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Abstract

This paper considers risk-sensitive average optimization for denumerable continuous-
time Markov decision processes (CTMDPs), in which the transition and cost rates are
allowed to be unbounded, and the policies can be randomized history dependent. We
first derive the multiplicative dynamic programming principle and some new facts for
risk-sensitive finite-horizon CTMDPs. Then, we establish the existence and uniqueness
of a solution to the risk-sensitive average optimality equation (RS-AOE) through the
results for risk-sensitive finite-horizon CTMDPs developed here, and also prove the
existence of an optimal stationary policy via the RS-AOE. Furthermore, for the case
of finite actions available at each state, we construct a sequence of models of finite-state
CTMDPs with optimal stationary policies which can be obtained by a policy iteration
algorithm in a finite number of iterations, and prove that an average optimal policy for
the case of infinitely countable states can be approximated by those of the finite-state
models. Finally, we illustrate the conditions and the iteration algorithm with an example.
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1. Introduction

The study of risk-sensitive Markov decision processes in discrete time started in the 1970s
[16], and there have since been a lot of developments; see, e.g., [2, 3, 4, 5, 19, 20]. In compari-
son, there has been limited work on risk-sensitive continuous-time Markov decision processes
(CTMDPs). For background on risk-sensitive CTMDPs, see [7, 11, 22] for the risk-sensitive
(infinite-horizon) discounted criterion, [7, 22, 23, 25, 26, 27] for the risk-sensitive (long-run)
average criterion, [7, 9, 14, 17, 18, 23, 24] for the risk-sensitive finite-horizon criterion, and
[8, 28] for the risk-sensitive total cost criterion. In this paper we will further consider the risk-
sensitive average criterion for CTMDPs studied in [7, 22, 23, 25, 26, 27]. More precisely,
[7] proved the existence of an optimal policy under the geometric ergodicity assumption and
Doeblin-type conditions for the small cost function and bounded transition rates, and pro-
vided a policy improvement algorithm for the case of finite states and actions, but they did
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not establish a characterization of the optimality equation. Using the multiplicative dynamic
programming principle, [22] proved the existence and a characterization of an optimal policy
under the positive recurrent assumption for a near-monotone cost function and bounded tran-
sition rates, and [23] under the geometric ergodicity conditions of the state dynamics for small
running cost and bounded transition rates. Wei and Chen [25, 26] considered the case of finite
states under the ergodicity condition. The arguments for the existence of an average optimal
deterministic stationary policy in [7, 22, 23, 25, 26] are based on the ergodicity conditions and
assumptions of bounded transition rates. For a general case of unbounded cost and transition
rates, [27] proved the existence of an optimal policy under irreducibility and Doeblin’s condi-
tions, using the risk-sensitive average optimality inequality. Moreover, only stationary policies
were considered in [25], whereas the general class of Markov policies was taken into account
in [7, 22, 23, 25, 26, 27].

In the present work we will further study the general case that the transition and cost rates
are allowed to be unbounded. We not only establish the existence and uniqueness of a solu-
tion to the risk-sensitive average optimality equation (RS-AOE) and prove the existence of an
optimal stationary policy via the RS-AOE, but also provide an approximation algorithm for
computing average optimal policies. Our arguments are inspired by those of [23] in construct-
ing a solution to the RS-AOE, which is more specific than the risk-sensitive average optimality
inequality in [27]. Apart from allowing unbounded transition and cost rates, we consider a
more general class of randomized history-dependent policies, and do not require the condition
that the controlled process is irreducible under each deterministic stationary policy, where the
irreducibility condition was also assumed in [7, 22, 23, 25, 26, 27]. Some of our conditions are
extensions of those in [7, 22, 23] and different from those in [27]; see Remarks 3.1, 3.3, 7.2,
and 7.3 for more details.

First, under the milder conditions from [9, 12, 14], as in the arguments of [7, 23] we derive
the multiplicative dynamic programming principle and obtain some interesting results, such
as the existence and uniqueness of a solution to the optimality equation and properties of
the value function for risk-sensitive finite-horizon CTMDPs with unbounded transition and
cost rates (Theorem 3.1 and Lemma 3.2). Second, using the multiplicative dynamic program-
ming principle and properties developed here for risk-sensitive finite-horizon CTMDPs, by the
method in [7, 23] we obtain the existence of a solution to the RS-AOE and its characterization
for risk-sensitive average CTMDPs (Theorems 4.1 and 6.2). Third, to prove the existence of
a risk-sensitive average optimal policy via the RS-AOE, we provide some new and verifiable
sufficient conditions under which we prove that the solution to the RS-AOE is bounded away
from zero (Proposition 5.1), and under which we establish the existence of a risk-sensitive
average optimal stationary policy over the class of all randomized history-dependent policies
(Theorem 5.1). Fourth, after showing the solvability of the multiplicative Poisson equation,
we construct a sequence of models of finite-state CTMDPs for which the corresponding opti-
mal stationary policies can be obtained by the policy iteration algorithm in a finite number
of iterations (Theorem 6.1), and further prove that an average optimal policy for the case of
infinitely countable states can be approximated by those of the finite-state models (Theorem
6.2). Finally, in order to illustrate our conditions and the main results, we present an example on
a controlled population with unbounded transition rates and cost functions [1], in which all of
our conditions are satisfied, while some of the conditions in [7, 22, 23, 25, 26, 27] fail to hold;
see Remarks 7.2 and 7.3. Also, we conduct a numerical experiment to show the effectiveness
of the finite-approximation policy iteration algorithm.

The rest of the paper is organized as follows. We describe the optimization problem in
Section 2, and derive the multiplicative dynamic programming principle and some new facts
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for risk-sensitive finite-horizon CTMDPs in Section 3, where some comments on our con-
ditions are given by Remarks 3.1, 3.3, and 3.4 and Example 3.1. We establish the existence
of an optimal policy in Section 5, after establishing the RS-AOE in Section 4. We provide a
finite-approximation algorithm for computing optimal policies and prove its convergence in
Section 6, and illustrate our main results with an example in Section 7. Finally, we provide an
appendix for the proofs of some preliminaries in Section 8.

2. The risk-sensitive average optimality problem

The model of CTMDPs is a four-tuple, M := {S, A(i), c(i, a), q( j | i, a)}, consisting of the
following elements:

• a denumerable set S, called the state space, whose elements are referred to as states of a
system (for simplicity, without loss of generalization, let S := {0, 1, . . . , i, . . .});

• the action sets A(i), each of which denotes the set of actions available to a controller
when the system is in state i ∈ S, and is assumed to be a compact subset of a Borel
space A;

• the running cost rate function c(i, a) that is assumed to be real valued, Borel measurable,
and bounded from below on K, where K := {(i, a) | i ∈ S, a ∈ A(i)};

• the transition rates q( j | i, a), a Borel-measurable signed kernel on S given K, taking
nonnegative values for all j, i ∈ S with j �= i, being conservative in the sense of q(S |
i, a) ≡ 0, and stable in that of

q∗(i) := sup
a∈A(i)

q(i, a)<∞ for all i ∈ S, (1)

where q(i, a) := −q(i | i, a) ≥ 0 for all (i, a) ∈ K.

To formalize this, below we show the construction of CTMDPs under possibly randomized
history-dependent policies. To do so, we introduce some notation. Let S� := S ∪ {�} (with
some � �∈ S), �0 := (S × (0,∞))∞,

� := �0 ∪ {(i0, θ1, i1, . . . , θk, ik,∞, �,∞, . . . ) | i0, il ∈ S, θl ∈ (0,∞)

for each 1 ≤ l ≤ k, k ≥ 1},
and let F be the Borel σ -algebra on�. Then we obtain the measurable space (�,F). For each
k ≥ 0 and ω := (i0, θ1, i1, . . . , θk, ik, . . . ) ∈�, let hk(ω) := (i0, θ1, i1, . . . , θk, ik) denote the
k-component internal history, and define T0(ω) := 0, Tk+1(ω) := θ1 + θ2 + · · · + θk+1,
Xk(ω) := ik. In what follows, the argument ω is always omitted. Let T∞ := limk→∞ Tk, and
define the continuous-time process {xt} by

xt :=
∑
k≥0

1{Tk≤t<Tk+1}Xk +�1{t≥T∞} for t ≥ 0. (2)

Here and below, 1E stands for the indicator function on any set E, and we use the notation that
0 + z = z and 0z = 0 for all z ∈ S�.

From (2), we see that Tk (k ≥ 1) denotes the kth jump moment of {xt}, Xk−1 is the state of
the process on [Tk−1, Tk), and �k := Tk − Tk−1 plays the role of sojourn time at state Xk−1.
We do not intend to consider the controlled process after moment T∞, and thus view it to
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be absorbed in the state �. Hence, we write q(· |�, a�): ≡ 0, c(�, a�): ≡ 0, A(�) := {a�},
A� := A ∪ {a�}, where a� is an isolated point.

To state the optimality problem, we need to introduce the concept of a policy [9, 15, 21].

Definition 2.1. A randomized history-dependent policy π is determined by a sequence
{πk, k ≥ 0} such that

π (da |ω, t) = 1{0}(t)π0(da | i0, 0) +
∑
k≥0

1{Tk<t≤Tk+1}πk(da | i0, θ1, i1, . . . , θk, ik, t − Tk)

+ 1{t≥T∞}δa�(da),

where π0(da | i0, 0) is a stochastic kernel on A given S such that π0(A(i0) | i0, 0) = 1, πk (k ≥ 0)
are stochastic kernels on A given (S × (0,∞))k+1 such that πk(A(ik) | i0, θ1, i1, . . . , θk, ik, t −
Tk) = 1, and δa�(da) denotes the Dirac measure at the point a�.

A policy π is called randomized Markovian if each πk has the form πk(da | ik, t) (inde-
pendent of the histories (i0, θ1, i1, . . . , θk)), and it will be denoted by πt(da | ·). A randomized
Markov policy πt(da | ·) is called deterministic Markovian whenever there exists an A-valued
Borel-measurable function ft(i) on [0,∞) × S such that πt(da | i) is a Dirac measure concen-
trated at ft(i) for each (t, i) ∈ [0,∞) × S. Such a Markov policy will be denoted by ft for
simplicity. A Markov policy ft is called a (deterministic) stationary one if ft is independent
of time t. Such a stationary policy will be denoted by f for simplicity.

We denote by 
 the set of all randomized history-dependent policies, by 
r
m the set of all

randomized Markov policies, by 
d
m the set of all (deterministic) Markov policies, and by F

the set of all stationary policies. Obviously, 
⊃
r
m ⊃
d

m ⊃ F.
For any initial distribution γ on S and policy π ∈
, we introduce the unique probability

measure P
π
γ on (�,F) as in [12, 13, 28]. Let Eπγ be its corresponding expectation operator. In

particular, Eπγ and P
π
γ will be respectively written as Eπi and P

π
i when γ is the Dirac measure

located at a state i in S.
As in [7, 22, 23, 25], the risk-sensitive average criterion of CTMDPs is defined by

J(i, π ) := lim sup
T→∞

1

T
ln E

π
i

[
exp

{∫ T

0

∫
A

c(xt, a)π (da |ω, t) dt

}]

for each i ∈ S and π ∈
.

