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QUANTITATIVE ESTIMATES FOR SIMPLE ZEROS OF
L-FUNCTIONS

ANDREW R. BOOKER, MICAH B. MILINOVICH AND NATHAN NG

Abstract. We generalize a method of Conrey and Ghosh [Simple zeros of
the Ramanujan t-Dirichlet series. Invent. Math. 94(2) (1988), 403—419] to prove
quantitative estimates for simple zeros of modular form L-functions of arbitrary
conductor.

§1. Introduction. Let f € Sp(I'1(N)) be a classical holomorphic modular
form of weight k and level N. Assume that f is primitive, meaning that it
is a normalized Hecke eigenform in the new subspace. Then it has a Fourier
expansion of the shape

[e.¢]
f(Z) — Z Af(n)n(k—l)/ZCZﬂinZ’
n=1
where the A ¢ (n) are multiplicative and satisfy the Ramanujan bound [A ¢ (n)| <
d(n). Let Ag(s) = I'c(s + (k —1)/2)L s (s) denote the complete L-function
of f, with analytic normalization, where

Pe(s) =200 °T(s) and Ly =Y 0}

nS

n=1
and let
NH(T) =#(p € C: Ap(p) =0, Ay(p) # 0. |3(p)| < T}

be the number of simple zeros of A (s) with imaginary part in [T, T'].
In [9], the second and third authors showed that if A (s) satisfies the
generalized Riemann hypothesis, then

N4(T) > T(log T)~*

for any fixed ¢ > 0 and all sufficiently large T > 0. Unconditionally, when
N = 1and k = 12, Conrey and Ghosh [5] showed that

for all ¢ > 0, there exists 7 > ¢~ ! such that N}(T) > T1/67¢, (1.1)
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Moreover, their proof works more generally for N = 1 and arbitrary k, provided
that N}(T) is not identically 0. In light of the first author’s result [1] that
N }(T) — oo as T — o0, (1.1) holds for all primitive f of conductor 1.

In this paper, we aim to prove similar unconditional quantitative estimates
of simple zeros for primitive forms of arbitrary conductor N. However, we
encounter some obstacles that are reminiscent of the well-known difficulty of
extending Hecke’s converse theorem to arbitrary conductor, and are not present
for N = 1. Taking inspiration from Weil’s generalization [11] of Hecke’s
converse theorem, we consider character twists. For a Dirichlet character y
(mod q), let f ® x denote the unique primitive form such that A g, (n) =
Af(n)x (n) for all n coprime to g.

THEOREM 1.1. Let f € Siy(I'1(N)) be a primitive form. Then there is a
Dirichlet character x such that (1.1) holds with f ® x in place of f.

Next, for odd conductors we obtain a weaker but unconditional quantitative
estimate for N }(T ), without the twist. Moreover, we show that there is a sort
of “Deuring—Heilbronn phenomenon” at play, so that if N }(T) is unexpectedly
small then we can substantially improve our result for N } oy (T)-

THEOREM 1.2. Let f € S (I'1(N)) be a primitive form of odd conductor.
Then for all € > 0, there exists T > e~ ! such that

N(T) > exp((log T)1/378)  ifk = 1 or f is a CM form,
logloglog T otherwise.

Further, ifN]Sc(T) KL 1+ T¢ forevery ¢ > 0, then:

(1) there is a Dirichlet character x such that, for all ¢ > 0, there exists T >
e~ such that A rgy (s) has at least T'/2=¢ simple zeros with real part %
and imaginary part in [T, T];

(ii) A (s) has simple zeros with real part arbitrarily close to 1.

Remarks.

(1) The exponent % in (1.1) is related to the best known subconvexity estimate
for modular form L-functions in the ¢ aspect; it can be replaced by any
& > 0 such that Lf(% +it) K (1 + |£])1/275+¢ holds for all primitive
forms f and all ¢ > 0. In [3] we showed that § = % is admissible. Very
recent work of Munshi [10] improves this to § = % + % for forms of
level 1, with a corresponding improvement to (1.1) in that case.

(2) InTheorem 1.1, one can take the conductor of x to be 1 or a prime number
bounded by a polynomial function of N.

(3) The proof of Theorem 1.2 makes use of the idea originating with Conrey
and Ghosh [5] of twisting the coefficients of L ¢ (s) by (—1)" to prevent the
main terms of our estimate from cancelling out. This relies implicitly on
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the fact that there is no primitive Dirichlet character of conductor 2, and is
the ultimate reason for our restriction to odd N.

(4) The improved estimate in Theorem 1.2 in the Galois and CM cases arises
from Coleman’s Vinogradov-type zero-free region for Hecke L-functions

(4].

§2. Dirichlet series. In order to establish the existence of simple zeros it
is useful to study not only L s(s), but some related Dirichlet series and their
additive twists. This is one of the central ideas in [5]. A key role is played by the
series

d2

Dy(s)=Ly(s)-logLy(s) = > epmn,
n=1

-3
which has a meromorphic continuation to C with poles precisely at the simple

zeros of L ¢ (s) (including the trivial zeros s = (1 — k)/2—nforn =0,1,2,...).
For @ € Q* and yx a Dirichlet character, let

Li(s,e) =) dpme(@n)n™ and Ly(s, x) =Y As(n)x(mn".

n=1 n=1
Likewise, define
o.¢] o0
Df(s,a) = Zc]«-(n)e(an)n_s and Dy(s, x) = ZCf(n)X(n)n_s.
n=1 n=1
Let £ denote the nebentypus character of f. Set
O(N) = {1} U {g prime : ¢ { N},

and for each ¢ € Q(N), define the rational functions

ifg =1,
Prgx) = ) .
I —Ar(g)x +£&(g)x~ otherwise
and
0 ifg =1,
Rpq(x) =1 qlog? g x(hs(g) — 4(@)x + 15 (@E(@)xD)
ifg # 1.
qg—1 Py q(x)

These are such that, if

1 if(n,q) =1,

n)—
xo(n) 0 otherwise

denotes the trivial character mod ¢, then
Ly(s, x0) = Prg(g )L s(s)
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and
, -1
Dy (s, x0) = Prq(q")Dy(s) — qTRf,q(CI_S)Lf(S)- (2.1)

