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POINT DECISIONS FOR
INTERVAL–IDENTIFIED PARAMETERS

KYUNGCHUL SONG
University of British Columbia

This paper considers a decision maker who prefers to make a point decision when
the object of interest is interval-identified with regular bounds. When the bounds
are just identified along with known interval length, the local asymptotic minimax
decision with respect to a symmetric convex loss function takes an obvious form:
an efficient lower bound estimator plus the half of the known interval length. How-
ever, when the interval length or any nontrivial upper bound for the length is not
known, the minimax approach suffers from triviality because the maximal risk is
associated with infinitely long identified intervals. In this case, this paper proposes
a local asymptotic minimax regret approach and shows that the midpoint between
semiparametrically efficient bound estimators is optimal.

1. INTRODUCTION

Many objects of inference in economics are related to decisions that are to be
implemented in practice. For example, estimation of willingness-to-pay in dis-
crete choice models is closely related to transportation and environmental poli-
cies or marketing strategies. Also, treatment decisions are based on the estimated
treatment effects in various program evaluations or medical studies. In such an
environment, a point decision (or estimate) about the object of interest is pre-
ferred to a set estimate for practical reasons. A natural way to proceed in this case
would be to introduce identifying restrictions for the object of interest and obtain
its reasonable estimator using data. However, the decision maker faces a dilemma
when the empirical results are sensitive to the identifying restrictions that have
no a priori justification other than that of practical convenience. Relying on the
unjustifiable restrictions will erode the validity of the decision, whereas shedding
them will yield no guidance as to a reasonable point decision (or estimate). This
paper attempts to address this dilemma by searching for an optimal point decision
when the object of interest is interval-identified.

Searching for a point estimator of an interval-identified parameter may sound
odd at first. The problem of estimation is fundamentally a decision problem, for
it is the problem of producing an “appropriate” mapping from the observed data
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into the parameter space. A formal definition of “appropriateness” of an estimator
presumes a decision-theoretic description of the problem. As far as the nature of
the problem is decision-theoretic, the candidate class of decisions—whether it be
a point or an interval—is a matter of the decision maker’s choice. This decision-
theoretic perspective where an optimal decision is pursued regardless of the infor-
mational content of the observations contrasts with the perspective of inference
where one is allowed to declare “nondiscovery” when the informational content
of the observations is thin. This paper demonstrates how the problem of point es-
timation can be formulated in decision-theoretic terms even when the object of
interest is interval-identified.

Let Xn be a random vector of observations with distribution Pn . We are inter-
ested in an object θ0 ∈ [θL ,θU ], where θB = (

θU ,θL
)�

, θL ≤ θU , is identified by
Pn . See Manski (2003) for an overview of the bound approach. (For examples and
for inference procedures, see also Imbens and Manski, 2004; Stoye, 2009a, Fan
and Park, 2009). The boundary parameter θB is not known but has

√
n-consistent

and asymptotically efficient estimators constructed using Xn . This paper focuses
on the problem of deciding on (or estimating) θ0 after observing Xn .

When the interval length has a known bound along which the interval bounds
are just identified, one can show that the local asymptotic minimax approach of
Hájek (1972) and Le Cam (1979) with respect to a symmetric convex loss gives an
intuitive solution: a semiparametrically efficient lower bound estimator plus the
half of the upper bound for the interval length. When there is no known bound for
the interval length that is nontrivial (i.e., there exist sampling variations in which
the bound can be potentially violated when the bound is not externally forced on
the variations), the local asymptotic minimax approach does not provide a mean-
ingful solution, because the worst possible scenario that the minimax approach
focuses on arises when the interval is infinitely long.

This paper introduces the approach of local asymptotic minimax regret and
shows that the midpoint between efficient estimators of upper and lower bounds
is a minimax regret decision. We call this estimator a midpoint decision. First, the
paper establishes a lower bound for the local asymptotic minimax regret bound.
Defining a minimax regret bound encounters a difficulty that pertains to the anal-
ysis of a set-identified parameter: the asymptotics that sustains a fixed interval
length with the growing sample size does not provide a good description of the
finite-sample environment for decisions. To address this issue, this paper adopts
what this paper calls asymptotics of near identification where the interval length
shrinks along with the sample size as the bound estimators become more accurate.

The minimax regret approach has a long history in statistical decision theory
(see, e.g., Berger, 1985). In econometrics, the approach has been recently em-
ployed by Manski (2004) and a few others such as Tetenov (2012a), Hirano and
Porter (2009), and Stoye (2009b) who applied the approach in search of good
statistical treatment rules.

A recent contribution by Kitagawa (2012) explores robust Bayes decisions for
set-identified parameters. The main advantage of Kitagawa (2012) is threefold.
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First, it offers a finite-sample inference method as compared to this paper’s
approach that relies on asymptotic theory. Second, the class of identified sets are
more general than the class of identified sets here—which are intervals. Third, in
contrast with this paper, Kitagawa (2012) allows the loss functions to be asym-
metric. On the other hand, the robustness of decisions that this paper pursues is
the robustness against any local perturbation of the true probability in any direc-
tion, and hence various semiparametric or nonparametric models for observations
are accommodated. This contrasts with the Kitagawa (2012) approach, which fo-
cuses on a parametric model for observation and pursues robustness only against
various priors for the object of interest, not against (local) likelihood misspecifi-
cations, while assuming a single prior distribution for the identified parameters.

2. BOUNDARY PARAMETERS, LOSS, AND RISKS

Let us introduce boundary parameter θB formally. Let N be the collection of
natural numbers. Suppose that P = {

Pα : α ∈ A} is a family of distributions
on a measurable space (X ,G) indexed by α ∈ A, where the set A is a subset
of a euclidean space or an infinite-dimensional space. Suppose that Y1, . . . ,Yn

are independent and identically distributed (i.i.d.) draws from Pα0 ∈ P so that
Xn ≡ (

Y1, . . . ,Yn
)

is distributed as Pn
α0

. We focus on local asymptotic analysis
centered around α0. For this, we consider αn,h = α0 +λh/

√
n, λh ∈ A, and the

direction λh is indexed by h ∈ H , where
(

H, 〈·, ·〉) is a subspace of a separable
Hilbert space called a tangent space. Hence we denote Pn,h = Pn

αn,h
for simplicity

and consider sequences {Pn,h}n≥1 indexed by h ∈ H . From here on, one can view
H as an infinite-dimensional parameter space indexing the sequences of distribu-
tions for Xn . (For a formal background, see Appendix A.)

The boundary parameter θB is identified under Pn,h for each n ∈ N and
is viewed here as a sequence of R2-valued maps on H, i.e., θB,n(h) =(
θU,n(h),θL ,n(h)

)�, h ∈ H . Identification here means that the map θB,n(·) is

point-valued in R2, not set-valued. We keep the notation θB = (
θU ,θL

)� when
we do not need to make explicit its dependence on n.

As for θB = (
θU ,θL

)�, we assume two standard conditions: local asymptotic
normality of probabilities that identify θB (Assumption A1) and a smooth behav-
ior of θB at the local perturbation of the probabilities (Assumption A2). These
two conditions are well known and well studied in the literature on semiparamet-
rically efficient estimation (e.g., van der Vaart, 1991; Bickel, Klaassen, Ritov, and
Wellner, 1993). Their formal statements are found in Appendix A.