Definition 2.2. A policy π∗ ∈
 is said to be risk-sensitive (R-S) average optimal if J(i, π∗) =
infπ∈
 J(i, π ) for all i ∈ S.

This paper will give new conditions for the existence and computation of R-S average
optimal stationary policies.

Since c(i, a) is bounded below (i.e. c(i, a) ≥ L for all (i, a) ∈ K and some constant L), we
have c(i, a) + |L| ≥ 0 on K, and

lim sup
T→∞

1

T
ln E

π
i

[
exp

{∫ T

0

∫
A

[c(xt, a) + |L|]π (da |ω, t) dt

}]
= J(i, π ) + |L|.

Thus, adding a constant to all the costs c(i, a) will affect all policies identically under the R-S
average criterion. Therefore, without loss of generality, we will further assume that c(i, a) is
nonnegative on K.
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3. Preliminaries

To prove the existence of risk-sensitive average optimal policies, we need to develop some
preliminary facts concerning risk-sensitive finite-horizon CTMDPs, some of which are from
[9] and some of which are new.

3.1. Non-explosion and finiteness

Since the transition and cost rates may be unbounded, we need the following conditions
from [9, 12, 15, 23] to guarantee the non-explosion of {xt, t ≥ 0} and the finiteness of J(i, π ).

Assumption 3.1. There exist real-valued functions V0 ≥ 1 and δ ≥ 0 on S, positive constants
b0 and M0, and a state i0 ∈ S such that:

(i)
∑

j∈S V0( j)q( j | i, a) ≤ −δ(i)V0(i) + b01{i0}(i) for all (i, a) ∈ K;

(ii) q∗(i) ≤ M0V0(i) for all i ∈ S, where q∗(i) is as in (1);

(iii) δ∗ := infi �=i0 δ(i)> 0 and 0 ≤ c(i, a) ≤ δ(i) ≤ √
ln V0(i) for all (i, a) ∈ K.

Remark 3.1.
(a) Although the indicator function 1{i0} in Assumption 3.1(i) is a modification of the indi-

cator function 1C in [23] with a finite subset C of S, such a modification is required; see
Remark 3.4 for more details. Assumption 3.1(i) is an extension of Assumption (A2) in
[23], Assumption (A5) in [7], Assumption 3.1(i) in [27], and Assumption 7.1 in [10],
from a constant δ in [7, 10, 23, 27] to a function δ(i) on S here. Thus, it is satisfied for
the examples in [7, 10] and will be verified with other examples below.

(b) Assumption 3.1(iii) is new and ensures the finiteness of

E
π
i

[
exp

{∫ τi0

0

∫
A

c(xv, a)π (da |ω, v) dv

}]
,

where τi0 := min{t ≥ 0 | xt = i0} denotes the first passage time to i0. Since the function
c(i, a) here is allowed to be unbounded, Assumption 3.1(iii) is an extension of the so-
called smallness condition (i.e. sup(i,a)∈K |c(i, a)|< δ∗) in [7, 23] and different from the
near-monotone condition in [22]; see Example 7.1 and Remark 7.3 for details.

(c) Although Assumption 3.1(i) is slightly stronger than Assumption 3.1(i) in [27],
Assumptions 3.3(ii) and 3.4(ii) in [27] are not required here.

To characterize risk-sensitive CTMDPs over the class of all history-dependent policies, we
need an extension of the Feymanm–Kac formula in [9] from the Markovian case to a more
general case, which is based on the following conditions.

Assumption 3.2. There exist a real-valued function V1 ≥ 1 on S and positive constants ρ1, b1,
and M1 such that:

(i)
∑

j∈S V2
1 ( j)q( j | i, a) ≤ ρ1V2

1 (i) + b1 for all (i, a) ∈ K;

(ii) V2
0 (i) ≤ M1V1(i) for all i ∈ S, where V0 comes from Assumption 3.1.

It can be proved that Assumption 3.2 is not required when the transition rates are bounded
(i.e. supj∈S,(i,a)∈K |q( j | i, a)|<∞).
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Assumption 3.3.

(i) For any fixed i, j ∈ S, q( j | i, a) and c(i, a) are continuous in a ∈ A(i);

(ii) For any given i ∈ S, the convergence of
∑

j∈S V0( j)q( j | i, a) holds uniformly in a ∈ A(i).

Remark 3.2. Assumption 3.3(ii) is an extension of (A3) in [7]. Moreover, under Assumption
3.3(i), Assumption 3.3(ii) is fulfilled automatically when

∑
j∈S(i) q( j | i, a) = 0 for a ∈ A(i),

where S(i) is a finite subset of S and can depend on i ∈ S. Assumption 3.3 implies that∑
j∈S V0( j)q( j | i, a) is continuous in a ∈ A(i), and so is slightly stronger than the continuity–

compactness conditions [7, 22, 23]. In fact, it is required not only for the facts in [9] but also
for the existence of ϕ′(t, i) at all t ≥ 0 in Theorem 3.1 (instead of at almost everywhere t ≥ 0 in
[23]); see Remark A.1 for more details.

Lemma 3.1. If Assumptions 3.1 and 3.2 are satisfied, then the following assertions hold:

(a) For i ∈ S and π ∈
,

E
π
i

[
exp

{∫ τi0

0

∫
A

c(xv, a)π (da |ω, v) dv

}]
≤E

π
i

[
exp

{∫ τi0

0
δ(xv) dv

}]
≤ V0(i).

(b) E
π
i [τi0 ] ≤ V0(i)

δ∗ and P
π
i (τi0 <∞) = 1, for all i ∈ S and π ∈
.

Proof. See Appendix A. �
Remark 3.3. In this paper, i0 in Lemma 3.1 comes directly from Assumption 3.1(i). However,
in [23], the corresponding reference state i0 is determined by the condition V(i0) ≥ 1 + b

δ
,

where the function V and constants δ as well as b are from [23, Assumption A2], corresponding
to the V0 and δ(i)

2 as well as b0 in Assumption 3.1 here. Example 3.1 shows that the condition
V(i0) ≥ 1 + b

δ
actually cannot be used to get a reference state.

Example 3.1. Let S := {0, 1, 2}, all A(i) be singleton sets; then there is a unique station-
ary policy, say f . Moreover, let q(0 | 0, f (0)) = −1, q(1 | 0, f (0)) = 1, q(2 | 0, f (0)) = 0; q(0 |
1, f (1)) = 8, q(1 | 1, f (1)) = −9, q(2 | 1, f (1)) = 1; q(0 | 2, f (2)) = 0, q(1 | 2, f (2)) = 8, q(2 | 2,
f (2)) = −8.

Obviously, Assumption A2 in [23] is satisfied for V(i) := 3 + i for i ∈ S, C := {0, 1} (or
{0}), δ := 1

2 , b := 4, which implies that 1 + b
δ

= 9> V(i) for all i ∈ S. Thus, if we follow the
statement in [23], this example does not have any reference state.

However, since Assumptions 3.1 and 3.2 are also satisfied for V0(i) = V1(i) := 3 + i for
i ∈ S and i0 = 0, the state 0 is actually a reference state for this paper.

3.2. Finite-horizon optimality

In order to deal with risk-sensitive average optimality, we need some notation and facts on
risk-sensitive finite-horizon optimality.

For any π ∈
, t ≥ 0, i ∈ S, the t-horizon risk-sensitive criterion

ϕ(t, i, π ) := E
π
i

[
exp

{∫ t

0

∫
A

c(xs, a)π (da |ω, s) ds

}]

is well defined. Then, let ϕ(t, i) := infπ∈
 ϕ(t, i, π ) for i ∈ S, which is called the value function
of the t-horizon risk-sensitive criterion. Since c is nonnegative, ϕ(t, i) is increasing in t ≥ 0,
ϕ(0, i) = 1, and ϕ(t, i) ≥ 1 for all t ≥ 0.
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To state the results of the finite-horizon case, let us introduce some additional notations.
Given any function W ≥ 1 on S, a function u(t, i) on [0, T] × S is called W-bounded if the
W-weighted norm of u(t, i), ‖u‖W := sup(t,i)∈[0,T]×S

|u(t,i)|
W(i) , is finite. Let BW ([0, T] × S) be the

Banach space of all W-bounded measurable functions u(t, i) on [0, T] × S. For each measurable
function u(t, i) on [0, T] × S, if u(·, i) is absolutely continuous in t ∈ [0, T], then we put a
measurable function u′(t, i) on [0, T] × S such that u(s, i) − u(0, i) = ∫ s

0 u′(t, i) dt for each i ∈ S
and s ∈ [0, T]. This also means that u′(t, i) is the derivative with respect to time t in [0,T]. For
V0 and V1 from Assumptions 3.1 and 3.2, we denote by BV0,V1 ([0, T] × S) the collection of
functions u(t, i) in BV0 ([0, T] × S) such that each u(t, i) (for any given i ∈ S) is absolutely
continuous in t ∈ [0, T] and admits a V1-bounded u′(t, i).

Theorem 3.1. (Finite-horizon optimality.) Under Assumptions 3.1, 3.2, and 3.3, for any T > 0,
the following assertions hold.

(a) The value function ϕ(t, i) is the unique solution in BV0,V1 ([0, T] × S) of the following
risk-sensitive finite-horizon optimality equation:{

ϕ′(t, i) = infa∈A(i) [c(i, a)ϕ(t, i) +∑
j∈S ϕ(t, j)q( j | i, a)],

ϕ(0, i) = 1,

for each (t, i) ∈ [0, T] × S, and ϕ′(t, i) is continuous on [0, T] × S.

(b) There exists a Markov policy π∗ = f ∗
t ∈
d

m such that ϕ′(t, i) = c(i, f ∗
t (i))ϕ(t, i) +∑

j∈S ϕ(t, j)q( j | i, f ∗
t (i)) for all (t, i) ∈ [0, T] × S, and ϕ(t, i) = ϕ(t, i, π∗) =

infπ∈
d
m
ϕ(t, i, π ) for all i ∈ S and t ∈ [0, T].

(c) (The multiplicative dynamic programming principle.) For any subset D of S, let τD :=
inf{s ≥ 0 | xs ∈ D} be the hitting time of the process {xt} to a set D. Then, for all i ∈ S
and t ≥ 0, the value function ϕ(t, i) can be represented as

ϕ(t, i) = inf
ft∈
d

m

E
π
i

[
exp

{∫ t∧τD

0
c(xv, fv(xv)) dv

}
ϕ(t − t ∧ τD, xt∧τD)

]
.

