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Abstract. Realistic and accurate computer simulations of the particle-hemodynamics
in arterial systems can be a valuable tool for numerous biomedical applications. Ex-
amples include optimal by-pass grafting and optimal drug-delivery, as well as best
medical management concerning the cardio-vascular system. However, such numer-
ical analyses require large computer resources which may become prohibitive for ex-
tended sets of arterial bifurcations. A remedy is to develop a hybrid model where the
first few generations of the bifurcating arteries of interest are simulated in full 3-D,
while a 1-D model is then coupled for subsequent bifurcations. Alternatively, a 1-D
computer model can be directly employed to simulate fluid-particle transport in com-
plex bifurcating networks.

Relying on a representative axial velocity profile, a physiological 1-D model has
been developed and validated, which is capable of predicting with reasonable accu-
racy arterial flow, pressure field and elastic wall interaction as well as particle trans-
port. The usefulness of the novel 1-D simulation approach is demonstrated via a com-
parison to 3-D blood flow and microsphere transport in a hepatic artery system, fea-
turing as outlets one major branch and four small daughter vessels. Compared to the
3-D simulation, the 1-D analysis requires only about 1% of computational time. The
hybrid modeling approach would be also applicable to the human respiratory tract to
evaluate the fate of inhaled aerosols.

A simple and cost-effective way to simulate particle-hemodynamics is using a 1-D
model for simulating arterial pressures and flow rates as well as microsphere transport,
based on assumptions involving the use of a simple algebraic pressure-area relation, an
exponential elasticity model for the vessels, and considering only unidirectional flow
with a representative skewed velocity profile. In summary, the novel contributions are:
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• Particle tracking in arteries via 1-D fluid modeling and selection of an averaged,
skewed velocity profile based on 3-D simulation results to provide more realistic
friction and inertia term values for modeling a flow system with bifurcations.

• The 1-D model can be coupled to a 3-D model so that simulations can be run for
larger regions of vascular or lung-airway systems.

AMS subject classifications: 70-08

Key words: 1-D modeling, skewed representative velocity profile, fluid-structure interaction, par-
ticle tracking.

1 Background and information

A novel technique for optimal targeting of drugs onto solid tumors has been proposed by
Kleinstreuer et al. [1] and further numerically analyzed for liver tumors [2]. For realistic
and accurate computer simulations it has to be assumed that the geometry of the vascu-
lature is 3-D and blood flow is non-Newtonian, transient, laminar and incompressible.
Also, the drug-particles in dilute suspensions are spherical and non-interacting; but, the
walls of the arteries are flexible, giving rise to the need of proper fluid-structure inter-
action. These fluid-particle dynamics simulations require high computational time and
cost, even for only a few generations. Thus, simulating arterial flow and pressure fields in
any extended set of arterial bifurcations could be computationally prohibitive. A remedy
is the development of a 3-D/1-D coupled model. In this, the first few generations of the
arterial system would be simulated in full 3-D, while a 1-D model would be used for sub-
sequent bifurcations (see Fig. 1). Alternatively, a 1-D computer model can be employed
to simulate fluid-particle transport in complex bifurcating networks directly.

: Sample application of a coupled 3-D/1-D model for direct tumor-targeting

Tumor 

1-D

Model

3-D

Model

Drug-injecting micro-catheter [1]

Figure 1: Sample application of a coupled 3-D/1-D model for direct tumor-targeting.
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In summary, in this study a physiological 1-D model is developed and validated,
which is capable of predicting arterial flow, pressure field and particle transport with
reasonable accuracy. The hybrid modeling approach would be also applicable to the
human respiratory tract to analyze the fate of inhaled toxic or therapeutic aerosols. The
model is first derived from basic equations and particle tracking is augmented. In the
later sections, we validate this model against published data and then test its application
against a 3-D fluid-particle simulation of the hepatic artery system.

Computational analyses of human circulatory and pulmonary systems have been pre-
viously established to gain further physical insight and for their applications concern-
ing different therapies. For example, Lin et al. [3] presented a 3-D/1-D coupled model
for predicting pulmonary air flow, while Formaggia et al. [4] analyzed a 3-D/1-D cou-
pled model for fluid flow in a compliant vessel. Several1-D models have been proposed
in [5–8]. These contributions differ in terms of the variables used in the basic equations,
elasticity values selected for the vessel walls, implementation of the fluid-structure inter-
actions, and the way boundary conditions were applied.

Experimental models of arterial systems have also been employed to obtain pressure
and flow waveforms, which are useful for physical insight and the validation of computer
models [9–11].

A 1-D model of the arterial system requires the reduction of the Navier-Stokes equa-
tions. In addition, one has to account for the compliance of the vessels and the impact of
elastic (or viscoelastic) vessel walls. The main differences between the published mod-
eling approaches are the way in which the boundary conditions are implemented, the
relation between pressure and area, as well as the discretization scheme. For example,
Sherwin et al. in [12] derived the 1-D flow equations for several different combinations
of variables (i.e., area-flow, area-velocity, pressure-velocity and pressure-flow). However,
there are assumptions involved in deriving these types of equations; for example, the
area-velocity and pressure-velocity forms assume inviscid flow while the pressure-flow
form assumes constant material properties. Thus, the area-flow form is the most general
form and was selected for this study as well.

