an infinite sequence of standard real Brownian motions and a
PRM. Depending on the application, the infinite nature of the Brownian noise
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may be equivalently expressed as a Brownian sheet, a Hilbert-space valued
Brownian motion, or a cylindrical Brownian motion. In this paper the
variational representation result for functionals of any tantamount type of
infinite-dimensional Brownian motion and a PRM will be presented.

A key ingredient in the variational formulation is the appropriate version of
controlled PRM and infinite Brownian motion that will be used for purposes
of representation. In the Brownian case, the control shifts the mean. In the
PRM case, the control process enters as a censoring/thinning function, which
in turn allows for elementary weak convergence arguments in proofs of large
deviation results. In [24], Zhang has also proved a variational representation for
functionals of a PRM. The corresponding control there moves the atoms of the
PRM through a rather complex nonlinear transformation. However, the fact that
atoms are neither created nor destroyed is partly responsible for the fact that the
representation does not cover the standard Poisson process.

The usefulness of the representations is the fact that this approach does not
require any exponential probability estimates to be established. Exponential
continuity (in probability) and exponential tightness estimates are perhaps the
hardest and most technical parts of the usual proofs based on discretization
and approximation arguments, and this becomes particularly hard in infinite-
dimensional settings where these estimates are needed with metrics on exotic
function spaces. Furthermore, what is required for the weak convergence
approach, beyond the variational representations, is that basic qualitative
properties (existence, uniqueness and law of large number limits) can be
demonstrated for certain controlled versions of the original process. Hence,
using the above machinery, Theorem 4.4 establishes large deviation estimates
for the family of solutions of SPDE:s, {Z€%),as€ — 0, uniformly with respect to
the initial solution, . The family of random elements {Z¢} are expressed via a
family of measurable maps G¢ that satisfy a weak form of asymptotic continuity
(Condition 4.1). The reader should remark here that although weak solutions
(in the probability sense) of SPDEs exist, a strong solution property is used here
instead for defining these measurable maps G€.

We now give an outline of the paper. Section 2 contains some background
material on large deviations, infinite-dimensional Brownian motions and a PRM.
In §3 we present a variational representation for bounded non-negative function-
als of an infinite sequence of real Brownian motions and PRM. This variational
representation, originally obtained in [S], is the starting point of our study.
We also provide analogous representations for other formulations of infinite-
dimensional Brownian motions and PRM. Section 4, the main section of this
paper, gives a uniform large deviation result for Polish space valued functionals
of infinite-dimensional Brownian motions and PRM. Sufficient conditions for
the uniform large deviation principle (LDP) for each of the formulations of an
infinite-dimensional Brownian motion mentioned above are provided.

Notation and a topology. The following notation will be used.
The Borel sigma-field on S will be denoted as B(S). Given S-valued random
variables X, X, we will write X, = X to denote the weak convergence of
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PoX,!to PoX~!. For a real bounded measurable map 4 on a measurable
space (V, V), we denote sup,cy |h(v)| by [|/]lo-

For a locally compact Polish space S, we denote by M g(S) the space of
all measures v on (S, B(S)) satisfying v(K) < oo for every compact K C S.
We endow M g (S) with the weakest topology such that for every f € C.(S)
the function v > (f, v) = fS f)v(du), ve Mp(S) is a continuous function.
This topology can be metrized such that M ¢ (S) is a Polish space. One metric
that is convenient for this purpose is the following. Consider a sequence of open
sets {0}, j € N} such that Oj C Oj41, each 0_j is compact, and Uj";l 0, =S
(cf. [18, Theorem 9.5.21]). Let ¢;(x) =[1 —d(x, O;)] v 0, where d denotes
the metric on S. Given any i€ Mp(S), let u/ € Mp(S) be defined by
[di’ /dpl(x) = ¢j(x). Given u, v € Mp(S), let

o0

d(p, vy =Y 27|l — v/ | pL,
=1
where || - || gz denotes the bounded, Lipschitz norm:

|W—vanL=sup{/§fduf'—/8fdvf:|f|oosl, If(x) = F()
<d(x,y) forallx,yeS}.

It is straightforward to check that d (u, v) defines a metric under which
MpE(S) is a Polish space, and that convergence in this metric is essentially
equivalent to weak convergence on each compact subset of X. Specifically,
d(pn, 1) — 0 if and only if for each j € N, uj, — u/ in the weak topology
as finite non-negative measures; i.e., for all f € Cp(X),

/Sfduiéfsfduj-

Throughout, B(M ¢ (S)) will denote the Borel sigma-field on M ¢ (S) under this
topology.

§2. Preliminaries. In this section we recall some basic definitions and
the equivalence between a LDP and the Laplace principle for a family of
probability measures on some Polish space. We next recall some commonly used
formulations for an infinite-dimensional Brownian motion, such as an infinite
sequence of independent and identically distributed standard real Brownian
motions, a Hilbert space valued Brownian motion, a cylindrical Brownian
motion, and a space—time Brownian sheet. Relationships between these various
formulations are noted as well. At the end of the section the definition of a PRM
is presented.

