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A SIMPLE EFFICIENT
INSTRUMENTAL VARIABLE
ESTIMATOR FOR PANEL AR(p)
MODELS WHEN BOTH
N AND T ARE LARGE

KAZUHIKO HAYAKAWA
Hiroshima University

In this paper, we show that for panel AR(p) models, an instrumental variable (IV)
estimator with instruments deviated from past means has the same asymptotic distri-
bution as the infeasible optimal IV estimator when both N and 7, the dimensions of
the cross section and time series, are large. If we assume that the errors are normally
distributed, the asymptotic variance of the proposed IV estimator is shown to attain
the lower bound when both N and T are large. A simulation study is conducted to
assess the estimator.

1. INTRODUCTION

In estimating a dynamic panel data model, several studies propose to use instru-
mental variables (IVs).1 However, if we use IVs, a well-known problem of the
trade-off between the bias and efficiency of the estimator arises, i.e., although
the IV estimator is less biased than the generalized method of moments (GMM)
estimator in finite sample, it is generally less efficient than the GMM estimator.
The purpose of this paper is to address the efficiency problem of the IV esti-
mator. In particular, we show that for panel AR(p) models, a simple one-step IV
estimator using instruments deviated from past means has the same asymptotic
distribution as the infeasible optimal IV estimator derived by Arellano (2003a)
when both N and T are large.? If normality is assumed with regard to the errors,
the proposed IV estimator is shown to be asymptotically efficient. This implies
that the proposed I'V estimator addresses the problem of the trade-off between the
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bias and efficiency. In comparison to the existing estimators, there are two advan-
tages in the proposed IV estimator. The first is that although the within groups
(WG) estimator is consistent only when 7 is large and the GMM estimator is
consistent only when N is large, the proposed IV estimator is consistent under
large N and fixed 7, fixed N and large 7, or large N and large 7" asymptotics.
This implies that the proposed IV estimator can be used for large N and small 7,
small N and large 7, or large N and large T panel data.’ The second advantage
is that the proposed IV estimator is more efficient than the Anderson and Hsiao
(1981) 1V estimator and as efficient as the WG and GMM estimators when both
N and T are large. Simulation results reveal that the proposed IV estimator is al-
most unbiased and the difference in dispersions between the feasible optimal IV
estimator and the proposed IV estimator is small when T is large.

The remainder of this paper is organized as follows. Section 2 provides the
setup and the main results. Section 3 presents a Monte Carlo simulation and as-
sesses the theoretical result. Finally, Section 4 concludes.

A word on notation. For a vector x and a matrix A, we define ||x||* = x'x and
|A||> = tr(A’A) where tr(-) denotes the trace operator.

2. SETUP AND RESULT
2.1. The Model and Assumptions

Let us consider the following panel AR(p) model:

Vit = 01Yi—1+ta2Yir—2+- -+ 0pYit—p+ i + it

/ .
=a'x;;+n +vi i=1,...,N, t=1,...,T), (6))]
where a = (a1, ...,0a,), Xit = (Yi,i—1,..., Yii—p)'> i has zero mean given #;,
Yil=ps---»Vii—1, and p is fixed and known.* For convenience, we assume that
¥i,05 - --» Yi,1—p are observed.

Expression (1) can be written in a companion form as
Xi 1 = X +dy (1, +0ir), )

where d; = (1,0,...,0) of dimension p and II is the p x p matrix given by

a “e. a
n=| ' P,
L1 | O@p-1x1

where I is an identity matrix of order k and Oy« is a k x £ matrix of zeros.
We make the following assumptions, which are part of the assumptions made
by Lee (2007).

Assumption 1. {v;;} (r =1,...,T,i =1,...,N) are independent and identi-
cally distributed (i.i.d.) over i and ¢ and independent of #; and x;i, with
E(vj;) =0, var(v;;) = JDZ, and finite fourth-order moment. Individual effects {7; }
(i=1,...,N)areii.d. overi with E(y;) =0 and var(s;) = 03.
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Assumption 2. The initial observations satisfy
xi1 = (I, ~ID ™' di7;: +wio,
where w;p = (Zj?’io va,-,_j) d.

Assumption 3. det [Ip — l'[z] #0forall |z] < 1.

Assumption 4. Letm; (i, 1) = delvi,l_l_j. Foralli,t,and foranyry,...,r4 €

{1,2,...,p},

o0

z lcum,,, ., (mj (i,1),mj, (i, 1), mj (i,t),mj,(i,1))| < o0,
J1sees Ja=

where cum,,, ., (mj, (i,t),m,(i,t),mj(i,t),mj,(i,t)) denotes the fourth-order
cross-cumulant of (mjrl1 (1), mjrz2 @,1), m]r; @,1), m]r: (i,1)) with m(i,1) being the
rth element of m; (i, t).

Unlike Lee (2007), we do not need to impose the asymptotic relative ratio be-
tween N and 7. Assumptions 1 and 2 are standard in the literature.> Although
Assumption 2 can be relaxed to nonstationary initial conditions, we do not pursue
this here for the purpose of simplicity.® However, the main result of this paper is
expected to hold because the initial conditions are negligible when T is large and
because we do not use moment conditions that rely on stationary initial conditions
as Blundell and Bond (1998) do. Assumption 3 is the stability condition, and As-
sumption 4 is used to show that the generalized Lindeberg—Feller condition in the
central limit theorem for double indexed processes is satisfied.’

Under Assumptions 2 and 3, x;; can be written as

Xi rr1 = (L, =T~ di7i + wir,
where w;; = (Z‘fgoﬂjui,t_j)dl.