Along with the governing equations, an important component is the fluid-structure
interaction (FSI) model, as the arteries are flexible and their cross-sectional areas vary
with the local pressure. Formaggia et al. [6] provided a comprehensive relation between
the pressure and the area of the vessel in terms of a partial differential equation repre-
senting the mechanical model for wall displacement:

ρwh0
∂2η

∂t2
−γ

∂η

∂t
−α

∂3η

∂t∂z2
+bη= p−pext. (1.1)

Here, the first term represents the inertia term, the second term is a Voigt-type viscoelas-
ticity, the third term is related to the longitudinal pre-stress, the fourth one is another
viscoelastic term, and the last one is the elastic response function. They later conclude
that a simple algebraic p-A relation derived from the above expression is also able to cap-
ture the physiological wall distensibility within the limits of physiological values of pres-
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sure, wall displacement, and velocities. A similar algebraic relation was also employed
in [5, 12, 13]. For accounting the change in elasticity with radius, Olufsen et al. [14] used
an exponential relation between elasticity and radius.

Different numerical schemes like discontinuous Galerkin scheme, second-order Taylor-
Galerkin scheme [6], two-step Lax-Wendroff scheme [5, 15] and finite difference McCor-
mack scheme [16] have been employed for solving the system of equations.

Boundary conditions (BCs) are necessary to gain closure. The bifurcation conditions
decide the pressure and flow distribution across a bifurcation. Generally, Bernoulli’s law
and mass conservation, or pressure continuity and mass conservation, are used as the bi-
furcation boundary conditions (see [12, 14]). Formaggia et al. [6] also provided a method
to account for the angles of bifurcating vessels. Reflection coefficients have been used
in [17, 18].

Even a 1-D model has to be terminated at a certain point downstream and appro-
priate outflow BCs should be used in order to capture the influence of the remaining
vasculature. Thus, appropriate BCs should account for wave propagation and reflection
phenomena. A general approach is to represent the downstream vasculature by a Wind-
kessel model.

2 Model description

The process of building the 1-D model consists of several implementation steps, includ-
ing the system of transport equations for fluid-particle flow and FSI, the boundary con-
ditions, and the numerical scheme.

2.1 System of flow equations

The full Navier-Stokes equations are simplified to 1-D based on necessary assumptions
and averaged quantities. The artery is assumed to be a flexible tube with circular cross-
section at all times. The vessel wall is longitudinally tethered and hence the length L of
the vessel is fixed. The cylindrical co-ordinate system is used where R(x,t) is the radius
of the vessel, A(x,t) is the area, and p(x,t) is the pressure at axial position x within the
vessel. The density, ρ, and the viscosity, µ, are constant. Starting out with the velocity
vector in the tube as ~u[ur(r,x,t),ux(r,x,t)], where ur is the radial component and ux is the
axial component, the continuity equation reduces to:

∂ux

∂x
+

1

r

∂

∂r
(rur)=0. (2.1)

To obtain the 1-D form, Eq. (2.1) is integrated over the vessel cross-section:

2π
∫ R

0

(∂ux

∂x
+

1

r

∂

∂r
(rur)

)

rdr=0.
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Integrating by parts and simplification yields [19]:

∂Q

∂x
+

∂A

∂t
=0. (2.2)

The momentum equation for transient axisymmetric flow reads:

∂ux

∂t
+ux

∂ux

∂x
+ur

∂ux

∂r
+

1

ρ

∂p

∂x
=

ν

r

∂

∂r

( r∂ux

∂r

)

. (2.3)

Here, the axial viscosity term has been neglected as it is very small compared to the right
hand side. Integrating over the cross-section results in:

2π
∫ R

0

∂ux

∂t
rdr+2π

∫ R

0

(

ux
∂ux

∂x
+ur

∂ux

∂r

)

rdr+
A

ρ

∂p

∂x
=2πν

[ r∂ux

∂r

]

R
. (2.4)

Again, integrating by parts and simplifying using the continuity equation yields:

∂Q

∂t
+

1

Au2

∫∫

A
u2

x dA∗Au2+
A

ρ

∂p

∂x
=2πν

[ r∂ux

∂r

]

R
. (2.5)

The term 1
Au2

∫∫

A u2
xdA is the momentum correction factor and 2πν

[

r∂ux
∂r

]

R
represents axial

friction. Being faced with more unknowns than equations, an appropriate cross-sectional
velocity profile is needed. Earlier works (e.g., [5, 12, 13]) employed a uniform velocity
profile, which is unrealistic especially for flow in bifurcating vessels. As the momentum
correction factor and the friction term depend on the velocity profile (see Eq. (2.5)), using
a skewed velocity profile will generate more realistic modeling results. As most of the
bifurcations encountered in our 3-D system would be asymmetric, a representative fluid-
flow distribution was selected based on the velocity profile from a 3-D simulation of an
asymmetric bifurcation, as shown in Fig. 2 (see [20]).