2.1. Large deviation principle and Laplace asymptotics. Let {X€, € > 0} =
{X¢} be a family of random variables defined on a probability space (2, F, P)
and taking values in a Polish space £. Denote the metric on £ by d(x, y) and
expectation with respect to IP by [E. The theory of large deviations is concerned
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with events A whose probabilities P(X€ € A) converge to zero exponentially fast
as € — 0. The exponential decay rate of such probabilities is typically expressed
in terms of a “rate function” I mapping £ into [0, oo]. If a sequence of random
variables satisfies the large deviation principle (LDP) with some rate function,
then the rate function is unique. In many problems one is interested in obtaining
exponential estimates on functions that are more general than indicator functions
of closed or open sets. This leads to the study of the Laplace principle, which is
tantamount to the LDP. The reader should refer to [11] for all the aforementioned
definitions and for equivalence between the LDP and the Laplace principle.

In view of this equivalence, the rest of this work will be concerned
with the study of the Laplace principle. In fact we will study a somewhat
strengthened notion, namely a uniform Laplace principle, as introduced below.
The uniformity is critical in certain applications, such as the study of exit time
and invariant measure asymptotics for small noise Markov processes [12].

Let & and & be Polish spaces. Foreach € > 0 and y € &) let XY be £ valued
random variables given on the probability space (2, F, P).

Definition 2.1. A family of rate functions 7, on £, parameterized by y € &,
is said to have compact level sets on compacts if for all compact subsets K of &

and each M < 0o, Ay g = UyeK{x € £:1,(x) < M} is acompact subset of £.

Definition 2.2 (Uniform Laplace principle). Let I, be a family of rate
functions on & parameterized by y in & and assume that this family has compact
level sets on compacts. The family {X €7} is said to satisfy the Laplace principle
on & with rate function 7, uniformly on compacts, if for all compact subsets K
of & and all bounded continuous functions 2 mapping & into R,

lim sup
€0 yex

€ log E},{exp[—éh(xw)]} + ing{h(x) + 1,(x)}| =0.

2.2. Infinite-dimensional Brownian motions and Poisson random measure. This
section revisits basic definitions for infinite-dimensional Brownian motions and
a PRM. We first start with a definition of a PRM.

Definition 2.3. Let (K, K, u) be some measure space with o-finite
measure . The Poisson random measure (PRM) with intensity measure p is
a family of random variables {N (A), A € K} defined on some probability space
(2, F, P) such that:

(1) forallw € 2, N(-, w) is a measure on (K, K);

(2) for all A€, N(A) is a Poisson random variable with rate p(A),
ie. P(N(A) =n) = (e "D /n)u(A)"; and

(3) if Ay, As, ..., A, € K are disjoint, then N(A}), N(A3), ..., N(A,) are
mutually independent.

The rest of this section deals with all the equivalent types of an infinite-
dimensional nature of the Brownian motion, for example, depending on the
application: an infinite sequence of independent and identically distributed
standard (one-dimensional) Brownian motions, a Hilbert space valued Brownian
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motion, a cylindrical Brownian motion, and a space—time Brownian sheet. The
reader should refer to [3] and references therein for an explanation of the way
these infinite-dimensional Brownian motions are related to one another.

Let (22, F,P) be a probability space with an increasing family of right
continuous P-complete sigma fields {F;},>0. We shall refer to (2, F, P, {F;})
as a filtered probability space. Let {B;}72, be an infinite sequence of
independent, standard, one-dimensional, {F;}-Brownian motions given on this
filtered probability space. We shall frequently consider all of our stochastic
processes as being defined on a finite time interval [0, T'], where T € (0, co) is a
fixed arbitrary terminal time. We denote by R the product space of countably
infinite copies of the real line. Then B = {;}72 is a random variable with values
in the Polish space C([0, T]:R*) and represents the simplest model for an
infinite-dimensional Brownian motion.

Frequently in applications it is convenient to express the Brownian noise,
analogous to that in finite-dimensional theory, as a Hilbert space valued
stochastic processes. Let (H, (-, -)) be a real separable Hilbert space. Let Q
be a bounded, strictly positive, trace class operator on H.

Definition 2.4. An H-valued stochastic process {W(¢), t > 0} given on a
filtered probability space (2, F, P, {F;)} is called a Q-Wiener process with
respect to {F;} if, for every non-zero h € H,

1
{{Qh, h)"2(W (@), h), {Fi}}i=0
is a one-dimensional standard Wiener process.