To remove the individual effects, #;, we use the forward orthogonal deviation
(FOD) because the errors transformed by the FOD are serially uncorrelated and
homoskedastic if the original errors are.® Specifically, the model to be estimated
is given by

yhi=a'xi+of,  (i=1,...,N, t=1,...,T—1), 3)

where yl’*t =il yir — Yipp1 + -+ yir) /(T =1)], X;'k; = c[Xi — X1+ +
xit)/(T =), v}, = c;[vir — i1 + - +vi7) /(T —1)], and ¢ = (T —1)/
(T —1+1).

2.2. The Instrumental Variable Estimators

2.2.1. The Infeasible Optimal Instruments. Following Arelano (2003a, 2003b),
the infeasible optimal I'V estimator in a large N and small 7 context takes the form
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-1

N T— N T—1 1
~OPT _ ~OPT ~OPT
ary (NT Z Z ltht) (NT Z Z htt)’n) =a+ (AIV ) by

i=11t=1

where h;; = E(x?‘,ly ) and y’ - = (Yi,i=1,---»Yi,1—p) . Estimator &IOVPT is an

ideal estimator because it is consistent and asymptotically efficient when N 1is
large and 7 is fixed. However, the drawback of this estimator is that it is infeasible
because the optimal instruments h;; are unknown. A standard approach to obtain
a feasible optimal IV estimator is to use a sample linear projection of X}, on yt l

which is given by

-1
N

h;, = (ZXZYf 1) (ZY’ yi ‘> vih.
i=1

In this case, the feasible optimal IV estimator is equivalent to the GMM estimator

using y:~ I as instruments:

sy | T=l L T
achn, = NT 2 X* MLEVX* N 2 X* MLEV , (4)

LEV __ g LEV (g LEV g LEV\ =17 LEV’ LEV _
M =17 (Zt Z ) ", 1, =

* * * 0/
where X = (x],,....xy,),

(ytl_l, . ,ys\,_l)’, andy; = (y{,s--. YN

However, one problem of &éﬁ,}/M is thatif N and T increase at the same rate, the
estimate of h;; is asymptotically biased (see Arellano, 2003b, p. 170). This causes
a bias in &éﬁ,yM. In fact, for the case of p =1, Alvarez and Arellano (2003) show
that @55y, has a bias of the order O(1/N).

Thus, in this paper, we propose an alternative approach. Instead of estimat-
ing the optimal instruments, we propose to use an observable variable that has
the same structure as the optimal instruments h;;. Hence, we need to investi-
gate the structure of h;;. Arellano (2003a) shows that, under the assumption that
E(u; |y§_1) coincides with the linear projection, the infeasible optimal instruments
can be rewritten in the following form:

Exly: ) =c |1, —

nQa, -n’=a,-m!
T—t

[Xil (ﬂz|yt 1)]

(I, -7 =), —m)~!
T—t

=¢ |1, — [Wii1

+1,{ui —E@ily' ™} )

o))
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where the second equality arises from the fact that X;; = 1pu; + W ;—1, 1t; =
7i/(1 —a'ty), and the third equality is proved in Lemma A (see the Appendix).
From (5) and (6), we find that (a) the individual effect y; is demeaned in (5)
and (b) when 7 is large, w; ,— is the dominating term in (6).
Our next task is to find an observable variable that has the same structure

as (6).
2.2.2. Instruments Deviated from Past Means. We consider instruments z;; ()=
-1 _t=2 1—py/

(@0)» Zintey> -+ Zin(ty) Where

Vi,t—m—€ -+ Vi, —p+1
t+p—C—m

t—m
Zjrey = Cr | Yijt—=m —

with £ > 0 being fixed.!0 Because zi;(¢) s deviated from past means, it can be
seen as a modification of the recursive mean adjustment (RMA) method of So
and Shin (1999).'!

At this point, we show that z;; () meets the preceding two requirements. For
the first requirement, it is straightforward to show that the individual effects are
demeaned because z;(¢) is deviated from past means. For the second requirement,
we show in the Appendix that z;,(s) can be written as

1
Zit(t) = Ct |:Wi,t—l +0,p (\/;>} . (7

Thus, comparing (6) and (7), we find that unobservable h;; and observable z;; )
have the same structure, i.e., (a) demeaning individual effects and (b) w; ;1 is
dominating.

The IV estimator using z;;(¢) as instruments is given by

Y | N T-l AN
ap = | 57 X X ZnoX; VT 2 2 B O)Vir )

i=1t=ty i=1t=ty

~RMACN\ —1 ~RMAC
=a+ Ay VA

where t) =2 for ¢ =0, 1 and t) = ¢ + 1 for £ > 2. Note that a similar estimator is
also proposed by Moon and Phillips (2000, pp. 944-945) to avoid bias.

The following proposition establishes the asymptotic equivalence of the infea-
sible optimal IV estimator &IOVPT and the proposed IV estimator & f‘/,w 4% in the sense
that both estimators have the same asymptotic distribution.

PROPOSITION 1. Let Assumptions 1-3 hold. Then, for fixed £ > 0, as both
N and T tend to infinity, the infeasible optimal IV estimator & ,O‘f T and the feasible

1V estimator &\ﬁ]}/[ AL are consistent. If we further assume that Assumption 4 holds,
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then, as both N and T tend to infinity, we have

VNT @y =a) 5 N (0, 02 [EOws 1w, 1™, ©®

where a1y denotes aIOV and ARMM.

The proof is given in the Appendix. Note that the asymptotic variance 002 [E(w;—1
w;,t_l)]_1 is of the same form as the WG estimator derived by Lee (2007).

