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Abstract

This paper considers risk-sensitive average optimization for denumerable continuous-
time Markov decision processes (CTMDPs), in which the transition and cost rates are
allowed to be unbounded, and the policies can be randomized history dependent. We
first derive the multiplicative dynamic programming principle and some new facts for
risk-sensitive finite-horizon CTMDPs. Then, we establish the existence and uniqueness
of a solution to the risk-sensitive average optimality equation (RS-AOE) through the
results for risk-sensitive finite-horizon CTMDPs developed here, and also prove the
existence of an optimal stationary policy via the RS-AOE. Furthermore, for the case
of finite actions available at each state, we construct a sequence of models of finite-state
CTMDPs with optimal stationary policies which can be obtained by a policy iteration
algorithm in a finite number of iterations, and prove that an average optimal policy for
the case of infinitely countable states can be approximated by those of the finite-state
models. Finally, we illustrate the conditions and the iteration algorithm with an example.
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1. Introduction

The study of risk-sensitive Markov decision processes in discrete time started in the 1970s
[16], and there have since been a lot of developments; see, e.g., [2, 3, 4, 5, 19, 20]. In compari-
son, there has been limited work on risk-sensitive continuous-time Markov decision processes
(CTMDPs). For background on risk-sensitive CTMDPs, see [7, 11, 22] for the risk-sensitive
(infinite-horizon) discounted criterion, [7, 22, 23, 25, 26, 27] for the risk-sensitive (long-run)
average criterion, [7, 9, 14, 17, 18, 23, 24] for the risk-sensitive finite-horizon criterion, and
[8, 28] for the risk-sensitive total cost criterion. In this paper we will further consider the risk-
sensitive average criterion for CTMDPs studied in [7, 22, 23, 25, 26, 27]. More precisely,
[7] proved the existence of an optimal policy under the geometric ergodicity assumption and
Doeblin-type conditions for the small cost function and bounded transition rates, and pro-
vided a policy improvement algorithm for the case of finite states and actions, but they did
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not establish a characterization of the optimality equation. Using the multiplicative dynamic
programming principle, [22] proved the existence and a characterization of an optimal policy
under the positive recurrent assumption for a near-monotone cost function and bounded tran-
sition rates, and [23] under the geometric ergodicity conditions of the state dynamics for small
running cost and bounded transition rates. Wei and Chen [25, 26] considered the case of finite
states under the ergodicity condition. The arguments for the existence of an average optimal
deterministic stationary policy in [7, 22, 23, 25, 26] are based on the ergodicity conditions and
assumptions of bounded transition rates. For a general case of unbounded cost and transition
rates, [27] proved the existence of an optimal policy under irreducibility and Doeblin’s condi-
tions, using the risk-sensitive average optimality inequality. Moreover, only stationary policies
were considered in [25], whereas the general class of Markov policies was taken into account
in [7, 22, 23, 25, 26, 27].

In the present work we will further study the general case that the transition and cost rates
are allowed to be unbounded. We not only establish the existence and uniqueness of a solu-
tion to the risk-sensitive average optimality equation (RS-AOE) and prove the existence of an
optimal stationary policy via the RS-AOE, but also provide an approximation algorithm for
computing average optimal policies. Our arguments are inspired by those of [23] in construct-
ing a solution to the RS-AOE, which is more specific than the risk-sensitive average optimality
inequality in [27]. Apart from allowing unbounded transition and cost rates, we consider a
more general class of randomized history-dependent policies, and do not require the condition
that the controlled process is irreducible under each deterministic stationary policy, where the
irreducibility condition was also assumed in [7, 22, 23, 25, 26, 27]. Some of our conditions are
extensions of those in [7, 22, 23] and different from those in [27]; see Remarks 3.1, 3.3, 7.2,
and 7.3 for more details.

First, under the milder conditions from [9, 12, 14], as in the arguments of [7, 23] we derive
the multiplicative dynamic programming principle and obtain some interesting results, such
as the existence and uniqueness of a solution to the optimality equation and properties of
the value function for risk-sensitive finite-horizon CTMDPs with unbounded transition and
cost rates (Theorem 3.1 and Lemma 3.2). Second, using the multiplicative dynamic program-
ming principle and properties developed here for risk-sensitive finite-horizon CTMDPs, by the
method in [7, 23] we obtain the existence of a solution to the RS-AOE and its characterization
for risk-sensitive average CTMDPs (Theorems 4.1 and 6.2). Third, to prove the existence of
a risk-sensitive average optimal policy via the RS-AOE, we provide some new and verifiable
sufficient conditions under which we prove that the solution to the RS-AOE is bounded away
from zero (Proposition 5.1), and under which we establish the existence of a risk-sensitive
average optimal stationary policy over the class of all randomized history-dependent policies
(Theorem 5.1). Fourth, after showing the solvability of the multiplicative Poisson equation,
we construct a sequence of models of finite-state CTMDPs for which the corresponding opti-
mal stationary policies can be obtained by the policy iteration algorithm in a finite number
of iterations (Theorem 6.1), and further prove that an average optimal policy for the case of
infinitely countable states can be approximated by those of the finite-state models (Theorem
6.2). Finally, in order to illustrate our conditions and the main results, we present an example on
a controlled population with unbounded transition rates and cost functions [1], in which all of
our conditions are satisfied, while some of the conditions in [7, 22, 23, 25, 26, 27] fail to hold;
see Remarks 7.2 and 7.3. Also, we conduct a numerical experiment to show the effectiveness
of the finite-approximation policy iteration algorithm.

The rest of the paper is organized as follows. We describe the optimization problem in
Section 2, and derive the multiplicative dynamic programming principle and some new facts
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for risk-sensitive finite-horizon CTMDPs in Section 3, where some comments on our con-
ditions are given by Remarks 3.1, 3.3, and 3.4 and Example 3.1. We establish the existence
of an optimal policy in Section 5, after establishing the RS-AOE in Section 4. We provide a
finite-approximation algorithm for computing optimal policies and prove its convergence in
Section 6, and illustrate our main results with an example in Section 7. Finally, we provide an
appendix for the proofs of some preliminaries in Section 8.

2. The risk-sensitive average optimality problem

The model of CTMDPs is a four-tuple, M := {S, A(i), c(i, a), q(j | i, a)}, consisting of the
following elements:

e adenumerable set S, called the state space, whose elements are referred to as states of a
system (for simplicity, without loss of generalization, let S:=1{0, 1, ...,1,...});

e the action sets A(7), each of which denotes the set of actions available to a controller
when the system is in state i € S, and is assumed to be a compact subset of a Borel
space A;

e the running cost rate function c(i, a) that is assumed to be real valued, Borel measurable,
and bounded from below on K, where K :={(i, a) | i € S, a € A()};

e the transition rates g(j| i, a), a Borel-measurable signed kernel on S given K, taking
nonnegative values for all j, i € S with j # i, being conservative in the sense of g(S |
i, a) =0, and stable in that of

q*(i):= sup q(i,a) < oo forallie S, (1)
acA(i)

where q(i, a) := —q(i| i, a) > 0 for all (i, a) € K.

To formalize this, below we show the construction of CTMDPs under possibly randomized
history-dependent policies. To do so, we introduce some notation. Let Sx := SU {A} (with
some A ¢ 5), Q0 := (S x (0, 00))>,

Q:= QU {(io, 01, i1, - .., Ok, i, 00, A, 00, ... ) | do, i1 €S, O € (0, 00)
foreach 1 <l <k, k> 1},

and let F be the Borel o -algebra on 2. Then we obtain the measurable space (€2, F). For each
k>0 and w:= (ig, 01, i1, ..., Ok, ir, ...) €, let hx(w) := (ip, 61, i1, ..., Ok, ir) denote the
k-component internal history, and define Ty(w):= 0, Tiyi(w):= 601 +6>+ -+ Oks1,
Xi(w) := ir. In what follows, the argument o is always omitted. Let T := limg_, Tk, and
define the continuous-time process {x;} by

X = Z L <t<1i )Xk + A1, for 7> 0. 2
k=0

Here and below, 1£ stands for the indicator function on any set £, and we use the notation that
0+4+z=zand Oz=0forall z€ Sx.

From (2), we see that T; (k > 1) denotes the kth jump moment of {x;}, Xj_ is the state of
the process on [Tk—_1, Tx), and O := Ty — Tx—1 plays the role of sojourn time at state Xj_.
We do not intend to consider the controlled process after moment 7, and thus view it to
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be absorbed in the state A. Hence, we write g(- | A, ap): =0, c(A, apn): =0, A(A) :={ana},
Ap = AU {anp}, where ap is an isolated point.
To state the optimality problem, we need to introduce the concept of a policy [9, 15, 21].