Figure 2: Geometry used for extracting a realistic axial velocity profile.
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Figure 2: Geometry used for extracting a realistic axial velocity profile.

https://doi.org/10.4208/cicp.160114.120914a Published online by Cambridge University Press

https://doi.org/10.4208/cicp.160114.120914a


406 T. S. Umbarkar and C. Kleinstreuer / Commun. Comput. Phys., 17 (2015), pp. 401-423

Figure 3: Average normalized velocity profiles at different angular positions.
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Figure 3: Average normalized velocity profiles at different angular positions.

First, the velocity profiles were recorded at the mid-plane of the smaller vessel along
the four lines OA, OA’, OB and OB’. The velocity profiles were normalized by the average
velocity of all the four angular positions, while the radius was normalized with the pipe
radius. A similar procedure was followed for the larger vessel. A representative velocity
profile was then calculated by taking the average of the corresponding velocity profiles
in the large and small (daughter) vessels. Fig. 3 shows these average normalized velocity
profiles in terms of u/uavg vs. r/R, where R is the pipe radius.

All these profiles were then fitted with a ninth degree polynomial (this gave an ac-
curate fit and being a polynomial, is easy to manipulate in later stages of calculations)
with the help of MAPLE 13. In order to obtain the complete velocity profile in terms
of the normalized radius and the angular variable theta (θ), interpolation was used [21].
Knowing the velocity profiles at the four locations, a smooth function u/uavg(r/R,θ) can
be determined in the cylindrical co-ordinate system follows:

ū(r̄,θ)= g1(r̄)+g2(r̄)cos(2θ)+g3(r̄)sin(θ)+g4(r̄)cos(θ), (2.6)

with

g1(r̄)=
1

4

[

ū(r̄,0)+ū
(

r̄,
π

2

)

+ū(r̄,π)+ū
(

r̄,
3π

2

)]

, (2.7)

g2(r̄)=
1

4

[

ū(r̄,0)−ū
(

r̄,
π

2

)

+ū(r̄,π)−ū
(

r̄,
3π

2

)]

, (2.8)

g3(r̄)=
1

4

[

ū
(

r̄,
π

2

)

−ū
(

r̄,
3π

2

)]

, (2.9)

g4(r̄)=
1

4
[ū(r̄,0)−ū(r̄,π)], (2.10)

and
ū=

u

uavg
, r̄=

r

R
.
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Once the velocity profile is known, one can proceed to calculate the friction term and the
momentum correction factor. As a result, the modified momentum equation now reads:

∂Q

∂t
+1.63789

∂

∂x

(Q2

A

)

+
A

ρ

∂p

∂x
=−14.99647πν

Q

A
. (2.11)

Eqs. (2.2) and (2.11) are the continuity and momentum equation in 1-D, respectively. We
observe that in the above system, there are two equations but three variables (A,Q,p).
The third equation is a state equation which provides the relation between the area and
pressure in the vessel (FSI). The algebraic relation used in [5] is:

p(x,t)−p0 =
4

3

Eh

r0

(

1−
√

A0√
A

)

, (2.12)

where p0, r0 and A0 are the pressure, radius and area at zero transmural pressure, (i.e.
at diastole) respectively. Olufsen in [5] assumed the arteries to be tapering thin-walled
vessels and then the internal and external forces are balanced in the radial direction to
obtain the above relation between the pressure and the cross-sectional area. The same
relation has been employed in the present model.

Stergiopulos et al. [22] have published data for the volume compliance of various hu-
man arteries. From this data Olufsen derived an expression for the combined parameter
Eh/r0 as [5]:

Eh

r0
=2∗106 exp(−2253∗r0)+8.65∗104Pa. (2.13)

Knowing the p-A relationship, Eqs. (2.2) and (2.11) can be solved, considering that human
arteries taper along their length. To account for this fact, radial vessel variations are
assumed to follow Eq. (2.14):

r(x)= rin

( rout

rin

)
x
L
, (2.14)

where r(x) is the (base) radius at any point along the length x of the vessel, rin is the inlet
radius, rout is the outlet radius, and L is the length of the vessel. Eqs. (2.13) and (2.14) are
used as additional physiological models.

An approach is given by Martin et al. [33], where the authors use optimization to fit a
1-D model to 3-D results and obtain certain parameters in the 1-D model. This approach
is a possible way of proceeding; however, the parameters thus obtained would be more
specific to the 3-D results and the 1-D model would have a lesser physiological relevance.

2.2 Boundary conditions

Boundary conditions are required for the inlet and outlets, while the bifurcations require
matching conditions. We must first find the values of the variables at all the boundaries
to be able to calculate the flow field in the interior. The inlet boundary condition is fairly
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straightforward as the inlet values for either mean velocity or flow rate should be known
from either patient specific or population averaged data.

The basic concept for the bifurcation conditions is the conservation of mass flow. For
incompressible fluids, the flow rate at the end of a parent vessel is equal to the sum of the
flow rates at the inlet of the daughters, at any point of time. At the same time, pressure
has to be the same at the outlet of the parent vessel and the inlet of the daughter vessels.