The loss for each decision d ∈ R is given by

L (d − θ0) = |d − θ0|α, α ∈ [1,∞). (1)

The loss function is symmetric. Although assuming symmetric losses can serve
as a benchmark case, this assumption excludes interesting situations where asym-
metric losses are appropriate as in Manski (2004) and Hirano and Porter (2009).
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For each n ∈ N and given an observed random vector Xn taking values in a set
Xn , define Dn to be the collection of random variables of the form d̂ = �n(Xn),
where for each n ∈ N, �n is a measurable function: Xn → R. Each member
d̂ ∈Dn is a candidate estimator of θ0 that is constructed using Xn . Each d̂ ∈Dn is
associated with its normalized risk nα/2

Eh
[
L(d̂ − θ0)

]
, where Eh denotes expec-

tation under Pn,h .
Because θ0 is not point-identified, the risk is not identified either. This paper

introduces what this paper calls the identifiable maximal risk:

ρh(d̂) = sup
θ∈[θL ,n(h),θU,n(h)]

nα/2
Eh

[
L(d̂ − θ)

]
, d̂ ∈Dn . (2)

(Throughout the paper, the supremum of a nonnegative map over an empty set is
set to be zero.) The identifiable maximal risk is the largest risk possible by any
potential location of θ0 in the identified interval

[
θL ,n(h),θU,n(h)

]
. (The form of

the identifiable maximal risk in (2) is due to comments from Don Andrews. A
related notion is also employed by Tetenov, 2012b).

3. LOCAL ASYMPTOTIC MINIMAX REGRET DECISIONS

3.1. Overview and Examples

This paper focuses on a minimax regret approach.1 The unknown state in the
decision problem is the parameter h ∈ H . For each n, if the decision maker
knew h ∈ H that indexes the underlying probabilities, he or she would solve the
following problem:

inf
d̂∈Dn

ρh(d̂) = inf
d̂∈Dn

sup
θL ,n(h)≤θ≤θU,n(h)

nα/2
Eh

[
L(d̂ − θ)

]
.

The maximal regret is written as

sup
h∈H :�n(h)≥0

{
ρh(d̂)− inf

d̂∈Dn

ρh(d̂)

}
,

where for h ∈ H,

�n(h) ≡ θU,n(h)− θL ,n(h).

Once h ∈ H is known, so are θU,n(h) and θL ,n(h), and hence a minimizer of ρh
(
d̂
)

over d̂ ∈Dn is
{
θU,n(h)+ θL ,n(h)

}
/2, so that we have

inf
d̂∈Dn

ρh
(
d̂
) = nα/2L

(
�n(h)

2

)
.

Therefore, the maximal regret is equal to

sup
h∈H :�n(h)≥0

{
ρh

(
d̂
)−nα/2L

(
�n(h)

2

)}
.

https://doi.org/10.1017/S0266466613000327 Published online by Cambridge University Press

https://doi.org/10.1017/S0266466613000327


338 KYUNGCHUL SONG

A local asymptotic minimax regret decision is defined to be one that minimizes
an asymptotic version of this maximal regret. In Theorem 2 in section 3.2, it is
shown that if

(
θ̃U , θ̃L

)
is a semiparametrically efficient estimator of (θU ,θL), the

midpoint decision

d̃1/2 ≡ θ̃U + θ̃L

2

is a local asymptotic minimax regret decision.
To see this result heuristically, assume that L(x) = x2 and consider for simplic-

ity candidate decisions of the following form:

d̂(τ,b) = τ θ̂U + (1− τ)θ̂L +b, τ ∈ R and b ∈ R, (3)

where θ̂B = (
θ̂U , θ̂L

)� ∈ R2 is such that for all sample sizes n,

√
n(θ̂B − θB,n(h)) ∼ N (0, S), with a positive definite matrix S. (4)

(The choice of candidate decisions d̂(τ,b) made here is only for a heuristic pur-
pose.) Then we can write for θ ∈ [θL ,n(h),θU,n(h)],

√
n
{

d̂(τ,b)− θ
}

= Z̃ L + τ Z̃� + (τ − sn(h))
√

n�n(h)+√
nb, (5)

where Z̃U ≡ √
n
(
θ̂U − θU,n(h)

)
, Z̃ L ≡ √

n
(
θ̂L − θL ,n(h)

)
, Z̃� ≡ Z̃U − Z̃ L , and

sn(h) ≡ (
θ − θL ,n(h)

)
/�n(h). From (5), the maximal regret (after maximizing

over θ ∈ [
θL ,n(h),θU,n(h)

]
) becomes

sup
s∈[0,1]

E

[(
Z̃ L + τ Z̃� + (τ − s)

√
n�n(h)+√

nb
)2

]
−
(√

n�n(h)

2

)2

.

When τ > 1
2 , the maximal regret can be made to diverge to infinity by setting s = 0

and
√

n�n(h) ↑ ∞. When τ < 1
2 , the regret can be made to diverge to infinity by

setting s = 1 and
√

n�n(h) ↑ ∞. When τ = 1
2 , the maximal regret becomes

sup
s∈[0,1]

E

⎡
⎣( Z̃U + Z̃ L

2

)2
⎤
⎦+n (b + (1− s)�n(h))(b − s�n(h)) . (6)

One can easily check that unless b = 0, the maximal regret can be made to be
infinity, e.g., by taking s = 1{b < 0} and

√
n�n(h) ↑ ∞. Hence the minimax

regret is achieved by taking τ = 1
2 and b = 0, i.e., by a midpoint decision.

The heuristic derivation of optimal decisions so far in large part relies on the
choice of the candidate decisions of the form (3). It is the main result of this
paper that such an optimality result, once we replace θ̂B by a semiparametrically
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efficient estimator θ̃B of θB, continues to hold even when we expand the candidate
decisions widely so that any decision (as any measurable function of observations)
is now taken to be a candidate decision.

When one adopts the seemingly natural asymptotics of a fixed positive interval
length �n(0) = c > 0 for all n, we have

√
n�n(h) → ∞ as n → ∞. Because Z̃U +

Z̃ L is stochastically bounded for all n, it is like focusing only on the case where
the interval length is infinity, resulting in the maximal regret for any decision
d̂(τ,b) taking the value of either E

[
(Z̃U + Z̃ L)2

]
/4 (with τ = 1

2 and b = 0) or ∞.
Hence to reflect properly the finite-sample situation with finite interval length, this
paper introduces alternative asymptotics that this paper calls asymptotics of near
identification. The asymptotic scheme is expressed in the following assumption.

Assumption 1. �0 ≡ limn→∞
√

n�n(0) exists in [0,∞).

Assumption 1 indicates that the interval length �n(h) at h = 0 (i.e., at the true
data generating process) converges to a constant �0 at the rate of

√
n. Along

with the differentiability condition for the bound parameters (Assumption A2 in
Appendix A), this assumption implies that for all h ∈ H ,

�h ≡ lim
n→∞

√
n�n(h)

exists in [0,∞).
One major criticism regarding asymptotics of near identification that the au-

thor has received on numerous occasions is that the paper’s analysis begins with
a partially identified parameter but reduces the analysis to the easy case of point
identification through asymptotics of near identification. This criticism stems per-
haps from misunderstanding the basic motivation for the asymptotic device here.
The asymptotics of near identification is analogous to the local power analysis
in the hypothesis test where one chooses a sequence of alternatives that are local
around the boundary of the null hypothesis. The local analysis is motivated by
the fact that for a consistent test, under a fixed alternative, its power converges to
one, preventing one from comparing the power properties of different consistent
tests. Similarly, the asymptotic near identification approach chooses a sequence
of probabilities that are local around point identification. Point identification is
not assumed under near identification, just as the null hypothesis is not assumed
under local alternatives.

Now let us consider examples.

Example 1 (Missing outcomes with identified treatment probability)
Let (Y,W ) be a pair of random variables such that W ∈ {0,1}, EW = p, and
E
[
Y |W = 1

] = μ. The econometrician observes (Y W,W ) and is interested in
the parameter θ = E[Y ]. As shown in Imbens and Manski (2004), the identified
interval for θ is [θL ,θU ], where θL = μp and θU = μp +1− p.

Example 2 (Bounds on conditional treatment effects)
This example is taken from Manski (1990). Suppose that Yd ∈ [0,1], d ∈ {0,1},
is an outcome for the treated (d = 1) or not treated (d = 0). A random variable
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D ∈ {0,1} represents the treatment incidence, with D = 1 representing treatment,
and a discrete random vector X represents a vector of covariates. The object of
interest is the conditional treatment effect:

T (x) = E[Y1|X = x
]−E[Y0|X = x

]
.