Definition 2.1. A randomized history-dependent policy w is determined by a sequence
{m¥, k> 0} such that

w(da |, t)=1jy(t)ymo(da | io, 0) + Y iz <=1,y (dalio, 01, i1, ..., Ok, ik, t = Ti)
k>0

+ 1>7.)0a, (da),

where mo(da | ip, 0) is a stochastic kernel on A given S such that wo(A(ip) | ip, 0) =1, 7% (k> 0)
are stochastic kernels on A given (S x (0, 00))¥t! such that nk(A(ik) | io, O1, 01, ..., Ok, ig, t —
Ty) =1, and §,, (da) denotes the Dirac measure at the point an.

A policy m is called randomized Markovian if each 7% has the form nk(da | ix, t) (inde-
pendent of the histories (ig, 61, i1, . . . , 6x)), and it will be denoted by m;(da | -). A randomized
Markov policy m/(da | -) is called deterministic Markovian whenever there exists an A-valued
Borel-measurable function f;(i) on [0, o) x § such that 7;(da | i) is a Dirac measure concen-
trated at f;(i) for each (¢, 1) € [0, 00) x S. Such a Markov policy will be denoted by f; for
simplicity. A Markov policy f; is called a (deterministic) stationary one if f; is independent
of time ¢. Such a stationary policy will be denoted by f for simplicity.

We denote by IT the set of all randomized history-dependent policies, by IT}, the set of all
randomized Markov policies, by Hgl the set of all (deterministic) Markov policies, and by F
the set of all stationary policies. Obviously, IT D IT}, D an DF.

For any initial distribution y on § and policy 7 € I1, we introduce the unique probability
measure IP”; on (2, F)asin [12, 13, 28]. Let E’; be its corresponding expectation operator. In
particular, EY and P7 will be respectively written as ET and IP7 when y is the Dirac measure
located at a state i in S.

Asin [7, 22, 23, 25], the risk-sensitive average criterion of CTMDPs is defined by

T
J(i, w) ;= lim sup l InE7 |:exp {/ / c(xs, a)m(da | w, 1) dt”
0 A

T— o0 T
for each i € S and 7w € I1.

Definition 2.2. A policy 7* € IT is said to be risk-sensitive (R-S) average optimal if J(i, 7*) =
infyen J(@i, m) forall i € S.

This paper will give new conditions for the existence and computation of R-S average
optimal stationary policies.

Since c(i, a) is bounded below (i.e. c¢(i, a) > L for all (i, a) € K and some constant L), we
have c¢(i, a) + |L| > 0 on K, and

1 T
lim sup T InE? [exp {/ f [c(xs, a) + |L|](da | w, 1) dt” =J, )+ |L]|.
T—o0 0 A

Thus, adding a constant to all the costs c(i, a) will affect all policies identically under the R-S
average criterion. Therefore, without loss of generality, we will further assume that c(i, a) is
nonnegative on K.
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3. Preliminaries

To prove the existence of risk-sensitive average optimal policies, we need to develop some
preliminary facts concerning risk-sensitive finite-horizon CTMDPs, some of which are from
[9] and some of which are new.

3.1. Non-explosion and finiteness

Since the transition and cost rates may be unbounded, we need the following conditions
from [9, 12, 15, 23] to guarantee the non-explosion of {x;, # > 0} and the finiteness of J(i, ).

Assumption 3.1. There exist real-valued functions Vo > 1 and § > 0 on S, positive constants
bo and My, and a state iy € S such that:

(i) Zjes Vo(Da(jli, a) < —=8@)Vo@@) + bolyi (D) for all (i, a) € K;
(ii) q*(i) <MyVo(i) for all i € S, where ¢*(i) is as in (1);
(ili) 8, := infiz;, (i) > 0 and 0 < c(i, a) < 8(i) < /Tn Vo(D) for all (i, a) € K.

Remark 3.1.

(a) Although the indicator function 1y;,, in Assumption 3.1(i) is a modification of the indi-
cator function 1¢ in [23] with a finite subset C of S, such a modification is required; see
Remark 3.4 for more details. Assumption 3.1(i) is an extension of Assumption (A2) in
[23], Assumption (AS) in [7], Assumption 3.1(i) in [27], and Assumption 7.1 in [10],
from a constant § in [7, 10, 23, 27] to a function &(i) on S here. Thus, it is satisfied for
the examples in [7, 10] and will be verified with other examples below.

(b) Assumption 3.1(iii) is new and ensures the finiteness of

E7 [exp {/% / c(xy, a)r(da|w, v) dv” ,
0o Ja

where 7;, := min{t > 0 | x; = ip} denotes the first passage time to iy. Since the function
c(i, a) here is allowed to be unbounded, Assumption 3.1(iii) is an extension of the so-
called smallness condition (i.e. sup; ,ex |c(i, @)| < 8) in [7, 23] and different from the
near-monotone condition in [22]; see Example 7.1 and Remark 7.3 for details.

(c) Although Assumption 3.1(i) is slightly stronger than Assumption 3.1(i) in [27],
Assumptions 3.3(ii) and 3.4(ii) in [27] are not required here.

To characterize risk-sensitive CTMDPs over the class of all history-dependent policies, we
need an extension of the Feymanm—Kac formula in [9] from the Markovian case to a more
general case, which is based on the following conditions.

Assumption 3.2. There exist a real-valued function V1 > 1 on S and positive constants p1, by,
and M such that:

(i) Yjes Vi(Da(ilis @) < pi Vi) + by for all (i, a) € K;
(ii) Vg(i) <M V1(i) for all i € S, where Viy comes from Assumption 3.1.

It can be proved that Assumption 3.2 is not required when the transition rates are bounded
(i.e. SUDjes, (i,a)ek lg(j|i, a)] <o0).
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Assumption 3.3.
(i) Forany fixedi,jeS, q(j|i, a)and c(i, a) are continuous in a € A(i);

(ii) For any given i € S, the convergence of Y _..¢ Vo(j)q(j | i, a) holds uniformly in a € A(i).

jeS
Remark 3.2. Assumption 3.3(ii) is an extension of (A3) in [7]. Moreover, under Assumption
3.3(i), Assumption 3.3(ii) is fulfilled automatically when Zjes(i) q(jli,a)=0 for a € A(i),
where S(i) is a finite subset of S and can depend on i€ S. Assumption 3.3 implies that
Zje s Vo(g(jli, a)is continuous in a € A(i), and so is slightly stronger than the continuity—
compactness conditions [7, 22, 23]. In fact, it is required not only for the facts in [9] but also
for the existence of ¢/(¢, i) at all £ > 0 in Theorem 3.1 (instead of at almost everywhere ¢ > 0 in
[23]); see Remark A.1 for more details.

Lemma 3.1. If Assumptions 3.1 and 3.2 are satisfied, then the following assertions hold:

(a) Forie Sandm eT],

ET |:exp {/% / c(xy, a)r(da | w, v) dv}i| <ET |:exp {/% 8(xy) dv” < Vo(i).
0 A 0

(b) EF[tj,] < Vg—i’) and PT (1, <oo)=1, foralli € S and r € I1.
Proof. See Appendix A. (]

Remark 3.3. In this paper, ig in Lemma 3.1 comes directly from Assumption 3.1(i). However,
in [23], the corresponding reference state iy is determined by the condition V(ip) > 1 + %,
where the function V and constants § as well as b are from [23, Assumption A2], corresponding
to the V and @ as well as bg in Assumption 3.1 here. Example 3.1 shows that the condition

V(ig)>1+ %’ actually cannot be used to get a reference state.

Example 3.1. Let S:={0, 1, 2}, all A(i) be singleton sets; then there is a unique station-
ary policy, say f. Moreover, let g(0 |0, f(0))=—1, g(1]0, f(0))=1, g(20, f(0))=0; g0
L) =8, g(1 |1, f(1)==9, g2 | 1, f(1)) = 15 g0 2, F2) =0, (1 |2, 2) =8, g2 | 2,
f(2))=-8.

Obviously, Assumption A2 in [23] is satisfied for V(i):= 3 +i forie S, C:={0, 1} (or
{0}), 8 := 1, b:= 4, which implies that 1 + 2 =9 > V(i) for all i € S. Thus, if we follow the
statement in [23], this example does not have any reference state.

However, since Assumptions 3.1 and 3.2 are also satisfied for V(i) = V(i) := 3+ for
i € S and iy =0, the state 0O is actually a reference state for this paper.