In [14], the authors employed the structured tree outlet BC. They claimed that this
BC is a physiologically correct BC and is better than the generally used Windkessel BC
as it is able to capture the reflected waves effectively and hence can maintain a ’phase
lag’ between the pressure and flow. The structured tree may also capture high frequency
oscillations [23]. However, the Windkessel model is much easier to use and gives physi-
ological results very similar to those obtained with the structured tree BC [19]. This work
employs the three element Windkessel model (WK3) for which the pressure and flow are
related as [19]:

Ru
dQ

dt
=

dp

dt
+

p

CRd
− 1

C

(

1+
Ru

Rd

)

Q, (2.15)

where Q is the flow rate through the system, being replaced by the WK3, and p is the
pressure.

2.3 Numerical scheme

The two step Lax-Wendroff scheme was selected for its simplicity [14]. It is a second-
order method in both space and time. For a system in the form:

∂

∂t
U+

∂

∂x
R=S. (2.16)

The system of equations obtained by substituting Eq. (2.12) in Eq. (2.11), along with
Eq. (2.2) is in the above form, where U is the vector of unknowns (Q and A) while R
and S can be obtained by writing the system in form of Eq. (2.16).

The two step Lax-Wendroff scheme, as applied to our system, is:

Un+1
i =Un+1

i − ∆t

∆x

(

R
n+ 1

2

i+ 1
2

−R
n+ 1

2

i− 1
2

)

+
∆t

2

(

S
n+ 1

2

i+ 1
2

+S
n+ 1

2

i− 1
2

)

(Step 1), (2.17)

U
n+ 1

2
j =

U
n+ 1

2

j+ 1
2

+U
n+ 1

2

j− 1
2

2
+

∆t

2

(Rn
j+ 1

2

−Rn
j+ 1

2

∆x
+

Sn
j+ 1

2

+Sn
j+ 1

2

2

)

(Step 2), (2.18)

for j= i+1/2 and j= i−1/2.
The code has been written in FORTRAN 95 (Microsoft Visual Studio 2005). The choice

of the coding language was made based on the ease of incorporation into commercial
CFD-packages like ANSYS CFX or Fluent for further processing. All the vessels are di-
vided into an equal number of parts, and flow and pressure are calculated for each of
these parts.
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2.4 Particle dynamics equations

Broadly, there are two ways to model particle transport, i.e., the Eulerian-Eulerian model
for nano-spheres, or the Euler-Lagrange approach for micron particles. The Eulerian
approach is discussed by Quarteroni et al. [34]. They integrate the advection-diffusion
equation over the flow cross-section. However, this approach is unable to provide tem-
poral information, i.e., the distance travelled after certain time or the velocity of particles,
as it deals only with particle concentrations. In regard to microspheres, which are used
in the present simulations, a Euler-Lagrange model is more appropriate. This approach
enables us to track the individual particles (i.e., their velocities and locations) in time.

One-way coupling is assumed because the particle concentration is low, i.e., a dilute
suspension is assumed. This model considers the point forces acting on each particle to
determine its position and velocity. In general, these forces include surface forces like
drag, pressure, Basset, lift and interaction forces as well as volume forces such as gravity
and virtual mass [35].

The Basset history force is negligible when the particle relaxation time is less than the
transient system’s period. In our case, the maximum possible particle relaxation time is
about 10−4 seconds [24,29] while the transient system’s period, i.e. the time period of the
pulse is about 1 second. Thus the Basset history force can be neglected. Simulations on
a representative geometry conducted with and without the virtual mass force show that
this force can be neglected [24, 29]. Regions of high shear like flow-separation regions
are the regions where the lift force is significant. It is also important when the relative
velocity between the particles and fluid is higher. Since the high shear regions are a small
part of our domain and we expect the relative velocity of the particles to be very small,
the lift force is also neglected. Finally, because we are assuming a dilute suspension, the
interaction forces between the particles are neglected as well.

In modeling the motion of particles for horizontal flow, gravity need not be consid-
ered, and hence only the drag and pressure forces are applicable. Thus, Newton’s Second
Law for each particle reads:

mp
dvp

dt
=Fdrag+Fpressure. (2.19)

Here mp is the particle mass, vp is the particle velocity, Fdrag is the drag force, and Fpressure

is the pressure force. The drag force is exerted on the particle surface because of fluid-
particle velocity differences, while the pressure force arises due to the pressure gradient
across the particle surface. Specifically,

Fdrag=
1

8
πρpd2

pCd(v f −vp)|v f −vp|, (2.20)

where [25]

Cd=
24

Rep
(1+0.15Re0.687

p ) (2.21)
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and

Rep=
ρ f |v f −vp|dp

µ
. (2.22)

The pressure force is:

Fpressure=−d3
p

π

6
∇p. (2.23)

Here, dp is the particle diameter, v f is the fluid velocity, vp is the particle velocity, ρ f is
the fluid density, Cd is the drag coefficient, Rep is the particle Reynolds number, and p is
the fluid pressure. We observe that the pressure force acts in a direction opposite to that
of the pressure gradient. Thus, the final equation in 1-D reads:

mp
dvp

dt
=

1

8
πρpd2

pCd(v f −vp)|v f −vp|−d3
p

π

6

∂p

∂x
. (2.24)

Use of the Lagrangian model in 1-D is quite different. As we have only one velocity which
is the average cross-sectional velocity, this is the only velocity driving the particles. Also,
from the above equation we see that if the mass and diameter of two particles are the
same, they will have the same velocity. This implies that if we have a system consisting
of particles of the same density and having equal diameters, all of the particles will have
the same velocity (in 1-D) as long as they are released with same initial velocity. It would
be as if they are moving together as a cluster.