Without further assumptions about the underlying data generating process, Man-
ski (1990) showed that T (x) is in the interval [θL ,θU ], where

θL = y1 p1 − y0 p0 − p1,

θU = y1 p1 − y0 p0 − p1 +1,

pd = P {D = d|X = x} and yd = E[Yd |X = x, D = d
]
, d ∈ {0,1}.

Example 3 (Censored outcomes and covariates due to survey nonresponses)
Horowitz and Manski (1998) established bounds for a conditional outcome given
covariates and its asymptotic bias, when outcomes and covariates are censored.
Let Y ∈ [0,1] be an outcome variable and let D ∈ {0,1} denote the censoring
indicator, with D = 1 representing the noncensoring event. The object of interest
is E

[
Y |X ∈ A

]
, where X is a covariate vector and A is a designated set. Horowitz

and Manski (1998) showed that E
[
Y |X ∈ A

]
is identified in the interval [θL ,θU ],

where

θL = E[Y |X ∈ A, D = 1] ·q1 and

θU = E[Y |X ∈ A, D = 1] ·q1 +q0,

with

q1 = P{X ∈ A|D = 1}P{D = 1}
P{X ∈ A|D = 1}P{D = 1}+ P{D = 0}

and q0 = 1−q1.

Example 4 (Missing treatments)
Molinari (2010) offers identification analysis for status quo treatment effects and
average treatment effects, when some treatment decisions are not observed be-
cause of survey nonresponse. One of her examples is as follows. Suppose that
Yd ∈ [0,1] denotes the potential outcome for the treated (d = 1) and the untreated
(d = 0), Z ∈ {0,1} indicates the treatment decision with Z = 1 meaning the de-
cision to be treated, and D ∈ {0,1} the selection indicator, where D = 1 means
that the treatment decision is observed. Then Molinari shows that the average
treatment effect E[Y1] −E[Y0] is interval-identified with the identified interval
[θL ,θU ], where

θL = BL − P{D = 0} and

θU = BU + P{D = 0},
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and, with ys,d ≡ E [Y 1{D = s, Z = d}], d,s ∈ {0,1},
BL = y1,1 − y1,0 − P {D = 1, Z = 1} and

BU = y1,1 − y1,0 + P {D = 1, Z = 0} .

3.2. Local Asymptotic Minimax Regret Decisions

In this section, we formally present the main results of this paper. Let Z =(
ZU , ZL

)�∈ R2 be a normal random vector that has the same distribution as the

asymptotic distribution of
√

n
(
θ̃B − θB

)
, where θ̃B ≡ (

θ̃U , θ̃L
)� is a semipara-

metrically efficient estimator of θB,n (without imposing the inequality restric-
tion θL ,n ≤ θU,n and without imposing any interval length restriction such that
θU = θL + c). Let 	 be a 2×2 matrix such that for each b ∈ R2,

b�Z ∼ N (0,b�	b). (7)

Here we take N
(
0,b�	b

)
to be a point mass at zero when b�	b = 0. Note

that we do not require that 	 be invertible. A formal definition of 	 is given in
Appendix A. We write

	 =
[

σ 2
U σL ,U

σL ,U σ 2
L

]
.

In many cases, the matrix 	 can be found using the method of projection in the
L2 space (e.g., Bickel, Klaassen, Ritov, and Wellner, 1993). We also define

σ 2
� ≡ σ 2

U −2σL ,U +σ 2
L and Z� ≡ ZU − ZL .

Thus σ 2
� is the variance of Z�.

Theorem 1, which follows, establishes a lower bound for the local asymptotic
minimax regret, and Theorem 2 establishes a result that the midpoint decision
d̃1/2 ≡ (

θ̃U + θ̃L
)
/2 is local asymptotic minimax regret among the sequences of

decisions in Dn . For a given decision d̂, and ε > 0, let

R̃ε
n(d̂) ≡ sup

h∈H ε
n

{
ρh(d̂)− inf

d̂∈Dn

ρh(d̂)

}
,

where H ε
n ≡ {h ∈ H : �n(h) ≥ −ε/

√
n}. The restriction of the supremum to H ε

n
represents our focus on the restriction θU ≥ θL (up to a negligible error).

THEOREM 1. Suppose that Assumptions 1 and A1–A2 (in Appendix A) hold.
Suppose further that σ 2

� > 0 and α ∈ [1,2]. Then for any sequence of estimators
d̂ in Dn,

lim
ε↓0

liminf
n→∞ R̃

ε
n(d̂) ≥ E

[
L

(
ZU + ZL

2

)]
.
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The condition σ 2
� > 0 in Theorem 1 is plausible for the case where the interval

length is not a known constant. When α > 2, it is not hard to see that the minimax
regret becomes trivially infinity.

In Theorem 2, we ascertain that the bound in Theorem 1 is sharp. For technical
facility, we follow a suggestion by Strasser (1985, p. 440) and consider instead

R̃ε
n(d̂) ≡ sup

h∈H ε
n

{
ρh,M (d̂)− inf

d̂∈Dn

ρh,M (d̂)

}
, (8)

where L M (·) ≡ min
{

L(·), Mn−α/2
}

, M > 0, and

ρh,M (d̂) ≡ sup
θ∈[θL ,n(h),θU,n(h)]

nα/2
Eh

[
L M (d̂ − θ)

]
.

As for θ̃B = (
θ̃U , θ̃L

)�
, we make the following assumption.

Assumption 2. suph∈H |Pn,h
{√

n(θ̃B − θB,n(h)) ≤ t
}− P {Z ≤ t} | → 0 for

each t ∈ R2.

The uniform convergence of distributions can often be verified using the uniform
central limit theorem. Under regularity conditions, the uniform central limit the-
orem of a sum of i.i.d. random variables follows from a Berry–Esseen bound, as
long as the third moment of the random variable is bounded uniformly in h ∈ H .
(See, e.g., Chow and Teicher, 2003, Thm. 3, p. 322.)

THEOREM 2. Suppose that the conditions of Theorem 1 hold. Furthermore,
suppose that Assumption 2 holds. Then,

lim
M ↑ ∞ lim

ε↓0
limsup

n→∞
R̃ε

n,M (d̃1/2) ≤ E
[

L

(
ZU + ZL

2

)]
.

Remark 1.

1. The results of Theorems 1 and 2 continue to hold even when Var(ZU +
ZL) = 0. In this case, the minimax regret bound becomes zero. This case
arises when one knows θU + θL although θU and θL are not known sep-
arately. In other words, one knows precisely the minimax decision (θU +
θL)/2. Hence there is no regret for this decision.

2. Interestingly, the midpoint decision does not require using a boundary esti-
mator θ̂B = (

θ̂U , θ̂L
)� that satisfies θ̂L ≤ θ̂U despite the known restriction

that θL ≤ θU .
3. Suppose that one mistakenly assumes point identification (i.e., θU = θL = θ0)

and uses its efficient estimator d̃0 ≡ τ̂ ∗θ̃U + (1 − τ̂ ∗)θ̃L under the overiden-
tifying restrictions θU = θL , where τ̂ ∗ is a consistent estimator of τ ∗ ≡
−σL ,�/σ 2

� and σL ,� = σL ,U − σ 2
L . Unless σ 2

U = σ 2
L , this estimator is not

local asymptotic minimax regret in general. In fact, when σ 2
U �= σ 2

L , one can
show that the local asymptotic maximal regret of d̃0 is infinity!
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Example 1 (Cont.)
Let (Y,W ) be as in Example 1 and define p, μ, and θ similarly, so that the
identified interval for θ is [θL ,θU ], where θL = μp and θU = μp + 1− p. Now,
suppose that the econometrician observes a random sample

{
(Yi Wi ,Wi )

}n
i=1

from the distribution of (Y · W,W ), and p is unknown, and there is no known
nontrivial upper bound for 1 − p. (Note that the obvious bound 1 is a trivial
bound for 1 − p, because the bound holds vacuously; i.e., the bound does not in-
duce nonvacuous restrictions on the space H .) When one takes θ̃U = μ̄ p̂ +1− p̂
and θ̃L = μ̄ p̂ as efficient estimators of bounds, where μ̄ = ∑n

i=1 Yi Wi/∑n
i=1 Wi ,

p̂ = (1/n)∑n
i=1 Wi , the midpoint decision given by

d̃1/2 = θ̃U + θ̃L

2
= 1

n

n

∑
i=1

(
Yi − 1

2

)
Wi + 1

2

is local asymptotic minimax regret.