Remark 2.1. Consider the Hilbert space
b= {xs(xl,xz, ...):x; € Rand lez <oo}

with the inner product (x, y) =Y x;y;. Let {Xi}72, be a sequence of strictly
positive numbers such that Y A; < co. Then the Hilbert space

l_zi{xz(xl,xg,...):xieRand Zkixi2<oo}

with the inner product (x, y); = )_ A;x;y; contains /; and the embedding map is
Hilbert—Schmidt. Furthermore, the infinite sequence of real Brownian motions
B takes values in [, almost surely and can be regarded as a I> valued Q-Wiener
process with (Qx, y)1 = 300, A2x;y;.

The trace class operator Q may be interpreted as injecting a “coloring” to a
white noise, namely an independent sequence of standard Brownian motions, in
such a manner that the resulting process has better regularity. In some models
of interest, such coloring is obtained indirectly in terms of (state-dependent)
diffusion coefficients. It is natural in such situations to consider the driving noise
as a “cylindrical Brownian motion” rather than a Hilbert space valued Brownian
motion. Let (H, (-, -)) be a Hilbert space valued Brownian motion and denote
the norm on H by || - ||. Fix a filtered probability space (2, F, P, {F;}).
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Definition 2.5. A family {B;(h) = B(t, h):t >0, h € H} of real random
variables is said to be an {;}-cylindrical Brownian motion if:
(1) for every h e H with ||h|| =1, {B(t, h), Fi};>0 is a standard Wiener
process; and
(2) foreveryt >0,a;,a € Rand f1, /o € H,

B(t, a1 f1 + a2 f2) = a1 B(t, f1) + a2 B(t, f>) almost surely.

In many physical dynamical systems with randomness, the Brownian noise is
given as a space—time white noise process, also referred to as a Brownian sheet.
Let us fix a bounded open subset O € R¢.

Definition 2.6. A Gaussian family of real-valued random variables
{B(t, x), (t, x) € Ry x O} on the above filtered probability space is called a
Brownian sheet if:

(1) EB(, x)=0,forall (¢, x) e Ry x O;

(2) B(t, x) — B(s, x) is independent of {F,}, forall0 <s <t and x € O;

(3) Cov(B(t, x), B(s, y)) = A(A; x N Ay y), where A is the Lebesgue measure
on Ry xO and A ={(s,y)eR . xO|0<s<tandy; <x;j=

1,...,d};and
(4) the map (¢, u) — B(t, u) from [0, 00) x O to R is continuous almost
surely.

§3. Variational representations for functionals of Poisson random measure and
Brownian motions. In this section we state the representation for functionals of
both a PRM and infinite-dimensional Brownian motions.

Fix T € (0, 00). Let X be a locally compact Polish space and X7 = [0, T'] x
X. Fix a measure v € M p(X) and let vy = Ay ® v, where A7 is the Lebesgue
measure on [0, T]. Let M = M p(Xr) and denote by IP the unique probability
measure on (M, B(M)) under which the canonical map, N :M — M,
N (m) = m, is a PRM with intensity measure vy. The corresponding expectation
operator will be denoted by E.

Furthermore, denote the product space of countable infinite copies of the real
line by R*°. Endowed with the topology of coordinate-wise convergence, R*
is a Polish space. Also let us write the Polish space C([0, T'] : R*) as W, and
consider the product space V=W x M. Abusing the above notation, let N :
V — M be defined by N (w, m) = m, and for the coordinate maps, 8 = {;}7° |,
onV let 8;(w, m) = w;, for any (w, m) € V. Define

G =a{N((0, s] x A), Bi(s):0<s<t,Ae BX),i>1}. (3.1)
With applications to large deviations in mind, for 6 > 0, denote by Py the unique
probability measure on (V, B(V)) such that, under Py:
(1) {Bi}72, is an independent and identically distributed family of standard
Brownian motions;
(2) N is a PRM with intensity measure 6vr; and
3) {Bi(t),re[0,T]}, {N(O,¢t]x A),te[0,T]} are G,-martingales for
everyi > 1, A € B(X).
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Let Y =X x [0, 00) and Y7 =[0, T] x Y. Let M = Mg (Y7) and let P
be the unique probablhty measure on (M, B(M)) such that the canonical map,
N:M— M, N(m) = m, is a PRM with intensity measure V7 = A7 @ V ® Aoo,
where Ao i8 Lebesgue measure on [0, 00). The corresponding expectation
operator will be denoted by E.