Proof. See Appendix A. �
Lemma 3.2. Under Assumptions 3.1, 3.2, and 3.3, the following assertions hold:

(a) ϕ(t,i)
ϕ(t,i0) ≤ V0(i) for all i ∈ S and t ≥ 0;

(b) ϕ′(t, i) ≥ 0 and supt≥0
ϕ
′(t,i)
ϕ(t,i0) ≤ L(i) for i ∈ S and t ≥ 0, where L(i) := 2V0(i)q∗(i) + b0.

Proof. See Appendix A. �
Remark 3.4. If the function 1{i0} in Assumption 3.1(i) is replaced with the indicator function
1C of a finite subset C of S, as in the proof of Lemma 3.2 in the appendix, we can prove that,
for all t ≥ 0,

E
π
i

[
exp

{∫ τC

0
δ(xv) dv

}]
≤ V0(i),

ϕ(t, i) ≤E
π
i

[
exp

{∫ τC

0
c(xv, πv) dv

}]
ϕ(t, i∗(t)),

(3)
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where the states i∗(t), depending on t ≥ 0, are determined by ϕ(t, i∗(t)) := maxi∈C ϕ(t, i).
However, we cannot prove Lemma 3.2 by (3). In fact, since τi0 ≥ τC (by i0 ∈ C) and the i∗(t)
may change with t, from (3) we cannot establish the existence of some fixed i0 ∈ C such that,
for all t ≥ 0,

E
π
i

[
exp

{∫ τi0

0
δ(xv) dv

}]
≤ V0(i),

ϕ(t, i)

ϕ(t, i0)
≤E

π
i

[
exp

{∫ τC

0
c(xv, πv) dv

}]
,

which are required in [23].

4. The risk-sensitive average optimality equation

In this section we establish the existence of a solution to the RS-AOE for CTMDPs.
To begin with, we need some notation. For each n ≥ 1, let

cn(i, a) :=
{

c(i, a), for i ∈ {0, . . . , n}, a ∈ A(i),

0, otherwise.
(4)

Using Theorem 3.1 and Lemma 3.2, and the method in [23], we extend the corresponding
results in [23] to the case of unbounded transition and cost rates.

Theorem 4.1. Under Assumptions 3.1, 3.2, and 3.3, for each n ≥ i0:

(a) There exists a solution (ρn, ψn) in [0, L(i0)] ×BV0 (S) to

ρnψn(i) = inf
a∈A(i)

⎧⎨
⎩cn(i, a)ψn(i) +

∑
j∈S

ψn( j)q( j | i, a)

⎫⎬
⎭ , ψn(i0) = 1, i ∈ S. (5)

(b) ρn ≤ infπ∈
 J(i, π ) for all i ∈ S.

(c) There is a policy f ∗
n with f ∗

n ∈ F such that, for all i ∈ S,

ψn(i) =E
f ∗
n

i

[
exp

{∫ τi0

0
(cn(xt, f ∗

n (xt)) − ρn) dt

}]

= inf
π∈
d

m

E
π
i

[
exp

{∫ τi0

0
(cn(xt, πt) − ρn) dt

}]
.

Proof. See Appendix A. �
By Theorem 4.1, we can establish the RS-AOE in the following theorem.

Theorem 4.2. Under Assumptions 3.1, 3.2, and 3.3, the following hold.

(a) There exists a solution (ρ∗, ψ∗) in [0, L(i0)] ×BV0 (S) to the RS-AOE

ψ∗(i0) = 1, ρ∗ψ∗(i) = inf
a∈A(i)

⎧⎨
⎩c(i, a)ψ∗(i) +

∑
j∈S

ψ∗( j)q( j | i, a)

⎫⎬
⎭ for all i ∈ S.

(b) ρ∗ ≤ infπ∈
 J(i, π ) for all i ∈ S.

(c) There exists some policy f ∗ with f ∗ ∈ F such that:
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(c1) ρ∗ψ∗(i) = c(i, f ∗(i))ψ∗(i) +∑
j∈S ψ

∗( j)q( j | i, f ∗(i)) for all i ∈ S;
(c2) for all i ∈ S,

ψ∗(i) = inf
π∈
d

m

E
π
i

[
exp

{∫ τi0

0
(c(xt, πt) − ρ∗) dt

}]

=E
f ∗
i

[
exp

{∫ τi0

0
(c(xt, f ∗(xt)) − ρ∗) dt

}]
.

Proof. (a) and (b) Take (ρn, ψn) as in Theorem 4.1 Then, since ρn ∈ [0, L(i0)] for all n ≥ i0,
there exist a subsequence {n1} of {n, n ≥ i0} and a constant ρ∗ ∈ [0, L(i0)] such that ρ∗ =
limn1→∞ ρn1 , and ρ∗ ≤ infπ∈
 J(i, π ) (by Theorem 4.1(b)). Furthermore, since ψn ∈BV0 (S),
ψn(i0) = 1 for all n ≥ i0, and S is denumerable, the diagonalization argument ensures the exis-
tence of a subsequence {n2} of {n1} and a function ψ∗ ∈BV0 (S) satisfying ρ∗ = limn2→∞ ρn2 ,
ψ∗(i) = limn2→∞ ψn2 (i) for all i ∈ S, ψ∗(i0) = 1. Then, replacing n in (5) with n2 and letting
n2 → ∞, we get

ρ∗ψ∗(i) = inf
a∈A(i)

⎧⎨
⎩c(i, a)ψ∗(i) +

∑
j∈S

ψ∗( j)q( j | i, a)

⎫⎬
⎭ for all i ∈ S.

Thus, we complete the proof of (a) and (b).
(c) For any given π ∈
d

m, since cn2 ≤ c and ρn2 ≥ 0, Theorem 4.1(c) gives, for all n2 ≥ 1,

ψn2 (i) ≤E
π
i

[
exp

{∫ τi0

0
(cn2 (xt, πt) − ρn2 ) dt

}]

≤E
π
i

[
exp

{∫ τi0

0
c(xt, πt) dt

}]
≤ V0(i).

Thus, using the dominated convergence theorem and letting n2 → ∞, we have ψ∗(i) ≤
E
π
i

[
exp

{∫ τi0
0 (c(xt, πt) − ρ∗) dt

}]
, and hence

ψ∗(i) ≤ inf
π∈
d

m

E
π
i

[
exp

{∫ τi0

0
(c(xt, πt) − ρ∗) dt

}]
for all i ∈ S. (6)

Taking f ∗
n2

(i) as the minimum of (5),

ρnψn2 (i) = c(i, f ∗
n2

(i))ψn2 (i) +
∑
j∈S

ψn2 ( j)q( j | i, f ∗
n2

(i)) for all i ∈ S. (7)

Since f ∗
n2

(i) ∈ A(i) belongs to the compact A(i) (for each i ∈ S) and S is denumerable, there
exists a subsequence {n3} of {n2} and f ∗ ∈ F ⊂
d

m such that c(i, f ∗(i)) = limn3→∞ c(i, f ∗
n3

(i)),
q( j | i, f ∗(i)) = limn3→∞ q( j | i, f ∗

n3
(i)) for all i, j ∈ S. Replacing n2 in (7) with n3 and then

letting n3 → ∞, we have ρ∗ψ∗(i) = c(i, f ∗(i))ψ∗(i) +∑
j∈S ψ

∗( j)q( j | i, f ∗(i)) for all i ∈ S,
which implies (c1) and also, by the extended Feymanm–Kac formula in Lemma A.1,

ψ∗(i) =E
f ∗
i

[
exp

{∫ T∧τi0

0
(c(xt, f ∗(xt)) − ρ∗) dt

}
ψ∗(xT∧τi0

)

]
for T > 0.
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Hence, using Fatou’s lemma and noting ψ∗(xτi0
) =ψ∗(i0) = 1, letting T → ∞ we have

ψ∗(i) ≥E
f ∗
i

[
exp

{∫ τi0

0
[c(xt, f ∗(xt)) − ρ∗] dt

}]
≥ inf
π∈
d

m

E
π
i

[
exp

{∫ τi0

0
(c(xt, πt) − ρ∗) dt

}]
,

which, together with (6), gives (c2). �

5. The existence of R-S average optimal policies

In this section we prove the existence of a risk-sensitive average optimal stationary policy
using the RS-AOE. To do so, besides Assumptions 3.1, 3.2, and 3.3, which are assumed to hold
throughout this section, we need the following condition.

Assumption 5.1. infi∈S ψ
∗(i)> 0, where ψ∗ is from Theorem 4.2.

Assumption 5.1 is new. We will show that, under Assumption 5.1 and the conditions in
Theorem 4.2, a risk-sensitive average optimal stationary policy exists. Before proving this
conclusion, we provide some sufficient conditions that verify Assumption 5.1.

Proposition 5.1. Each of the following conditions implies Assumption 5.1:

(a) The state space S is finite.

(b) Suppose that infa∈A(i) q(i, a)> 0 for all i �= i0, and there exists a nonnegative bounded
function V2 on S satisfying

∑
j �=i0 q( j | i, a)V2( j) ≤ −1 for all a ∈ A(i), i �= i0, and

V2(i0) := 0.

(c) (Stochastic monotonicity condition). For any f ∈ F, c(i,f(i)) is increasing in i ∈ S,∑
j≥k q( j | i, f (i)) ≤∑j≥k q( j | i + 1, f (i + 1)) for all i, k ∈ S with k �= i + 1, and i0 = 0.

Proof.

(a) Take f ∗ and ρ∗ as in Theorem 4.2. Then

ψ∗(i) =E
f ∗
i

[
exp

{∫ τi0

0
(c(xt, f ∗(xt)) − ρ∗) dt

}]
> 0

for all i ∈ S. Thus, it is obvious that (a) implies Assumption 5.1.

(b) Let M := supi∈S V2(i)<∞ (by the condition). Then, as in the proof of [1, Lemma

6.1.5], we have E
f ∗
i (τi0 ) ≤ V2(i) ≤ M. Therefore, by Jensen’s inequality and c ≥ 0, we

have, for all i ∈ S,

ψ∗(i) =E
f ∗
i

[
exp

{∫ τi0

0
(c(xt, f ∗(xt)) − ρ∗) dt

}]
≥ e−ρ∗

E
f ∗
i (τi0 ) ≥ e−ρ∗M ≥ e−L(i0)M,

which also verifies Assumption 5.1.

(c) Obviously, it suffices to show that ψ∗ is increasing on S. First, for any nonnegative
increasing function u on S and t ≥ 0, by [1, Theorem 7.3.4 and Proposition 7.3.2], we

see that
∑

j≥k P
f ∗
i (xt = j) is nondecreasing in i ∈ S (for every fixed k ∈ S at t ≥ 0), which

together with [1, Proposition 7.3.1], implies that Ef ∗
i (u(xt)) is increasing in i ∈ S. For any
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given n ≥ 1 and T > 0, let x̂k := x k
2n T , k = 0, 1, . . . , 2n. Then, since {xt, t ≥ 0} is right

continuous in t ≥ 0, by the dominated convergence theorem we have

ψ∗(i) =E
f ∗
i

[
exp

{∫ τi0

0
(c(xt, f ∗(xt)) − ρ∗) dt

}]

= lim
n→∞ E

f ∗
i

[
exp

{
2n∑

k=0

1{x̂k �=0}[c(x̂k, f ∗(x̂k)) − ρ∗]
T

2n

}]
.