Remark 1. For the case of p = 1, Alvarez and Arellano (2003) show that @257},

and the WG estimator, a g, have the following asymptotic distribution:

ﬁ[agm (al—;](l—kal))}g/\/(o,l—a%), (10)
sz_T[aWG— (al—;(wal)ﬂ LN, 1-ad). a1

Moreover, from Proposition 1, we have
INT (G —a) | S N (0.1-ad). (12)

Comparing (10), (11), and (12), we find that although all estimators have the
same asymptotic variance, agij and awg have asymptotic biases of the order
O(1/N) and O (1/T), respectively, whereas the distribution of aRMAf —aq is cen-
tered at zero. This is because aéﬂ}/M and awg suffer from the “many instruments

problem” and “incidental parameter problem,” respectively, whereas aRMM does
12
not.

Remark 2. Hahn and Kuersteiner (2002) show that if we further assume nor-

mality on vj;, then avz [E(Wl', f— 1w§’ z— 1)] - is equal to the lower bound under large

N and T asymptotics.'> Hence, (/if‘}/w Al is an efficient IV estimator under large N

and 7 asymptotics without an asymptotic bias when v;; is normally distributed.

Remark 3. Another feature of a%mg is that because the individual effects are

completely eliminated from both the model and instruments under stationary ini-
tial conditions, the performance of a ,‘I,VI Al is not affected by the variance ratio of
the individual effects to the disturbances although the typical GMM estimators

using instruments in levels are.'*

Remark 4. Although we use large N and 7' asymptotics to derive the asymp-
totic properties, consistency and asymptotic normality are also obtained under
large N and fixed 7 or fixed N and large 7" asymptotics. Especially, under fixed
N and large T asymptotics, the same expression as (9) is expected to hold. This
is in marked contrast to the GMM estimator, where large N is required. Further-
more, although the GMM estimator can be computed only when 7 — 1 < N, the
proposed IV estimator can be computed for any N and 7.
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3. MONTE CARLO SIMULATION

In this section, we compare &ﬁl,w A’ Wwith other estimators by Monte Carlo simula-
tion. We consider AR(1) and AR(2) models. The terms v;; and 7; are drawn from
N(0,1) independently. We consider the cases of (T, N) = (10, 100), (10, 500),
(15, 100), (15, 300), (20, 100), (20, 200), (50, 100), and (100, 100). For the AR(1)
model, we set a1 = 0.5,0.9, and for the AR(2) model, we set (a1,a>) = (0.6,
—0.1), (0.6,0.3). We generate T + p + 50 observations for each i and discard
the first 50 periods to diminish the effect of initial conditions. We compute the
median (Median), the interquartile range (IQR), and the median absolute
error (MAE). The number of replications is 5,000 for all cases. The simula-
tion results for the AR(1) and AR(2) models are provided in Tables 1 and 2,
respectively.

We consider the GMM and IV estimators using instruments in levels or devi-

ated from past means. The GMM estimator using yl’-_1 as instruments is defined

as (4). The GMM estimator using z;,(1) as instruments is defined by &\Ié%’ij 15 The

estimator &g%,ﬂ does not share the problem with &éﬁ,}/M that the number of in-

struments is too large. In fact, the number of instruments used in EZAA%} is O(T),

whereas that in @gyy, is O(T2).

For the proposed IV estimators, we consider af%“’,...,af%“ as defined
by (8). Moreover, for the purpose of comparison, we consider an IV estimator
&\IL‘E Y that uses x;, as instruments. Note that &\IL‘E V'is not exactly the same IV es-
timator as the one suggested by Anderson and Hsiao (1981, 1982) because they
used the first difference to remove the individual effects from the model.

For the choice of ¢, we find from both tables that in terms of MAE, &%MAJ
performs the best in many cases. To describe the intuition behind this result, we
consider the AR(1) model and £ = 0, 1, 2. In this case, the instruments are

Yit—1—¢+ -+ Yi0
t—7¢ ’

Zit(t) = Ct | Yi,t—1 — (t=0, 1,2).

For the case of £ =2, we find that y;,—> is not used, and this causes an
efficiency loss. The same result applies to the case ¢ > 2. For the case of { =
0, 1, although both instruments use all the past variables, z;,(1) is more strongly
correlated with the endogenous variable x;; than z;(). In fact, after some
algebra, we have E(xl-’;z,-,(l)) > E(x[’;z,-,(o)). Thus, z;(1) should be used in
practice.

First, we consider the AR(1) case. We find from Table 1 that, in terms of the

bias, the IV estimators, (/iﬁfv and &%WM, have little bias for all cases, whereas

the GMM estimators have nonnegligible bias when a = 0.9. In particular, &éﬁ,YM
has significant bias for all cases. However, with regard to the IQR, the feasible
optimal IV estimator, aéﬁ,}/M, has the smallest dispersion and 355 Y has the largest

dispersion. Moreover, we find that the differences in the IQR of aLG“;[}M, a’é%j

https://doi.org/10.1017/50266466609090707 Published online by Cambridge University Press


https://doi.org/10.1017/S0266466609090707

880 KAZUHIKO HAYAKAWA

and &%VIM become quite small when T is as large as 50. This result is consistent

with Proposition 1, where aéﬁ,}/M and ii%w A% are shown to have the same asymp-

totic variance when N and T are large. Also, the asymptotic variances in (10)
and (12) suggest that for given N and T, the dispersion of a5y, and ahrA!