3.2. Finite-horizon optimality

In order to deal with risk-sensitive average optimality, we need some notation and facts on
risk-sensitive finite-horizon optimality.
Forany w € I1, t > 0, i € S, the t-horizon risk-sensitive criterion

t
ot i, )= ET [exp {/ /c(xs, a)r(da|w, s) ds”
0 JA

is well defined. Then, let (¢, i) := inf,cpy @(t, i, ) fori € S, which is called the value function
of the t-horizon risk-sensitive criterion. Since ¢ is nonnegative, ¢(t, i) is increasing in z > 0,
¢(0,i)=1, and ¢(¢, i) > 1 forall t > 0.

https://doi.org/10.1017/jpr.2020.105 Published online by Cambridge University Press


https://doi.org/10.1017/jpr.2020.105

Risk-sensitive average continuous-time Markov decision processes 529

To state the results of the finite-horizon case, let us introduce some additional notations.
Given any function W > 1 on S, a function u(t, i) on [0, T] x S is called W-bounded if the
W-weighted norm of u(z, i), |[ullw := Sup je[0.77xs |“(,(l) , is finite. Let By ([0, T] x S) be the
Banach space of all W-bounded measurable functions u(¢, i) on [0, T x S. For each measurable
function u(z, i) on [0, T] x S, if u(-, i) is absolutely continuous in te [0, T, then we put a
measurable function (¢, i) on [0, T] x S such that u(s, i) — u(0, i) = 0 “u/'(t, i)dt foreachie S
and s € [0, T]. This also means that u/(z, i) is the derivative with respect to time 7 in [0,77]. For
Vo and V| from Assumptions 3.1 and 3.2, we denote by By, v, ([0, T x S) the collection of
functions u(z, i) in By, ([0, T'] x ) such that each u(z, i) (for any given i € S) is absolutely
continuous in ¢ € [0, 7] and admits a V;-bounded u/(¢, ).

Theorem 3.1. (Finite-horizon optimality.) Under Assumptions 3.1, 3.2, and 3.3, for any T > 0,
the following assertions hold.

(a) The value function ¢(t, i) is the unique solution in By, v, ([0, T] x S) of the following
risk-sensitive finite-horizon optimality equation:

¢'(t, i) = infaeaq) [cl, @p(t, D) + 3 s o, g(j |, @),
00,)=1,
for each (t, i) € [0, T x S, and ¢'(t, i) is continuous on [0, T x S.

(b) There exists a Markov policy n* =f} e an such that ¢'(t, iy = c(i, @)1, i) +
Yjes Pt Na(jli, fr@)  for all (1,)€[0,TIx S, and @t i)=¢, i, 7")=
inf welld, o(t,i,m)forallie Sandtel0,T].

(¢) (The multiplicative dynamic programming principle.) For any subset D of S, let tp :=
inf{s > 0 | x; € D} be the hitting time of the process {x;} to a set D. Then, for all i € S
and t > 0, the value function ¢(t, i) can be represented as

INTD
o(t, )= inf ET |:exp {/ c(xy, fy(xy)) dv} ot —1A1p, x,m,))] .
f;el'[‘rin 0
Proof. See Appendix A. (]
Lemma 3.2. Under Assumptions 3.1, 3.2, and 3.3, the following assertions hold:

(a) %22) <Vo(i) forallie S andt>0;

(b) ¢'(t,i)>0and Sup,sq < L(i) forie€ S and t >0, where L(i) := 2Vy(i)g™ (i) + bo.

w(t
Proof. See Appendix A. O

Remark 3.4. If the function 1y;,; in Assumption 3.1(i) is replaced with the indicator function
1¢ of a finite subset C of S, as in the proof of Lemma 3.2 in the appendix, we can prove that,

forall t >0,
c
Ef |:exp {/0 S(xy) dv}:l < Vo(i),

T (3)
@(t, i) <ET [em { / ‘ c(xy, my) dv” o(t, i*(1)),
0
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where the states i*(f), depending on 7> 0, are determined by (¢, i*(¢)) := max;cc ¢(t, i).
However, we cannot prove Lemma 3.2 by (3). In fact, since 7, > 7¢ (by ip € C) and the i*(f)

may change with 7, from (3) we cannot establish the existence of some fixed iy € C such that,
forall >0,

x Fio . @(1, 1) . e
E; [exp {/o S(xy) dv}:| < Vu(d), o 10) <E; |:exp {/0 c(xy, my) dv}:| ,

which are required in [23].

4. The risk-sensitive average optimality equation

In this section we establish the existence of a solution to the RS-AOE for CTMDPs.
To begin with, we need some notation. For each n > 1, let

c(i,a), for ie{0,...,n}, acAQ),
0, otherwise.

cn(i, a):= { 4)

Using Theorem 3.1 and Lemma 3.2, and the method in [23], we extend the corresponding
results in [23] to the case of unbounded transition and cost rates.

Theorem 4.1. Under Assumptions 3.1, 3.2, and 3.3, for each n > iy:

(a) There exists a solution (p,, Y¥n) in [0, L(ip)] x By, (S) to

pnwn(l’)=ai€gl;) Cn(i,a)llfn(i)JrZI/fn(j)q(jli,a) . Yalio)=1, i€S. (5)

jes
(b) pn <infrcn J(@i, ) foralliesS.
(¢) There is a policy f;f with f;\ € F such that, for all i € S,

Yali) =B [exp { /0 (a2 — o) dr”

Tj
= inf ET [exp {/ ’ (cn(xs, 7T1) — pn) dt” .
relld 0

Proof. See Appendix A. (]
By Theorem 4.1, we can establish the RS-AOE in the following theorem.

Theorem 4.2. Under Assumptions 3.1, 3.2, and 3.3, the following hold.

(a) There exists a solution (p*, Y*) in [0, L(ip)] x By, (S) to the RS-AOE

Yiio) =1, p*lﬁ*(i)=a$’fi) cli, YD)+ Y Y (a(jli,a)p  forallies.

jes
(b) p* <infrc J(i, ) foralli€S.

(¢) There exists some policy f* with f* € F such that:
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(c) p*Y* (D) = (@, f* O™ () + X es V¥ (Ng(i | i, f* () for all i € S;
(c2) forallie S,

Y*(@) = inf ET |:exp {/% (c(x;, ) — p*) dt”
relld 0

=E [exp {/0 ! (C(Xz,f*(Xz))—p*)dt” .

Proof. (a) and (b) Take (p,,, ¥y) as in Theorem 4.1 Then, since p, € [0, L(ip)] for all n > iy,
there exist a subsequence {n;} of {n, n>ip} and a constant p* € [0, L(ip)] such that p* =
limy;, — 00 On,> and p* <infren J(i, ) (by Theorem 4.1(b)). Furthermore, since v/, € By, (S),
Y,(ip) = 1 for all n > ip, and S is denumerable, the diagonalization argument ensures the exis-
tence of a subsequence {n,} of {n} and a function ¥ * € By, (S) satisfying p* = limp,— o0 Ony»
Y*(i) = limy,— o0 Y, (i) for all i € S, ¥*(ip) = 1. Then, replacing n in (5) with n, and letting
npy — 00, we get

o) = it el W) + ; V(g i, a) foralli e S.
J

Thus, we complete the proof of (a) and (b).
(c) For any given 7 € Hgl, since ¢y, < c and p,, > 0, Theorem 4.1(c) gives, for all n, > 1,

Y, (i) < ET [eXp { /0 ' (Cny (Xz, 1) = pny) dt ”

<ET |:exp {/% c(xy, 1) dt” < Vo(i).
0

Thus, using the dominated convergence theorem and letting ny — 0o, we have ¥*(i) <
E7 [exp {fo% (c(xz, ) — p*) dt}], and hence

T
Y (@) < inf ET |:exp {/ ’ (c(xs, 1) — p¥) dt” forallieS. (6)
welld 0
Taking £, (i) as the minimum of (5),

Pnrny (D) = (i, £y, (D))¥rn, (1) + Z Uny(Nq( i, £, (0))  forallies. (7

jes
Since f;;, (i) € A(i) belongs to the compact A(i) (for each i€ S) and § is denumerable, there
exists a subsequence {n3} of {ny} and f* € F C l'[?n such that c(i, f*(i)) = lim,; - oo c(i,f,;g(i)),
q(j i, f*(@) =limy; 00 g(j |1, £, (D)) for all i, j€S. Replacing ny in (7) with n3 and then

letting n3 — oo, we have p*y*(i) = c(i, f*()V* () + ZjeS v*(NHg(jli, f*@@)) for all i €S,
which implies (c1) and also, by the extended Feymanm—Kac formula in Lemma A.1,

" T AT,
Vi) =E] [exp { /O " (el f ) — p*)dt} w*(xm,o)} for T>0,
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Hence, using Fatou’s lemma and noting w*(x%) =Y*(ip) = 1, letting T — oo we have

0, EE{*[exp {/no [e(xr, [ (x) — p*]dt” > inf Ef[exp {/tl(c(x,, ) — *)dt”,
0 reld 0

which, together with (6), gives (c2). O

5. The existence of R-S average optimal policies

In this section we prove the existence of a risk-sensitive average optimal stationary policy
using the RS-AOE. To do so, besides Assumptions 3.1, 3.2, and 3.3, which are assumed to hold
throughout this section, we need the following condition.

Assumption 5.1. inficg (i) > 0, where ™ is from Theorem 4.2.

Assumption 5.1 is new. We will show that, under Assumption 5.1 and the conditions in
Theorem 4.2, a risk-sensitive average optimal stationary policy exists. Before proving this
conclusion, we provide some sufficient conditions that verify Assumption 5.1.

Proposition 5.1. Each of the following conditions implies Assumption 5.1:

(a) The state space S is finite.