Thus, it remains to show that

g(i) := E
f ∗
i

[
exp

{
2n∑

k=0

1{x̂k �=0}[c(x̂k, f ∗(x̂k)) − ρ∗]
T

2n

}]

is increasing in i ∈ S. Fix any i ∈ S, and let ū( j) := exp
{
(c( j, f ∗( j)) − ρ∗) T

2n

}
for all

j �= 0 and ū(0) := 0. Thus, ū( j) is increasing in j ∈ S, and so is E
f ∗
i [ū(x̂2n)] in i ∈ S.

Moreover, g(i) =E
f ∗
i

[

2n

k=0ū(x̂k)
]=E

f ∗
i

[

2n−1

k=0 ū(x̂k)Ef ∗
x̂2n−1

[
ū(x̂2n )

]]
. Let G1( j) :=

ū( j)Ef ∗
j [ū(x̂2n)] for j ∈ S. Then, G1 is nonnegative and increasing on S, and g(i) =

E
f ∗
i

[

2n−2

k=0 ū(x̂k)G1(x̂2n−1)
]
. Let Gm+1( j) := ū( j)Gm( j) for j ∈ S and m = 1, . . . , 2n − 1.

Then, by induction, we see that all Gm+1 are nonnegative and increasing on S, and so is

g(i) =E
f ∗
i [G2n

(x̂1)], i ∈ S. �

We now present our main result.

Theorem 5.1. Under Assumptions 3.1, 3.2, and 3.3, and 5.1, the following hold.

(a) There exists a solution (ρ∗, ψ∗) in [0, L(i0)] ×B
+
V0

(S) to the RS-AOE:

ψ∗(i0) = 1, ρ∗ψ∗(i) = inf
a∈A(i)

{
c(i, a)ψ∗(i) +

∑
j∈S

ψ∗( j)q( j | i, a)

}
for all i ∈ S, (8)

where B
+
V0

(S) := {ψ ∈BV0 (S): infi∈S ψ(i)> 0}.
(b) ρ∗ = infπ∈
 J(i, π ) for all i ∈ S.

(c) There exists some policy f ∗ with f ∗ ∈ F such that

(c1) ρ∗ψ∗(i) = c(i, f ∗(i))ψ∗(i) +∑
j∈S ψ

∗( j)q( j | i, f ∗(i)) for all i ∈ S;
(c2) for all i ∈ S,

ψ∗(i) =E
f ∗
i

[
exp

{∫ τi0

0
(c(xt, f ∗(xt)) − ρ∗) dt

}]

= inf
π∈
d

m

E
π
i

[
exp

{∫ τi0

0
(c(xt, πt) − ρ∗) dt

}]
;

(c3) J(i, f ∗) = ρ∗ = infπ∈
 J(i, π ) for all i ∈ S, which means that f ∗ is optimal.
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Proof. Using the notation and results of Theorem 4.2, we only need to show that ρ∗ ≥
J(i, f ∗) for all i ∈ S. Indeed, for each i ∈ S, by Lemma A.1 and Assumption 5.1 that ψ∗ :=
infi∈S ψ

∗(i)> 0, we have, for all T > 0,

ψ∗(i) =E
f ∗
i

[
exp

{∫ T

0
(c(xt, f ∗(xt)) − ρ∗) dt

}
ψ∗(xT )

]

≥ψ∗
E

f ∗
i

[
exp

{∫ T

0
(c(xt, f ∗(xt)) − ρ∗) dt

}]
.

Therefore,

lnψ∗(i) ≥ lnψ∗ + ln E
f ∗
i

[
exp

{∫ T

0
c(xt, f ∗(xt)) dt

}]
− Tρ∗ for T > 0,

which implies that

ρ∗ ≥ lim sup
T→∞

1

T
ln E

f ∗
i

[
exp

{∫ T

0
c(xt, f ∗(xt)) dt

}]
= J(i, f ∗). �

Remark 5.1. We have established the existence of an R-S average optimal policy in Theorem
5.1, and do not need the assumption in [7, 22, 23, 25, 27] that the state process under every
stationary policy is ergodic; see Remark 7.2 for more details.

6. The computation of R-S average optimal policies

We have shown the existence of an optimal stationary policy. In this section we focus on the
computational approach for finding optimal stationary policies by finite approximation.

6.1. A policy iteration algorithm

Under Assumptions 3.1–3.3 and 5.1, for each f ∈ F, by taking A(i) := {f (i)} for all i ∈ S, it
follows from Theorem 5.1 that J(i, f ) is independent of state i (i.e. a constant, denoted by ρf ),
which, together with the function

ψ f (i) := E
f
i

[
exp

{∫ τi0

0
(c(xt, f (xt)) − ρf ) dt

}]
≤ V0(i) (i ∈ S),

solves the following multiplicative Poisson equation:

ρψ(i) = c(i, f (i))ψ(i) +
∑
j∈S

ψ( j)q( j | i, f (i)) for all i ∈ S, with ψ(i0) = 1. (9)

To establish the uniqueness of a solution to the Poisson equation (9) and the RS-AOE (8), we
introduce the following condition.

Assumption 6.1. supi∈S ψ
f (i)<∞ for each f ∈ F, where

ψ f (i) := E
f
i

[
exp

{∫ τi0

0
(c(xt, f (xt)) − ρf ) dt

}]
.

Since ψ∗ =ψ f ∗
by Theorem 5.1(c), Assumptions 5.1 and 6.1 together with Theorem 5.1(a)

imply that theψ∗ in the solution (ρ∗, ψ∗) to the RS-AOE is indeed a bounded, positive function
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which is uniformly bounded away from zero. As mentioned in [7, Remark 5.3], showing the
existence of such a solution is currently unsolved.

Obviously, Assumptions 5.1 and 6.1 are satisfied when S is finite. For the case of infinitely
denumerable states, we next give suitable conditions that verify Assumptions 5.1 and 6.1.

Proposition 6.1. Suppose that q̂ := infa∈A(i),i �=i0 q(i, a)> 0, and there exist a nonnegative
bounded function V3 on S and a constant δ̂ > 0 such that δ̂ < q̂, V3(i0) = 0, and

∑
j �=i0 q( j |

i, a)V3( j) ≤ −δ̂V3(i) − 1 for all a ∈ A(i), i �= i0. Then, the following assertions hold.

(a) ψ f (i) ≥ e−L(i0) supi∈S V3(i) for all i ∈ S and f ∈ F, which implies Assumptions 5.1.

(b) If, in addition, c(i, a) ≤ δ̂ for all (i, a) ∈ K, then Assumptions 6.1 and 5.1 are satisfied.

Proof. Let M := supi∈S V3(i). Then, for any f ∈ F, it follows from the proof of [1,

Lemma 6.1.5] that Ef
i (τi0 ) ≤ V3(i) ≤ M and E

f
i

[
eδ̂τi0

]
≤ δ̂V3(i) + 1 ≤ 1 + δ̂M<∞ for all i ∈ S.

Thus, by

ψ f (i) =E
f
i

[
exp

{∫ τi0

0
(c(xt, f (xt)) − ρf ) dt

}]
≥ e−ρf

E
f
i (τi0 ) ≥ e−L(i0)M,

we see that (a) is true. Obviously, (b) follows from

ψ f (i) ≤E
f
i

[
exp

{∫ τi0

0
c(xt, f (xt)) dt

}]
≤E

f
i

[
eδ̂τi0

]
≤ 1 + δ̂M. �

We next prove the uniqueness of a solution to (9) or (8).

Proposition 6.2. Under Assumptions 3.1, 3.2, 3.3, 5.1, and 6.1, the following hold.

(a) The solution (ρ∗, ψ∗) to the RS-AOE (8) is unique in [0, L(i0)] ×B
+
1 (S).

(b) For each f ∈ F, the solution (ρf , ψ f ) to the multiplicative Poisson equation (9) is unique
in [0, L(i0)] ×B

+
1 (S).

Proof.

(a) In Theorem 5.1, we have shown that (ρ∗, ψ∗) is a solution in [0, L(i0)] ×B
+
V0

(S) to the

RS-AOE (8), and (ρ∗, ψ∗) = (ρf ∗
, ψ f ∗

) for some f ∗ ∈ F. Under Assumption 6.1, it is
obvious that ψ∗ ∈B

+
1 (S). Hence, it remains to show that such a solution is unique to the

RS-AOE (8) in [0, L(i0)] ×B
+
1 (S). To do so, suppose that (ρ, ψ) is an arbitrary solution

in [0, L(i0)] ×B
+
1 (S) to the RS-AOE. Since (ρ, ψ) ∈ [0, L(i0)] ×B

+
1 (S), using a similar

argument to the proofs of Theorems 4.1(b,c) and 5.1(b) yields ρ = infπ∈
 J(i, π ), and

ψ(i) = inf
π∈
d

m

E
π
i

[
exp

{∫ τi0

0
(c(xt, πt) − ρ) dt

}]

for all i ∈ S. It then follows that ρ = ρ∗ and ψ(i) =ψ∗(i) for all i ∈ S.

(b) The proof is similar to part (a). �

Based on the uniqueness of a solution to (9), we next provide a policy iteration algorithm
for computing optimal stationary policies:
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1. Pick an arbitrary f ∈ F. Let k = 0, and take fk := f .

2. Policy evaluation (by Proposition 6.2(b)): Compute ρfk and ψ fk by solving the multi-
plicative Poisson equation

ρψ(i) = c(i, fk(i))ψ(i) +
∑
j∈S

ψ( j)q( j | i, fk(i)) for all i ∈ S, with ψ(i0) = 1.

3. Policy improvement: Obtain a policy fk+1 ∈ F such that, for each i ∈ S,

fk+1(i) :=
{

fk(i) when Bfk (i) = ∅,
a with any a ∈ Bfk (i) �= ∅, (10)

where Bfk (i) := {a ∈ A(i) | c(i, a)ψ fk (i) +∑
j∈S q( j | i, a)ψ fk ( j)<ρfkψ fk (i)}.

4. If fk+1 = fk (i.e. Bfk (i) ≡ ∅), then stop because fk+1 is optimal (by Proposition 6.2 and
Theorem 5.1(c)). Otherwise, increase k by 1 and return to step 2.

6.2. A finite approximation technique

It should be noted that it is difficult to implement the policy iteration algorithm above for
the case of infinite states. To compute optimal policies for infinite states, we next propose a
finite approximation technique.

First, we show the convergence of this algorithm when both states and actions are finite,
and the model M is irreducible, which means that {xt, t ≥ 0} is irreducible under each f ∈ F.