Analogously, let us define V =W x M. Furthermore, abusing notation, let
N :V — Mbe N(w, m) = m and let the coordinate maps on V be denoted again
as B ={Bi};2,. The control will act through this additional component of the
underlying point space. Let

G =0 (N0, s] x A), Bi(s):0<s<t, Aec B(Y),i>1},

and to facilitate the use of a martingale representation theorem let F; denote the
completion under P. We denote by P the predictable o-field on [0, T'] x \%
with the filtration {f, 0<tr<T} on (V B(V)). Let A be the class of all
(P ® B(X))\BI0, co) measurable maps ¢ : X7 x V— [0, 00). For ¢ € A,
define a counting process N¥ on X7 by

N0, t11xU) = / / 1[0,¢(s,x)](r)]§7(ds dx dr), (3.2)
0,t1xU J(0,00)

where 7 € [0, T], U € B(X). N is to be thought of as a controlled random
measure, with ¢ selecting the intensity for the points at location x and time s,
in a possibly random but non-anticipating way. Obviously N % has the same
distribution on V with respect to I’ as N has on V with respect to Pp. N 0
therefore plays the role of N on V. Define ¢ : [0, o0) — [0, c0) by

Lry=rlogr—r+1, rel0,oc0).

For any ¢ € A the quantity
Lr(p) = / Up(t, x, w))vr(dt dx) (3.3)
Xr

is well-defined as a [0, oo]-valued random variable.
Consider the ¢, Hilbert space as defined in Remark 2.1, denote

Py = {Vf = ()2, : ¥ is P\B(R) measurable and
T —_
/ ||1//(s)||2 ds < 0o, almost surely IP’}, (3.4)
0

and set U = P> x A. For ¢ € P, define Ly () =1 [ Iy (s)|? ds and, for

u=(y.p) €U, set Lr(u)=Lr(@) +Lr(¥). For y Py, let B¥ = (B))
be defined as ,B;//(t) = Bi(t) + fot Yi(s)ds, t €0, T], i € N. The following
variational representation theorem was established in [S].
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THEOREM 3.1. Let F € Mp(V). Then, for 6 > 0,

—log Eg(e FEM)y = _jog I_E(e_F(ﬁ’NH))

— inf  E[@Lr@) + FBYP, N9
u=(y,p)eld

As mentioned in the introduction, depending on the application the infinite
nature of the Brownian noise may be written in several other equivalent forms.
First, let us establish an analogous variational representation for a functional
of Hilbert space valued Brownian motion and a PRM. Let (H, (-, -)) be a
Hilbert space and let W be an H valued Q-Wiener process, where Q is a
bounded, strictly positive, trace class operator on the Hilbert space H. Let
Ho= QY?H; then Hy is a Hilbert space with the inner product (h, k)o =
(07V2h, Q7'2h), h, k € Hy. Also, the embedding map i: Hyr> H is a
Hilbert-Schmidt operator and ii* = Q. Let || - ||o denote the norm in the Hilbert
space Hy.

Furthermore, denote the Polish space C ([0, T']: H) by W(H) and denote by
V(H) the product space W(H) x M, where M is as defined at the beginning
of the current section. Let V(H)=W(H) x M. Abusing notation, let N :
V(H) — M be defined by N(w, m) =m, for (w, m) € V(H). The map N:
V(H) — M is defined analogously. Let W be defined on V(H) as W(w, m) =
w(t). Analogous maps on V(H) are denoted again as W. Define G, =
o{N((0,s] x A), W(s):0<s <t, Ae B(X)}. For 6 >0, denote by Py the
unique probability measure on (V(H), B(V(H))) such that, under Py:

(1) W(z)is an H-valued Q-Wiener process;

(2) N is a PRM with intensity measure 6vr; and

3) {(W@),tel0,T]}, {N(O0,7]x A),t€[0,T]} are G,-martingales for
every A € B(X).

Define (P, {G,}) on (V(H), B(V(H))) analogous to (P, {G,}) by replacing
(N, Ovr) with (N, br). Now, let us consider the P-completion of the filtration
{gl} and denote it by {]:,} We denote by P the predictable o-field on [0, T'] x
V(H) with the filtration {F, :0 <7 < T} on (V(H), B(V(H))). Let A be the
class of all (P ® B(X))\BI0, co) measurable maps ¢ : X7 x V — [0, 00). For
¢ € A, define L7(¢) and the counting process N on X7 as in (3.3) and (3.2)
respectively.

Define

Pr="Pr(H) = {w -y is P\B(R) measurable and
T -
/ ||w(s)||% ds < 0o, almost surely IP’} 3.5
0
and set U (H) = P»(H) x A. For y € P, define

. 1T
LTELM>=§/O 1y o)1 ds
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and, for u = (¥, ¢) €U, set Ly (u) = L7(¢) + Lt (). For ¢ € Ps, let WV
be defined as WY ()= W) + fot v(s)ds, tel0,T]. The following
representation follows from Theorem 3.1 and [3, Proposition 1].