(b) Suppose that infueaiy q(i, a) > 0 for all i # iy, and there exists a nonnegative bounded
function V> on S satisfying Zj;éio q(jli, a)Va(j) < —1 for all a e A(Q), i#iy, and
Va(ig) := 0.

(c) (Stochastic monotonicity condition). For any f € F, c(i,f(i)) is increasing in i€ S,
ijkq(ﬂ Lf) < ijkq(jl i+ 1,fG@+ 1) foralli,keSwithk#i+ 1, and ip =0.

Proof.

(a) Take f* and p* as in Theorem 4.2. Then
r* o
v = [eXp {/ (cCxr, f*(x)) — p™) dl” >0
0

for all i € S. Thus, it is obvious that (a) implies Assumption 5.1.

(b) Let M := sup;g Vz(z) < 00 (by the condition). Then, as in the proof of [1, Lemma

6.1.5], we have E (r,o) < Va(i) < M. Therefore, by Jensen’s inequality and ¢ > 0, we
have, for all i € S,

* TiO p—e * :
Vi) =] [exp { /0 (cCar, [* () = %) dr” > e P (ig) > oM > o LM,

which also verifies Assumption 5.1.

(c) Obviously, it suffices to show that ¢* is increasing on S. First, for any nonnegative
increasing functlon uon S and ¢ >0, by [1, Theorem 7.3.4 and Proposition 7.3.2], wi

see that Z, (x, =) is nondecreasing in i € S (for every fixed k € S at r > 0), Wthh
together with [1, Proposition 7.3.1], implies that IE{ *(u(xt)) isincreasing in i € S. For any
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givenn>1and T > 0, let x; := X k s k=0,1,...,2" Then, since {x;, t > 0} is right
2]1

continuous in 7 > 0, by the dominated convergence theorem we have
X Tig
Vi) = E{ [GXP {/ (cCxr, f*(x)) — p™) dt”
0 .
= lim E] [exp {Z 1z 20y (G f*(Rr)) — ,0*]21,Z H :
k=0

Thus, it remains to show that

2”
. * R R T
g(i) == E/ [exp {Z 1 0y [cGie f* () — p*];”
k=0
is increasing in i € S. Fix any i € S, and let i(j) := exp {(c(j, f*(j)) — p*) 2} for all
j#0 and u(0):= 0. Thus, u(j) is increasing in j € S, and so is E{* [u(Xon)] in i € S.
Moreover, ¢() =] [MFyaGi0] =B [MP5'aGoEL, | [atn]] Let G'(j):=
u( j)EjC [t(x2n)] for je€S. Then, G! is nonnegative and increasing on S, and g(i) =
B’ [n,%"zj)?zz(&k)cl(xzn,l)]. Let G"1(j):= a(j)G"(j)forjeSandm=1,...,2" — 1.
Then, by induction, we see that all G are nonnegative and increasing on S, and so is
g()=E[ [G¥' (). i €S, O

We now present our main result.

Theorem 5.1. Under Assumptions 3.1, 3.2, and 3.3, and 5.1, the following hold.
(a) There exists a solution (p*, ¥™*) in [0, L(ip)] x IB%;;O(S) to the RS-AOE:
Y*Go)=1, p*Y* (@)= inf {C(i, ayy* () + Z V(e a)} forallies§, (8)
acA(i) ies

where By, (S) := (i € By, (S): infies ¥(i) > 0}.
(b) p*=inf e J(i, ) forallieS.

(c) There exists some policy f* with f* € F such that
(c) p*Y* () = c(@, f* DY) + X jes v (Ng(j | i, f*()) forall i € S;
(c2) forallies,
V() =E{* |:eXP {/0 ! (cCxr, f*(xr)) — p*)dIH
= inf ET [exp {/% (c(xs, 1) — p*) dt}i| ;
weld 0

(c3) J(i, f*) = p* =infr e J(i, 7) for all i € S, which means that f* is optimal.
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Proof. Using the notation and results of Theorem 4.2, we only need to show that p* >
J(i, f*) for all i € S. Indeed, for each i € S, by Lemma A.l and Assumption 5.1 that ﬂ* =
infcs ¥*(i) > 0, we have, for all T > 0,

. T
Ui =K [CXP {/0 (c(xr, f* () — p*)dt} I/f*(xT):|

. T
> Y E] [exp{ /0 (c(xz,f*(xz))—p*)dt”.

Therefore,

y T
Iny*@) >Iny* +1n ]E{ [exp {f e, f(x0)) dt” —Tp* for T >0,
- 0

which implies that
1 * r
p* > lim sup T In ]E{ [exp {/ c(xr, (1)) dt” =J3G, f. ]
T—o00 0

Remark 5.1. We have established the existence of an R-S average optimal policy in Theorem
5.1, and do not need the assumption in [7, 22, 23, 25, 27] that the state process under every
stationary policy is ergodic; see Remark 7.2 for more details.
6. The computation of R-S average optimal policies
We have shown the existence of an optimal stationary policy. In this section we focus on the

computational approach for finding optimal stationary policies by finite approximation.

6.1. A policy iteration algorithm

Under Assumptions 3.1-3.3 and 5.1, for each f € F, by taking A(i) := {f(i)} for all i € S, it
follows from Theorem 5.1 that J(i, f) is independent of state i (i.e. a constant, denoted by o,
which, together with the function

fiyoe B o ; ;

¥ (i) = B |exp (G, f)) — ) de | Vo) (G€S),
0

solves the following multiplicative Poisson equation:

Py (@) = (i, fO))P @) + Z v(pq(jli f@)  foralliesS, with @)=1. (9

jes

To establish the uniqueness of a solution to the Poisson equation (9) and the RS-AOE (8), we
introduce the following condition.

Assumption 6.1. sup,.s ¥/ (i) < 0o for each f € F, where
()= B [exp { fo " (et ) — o) dr” .

Since y* =y~ by Theorem 5.1(c), Assumptions 5.1 and 6.1 together with Theorem 5.1(a)
imply that the ¥* in the solution (p*, ¥*) to the RS-AOE is indeed a bounded, positive function
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which is uniformly bounded away from zero. As mentioned in [7, Remark 5.3], showing the
existence of such a solution is currently unsolved.

Obviously, Assumptions 5.1 and 6.1 are satisfied when S is finite. For the case of infinitely
denumerable states, we next give suitable conditions that verify Assumptions 5.1 and 6.1.

Proposition 6.1. Suppose that g := 1nfaeA(l) i+ip q(i, @) > 0, and there exist a nonnegative
bounded function V3 on S and a constant 8> 0 such that § < g, Va(ip)=0, and i q(j|
i, a)Va(j) < 8V3 (i) — 1 for all a € A(i), i # iy. Then, the following assertions hold.

(a) Y (i) = e L0 wWies V3D) for all i € S and f € F, which implies Assumptions 5.1.
(b) If, in addition, c(i, a) < (§f0r all (i, a) € K, then Assumptions 6.1 and 5.1 are satisfied.

Proof. Let M := sup;cg V3(i). Then, for any f e F, it follows from the proof of [1,
Lemma 6.1.5] that / (t;,) < V3(i) < M and I, [eé%] <8V3()+1<1+8M <ooforallieS.
Thus, by

() =K [exp { / " (et fo) — o) dr” > o=/ BT > o~ LM
0

we see that (a) is true. Obviously, (b) follows from

W) <E |:exp { fo " e f) dtH <Ef [0 ] <1+8m. O
We next prove the uniqueness of a solution to (9) or (8).
Proposition 6.2. Under Assumptions 3.1, 3.2, 3.3, 5.1, and 6.1, the following hold.
(a) The solution (p*, ¥*) to the RS-AOE (8) is unique in [0, L(ip)] X IB%;F(S).

(b) Foreachf € F, the solution (o', Y/) to the multiplicative Poisson equation (9) is unique
in [0, L(ip)] x B (S).

Proof.

(a) In Theorem 5.1, we have shown that (o*, ¥™*) is a solution in [0, L(ip)] x B;“O(S) to the
RS-AOE (8), and (p*, y*)=(p/", v/") for some f* € F. Under Assumption 6.1, it is
obvious that ¥* € IBT(S). Hence, it remains to show that such a solution is unique to the
RS-AOE (8) in [0, L(ip)] x IB%T(S). To do so, suppose that (p, V) is an arbitrary solution
in [0, L(ip)] x IB%T(S) to the RS-AOE. Since (p, ¥) € [0, L(ip)] x IB%‘I"(S), using a similar
argument to the proofs of Theorems 4.1(b,c) and 5.1(b) yields p = inf, ey J(i, ), and

7
V()= inf E [exp {/ * (G, 1) — ) dt”
reld 0
for all i € S. It then follows that p = p* and (i) = ¥*(i) for all i € S.
(b) The proof is similar to part (a). O

Based on the uniqueness of a solution to (9), we next provide a policy iteration algorithm
for computing optimal stationary policies:
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1. Pick an arbitrary f € F. Let k =0, and take f; := f.