Lemma 6.1. Under Assumptions 3.1, 3.2, and 3.3, if S and A(i)(i ∈ S) are finite and M is irre-
ducible, then an R-S average optimal stationary policy can be obtained by the policy iteration
algorithm in a finite number of steps.

Proof. Obviously, this lemma follows from [7, Theorem 5.1] and Proposition 6.2. �
Second, in order to compute R-S average optimal policies for the case of infinite states, we

construct models Mn := {Sn, An(i), cn(i, a), qn( j | i, a)} (n ≥ 1) with finite states, where Sn :=
{0, . . . , n}, An(i) := A(i), cn(i, a) := c(i, a), and

qn( j | i, a) :=
{

q( j | i, a) + 1
n

∑
k>n q(k | i, a) for 0 ≤ j ≤ n, j �= i, 0 ≤ i ≤ n,

q(i | i, a) for j = i
(11)

for each i ∈ Sn and a ∈ An(i).
Obviously, the transition rates qn( j | i, a) (n ≥ 1) are also conservative and stable. Moreover,

if the function V0 in Assumption 3.1 is nondecreasing on S, then Assumption 3.1 holds for each
model Mn, which is verified as follows. For each n ≥ 1, i ∈ Sn, and a ∈ An(i),∑

j∈Sn

qn( j | i, a)V0( j) =
∑

j∈Sn,j �=i

[
q( j | i, a) + 1

n

∑
k>n

q(k | i, a)

]
V0( j) + q(i | i, a)V0(i)

=
∑
j∈Sn

q( j | i, a)V0( j) + 1

n

∑
k>n

q(k | i, a)

[ ∑
j∈Sn,j �=i

V0( j)

]

≤
∑
j≤n

q( j | i, a)V0( j) +
∑
k>n

q(k | i, a)V0(k)

≤ −δ(i)V0(i) + b01{i0} (by Assumption 3.1). (12)

Thus, in summary, we have the following theorem.
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Theorem 6.1. Under Assumptions 3.1, 3.2, and 3.3, if the functions V0 and V1 are nondecreas-
ing on S, then the following assertions hold for each Mn (n ≥ 1).

(a) The solution (ρ∗
n , ψ

∗
n ) to the RS-AOE (13) for Mn is unique in [0, L(i0)] ×B

+
1 (S):

ρ∗
nψ

∗
n (i) = inf

a∈A(i)

{
cn(i, a)ψ∗

n (i) +
∑
j∈Sn

ψ∗
n ( j)qn( j|i, a)

}
for all i ∈ Sn, (13)

ψ∗
n (i0) = 1, ρ∗

n ≤ L0(i0), ψ∗
n (i) ≤ V0(i) for all i ∈ Sn and n ≥ 1.

(b) There exists a policy f ∗
n with f ∗

n ∈ F achieving the minimum in (13). Moreover, a policy f
in F is optimal for Mn if and only if f(i) achieves the minimum in (13) for all i ∈ Sn.

(c) If, in addition, M is irreducible and A(i) is finite for each i ∈ S, then an R-S average
optimal stationary policy f ∗

n for Mn can be obtained by the policy iteration algorithm in
a finite number of steps.

Proof. (a) and (b). Since Sn are finite, it follows from (12) that Assumptions 3.1, 3.2, 3.3,
5.1, and 6.1 are satisfied for each Mn. Thus, (a) follows from Theorem 5.1 and Lemma 3.1(a),
as well as (12), and (b) from Proposition 6.2.

(c) First, we show that Mn is also irreducible for each n ≥ 1. Indeed, given any stationary
policy fn ∈ F for model Mn and i, j ∈ Sn, i �= j, we extend fn to f ∈ F by letting f (i) := fn(i)
for all i ∈ Sn and f (i) := ai for any i �∈ Sn, where ai ∈ A(i) is any fixed action. Then, since M

is irreducible, there exist N ≥ 0 states ik ∈ S \ {j} (k = 0, . . . ,N, with i0 = i, iN+1 = j) such
that q(ik+1 | ik, f (ik))> 0 for all k = 0, . . . ,N. If ik ∈ Sn for k = 1, . . .N, since i0, iN+1 ∈ Sn,
we have ik ∈ Sn for all 0 ≤ k ≤ N + 1 and qn(ik+1 | ik, fn(ik)) = q(ik+1 | ik, f (ik))> 0 for all
k = 0, . . .N, which means that i can reach j under fn for the model Mn. Otherwise, let k∗ :=
min{k:ik �∈ Sn}. Since i0, iN+1 ∈ Sn, we have 1 ≤ k∗ ≤ N and {i0, . . . , ik∗−1} ⊂ Sn, but ik∗ �∈ Sn.
Thus, by the definition of the transition rates qn(· | ·, ·) in (11) and ik∗−1 �= j ∈ Sn, we have

qn( j | ik∗−1, fn(ik∗−1)) = qn( j | ik∗−1, f (ik∗−1)) ≥ 1

n
q(ik∗ | ik∗−1, f (ik∗−1))> 0,

which, together with q(ik+1 | ik, fn(ik))> 0 for k = 0, . . . , k∗ − 1, implies that i can reach j
under fn for the model Mn. Thus, Mn is irreducible, and so (c) follows from Lemma 6.1. �

Since the sets A(i) are compact, so is F. Thus, any sequence {f ∗
n } in Theorem 6.1(c) has a

limit policy (say f̂ ∗) in F; that is, there is a subsequence {f ∗
nk

} of {f ∗
n } such that limk→∞ f ∗

nk
(i) =

f̂ ∗(i) for each i ∈ S.

Theorem 6.2. (Finite approximation.) Suppose that Assumptions 3.1, 3.2, and 3.3 are satisfied,
and that V0 is nondecreasing on S. Then the following hold.

(a) A sequence {f ∗
n } of R-S average optimal stationary policies f ∗

n for Mn exists, and it has
a limit policy f̂ ∗ such that, for all i ∈ S,

ρ̂ψ̂(i) = c(i, f̂ ∗(i))ψ̂(i) +
∑
j∈S

q( j | i, f̂ ∗(i))ψ̂( j)

= inf
a∈A(i)

{
c(i, a)ψ̂(i) +

∑
j∈S

q( j | i, a)ψ̂( j)

}
(14)

for some function ψ̂ on S such that ψ̂ ≤ V0.
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(b) If, in addition, the condition in Proposition 6.1 holds with a nondecreasing V3 on S and
a constant δ̂ ≥ c(i, a) on K, then the policy f̂ ∗ in (a) is optimal for the model M.

Proof.
(a) Suppose that f̂ ∗(i) = limk→∞ f ∗

nk
(i) for all i ∈ S. Then, by Theorem 6.1, we have 0 ≤

ρ∗
nk

≤ L0(i0) and ψ∗
nk

(i) ≤ V0(i) for all k ≥ 1. Thus, diagonalization arguments ensure the

existence of a subsequence {nkl , l ≥ 1} of {nk, k ≥ 1} and (ρ̂, ψ̂) ∈ [0, L0(i0)] ×BV0 (S)
such that

lim
l→∞ f ∗

nkl
(i) = f̂ ∗(i), lim

l→∞ ρ∗
nkl

= ρ̂, lim
l→∞ψ∗

nkl
(i) = ψ̂(i) ≤ V0(i)

for all i ∈ S with ψ̂(i0) = 1. (15)

For given i ∈ S, there exists ñ such that i ∈ Sn for n ≥ ñ. Then, Theorem 6.1(a,b) give

ρ∗
nkl
ψ∗

nkl
(i) = cnkl

(i, f ∗
nkl

(i))ψ∗
nkl

(i) +
∑

j∈Snkl

ψ∗
nkl

( j)qnkl
( j | i, f ∗

nkl
(i)) for all l ≥ ñ

= inf
a∈A(i)

{
cnkl

(i, a)ψ∗
nkl

(i) +
∑
j∈Sn

ψ∗
nkl

( j)qnkl
( j | i, a)

}

≤ cnkl
(i, a)ψ∗

nkl
(i) +

∑
j∈Sn

ψ∗
nkl

( j)qnkl
( j | i, a) for all a ∈ A(i). (16)

On the other hand, since ψ∗
n ≤ V0 for all n ≥ 1, by (11) and (15) we have

∑
j∈Sn

ψ∗
n ( j)qn( j | i, f ∗

n (i)) =
∑
j∈Sn

ψ∗
n ( j)q( j | i, f ∗

n (i)) + 1

n

∑
k>n

q(k | i, f ∗
n (i))

∑
0≤j≤n,j �=i

ψ∗
n ( j), (17)

which, together with the monotonicity of V0 and

0 ≤ 1

n

∑
k>n

q(k | i, f ∗
n (i))

∑
0≤j≤n,j �=i

ψ∗
n ( j) ≤

∑
k>n

q(k | i, f ∗
n (i))V0(k) → 0 as n → ∞,

implies that

lim
l→∞

[ ∑
j∈Snkl

ψ∗
nkl

( j)qnkl
( j | i, f ∗

nkl
(i))

]
=
∑
j∈S

ψ̂( j)q( j | i, f̂ (i)). (18)

Thus, by (15)–(18), we get (14).

(b) As the proof of (12), we have δ̂ < qn(i, a) and
∑

j �=i0 qn( j | i, a)V3( j) ≤ −δ̂V3(i) − 1 for
all a ∈ A(i) and every i �= i0, n ≥ 1, which, together with the proofs of Proposition 6.1
and Theorem 5.1(c), give e−L(i0)M ≤ψ∗

n (i) ≤ 1 + δ̂M, where M = supi∈S V3(i)<∞, and
so e−L(i0)M ≤ ψ̂∗( j) ≤ 1 + δ̂M for all i ∈ S. Hence, by (14) and Proposition 6.2, we see
that (b) is also true. �
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7. Example

In this section we provide an example to illustrate the conditions in this paper and show the
effectiveness of the finite approximation in Theorem 6.2 for risk-sensitive average CTMDPs.

Example 7.1. (Controlled population processes.) In a population process, we regard the pop-
ulation size at any time as the state variable, and suppose that the birth and death parameters
can be controlled by a decision maker; they are denoted by λi(a1) and μi(a2) respectively,
and may depend on the system’s state i and decision variables (a1, a2) taken by the decision
maker. When the state of the process is at i ∈ S := {0, 1, . . . , }, the decision maker takes an
action a := (a1, a2) from a given set A(i) = :A1(i) × A2(i), which may increase or decrease the
parameters λi(a1) and μi(a2). On the other hand, because of some possible catastrophe, it is
suitable to suppose that a transition from i to 0 may happen at rate β(i) for all i ≥ 1. Choosing
any action a = (a1, a2) at state i results in some cost, denoted by c(i, a). Moreover, the decision
maker wishes to minimize the associated risk-sensitive average cost.