As a simple first approach, a forward difference scheme is used for the particle ve-
locity derivative. The pressure gradient across the particle surface is governed by the
previous position of the particle. The pressure gradient is calculated from the difference
in the pressure at the previous point and the point next to it, i.e. forward difference in
space.

As is seen from Eq. (2.24), the only unknowns in finding the particle velocity are the
fluid velocity and pressure. These are obtained from the solution of the continuity and
momentum equation. In a way, particle tracking can be considered as a part of post-
processing for a particular time step. First the fluid dynamic calculations are done and
the fluid velocities and pressures are determined at all the grid points. Next, from these
values, using the discretized form of Eq. (2.24), particle velocities are computed. These
particle velocities are instantaneous velocities. The distance traveled by the particle dur-
ing that time step can be found out by multiplying the particle velocity by the time step
(∆t) in which the velocity was obtained. The axial position of the particle in the vessel
at a particular time is calculated by adding up all such distances traveled by the particle
until that time.

2.5 Particle distribution across bifurcations

In 3D simulations, the motion of the particles along the co-ordinate axes is governed by
the corresponding fluid velocities. This results in a 3D particle motion which leads to
the particle entering a particular vessel at a bifurcation. Thus, which daughter vessel the
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particle would enter depends on the forces acting on the particle. However, in 1-D, there
is only one velocity which is along the axis of the vessel. The particle experiences forces
only in the axial direction. This raises a question about the criteria based on which the
particle would enter a particular daughter vessel at the bifurcation. In [20] the authors
conducted bench-top experiments regarding this. They release particles of diameters 0.6
mm, 1.6 mm and 3.2 mm in a rigid vessel (6 mm diameter) and studied their distribution
across a bifurcation. The two branching conduits have unequal radii and the flow rate in
each is prescribed in terms of a fraction of the parent vessel flow rate. After observing the
particle distribution in the two daughter vessels for multiple ratios of flow rates in them,
they conclude that smaller particles (with diameters 0.6 mm and 1.6 mm) are distributed
in the ratio of the flow rates in the daughter vessels.

The particles which we would be dealing with in our 1-D model would be around
32 microns and the typical diameter of the vessels would be 1 mm. Comparing this size
to that used in [20], we can say that we have the case of ’smaller’ particles and that we
can use the particle bifurcation condition that they are distributed in the ratio of the flow
rates. Clearly, we would know the total number of particles entering the system at the
beginning. The velocity and acceleration of the particles would be governed by the two
forces. When they encounter a bifurcation, they would be divided between the branches
with the ratio of the flow rates in the respective daughters, and hence we would know
the number of particles entering each daughter vessel.

Once we have the particle velocity, we can easily find out its axial position in the
vessel knowing the time and can predict the approximate time taken by the particles to
reach a possible end point or embolization spot.

3 Model validations

3.1 Validation with experimental/computational observations by Kung et al.
(2011) [9]

In this experimental paper, the authors have compared the simulated results from a 3-D
model of a single compliant vessel with experimental data obtained for the same vessel.

3.1.1 The experiment

For the experiment, a silicone compliant vessel of unpressurized radius of 2 cm, length
25 cm and wall thickness 0.08 cm was used. These parameters were chosen so as to
mimic the physiological geometry of the human descending thoracic aorta. A computer
controlled pump was used to give a physiological flow input to the vessel. As for the
outlet, a resistance module was constructed which was then connected to the outlet of the
vessel. This model was based on the four element Windkessel model (WK4) consisting of
a proximal resistance (RP), a distal resistance (RD), a capacitance (C) and an inductance
(L). The density and viscosity of the working fluid were 1050 Kg/m3 and 0.00461 Pa.s
respectively. The authors used a dynamic modulus of 1 MPa for the elastic vessel.
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3.1.2 Present model parameters

In order to simulate the physiological input, a Fourier series with eight terms was used
to approximate the flow pattern. For the outlet BC, a WK3 model was employed. The
parameters used for this WK3 were based on those of WK4 and the outlet flow and
pressures as given in [9]. The parameter values are from [26] for the same validation:
Ru=28.4268×106 Pa.s/m3, Rd=384.3939 Pa.s/m3 and C=1.384×10−9 m3/Pa.

The 1-D code was run for the above parameters and the results were compared with
those obtained experimentally in [5]. Figs. 4 and 5 show the comparison between results
obtained from our 1-D model and those documented in [5] from the bench-top experi-
ment.

Figure 4: Pressure plot for E=1.2 MPa, r0=1 cm.

Figure 5: Flow plot for E=1.2 MPa, r0=1 cm.
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Figure 6: Comparison of pressure-diameter response with Kung et al. (2011).

The waveform converged after 7 to 8 pulses. Results shown are for the converged
waveform. The time required with 50 grid points was about 25 seconds. One can see that
the pressure distributions and the flow rate match rather well for an elasticity module
of 1.2 MPa. A noticeable lag is seen between the maximum flow rate occurrence and
maximum pressure occurrence which is physiologically correct.

