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Abstract. Nonlinear ion cyclotron and ion-acoustic waves have been studied in an
electron—positron—ion plasma. Using Boltzmann distributions for the electrons and
positrons and fluid equations for the ions, a set of nonlinear equations in the rest
frame of the propagating wave is derived and numerically solved for the electric field.
A scan of parameter space reveals a range of solutions for the parallel electric field,
from sinusoidal to sawtooth to highly spiky waveforms. The results are compared

with satellite observations.

1. Introduction

There has been a great deal of interest in linear and non-
linear wave phenomena in electron—positron—ion (EPI)
plasmas in recent years. Electron—positron plasmas are
thought to exist in many astrophysical environments
such as the early universe, galactic nuclei and pulsar
magnetospheres to name a few. They are believed to
be naturally generated by pair production. In addition,
most of these astrophysical plasmas contain ions as well,
constituting an EPI plasma. In the recent past, the study
of nonlinear wave propagation in EPI plasmas has been
extended to investigate nonlinear structures similar to
the broadband electrostatic noise (BEN) observed in the
Earth’s magnetosphere. Over the past 30 years, satellite
observations have confirmed the presence of BEN in
different regions of the Earth’s magnetosphere, including
the polar cusp region [1] and along auroral field lines
[2]. Observations by Geotail [3], POLAR [4] and FAST
[5] spacecrafts have confirmed the presence of nonlinear
structures in BEN. In particular, these observations have
shown that the nonlinear, time domain structures asso-
ciated with the electric field parallel to the ambient mag-
netic field exhibit spiky wave forms. Reddy et al. [6] have
used a novel fluid theory approach to examine nonlinear
low-frequency electric field structures in an electron—ion
plasma for which the ions were assumed to be cold. For
sufficiently large values of the driver electric field, the
governing equation for the electric field, which includes
a nonlinear coupling between the ion-acoustic wave
and ion cyclotron oscillations, is found to admit both
sawtooth and spiky periodic solutions which are in very
good agreement with the observations of Ergun et al. [5].
Following the approach of Reddy et al. [6], Bharu-
thram et al. [7] extended this model to show that
finite ion temperature gave rise to wave dispersion and
suppressed the nonlinearity in the ion cyclotron wave.
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In a later study, Moolla et al. [8] studied high-
frequency nonlinear waves in the Earth’s magnetosphere.
They considered a three-component plasma model con-
sisting of hot electrons, cold electrons and cold ions. The
transition from sinusoidal to sawtooth to highly spiky
waveforms occurred as the amplitude of the driving
electric field Ey was increased. In addition, their results
showed that the hot electrons could be accelerated in
bursts leading to rapid changes in the periodicity of the
nonlinear structures.

Reddy et al. [9] studied nonlinear low-frequency elec-
trostatic oscillations in a magnetized plasma consisting
of protons, electrons and oxygen ion beams. They went
on to show that a range of periodic solutions varying
from sinusoidal to sawtooth and highly spiky wave
forms. Moolla et al. [10] offered an explanation for
high-frequency BEN in the Earth’s magnetosphere using
a three-component magnetized plasma consisting of hot
electrons, cool electrons and cool ions. They showed that
the ratio of the pulse widths and periods of the Electro-
static Solitary Waves (ESWs) were constant, confirming
the experimental observations of Kojima et al. [11]. They
showed that increasing the cool electron temperature
resulted in a broadening of the waves, with an increase
of the period and nonlinearity. Moolla et al. [12] used a
three-component plasma model consisting of Boltzmann
protons and electrons and a cold oxygen ion beam to
study spiky structures arising from a coupling of two
low-frequency modes, namely the oxygen ion cyclotron
and the oxygen ion-acoustic mode. Including the charge
separation effect, they showed a range of solutions from
sinusoidal to sawtooth to highly spiky, depending on
parameter selections.

Ghosh and Bharuthram [13] investigated nonlinear
propagation characteristics of ion-acoustic waves in an
electron—positron—-ion—dust plasma. They showed the
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system supported both compressive and rarefactive
solitons and double layers, depending on parameter
regimes. In a later paper, Ghosh and Bharuthram [14]
studied the effects of Landau damping on small but finite
amplitude ion-acoustic solitary waves in an EPI plasma.
Their results showed that the presence of positrons
reduced the Landau damping rate.