THEOREM 3.2. Let F € M(V(H)). Then for 6 > 0,

—log Eg(e WMy = _log B(e™FW-N")

= inf  ROLr@) + F(WYP¥ NO9).
u=,p)etd

Finally, we provide the representation theorem for a Brownian sheet acting
together with a PRM. Let us denote the Polish space C([0, T] x O :R) by
Wpgs and denote by Vg the product space Wgg x M. Let Vpg = Wgg x M.
Abusing notation, let N : Vg — M be defined by N (w, m) =m, for (w, m) €
Vgs. The map N : Vs — M is defined analogously. Let B(w, m) = w(t, x)
on Vg, and analogously on V gy this is denoted again as B(t, x). Define G, =
o{N((, s]x A), B(s, x):0<s<t, xecO,AeBX),i>1}. For 6 >0,
denote by Py the unique probability measure on (Vgg, B(Vgg)) such that, under
Py:

(1) B is a Brownian sheet;

(2) N is a PRM with intensity measure 6vr; and

(3) {B(t,x),te€[0,T]}, {N(O, ] x A),t€[0, T]} are G,-martingales for
everyi > 1, A € BX).

Define (P, {G,}) on (Vgs, B(Vps)) analogously to (Py, {G,}) by replacing
(N, Ovr) with (N, vr). Define the P-completion of the filtration {G;} and
denote it by {;}. We denote by P the predictable o-field on [0, T'] x O x Vg
with the filtration {¥;:0<¢ <T} on (Vps, B(Vps)). Let A be the class
of all (P ® B(X))\B[0, co) measurable maps ¢ : X7 x Vgg — [0, 00). For
¢ € A, define L7(¢) and the counting process N on X7 as in (3.3) and (3.2)

respectively.
Define

P,y = PZBS = {1// : ¥ is P\B(R) measurable and

T —_
/ / wz(s, x) ds dx < oo, almost surely IP’} (3.6)
0JO

and set UBS = Pfs x A. For € P, define

T
ZTEZ’;S(w)ZE// W (s, ) drds
2 Jo Jo

and, for u = (Y, ¢) €U, set Lt (u) = L*(u) = L1(p) + L1 (). For y € Py,
let BY be defined as BY (¢, x) = B(t, x) + f(; me(_oo’x] V2(s, y)dyds, t €
[0, T1, i € N. We finally remark that the following representation for a Brownian
sheet and a PRM follows from Theorem 3.1, [3, Proposition 3] and an application
of Girsanov’s theorem.
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THEOREM 3.3. Let F € Mp(Vps). Then, for 6 > 0,

—log By(e FBN)y = _og I_E(e_F(B’NG))

— inf  E[OLy) + F(BYOV, N%%)].
u=(y,p)eld

§4. Uniform large deviations estimates. This is the central section of this
paper where the uniform Laplace principle for functionals of a PRM and an
infinite-dimensional Brownian motion of any type are verified. The uniformity is
with respect to a parameter ¢ (typically an initial condition), which takes values
in some compact subset of a Polish space &.

Let first consider the case of a Hilbert space valued Wiener process and
then use this case to deduce analogous Laplace principle results for functionals
of a cylindrical Brownian motion and a Brownian sheet acting independently
together with a PRM. Let (2, F, P, {F:}), (H, (-, -)), O be as in §2 and let
W be an H-valued Wiener process with trace class covariance Q given on this
filtered probability space. Let £ be a Polish space, and for each € > 0, let
G¢: & x V(H) — & be a measurable map. We next discuss a set of sufficient
conditions for a uniform LDP to hold for the family

(ZEE = GE(L, JeW, eN )} ase — 0. 4.7)
Let Hy be as introduced before, and define for N € N
SN (Hp) = {u € L*([0, T1: Ho) : LT(u) < N}. (4.8)

We will endow SV (Hy) with the topology obtained from the metric
o0 1 T
d(x,y)=Y_ 2—'/0 (x(s) = y(s). ei(s))o ds
i=1

and refer to this as the weak topology on SV (H).
Also, let
SM ={g: X7 — [0, 00): L7(g) < N}. 4.9)

A function g € SV can be identified with a measure v§ € M, defined by
v’}’(A) = fA g(s, x) vr(ds dx), A € B(Xr). Recalling from the introduction
that convergence in M is essentially equivalent to weak convergence on compact
subsets, the superlinear growth of £ implies that {v§ :g €SN} is a compact
subset of M. Throughout we consider the topology on S” obtained through this
identification, which makes SV a compact space. We let SN =g§N (Hop) x sN
with the usual product topology. Recall the product space U = P> (H) x A; let
S=Up>; SY and let U™ be the space of SV -valued controls:

UN ={u= Y, ) el :u(w) € SV, Pae. ). (4.10)

Condition 4.1. There exists a measurable map G°: & x V(H) — &£ such
that the following hold.
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(1) For N € Nlet (f, gn), (f, g) € SN be such that (&, fu, gn) = (&, £, 8)-

Then
QO(Cn, / Jn(s) ds, V§"> - Q°<§, / f(s)ds, v§>.
0 0

(2) For N e Nlet uc = (Ve, @e), u = (¥, ¢) € UV be such that, as € — 0, u,
converges in distribution to u and {¢€} C &y, ¢€ — ¢, as € — 0. Then