should decrease as a1 grows. However, the simulation results do not show such

TABLE 1. Simulation results for the AR(1) model

~LEV ~ ~RMAl ~LEV ~RMAO ~RMAI ~RMA2 ~RMA3 ~RMA4
r N a1 oGy %Gum % %y ary ary ary ary

Median

10 100 0.5 0.467 0493 0500 0.499 0499 0498 0497 0497
10 500 0.5 0493 0499 0501 0.500 0500 0500 0.499  0.500
15 100 0.5 0472 0495 0499 0498 0498 0498 0498 0.499
15 300 0.5 0490 0499 0501 0500 0500 0499 0499  0.500
20 100 0.5 0476 0498 0.500 0.500 0.500 0.499 0499 0.499
20 200 0.5 0488 0499 0500 0500 0.500 0.500 0.500  0.500
50 100 0.5 0482 0499 0500 0500 0.500 0.500 0.500  0.500
100 100 0.5 0484 0500 0.500 0.500 0.500 0.500 0.500 0.500

10 100 09 0.691 0.805 0906 0891 0.894 0.889 0.884 0.882
10 500 09 0.827 0878 0903 0897 0.897 0.899 0.898 0.898
15 100 09 0.767 0.862 0902 0896 0.896 0.897 0.896 0.897
15 300 09 0.833 0.885 0902 0899 0.899 0.899 0.900 0.900
20 100 0.9 0.802 0.881 0900 0.899 0.899 0.898 0.898 0.898
20 200 0.9 0.837 0.892 0.902 0900 0.900 0900 0900 0.899
50 100 0.9 0.860 0.897 0.899 0900 0.900 0.899 0.899 0.899
100 100 09 0.875 0.899 0.900 0.900 0900 0900 0.900  0.900
IQR
10 100 0.5 0075 0084 0.117 008 0.08 0.092 0.103 0.118
10 500 0.5 0.034 0038 0050 0039 0039 0041 0.046 0.052
15 100 0.5 0.050 0.055 0.082 0057 0056 0.057 0.062 0.067
15 300 0.5 0030 0032 0.048 0033 0032 0034 0035 0038
20 100 0.5 0.040 0.043 0.069 0044 0044 0044 0.046 0.047
20 200 05 0.028 0.030 0.048 0030 0.031 0.031 0032 0033
50 100 0.5 0.020 0.021 0038 0021 0021 0021 0021 0.021
100 100 0.5 0.013 0.014 0025 0.014 0014 0014 0014 0.014

10 100 0.9 0.156 0.222 0407 0291 0278 0.289 0314 0.367

10 500 0.9 0.08 0.114 0.174 0.127 0.125 0.130 0.139  0.159

15 100 09 0.085 0.117 0237 0.143 0.139 0.137 0.142  0.150

15 300 0.9 0.058 0.073 0.136 0.082 0.079 0.078 0.081 0.086

20 100 0.9 0.059 0.078 0.176 0.088 0.087 0.086 0.088 0.090

20 200 09 0.045 0.057 0.120 0.064 0.062 0.062 0.062 0.065

50 100 09 0.018 0.021 0.066 0.023 0.023 0.023 0.023 0.023

100 100 0.9 0.008 0.010 0.037 0.011 0.011 0.011 0.011 0.011
continued
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TABLE 1. Continued.

~LEV  ~RMAl ~LEV ~RMAO ~RMAI ~RMA2 ~RMA3 ~RMA4
r N a1 ogym %GuMm % %y ary ary ary ary

MAE

10 100 0.5 0.043 0.042 0.058 0.044 0.043 0.046 0.051 0.059
10 500 0.5 0.018 0.019 0.025 0.019 0.020 0.020 0.023  0.026
15 100 0.5 0.032 0.028 0.040 0.028 0.028 0.028 0.031  0.033
15 300 0.5 0.016 0.016 0.024 0.016 0.016 0.017 0.017 0.019
20 100 0.5 0.027 0.022 0.034 0.022 0.022 0.022 0.023  0.024
20 200 0.5 0.016 0.015 0.024 0.015 0.015 0015 0.016 0.017
50 100 0.5 0.018 0.010 0.019 0.010 0.010 0.011 0.011 0.011
100 100 0.5 0.016 0.007 0.012 0.007 0.007 0.007 0.007 0.007

10 100 09 0.209 0.131 0.203 0.146 0.139 0.146 0.158 0.185
10 500 0.9 0.075 0.059 0.087 0.064 0.063 0.065 0.070 0.080
15 100 0.9 0.133 0.064 0.118 0.072 0.070 0.069 0.071  0.075
15 300 09 0.067 0.037 0.067 0.041 0.039 0.039 0.040 0.043
20 100 0.9 0.098 0.040 0.087 0.044 0.043 0.043 0.044 0.045
20 200 0.9 0.063 0.029 0.060 0.032 0.031 0.031 0.031 0.033
50 100 0.9 0.040 0.011 0.032 0.012 0011 0.012 0.012 0.011
100 100 0.9 0.025 0.005 0.018 0.005 0.005 0.005 0.005 0.005

a tendency when T < 50. This may be due to the weak identification problem
as a; approaches unity.!® For the median absolute error, we find that 32%‘;},,1 has
the smallest MAE in many cases. However, the difference in the MAE between
~RMAI ~RMAC - _ ¢ .
acyy and ayy  is fairly small.

Next, we discuss the results for the AR(2) case. The IV estimators are virtually
median unbiased, and ag’;]{M has the largest bias. In terms of the IQR, &LGﬁ,}/M has
the smallest dispersion in all cases. Also, we find that the difference in the IQR

between Gy, Gonal, and @il becomes small when T is large. In terms of

the MAE, although &Ig%,; performs best in many cases, the difference between
afMal and afl™ is quite small.