Abdelsalam et al. [15] investigated fully nonlinear
propagation of ion-acoustic solitary waves in a colli-
sionless dense/quantum EPI plasma. Their calculations
revealed that both subsonic and supersonic ion-acoustic
solitary waves may exist for low values of the positron-
to-electron number density ratio. Dubinov and Sazonkin
[16] presented an analytical nonlinear gasdynamic the-
ory of ion-acoustic waves in an EPI plasma for the
case in which all the plasma components in the wave
undergo polytropic compression and rarefaction. They
found an exact solution to the basic equations and used
the Bernoulli pseudopotential method to analyze the
solution. They determined parameter ranges in which
periodic waves and solitary nonlinear waves (solitons)
existed. They further showed that these ranges did not
overlap and that the propagation velocity of a solitary
wave was always higher than the linear ion-acoustic
velocity.

In this paper, we explore the existence of such nonlin-
ear electric field structures in an EPI plasma assuming
quasineutrality, thereby focussing on low-frequency fluc-
tuations on the ion time scale. The layout of this paper
is as follows. In Sec. 2, we present the basic theory and
the numerical results are presented in Sec. 3. Finally, our
findings are summarized in Sec. 4.

2. Basic theory

We consider an electron—positron plasma with an ion
species drifting along the magnetic field with speed wvy.
Wave propagation is taken to be in the x direction at
an angle 0 to the magnetic field By, which is assumed
to be in the x —z plane. We allow spatial variation only
in the x direction. On the ion time scale, the density
distribution for the electrons and positrons is taken to
be Boltzmann, given, respectively, by

Ne = Neo eXp(e¢/ Th)a (1)
and

ny, = nyo exp(—eep/ Ty), (2)
where n.0,0 and Tj are the ambient densities and tem-
perature of the electrons and positrons, respectively. The

basic set of fluid equations for the positive ions is given
by

6ni énivix _
T = 0, (3)
61),;\. ali,'x 1 apl _ e 8(}') .
ot + Ui ox | mm; 0x  m; Ox +Qwy sin 6, (4)
vy + vjy Py _ Qiv;. cos 0 — Qiv;, sin 0, (5)
ot 0x
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0vj; 0v;;

ix - = —L; ,

ot =+ v;, p vy cos 0 (6)
dpi opi vix
E‘f‘vma‘f‘h’zg =0, (7)

where n; is the ion density, v, v; and v;; are the
components of the ion velocity along the x, y and z
directions, respectively, Q; = eBy/m; is the ion cyclotron
frequency, m; is the ion mass, ¢ is the electrostatic
potential of the waves and p; is the ion pressure. For
the low-frequency domain, our system is closed with the
quasineutrality condition n, = n; 4+ n,. For most of our
discussion, the ions are stationary. However, we also
look at the effect of a drifting ion beam.

2.1. Linear analysis

Before proceeding with the nonlinear analysis, we in-
vestigate the linear modes of the system. In this limit,
(1)—(7) give rise to the following dispersion relation for
stationary ions:

o =3 (0] + 4

1
+ =

£2[@ 42y —argiestn) T @

where 4% = 3k%02 + (- O'Tfno)kzcsz, vi = /L is the ion
0+ ,
thermal speed and C; = 4/ % is the ion-acoustic speed.

The solution to this equation yields two roots:

A2Q?% cos? 0
2 (2 2 i
and
,  A?Q%cos?0 (10)

T T v a
We identify w, as the higher frequency ion cyclotron
mode and w_ as the lower frequency ion-acoustic mode.
For cold ions and in the absence of positrons, these
results reduce to those of Reddy et al. [6] in which
they considered a two-component plasma consisting of
protons, electrons and cold ions.

2.2. Nonlinear analysis

For the analysis, we transform to a stationary frame
s=(x—Vt)/(V/Q;) and normalize v,t,x and ¢ with
respect to the ion-acoustic speed Cs = (Ty/m;)'/?, Q'
pi = Cs/Q; and Ty /e, respectively.