2. Policy evaluation (by Proposition 6.2(b)): Compute p/* and ¥/ by solving the multi-
plicative Poisson equation

P (@) = (i, i)y () + Z v(Na(jli fi@)  forallies, with ¢(ig) = 1.
jes
3. Policy improvement: Obtain a policy fi+1 € F such that, for eachi € S,
Sy when By, (i) =0,
with any a € B (i) # 0,
where By, (i) := {a € A(i) | c(i, a)lpfk(i) + ZjeS q(jli, a)wfk(j) < pfko(pfk(i)}.

4. 1If fir1 =fi (.e. By (i) =), then stop because fi+1 is optimal (by Proposition 6.2 and
Theorem 5.1(c)). Otherwise, increase k by 1 and return to step 2.

Jier1(0) == (10)

6.2. A finite approximation technique

It should be noted that it is difficult to implement the policy iteration algorithm above for
the case of infinite states. To compute optimal policies for infinite states, we next propose a
finite approximation technique.

First, we show the convergence of this algorithm when both states and actions are finite,
and the model M is irreducible, which means that {x;, # > 0} is irreducible under each f € F.

Lemma 6.1. Under Assumptions 3.1, 3.2, and 3.3, if S and A(i)(i € S) are finite and M is irre-
ducible, then an R-S average optimal stationary policy can be obtained by the policy iteration
algorithm in a finite number of steps.

Proof. Obviously, this lemma follows from [7, Theorem 5.1] and Proposition 6.2. O

Second, in order to compute R-S average optimal policies for the case of infinite states, we
construct models M, :={S;,, A,,(i), ¢c,(i, a), gn(j | i, @)} (n > 1) with finite states, where S, :=
{Oa MR n}’ An(l) = A(l)’ Cn(iv a) = C(i, a)’ and

qGili,a)+ 13 qtkli,a) forO<j<n, j#i, 0<i<n,
q(ili, a) forj=i

qn(jli, a):= { (1)

for each i € S,, and a € A,,(i).

Obviously, the transition rates g, (j | i, a) (n > 1) are also conservative and stable. Moreover,
if the function V() in Assumption 3.1 is nondecreasing on S, then Assumption 3.1 holds for each
model M, which is verified as follows. Foreachn > 1,i € S, and a € A,(i),

Yo alili Vo= Y |q(ili,a)+ }l > atkli, a)} Vo) + q(i | i, @)Vo(i)

JESK JESH.jFEI k>n

1
= atli VoD +~ 3 qlkli, a)[ > Vo(j)}

JjESH k>n JESnJFL

<Y qGili.aVo()+ Y qlkli, a)Vo(k)

Jj=n k>n
< =8()Vo(i) + bolyiy (by Assumption 3.1). (12)

Thus, in summary, we have the following theorem.
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Theorem 6.1. Under Assumptions 3.1, 3.2, and 3.3, if the functions Vi and V| are nondecreas-
ing on S, then the following assertions hold for each M, (n > 1).

(a) The solution (p);, ¥)}) to the RS-AOE (13) for Ml is unique in [0, L(ip)] x IB%T(S):

PRV OES aieI/}\igi) {cn(i, ayyr @)+ Z Vo (Dgn(jli, a)} forallieS,, (13)

JESn
YrGio)=1, py <Lolio), v, (i) =<Vo(i) for allie S, and n> 1.

(b) There exists a policy f;* with f;\ € F achieving the minimum in (13). Moreover, a policy f
in F is optimal for M, if and only if f{i) achieves the minimum in (13) for all i € S,,.

(c) If, in addition, Ml is irreducible and A(i) is finite for each i € S, then an R-S average
optimal stationary policy f; for Ml, can be obtained by the policy iteration algorithm in
a finite number of steps.

Proof. (a) and (b). Since S, are finite, it follows from (12) that Assumptions 3.1, 3.2, 3.3,
5.1, and 6.1 are satisfied for each Mi,,. Thus, (a) follows from Theorem 5.1 and Lemma 3.1(a),
as well as (12), and (b) from Proposition 6.2.

(c) First, we show that M], is also irreducible for each n > 1. Indeed, given any stationary
policy f, € F for model M, and i,j € S,, i #j, we extend f, to f € F by letting f(i) := f,(i)
for all i € S, and f(i) ;= a; for any i € S,,, where a; € A(i) is any fixed action. Then, since M
is irreducible, there exist N > 0 states i € S\ {j} (k=0, ..., N, with iy =i, iy+; =J) such
that g(ig+1 | ik, f(ix)) > 0 for all k=0, ..., N. If iy €S, for k=1, ...N, since iy, in+1 € Sy,
we have iy €S, for all 0<k <N+ 1 and g,@k+1 | ik, [n(ix)) = q(ik+1 | ik, f(x)) > 0 for all
k=0, ...N, which means that i can reach j under f;, for the model M,. Otherwise, let k* :=
min{k:ix & Sy,}. Since ig, in+1 € Sy, we have 1 <k* <N and {ip, ..., igzx—1} C Sy, but igx € S,.
Thus, by the definition of the transition rates ¢, (- | -, -) in (11) and ig=_1 #j € S,;, we have

1
Gn(J L igs =1, fuCike—1)) = qu(J | igx—1, fixx—1)) = ;lCZ(ik* [ire—1, f(ixe—1)) > 0,

which, together with g(ix41 | ik, fu(ix)) > 0 for k=0, ..., k* — 1, implies that i can reach j
under f;, for the model M,. Thus, M, is irreducible, and so (c) follows from Lemma 6.1. [

Since the sets A(i) are compact, so is F. Thus, any sequence {f;'} in Theorem 6.1(c) has a
limit policy (say f*) in F; that is, there is a subsequence {f; } of {f;} such that limy_, o f,j‘k(i) =
f‘*(i) foreachieS.

Theorem 6.2. (Finite approximation.) Suppose that Assumptions 3.1, 3.2, and 3.3 are satisfied,
and that Vy is nondecreasing on S. Then the following hold.

(a) A sequence {f;'} of R-S average optimal stationary policies f, for Ml, exists, and it has
a limit policyf‘* such that, for all i € S,

AU (i) = c(i. F*@NT @) + Y q(i1 i, @) ()
jes
= nf {c(i, Y i)+ q(ili, a)&(j)} (14)
jes

for some function 1& on S such that 1& < V.
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(b) If, in addition, the condition in Proposition 6.1 holds with a nondecreasing V3 on S and
a constant § > (i, a) on K, then the poltcyf* in (a) is optimal for the model M.

Proof.
(a) Suppose that f*(i) =limg— o0 f, . (i) for all i € S. Then, by Theorem 6.1, we have 0 <

;’; < Ly(ip) and w (1) < Vp(i) for all k > 1. Thus, diagonalization arguments ensure the

existence of a subsequence {ng;, 1> 1} of {ng, k> 1} and (p, lp) € [0, Lo(ip)] x By, (S)
such that
lim £ ()=F*@)., lim pf =4, lim ¥ ()= () < Vo(i)
l—>o00 M [—00 1 I—o00 1
forall i e S with ¥(ip)=1. (15)

For given i € S, there exists 7 such that i € S, for n > 7. Then, Theorem 6.1(a,b) give

oo Ve O = g (i fy DU D+ D W (g, (1 5, () for all 1> 7

jeS,,kl
= au)‘f {an @, a)lﬁnk @)+ Z Iﬁnk Dan, (G 11, a)}
JjESH
< e (i @)Yy, (D) + > Vo, (D, (jli.@)  foralla€AG).  (16)

JESn

On the other hand, since ¥ * <V, for all n > 1, by (11) and (15) we have

D Vnan(i1i 1) =) Yr(DaGi L L @)+ =D gtk i f70) Y (), (17)

JjESH JjeSH k>n 0<j<n,j#i

which, together with the monotonicity of V( and

0= % Y aklifi@) Y wr() =Y qk i fiD)Volk) > 0 as n— oo,

k>n 0<j<n,j#i k>n

implies that

lim [ D Y Dan, G i S (i))} = V(a1 f@). (18)

jeS,,k] jes

Thus, by (15)—(18), we get (14).

(b) As the proof of (12), we have § < g,(i, @) and Y, ;, qa(j | i, @)V3(j) < —8V3(i) — 1 for
all a € A(i) and every i # iy, n > 1, which, together with the proofs of Proposition 6.1
and Theorem 5.1(c), give e LM < Yri) <1+ SM, where M = sup;cs V3(i) < 0o, and
so e LM < 1/}*(j) <1+ SM forallieS. Hence, by (14) and Proposition 6.2, we see
that (b) is also true. O
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7. Example

In this section we provide an example to illustrate the conditions in this paper and show the
effectiveness of the finite approximation in Theorem 6.2 for risk-sensitive average CTMDPs.