The simulation results suggest that, in terms of the bias and MAE, the IV
and GMM estimators using the proposed instruments perform better than the
commonly used IV and GMM estimators, (/i%v and 6@1%,,, even when T is as

large as 10.

4. CONCLUSION

In this paper, we showed that the infeasible optimal IV estimator and the IV es-
timator using instruments deviated from past means are asymptotically equiva-
lent in the sense that both estimators have the same asymptotic distribution when
both N and T are large. We further showed that if we assume normality on the
errors, the proposed IV estimator is asymptotically efficient when both N and T
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TABLE 2. Simulation results for an AR(2) model

KAZUHIKO HAYAKAWA

TN e alf B el a0 apn e ap ap
Median
10 100 0.6 0.565 0.586 0.599 0.598 0.597 0.598 0.597 0.598
10 100 -0.1 -0.117 -0.108 —-0.101 -0.102 —-0.102 —0.103 —-0.104 —0.102
10 500 0.6 0.593 0.598 0.600 0.600 0.600 0.600 0.600 0.599
10 500 -0.1 -0.104 -0.102 -0.101 -0.101 -0.101 —0.101 —0.101 —0.101
15 100 0.6 0.577 0.595 0.601 0.600 0.600 0.600 0.600 0.599
15 100 -0.1 -0.114 -0.103 -0.101 -0.101 -0.101 —0.101 —=0.101 —0.101
15 300 0.6 0.591 0.598 0.600 0.600 0.600 0.600 0.600 0.599
15 300 -0.1 -=0.105 -0.101 -=0.100 -0.100 —0.100 —0.100 —0.100 —0.100
20 100 0.6 0.590 0.599 0.601 0.600 0.600 0.600 0.600 0.600
20 100 —-0.1 -0.106 -0.101 —-0.100 —-0.100 —0.100 —0.100 —0.100 —0.100
20 200 0.6 0.590 0.599 0.601 0.600 0.600 0.600 0.600 0.600
20 200 -0.1 -=0.106 -0.101 -0.100 -0.100 —0.100 —0.100 —0.100 —0.100
50 100 0.6 0.588 0.600 0.601 0.601 0.601 0.600 0.601 0.601
50 100 -0.1 -0.110 -0.101 —-0.100 —-0.100 —-0.100 —0.100 —0.100 —0.100
100 100 0.6 0.590 0.600 0.600 0.600 0.600 0.600 0.600 0.600
100 100 -0.1 -0.109 -0.100 -0.101 -0.100 —0.100 —0.100 —0.100 —0.100
IQR
10 100 0.6 0.067 0.077 0.101 0.079 0.079 0.084 0.094 0.111
10 100 —0.1  0.051 0.056 0.064 0.058 0.059 0.063 0.068 0.076
10 500 0.6 0.032 0.035 0.046 0.036 0.036 0.038 0.042 0.050
10 500 —0.1 0.024 0.026 0.029 0.027 0.026 0.029 0.031 0.035
15 100 0.6 0.046 0.050 0.070 0.050 0.050 0.051 0.054 0.059
15 100 —0.1  0.038 0.041 0.050 0.043 0.043 0.045 0.047 0.051
15 300 0.6 0.028 0.029 0.041 0.030 0.030 0.031 0.032 0.034
15 300 —0.1 0.023 0.024 0.029 0.024 0.025 0.026 0.027 0.029
20 100 0.6 0.027 0.029 0.041 0.029 0.029 0.029 0.030 0.031
20 100 —0.1 0.024 0.025 0.031 0.026 0.026 0.026 0.027 0.028
20 200 0.6 0.027 0.029 0.041 0.029 0.029 0.029 0.030 0.031
20 200 —0.1 0.024 0.025 0.031 0.026 0.026 0.026 0.027 0.028
50 100 0.6 0.020 0.021 0.031 0.021 0.021 0.021 0.022 0.022
50 100 —0.1 0.019 0.020 0.026 0.020 0.020 0.020 0.021 0.021
100 100 0.6 0.014 0.014 0.020 0.014 0.014 0.014 0.014 0.014
100 100 —0.1 0.014 0.014 0.019 0.014 0.014 0.014 0.014 0.014
MAE
10 100 0.6 0.043 0.040 0.050 0.040 0.040 0.042 0.047 0.055
10 100 —0.1 0.028 0.029 0.032 0.029 0.029 0.032 0.034 0.038
10 500 0.6 0.016 0.017 0.023 0.018 0.018 0.019 0.021 0.025
10 500 —0.1 0.012 0.013 0.014 0.013 0.013 0.014 0.016 0.018
15 100 0.6 0.029 0.025 0.035 0.025 0.025 0.026 0.027 0.030
15 100 —0.1 0.021 0.021 0.025 0.021 0.021 0.022 0.023 0.025
15 300 0.6 0.015 0.015 0.021 0.015 0.015 0.015 0.016 0.017
15 300 —0.1 0.012 0.012 0.014 0.012 0.012 0.013 0.014 0.015
20 100 0.6 0.015 0.014 0.021 0.015 0.015 0.015 0.015 0.015
20 100 —0.1 0.013 0.013 0.015 0.013 0.013 0.013 0.014 0.014
20 200 0.6 0.015 0.014 0.021 0.015 0.015 0.015 0.015 0.015
20 200 —0.1  0.013 0.013 0.015 0.013 0.013 0.013 0.014 0.014
50 100 0.6 0.014 0.011 0.015 0.011 0.011 0.011 0.011 0.011
50 100 —0.1 0.012 0.010 0.013 0.010 0.010 0.010 0.010 0.010
100 100 0.6 0.011 0.007 0.010 0.007 0.007 0.007 0.007 0.007
100 100 —0.1 0.010 0.007 0.010 0.007 0.007 0.007 0.007 0.007
continued
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TABLE 2. Continued.
TN w e A B A g g ap ap ap
Median
10 100 0.6 0357 0430 0.600 0.583 0583 058 0580  0.577
10 100 03 0196 0225 0298 0285 0287 0286 0284 0285
10 500 0.6 0482 0541 0597 0595 0595 0593 0596  0.593
10 500 03 0250 0274 0299 0297 0297 0296 0297  0.296
15 100 0.6 0445 0524 0608 0.596 0597 0597 0597 0597
15 100 03 0227 0263 0303 0295 0295 0296 0296  0.295
15 300 0.6 0.508  0.566 0.602 0.600 0.600  0.600  0.600  0.600
15 300 03 0258 0284 0300 0299 0299 0299 0299  0.299
20 100 0.6 0521 0575 0605 0.600 0.600 0.600  0.600  0.600
20 100 03 0261 0288 0301 0299 0299 0298 0299  0.299
20 200 0.6 0521 0575 0.605 0.600 0.600 0.600  0.600  0.600
20 200 03 0261 0288 0301 0299 0299 0298 0299  0.299
50 100 0.6 0561 0596 0.601 0.600 0.600 0.601  0.600  0.601
50 100 03 0275 0296 0300 0299 0299 0299 0299  0.299
100 100 0.6 0579 0599 0599 0.600 0.600  0.600  0.600  0.600
100 100 03 0284 0299 0299 0300 0300 0300 0300  0.300
IQR
10 100 0.6 0.161 0225 0474 0365 0353 0373 0390  0.465
10 100 03 0.073 0098 0207 0160 0.157 0.165 0.170  0.192
10 500 0.6 0.101 0129 0222 0.6l 0157 0161 0.178  0.200
10 500 03 0044 0056 0.092 0069 0067 0070 0074  0.083
15 100 0.6 0.093 0126 0292 0.166 0.161  0.162 0169  0.183
15 100 03 0050 0.062 0.140 0083 0.082 0082 0085  0.090
15 300 0.6 0.066 0083 0.166 0.098 0095  0.097 0099  0.107
15 300 03 0032 0041 0076 0047 0047 0048  0.049  0.051
20 100 0.6 0.052 0063 0.141 0074 0072 0.072 0.075 0.075
20 100 03 0030 0036 0071 0040 0.039 0040 0.040  0.041
20 200 0.6 0.052 0063 0.141 0074 0072 0072 0075 0075
20 200 03 0030 0036 0071 0040 0.039 0040 0.040  0.041
50 100 0.6 0.024 0026 0066 0.028 0028 0.028 0028 0028
50 100 03 0020 0021 0044 0023 0023 0023 0023 0.023
100 100 0.6 0.014 0015 0034 0015 0015 0015 0015 0015
100 100 03 0013 0014 0027 0014 0014 0014 0014 0015
MAE
10 100 0.6 0243 0176 0236 0.184 0179 0.187 0196 0233
10 100 03 0104 0079 0.104 0081 0079 0083 0087  0.099
10 500 0.6 0.118 0078 0.110 0081 0078 0.081  0.089  0.101
10 500 03 0050 0.034 0046 0035 0.034 0035 0037 0.042
15 100 0.6 0.155 0084 0.146 0.083 0080  0.081 0084  0.092
15 100 03 0073 0042 0070 0041 0041 0041 0043  0.045
15 300 06 0.092  0.047 0.083 0.049 0047 0.048  0.049  0.053
15 300 03 0042 0023 0038 0024 0023 0024 0024 0.025
20 100 0.6 0.079  0.036 0070 0.037 0036  0.036 0037  0.037
20 100 03 0039 0019 0035 0020 0020 0020 0020 0.021
20 200 06 0.079  0.036 0070 0.037 0036 0.036 0037 0.037
20 200 03 0039 0019 0035 0020 0.020 0020 0.020 0.021
50 100 0.6 0.039 0014 0033 0014 0014 0014 0014 0014
50 100 03 0025 0011 0022 0011 0011 0011 0011 0012
100 100 0.6 0.021  0.007 0016 0.007 0007 0.007 0007  0.007
100 100 03 0016 0007 0013 0007 0.007 0007 0007  0.007
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are large. Simulation results demonstrated that in terms of the bias and MAE, the
new IV estimator outperforms the GMM and IV estimators using instruments in
levels, which are commonly used in the literature.