In (3)-(7), we replace 5 by —Qi% and pl? by (Qi/V)%.
In addition, we define the normalized electric potential
p = e¢p/ Ty, and the electric field E = —% We use the
following (initial) conditions:

p = 0, 0p/ds = Ey, 0°yp/0s*’=0, n; = njy and vy =
vocosf at s =0. The evolution of the plasma is then
determined by the following set of nonlinear, normalized
(densities with respect to n,y and pressure with respect
to po = neTy) first order differential equations, where
the additional ‘n’ subscript inserted indicates normalized
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Figure 1. Numerical solution of the normalized parallel electric field for the parameters 0 = 2°, M = 1.25, ny/n. = 0.5, 6 = 0.0,
T,/ T, = 0.0 and Ey = 0.015(a), 0.05(b), 0.10(c) and 0.30(d).

quantities
n3 Mu;,, sin 0
E = o y , (11)
1+ R32 exp(—y) + Rexp(yp)
i _ n3 [—E — Mujy, sin 0] , (12)
ds R
apin — 3pin ni3n [_E - Mviyn Sin 0] , (13)
0s Nin R
aUiyn 1 nio
—— = ny(M — 0 cosB) — |,
0s L)
) (M — 6 cos0),2
{M s1n6<M _ n) — My, cos 9], (14)
in
OVizn _ Moy, cos 0 ' (15)

0s "(M — 6 cos 0)

Neo
In (11)~(15), R = (;‘—;"(’))Z(M — 6 cos0)? — 3ni,pin, Where
M =V /C is the Mach number, njy/n, is the normalized
equilibrium ion density and § = vy/C; is the normalized
flow velocity of the ion beam at s = 0. Note that

if 0 is positive (negative), it corresponds to parallel
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(antiparallel) ion drift, i.e. the ion flow can be in the same
direction as the wave or in the opposite direction. The
normalized electron and positron density distributions
are given by

Nep = exp(lp), (16)
and
n
Moy = 2> exp(—1p), (17)
neo

where np/neo is the normalized positron ambient dens-

ity.

3. Numerical results

Equations (11)—(17) are solved using the Runge—Kutta
technique [17] for plasma parameters encountered on
the auroral field lines. The method involves providing
initial values to plasma parameters and using the RK-4
subroutine [17] to advance the functions with a suitable
step length. The initial conditions have been calculated
self consistently. The results are discussed next.
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Figure 2. Numerical solution of the normalized parallel electric field for the parameters Eq = 0.3, 0 = 2°, 6 = 0.0, T;/ T}, = 0.0,
M = 1.25 and nyy/n, = 0.0(a), 0.1(b), 0.3(c) and 0.5(d).

3.1. Effect of the amplitude, Ey, of the driving
electric field

It is noted upfront that in the absence of positrons
(np0 = 0), our model reduces to that of Bharuthram
et al. [7] and we reproduce their results for identical
parameters. For our model, in Figs. 1(a)-(d) for a fixed
Mach number of M = 1.25, we vary the driver strength,
Ey. In these figures, the fixed parameters are 6 = 2°,
0 = 0.0 (i.e. the ions are stationary for the initial studies),
npo/neo =0.5 and a = T;/Ty =0.0. For small values of
Ey (0.015), the parallel electric field shows sinusoidal
behavior with a period of =~ 1.0t where 7,; = 21/Q;
is the ion cyclotron period. We thus identify this as
being the ion cyclotron mode. As Ey increases, we have
a transition to the ion-acoustic mode with increasing
nonlinearity which results in a highly spiky electric field
(Fig. 1(d)), with a period of ~ 3.57;. It is found that the
introduction of positrons has reduced the strength of
the initial driving electric field required for the onset of
the spiky structures. In the work of Bharuthram et al.
[7], the onset of spikes occurred with an initial driving
electric field of 1.1 while for the same fixed parameters,
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the addition of positrons has reduced the initial driving
field to 0.3 for the onset of spikes. Hence, the positrons
have the effect of promoting wave steepening and enhan-
cing nonlinearity. The value of these periods is consistent
with the measurements for E| (the magnetic field-aligned
electric field component) observed by the FAST satellite
in Fig. 6 of Ergun et al. [5], where the time series of the
parallel electric field revealed a spiky wave form at a
lower frequency compared to the perpendicular electric
field.

3.2. Effect of the equilibrium positron density

The effect on the parallel electric field structures due
to a variation in the equilibrium positron density is
shown in Figs. 2(a)—(d). For small values of :—’;2 (0.0 and
0.1), the electric field structures are sawtooth in nature
with periods of about 1.37.. As :’%‘) increases to 0.5, the
waveform becomes highly spiky with a period of about
3.37.. Hence, increasing the density of the positrons
enhances the nonlinearity and the spiky structures are

easier to generate.
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Figure 3. Numerical solution of the normalized parallel electric field for the parameters Eq = 0.3, M = 1.25, 0 = 2°,
Hpo /o = 0.5, 6 = 0.0 and T;/ T}, = 0.0(a), 0.05(b), 0.1(c) and 0.15(d).