G (ci JEW () + / Ve(s) ds, eN“%) = go(c, / Y (s) ds, v?)'
0 0

For ¢ € £, define

S¢ = {(f, g) ESZ(PZQO(C, /‘o' f(s)ds, vi)}.
Let Ir : £ — [0, oc] be defined by

I = inf {L ) 4.11
¢ (®) q:(}flg)esq,{ 7(q)} (4.11)

THEOREM 4.4. Let Z€% be defined as in (4.7) and suppose that
Condition 4.1 holds. Suppose that for all f € £, ¢ I.(f) is a lower semi-
continuous (l.s.c.) map from & to [0, oo]. Then, forall ¢ € &y, f > I.(f) isa
rate function on € and the family {1, (-), ¢ € o} of rate functions has compact
level sets on compacts. Furthermore, the family {Z€°} satisfies the Laplace
principle on &, with rate function I, uniformly on compact subsets of &.

Proof. In order to show that I, is a rate function and that it has compact level
sets on compacts, it is enough to demonstrate that, for all compact subsets K of
& and each M < oo,

A =|JoeE: 1 (9) < M)

cek

is a compact subset of £. To establish this we will show that Ay x =
(V=1 TM+1/n,k is compact, where

Tyx = {go(;, /0 f(s)ds, v,g> xe&, (f,g) € SM}.

There exists ¢ € K such that I.(f) <M. We can find, for each n>1,
(fn» gn) € S such that, for p € Ay g, ¢ = GO, fo f(s)ds, v;g) and I:T(fn) <
M +1/n and L7(g,) <M + 1/n. In particular, (f,, g,) € SY*1/" and thus
¢ € SMHUn Since n>1 is arbitrary, we have Ap g (o1 Dmsi/n k-
Conversely, suppose ¢ € S¥1/" such that ¢ = GO(¢,, Jo fa(s)ds, vi). In
particular, we have I, (¢) <M + 1/n. The map ¢ — I (¢) is lower semi-
continuous and K is compact, and thus sending n — oo for some ¢ € K,
I (¢) <M. Thus ¢ € Ay g, and, in turn, ()~ Dam+1/n,k € Am, g follows.
This proves the first part. For the second part of the theorem consider ¢ € &
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and let {¢€, € > 0} C &y such that ¢€ — ¢, as € — 0. Fix a bounded and
continuous F : £ — R. Tt suffices to show the Laplace Principle’s upper and
lower bounds, [11, §1.2], in terms of I, for the family Z¢¢°. For notational
convenience we will write SV (Hp), defined in (4.8), as SN, and the reader should
recall P>, SV, UV as in equations (3.5), (4.9) and (4.10) respectively.

Lower bound. From Theorem 3.2, we have

—e log E(exp(—éF(Z€'§€)>>

. _ ol . N
_u=<3pl,l£>euE[LT(”)+F g (4“ ,JEW+/()¢(S) ds, €N )} (4.12)

since Z€¢ = GE(¢€, JeW, eNG_]) and N¢ ' is a PRM with intensity € vy,

Fix & € (0, 1). Then for every € > 0 there exist u. = (V¥e, @e) € U such that the
right-hand side of equation (4.12) is bounded below by

I_E[I:T(ue) + FogG* (;6, JeEW + / Ye(s) ds, eNel‘”f)} — 4. (4.13)
0
Clearly I_E(I_,T(ue)) <2||F|looc + 1. Fort € [0, T, let

Lt(”e)=/ (Ill/fe(S)IIZ—F/ e (s, X))v(dx)) ds
[0,] X

and define the following sequence of stopping times:
w5, =inf{t €[0, T]: L,(ue) > M} A T.
Now for the pair of processes ue yr = (Ve M, Qe M) € UM where

Pe,m(t, x) =1+ [@e(t, x) — 1110 - 1(2),
Vem () = Vel (1), 1€[0,T] x €X,
note that

_ - 21 F +1
Pue # ue m) <P(LT(ue) > M) < %

Choose M large enough so that the right-hand side above is bounded by
3/2|| Flloo)- Thus (4.13) is bounded below by

E[ET(MG,M) + FoG¢ <;f, JeEW + / Ve m(s) ds, eNfl‘Pe-M)] —28.
0

I}Iote that {ue pr}e=0 is a family of SM _yalued random variables. Recalling that
SM is compact, choose a weakly convergent subsequence and denote by u =
(¥, @) the weak limit point. From part (2) of Condition 4.1 we have that along

this subsequence G(¢€, \/eW + [; Ve m(s) ds, €N '9eM) converges weakly
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to go(;, fo v(s)ds, v?). Thus, using Fatou’s lemma and lower semicontinuity
properties of the relative entropy function,

_ 1 €
lim inf —e log E[exp ——F(Z¢%¢ )i|
e—0 €
> lim ianE|:I:T(ue) + Fog* (ce, Vew
e—0
+ / Ve, m(s) ds, eNf_l“’f‘M)} —26
0

sz[iT(u) +F ogo(g’ / W (s) ds, u?)] —26
0

> inf inf (L7(q) + F(¢)) — 28
¢el qgeSy

= inf (I;(¢) + F(¢)) — 2.
¢l

Since § € (0, 1) is arbitrary, this completes the proof of the lower bound.