Finally, we note certain possible extensions. Although we considered an AR(p)
model with i.i.d. errors, it is interesting to investigate whether the results obtained
in this paper apply to more general models and errors, say, models that include
additional regressors other than the lagged dependent variables (Arellano, 2003a)
and/or heteroskedastic errors (Alvarez and Arellano, 2004). Moreover, it may be
interesting to apply the Okui (2008) method, i.e., a procedure to select the number
of moment conditions so as to minimize the mean square error of the estimators,
to improve the [V/GMM estimators using instruments deviated from past means.
Finally, investigating the behavior of the proposed IV estimator in a near unit root
case is important because in such a case, instruments may become weak. Recently,
Han and Phillips (2009) proposed a new estimator that addresses the weak instru-
ments problem at unity.!” They showed that the estimator does not suffer from the
weak instruments problem at unity, is consistent as long as NT is large, i.e., either
N or T can be fixed, and has a very small finite-sample bias. 18 However, their es-
timator is not efficient, and a numerical optimization is required for AR(p) models
(see Chowdhury, 1987), whereas our estimator is efficient and very easy to
compute. Hence it may be interesting to address the efficiency problem of their
estimator and compare it with the IV estimator proposed in this paper. How-
ever, these tasks are beyond the scope of the present paper and are left for future
research.