Example 7.1. (Controlled population processes.) In a population process, we regard the pop-
ulation size at any time as the state variable, and suppose that the birth and death parameters
can be controlled by a decision maker; they are denoted by XA;(a;) and p;(az) respectively,
and may depend on the system’s state i and decision variables (a, ay) taken by the decision
maker. When the state of the process is at i € S:={0, 1, ..., }, the decision maker takes an
action a := (ay, ap) from a given set A(i) = :A1(i) X A>(i), which may increase or decrease the
parameters Aj(aj) and pi(az). On the other hand, because of some possible catastrophe, it is
suitable to suppose that a transition from 7 to 0 may happen at rate §(i) for all i > 1. Choosing
any action a = (a1, a») at state i results in some cost, denoted by c(i, a). Moreover, the decision
maker wishes to minimize the associated risk-sensitive average cost.

We now formulate the controlled population processes as CTMDPs. Obviously, the state
space S={0, 1, ...} is denumerable; the corresponding transition rates g(j | i, a) are as fol-
lows. When there is no population in the system (i.e. i = 0), any control of death is unnecessary,
and so we set A>(0) := {0}. Thus, we have ¢(1 | 0, a) = —q(0] 0, a) := Ag(ay) fora= (a1, a2) €
A1(0) x A2(0), where a; denotes immigration rates varying in A;(0):= [0, o] for some
constant &y > 0. Moreover, for each i > 1, a = (a;, ap) € A1(i) x Az(i), we have

Aiar) ifj=i+1,
—Ai(ar) — wi(ag) — B@) ifj=1,
aGliay= | itj=i=1ix2 o)
piaz) + (1) if j=0,i=1,
B0 if j=0, i>2,
0 otherwise.

We aim to find conditions imposed on ¢(j|i, a) in (19) and c(i, a) that can ensure the
existence of an optimal policy, and thus consider the following sets of hypotheses H; and Hj
with given positive constants @ and A. A characterization of these hypotheses is that their
conditions are imposed on the elements of the model and thus can be verified.

H; (On controlled birth and death processes with catastrophes [1, p. 292]):

(@) AG):=[— A, Al x [—p, pulforalli>1and u>max{r, 3};
(b) Ai(ar):= ri+a forall i >0, and wi(az) = :u(i +2)> +ap forall i > 1;
(¢) Bsx:= infi>; B(i) > 0;

(d) 0<c(i,a)<In+/i+2foralli>0and a € A(i), and c(i, a) is continuous in a € A(i) for
each fixedie S.

Remark 7.1. The transition and cost rates in the condition H; can be unbounded. However, H;
needs the catastrophe hypothesis (i.e. inf;>1 B(i) > 0), which is for the validity of Proposition
5.1(b). To remove the catastrophe hypothesis, we need stochastic monotonicity, and thus mod-
ify H; as the following Hy, which is for the verification of the conditions in Proposition
5.1(c).
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Hj; (On controlled birth and death processes without any catastrophe [1, p. 292]):
(a) A1(0)=10, a1], A(Q)) ;== [ — A, A] X [i, u] for all i > 1, where p > max{X, %};
(b) ri(ay):= Mi+aq fori>0, and pi(ay) = (i + 22 4+ ap foralli > 1;

(¢c) B(iy=0foralli>I;

(d) 0<c(i,a)<In+/i+?2 for all (i, a) € K, and c(i, a) is continuous in a € A(i) for each
fixed i € S;

(e) infa/eA(iH) c(i+1,d") > c(i, a) for all (i, a) € K, which implies that c(i, f(i)) is increas-

ing in i € S for any given f € F.

Proposition 7.1. Under one of H\ and Hy, Assumptions 3.1, 3.2, 3.3, and 5.1 are satisfied.
Thus, an optimal stationary policy exists for Example 7.1.

Proof. Under Hy, in order to verify the assumptions, let ip := 0, Vo(i) := (i + 2)2, 8(i) ==
Ini+2, Vi(i):= (i+2)* V(i) := i for i #0, V»(0) := 0. Then, using the conditions in
Hj, a direct calculation gives, for all i > 1 and (a;, a2) € A(i),

> 410, a)Vo(j) =5a1 < =8(0)Vo(0) + 8y + 5b1, (20)
jes

D qGilis Vo) = —[uli +2)* + a2l(2i + 3) + (hi + a)Q2i + 5) — B)(24* +4)

jes

< —ui+2)Vo(i) — uli + 2% 4+ 1) + w(2i + 3) + A + 1)(2i + 5)

< — S+ 2V00) = =30 Vo) @1
Y qGli Vi) =laz+ G+ 2P ull+ 1¥ = G +2)° 1+ (@1 + DI +3)* — (i +2)°]
jes

+BDI2° — (i+2)°]

< 19200 + p)(i +2)° = 192(A + w)V7 (i), (22)
> aGili, apVa(j) = —’3;’) <1 (23)
Jj#0 ¥

Thus, since ¢*(i) < (A + )i +2)* < (A + u)Vo(i), Assumption 3.1 follows from (20) and
(21). From the descriptions of the example and Hj, we see that Assumption 3.3 is satis-
fied, and (22) implies Assumption 3.2. It remains to verify Assumption 5.1. Indeed, since
infuea qU, a) = infueqay i+ ar + p(i+ 22 +ar+ L) =3u>0 (by Hy) for each i #0,
by (23) and Proposition 5.1(b) we see that Assumption 5.1 is satisfied.

Under H», as for the arguments for Hj, we see that Assumptions 3.1-3.3 are all satisfied.
Moreover, since the birth and death processes without any catastrophe (by H»(c)) are stochastic
monotone and the second part of H»(d) implies that (7, f(7)) is nondecreasing in i € S (for any
given stationary policy f), Assumption 5.1 follows from Proposition 5.1(c). Thus, Theorem 5.1
gives the desired result. O

Remark 7.2. Under H; or Hj, take any stationary policy f with f(0)=(0,0) (or f(1)=
(—=u, —X)). Then, we have ¢(0]0, £(0)) =0 (or g(1 |1, f(1)) =0), and so the state O (or 1)
is absorbing under the policy f, while the state process under every stationary policy has been
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assumed to be ergodic in [7, 22, 23, 25, 27]. Of course, if the sets A(0) and A(i) (i > 1) are
taken to be compact subsets of (0, b1] and (—A, A) x (—pu, p) respectively, then M (i.e. process
{x;, t > 0}) is irreducible under any stationary policy.

Remark 7.3. In the conditions H; and H, for Example 7.1, the cost and transition rates are
allowed to be unbounded. Moreover, if the ¢(i, a) in H; (d) is unbounded (for example, c(i, a) :=

\/ In (i + 1+ %), then the smallness condition (stronger than the standard boundedness

condition) on the costs in [7, 23] is not satisfied. If taking c(i, a) = \/ In [1 + %] which

satisfied H;(d), then liminf;_, o inf,ca(i) c(i, a) = 0. This shows that the near-monotone con-
dition in [22] (i.e. lim inf;_, o infyea() ¢(i, @) > infrep J(i, f)) fails to hold. Furthermore, the
uniform boundedness hypothesis on the transition rates in [7, 22, 23, 25] fail to hold for H;(b).

To illustrate the calculation of optimal policies for the case of infinite states by the finite
approximation policy iteration algorithm, we consider the following conditions. (On controlled
irreducible birth and death processes with catastrophes [1, p. 292])):

(a) A1(0) := [an, a3] for constants a3 > ap > 0, and A(Q) := [0, A] x [0, u] fori>1;
(b) ri(ay):= Mi+a; foralli >0, puj(ay) =:ui+ap foralli>1,and u > A;
(©) B()=max{2+3(u+Ar)+L,4In(1+1)+ 21 — u} fori> 1, with a constant L > 0;

(d) 0<c(i,a) <min{L, J—‘(Z +4pu+ x4+ L)} forall i >0 and a € A(i), and c(i, a) is contin-
uous in a € A(i) for each fixed i € S.

Proposition 7.2. Under H3 for Example 7.1, an optimal policy exists and can be obtained as
a limit policy of {f,¥} of optimal policies f;} for the models M,,.