When lowering the E-value to 1 MPa, it is evident from Fig. 6 that for the given phys-
iological pressure range the trend corresponding to 1.2 MPa elasticity provides a slightly
closer distensibility match than for 1 MPa elasticity.

3.2 Validation with the model by Marchandise et al. (2009) [27]

This validation focused primarily on the bifurcation boundary conditions. Their hyper-
bolic system of equations was in the A-u form, assuming a flat velocity profile

∂A

∂t
+

∂(Au)

∂x
=0 (3.1)

and
∂u

∂t
+u

∂u

∂x
+

1

ρ

∂p

∂x
+K

u

A
=0, (3.2)

where K=22πµ. This system is then discretized using a Discontinuous Galerkin method
and a four- stage explicit Runge-Kutta scheme. They used their model to predict the
flows and pressures in a single bifurcation and validated it against the calculations done
in [12].

Specifically, the parent vessel had a length of 20 cm and a radius of 0.5 cm while the
daughters had lengths of 20 cm and radius of 0.2041 cm each. The radii of the daughters
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Figure 7: Pressure plots from 1-D and those of Marchandise et al. (2009). Solid-simulation, 

0 0.05 0.1 0.15 0.2 0.25 0.3 0.35 0.4 0.45 0.5
-20

0

20

40

60

80

100

Time (s)

P
re

ss
u

re
 (

d
y
n
e

/c
m

2
)

Inlet Midpoint

Bifurcation Daughter 

Mid
Daughter 

Outlet

Midpoint Inlet

Figure 7: Pressure plots from 1-D and those of Marchandise et al. (2009). Solid-simulation, dotted- Marchandise
et al. (2009).

were selected so as to get a reflection coefficient of 0.5 for the bifurcation [12]. This would
mean that at the bifurcation, the magnitude of the reflected wave would be half of that of
the incident wave. Also, for this case the viscosity was set to zero to simplify the analysis.
At the inlet, the inflow velocity was specified. The transient inflow velocity was in the
form of a Gaussian bell curve:

u(0,t)=0.5exp(−5000(t−0.05)2). (3.3)

At the outlet, the authors applied an absorbing boundary condition which means that
there was no reflection form the outlet boundary. Identical conditions were implemented
for outlet in the present model. The present numerical results and those obtained in [27]
are compared in Fig. 7.

It is seen from the pressure plots that our results match those of [27] well. The blue
curve shows the pressure variation in time at the inlet. Thus, we see that the pressure
wave travels from the inlet to the midpoint of the parent vessel and then to the outlet of
the parent vessel. At the bifurcation, the incident pressure wave, which has a magnitude
of about 60 dynes/cm2, is reflected. Also, at the bifurcation the reflected and incident
waves coincide thereby increasing the local pressure. This stepped-up pressure wave
then travels through the daughter vessels. At the same time, the reflected wave (from
the bifurcation) travels backwards towards the inlet and reaches the midpoint and then
finally the inlet of the parent vessel. We see that the magnitude of the reflected wave is 30
dynes/cm2. This is consistent with the fact that pressure at the parent outlet is the sum
of the incident and reflected pressure waves. It is also seen that the reflected wave is half
the magnitude of the incident wave which is again according to our calculations that the
reflection coefficient is 0.5.
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Some numerical dispersion appears in the waveforms. The use of more complex nu-
merical schemes, like those shown by Müller et al. (2013) [28], is a possible way of dimin-
ishing or eliminating such errors.

4 Results

4.1 Model geometry

As the model validations of Section 3 already provide some insightful results, in this
section the 1-D modeling technique is applied to a representative arterial system and
approximate results are compared to 3-D results obtained in [26]. Specifically, a transient
elastic 3-D model of the representative hepatic arterial system up to the daughter-vessels
of the left and right hepatic arteries (Fig. 8) was considered. The anatomy and geometric
dimensions of the model as shown in Table 1 were obtained from the most common
configuration of the hepatic arterial system based on literature studies [29].

Figure 8: Representative 3-D Hepatic Arterial System
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CHA 0.02800 0.00300 0.00230

GDA 0.00620 0.00150 0.00150

PHA 0.02700 0.00220 0.00150

RHA 0.00550 0.00125 0.00105

LHA 0.00540 0.00140 0.00110

D4 0.00570 0.00095 0.00085

D3 0.00450 0.00090 0.00085

D2 0.00430 0.00095 0.00085

D1 0.00540 0.00100 0.00085
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Figure 8: Representative 3-D hepatic arterial system.

The walls of the 3-D system were assumed to be hyperelastic, considering a second-
order Yeoh model and a thick-walled cylinder [26]. It should be noted that this relation
results in a different variation of elasticity (based on the applied pressure) than that is
being used in our 1-D model.

4.2 Boundary conditions

At the inlet, a fully developed parabolic profile was prescribed. The average velocity of
this profile was based on the flow waveform of Fig. 9, again obtained from population
data [29].

As outlet boundary conditions for GDA, D1, D2, D3 and D4, a WK2 model was used.
The Quemada model was adopted for non-Newtonian blood viscosity and a density of
1060 kg/m3.
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Table 1: Length and radii of the nine arteries.