We now formulate the controlled population processes as CTMDPs. Obviously, the state
space S = {0, 1, . . .} is denumerable; the corresponding transition rates q( j | i, a) are as fol-
lows. When there is no population in the system (i.e. i = 0), any control of death is unnecessary,
and so we set A2(0) := {0}. Thus, we have q(1 | 0, a) = −q(0 | 0, a) := λ0(a1) for a = (a1, a2) ∈
A1(0) × A2(0), where a1 denotes immigration rates varying in A1(0) := [0, α1] for some
constant α1 > 0. Moreover, for each i ≥ 1, a = (a1, a2) ∈ A1(i) × A2(i), we have

q( j | i, a) =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

λi(a1) if j = i + 1,

−λi(a1) −μi(a2) − β(i) if j = i,

μi(a2) if j = i − 1, i ≥ 2,

μ1(a2) + β(1) if j = 0, i = 1,

β(i) if j = 0, i ≥ 2,

0 otherwise.

(19)

We aim to find conditions imposed on q( j | i, a) in (19) and c(i, a) that can ensure the
existence of an optimal policy, and thus consider the following sets of hypotheses H1 and H2
with given positive constants μ and λ. A characterization of these hypotheses is that their
conditions are imposed on the elements of the model and thus can be verified.

H1 (On controlled birth and death processes with catastrophes [1, p. 292]):

(a) A(i) := [ − λ, λ] × [ −μ, μ] for all i ≥ 1 and μ≥ max{λ, 1
2 };

(b) λi(a1) := λi + a1 for all i ≥ 0, and μi(a2) = :μ(i + 2)2 + a2 for all i ≥ 1;

(c) β∗ := infi≥1 β(i)> 0;

(d) 0 ≤ c(i, a) ≤ ln
√

i + 2 for all i ≥ 0 and a ∈ A(i), and c(i, a) is continuous in a ∈ A(i) for
each fixed i ∈ S.

Remark 7.1. The transition and cost rates in the condition H1 can be unbounded. However, H1
needs the catastrophe hypothesis (i.e. infi≥1 β(i)> 0), which is for the validity of Proposition
5.1(b). To remove the catastrophe hypothesis, we need stochastic monotonicity, and thus mod-
ify H1 as the following H2, which is for the verification of the conditions in Proposition
5.1(c).
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H2 (On controlled birth and death processes without any catastrophe [1, p. 292]):

(a) A1(0) = [0, α1], A(i) := [ − λ, λ] × [μ, μ] for all i ≥ 1, where μ≥ max{λ, 1
2 };

(b) λi(a1) := λi + a1 for i ≥ 0, and μi(a2) = :μ(i + 2)2 + a2 for all i ≥ 1;

(c) β(i) = 0 for all i ≥ 1;

(d) 0 ≤ c(i, a) ≤ ln
√

i + 2 for all (i, a) ∈ K, and c(i, a) is continuous in a ∈ A(i) for each
fixed i ∈ S;

(e) infa′∈A(i+1) c(i + 1, a′) ≥ c(i, a) for all (i, a) ∈ K, which implies that c(i, f (i)) is increas-
ing in i ∈ S for any given f ∈ F.

Proposition 7.1. Under one of H1 and H2, Assumptions 3.1, 3.2, 3.3, and 5.1 are satisfied.
Thus, an optimal stationary policy exists for Example 7.1.

Proof. Under H1, in order to verify the assumptions, let i0 := 0, V0(i) := (i + 2)2, δ(i) :=
ln

√
i + 2, V1(i) := (i + 2)4, V2(i) := 1

β∗ for i �= 0, V2(0) := 0. Then, using the conditions in
H1, a direct calculation gives, for all i ≥ 1 and (a1, a2) ∈ A(i),∑

j∈S

q( j | 0, a)V0( j) = 5a1 ≤ −δ(0)V0(0) + 8μ+ 5b1, (20)

∑
j∈S

q( j | i, a)V0( j) = −[μ(i + 2)2 + a2](2i + 3) + (λi + a1)(2i + 5) − β(i)(2i2 + 4)

≤ −μ(i + 2)V0(i) −μ(i + 2)2(i + 1) +μ(2i + 3) + λ(i + 1)(2i + 5)

≤ −μ
2

(i + 2)V0(i) ≤ −δ(i)V0(i), (21)∑
j∈S

q( j | i, a)V2
1 ( j) = [a2 + (i + 2)2μ][(i + 1)8 − (i + 2)8] + (a1 + λi)[(i + 3)8 − (i + 2)8]

+ β(i)[28 − (i + 2)8]

≤ 192(λ+μ)(i + 2)8 = 192(λ+μ)V2
1 (i), (22)∑

j �=0

q( j | i, a)V2( j) = −β(i)

β∗
≤ −1. (23)

Thus, since q∗(i) ≤ (λ+μ)(i + 2)2 ≤ (λ+μ)V0(i), Assumption 3.1 follows from (20) and
(21). From the descriptions of the example and H1, we see that Assumption 3.3 is satis-
fied, and (22) implies Assumption 3.2. It remains to verify Assumption 5.1. Indeed, since
infa∈A(i) q(i, a) = infa∈A(i) (λi + a1 +μ(i + 2)2 + a2 + β(i)) ≥ 3μ> 0 (by H1) for each i �= 0,
by (23) and Proposition 5.1(b) we see that Assumption 5.1 is satisfied.

Under H2, as for the arguments for H1, we see that Assumptions 3.1–3.3 are all satisfied.
Moreover, since the birth and death processes without any catastrophe (by H2(c)) are stochastic
monotone and the second part of H2(d) implies that c(i, f (i)) is nondecreasing in i ∈ S (for any
given stationary policy f ), Assumption 5.1 follows from Proposition 5.1(c). Thus, Theorem 5.1
gives the desired result. �
Remark 7.2. Under H1 or H2, take any stationary policy f with f (0) = (0, 0) (or f (1) =
(−μ,−λ)). Then, we have q(0 | 0, f (0)) = 0 (or q(1 | 1, f (1)) = 0), and so the state 0 (or 1)
is absorbing under the policy f , while the state process under every stationary policy has been
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assumed to be ergodic in [7, 22, 23, 25, 27]. Of course, if the sets A(0) and A(i) (i ≥ 1) are
taken to be compact subsets of (0, b1] and (−λ, λ) × (−μ, μ) respectively, then M (i.e. process
{xt, t ≥ 0}) is irreducible under any stationary policy.

Remark 7.3. In the conditions H1 and H2 for Example 7.1, the cost and transition rates are
allowed to be unbounded. Moreover, if the c(i, a) in H1(d) is unbounded (for example, c(i, a) :=√

ln
(

i + 1 + |a1|+|a2|
μ+λ

)
, then the smallness condition (stronger than the standard boundedness

condition) on the costs in [7, 23] is not satisfied. If taking c(i, a) =
√

ln
[
1 + |a1|+|a2|

(μ+λ)(i+1)

]
which

satisfied H1(d), then lim infi→∞ infa∈A(i) c(i, a) = 0. This shows that the near-monotone con-
dition in [22] (i.e. lim infi→∞ infa∈A(i) c(i, a)> inff ∈F J(i, f )) fails to hold. Furthermore, the
uniform boundedness hypothesis on the transition rates in [7, 22, 23, 25] fail to hold for H1(b).

To illustrate the calculation of optimal policies for the case of infinite states by the finite
approximation policy iteration algorithm, we consider the following conditions. (On controlled
irreducible birth and death processes with catastrophes [1, p. 292])):

(a) A1(0) := [α2, α3] for constants α3 >α2 > 0, and A(i) := [0, λ] × [0, μ] for i ≥ 1;

(b) λi(a1) := λi + a1 for all i ≥ 0, μi(a2) = :μi + a2 for all i ≥ 1, and μ≥ λ;

(c) β(i) ≥ max{2 + 3(μ+ λ) + L, 4
√

ln (1 + i) + 2λ−μ} for i ≥ 1, with a constant L> 0;

(d) 0 ≤ c(i, a) ≤ min{L, 1
4 (2 + 4μ+ λ+ L)} for all i ≥ 0 and a ∈ A(i), and c(i, a) is contin-

uous in a ∈ A(i) for each fixed i ∈ S.

Proposition 7.2. Under H3 for Example 7.1, an optimal policy exists and can be obtained as
a limit policy of {f ∗

n } of optimal policies f ∗
n for the models Mn.

Proof. Let i0 := 0, V0(i) := 1 + i, δ(i) := 1
4 (β(i) +μ− 2λ), V1(i) := (1 + i)2, V3(i) := i

1+i

for all i ≥ 0, and δ̂ := L. Then V0 and V3 are nondecreasing on S, and q∗ = infa∈A(i),i≥1 q(i, a) =
λ+μ> δ̂. Moreover, simple calculations give c(i, a) ≤ δ(i) ≤ √

ln V0(i)(a ∈ A(i)) and∑
j∈S

q( j | i, a)V0( j) ≤ −δ(i)V0(i) + 3α31{0}(i) for i ∈ S,

∑
j∈S

q( j | i, a)V2
1 ( j) = p1 + p2i + p3i2 + p4i3 + p4i4 ≤ K1V2

1 (i) + K2 for i ∈ S,

∑
j∈S

q( j | 0, a)V3( j) = a1

2
≤ α3,

∑
j �=0

q( j | i, a)V3( j) ≤ −LV3(i) − 1 for i ≥ 1,

where the constants p1, p2, p3, p4,K1,K2 are determined by the given λ, μ, and β(i). Thus,
from the inequalities above and Proposition 6.1 we see that all the conditions in Theorem
6.2(b) are satisfied, and thus the result follows from Theorem 6.2. �

To show the finite approximation policy iteration algorithm, we conduct a numerical exper-
iment under H3. To do so, we take some specific data for the model. In particular, we take α2 =
0.7, α3 = 0.9, λ= 0.5, μ= 0.5, L = 2, A1(0) = {α2, α3}, A(i) = {0, λ} × {0, μ} for i ≥ 1, β(i) =
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FIGURE 1: Optimal policies.

max{2 + 3(μ+ λ) + L, 4
√

ln (1 + i) + 2λ−μ} for i ≥ 1, c(0, α2) = 0.5, c(0, α3) = 0.8, and
c(i, {0} × {0}) = c(i, {0} × {μ}) = 0.4 + i/(i + 5), c(i, {λ} × {0}) = 0.45 + i/(i + 5), c(i, {λ} ×
{μ}) = 0.5 + i/(i + 5) for i ≥ 1. We implement the finite approximation policy iteration algo-
rithm with these data in Matlab. Our numerical algorithm can run for every n. However, it costs
time for large n. We found that ρ∗

n = 0.5158 for n = 10, 20, 30, 50, 100, 200, 300. The optimal
policies f ∗

n for some n are listed below.

n = 10: f ∗
n (0) = α2, f ∗

n (i) = {0} × {μ} for i = 1, . . . , 9, f ∗
n (i) = {0} × {0} for i = 10.

n = 20: f ∗
n (0) = α2, f ∗

n (i) = {0} × {μ} for i = 1, . . . , 17, f ∗
n (i) = {0} × {0} for i = 18, 19, 20.

n = 30: f ∗
n (0) = α2, f ∗

n (i) = {0} × {μ} for i = 1, . . . , 25, f ∗
n (i) = {0} × {0} for i =

26, . . . , 30.

n = 50: f ∗
n (0) = α2, f ∗

n (i) = {0} × {μ} for i = 1, . . . , 39, f ∗
n (i) = {0} × {0} for i =

40, . . . , 50.

n = 100: f ∗
n (0) = α2, f ∗

n (i) = {0} × {μ} for i = 1, . . . , 40, f ∗
n (i) = {0} × {0} for i =

41, . . . , 100.

n = 200: f ∗
n (0) = α2, f ∗

n (i) = {0} × {μ} for i = 1, . . . , 40, f ∗
n (i) = {0} × {0} for i =

41, . . . , 192, f ∗
n (i) = {0} × {μ} for i = 193, . . . , 200.

n = 300: f ∗
n (0) = α2, f ∗

n (i) = {0} × {μ} for i = 1, . . . , 40, f ∗
n (i) = {0} × {0} for i =

41, . . . , 286, f ∗
n (i) = {0} × {μ} for i = 287, . . . , 300.