NOTES

1. See Anderson and Hsiao (1981, 1982), Holtz-Eakin, Newey, and Rosen (1988), Arellano and
Bond (1991), Arellano and Bover (1995), Ahn and Schmidt (1995, 1997), and Blundell and Bond
(1998), Arellano (2003a), Hahn, Hausman, and Kuersteiner (2007), and so on.

2. As pointed out by a referee, the same idea is already advocated by Moon and Phillips (2000,
pp. 944-945). The difference between their paper and this paper is that their focus is on reducing bias,
whereas ours is on improving efficiency.

3. Note that the WG and GMM estimators do not work well for large N and small 7 and small N
and large T panel data, respectively.

4. The problem of how to choose p is extensively discussed by Lee (2007) but is not resolved.

5. See Alvarez and Arellano (2003) for the AR(1) case.

6. See Hayakawa (2008) for the effect of nonstationary initial conditions.

7. See Phillips and Moon (1999), Hahn and Kuersteiner (2002), and Lee (2007).

8. Note that taking a first difference induces a serial correlation in the errors, and this correlation
changes the form of the optimal instruments defined in the next section.

9. Also see Bun and Kiviet (2006).

10. For the choice of £, we consider £ =0, ..., 4 in simulation studies (see Section 3).

11. The case £ = 1 corresponds to the original RMA method.

12. This interpretation was suggested by a referee.

13. Note that the AR(p) model (1) can be written as the VAR(1) model (2).

14. See Bun and Kiviet (2006), Hayakawa (2007b), and Bun and Windmeijer (2007).

15. The reason why we consider the GMM estimator using Z;; (1) as instruments is that, in terms of
MAE, the GMM estimator may perform better than the IV estimator because the GMM estimator is
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more efficient than the IV estimator under large N and fixed T asymptotics. Also, the reason why we
choose ¢ = 1 is that the IV estimator with £ = 1 performs the best.

16. Note that similar results are also reported in Alvarez and Arellano (2003).

17. Although the same estimator is considered by Chowdhury (1987), Ramalho (2005), and
Hayakawa (2007a), it is Han and Phillips (2009) who rigorously derived the asymptotic properties.

18. In a time series context, Hayakawa (2006) derives the finite-sample bias.
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APPENDIX: Proof of Proposition 1

LEMMA A. Let Assumptions 1-3 hold. Then, hj; and z;;(¢y can be written as

(i)
_ (L, — 7)1, —m)~!
by = By = 1= e TR g
1 1
=Ct Ip_O ﬁ wl,l—1+0[7 ﬁ ) (A.l)
(ii)
Zir(0) =1 [Wi,i—1 +8it] (A2)
1
= |:Wi,t—l +0p (%)} s (A3)
where
ui (l+¢x},R‘1xp) —¢ [(1 —a'1y)(v; ;- +~~-+v,',1)+lc;,R_1rl-]
8it=1p

1+¢{(1 —a'1))2(t — 1)+x;,R—1x,,}

~ Do+ F+ DO _pv;1)d] + D pWi0+q;
gll:lulelp_(Ip_Gp){( Lt t[—f : ) d ! - >

(A4)
@ =1+ +...+1/~" = 1, -m)~' @, - 1),

p—1 p=1 !
a4 =Y yi-s 2, yi,—sw-~-=yi,—p+1»0:| ,
s=1 s=2
-1 -2
G, = diag | —L J— ,...,0/,
t—=Cl+p—1t—C+p-2

and Kp, R, and r; are defined later:
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Proof of Lemma A.
(i) First, note that under the assumption that E(u; |y§_1) coincides with the linear pro-
jection, we have

Ex Iy, ")
-1 _t—1
Py Viiryi )

P 1
1+ ¢(l;+p—lvt—llf+l7—1)

@, -n’"-Ha, —1)~!
T—t

=Ct Ip it

s

- -1 -1
Where¢=05/03,Vr—1 =0, 2Bl(yi = witgp1) (i = sitep—1) '] i = mi/ (1=
a'1p), and aﬁ = var(u;). In what follows, we derive formulas of l;+p_th__lly§_1 and
/ -1
Lip—1Vicilt4p=1-
Following Whittle (1951) and Wise (1955), let us define the (t +p —1) x (t+p — 1)

matrix U as follows:

Uk =

O(tp—k—Dyxk i p—i—1 } G=1.....p).

Ok xk Ok (t+p—k—1)
Then, y§_1 can be written as

—1 —1 —1 —1
yf =0, Uy! +a2U2yf +-+apUPy!