For any a € Z coprime to g, we define
a o0
Praq) =Dy ( E) ~ Rpg@ IL6) = 3 craqmn™,
n=1

D* -D , k—1 L a . 3 r’
fa.q®) = Dyag(s) +4 (S + T) f(sv 5) where ¥ (s) = F(S)

and

o
Dy q(s, o) = Zc]qu,q(n)e(an)n_s fora € Q*.
n=1

To each of Ly, D¢, D fa 9> D’; aq and their twists, we define completed
versions A f, Ar, Aga g, f a.q obtamed by multiplying by I'c(s + (k — 1)/2).
By the Ramanujan bound |A f(q)l 2 and [2, Proposition 3.1], Ay (s,a/q) —

f, a q(s) is holomorphic for M(s) > 0. In turn, the analytic properties of
Af;’ aq (s) are described by the following proposition.

PROPOSITION 2.1. Let f € Sx(T'o(N), &) be a primitive form, g € Q(N),
and a € 7 coprime to q. Then A q(s) is a ratio of entire functions of finite
order, has at most simple poles, all of which are contained in the critical strip
{s € C: N(s) € (0, 1)}, and satisfies the functional equation

Fag®) = E@WNgHPTAL o (=), 2.2)
where f € Sk(To(N), §) is the dual of f, € € C* is the root number of f and
Na denotes a multiplicative inverse of Na (mod q).

Proof. For g = 1, the result follows immediately from [1, (3.1)], so we may
assume that ¢ is prime. Let x be a Dirichlet character of conductor ¢g. Then the
complete twisted L-function A (s, x) satisfies the functional equation

Ag(s, x) = €&(qQ)x(N) (q) (NG P A F(1 = 5,70,

where € € C* is the root number of f. Applying [1, (3.1)] to f ® x, we thus
have

As(s, x) — €E(q)x (N) (q) (NgH'P A (1= 5,%)

k+1 k—1
:Af(S,X)(lﬁ/(%—S> _w,(HT))_ 23)
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Next, we have

Af(s, g) = Af(s) - quAf(s, xo) + q%l Y t@x@A s 0.

x (mod q)
XFXo

where xg is the trivial character mod g. Combining this with (2.1) we get

1
Af,a,q(s>=(1—%%@S))Af<s)+qT1 Y tOx@As G 0.

X (mod q)
XFX0
2.4)

Note in particular that A ¢, ,(s) is a ratio of entire functions of finite order, and
all of its poles in {s € C : 9(s) > 0} are simple and located at simple zeros of
either A ¢(s) or A (s, x) for some x # xo.

Note that Py, satisfies the functional equation

q g 1-2s q s—1
1 _ _P — 1 — —P_ )
= ra(@ ) =&(q)q ( g—1 7.q( ))
and thus, by [1, (3.1)],

(1 - %P‘ﬁq(q—“))Af(s)

- eé(q)(zvq2>‘/2—°‘(1 - %Pﬁqms—l))Af-(l —5)

— (1 1 p -\ A [kt 1 , k—1 )5
= (1= L)oo (v (G =) - (s +557)) 29

Thus, replacing f by f, s by 1 —s, a by —Na and x by ¥ in (2.4), we get
q _
Aj _Nagl—9)= (1 - quPf,q(qs 1))Af‘(l —5)

1 _
o D tOOX(Na)A (1 =5, 7).
x (mod ¢)
XFX0

Applying the functional equations (2.3) and (2.5), together with the relation
T(x)T(X) = x(—1)gq, we thus have

Afagls) —eE@ (NG P A7 _wo (1 —5)

s 1 —
=|:(1—%Pf,q(q ))Af(s)‘i‘qT1 Z T(X)X(G)Af(S,X)i|
x (mod q)
XFX0

()5
) ()
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Applying the classical Voronoi formula [8, p. 179, (A.10)]
N_
Af<s, f) = eé(q)(quﬂ/z—SAf-(l — s, ——“),
q q

we arrive at (2.2).
Finally, by (2.4) and the non-vanishing of automorphic L-functions for
NR(s) > 1[7], A? “ q(s) is holomorphic for % (s) > 1. This conclusion applies

to A;ﬁm’q(s) as well, so by (2.2), all poles of A’;-’d’q(s) have real part

in (0, 1). g

Fix, for the remainder of this section, a choice of f, a, g as in Proposition 2.1,
and o € Q*. We define

Njag (M) =#{p € C:130) < T.Res A7, 4 (5) # 0]

and

Spaq(v.0) =Y ResAf, () —ie) 7 ¢V fory eReg,  (26)
peC

where (y — ia) ?~*=1/2 js defined in terms of the principal branch of
log(y — ix). Our goal is to derive the following expression for the Mellin
transform of S, 4 (v, @), up to a holomorphic function on {s € C : %(s) > 0}.

PROPOSITION 2.2. Define

Hfag.a(s) = Afaq(s, o)

. _ 1
—e&(q)(isgna)f (Ng*a?)* l/zAf-’Na’q<s,—m> 2.7)

and /4
« d
If,a,q,a(s) = / Sf,a,q O, a)ys—',-(k—l)/Z_y'
0 y
Then, If,4.4.a(s) — Hfa 4.0(s) has analytic continuation to R(s) > 0. Moreover,
if

o] /4 d
f 1S g (v, )|y TEDREY o
0 y

for some o > 0, then Hy,, 4 4(s) is holomorphic for R(s) > o.

The proof will be carried out in several lemmas, and involves the following
auxiliary functions definedon H = {z € C : J(z) > 0}:

o0
F(Z) = 2ZCf,a,q(”)l’l(k_l)/ze(nz),

n=1
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o]
F2)=2)_ ¢ waqg@n® D e(nz),

n=1

| 1 NAYSaE k=1
@)= 27T1/<n(s)=k/2 f(&;)(lﬁ <s+ 2 )+w<s_ 2 ))

x (—ig) kD2 gy,

and

2

a T
B(z) = A (s, —) _ (—ig) S~ k=72 g
27 R(s)=k/2 / q sm2(n(s + (k—1)/2))

We first derive the following expression for S¢ 4 4.