Upper bound. We need to establish that
_ 1 e
—e log E(exp(——F(ZE’g ))) < inf (I (@) + F(9)).
€ ¢pelU

Let 8 € (0, 1) be arbitrary and ¢ € U such that

I (¢o) + F(¢o) < ;2{;(14 (9) + F(¢)) +34.

Choose g = (f, g) € S¢, such that ir(q) < I:(¢o) + J and

%0 =g°<;, f F(s) ds. v§).
0

But according to equation (4.12) we have that

. 1 .
lim sup —e log E[exp<__F(Z€7€ ))]
€

e—0

< L7(q) +lim sup E|:F o G* (g‘e, JeW _|_/' f(s)ds, 6Ne‘g)j|
0

e—0
< I;(¢o) + 3 + FOQO(C, / f(s)ds, v?)
0

= I (¢o) + F(o) + 9
< ;161%(14 (¢) + F () + 25,

and since § € (0, 1) is arbitrary the proof of the theorem is complete. O

Next let 8 ={B;} be a sequence of independent standard real Brownian
motions on (2, F, P, {F;}). Recall that 8 is a (C([0, T]:R*), B(C([0, T]:
R*))) = (S, S) valued random variable. For each ¢ > 01let G°: &) x S > V
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be a measurable map and define

750 = GE(L, JeB, €N ). (4.14)

We now consider the Laplace principle for the family {Z%¢}, as in (4.14),
and introduce the analog of Condition 4.1 for this setting. Define SN (1) as
in (4.8), with Hy there replaced by the Hilbert space l>. Consider SV = SN (I,) =
SN(ly) x SN with the usual product topology. Let S =y~ SN, and let UV
be as defined in equation (4.10). -

Condition 4.2. There exists a measurable map GY: & x V— & such that
the following hold.

(1) For N € Nlet (fu, gn)s (f, g) € SN be such that (&, fu, &) = (&, [, &)

Then
QO(Q, / Ja(s) ds, vi”) - Q°<§, / f(s)ds, V§).
0 0

(2) For N eNletue = (e, @e), u = (¥, ) € UN be such that, as € — 0, u,
converges in distribution to u and {¢€} C &y, ¢€ — ¢, as € — 0. Then

G (;f, Jep + f Ve(s) ds, eNf“‘ﬂe) N go(g, f W) ds, v?)-
0 0

For ¢ € £, define

Sp = {(f, 9 eS:¢=g°<¢, fo F(s) ds. vg)}.

Let I : £ — [0, oo] be defined by

I = inf {L ) 4.15
(@) q:(}g)e%{ 7(q)} (4.15)

THEOREM 4.5. Let Z€% be defined as in (4.14) and suppose that
Condition 4.2 holds. Suppose that for all f € &, ¢~ I (f) is a lower semi-
continuous (1.s.c.) map from & to [0, ool, where I is as in (4.15). Then, for all
¢ €&, [ I:(f) is a rate function on € and the family {1, (-), ¢ € &y} of rate
functions has compact level sets on compacts. Furthermore, the family {Z¢°}
satisfies the Laplace principle on &, with rate function I, uniformly on compact
subsets of &.

Proof. From Remark 2.1 we can regard g as an H valued Q-Wiener process,
where H =1[; and Q is a trace class operator, as defined in Remark 2.1.
Also, one can check that Hy= Q'/2H =1,. Since the embedding map i :
C([O T]:5) — C([O T]1:R*®) is contmuous (]8'50 x V() — £ defined
as G5(¢, Vo, eN< ) = GE(¢, VEi (v), eNE ), (¢, v) € & x C([0, T): by s
a measurable map for every ¢ >0. Note also that for ¢ >0, 788 =
Qs (¢, A/eB, eN 8_1) almost surely. Since Condition 4.2 holds, we have that both
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parts of Condition 4.1 are satisfied with G¢ there replaced by Ge for & >0 and
W replaced with 8. Define I ¢ (¢) by the right-hand side of equation (4.11) with
GO replaced by Go. Clearly I (¢) = I} (¢) for all (x, f) € & x &. The result is
now an immediate consequence of Theorem 4.4. (N

Finally, we consider the uniform Laplace principle for functionals of a
Brownian sheet and a PRM. Let B be a Brownian sheet as in Definition 2.6.
Let G° : & x Vpg — &, ¢ > 0 be a family of measurable maps. Define