4. SIMULATIONS

Suppose that the econometrician observes the i.i.d. data set
{
(X L ,i , XU,i )

}n
i=1

with unknown means EX L ,i = θL and EXU,i = θU . The object of interest θ0 is
known to lie in [θL ,θU ]. In the simulation study, we generated X L ,i and XU,i as
follows:

X L ,i = 4aL × (
wYL ,i + (1−w)Zi

)
/2+ θL and

XU,i = 4aU × (
wYU,i + (1−w)Zi

)
/2+ θU ,

where YL ,i ∼ N (0,1), YU,i ∼ N (0,1), and Zi ∼ Uniform[−1/2,1/2]. The scale
parameter (aU ,aL) was chosen from {(4,1), (3,2), (2,3)}, and w = 0.8. The
mean vectors θL and θU were chosen to be −�/2 and �/2, where � denotes
the interval length. The sample sizes were taken to be from {300,1,000}.

We investigate the finite-sample optimality of the midpoint decision d̃1/2. The
finite-sample maximal regret of a decision d̂ is taken to be the maximum of

sup
s∈[0,1]

E

[∣∣∣d̂ − (θL + s�)
∣∣∣]−

∣∣∣∣�2
∣∣∣∣

over � ∈ [0,c], where � = θU − θL . We considered c ∈ {2,5}. When c is large,
the domain of the maximum in the maximal regret becomes large, increasing the
maximal regret. When c is small, the situation is closer to the case where the
parameter is point-identified. We allow for discrepancies in the variances of the
upper and lower bound estimators θ̃U and θ̃L . For this, we have considered three
pairs of (aU ,aL) ∈ {(4,1), (3,2), (2,3)}. The decisions under consideration are
of the form
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d̃τ = τ θ̃U + (1− τ)θ̃L

with the weight τ running in the interval [0,1].

In Figure 1, the maximal regret for decisions d̃τ is plotted against τ ∈ [0,1].
When c is small, the midpoint decision is not necessarily an optimal decision, as
shown in the figure where the maximal regret is not necessarily lowest at τ =
1/2. In this case, the variance discrepancies play a role. However, as c becomes
larger (so that the model is farther from point identification), the midpoint decision
emerges as the unique optimal decision in terms of the maximal regret, regardless
of the variance discrepancies between the two bound estimators.

FIGURE 1. The four panels plot maximal regret of a weighted average decision δ̃τ =
τ θ̃U + (1−τ)θ̃L against τ ∈ [0,1]. The maximal regret over c in [0,2] takes the supremum
of the regret over the interval lengths from 0 to 2. Hence when c is small (relative to
the sample size), the situation is closer, to point-identification. In this case, the mid-point
decision is not necessarily an optimal decision and one is better off by taking into account
the variance discrepancies of the bound estimators. However, when the interval lengths
can be potentially large (as, e.g., in the case of c = 5 for example), the maximal regret is
minimized conspicuously at τ = 1/2, showing that the mid-point decision is optimal.
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5. CONCLUSION

This paper investigates the problem of making a point decision for an interval-
identified object when the interval length is not known. This paper demonstrates
that the midpoint of efficient upper and lower bound estimators is a reasonable
point decision according to the minimax regret principle.

Various extensions from the results may be of interest. One extension is to
accommodate the situation where the decision is binary and loss functions are
asymmetric and the object of interest is interval-identified. Such a question is rel-
evant in the context of treatment decisions (Manski, 2004; Tetenov, 2012a; Hirano
and Porter, 2009). Although this extension is very interesting, the extension does
not appear obvious to the author and seems to require a substantial development
that warrants a separate paper.

NOTE

1. As compared to a previous version of this paper, the definition of a minimax regret decision is
now reformulated here thanks to a referee’s comment and the co-editor’s suggestion.
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APPENDIX

APPENDIX A: Conditions for the Boundary Parameter

To save space, we follow the general formulation in van der Vaart and Wellner (1996,
Sect. 3.11) and refer the reader to it for further details. Suppose that P = {Pα : α ∈A} is a
family of distributions on a measurable space (X ,G) indexed by α ∈A, where the setA is
a subset of a euclidean space or an infinite-dimensional space. Suppose that Y1, . . . ,Yn are
i.i.d. draws from Pα0 ∈ P so that Xn ≡ (Y1, . . . ,Yn) is a measurable map from a measur-
able space (
n,Fn) into another measurable space (Xn,Gn), distributed as Pn

α0
. Now let

P(Pα0) be the collection of maps t → Pαt such that for some h ∈ L2(Pα0),∫ {
1

t

(
d P1/2

αt −d P1/2
α0

)
− 1

2
hd P1/2

α0

}2
→ 0, as t → 0.

When this convergence holds, we say that Pαt converges in quadratic mean to Pα0 and call
h ∈ L2(Pα0) a score function associated with this convergence. The set of all such h’s is
called a tangent set and denoted by T (Pα0). We assume that T (Pα0) is a linear subspace of
L2(Pα0). Taking 〈·, ·〉 to be the usual inner product in L2(Pα0), we write H ≡ T (Pα0) and
view (H, 〈·, ·〉) as a subspace of a separable Hilbert space, with H̄ denoting its completion.
For each h ∈ H and n ∈ N, we consider a path of the form αt (n,h) = α0 + t (n,h), where
t (n,h) = λh/

√
n, λh ∈ A, and Pαt (n,h) converges in quadratic mean to Pα0 as n → ∞

having h as its associated score. We simply write Pn,h = Pn
αt (n,h)

and consider sequences
of such probabilities {Pn,h}n≥1 indexed by h ∈ H . (For details, see van der Vaart, 1991,
van der Vaart and Wellner, 1996, Sect. 3.11.)
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The collection En = (Xn,Gn, Pn,h ; h ∈ H) constitutes a sequence of statistical ex-
periments for the boundary parameter (Blackwell, 1951). As for En , we assume local
asymptotic normality as follows.

Assumption A1. For each h ∈ H ,

log
d Pn,h

d Pn,0
= ζn(h)− 1

2
〈h,h〉,

where for each h ∈ H , ζn(h)� ζ(h) (under {Pn,0}) and ζ(·) is a centered Gaussian process
on H with covariance function E[ζ(h1)ζ(h2)] = 〈h1,h2〉.
The notation � denotes weak convergence of measures. Local asymptotic normality of
experiments was introduced by Le Cam (1960). The condition essentially reduces the de-
cision problem to one in which an optimal decision is sought under a single Gaussian shift
experiment E = (X ,G, Ph ; h ∈ H), where Ph, h ∈ H , is a probability measure on a mea-
surable space (X ,G) such that logd Ph/d P0 = ζ(h)− 1

2 〈h,h〉. (Note that the asymptotic
Gaussianity is concerned with the log-likelihood process of the potential distributions that
identify θB . This does not mean that candidate decisions are constructed only based on
asymptotically normal estimators of the boundary parameter θB .)

Assumption A2. There exists a continuous linear R2-valued map on H , θ̇B =(
θ̇U , θ̇L

)�
, such that for each h ∈ H ,

√
n
(
θU,n(h)− θU,n(0),θL ,n(h)− θL ,n(0)

) → (
θ̇U (h), θ̇L (h)

)
,

as n → ∞.

Assumption A2 indicates that θB,n(h) is regular in the sense of van der Vaart and Wellner
(1996, Sect. 3.11). The map θ̇B is associated with the semiparametric efficiency bound of
θB,n in the following way. For each b ∈ R2, b�θ̇B(·) defines a continuous linear functional
on H , and hence there exists θ̇∗

B,b ∈ H̄ such that b�θ̇B(h) = 〈
θ̇∗

B,b,h
〉
, h ∈ H . Then for

any b ∈ R2, ||θ̇∗
B,b||2 represents the asymptotic variance bound of the parameter b�θB,n

(without imposing the inequality restriction θL ,n(h) ≤ θU,n(h)) (e.g., van der Vaart, 1991,
p. 180.) The map θ̇∗

B,b is called an efficient influence function for b�θB,n in the literature.