LEMMA 2.3. Forz = a + iy € H, we have

€€(q) f(_ 1
(—iv/Ngz)k Ng?z

Proof. Let0 < ¢ < % For z € H we define

Sf,a,q(ya a)=F(z) —

> + A(z) — B(2). (2.8)

1 o (h—
Ig(z) = Afaq(s)(—ig) kD72 gg,
2mi R(s)=1+e

1
! A i)y s k=172 g
L= 27i /%(S)ZE fuaq($)(—1z2) s

For the remainder of the proof we let z = o 4 iy.
Since A’Jﬁ aq (s) is aratio of entire functions of finite order with at most simple
poles, by the calculus of residues we have

Res A Faqg($)(=ig) ST D2 g (@) = Ir(2) = IL(2).
5=

Note that the residue term at s = O vanishes unless £k = 1. We have

1 k—1
1 r ) gy k=D/2 4
R(Z) 27T1 \/‘h(.&) I+ (C(s + 2 ) f,a,q(s)( IZ) S

k—1
=2(—2miz)~ (k=172 c (n)— / F(s—l——)
Z Faa®omi N(s)=1+e 2

x (—2minz)~* ds.
Using the identity

1
1 1"(
271 Jgi(s)=1+¢
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it follows that
oo
IR(2) =2 cragmn®e(nz) = F(2). (2.9)

By the functional equation, we have

Afag(s) =e&@(NgH' P A _xa (1—s)

() 5

so I1,(z) = Ip1(z) + I12(2), where

1 e —s—(k—
I1(2) = / €&(q)(NgH' '+ A FNag,(— 9= k=172 g,
27'[1 R(s)=—¢ sq

(2.10)
nao =g [ M) (5 0) v (+55)
1) = 2mi /‘R(s):—s / s’q (Klf 2 )=V 2

x (—iz) ST *k=D/2 g (2.11)

Making the substitution s — 1 — s in (2.10), we get

1 251 o N5
1 € N § /ZA : s 8)(—1 s—(k+1)/2 ds
@ = 5 fw_m EQNGD A s ()(=i2)

— 2¢£(q)(Ng®) V2 (—iz)~*ktD/2(07)~k=1)/2

1 A ( )( 27 )_‘Y 4
X 5= F NaogOI| ———— s
2mi Jygymtae TN\ —iNg22

= 2eé(q)(Nq2)*”2( i)~ k+ D2 (27 )=k=D/2
27-[” (kil)/z n
" Zcf Faq(® )< —iNg? Z> e<_Nq2z)

26‘5(61) > (k—1)/2 <_ n )
lx/_qz)k Z —Na q(l’l)l’l e —quz

e€lq) — 1
- . 2.12
(—iv/Ngz)k F( Nq2Z) @1

Next, note that the integrand in (2.11) is holomorphic for —(k — 1)/2 <
N(s) < (k+ 1)/2. Moving the contour to R(s) = k/2, we get a contribution
from the pole at s = O (present only when k = 1) of

a k—1
ResA (s, & )/ K—1N s k-1)2
Res f(s q)x/f (s—i— 5 )( iz)

= —Res Af,a,q(s, 5’)(—iz)—s—(k—‘>/2.
s=0 q
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Thus

a R
I12(z) +Res Ay y (s, —)(—12) s—(k—1)/2
s=0 q
! a k+1 k1
=5 A , — 4 o
271 Jyis)=k /2 f<s q)<1/f < D) S) 4 <S+ —5— ))
X (—iz)_s_(k—l)/2 ds.

The reflection formula for I' implies that ¥/ (1 —s) + /' (s) = 72/ (sin*(7rs)), so

2 2 ) sin?((s + (k — 1)/2))
’ k—1 / k=1
(s ) v (s-550),

Therefore, 1;2(z) + Res A4 (s, a/q)(—iz) S~ D2 = [155(2) — 1124 (2),
§=
where

nano =gz [0l ) (0 (55 ) v (-55)
248 = o R(s)=k /2 AN 2 2

x (—iz)~S=*k=D72 4.

1125 (2) 1 A < a> 72
) = — S, —
BT i fnmn T\ g ) sin (s + (k= 1)/2))
x (—iz) k=072 g

Hence,
Staq(y, o) =1r(2) — I11(2) + 1124(2) — I12B(2).

By applying (2.9), (2.12) and by setting A(z) = I124(z) and B(z) = I125(2),
we establish Lemma 2.3. O

Next we evaluate (lal/‘l Staqy, a)yst*=D/2 gy /y, considering each term
on the right-hand side of (2.8) in turn.

LEMMA 2.4, folm/4 F(a4iy)ysT*=D12 gy /y — Af.q.4(s, o) continues to an

entire function of s.

Proof. From the definition of ¥ we compute that

. s+(k—1)/2dy
Fax+1iy)y _y = Afaq(s, ).
0

Moreover, F (o +1iy) decays exponentially as y — 00, so the contribution to the
integral from y > |«|/4 is entire. O
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LEMMA 2.5. Forany M € Zxy,

/Ial/4 kT s+(k 1)/2dy
(—ivNg(a +1iy))~ F(——. ) —He—
0 Ng?(a +iy) y
M—1
—(1sgna)kZ( o) (s+m (k+1)/2)
m=0 m
1
2 2s—1/24m A _ _
% (Nq o )S mAf,—Na,l] <S + m, NQZQ) (213)

continues to a holomorphic function on {s € C : R(s) > 1 — M}.