Proof. Letip:= 0, Vo(i):= 1 +14,83) := %(,8(1’) + =240, Vi() = (1402, V3() := #l
forall i >0, and$ := L. Then Vo and V3 are nondecreasing on S, and gy = infyea(),i>1 (i, a) =
A4 > 8. Moreover, simple calculations give c(i, a) < 8(i) < /In Vp(i)(a € A(7)) and

> (i li. @)Vo(j) < —8()Vo(i) + 3ezlio) (i) fories,
jes

Y 4G li, Vi) =pi+pai+psi® +pai’ +pait <K Vi) + Ky fories,

JES
. . aj
> 410, aVs()=7 <as,
JES
S aGliaVa() < —Lvs()— 1 fori=1,
Jj#0

where the constants p1, p2, p3, pa, K1, K> are determined by the given A, u, and B(i). Thus,
from the inequalities above and Proposition 6.1 we see that all the conditions in Theorem
6.2(b) are satisfied, and thus the result follows from Theorem 6.2. O

To show the finite approximation policy iteration algorithm, we conduct a numerical exper-
iment under H3. To do so, we take some specific data for the model. In particular, we take oy =
0.7,03=09,A=0.5,u=0.5,L=2,A1(0) = {2, 3}, A(i) = {0, A} x {0, u} fori>1, B(i) =
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FIGURE 1: Optimal policies.

max{2 +3(u+A)+L,4/In(1 +1)+ 21 — u} for i>1, ¢(0, ap) =0.5, ¢(0, ¥3) =0.8, and
c(i, {0} x {0}) =c(i, {0} x {u}) =04+i/(i+5), c(i, {1} x {0}) =045 +i/(i+5), c(i, {1} x
{uph) =0.5+4+i/(i+5) for i > 1. We implement the finite approximation policy iteration algo-
rithm with these data in Matlab. Our numerical algorithm can run for every n. However, it costs
time for large n. We found that p;* = 0.5158 for n = 10, 20, 30, 50, 100, 200, 300. The optimal

policies f,* for some n are listed below.

n=10:£*(0) = ., £(i) = {0} x {u} fori=1,...,9,f*(i)= {0} x {0} for i = 10.

n="20:£50) = . £5(i) = {0} x {u} fori=1, ..., 17,£i) = {0} x {0} fori= 18, 19,

n=30: fr0)=a fr(i)={0}x{u}) for i=1,...,25 f*i)={0}x {0} for

26, ..., 30.

n=50: fX0)=ay fXGi)=1{0}x{u} for i=1,...,39, f*i)={0} x {0} for
40, . . ., 50.

n=100: f*O0)=ar, f*G@)={0}x {u} for i=1,...,40, £*i)={0} x {0} for
41, ..., 100.

n=200: fX0)=as, f*@)={0}x {u} for i=1,...,40, f*@i)=1{0}x {0} for
41,...,192, (i) = {0} x {u} fori=193, ..., 200.
n=300: f*O0)=ar, f*G@)={0}x {u} for i=1,...,40, £*i)={0}x {0} for
41,...,286,£5(i) = {0} x {u} for i =287, ..., 300.

20.

1=

To see the numerical results more clearly, we plot the optimal policies f;* for n =200 and
n =300 in Figure 1, where the symbols 1,2,3,4 represent the actions {0} x {0}, {0} x {u},

{1} x {0}, {A} x {u}, respectively.
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Appendix A. Proofs

In this appendix we provide the proofs of Theorems 3.1 and 4.1, as well as Lemmas 3.1 and
3.2, which require the following lemma.

Lemma A.1. (Extension of Feynman—Kac formula.) Under Assumptions 3.1 and 3.2, for any
T > 0 the following assertions hold, where c(i, ,) := fA(i) c(i, a)ymy(da | i) and q(j|i, my) =

fA(i) q(j|i, a)m(da|i) fori,jeS, t>0.
(a) Foranymw el andu € B%,Vl ([0, T] x S),

- |: /T/\‘L’[) (8( exp [f(; [y cxy, @) (da | w, v) dv} u(t, x,))
v 0

ot

t
+ Z exp {f / cxy, a)yr(da | w, v) dv} u(t, j)
‘o5 0 Ja
X / q(j | x, ) (da | o, t)) dt\xozij|
A

TAtp
= E’; |:exp {/ / c(xy, a)w(da | w, v) dv} w(T A Tp, XTAzp) | X0 = i] —u(0, i),
0 A

i€eS, DCS, where {x;, t > 0} may be not Markovian since the policy & may depend on
histories.

(b) Foreachm =my(da|-)ell), andu e Bl\%,v. ([0, T] x S),

ot

Tamp [ (exp | [ c(xy, ) dvi ult, x,)
o (i)
t
+ Z <exp {/ c(xy, ) dv} u(t,j)) q(j | xz, 71,)) dr | xy = i:|

jes

TAtp
=E} [eXp {/ c(xy, my) dV} u(T A Tp, XTAtp) | X5 = i] —u(s, i)
N

forall (s,i)€[0,T] xS, DCS.

Proof. By Assumption 3.1(iii), we have 2¢c(i, a) < 2t8(i) < 2t/In Vo(i) < 1> + In Vo (i) for
all 7> 0, and thus e27¢t:0) < el Vo(i) for all i € S, which verifies Assumption 3.1(iii) with
My = eT2 in [9]. Thus, from the proof of [9, Theorem 3.1], replacing T with T A tp, we
see that this lemma is also true. O
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A.1. Proof of Lemma 3.1

(a) Obviously, the results hold for i = iy. For any i # iy, since Vy > 1, by Lemma A.1(a) for
u:= Vpand c(i, -) := 5(i) we have

T AT, T AT,
EY [exp {/ 8(xy) dv” —Vo(i) <ET |:exp {/ 8(xy) dv} VO(XTAt,-O)] — Vo(i)
0 0

TAT; t
=E§’[ /0 Oexp{ /O 5(xv)dv}<a(xt>vo<xt>+Zvo<j>q<j|xt, m))dt}

jes

. TAT,‘O t
=< boEi / exp f 8(xy) dv l{io}(xt) dr| =0,
0 0

which, together with letting 7 — oo, gives the desired result.

(b) Since 8, = infj.;, (i) > 0, by (a) and the Jensen inequality, we have
T riO
8, E7 [1;,] < > o] < BT |:exp { / 8(x) dv” < Vo),
0
which implies (b).
A.2 Proof of Theorem 3.1

(a) Since Assumption 3.1(iii) in [9] has been verified in the proof of Lemma A.1, for any
i €S, by [9, Theorem 4.1] and an obvious change of time, we have

¢'(t, i) = infeai) [c(i, a)p(t, i) + Zjes o(t, Ha(jli, a)] almost surely for 7 € [0, T7,
@0, )=1.

Furthermore, for any t#1,7 €[0,T], ¢ >0, Assumption 3.3 together with [15,

Lemma 4.1] ensures the existence of a(i, 11, ;) € A(i) and a finite subset S(i) of S

(depending on i) such that i € S(i) and SUPLeA() > SG) lo(t1, ) — o(t2, Dllg(j | i, a)| =

ngZS(i) lo(t1, ) — o(t2, Dllg(j | i, ai, 11, 12))], and J&S(i) Vo(Dg(jli,a) <eforallae
A(D). Thus, for any t1, 1> € [0, T, we have

e, Illle(n,i) — (12, D + sup Z|§0(f17j)_(ﬂ(12,j)||‘](j|iv a)l

acA(i) =
< lleG. Mg ) — 2. DI+ Y le(tr. j) — e(t2. lg* (i)
JES()
+2llellvy Y Volg(ilis ali. tr, )
JES@)
< Nl gt i) — (2, Dl + Y Lot ) — (2, )lg* () + 2l @llve.
JES()

which, together with the continuity of ¢(t, i) in ¢t and the finiteness of ||c(i, -)||, S(i) and
q*(i), implies that inf,ca() [c(i, a)o(t, i) + ZjeS o(t, Hq(j| i, a)] is continuous in > 0
for any fixed i € S. Hence, by the first equation in this proof, ¢’(, i) exist for all >0
and ¢(¢, i) is continuous in ¢ > 0.

(b) follows from Theorem 4.2(c) in [9].
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(c) Let w =f; be any Markov policy in IT

d and 7* =f* the deterministic Markov

policy from part (b). Define a policy 7 by 7 (da|w,s) = Liyazy=s)8fxw)(da) +
Ly ntp<s)0f(xy(w))(da). Let Fraq, be the o-algebra generated by the stopping time ¢ A 7p
with respective the filtration Fy := o (x,, v <s). Since ¢(t, i) = ¢(t, i, 7*) for t € [0, T

t
/ / c(xg, )7 (da | w, s) ds”
0 JA

and i € §, we have

o(t, i) < E? exp

<ET |exp

INTD
f c(xy, fs(xg)) ds
0
INTD
/ c(xy, fs(xg)) ds
0
INTD
/ c(xs, f5(xg)) ds
0

INTD
/ ety f3(xy)) ds
0

t
]Ef [exp {/ c(xg, fs(x5)) ds} | fmrnﬂ
INTD

(P(l —IN D, -xt/\‘L’[)’ 7'[*):|
ot —tA1p, xt/\tD):|

QD(I — A D, xt/\‘L'D’ 7T):| = (p(t’ i7 T[)

Taking the infimum over 7 € l'[?n on both sides of the above inequality and using (b)
again, we see that part (c) holds.