Let e1 = [1,0]� and e2 = [0,1]� and define

θ̇∗
U = θ̇∗

B,e1
and θ̇∗

L = θ̇∗
B,e2

.

We also define

σ 2
U ≡ 〈θ̇∗

U , θ̇∗
U 〉, σ 2

L ≡ 〈θ̇∗
L , θ̇∗

L 〉, σL ,U ≡ 〈θ̇∗
L , θ̇∗

U 〉 (A.1)

and

	 ≡
[

σ 2
U σL ,U

σL ,U σ 2
L

]
.

This 	 is the matrix that appears in (7).
The natural inequality restriction θL ,n(h) ≤ θU,n(h) suggests focusing on a proper sub-

set of H. For all n ∈ N,
√

n
(
θU,n(h)− θU,n(0)

) ≥ √
n
(
θL ,n(h)− θU,n(0)

)
= √

n
(
θL ,n(h)− θL ,n(0)

)−√
n�n(0).
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In the limit with n → ∞, we have
(
θ̇U − θ̇L

)
(h) ≥ −�0. Hence the tangent set under the

inequality restriction is given by

HR = {
h ∈ H : (θ̇U − θ̇L )(h) ≥ −�0

}
. (A.2)

The tangent set HR is a convex affine cone. When �0 = ∞, HR = H , and hence in this
case, the inequality restriction leaves the tangent set intact. When �0 < ∞ and we consider
slices of the tangent space such that (θ̇U − θ̇L )(h) = r −�0, r ∈ [0,∞), the analysis also
remains the same regardless of whether we use HR or H . This technique is used in the
proof of Theorem 1. (See also Hirano and Porter, 2009, for their use of this method.)

APPENDIX B: Mathematical Proofs

For any A ⊂ Rd , let vold (A) denote its Lebesgue measure on Rd . A set A ⊂ Rd is
called centrally symmetric if A = −A. The first part of the following lemma is Theorem
3.1 in Fukuda and Uno (2007), which results from Brunn’s theorem on convex bodies. (A
convex body is a convex compact set with nonempty interior.) When a set A is a centrally
symmetric convex body, we say A is a CSCB.

LEMMA B1.

(i) For any convex bodies A and B in Rd , d ≥ 1, vold (A ∩ (B + a))1/d is concave in
a ∈ {

b ∈ Rd : A ∩ (B +b) �=∅}
.

(ii) Let a ∈ Rd and c ∈ R. Then the following two statements are equivalent.

(a) For some CSCBs A, B ⊂ Rd , vold (A ∩ (B +a)) ≤ vold (A ∩ (B + ca)).

(b) (b) For any CSCBs C, D ⊂ Rd , vold (C ∩ (D +a)) ≤ vold (C ∩ (D + ca)).

Proof. (ii) For a = 0, the inequality becomes trivially an equality. Assume that a ∈
Rd\{0}. For c ∈ R, let H(c) = {

x ∈ Rd+1 : xd+1 = c
}
, where xd+1 denotes the (d +1)th

entry of x ∈ Rd+1. For any convex body A1 ⊂ Rd+1, let

S(c; A1) ≡ {
(x1, · · ·, xd ) ∈ Rd : (x1, . . . , xd ,c) ∈ A1 ∩ H(c)

}
and

f (c; A1) ≡ vold (S(c; A1)).

Then f (c; A1) is quasiconcave in c on its support by Brunn’s theorem (e.g., Ball, 1997,
Thm. 5.1). Furthermore, for any centrally symmetric convex set A1 ∈ Rd+1 and c ∈
R, f (c; A1) ≤ f (0; A1) by Lemma 38.20 of Strasser (1985) and f (c; A1) = f (−c; A1).
Therefore, for any CSCB A1 ∈ Rd+1, f (c1; A1) ≤ f (c2; A1) if and only if |c1| ≥ |c2|.
Because the latter inequality does not involve A1, this statement implies that

∃ CSCB A1 ⊂ Rd+1 s.t. f (c1; A1) ≤ f (c2; A1) (B.1)

if and only if

∀ CSCB C1 ⊂ Rd+1 s.t. f (c1; C1) ≤ f (c2; C1).

Choose CSCBs A and B in Rd as in the lemma and let

Ā = {(x1, . . . , xd ,w) : (x1, . . . , xd ) ∈ A, w ∈ [−m(c),m(c)]}, and

B̄ = {(x1, . . . , xd ,w) : (x1, . . . , xd ) ∈ B +wa, w ∈ [−m(c),m(c)]},

https://doi.org/10.1017/S0266466613000327 Published online by Cambridge University Press

https://doi.org/10.1017/S0266466613000327


POINT DECISIONS FOR INTERVAL–IDENTIFIED PARAMETERS 349

where m(c) = max{|c|,1}. Then, P̄A,B ≡ Ā ∩ B̄ is a CSCB in Rd+1. The statement in (a)
is equivalent to f (1; P̄A,B) ≤ f (c; P̄A,B), because

f (c; P̄A,B) = vold (A ∩ (B + ca)).

The inequality holds if and only if f (1; P̄C,D) ≤ f (c; P̄C,D) for all CSCBs C, D ⊂ Rd by
(B.1), which is equivalent to (b). n

LEMMA B2. Suppose that {ϕt : t ∈ T}, T ⊂ R, is a class of Borel measurable functions
such that for any x1, x2 ∈ R, ϕt (x1) ≤ ϕt (x2) for some t ∈ T if and only if ϕt ′(x1) ≤ ϕt ′(x2)
for all t ′ ∈ T. For any measure μ on the Borel σ -field of T, let g(·) ≡ ∫

ϕt (·)dμ(t).
Then g(·) is quasiconcave if ϕt (·) is quasiconcave for all t ∈ T, and g(·) is quasiconvex

if ϕt (·) is quasiconvex for all t ∈ T.

Proof. Straightforward. n

LEMMA B3. Let V ∈ R be a continuous random variable with a quasiconcave density
function that is symmetric around b ∈ R, and let � : R → [0,∞) be symmetric around
zero, and let K ≡ {δ ∈ R : E [�(V + δ)] < ∞}.

Then E [�(V + δ)] is quasiconvex in δ ∈ K if � is quasiconvex, and E [�(V + δ)] is
quasiconcave in δ ∈ K if � is quasiconcave.

Proof. We focus on the case where � is quasiconvex. The case with quasiconcave � can
be dealt with similarly by considering −�. Write

E [�(V + δ)] =
∫ ∞

0
P {V + δ ∈ R\A(t)}dt,

where A(t) ≡ {z ∈ R : �(z) ≤ t}. Note that

P {V + δ ∈ A(t)} =
∫ ∞

0
η(δ; t,e)de,

where η(δ; t,e) ≡ vol1
(

A(t)∩ cl
({z ∈ R : f (z) > e}+b + δ

))
, f is the density of V −b,

and for any set B, cl(B) is the closure of B. Because f is quasiconcave and � is quasicon-
vex, A(t) and cl{z ∈ R : f (z)> e} are closed intervals with their centers at zero, for all e and
t in R. By Lemma B1(i), η(·; t,e) is quasiconcave over J (t,e) for all e and t in R, where

J (t,e) ≡ {δ ∈ R : A(t)∩ cl({z ∈ R : f (z) > e}+b + δ) �=∅} .
Because A(t) and cl({z ∈ R : f (z) > e} + b) are intervals, J (t,e) is also an interval.
Because η(·; t,e) ≥ 0 and η(δ; t,e) = 0 for all δ ∈ R\J (t,e), we conclude that η(·; t,e) is
quasiconcave over R for all e and t in R. Because A(t) and cl{z ∈ R : f (z) > e} are
closed intervals centered at zero for all t and e, we apply Lemma B1(ii) to find that
when δ1 ∈ R and δ2 ∈ R are given, η(δ1; t,e) ≤ η(δ2; t,e) for some t and e if and only if
η(δ1; t,e) ≤ η(δ2; t,e) for all t and e. That is, the ordering of {η(δ; t,e) : δ ∈ R} remains
the same as we shift t and e. Hence by Lemma B2, P {V + δ ∈ A(t)} is quasiconcave in
δ ∈ R for each t ∈ R.