788 = GE(¢, \JeB, eN ). (4.16)

We now provide sufficient conditions for the Laplace principle to hold for the
family {Z®¢}.
Analogous to the classes defined in (4.8), we introduce

S‘Ni{qbeLz([O, Tl x O): ¢ (s, r)dsdrSN}-

[0,T]1xO

Once more, SV is endowed with the weak topology on L2([0, T] x (), under
which it is a compact metric space. For u € L2([0, T] x O), define Int(u) €
C([0,T] x O:R) by

Int(u)(z, x) = / u(s, y)dsdy, “4.17)
[0,]x (ON(—00,x])

where (—oco, x]={y:y; <x;jforalli=1,...,d}. Consider SV =38} =
SN x SN with the usual product topology. Let S = N>1 SN and let UV be
as defined in (4.10).

Condition 4.3. There exists a measurable map G°: & x Vg — U such

that the following hold.
(1) For N e Nlet (fu, gn), (f, &) € SN be such that (¢u, fu, &) = (&, f, &)
Then

GO(¢n, Int( ), v5") — GO, Int(f (5)), v5).

(2) For N e Nlet uc = (Ve, @e), u = (¥, ¢) € UV be such that, as € — 0, u,
converges in distribution to u and {¢€} C &, € — ¢, as € — 0. Then

GE(Z€, VeB +Tnt(Pe), eN€ #) = GO(¢, Tnt(¥), v5).
For ¢ € £, define

S¢={(f,g)eS:¢=QO<§,/
[

0,1]1x(ON(—o00,x])

f(s)ds, u§) }
Let I : £ — [0, oo] be defined by

I = inf {L ) 4.18
¢ (®) q:(]l{lg)eg(b{ 7(q)} (4.18)
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THEOREM 4.6. Let Z€% be defined as in (4.16) and suppose that
Condition 4.3 holds. Suppose that for all f € £, ¢ — I (f) is a lower semi-
continuous (l.s.c.) map from & to [0, ool, where I, is as in equation (4.18).
Then, forall ¢ € &, [+ I (f) is a rate function on £ and the family {I; (-), ¢ €
&o} of rate functions has compact level sets on compacts. Furthermore, the
family {Z€%) satisfies the Laplace principle on £, with rate function I,
uniformly on compact subsets of .

Proof. Let {e;}72 | be a complete orthonormal system in L%(O) and let

,Bi(t)i/ e;(x)B(dsdx), tel0,T],i=1,2,....
[0,.1xO

Then B = {B;} is a sequence of independent standard real Brownian motions and
can be regarded as an (S, S)-valued random variable. Now, from [3, Propo-
sition 3], there is a measurable map % : C([0, T]: R*®) — C([0, T] x O : R)
such that i(8) = B almost surely. Define, for ¢ > 0, Qs & x V=& as

G°(¢. Jev, eNT) = GP(¢. JEh(v). eN® ). (2. v. §) € E x §V (o). Clearly

G°¢ is a measurable map and
G5(¢, J/eB, eN¢ ) = Z5¢ almost surely.

Next, note that

t

Sae = {v eC(0, T1:R®) :v(t) = / u(s)ds, t €0, T1,
0
for some & € L*([0, T] 112)}

is a measurable subset of S. For it € L2([0, T']: I»), define u; € L*>([0, T] x O)

as
o0

up(t, x) =Y hi()ei(x), (t, x) € [0, T1 x O.

i=1
Define G°: & x V — £ as
G <;, /0 i(s) ds, vé;) = GO(¢, Int(uz), v§)
and note that
{G°<;, /0 i(s) ds, vf;) heSMb), ceK, K C 50}
= (GO, Tnt(u), v3) :u e SM, r € K C &}.

Since Condition 4.1 holds, we have that its first part holds with gO there

replaced by Go. Next, an application of Girsanov’s theorem gives that, for every
i* e SM(h),

1 ‘ 1
h — 1€(s)ds | = B + —Int(u;:), almost ly.
<ﬁ+ﬁ/0u(s) s) +ﬁn(uu)amos surely
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In particular for every M < oo and families {i€, ¢} € SM(l,) and {¢¢} C &,
such that {#i€, ¢} converges in distribution to {ii, ¢} and ¢ — ¢, we have, as
e— 0,

g (45, Vep+ [ i as eNé‘@) G, EB + Int(uge), €N
0

= GO, Int(uz), v9)

= .C’;()(C, /0. u(s)ds, v?)

Thus the second part of Condition 4.1 is satisfied with G* replaced by QS, e>0.
The result now follows on noting that if I} (f) is defined by the right-hand
side of equation (4.15) on replacing G° there by QO, then I}(f) = 1. (f) for
all (¢, fHe& x E. u
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