Length (m) Inlet radius (m) Outlet radius (m)

CHA 0.02800 0.00300 0.00230

GDA 0.00620 0.00150 0.00150

PHA 0.02700 0.00220 0.00150

RHA 0.00550 0.00125 0.00105

LHA 0.00540 0.00140 0.00110

D4 0.00570 0.00095 0.00085

D3 0.00450 0.00090 0.00085

D2 0.00430 0.00095 0.00085

D1 0.00540 0.00100 0.00085

Figure 9: Inlet flow waveform for 3-D and corresponding 1-D simulation
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Figure 9: Inlet flow waveform for 3-D and corresponding 1-D simulation.

4.3 Implementation

As the input, the inlet flow waveform as shown in Fig. 9 was prescribed at the inlet of the
CHA. The WK2 parameters as shown in Table 2 were used. An effective blood viscosity
of 0.0035 Pa.s and a density of 1060 kg/m3 were used [30].

Table 2: WK2 parameters used in 3-D comparison.

Rd×1010 (Pa.s.m3) C×1012 (m3Pa−1)

GDA 0.51143 7.249

D1 1.2425 4.463

D2 1.6612 3.156

D3 1.1789 4.390

D4 1.3688 4.131
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4.4 Fluid flow results

The hyperelastic model used in 3-D simulations implied an elasticity modulus range of
0.3 to 0.5 MPa. Thus, for the 1-D simulation a representative constant elasticity value of
0.4 MPa was implemented for all vessels. Each of the vessels was divided into 30 equal
segments. This simulation took about 56 minutes for 4 pulses. The results are given in
Figs. 10a-f.

The 1-D pressure and flow rate in space and time match the 3-D results quite well.
Still, as for the validation case based on the results of [9], we notice that there is a time-
lag in the pressure and flow rate peaks. The flow depends in the pressure gradient in
the arteries. So even if the pressure peaks at around 2.4 sec., the pressure gradient is
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Figure 10: Pressure and Flow for CHA, GDA and D1 for the skewed profile.
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highest just before that. This is the reason why the peak flow occurs just before the peak
pressure.The flow rate in the daughter D1 is seen to be an order of magnitude less than
that in the CHA, but the pressures are comparable because the flow area is smaller in D1.

The pulse is made up of two parts — the systole, being the acceleration phase with
a peak flow rate, and the diastole, characterized by deceleration and quasi-steady flow.
The pulsatility of the flow decreases as it moves further in generations. This is clearly
seen when we compare the flow rate results for CHA and D1.

In summary, Figs. 10a-f indicate that a simple 1-D model can predict the same results
in terms of flow rates and pressure distributions as those obtained with a sophisticated
3-D simulation. These simulations can be used to predict the particle trajectories on the
system.

4.5 Particle transport

Particles used had a diameter of 32 microns and a material density of 1600 kg/m3. The
3-D model also employed a one-way coupled Lagrangian model to track the particles,
which were released with zero-slip velocity, i.e., with a velocity equal to the fluid velocity
at the inlet. For both inlet velocity and particle-release distribution, parabolic profiles
were assumed. In the 1-D model the initial velocity was the average axial fluid velocity
(0.1683 m/s), which is the same for all particles. As all the particles have the same density
and radius, they travel as a 1-D cluster and divide among daughter vessels based on the
associated flow rates in them. Hence it is opportune to compare the times taken by the
particles to exit each of the four daughters obtained form 1-D and 3-D calculations (Fig. 8).
Table 3 lists the 1-D and 3-D particle exit times with the skewed velocity profile and using
the wall-elasticity model.

Table 3: Particle exit times for skewed profile using exponential elasticity.

GDA D1 D2 D3 D4

1-D (s) 0.115 0.172 0.172 0.167 0.170

3-D (s) 0.113 0.1775 0.25 0.18 0.16

In 3-D, the instantaneous velocity of the particles depends on the fluid velocity com-
ponents at that point. Hence, each particle will have a different velocity and consequently
a different exit time. Also, due to the much more complex flow fields, the particles do not
take a straight path to the exit but often recirculate and veer off. So, the 3-D exit times
in Table 3 are not exact individual particle times but are based on the average time taken
by the particles to exit that branch. For this, particles were released over a small time in-
terval at the inlet of CHA. These particles then exit through different branches. For each
branch, the exit time required by about half of the total number of particles was calcu-
lated. Comparing single trajectories and their exit times could also be an option; but, as
mentioned, the particle exit times depend on the fluid velocities and hence the use of a
single trajectory would not be representative. It is observed that the particle exit times for
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1-D are within a 10% error when compared to the 3-D values, except for D2. The reason
behind this is that most of the particles exiting D2 were released near the walls where the
fluid velocities are lower; thus, causing lower particle velocities and hence higher exit
times.

4.6 Particle exit fractions

The number of particles exiting each branch was calculated. The particle distribution
across a bifurcation is based on the flow-rate ratio in the daughter branches. Table 4
shows the particle exit fractions in percentages for all the exits for 1-D and 3-D and the
corresponding flow rate distribution.

Table 4: Particle exit fractions and average flow distribution for 1-D and 3-D.