Proof. As the proof of this lemma is very similar to that of [1, Lemma 3.3],
we just provide a sketch and refer to the appropriate parts of loc. cit. for the
relevant details. Fix y € (0, |«|/4], and set z = « + iy, B8 = —1/Ng>a, and
u = y/o. It may be checked that

B+ ilful — L%
= 1 ul — .
Ng?z 1+ iu

Therefore,

. (! . e -
(—iv'Ngz) "F(—quz> =2(=ivNga)™ r;c]z’_m’q(n)n(k D/2¢(Bn)

- 2
x e 2mBul (1 )y Ke( — npu .
1+iu

It was shown in [1, p. 820] that

o Bu? > m~+k — 1\ (=27n|Bul)’
L1550 - e
( iu) “e n;)( i)™ Z iy

Jj!

and for M, K € Z>¢ and |u| < 41'1’

m+k — 1\ (=2mn|Bul)’ e
Z( 1u)’"Z< m— j )( jll3 ) Lam.k ulM=Kp=Ke2mnibul

Thus, we obtain

<_iﬁqz>—kf(_

1 . o
)= 0u (395 51 ot

n=1

SN L i\ (mt k-1
+2(—ivNga) m;)(-;) Z( o )

=0 —J

00 ;
1 27ny \’ 2.2
o (k—1)/2 _ —2xny/Ng*a

X ng_lcf’_Na’q(n)n e(ﬁn)—ﬂ( Nq2a2> e . (2.14)
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By the choice K = [(k — 1)/2] 42, the error term converges and is Oy (yM ~K),
For the other term note that

o .
1 2wny '\’ 22
m o (k—1)/2 i —2nny/Ng-o
2y Elcf,—Na,q(n)n e(ﬂn)j!( Nq2a2> e
n=
yltm gi &

=2 Y e (n D e (pnye 2 N
Jooay ’ ’

n=1
jtmogi
JU o dyl 2 Jos)y=ms2
1 k=1 _

_ 1 (—s -5 m)(quaz)H(kl)/Zer
271 Jyis)=2 J

XAF wa s +m By D2 ds,

Waq (s By as

Inserting this in the last term of (2.14) and using the Chu—Vandermonde identity

m

(e
= m—j j B m B m ’

we arrive at
- k= 1 M—1(k+3)/2)N o (; L (i)™
(=ivNqz)™"F| — = Ou(y ) + (isgna) E —_—
Nqg?z = 2ni

ket 1
o« / (S +m— T)(NanZ)s—l/Z-i-m
9 (s)=2 m

1 —s—(k=1)/2
XA-f’N“’q<s+m’_Nq2a>y s=k=D/2 gg.

We multiply both sides by y*T*—=1D/2=1 and integrate over y € (0, ||/4].
The error term yields a holomorphic function for R (s) > 2 — M. As for the sum
over m, by shifting the contour to the right, we see that each term decays rapidly
as y — 00, so the integral over (0, |«|/4] differs from the full Mellin transform
by an entire function. By Mellin inversion, it follows that (2.13) is holomorphic
for R(s) > 2 — M. Finally, replacing M by M + 1 and discarding the final term
of the sum concludes the proof of the lemma. O

LEMMA 2.6. F(c(s)_lfolawA(a + iy)y*(dy/y) continues to an entire
function of s.

Proof. Let ®(s) = ¥/'(s + (k — 1)/2) + ¢'(s — (k — 1)/2). By the identity
Y'(s) = [ (ogx/(x — 1))x ™5 dx, we have ®(s) = [ ¢(x)x—s~*=D/2gx
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for R(s) > (k — 1)/2, where ¢ (x) = (x*~! + 1)/(x — 1) log x. It follows that
k—1 0 00
CD(s)l_'(s + T) - /; d)(x)x—s—(k—l)/Z dx[) e—yys-i-(k—l)/z dy
0 0 s+(k—1)/2d
= / ¢<x>/ e—y<2> ol
1 0 X y
By the variable change y — xy we obtain
k—1 d
d)(s)l“(er—) =/ ¢(x)/ ySt=D/2Z2 Y
2 y
= / (/ P (x)e™ dx>ys+("‘1)/2d—y.
0 1 y

By Mellin inversion,

> - 1 k=1\ _s_a-np
/ dx)eVdx = — DM s+ —— )y ¢ ds. (2.15)
1 2 2

9 (s)=2
Observe that L 7 (s, —Na/q) = Y22 b,n~*, where b, = Af(n)e(—N_a/q).
Thus for z € H,

k—1
A) =2 by, ®(s)I = )(=2minz) s ~*=D/2 4
@2 g [ wor(s+ 55t )camin ;

= 2an / ¢ (x)e?™ " dx,
n=1 1
where the last step follows from (2.15). For z = « + iy this simplifies to
o0 00
Al +iy) =2) b, / ¢ (x)e(anx)e 2" dx. (2.16)
1
n=1

Using this expression, it follows that

00 dy 00 00 00 dy
/ Ala +iy)y* —= =2 an / é (x)e(anx) / e T2V Ty
0 y 1 0 y

—rc(s)an / d(X)e(anx)x*dx. (2.17)

n=1

For j =0, 1,2, ..., define the sequence of functions ¢j(x,s) by
Glog .
do(x,s) = p(x), djr1(x,s) —x—(x s) —(s+ j)gj(x,s).
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Integrating by parts,

/ " 5, elenn)x dx
1
elan)g;(l,s)

2mian " 27ian

/ $j1(x, )e(anx)x >~ dx.

Repeated application of this yields

m—1

/ ¢ (De(anx)x™ SdX—e(om)Z ;. 5)

(—2mian)i+!
x
+ (—Zﬂian)_m/ Om(x, s)e(anx)x " dx
1
(2.18)
form € Zx¢. By (2.17) and (2.18) it follows that

/OOA(oz—i-i ) Sd—y
Fe) ¥y

¢;(l,s) . _E
_Z( i T f<s+]+1, . +a)

o0
+ (—2mwia)™™ E Yim/ O (x, s)e(anx)x "™ dx.
n 1
n=1

Each term in the sum extends to an entire function of s, by [2, Proposition 3.1].
Furthermore, it may be checked that ¢, (x, s) <.k (1 + |s|)"xk=1. Therefore,
the last integral is holomorphic for N(s) > k — m. Letting m — oo shows that
Ce(s)™! fooo A(a +1iy)y*(dy/y) continues to an entire function.