Take any δ1,δ2 ∈ K such that P {V + δ1 ∈ A(t)} ≥ P {V + δ2 ∈ A(t)} for some t ∈ R.
Then, Because A(t) is a closed interval centered at zero for all t ∈ R and δ1 and
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δ2 are real numbers, the preceding inequality holds if and only if for all t ′ ∈ (0,∞),
P
{

V + δ1 ∈ A(t ′)
} ≥ P

{
V + δ2 ∈ A(t ′)

}
, by Lemma B1(ii) again. Therefore,

E [�(V + δ)] =
∫ ∞

0
(1− P {V + δ ∈ A(t)})dt

is quasiconvex in δ ∈ K by Lemma B2. n

LEMMA B4. Let V ∈ R be a continuous random variable with a quasiconcave density
function that is symmetric around b and let � : R → [0,∞] be convex and symmetric
around zero.

Then, for s ≥ 0,

E [�(V −b − s/2)] ≤ inf
c∈R

sup
δ∈[0,s]

E [�(V + c + δ)] . (B.2)

Proof. Because � is quasiconvex and symmetric around zero, by Lemma B3,

inf
c∈R

sup
δ∈[0,s]

E [�(V + c + δ)] = inf
c∈R

max
δ∈{0,s}E [�(V + c + δ)] .

Let �̃(d) ≡ {�(d + s)+�(d)}/2. It suffices to show that

E

[
�̃
(

V −b − s

2

)]
≤ E

[
�̃(V + c)

]
, for all c ∈ R. (B.3)

This is because the left-hand side of (B.3) is equal to the left-hand side of (B.2) (because
of the fact that the distribution of �(V −b− s/2) and that of �(V −b+ s/2) are identical)
and because

E

[
�̃(V + c)

]
= 1

2

{
E [�(V + c)]+E [�(V + c + s)]

}
≤ max

δ∈{0,s}E [�(V + c + δ)] ,

for all c ∈ R.
We now show (B.3). Let A(t) ≡ {z ∈ R : �̃(z) ≤ t} and observe that

E[�̃(V + c)] =
∫ ∞

0
P {V + c ∈ R\A(t)}dt. (B.4)

Let f be the density function of V −b and write P {V + c ∈ A(t)} as∫ ∞
0

vol1 (A(t)∩ cl({z ∈ R : f (z) > e}+b + c))de

=
∫ ∞

0
vol1((A(t)+ s/2)∩ cl({z ∈ R : f (z) > e}+b + c + s/2))de.

Because �̃ is symmetric around −s/2 and convex, A(t) + s/2 is convex and symmetric
around zero. By Lemma 38.20 of Strasser (1985),

vol1 ((A(t)+ s/2)∩ cl({z : f (z) > e}+b + c + s/2))

≤ vol1((A(t)+ s/2)∩ cl{z : f (z) > e}).
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The inequality becomes equality when b + c + s/2 = 0 or c = −b − s/2. This implies that

P {V + c ∈ A(t)} ≤ P {V −b − s/2 ∈ A(t)} . (B.5)

In view of (B.4), this proves the result in (B.3). n

We assume the environment of Theorem 1 and assume that σ 2
� > 0. Choose

{
hi
}m

i=1
from an orthonormal basis

{
hi
}∞

i=1 of H̄ . For a ∈ Rm , we consider h(a) = 	m
i=1ai hi

so that θ̇U (h(a)) = ∑m
i=1 ai θ̇U (hi ) = a�θ̇U and θ̇L (h(a)) = a�θ̇L , where θ̇U =(

θ̇U (h1), . . . , θ̇U (hm)
)� and θ̇L = (θ̇L (h1), . . . , θ̇L (hm))�. Let θ̄ and �̄θ be m × 2 and

m ×1 matrices such that

θ̄ ≡
⎡
⎢⎣

θ̇U (h1) θ̇L (h1)
...

...

θ̇U (hm) θ̇L (hm)

⎤
⎥⎦ and �̄θ ≡

⎡
⎢⎣

(θ̇U − θ̇L )(h1)
...

(θ̇U − θ̇L )(hm)

⎤
⎥⎦ , (B.6)

and ζ̄ ≡ (ζ(h1), . . . ,ζ(hm))�, where ζ is the Gaussian process that appears in
Assumption A1. We assume that m ≥ 2 and θ̄ is full column rank. We fix λ > 0, q ∈ R,
and let Aλ ∈ Rm ∼ N (0, I/λ) and let Fλ,q (a) be the cumulative distribution function (cdf)
of 	̄ Aλ + μ̄q , where

μ̄q ≡ �̄θ (�̄�
θ �̄θ )−1q and 	̄ ≡ I − �̄θ (�̄�

θ �̄θ )−1�̄�
θ .

Then, it is easy to check that for all realizations of Aλ,

(θ̇U − θ̇L )((	̄ Aλ + μ̄q )�h B) = q, (B.7)

where h B = (h1, . . . ,hm)�. Suppose that θ̂B is a sequence of estimators such that for each
h ∈ H and Vn,h ≡ √

n{θ̂B − θB,n(h)},[
Vn,h

logd Pn,h/d Pn,0

]
→V

[ Lh

ζ(h)− 1
2 〈h,h〉

]
, (B.8)

where →V denotes vague convergence and Lh is a potentially deficient distribution. Fi-
nally let 	̄λ ≡ 	̄ +λI and let Zλ,q,m ∈ R2 and Z0,q,m ∈ R2 be normal random vectors
such that

Zλ,q,m ∼ N
(
θ̄�(

I − 	̄	̄−1
λ 	̄

)
μ̄q , θ̄�	̄	̄−1

λ 	̄θ̄
)

and

Z0,q,m ∼ N (θ̄�μ̄q , θ̄�	̄θ̄).

Let Zλ,q,m denote the distribution of Zλ,q,m . The following result is a conditional version
of the convolution theorem in Theorem 2.2 of van der Vaart (1989). For any positive integer
d, B(Rd ) denotes the Borel σ -field of Rd , and for two measures F and G on B(Rd ), F ∗G
denotes the convolution of F and G.

LEMMA B5. Suppose that σ 2
� > 0. Then for any λ > 0 and q ∈ R,∫

Lh(a)d Fλ,q (a) =Zλ,q,m ∗Mλ,q,m ,

whereMλ,q,m denotes a potentially deficient distribution on B(R2).
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Furthermore, as first λ → 0 and then m → ∞, Zλ,q,m weakly converges to the con-

ditional distribution of Z given ZU − ZL = q. The conditional distribution of Z L given
Z� = 0 is taken to be a point mass at zero when its variance is zero. This case arises when
σ 2

L −σ 2
L ,�/σ 2

� = 0.

Proof. Let R̄ = [−∞,∞] be the usual two-point compactification of R and R̄2 the
product of its two copies. By (B.8), along {Pn,0},(

Vn,h(a), log
d Pn,h(a)

d Pn,0

)
→V

(
Z0 − θ̄�a, ζ̄�a − 1

2
||a||2

)
,

where Z0 is a random vector distributed asL0 and ||a||2 = a�a. By Le Cam’s third lemma,
we find that for all B ∈ B(R̄2),

Lh(a)(B) =
∫
E

[
1B

{
v − θ̄�a

}
eζ̄�a−1/2||a||2]dL0(v).