To see the numerical results more clearly, we plot the optimal policies f ∗
n for n = 200 and

n = 300 in Figure 1, where the symbols 1,2,3,4 represent the actions {0} × {0}, {0} × {μ},
{λ} × {0}, {λ} × {μ}, respectively.
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Appendix A. Proofs

In this appendix we provide the proofs of Theorems 3.1 and 4.1, as well as Lemmas 3.1 and
3.2, which require the following lemma.

Lemma A.1. (Extension of Feynman–Kac formula.) Under Assumptions 3.1 and 3.2, for any
T > 0 the following assertions hold, where c(i, πv) := ∫

A(i) c(i, a)πv(da | i) and q( j | i, πt) :=∫
A(i) q( j | i, a)πt(da | i) for i, j ∈ S, t ≥ 0.

(a) For any π ∈
 and u ∈B
ac
V0,V1

([0, T] × S),

E
π
γ

[ ∫ T∧τD

0

(
∂
(

exp
{∫ t

0

∫
A c(xv, a)π (da |ω, v) dv

}
u(t, xt)

)
∂t

+
∑
j∈S

exp

{∫ t

0

∫
A

c(xv, a)π (da |ω, v) dv

}
u(t, j)

×
∫

A
q( j | xt, a)π (da |ω, t)

)
dt
∣∣ x0 = i

]

=E
π
γ

[
exp

{∫ T∧τD

0

∫
A

c(xv, a)π (da |ω, v) dv

}
u(T ∧ τD, xT∧τD)

∣∣ x0 = i

]
− u(0, i),

i ∈ S,D ⊆ S, where {xt, t ≥ 0} may be not Markovian since the policy π may depend on
histories.

(b) For each π = πt(da | ·) ∈
r
m and u ∈B

ac
V0,V1

([0, T] × S),

E
π
γ

[ ∫ T∧τD

s

(
∂
(

exp
{∫ t

s c(xv, πv) dv
}

u(t, xt)
)

∂t

+
∑
j∈S

(
exp

{∫ t

s
c(xv, πv) dv

}
u(t, j)

)
q( j | xt, πt)

)
dt | xs = i

]

=E
π
γ

[
exp

{∫ T∧τD

s
c(xv, πv) dv

}
u(T ∧ τD, xT∧τD) | xs = i

]
− u(s, i)

for all (s, i) ∈ [0, T] × S, D ⊆ S.

Proof. By Assumption 3.1(iii), we have 2tc(i, a) ≤ 2tδ(i) ≤ 2t
√

ln V0(i) ≤ t2 + ln V0(i) for
all t ≥ 0, and thus e2Tc(i,a) ≤ eT2

V0(i) for all i ∈ S, which verifies Assumption 3.1(iii) with
M0 := eT2

in [9]. Thus, from the proof of [9, Theorem 3.1], replacing T with T ∧ τD, we
see that this lemma is also true. �
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A.1. Proof of Lemma 3.1

(a) Obviously, the results hold for i = i0. For any i �= i0, since V0 ≥ 1, by Lemma A.1(a) for
u := V0 and c(i, ·) := δ(i) we have

E
π
i

[
exp

{∫ T∧τi0

0
δ(xv) dv

}]
− V0(i) ≤E

π
i

[
exp

{∫ T∧τi0

0
δ(xv) dv

}
V0
(
xT∧τi0

)]− V0(i)

=E
π
i

[ ∫ T∧τi0

0
exp

{ ∫ t

0
δ(xv) dv

}(
δ(xt)V0(xt) +

∑
j∈S

V0( j)q( j | xt, πt)

)
dt

]

≤ b0E
π
i

[ ∫ T∧τi0

0
exp

{ ∫ t

0
δ(xv) dv

}
1{i0}(xt) dt

]
= 0,

which, together with letting T → ∞, gives the desired result.

(b) Since δ∗ = infi �=i0 δ(i)> 0, by (a) and the Jensen inequality, we have

δ∗Eπi [τi0 ] ≤ eδ∗E
π
i [τi0 ] ≤E

π
i

[
exp

{∫ τi0

0
δ(xv) dv

}]
≤ V0(i),

which implies (b).

A.2 Proof of Theorem 3.1

(a) Since Assumption 3.1(iii) in [9] has been verified in the proof of Lemma A.1, for any
i ∈ S, by [9, Theorem 4.1] and an obvious change of time, we have{
ϕ′(t, i) = infa∈A(i)

[
c(i, a)ϕ(t, i) +∑

j∈S ϕ(t, j)q( j | i, a)
]

almost surely for t ∈ [0, T],

ϕ(0, i) = 1.

Furthermore, for any t1, t2 ∈ [0, T], ε > 0, Assumption 3.3 together with [15,
Lemma 4.1] ensures the existence of a(i, t1, t2) ∈ A(i) and a finite subset S(i) of S
(depending on i) such that i ∈ S(i) and supa∈A(i)

∑
j �∈S(i) |ϕ(t1, j) − ϕ(t2, j)||q( j | i, a)| =∑

j �∈S(i) |ϕ(t1, j) − ϕ(t2, j)||q( j | i, a(i, t1, t2))|, and
∑

j �∈S(i) V0( j)q( j | i, a)< ε for all a ∈
A(i). Thus, for any t1, t2 ∈ [0, T], we have

‖c(i, ·)‖|ϕ(t1,i) − ϕ(t2, i)| + sup
a∈A(i)

∑
j∈S

|ϕ(t1, j) − ϕ(t2, j)||q( j | i, a)|

≤ ‖c(i, ·)‖|ϕ(t1, i) − ϕ(t2, i)| +
∑
j∈S(i)

|ϕ(t1, j) − ϕ(t2, j)|q∗(i)

+ 2‖ϕ‖V0

∑
j �∈S(i)

V0( j)q( j | i, a(i, t1, t2))

≤ ‖c(i, ·)‖|ϕ(t1, i) − ϕ(t2, i)| +
∑
j∈S(i)

|ϕ(t1, j) − ϕ(t2, j)|q∗(i) + 2‖ϕ‖V0ε,

which, together with the continuity of ϕ(t, i) in t and the finiteness of ‖c(i, ·)‖, S(i) and
q∗(i), implies that infa∈A(i) [c(i, a)ϕ(t, i) +∑

j∈S ϕ(t, j)q( j | i, a)] is continuous in t ≥ 0
for any fixed i ∈ S. Hence, by the first equation in this proof, ϕ′(t, i) exist for all t ≥ 0
and ϕ′(t, i) is continuous in t ≥ 0.

(b) follows from Theorem 4.2(c) in [9].
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(c) Let π = ft be any Markov policy in 
d
m, and π∗ = f ∗

t the deterministic Markov
policy from part (b). Define a policy π̂ by π̂ (da |ω, s) = 1{t∧τD>s}δfs(xs(ω))(da) +
1{t∧τD≤s}δf ∗

s (xs(ω))(da). Let Ft∧τD be the σ -algebra generated by the stopping time t ∧ τD

with respective the filtration Fs := σ (xv, v ≤ s). Since ϕ(t, i) = ϕ(t, i, π∗) for t ∈ [0, T]
and i ∈ S, we have

ϕ(t, i) ≤E
π̂
i

[
exp

{∫ t

0

∫
A

c(xs, a)π̂ (da |ω, s) ds

}]

=E
π̂
i

[
exp

{∫ t∧τD

0
c(xs, fs(xs)) ds

}
E
π̂
i

[
exp

{∫ t

t∧τD

c(xs, fs(xs)) ds

} ∣∣Ft∧τD

]]

=E
π
i

[
exp

{∫ t∧τD

0
c(xs, fs(xs)) ds

}
ϕ(t − t ∧ τD, xt∧τD , π

∗)

]

=E
π
i

[
exp

{∫ t∧τD

0
c(xs, fs(xs)) ds

}
ϕ(t − t ∧ τD, xt∧τD )

]

≤E
π
i

[
exp

{∫ t∧τD

0
c(xs, fs(xs)) ds

}
ϕ(t − t ∧ τD, xt∧τD , π )

]
= ϕ(t, i, π ).

Taking the infimum over π ∈
d
m on both sides of the above inequality and using (b)

again, we see that part (c) holds.

A.3 Proof of Lemma 3.2

(a) Since 1 = ϕ(0, i) ≤ ϕ(t, i) for all i ∈ S and t ≥ 0, by Theorem 3.1(c) we have, for each
π ∈
,

ϕ(t, i) ≤E
π
i

[
exp

{∫ t∧τi0

0
c(xv, πv) dv

}
ϕ(t − t ∧ τi0 , xt∧τi0

)

]

=E
π
i

[
exp

{∫ t∧τi0

0
c(xv, πv) dv

}
ϕ(t − t ∧ τi0 , xt∧τi0

)1{t≤τi0 }
]

+E
π
i

[
exp

{∫ t∧τi0

0
c(xv, πv) dv

}
ϕ(t − t ∧ τi0 , xt∧τi0

)1{t>τi0 }
]

=E
π
i

[
exp

{∫ t∧τi0

0
c(xv, πv) dv

}
1{t≤τi0 }

]

+E
π
i

[
exp

{∫ t∧τi0

0
c(xv, πv) dv

}
ϕ(t − τi0 , xτi0

)1{t>τi0 }
]

≤E
π
i

[
exp

{∫ t∧τi0

0
c(xv, πv) dv

}
ϕ(t, xτi0

)1{t≤τi0 }
]

+E
π
i

[
exp

{∫ t∧τi0

0
c(xv, πv) dv

}
ϕ(t, xτi0

)1{t>τi0 }
]

≤E
π
i

[
exp

{∫ τi0

0
c(xv, πv) dv

}
ϕ(t, xτi0

)

]

= ϕ(t, i0)Eπi

[
exp

{∫ τi0

0
c(xv, πv) dv

}]
,

which, together with Lemma 3.1(a), completes the proof of part (a).
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(b) ϕ(t, i) is increasing in t for each i ∈ S, and thus ϕ′(t, i) ≥ 0. Moreover, for each t ≥ 0, by
(a) and Assumption 3.1(i) we have

0 ≤ ϕ′(t, i)

ϕ(t, i0)
= inf

a∈A(i)

[
c(i, a)

ϕ(t, i)

ϕ(t, i0)
+
∑
j∈S

ϕ(t, j)

ϕ(t, i0)
q( j | i, a)

]

≤ inf
a∈A(i)

[
δ(i)V0(i) +

∑
j∈S

V0( j)|q( j | i, a)|
]

= inf
a∈A(i)

[
δ(i)V0(i) +

∑
j∈S

V0( j)q( j | i, a) − 2q(i | i, a)V0(i)

]

≤ 2q∗(i)V0(i) + b0,

and so part (b) follows.