Finally, from (2.16) we see that A(« + iy) decays exponentially as y — oo,
and hence fIZT /4 A(o +1iy)y®(dy/y) is entire. This completes the proof. O

LEMMA 2.7. T'c(s)™ 1f|a\/4 B(ae + iy)y*(dy/y) continues to an entire
function of s.

Proof. Following the proof of [1, Lemma 3.4], we obtain

M—1
B(a +1iy) = Z Pi(a)y! + 0y (yM) forall M € Zsg, y € <0 M]
j=0
where
Pj(oz) = m/‘ el(/2) sgn(a)(s+(k—1)/2)|a|_s_(k_1)/2
2t Jais)=ks2

x( . )Af(s, —) — ds
J q/ sin“(w(s + (k — 1)/2))
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Hence,

|ee| /4 415+
/0 B(a+iy)y ZP( )'“/'

is holomorphic for % (s) > —M. Note that the sum over j is entire apart from at
most simple poles at the poles of I'c(s). Dividing by I'c(s) and taking M — oo
concludes the proof. (|

Proof of Proposition 2.2. Combining Lemmas 2.3-2.7 and taking M = 1,
we see that /7,4 4.4(s) — Hfq,4,4(s) has analytic continuation to Ji(s) > 0. If
1S g (3, @) y" T ED2(dy /y) < oo for some o > 0, then the integral
deﬁnlng If.4,4,4(s) converges absolutely for (s) > o, and hence I, 4 «(s) is
holomorphic in that region. O

§3. Estimates for N , (D) Fix f, a, g as in Proposition 2.1, and let o €
Q. In this section, we denve estimates for N s (T) based on Proposition 2.2.

LEMMA 3.1. Let f € S (I'1(N)) be a primitive form. For p = B + iy a zero
of A r(s), we have

Ni(p) K5 @+ |y DPHEZIRIB= 010622 4 |y e /DI (3.1)

Proof. We begin by establishing, fors = o + it and o € [%, 1],
k—1Y\_, k/2—(1=0)/3 \—(/2)|t] {02
I'cls+ — Lf(s) LT e log” 7, (3.2)

where 7 = [t| 4+ 2. By [3, Theorem 1.1], we have
Lf(% —|—it) <3 log.

By the Phragmén—Lindeldf principle, using
1 . 1 .
Lil———+it)<7tlogr and Ly{1+— +ir) <Klogr,
logt logt

it follows that L ¢ (0 +if) < t!/3log T when |o — % | < 1/log 7. An application of
the Cauchy integral formula then yields L’f(% +1ir) « '3 log? v. By Cauchy’s
inequality and Rankin’s estimate |, |2 f(n)l2 < x, we get

00 00 2\ 1/2
. A ()| log n hp(n)]
Ly e ting < 3o < () dat e
n=1 n=1

<« e 12732 _ 2
for ¢ > 0. Another application of the Phragmén—Lindelof principle yields
Lo +ir) < 71" log? 1
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foro € [%, 1]. This, together with the Stirling formula estimate

e (S I k ; 1) « 7otk 1=/l

yields (3.2).
Setting s = p = B8 +iy with § > % in (3.2) gives

k—1 (- _
/f@):%(p +T) 1(p) < @+Iy DA 0g2 @ [y e /AN,

(3.3)
Now suppose 8 < % Differentiating the functional equation we obtain
Ay (p) = —eN'2P (1~ p),
where |e€| = 1. Applying (3.3) to A’f-(l — p) it follows that
Ni(p) € @+ [y D> PP log? @ + |y e */PI7], (3.4)
Combining (3.3) and (3.4) we obtain (3.1). O

LEMMA 3.2. For any fixed ¢ > 0 and all o € [¢, 2],

lov| /4 d
/ 1S pag (e ly? &2
0 y

< D> @ yhIHEEARNE 002 4 y)).
p=p+iy
a pole of A’},u,q (s)

Proof. Throughout this proof we let p = § + iy denote a pole of A? a.q)s
and we set T = 2 + |y|. Recalling (2.6), observe that (y — i)~ P~k=D/2 =

el(7/2) sgn(e) (p+(k—1)/2) |a|fpf(k71)/2(1 + iy/o[)*p*(kfl)/2 and

y —(B+iy+(k—-1)/2)
‘(1 + i—)

— ‘e—((l/Z) log(1+(y/@)?)+i arctan()‘/a))(ﬂ+iy+(/€—1)/2)‘
o

2\ ~B/2—(k=1)/4
- (1 + (X> ) ev wreun(y/e) (3 5)
o

Therefore,

(y — ia)—p—(k—l)/Z < e sgn(a)(arctan(y/lal)—m/2) (3.6)

Next, we treat the residue in (2.6). By (2.4), the poles of Aj}’ a q(s) arise from
poles of Af(s) and A r(s, x) with x # xo. The contributrion of an individual
term of (2.4) to Res,—, A*}, aq (s), if non-zero, is of the form

q - / t0x@ .,
_(l_quf,q(q p)>Af(10) or —qTAf(P,X)-
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Applying Lemma 3.1 (possibly replacing f by f ® x) to each of these
expressions, it follows that

E{f;? A?,a,q(s) < .,:k/2+|f3—1/2|/3—1/6(10g2 .L—)e—(ﬂ/2)|)/|_ (3.7)
It follows from (2.6), (3.6) and (3.7) that

Sraq(v.a) < Z K /2HB=1/21/3-1/6 1002 1)

p
x el Ilsgn(ey) arctan(y/|e|)—(r/2)(1+sgn(ay))] .