—1

1 v 0(z-1)x1}

+ 7 + Y+ ,
g {OPXJ [Opxl} { rj

t—1 /
where v, = (v; ;—1,...,0;,1)" and

p-1 p=1 !
Y= [Yi0— X OkYi—k»Yi,—1 = X, Gke1Yi,—ks---»Yi,—p+2 = C1Yi,—p+1s Vio—p+1| -
k=1 k=2

Because yj; is stationary and its conditional mean given #; is u; = n; /(1 —a'1p),

t—1 (0] x1

Ly, 1 —A)y = [”‘1]— Mgyt — A)typ e +{Vi }Jr b
(t+p 1 )Y, ni Opxl #z(ter 1 )t+p 1 Opxl r;

-1

_ {vﬁ :|+[O(t—l)><l:| —¥ 4T,
0,x1 Ii —Kpli !

whereyf_1 :yf_1 — Uity p—1, A= (a]U+a2U2+~~~+al,U1’),

1;_1(1—a’1
P P)}, and (A5)

p—1 p—2 /
kp=|1=Y ag, 1= Y ar,....,1—ay, 1] .
k=1 k=1

Then it follows that

If—l 0

0 R—l (It+p—1_A)>

Vi =Wy —A) [
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where R =0, 2E[(r; —Kp ;) (x; —Kpi1;)'].
Therefore, using (A.5) we have

—1 2 -1
Uy Visitp—1 = (1=a'1p) (1 = 1) +x, R &p,
Uyp Vo 1Y, :(1_a/1p)[’7i(t_1)+vi,t—l+"'+Ui,1]+K;gR_lrt

Expression (A.1) is easily obtained because v; ;_1,...,v;1 in the numerator of g;, are
independent random variables whereas the denominator of g;, is O (t).
(i) Note that z;;(¢) can be written as follows:

Xip—(+ - +Xi1 14
Zir(€)=Cr{Xit—(Ip—Gp) Lt - ! l}-

Then, using X;; = u;1p +w; ,_1, we get
Xjjf—f -+ X1 == Opitp + (@rvj —1—¢ + -+ Pr—1—¢vi1)d] + B¢ Wip.

Thus, we obtain (A.2). To prove (A.3), we have to show that g;; is O, (1/ J/1). However,
because p is fixed and v; ;,_¢_1, ..., ;1 are independent random variables, the second term
in (A4)is OP(I/\/Z). Then, the result follows from the fact that the first term is O(1/t)

because ||Var(u; Gpip) || = 05 2];;—01 L/ —C¢+ D?=0(1/12). o

E(giw] )| and |[E(giyw],_,)| are
o(1/1).

Proof of Lemma B. First, note that E(x; w; ;1) = Op 1. Next, because p is fixed, we
have

E[@i -1+ +0;i 1)W,z JH—" dy
x [, I~ 1@, —1'~P)/'||= 0 (1),

HE {x;,R_lriw;jt_l] H =0(1),

[E[(®@ 0 —1—¢+-- 4+ @1 _vj1)d1W] ,_ Jl=a? =0(1),

Z ®;d;d|(I1")/
=1

[E@;—¢wio+a)w; ;1| = 0.
Then, the result follows from the fact that the denominators of g;, and g;; are O (7). L]

Next, we derive the asymptotic properties of the IV estimators. Note that IV estimators

a IVP T and aRMM can be written as

~ ~—1 ~
VNT(@jy—a)=A ~/NTb,
PT ~RMAl PT ~RMA .
where A denotes AIV LAy and b denotes bIV , by * The asymptotic behavior of
A and b is given in the following lemma.
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LEMMA C. Let Assumptions 1-3 hold. Then, as both N and T tend to infinity,

(i) AQPT ARMAL L Ew; W, _)).

(ii) bOPT bRMA{’ 5.

If we further assume that Assumption 4 holds, then as both N and T tend to infinity,
(iii) ~NT BQFT, JNTHRMAC 4 A0, 62E (w; W)
Proof of Lemma C. To derive the results, we use the following decomposition:

X =YW 1 —ctVir,

1
lPt =Ct (Ip - EHQT_I) 5

- (®7_10i +DPov; 72+ +Pv; 7_1)dy
VirT = .

T—t
. . ~OPT . . ..
(a) First, we consider A;;; . Using Lemmas A and B and the preceding decomposition,
we have
OPT —
E(Ry ) = f Z E(hirx;,)
LS o ()] [k ( (o) +0 !
= = - Wi —1W; -
T = 14 T_t i,t—1 i,t—1 t

- E(Wi,z—lwg,,_1)~

The last convergence comes from 71 th:—ll O(1/(T —1t)) = 0(logT/T) — 0. The vari-

~OPT .
ance of Ay, is shown to tend to zero as follows:

T—1
Hvar(vec{KIOVPT}) H = # var (;21 VCC{hizXZ/}> H =0 (%) - 0.

~RMACL

Fora, ", we have

T-1
S(8) = 7 5 oo oo (7)o (1)
- E(Wi,t—le,;_1)~

. ~RMAC . . - ~OPT
The variance of Aj,  is shown to tend to zero in a similar way to Ay .
(b), (c) Note that, using Lemma A(i), we have

~OPT NIl 1
~VNTby _FZ 2 cr |Ip— (Wir—1+8)v}
i=1t=
| N T=1

= ﬁ" Z 2 Clwi,l—ID;+0P(l)

i=1r=1
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2

\/7 z z 1t—luit+0p(1)~

Because the generalized Lindeberg—Feller condition for joint asymptotic normality is sat-

isfied under Assumptions 1-4, we can apply the central limit theorem of Phillips and Moon
(1999, Thm. 2). (A detailed proof can be found in Hahn and Kuersteiner, 2002, Lem, 5;
and Lee, 2007, Lems. 3 and 4.) Thus, we have

~OPT d
«/NTb,V %N[OO‘ E(wW;,— 1wlt Dl

~RMAC( . . . .. sy s .
The result for  NT by, is obtained in a similar way. For the proof of (ii), it is straight-

~RMA{ ~OPT
forward from (iii) to show that by, by = - 0. u

Proof of Proposition 1. Using Lemma C, the results are easily obtained. u
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