A.4 Proof of Theorem 4.1

As in the arguments in [23], we prove Theorem 4.1 by Theorem 3.2 and Lemma 3.2.

(a) For any fixed n ≥ 1, and for t ≥ 0, i ∈ S, let

ϕn(t, i) := inf
π∈
d

m

E
π
i

[
exp

{∫ t

0
cn(xv, πv) dv

}]
( ≥ 0), ϕ̂n(t, i) := ϕn(t, i)

ϕn(t, i0)
. (24)

Then, since 0 ≤ cn ≤ c, the conditions of Theorem 3.1 and Lemma 3.2 still hold when
c is replaced with cn. Thus, using Lemma 3.2(a) and (24), we have 0 ≤ ϕ̂n(t, i) ≤ V0(i)
for all t ≥ 0. Thus, for any m ≥ 1, the mean value theorem together with Theorem 3.1(a)
gives the existence of k0(i,m) ∈ [m, 2m] (depending on the given m and i) such that

ϕ̂n
′(k0(m, i), i) = ϕ̂n(2m, i) − ϕ̂n(m, i)

2m − m
→ 0 (as m → ∞). (25)

Since S is denumerable, diagonalization arguments as well as (25) ensure the exis-
tence of a subsequence {k1} of {k0(i,m),m ≥ 1, i ∈ S} such that limk1→∞ ϕ̂n

′(k1, i) = 0,
ϕ̂n(k1, i0) ≡ 1 for all i ∈ S, which, together with the boundedness of |ϕ̂n(k1, i)| in k1 and
the denumerability of i ∈ S, gives the existence of a subsequence {k2} of {k1} such that
the limits

lim
k2→∞ ϕ̂n(k2, i) = :ψn(i) ∈ [0, V0(i)] (26)

exist for all i ∈ S, and ψn(i0) = 1.
Furthermore, Lemma 3.2(b) together with (26) guarantee the existence of a subsequence
{k3} of {k2} ensuring the existence of the limit

lim
k3→∞

ϕn
′(k3, i0)

ϕn(k3, i0)
= :ρn ∈ [0, L(i0)]. (27)

Hence, along the sequence {k3} ( ⊂ {k2} ⊂ {k1} ⊂ {k0(i,m),m ≥ 1, i ∈ S}), we have

lim
k3→∞

[
ϕ̂n

′(k3, i) + ϕ̂n(k3, i)
ϕn

′(k3, i0)

ϕn(k3, i0)

]
= ρnψn(i) for all i ∈ S. (28)
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On the other hand, for any number k3 in the sequence {k3}, using the definition of ϕ̂n(t, i)
in (24) and Theorem 3.1(a) with (c, ϕ) replaced with the corresponding (cn, ϕn), direct
calculation gives

ϕ̂n
′(k3, i) + ϕ̂n(k3, i)

ϕn
′(k3, i0)

ϕn(k3, i0)
= inf

a∈A(i)

{
cn(i, a)ϕ̂n(k3, i) +

∑
j∈S

ϕ̂n(k3, j)q( j | i, a)

}

≤ cn(i, a)ϕ̂n(k3, i) +
∑
j∈S

ϕ̂n(k3, j)q( j | i, a) for all (i, a) ∈ K, (29)

which, together with the dominated convergence theorem and (26)–(28), imply

ρnψn(i) ≤ inf
a∈A(i)

{
cn(i, a)ψn(i) +

∑
j∈S

ψn( j)q( j | i, a)

}
for all i ∈ S.

Moreover, for each given k3 and i ∈ S, by Assumption 3.3 and (28), there exists a(i, k3) ∈
A(i) (depending on k3, i ∈ S) such that

ϕ̂n
′(k3, i) + ϕ̂n(k3, i)

ϕn
′(k3, i0)

ϕn(k3, i0)

= cn(i, a(i, k3))ϕ̂n(k3, i) +
∑
j∈S

ϕ̂n(k3, j)q( j | i, a(i, k3)). (30)

Since A(i) is compact, there exist a subsequence {k4} of {k3} and a′(i) ∈ A(i) such that
limk4→∞ a(i, k4) = a′(i). Thus, replacing k3 in (30) with k4 and then letting k4 → ∞, by
(28) and (30) we have

ρnψn(i) = cn(i, a′(i))ψn(i) +
∑
j∈S

ψn( j)q( j | i, a′(i))

≥ inf
a∈A(i)

{
cn(i, a)ψn(i) +

∑
j∈S

ψn( j)q( j | i, a)

}
,

which, together with (29), (26), and (27), gives (a).

(b) Fix any i ≥ n + 1 with n ≥ i0, and let τ (n) := τ{0,1,...,i0,...,n} be the hitting time. Then,
by Lemma 3.1(b) and τ (n) ≤ τi0 , Pπi (τ (n)<∞) = 1. Moreover, since ϕn(0, i) ≡ 1 and
ϕn(t, i) is increasing in t ≥ 0, using (4) and Theorem 3.1(c) (with c replacing by cn here)
as well as the fact that cn(xv, πv) ≡ 0 for v< τ (n), we have, for each π ∈
,

ϕn(t, i) ≤E
π
i

[
exp

{ ∫ t∧τ (n)

0
cn(xv, πv) dv

}
ϕn(t − t ∧ τ (n), xt∧τ (n))

]

=E
π
i

[
exp

{ ∫ t∧τ (n)

0
cn(xv, πv) dv

}
ϕn(t − t ∧ τ (n), xt∧τ (n))1{t≤τ (n)}

]

+E
π
i

[
exp

{ ∫ t∧τ (n)

0
cn(xv, πv) dv

}
ϕn(t − t ∧ τ (n), xt∧τ (n))1{t>τ (n)}

]
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=E
π
i

[
ϕn(0, xt)1{t≤τ (n)}

]
+E

π
i

[
ϕn(t − τ (n), xτ (n))1{t>τ (n)}

]

≤ 1 +E
π
i

[
ϕn(t, xτ (n))1{t>τ (n)}

]

≤ 1 + max{ϕn(t, k), k = 0, 1, . . . , n},
which, together with Lemma 3.2(a) and ϕn ≥ 1, imply that ϕ̂n(t, i) ≤ 1 + max{V0(k),
k = 0, 1, . . . , n} = :K(n) for all t ≥ 0, i ∈ S. Hence, using (26) and Lemma 3.2(a) again,
we have

ψn(i) ≤ K(n) for all t ≥ 0, i ∈ S. (31)

For each π ∈
 and i ∈ S, using Lemma A.1(a) and (5), we have

E
π
i

[
exp

{∫ T

0

∫
A

[cn(xt, a) − ρn]π (da |ω, t) dt

}
ψn(xT )

]
−ψn(i) ≥ 0 for T > 0.

Hence, by (31) we have

K(n)e−TρnE
π
i

[
exp

{∫ T

0

∫
A

cn(xt, a)π (da |ω, t) dt

}]
≥ψn(i).

Taking logarithms of both sides, dividing by T , and letting T → ∞, we obtain

ρn ≤ lim sup
T→∞

1

T
ln E

π
i

[
exp

{∫ T

0

∫
A

cn(xt, a)π (da |ω, t) dt

}]

≤ lim sup
T→∞

1

T
ln E

π
i

[
exp

{∫ T

0

∫
A

c(xt, a)π (da |ω, t) dt

}]
,

which, together with the arbitrariness of π , completes the proof of (b).

(c) For each π ∈
d
m and i ∈ S, using Lemma A.1(b) and (5) again, we have

E
π
i

[
exp

{∫ T∧τi0

0
(cn(xt, πt) − ρn) dt

}
ψn(xT∧τi0

)

]
−ψn(i) ≥ 0 for T > 0.

Since ψn is bounded and cn(i, a) ≤ c(i, a) ≤ δ(i) for all (i, a) ∈ K, by the dominated
convergence theorem and Lemma 3.1(a), letting T → ∞, we obtain

ψn(i) ≤E
π
i

[
exp

{∫ τi0

0
[cn(xt, πt) − ρn] dt

}
ψn(xτi0

)

]

=E
π
i

[
exp

{∫ τi0

0
[cn(xt, πt) − ρn] dt

}]
≤ V0(i), (32)

which, together with the arbitrariness of π ∈
d
m, imply

ψn(i) ≤ inf
π∈
d

m

E
π
i

[
exp

{∫ τi0

0
[cn(xt, πt) − ρn] dt

}
ψn(xτi0

)

]
≤ V0(i). (33)

https://doi.org/10.1017/jpr.2020.105 Published online by Cambridge University Press

https://doi.org/10.1017/jpr.2020.105


Risk-sensitive average continuous-time Markov decision processes 549

On the other hand, take f ∗
n ∈ F to be a minimizing stationary policy in (5), that is,

ρnψn(i) = c(i, f ∗
n (i))ψn(i) +

∑
j∈S

ψn( j)q( j | i, f ∗
n (i)) for all i ∈ S. (34)

Using Lemma A.1(b) and (34), as in the proof of (32) (by Fatou’s lemma again) we have

ψn(i) ≥E
f ∗
n

i

[
exp

{∫ τi0

0
(cn(xt, f ∗

n (xt)) − ρn) dt

}]
.

This inequality, as well as (33), gives (c).

Remark A.1. In order to establish the existence of k0(m, i) for (25) to hold, the existence of
ϕ′(t, i) for the function ϕ(t, i) at each t ≥ 0 is required. Otherwise, such k0(m, i) cannot be
guaranteed. For example, for some given i ∈ S and n ≥ 1, suppose that

ϕ̂n(t, i) :=
{

t + 1, t ∈ [1, 1.5),

4 − t, t ∈ [1.5, 2].

Take m = 1. Then, ϕ̂n(2,i)−ϕ̂n(1,i)
2−1 = 0 �= ϕ̂n

′(k0(1, i), i) for any k0(1, i) ∈ [1, 2].
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