By considering cases and using the bound arctanu > u/2 for 0 < u < 4—1‘, we

have
Staqy, o) L Z TK/2HB=1213=1/6 (1002 1)e =1V for y € (0, |Z—|]
P
where ¢ = 1/2|a| > 0. We deduce from this
ol /4 d
/ 1S fag (v ) ly? D2 E
0 y
|| /4 dy
< Z k/2+18—-1/21/3-1/6 log2 - / e—clylyya—t-(k—l)/Z_‘
P 0 y
Now
4 4
/lal/ e_C|},|yyg-|-(k—1)/2d_y < /Ial/ e—cryycr-i-(k—l)/zd_y
0 y 0 y
< /OO e—cryya-i-(k—l)/Zd_y'
0 y
By the variable change u = cty, the last integral equals
. ¥ rugottnpdu T+ k=D/2) o gnp
(cT)o+*k=D/2 [, u  (ct)otk=D/2 ’
and thus
I dy 1 1/2)/3 2
/ Spaq @)y HEDRLY S B2 o2 ¢
0 y
P

For a meromorphic function 2 on {s € C : N(s) > 1}, define
®(h) = inf{6 > 0 : h continues analytically to {s € C : R(s) > 0}}.
We also set

0104 (T) = sup((0}U[1(0), 1-91(0) : p € C.I3(P)] < T.Res AT, 4 (s) #0})
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and
Ofaq = lim O, 4(T).
T—o00

By Proposition 2.1, we have
gf,a,q = max(@(Af’a,q), @(Af’_qu)). (38)
PROPOSITION 3.3. If O (H4.g.0) > Othen 07,44 > % and
N}’a’q(T) - Q(T(1/3)(1—9fa,q)+®(Hjaq,a)—l/z—é‘) fOI” all &> 0 (39)

Further, if ©(Hf,4,4,0) = % and Hy 4 4.4(s) has a pole with real part %, then

s T/ (A=074,4(T))
NS (T)= Q( ) (3.10)
fa (1= 074.4(T) log2 T
and there are arbitrarily large T > 0 such that
N} 44(T) > logloglog T. (3.11)

Proof. Let B, + iy, run through the poles of A*}’ . q(s), in increasing order
of |yul|. For brevity, we write I(s), H(s), ®, S(y), N(t), 6(t) and 6 for

If,a,q,oz(s)a Hf,a,q,a(s)’ ®(Hf,a,q,oz), Sf,a,q (y, ), N;-’a’q(t), Qf,a,q(t) and Qf,a,q,
respectively. By Lemma 3.2, we have

|or| /4 d
/ 1Sy HEDREL N2 oy B0 10022 1 [y ])
0

n>1

< Y@ )P 1062 (2 + [y ).

n>1

If ® > 0 then by Proposition 2.2, the integral must diverge for sufficiently small

o > 0, and thus the right-hand side has infinitely many terms. Thus Af’;ﬁ’ a q(s)

has poles, so 6 > %

Suppose that (3.9) does not hold. Then there exists ¢ € (0, ®) such that
N(t) = o(t1/DU=0+O-1/2=¢) Choosing 0 = ® — &/3 and using the estimate
1022 + lynl) < (2 + yu))*/3, we have

ll/4 ] dy H
[ 10D Sy OO
0

n>1

<1 Jr/Oot9/3+1/6—(~)+(2/3)a AN()
100

<<1+/ (8/3+1/6-0+2/De=1 N (1) 4t
IOO

<1 +/ 1 B « 1.
|
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By Proposition 2.2, it follows that H(s) is holomorphic for f(s) > © — ¢/3.
This is a contradiction, so (3.9) must hold.

Next suppose that ® = %, and let p be a pole of H(s) with R(p) = % Then
for sufficiently small § > 0, by Proposition 2.2, we have

5! lrl/4 8+k/2dy
LK H@p+d)| <1+ I(p+8)] <1+ SOy 7
0

where we understand the right-hand side to be oo if the integral diverges.
Applying Lemma 3.2, we thus have

314 ) A IOVl 2+ . (B12)

n>1

In particular, the right-hand side must have infinitely many terms. Applying
integration by parts, we get

oo
s« 1 +/ 1OO=D3=3 1662t AN (1)
1OO
=1 —/ N(@)d (D=0 10g2 1)
1

o0 1—-06(@
< 1+/ N(t)( . ®) +8>t(9(’)_1)/3_‘s_1logztdt,
1

where for the last inequality we have used the fact that 6(¢) is non-decreasing
and

1—06(
d(@O-DB3=8 10624y — ¢<9<f>—1>/3—5—1(1ogz)[2 — ( 3 ® + 3) log r} dt

1
+3 log® 1 d6(1).

Suppose that (3.10) is false, so that the function e(¢) = N @)t/ OO=Dq —
6(1)) log2 t satisfies lim;_, o0 £(¢) = 0. Then we have

skl +/OO l+ ) e()r ' dr.
L 3T 1200

By the standard zero-free region [6, Theorem 5.10], we have

1 t,2
1-00) < logmax(t, 2),
so that
(0,0]
s! <<1+/ (1 +8logne()r= =0 dr
1 o0
= 1+3—1/ (@1 +uye ™ du = o(s™).
0

This is a contradiction, so (3.10) holds.
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Finally, suppose (3.11) is false, so that N(T) < logloglogT for all
sufficiently large 7'. Then there exists ng > Z-¢ such that |y, | > expexpexpn
for all n > ng. Since the terms from n < ng contribute a bounded amount to
(3.12), we have

0
L+ Y lyal ™ log® yul > 67!

n=ny

for all sufficiently small § > 0.
Next we claim that there are infinitely many m > ng such that

loglog [Ym+1| > 22 loglog [yml. (3.13)

If not then there exists n| > ng such that (3.13) fails for all m > nj, and by
induction it follows that

loglog [yx] < (£)" " loglog |yn,| = ¢()" forn > ny,
where ¢ = (13/5)7"*! loglog |y»,| > 0. Hence,

n < logloglog |y,| < 10gc+nlogls—3

Since log % < 1, this is false for sufficiently large n, proving the claim.
Choose a large m > n satisfying (3.13), and set 8,, = (log |y, |)~'?/3. Then
using the trivial bound e’ < |Vul < |Yml for ng < n < m, we have

Z |Yal°" 10g” |ya| < mlog® |ym| < (logloglog |yin]) log® |¥im|
n=ny

(10g|)/ |)11/5 11/12’

since loglogx < x!/2 forall x > 1.