Particle exit fractions

GDA D1 D2 D3 D4

1-D (%) 36.96 17.13 12.99 17.46 15.43

3-D (%) 28.7 12.52 15.52 28.51 14.74

Average flow distribution

1-D (%) 40.34 16.09 12.16 16.90 14.51

3-D (%) 40.38 16.06 12.05 16.92 14.56

The table above show that the 3-D exit flow distribution is correctly predicted by
1-D. We also see that in 1-D, the particle exit fractions are in proportion with the 1-D
flow distribution. The numbers will not quite match as Table 4 only shows the average
flow distribution, while the actual particle distribution depends on the flow distribution
at the particular time when the particles are at the bifurcation. Naturally, the 3-D flow
distribution differs from the 3-D particle exit fractions because of the complex geometry
and the resulting 3-D flow fields. It should be recalled that the 1-D analysis of the particle
distribution across a bifurcation is for a relatively simple geometry, i.e., a rigid bifurcation
and straight tubes. Hence the 3-D values are different because of the geometry being
viscoelastic and featuring multiple bifurcations with curved tubes, generating complex
3-D flow fields and hence intricate particle paths.

4.7 Computer resources

The 1-D simulations took only around 60 minutes on a PC with 2.67 GHz and 6 GB RAM
for the same amount of pulses as that of the 3-D runs. However, the 3-D simulations
required about 4 days on a workstation with 40GB of RAM and using 10 processors with
3.33 GHz. Thus, to obtain very similar fluid-particle dynamics results for a bifurcating
network, the present 1-D simulation model requires significantly less run time and com-
puter resources than 3-D calculations.
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5 Conclusions and future work

5.1 Conclusions

Blood flow in arteries is a rather complex phenomenon, involving various factors and
parameter values such as blood pulsatility, patient-specific 3-D geometry, artery tether-
ing, blood viscosity, multiple bifurcations, and wall elasticity. A 3-D model simulating
all the intricacies of the geometry and involving all the complex phenomena would be
very time and computer-resources consuming. For example, in applications such as tu-
mor targeting with drug-particles or radioactive microspheres [1], it is required to model
and simulate transport phenomena deep into the arterial system and gain useful results
as quickly as possible.

A simple and cost-effective way to do this is using a 1-D model for simulation of
arterial pressures and flow rates. In developing such a 1-D model, a number of assump-
tions were carefully made so as to preserve the physical phenomena and at the same
time reduce computational times and resources. These assumptions involve the use of
a simple algebraic pressure-area relation, an exponential elasticity model for the vessels
and considering only unidirectional flow with a representative skewed velocity profile.
However, there is a limit to the number of generations that can be modeled, even in 1-D.
Thus, suitable physiological boundary conditions are required to be set up in order to
account for the impact of generations further downstream.

The present 1-D model was successfully validated against data sets from the open
literature. We implemented a realistic, average, skewed velocity profile in the model.
This was based on a representative velocity profile after bifurcation of the vessels. The
generalized (skewed) velocity profile, influencing the momentum correction factor as
well as the axial friction term, was able to match data sets correctly. The results depend
on the elastic model of the vessel used. Similarly, the outlet pressure and flow rates have
to be known so as to correctly simulate the downstream conditions.

The 1-D model was augmented with Lagrangian particle transport. This allows for
predicting particle distributions across bifurcations and particle travel times. It could also
be employed to generate fluid-particle dynamics results for inhaled toxic or therapeutic
aerosols.

The 1-D model is a faster tool to predict the flow field variables in the arterial or
pulmonary system as compared to the 3-D model. It is not memory intensive and can be
run on a regular PC. Apart from being fast, it also produces somewhat equally reliable
results. Specifically, we successfully developed and tested a physiological 1-D model that
can predict the fluid flow, pressure level and particle trajectory in the arterial system. This
model can now be used as an extension to any 3-D model; thus, increasing the reach in
terms of the number of downstream generations.

In summary, the specific novel contributions are:

• Particle tracking in arteries is being done with 1-D fluid modeling for the first time.
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• An average skewed profile was selected based on 3-D simulation of a bifurcation.
This representative profile provides better values for the friction and inertia terms
in a flow system with bifurcations.

• The 1-D model can be coupled to a 3-D model and simulations can be run for a
higher number of generations in vascular or lung-airway systems.

5.2 Limitations and future work

There are, however, some improvements that can be made concerning the core model:

1. A superior numerical scheme, preferably a finite element method with lower dis-
persion errors, should be explored.

2. The outlet BCs require some knowledge of the pressures and flow rates in the
downstream vessels. The more complex impedance BC [5] is an option; but it too,
at a point, requires the knowledge of total hydraulic resistance downstream.

3. The particle exit fractions are somewhat off from the 3-D results. A better criterion
can be formulated for particle distributions across bifurcations. For example, coef-
ficients considering recirculation and other 3-D effects affecting particle trajectories
could be introduced in the particle trajectory equation.

4. The application of this model to lung airways should be appropriate. For lung
airways, the pressure-area relation is not the same as that for the systemic arteries.
The diameter does not change isentropically with the lung volume [31]. Another
tube law for the lung airways and elasticity based on the soft and cartilage tissue
content are given in [32].
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