A.3 Proof of Lemma 3.2

(a) Since 1 =¢(0,7) <¢(t, i) for all i € S and # > 0, by Theorem 3.1(c) we have, for each

T ell,

IA'L’,’O
@(t, 1) < EZT |:eXP {/ c(xy, y) dv} p(t—1t AN Tig» XtAty, )]
0

IAT,'U
= EZT |:6Xp {/ c(xy, 1y) dv} ot —tA Tip> XtATy, )1{151,'0}]
0

tA‘L','O
+ Ef |:eXp {/ C‘('XV’ 7Tv) dv} QD([ —IA Ti(); xtATiO)l{t>‘L’,'O}}
0

t/\‘L','0
=E7 |:exp {/ c(xy, ) dv} 1{,Sfi0}i|
0

I/\‘L’[0
+ Ef |:CXP {/ c(xy, y) dv} ot — Tigs xfio)1{1>fio}]
0
IA'E,‘U
<Ef [exP { / c(xy, 1) dV} (t, xt,-o)l{tfrio}]
0

tA‘[iO
+ E? |:3XP :/ c(xy, my) dV} o(t, x‘fio)l{1>‘fi0}i|
0

<Ef [eXp { / ‘ c(xy, 7y) dV} (1, Xg) )]
0
=, io)E} [exp { / ‘ (v, ) dv” ;
0

which, together with Lemma 3.1(a), completes the proof of part (a).
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(b) ¢(t, i) is increasing in ¢ for each i € S, and thus ¢'(¢, i) > 0. Moreover, for each ¢ > 0, by
(a) and Assumption 3.1(i) we have

o) [ el et
0<——~=inf . ’
= (1, io) ag;(i) _C(l a)(p(t, ig) * ; o(t, iO)Q(J | a)]

< inf [8()Vo()+ Y _ Vo(Dlq(jli. a>|]

aeA(i) es

= JInf 18@Vo()+ ZSj Vo(q(jli, a)—2q(ili, a)Vo(i)]
- J

<2q"(HVo(i) + bo,

and so part (b) follows.

A4 Proof of Theorem 4.1
As in the arguments in [23], we prove Theorem 4.1 by Theorem 3.2 and Lemma 3.2.

(a) Forany fixedn> 1, and fort>0,i€ S, let

(pn(tv l()) '

t
on(t, D)= infcl ET |:exp {/ cn(xy, ) dv” (=0), @ut,0):= 24)
mell§ 0

Then, since 0 < ¢, < ¢, the conditions of Theorem 3.1 and Lemma 3.2 still hold when
c is replaced with ¢,,. Thus, using Lemma 3.2(a) and (24), we have 0 < ¢,(z, i) < V(i)
for all £ > 0. Thus, for any m > 1, the mean value theorem together with Theorem 3.1(a)
gives the existence of ko(i, m) € [m, 2m] (depending on the given m and i) such that

Pn(2m, i) — @n(m, i)
—

0 (as m — 00). (25)
2m—m

(ﬁn/(ko(n% l)v l) =

Since S is denumerable, diagonalization arguments as well as (25) ensure the exis-
tence of a subsequence {k} of {ko(i, m), m > 1, i € S} such that limy, o0 on (ky, 1) =0,
¢n(ky, ig) =1 for all i € S, which, together with the boundedness of |@,,(k1, i)| in k; and
the denumerability of i € S, gives the existence of a subsequence {k»} of {k;} such that
the limits

kzlgnoo Pk, i) = :Ym(i) € [0, Vo(D)] (26)

exist for all i € S, and ¥, (ip) = 1.
Furthermore, Lemma 3.2(b) together with (26) guarantee the existence of a subsequence
{k3} of {k»} ensuring the existence of the limit

o' (k3, i0)

=:p, € [0, L(i)]. 27
A ke o) pn € 10, L(io)] (27)

Hence, along the sequence {k3} ( C {k2} C {k1} C {ko(i, m), m > 1, i€ S}), we have

@i (k3, ip)

lim [ff)n’(ks, i) + @n(ks, i) -
on(ks, io)

kz— 00

}z pn¥n(i)  forallieS.  (28)
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(b)

On the other hand, for any number k3 in the sequence {k3}, using the definition of @,(z, i)
in (24) and Theorem 3.1(a) with (c, ) replaced with the corresponding (c;, ¢,), direct
calculation gives

o
. N L @n' (k3 i) A . . P
Gn' (s, ) + Gulhs, D20 — i ey a)uths, D+ Y Gulks, g | i, @)
@n(k3, io)  acAG) ‘=
<culi, )@u(ks, )+ Y Gulks, j)q(jli.a)  forall (i, a) €K, (29)

jes
which, together with the dominated convergence theorem and (26)—(28), imply
pn¥a(i) < inf {cn(z', @YD)+ Y V(e i, a)} forallieS.
acA(i) ies

Moreover, for each given k3 and i € S, by Assumption 3.3 and (28), there exists a(i, k3) €
A(7) (depending on k3, i € S) such that

o ol
B/, 1) + s, 23 10)
n(ks, io)

= cn(i, a(i, k3))gn(k3, D) + Z @n(ks, Da(j i, ali, k3)). (30)
Jjes

Since A(i) is compact, there exist a subsequence {k4} of {k3} and a'(i) € A(i) such that
limy, -, o0 a(i, k4) = a'(i). Thus, replacing k3 in (30) with k4 and then letting k4 — oo, by
(28) and (30) we have

Ppntn(i) = enli, d @YD) + Y Yu(ia(i i, a' ()
J€es

> inf {cno', QYn(i)+ Y V(g i, a)},

jes
which, together with (29), (26), and (27), gives (a).

Fix any i > n+ 1 with n> iy, and let (n) := 7(0,1,....i,....n) b€ the hitting time. Then,
by Lemma 3.1(b) and 7(n) < 7, P¥ (t(n) < 00) = 1. Moreover, since ¢,(0, /)= 1 and
@n(t, i) is increasing in ¢ > 0, using (4) and Theorem 3.1(c) (with ¢ replacing by ¢, here)
as well as the fact that ¢, (x,, m,) =0 for v < t(n), we have, for each 7 € I,

tAT(n)
n(t, i) < Ef |: exXp { / cn(xy, ) dv}ﬁon(t —tAT(n), xmr(n))i|
0
tAT(n)
= EZT |: €Xp { / cn(xy, 7)) dV}fﬂn(f —tAT(n), xmr(n))l{t<r(n)}:|
0

tAT(n)
+ ]E;r [ eXp { / cn(xy, ) dV}‘Pn(I —tAT(n), xt/\t(n))l{t>r(n)}:|
0
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=E7 |:</)n(0, xt)l{tfr(n)}i| +ET |:§0n(t —1(n), xr(n))l{t>r(n)}]

<1+ ]Ef |:(Pn(ta xr(n))l{t>r(n)}:|
<1+max{g,(, k), k=0,1,...,n},

which, together with Lemma 3.2(a) and ¢, > 1, imply that ¢,(¢, i) < 1 + max{Vy(k),
k=0,1,...,n}=:K(n)forallt >0, ieS. Hence, using (26) and Lemma 3.2(a) again,
we have

Ya(i) < K(n) forallr>0,i€S. (31
For each m € [T and i € S, using Lemma A.1(a) and (5), we have
T
E7 [GXP {/ / [en(xs, @) — pplm(da| w, 1) dt} Iﬂn(XT)] —Yn(@ =0 for T> 0.

0 Ja

Hence, by (31) we have
T
K(n)e_Tp”Ef |:exp {/ / cn(xy, a)yw(da | w, 1) dt}] > Y, (D).
0 Ja

Taking logarithms of both sides, dividing by 7', and letting 7 — oo, we obtain

1 T
pn <limsup — In[ET [exp {/ / cn(xr, a)m(da | w, 1) dt}i|
0o JA

T—o00 T

1 T
< lim sup 7 InET [exp {/ / c(xs, a)r(da | w, 1) dt” ,
T—o0 0 A

which, together with the arbitrariness of 7, completes the proof of (b).

For each € Hdm and i € S, using Lemma A.1(b) and (5) again, we have

T KT,
E;T |:eXp {/ ’ (cn(xt, 1) — on) dt} wn(xT/\T,-O ):| — Y =0 for T > 0.
0

Since v, is bounded and c¢,(i, a) < c(i, a) < 8(i) for all (i, a) € K, by the dominated
convergence theorem and Lemma 3.1(a), letting T — oo, we obtain

T
Yn(i) < E? |:€Xp {/ [en(xs, ) — pnl dt} 1pn()crio ):|
0
TIO
=Ef |:CXP {/0 [en(xr, 701) — pnl df}:| < Vo(d), (32)
which, together with the arbitrariness of 7 € 14, imply

Y= inf EF [exp { f " Lentor, 7 = pul dt} Y, )} Vo). (33)
mellq, 0
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On the other hand, take f," € F to be a minimizing stationary policy in (5), that is,

(i) = i, fFOWn (D) + D Ya(a(i i, () forallies. (34)

jes

Using Lemma A.1(b) and (34), as in the proof of (32) (by Fatou’s lemma again) we have

Vi) > B [exp { fo

This inequality, as well as (33), gives (c).

T

" (cnliis 10 — o) dt” .

Remark A.1. In order to establish the existence of ko(m, i) for (25) to hold, the existence of
¢'(t, i) for the function ¢(z, i) at each > 0 is required. Otherwise, such ko(m, i) cannot be
guaranteed. For example, for some given i € S and n > 1, suppose that

t+1, tell, 1.5),

D1, 0) 1=
on(t, 1) 4—1t, te[l5,2].

Take m = 1. Then, 200D _ ¢ £ G /(Ko (1, i), i) for any ko(1, i) € [1, 2].
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