To estimate the contribution from n > m we apply integration by parts. Set
g(t) =t log?r. Then g'(r) < O for t > e*/* = exp(2(log |y,|)'*/); in
particular, if m is sufficiently large then, by (3.13), g’(#) < 0 for t > |1l
Hence, we have

o 0

o
Z g(yal) = lim g()dN(t) =/ (=g () (N (1) —m)dt
n=m+1 e—>0F [Vim+11—e [Vim+1l
o
< / (—g' (1)) (logloglog 1) d
[Vm+1l
o0
gam/ 1~ log t)!/3 dt
[Vm+1l
o
=8mf e Omty 115 gy
log [ym+1l
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Applying integration by parts three times and using that §,, log [y, +1] > 1, we

get
o0
5m/ e VS du & a1 170 (log [yma1 D5,
10g|ym+1‘

Note that & = (loglymD)™'** > (oglymriD™*", so |ymit|™n <
exp(—(log |Ym+1 )!/13). Hence, we conclude that

x

>~ g(yah) < exp(=(log [ym1D" ) dog lym1 ) < 1.

n=m+1

Thus, altogether we have

o
_ _ —11/12
Sl T4 Y lyal P log? fyal < 1485 /12,

n=ng

This is false for sufficiently large m, so (3.11) must hold for some arbitrarily
large T. g

§4. Proofs of Theorems 1.1 and 1.2. We begin with an overview of the

argument. By Proposition 3.3, N}’ a.q(T) is sometimes large if there exists

a € Q* for which Hy 4 4,4 (s) has a pole with large real part. The main obstacle
to showing this is that Hy, 4 «(s) is defined as the difference of two functions
(cf. (2.7)), whose poles could in principle cancel out. However, as we show, there
are some dependencies between Hy, 4 o(s) for various choices of (a, g, @),
from which it follows that there is a suitable pole for at least one choice of inputs.
More specifically, in Lemma 4.1 we exhibit a relationship between Hy,1 1,4/p(s)
and Hy,4 4 —a/q(s), where p and g are primes satisfying pg = —1 (mod Na).
For any prime p 1 N, we show that there is some choice of a € Z for which this
leads to poles at the simple zeros of A f(s), and thanks to [1, Theorem 1.1], those
exist in abundance. Ultimately this implies that at least one of N jp (T),N } ap (7),
N } a,q(T) is large, which yields Theorem 1.1. Choosing p = 2 and appealing to
the second and third conclusions of Proposition 3.3 yields Theorem 1.2.
Proceeding, given a prime p and a € Z coprime to p, define

Crap()=Asap(s) —EPIPIT2 A4 (s). (4.1)

LEMMA 4.1. Leta € Z, and let p and q be prime numbers such that pqg = —1
(mod Na). Then:

() Crap()— (Hpi1,a/p() —E(P)P "> Hpa g —ajq(s)) is holomorphic for
N(s) > 0;

. ~1 -
(i) Y521 Crop(s) = =Prp(p' ™A s ().
Proof. We first consider Hy,q 4 o (s), where o = —a/q. We have
Afaq(s,a) = Ap(s) = —Ryq(q A f(s),
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which is holomorphic for %(s) > 0. Set @’ = —(1+ pg)/Na, so that
a'/q —1/Ng*a = —p/Na. Let r 7 4(7) be the numbers such that

(e.¢]

Rig@) =) rjq(i)x'.

J=l

By Fourier inversion, we have

. e o ¢
rr Gl = e(——)R- (e( >x>
; a2 g (Na ; oNay) T \*\p(Wa
j=t (mod ¢(Na))

Thus,

el i) f( o)

—er JNa A )

j=1

p(Na) g .

— _ - AV A

-2 (n L) T
j=1

J= t(mod ¢(Na))

1 @(Na) q'- ¢(Na) 0t ) ~
" eV ; Af(s’ W) ; e(Tp(Na))Rf’q(e(qa(Na))q )

which is again holomorphic for R (s) > 0. Hence, up to a holomorphic function,
Hfaq.a(s)is

Ag(s) — es(qx—isgna>k<Na2>f—”2Af<s, —N£>

a

Next note that

s—1/2
. a
Crap()—Hpi1,a/p(s) =€l Sgna)k<?) Af<s, —%)
—E(P)P TEAf() = Rpg(g HAf(s).
Therefore, since £(p)&(g) = &(—1) = (—1)*, we see that
Crap(®) = Hpt1a/p() +E(P)p" " Hyag.a ()

is holomorphic for 9i(s) > 0.
Finally, by (2.4) we have

2 Crbpl)=(p - 1>[1 - %Pf,p(l?_‘v) - s<p>p1—2“‘]A £(5)

=—P;,(p"THAL(s).
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In the following, we shall make frequent use of the observation that for any
pair k1, hy of meromorphic functions,

O(h1 + hy) < max(®(h1), ®(hy)) with equality when © (k1) # O (hy).
4.2)
Fix a prime p { N. By [1, Theorem 1.1] and the functional equation, A (s)
has a pole with real part > %, and thus

O(Ap) =0p11 > 4. 4.3)

Since all zeros of Pf,p(pl_s) have real part 1, this is also true of Pf,p(pl_s)
Ar(s). Hence, by Lemma 4.1(ii), there exists a € {1,..., p — 1} such that
Cf,a,p(s) has a pole with real part > % and satisfies @(Cyrq,p) = 0f1,1. By
(4.1) and (4.2), it follows that

O(Cfa,p) =max(O(Afq,p), 011,1)- 4.4

Let g be a prime satisfying pg = —1 (mod Na), and seta’ = —(1+ pq)/(Na).
We aim to prove that

max(N}(T), NY, (T), N}, (T) = Q(TV°™%) foralle >0.  (4.5)

To that end, we will show that at least one of the following inequalities holds for
some @ € Q*:

(i) max(®(Hf11a), OHf14) =011 > 55
(i) max(®(Hyapa) OHf g o)) > Ofap >
(i) max(®(Hfq,q,0) ®(Hf,a’,q,a)) 2 0faq 25
To see that this suffices, suppose for instance that (111) holds. By Proposition 2.1,

we have N}aq(T) = N}’a,’q(T) and Opqq = 07, ,. Thus, applying

Proposition 3.3 to either (f, a, g) or ( f ,a’, q), we conclude that

’

'_‘l\)l'—‘

- 1
Njag(T) =R, where > 2(1 = 01a.0) +01aq = 5

2
_ 20f.a.q _l > 1
3 6 6
If, instead, (i) or (ii) holds, then by a similar argument we find that N* jaR! (T) =
Q(TP%)or N (T) Q(TP~#) for some B > 6' Hence, (4.5) follows in any
case.