Hence
∫ Lh(a)d Fλ,q (a)(B) is equal to

∫ ∫
E

[
1B

{
v − θ̄�	̄q (a)

}
e	̄q (a)� ζ̄−1/2	̄q (a)�	̄q (a)−λ||a||2/2

]( λ

2π

)m
2

dL0(v)da,

where 	̄q (a) ≡ 	̄a + μ̄q . Using the fact that 	̄ is idempotent and going through some
tedious calculations, we write

∫ Lh(a)d Fλ,q (a)(B) as∫ ∫
E

[
1B

{
v − Jλ,q (a)− θ̄�	̄	̄−1

λ 	̄ζ̄ )
}

cλ(ζ̄ )
]

dL0(v)d N (a),

where Jλ,q (a) ≡ θ̄�	̄	̄
−1/2
λ a + θ̄�(

I − 	̄	̄−1
λ 	̄

)
μ̄q , N (·) is the cdf of N (0, I ), and

cλ(ζ̄ ) = e
1
2 (ζ̄−μ̄q )�(I−	̄	̄−1

λ 	̄)(ζ̄−μ̄q )e
1
2 ζ̄� ζ̄

√
det

(
	̄−1

λ

)
λm/2.

For any B ∈ B(R2),
∫

B Jλ,q (a)d N (a) = P
{

Zλ,q,m ∈ B
}

. LettingMλ,q,m be a measure
such that

Mλ,q,m(B) =
∫
E

[
1B

{
v − θ̄�	̄	̄−1

λ 	̄ζ̄
}

cλ(ζ̄ )
]

dL0(v), for all B ∈ B(R̄2),

we obtain the desired result.
As for the second statement, note that as λ → 0, Zλ,q,m →d N (θ̄�(I − 	̄)μ̄q , θ̄�	̄θ̄).

Note that 	̄μ̄q = 0. Hence as λ → 0, Zλ,q,m →d Z0,q,m . Because {hi }∞i=1 is an orthonor-

mal basis for a complete Hilbert space, as m → ∞, the euclidean distance between θ̄�μ̄q

and [(σU,�/σ 2
�)q, (σL ,�/σ 2

�)q]� and that between

θ̄�	̄θ̄ and

[
σ 2

U −σ 2
U,�/σ 2

� σU,L −σU,�σL ,�/σ 2
�

σU,L −σU,�σL ,�/σ 2
� σ 2

L −σ 2
L ,�/σ 2

�

]

become zero, where σU,� ≡ σ 2
U −σL ,U and σL ,� ≡ σL ,U −σ 2

L . Hence as m → ∞, the
distribution of Z0,q,m converges to the conditional distribution of Z given ZU − ZL = q.

n
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LEMMA B6. Let V ∈ R be a continuous random variable that has a density function
symmetric around zero. Let ϕα(t) ≡ ELα(t + V ) − Lα(t), for Lα(t) = |t |α, α ∈ [1,2].
Then ϕα(·) is quasiconcave and symmetric around zero.

Proof. The symmetry around zero is obvious. Let L ′
α be the first-order derivative of Lα

when α ∈ (1,2] and define L ′
α(t) = 1{t > 0}−1{t < 0} when α = 1. Note that for all v ≥ 0,

L ′
α(t + v)− L ′

α(t) ≤ L ′
α(t)− L ′

α(t − v) if t ≥ 0 and

L ′
α(t + v)− L ′

α(t) ≥ L ′
α(t)− L ′

α(t − v) if t ≤ 0. (B.9)

Let f be the density of V . Splitting the absolute values and using Leibnitz’s rule and
symmetry of f , we find that

ϕ′
α(t) = 1

2

∫ ∞
−∞

{
L ′

α(t + v)+ L ′
α(t − v)−2L ′

α(t)
}

f (v)dv.

From (B.9), if t ≥ 0, ϕ′
α(t) ≤ 0 and if t < 0, ϕ′

α(t) ≥ 0, completing the proof. n

Proof of Theorem 1. Suppose that σ 2
� > 0. Because d̂ can be viewed as an arbitrary

measurable map from 
n into R, we lose no generality by writing

d̂ = τ∗θ̄U,n + (1− τ∗)θ̄L ,n, (B.10)

where θ̄U,n and θ̄L ,n are any measurable maps: 
n → R and τ∗ ≡ −σL ,�/σ 2
�. Let

Vn,h ≡ √
n
{
θ̄B,n − θB,n(h)

}
and

Sτ (v) ≡ τvU + (1− τ)vL , for v = (vU ,vL )� ∈ R2 and τ ∈ R, (B.11)

where θ̄B,n ≡ (
θ̄U,n, θ̄L ,n

)�. Let L̃ M (·) ≡ min{L(·), M}, M > 0, so that nα/2L M (v) =
L̃ M

(√
nv

)
for all v ∈ R2.

Take 0 < JM → ∞ as M ↑ ∞, and let

L(J )
M (v) ≡ 1

2JM

2JM M

∑
j=0

1
{

L̃ M (v) > j2−JM
}

and Cj ≡ {
v ∈ R : L̃ M (v) ∈ (( j − 1)2−JM , j2−JM ]

}
. For all j = 0, . . . ,2JM M and

all v ∈ Cj , L(J )
M (v) = ( j − 1)2−JM . The set ∪∞

j=2JM M+1
Cj is empty because when

v ∈ ∪∞
j=2JM M+1

Cj , it means that L̃ M (v) > M , which contradicts the fact that L̃ M (·) ≤ M .

Therefore,

sup
v∈R

∣∣∣L(J )
M (v)− L̃ M (v)

∣∣∣ = max
0≤ j≤2JM M

sup
v∈Cj

∣∣∣L(J )
M (v)− L̃ M (v)

∣∣∣ ≤ 2−JM . (B.12)

Also note that L(J )
M (·) ≤ L̃ M (·) and as M ↑ ∞, L(J )

M (·) increases.
For each r ∈ [0,∞) and for each ε > 0, let

Hε
n (r) ≡ {h ∈ H : r − ε ≤ √

n�n(h) ≤ r + ε}. (B.13)
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For each r ∈ [0,∞), the set
{

Pn,h : h ∈ Hε
n (r)

}
collects probabilities Pn,h such that the

length of the identified interval is approximately r/
√

n. Also, H(r) ≡ {
h ∈ H : �h = r

}
,

where we recall �h ≡ �̇(h)+�0. Now we write R̃ε
n(d̂) as

sup
h∈H ε

n

sup
s∈[0,1]

E

(
L(Sτ∗ (Vn,h)+ (τ ∗ − s)

√
n�n(h))− L

(√
n�n(h)

2

))
(B.14)

≥ sup
h∈H ε

n

sup
s∈[0,1]

E

(
L(J )

M (Sτ∗ (Vn,h)+ (τ ∗ − s)
√

n�n(h))− L

(√
n�n(h)

2

))

≥ sup
r∈[0,∞)

sup
h∈H(r)

sup
s∈[0,1]

E

(
L(J )

M (Sτ∗ (Vn,h)+ (τ ∗ − s)r)− L

(
r + ε

2

))
− εM −2−JM ,

from some large n on.
By Helly’s lemma (e.g., van der Vaart, 1998, Lem. 2.5, p. 9), every subsequence of Vn,h

has a further subsequence that vaguely converges to Lh and
√

n�n(h) → r as n → ∞ for
each h ∈ H(r). By Assumption A1, without loss of generality, we pick any subsequence
Vn′,h such that along {Pn,0},[

Vn′,h
logd Pn′,h/d Pn′,0

]
→V

[ Lh

ζ(h)− 1
2 〈h,h〉

]

(the vague limit Lh may depend on the choice of this subsequence), so that we bound the
liminfn′→∞ of the last infimum in (B.14) from below by

sup
r∈[0,∞)

sup
h∈H(r)

sup
s∈[0,1]

liminf
n′→∞

Eh

[
L(J )

M (Sτ∗ (Vn′,h)+ (τ ∗ − s)r)− L

(
r + ε

2

)]

≥ sup
r∈[0,∞)

sup
h∈H(r)

sup
s∈[0,1]

∫ [
L(J )