3.3. Effect of ion temperature

Figure 3 illustrates the effect of the ion—electron tem-
perature ratio, T;/Tj, on the parallel field. For other
parameters fixed as in Fig. 2, T;/ T} is increased from
0.0 (Fig. 3(a)) to 0.15 (Fig. 3(d)). An increase in this ratio
results in waveforms with increasing frequency, with no
effect on the nonlinearity of the waves. The period of
the waves decreases from 3.47.; to 3.0t.. This behavior
can be seen from (10) which can be rewritten as

Q?cos? 6
w? = o (18)
2 1

where as A increases, w_ also increases resulting in
a decrease in the period of the waves. This behavior
is consistent with those of Bharuthram et al. [7]. In
their studies, however, the nonlinearity of the waves was
suppressed with increasing the ion temperature which
is due to enhanced dispersive effects. Hence, we can
conclude that the addition of positrons promotes wave
steepening.
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3.4. Effect of the ion drift

Finally, we investigate the effect of the ion drift velocity
on the electric field, as seen in Figs. 4(a)—(e), with
other parameters the same as in Fig. 2. From these
figures, it is seen that ion flow antiparallel to B (0
negative) results in higher period waves and as the
flow becomes parallel to By (0 positive) the period
decreases. All the structures were found to be of the
spiky type for the selected parameters. The period of
the waves varies from 4.8t for 6 = —0.2 to 2.3t for
0 =+0.2, and can be interpreted as the ion-acoustic
mode. The behavior of the period with the ion drift
is the same as that found by Moolla et al. [8] for the
high-frequency studies. The behavior of the electric field
structures follows a similar pattern to that of Reddy
et al. [9]. It is seen that the period of the spiky struc-
tures varies with the ion drift velocity. Noting that the
satellite observations show that the period of the spiky
structures varies rapidly [11], one may infer that this
could be due to the drifting particles being accelerated in
bursts [8].
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Figure 4. Numerical solution of the normalized parallel electric field for the parameters Ey = 0.3, M = 1.25, 0 = 2°,
po/heo = 0.5, T;/ T, = 0.0 and 6 = —0.2(a), —0.1(b), 0.0(c), 0.1(d) and 0.2(e).

4. Conclusion

In this paper, we have used an EPI plasma to investigate
nonlinear, low-frequency waves arising from a coupling
of two low-frequency modes, namely, the ion cyclotron
and the ion-acoustic mode. The presence of a positron
component is found to have a significant impact on
the nonlinear structures. The driving electric field Eg
needed to excite the nonlinear structures is much lower
in the presence of positrons, with a transition from an
ion cyclotron to ion-acoustic mode with increasing Eg
as the nonlinear structures evolve from a sinusoidal,
through a sawtooth, to a spiky waveform. We have
found that larger initial driving amplitudes result in
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more spiky structures with a reduction in the wave
frequency. We identify these as the spiky ion-acoustic
mode. The positron density also played a crucial role
in evolution of the electric field structures. The spiky
structures associated with the driven ion-acoustic mode
only existed for high equilibrium positron density, with
smaller densities giving rise to the ion cyclotron oscil-
lations. In addition, the drift velocity of the ions were
shown to have a significant impact on the waves, with
antiparallel (parallel) ion flow resulting in lower (higher)
frequency waves, with no effect on the amplitude of the
nonlinear structures. Finally, the ion temperature was
also found to affect the periods of the spiky electric
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field, with an increase in the ion temperature resulting
in higher frequency waves. For our model, the unnor-
malized electric field is given as

_0¢ _Qidp_ @ 09 ET
ox V as MC, h 0s  Mep;

Eyny = (19)

For the spiky structures obtained in this paper, for T},
varying from 10eV to 100eV and for a magnetic field
of about 13000 nT, (19) predicts amplitudes in the range
from about 200mV/m to 800 mV/m. The amplitude of
the parallel electric field observed by the FAST satellite
[5] is about 700 mV/m, which is within the predicted
range of values, noting that the observations were in a
pure electron—ion plasma. Our particular results could
be applicable in understanding the nonlinear structures
observed in EPI plasmas existing in pulsar magneto-
spheres [18] and active galactic nuclei [19].
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