Let us suppose that conditions (i) and (iii) are false for all « € Q> and show
that this leads to (ii). Since (i) is false, in view of (4.3) we must have 0,11 >
O(Hf1,1,a/p)- In turn, by (4.4) this implies that ©(Cy,q,,) > O(Hf1,1,a/p)-
Hence, by Lemma 4.1(i) and (4.2), we have ©(Hfq.4.—a/q) = O(Cyra,p)-
By (4.4), this implies ®(Hy,4.4,—a/q) = 0f1,1 > 0, and thus 07, , > %, by
Proposition 3.3.
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Next, by (3.8) we have 0,4, = max(® (A4, p), ®(A];7u,,p)). If
O(A7 ) SmMax(O(Ara,p), 0r1,1) = OHfag,~a/q) (4.6)

then it follows that

®(Hf,a,q,fa/q) = max(ef,a,p, Qf,l,l)- 4.7)

Suppose now that (4.6) is false. Then ®(Af,a’,p) > max(O(Afq,p), 0f1,1),
so that

Hf,a,p = ®(Af,a’,p) > Gf,l,l-

Since (i) is false, this implies that_@(Aj-’a,,p) > maX(®(Hj_',1,l,a’/p)’ 0f1,1).
By (4.1) and Lemma 4.1(i) with (f, a’) in place of (f, a), it follows from (4.2)
that

®(Hf,a/,q,_a//q) = ®(Af,a’,p) =max(Of,q,p, 0,1,1)- 4.8)

Therefore, since at least one of (4.7) and (4.8) must hold, we have

max(®(Hy.a.g,—~a/q)s OHF 4 o _or/g)) 2 MaxOfa,p, 0f1,1)-

Since (iii) is false, this implies that 6, , > max(6s,4, p, 0f1,1). Hence, by (3.8),
either

O(Afaq) > max(Orq p,0r1,1) or ®(Af,a/,q) > max(@fq,p, 0f,1,1)-
4.9)
Suppose that the first inequality in (4.9) holds. Then by (4.1) (with ¢ in place
of p) and (4.2), we have @(Cyr 4 4) = O(Afa,q) > 0f1,1. Since (i) is false, this
implies ©(Cy,4,4) > O(Hf1,1,a/¢)- On the other hand, by Lemma 4.1(i) (with
the roles of p and g reversed) and (4.2), we have

®(Hf,a,p,—a/p) = ®(Cf,a,q) = ®(Af,a,q) > Gf,a,p-

This also implies that © (H,4, p,—a/p) > 0, whence 05,4 p > %, by Proposition 3.3.
If, instead, the second inequality holds in (4.9), then running through the same
argument with (f, a’) in place of (f, a), we find that

1
OH7 y oy —aryp) =OCF ) =0LF ) >07,,25.

Hence, in either case we see that (ii) holds, and this concludes the proof of (4.5).
Now, by (4.5) and (2.4), it follows that there is a character x of conductor 1, p
or g such that N}®X (T) = Q(T"V/®¢) for all ¢ > 0. This implies Theorem 1.1.
For the proof of Theorem 1.2, we may assume that N }(T) &K 14 T¥ forall
& > 0, since the result is trivial otherwise. To avoid contradicting Proposition 3.3,
it must therefore be the case that max(©(Hy,1,1,4), ®(Hf,1,1,a)) < % for all

aeQx.
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Since N is odd, we can take p = 2 and a = 1 in the above, and choose any
suitable prime g. Then by Lemma 4.1(ii), we have

At p(s) = EPPT = Prp(p' TNAL(G),
and it follows that N%

fa, p(T) NS (T) and max(® (Hy,4,p.a), ®(Hfa pa))
! for all @ € Q. Thus, by (4. 5) N o (D) = Q(T67#) for all ¢ > 0.
Therefore by Proposition 2.1, at least one of Afaq(s), A i, q(s) has a pole in

the region {s € C : N(s) > %} that is not a pole of A ¢(s). By (4.1) and Lemma
4.1(i), the same applies to one of Hy 1,1,a/q(5), Hfa,p,—a/p(s)s Hf 1 1 4/4(5),
or H.f’a/’p’_a//p(s).
Since
N]S‘",a,p(T) = N;_,d/,p(T) g ;’I’I(T) = N;_,l,l(T)’

whichever function has the pole, we can apply Proposition 3.3 to see that N 5(T)
satisfies the second and third conclusions. In particular, N }(T) loglog log T
for some arbitrarily large 7, and if k = 1 or f is a CM form then Coleman’s
theorem [4] implies that

1= 0fap(T)=1—6711(T) > (logT)"*(loglog 7)™/ forall T >3,

whence N‘Y (T) = Q(exp((log T)1/3-¢)) for all & > 0. Moreover, since
NS (T) <« 1 +T¢, we musthave 611 = 1,50 A ¢(s) has simple zeros with real
part arbitrarily close to 1.

Finally, by Lemma 4.1(ii) we have ©(C4 ,) = 1. Since © (Hf,1,1,4/p) < é,
Lemma 4.1(i) and (4.2) imply that ® (H {a .q.—a/q) = 1. Applying Proposition

3.3, it follows that N4, (T) = Q(T'/*7%) for all ¢ > 0. By Lemma 4.1(i),

Cfa,q(s) and Cfa (s) are holomorphic for f(s) > l Hence, by (4.1) and
Proposition 2.1, all poles of A* (s) that are not poles of A* (s) lie on the line
{s € C:N(G) = 2} Since N (T) L1+4+T% A ja q(s) must have Q(T1/%7¢)

poles with real part 5 | and imaginary part in [—T, T]. By (2.4), the same applies
to A (s, x) for some x (mod q).
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