M (Sτ∗(v)+ (τ ∗ − s)r)− L

(
r + ε

2

)]
dLh(v),

by Theorem 3 of Winter (1975).
Because �h = (

θ̇U − θ̇L
)
(h)+�0, it follows that

(
θ̇U − θ̇L

)
(h) = r −�0 if and only if

h ∈ H(r). As in the proof of Theorem 3.11.5 of van der Vaart and Wellner (1996), choose
an orthonormal basis

{
hi
}∞

i=1 from H̄ . Fix m and take
{

hi
}m

i=1 ⊂ H and consider h(a) =
∑ai hi for some a = (ai )

m
i=1 ∈ Rm such that h(a) ∈ H(r). Fix λ > 0 and let Fλ,q (a) be as

defined prior to Lemma B5 above with q = r −�0. Then the support of Fλ,q (·) is confined
to the set of a’s such that h(a) ∈ H(r) from (B.7), so that

sup
h∈H(r)

sup
s∈[0,1]

∫ [
L(J )

M (Sτ∗ (v)+ (τ ∗ − s)r)− L

(
r + ε

2

)]
dLh(v)

≥ sup
s∈[0,1]

∫ ∫ [
L(J )

M (Sτ∗ (v)+ (τ ∗ − s)r)− L

(
r + ε

2

)]
dLh(a)(v)d Fλ,q (a).

By Lemma B5, the above double integral is equal to∫ [
L(J )

M

(
Sτ∗ (v)+ (τ ∗ − s)r

)− L

(
r + ε

2

)]
d
(Zλ,q,m ∗Mλ,q,m

)
(v)

=
∫
E

[
L(J )

M

(
Sτ∗ (Zλ,q,m +w)+ (τ ∗ − s)r

)− L

(
r + ε

2

)]
dMλ,q,m(w)

≥
∫
E

[
L M

(
Sτ∗ (Zλ,q,m +w)+ (τ ∗ − s)r

)− L

(
r + ε

2

)]
dMλ,q,m(w)−2−JM ,

whereMλ,q,m is a potentially deficient distribution as in Lemma B5.
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We conclude that by sending ε ↓ 0, the liminfn→∞ of R̃ε
n(d̂) is bounded from below by

sup
r∈[0,∞)

sup
h∈H(r)

sup
s∈[0,1]

∫
E

[
L M

(
Sτ∗ (Zλ,q,m +w)+ (τ ∗ − s)r

)− L
(r

2

)]
dMλ,q,m(w)−2−JM.

By Helly’s lemma, we can find subsequences λk → 0 and mj → ∞ such that the mea-
sure Mλk ,q,mj has a vague limit, say, Mq . Along this subsequence, by therefore, the
liminfmj →∞ liminfλk→∞ of the preceding supremum is bounded from below by

sup
r∈[0,∞)

sup
s∈[0,1]

liminf
mj →∞ liminf

λk→0

∫
E

[
L M

(
Sτ∗ (Zλk ,q,mj +w)+ (

τ ∗ − s
)

r
)− L

( r

2

)]
×dMλk ,q,mj (w)

≥ sup
r∈[0,∞)

sup
s∈[0,1]

∫
E

[
L M

(
Sτ∗ (Z +w)+ (

τ ∗ − s
)

r
)− L

( r

2

)
| Z� = r −�0

]
dMq (w).

We bound the limM↑∞ of the preceding from below by

sup
r∈[0,∞)

sup
s∈[0,1]

lim
M↑∞

∫
E

[
L M

(
Sτ∗ (Z +w)+ (

τ ∗ − s
)

r
)− L

( r

2

)
|Z� = q

]
dMq (w)

= sup
r∈[0,∞)

sup
s∈[0,1]

∫
E

[
L
(

Sτ∗ (Z +w)+ (τ ∗ − s)r
)− L

( r

2

)
|Z� = q

]
dMq (w)

= sup
r∈[0,∞)

sup
s∈[0,1]

∫
E

[
L
(

Sτ∗ (Z +w)+ (τ ∗ − s)r
)− L

( r

2

)]
dMq (w),

where the first equality uses the monotone convergence theorem and the second equality uses the fact
that Sτ∗ (Z +w) = Sτ∗ (Z)+ Sτ∗ (w) and Sτ∗ (Z) is independent of Z�. As noted in Section 3.1, when
τ ∗ > 1/2, the preceding supremum is infinity because we can take s = 0 and r as large as possible,
and when τ ∗ < 1/2, the preceding supremum is infinity because we can take s = 1 and r as large as
possible. Therefore, the preceding supremum is bounded from below by

sup
r∈[0,∞)

sup
s∈[0,1]

∫
E

[
L

(
S1/2(Z +w)+

(
1

2
− s

)
r

)
− L

( r

2

)]
dMq (w)

≥ sup
r∈[0,∞)

E

[
L
(

S1/2(Z)+ r

2

)
− L

( r

2

)]
,

where the last inequality uses the argument in the proof of (B.3). By Lemma B6, the preceding expec-
tation is quasiconcave in r and symmetric around zero, and hence the supremum over r ∈ [0,∞) is
achieved when r = 0, delivering the desired lower bound of E

[
L
(

S1/2(Z)
)]

. n

Proof of Theorem 2. First suppose that

σ 2
U +2σU,L +σ 2

L > 0. (B.15)

We write R̃ε
n,M (d̃1/2) as

sup
h∈H ε

n

sup
s∈[0,1]

E

(
L M

(
S1/2(Zn,h)+

(
1

2
− s

)√
n�n(h)

)
− L

(√
n�n(h)

2

))
,

where Zn,h ≡ √
n(θ̃B − θB,n(h)). For any � ∈ [−ε,∞), s ∈ [0,1], and t ∈ R,

P

{
S1/2(Zn,h)+

(
1

2
− s

)
� ≤ t

}
→ P

{
S1/2(Z)+

(
1

2
− s

)
� ≤ t

}
, as n → ∞,

(B.16)
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by Assumption 2. The convergence is in fact uniform over (s,�) ∈ [0,1] × [−ε,∞)
because E

[
S2

1/2(Z)
]= 1

4E
[
(ZU + ZL )2]> 0 from (B.15), meaning that S1/2(Z) is a con-

tinuous random variable. Therefore, we conclude that

limsup
n→∞

sup
h∈H ε

n

sup
s∈[0,1]

E

(
L M

(
S1/2(Zn,h)+

(
1

2
− s

)√
n�n(h)

)
− L

(√
n�n(h)

2

))

≤ sup
�∈[−ε,∞)

sup
s∈[0,1]

E

(
L M

(
S1/2(Z)+

(
1

2
− s

)
�

)
− L

(
�

2

))
.

The preceding supremum is increasing in ε > 0 and increasing in M . By sending ε ↓ 0 and
then M ↑ ∞, the preceding supremum becomes sup�∈[0,∞)β̃ (−�/2) , where

β̃(z) = E
[

L

(
ZL + ZU

2
− z

)]
− L(z).

Certainly β̃(z) is symmetric around zero, and quasiconcave by Lemma B6. Hence the
supremum of β̃(−�/2) over � ∈ [0,∞) achieved at � = 0.

Now suppose that σ 2
U +2σU,L +σ 2

L = 0. This means that S1/2(Zn,h) →P 0 uniformly
in h ∈ H . Define

ζn(s,�) ≡ S1/2(Zn,h)+
(

1

2
− s

)
� and ζ(s,�) ≡

(
1

2
− s

)
�.

Certainly, sup(s,�)∈[0,1]×[−ε,∞) |ζn(s,�)− ζ(s,�)| →P 0. Therefore, following the

steps after (B.16), we obtain the desired bound. In fact, this bound is zero. When σ 2
U +

2σU,L +σ 2
L = 0, we have θ̇U (h)+ θ̇L (h) = 0 for all h ∈ H . Therefore, θU,n(h)+ θL ,n(h)

is locally constant at h = 0. This is the case where we know θU,n(h)+θL ,n(h) although we
do not know separately θU,n(h) and θL ,n(h). Hence we still know the minimax decision
{θU,n(h)+ θL ,n(h)}/2, causing no regret. n
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