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Abstract. In previous work, the author introduced a measure-conjugacy invariant for
sofic group actions called sofic entropy. Here, it is proven that the sofic entropy of
an amenable group action equals its classical entropy. The proof uses a new measure-
conjugacy invariant called upper-sofic entropy and a theorem of Rudolph and Weiss for the
entropy of orbit-equivalent actions relative to the orbit change o -algebra.
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1. Introduction

The paper [Bol0a] introduced a family of measure-conjugacy invariants referred to as sofic
entropy for actions of sofic groups. This entropy is inspired by the classical Kolmogorov—
Sinai entropy and shares many of its features. The main goal of this paper is to show that
the sofic entropy of an amenable group action equals its classical entropy. An alternative
approach based on operator algebras is being developed by Kerr and Li [KL1, KL2]. The
reader is encouraged to review [Bol0a] for more background.
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1.1.  Sofic groups. To begin, let us recall the definition of a sofic group.

Definition 1. (Sofic groups) Let G be a countable group. For any integer m; > 0, let
[m;]1={1,...,m;} and Sym(m;) denote the symmetric group on [m;]. Let ¥ = {ai};?il
be a sequence of maps o; : G — Sym(m;) which are not assumed to homomorphisms.
Then X is a sofic approximation to G if for every g, h € G,

1
lim —#{p € [m;]:0(g)o(h)p=0(gh)p}=1

—00 m;

and forevery g #h € G,

1
ilirgo ;#{p €[mi]:o(g@p#o)pt=1.

To avoid trivialities, we also assume lim;_, o, m; = +00, which is necessarily true if G is
infinite. G is sofic if there exists a sofic approximation to G.

Example 1. If G is residually finite then there exists a decreasing sequence {N;}72, of
finite-index normal subgroups of G with (); N; = {e}. Let 0; : G — Sym(G/N;) be the
canonical homomorphism given by the action of G on G/N;. Then {0;}72, is a sofic
approximation to G.

Example 2. 1If G is amenable then there exists an increasing sequence {F;}7°, of finite
subsets of G such that Ui F; = G and for every finite K C G,

KFi A F| _

lim =1.

i—00 | Fi|
Let 0; : G — Sym(F;) be any map such thatif f € F;, g € G and gf € F; then 0;(g) f =
gf- Then {0;}72, is a sofic approximation to G.

Sofic groups were defined implicitly by Gromov in [Gre99] and explicitly by Weiss
in [We00]. Since finitely generated linear groups (i.e., subgroups of GL, (F) where F is a
field) are residually finite (by [Ma40]), they are sofic. It is easy to check that a countable
group is sofic if and only if all of its finitely generated subgroups are sofic. Thus, all
countable linear groups are sofic. It is unknown whether every countable group is sofic
but an unresolved case is that of the universal Burnside group on a finite set of generators.
Pestov has written a beautiful up-to-date survey [Pe08] on sofic groups and their siblings,
hyperlinear groups.

1.2.  Sofic entropy. Let G be a countable discrete group. In this paper, an action of G
is a triple (7', X, u), where (X, u) is a standard probability space and T = (Tg)gec is
a collection of measure-preserving transformations T : X — X such that T T}, = T, for
all g, h € G. The notation GAT(X, ) means (T, X, p) is an action. Also, G (X, 1)
means that G acts on (X, u) by measure-preserving transformations and the product of
g € G with x € X is denoted by gx.

A process over G is a quadruple X = (T, X, u, ¢), where (T, X, i) is a G-action and
¢ : X — A is a measurable map into a finite or countable set A. ¢ is called an observable
and A is the range of the process. We will implicitly assume that the range of every process
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considered in this paper is finite. The next few paragraphs define the entropy rate of ¢ with
respect to a sofic approximation X for G in the special case in which A is finite.

Suppose thato : G — Sym(m)isamapand ¢ : {1, ..., m} — Ais afunction. In order
to compare v with ¢, let W C G be finite (W is for window). Recall that AW is the set of all
functions from W to A. Let ¢" : X — AW be the map defined by ¢" (x)(w) := ¢ (Tyx).
Similarly, define W;}V {1,...,m}— AV by w(fv(p)(w) =Y (o(w)p). The measure u
pushes forward to a measure ¢! u on AY. Similarly, if u is the uniform probability
measure on {1, ..., m} then (I/I(‘,’V)*u is a measure of AY. Let dw ((o, ¥), ¢) be the total
variation distance between ¢:V u and (1//‘;}‘/ )s«u. Explicitly,

1

1
dw (0, ), ®):= S 16 1= WeHwuli = 5 D 1927 nldah) — W ulad).

acAW

The sofic entropy rate of the process X with respect to a sofic approximation ¥ =
{0i}72, to G (where 0; : G — Sym(m;)) is defined by

— 1 # . 1, ceey [ A:d i 5 )
h(S. %) = inf inf lim sup &Y mi) > A:dw (9, ¥). ) <€}
WCG e>0 ;. m;

(D

The first infimum is over all finite subsets of G. The entropy 4(%, X) may alternatively be
denoted by h(X, ¢) or h, (X, ¢).

In order to obtain a measure-conjugacy invariant, consider a special class of observables
as follows. The map ¢ is generating if the smallest G-invariant ¢ -algebra on X for which
¢ is measurable is the o-algebra of all measurable sets up to sets of measure zero. The
following is part of the main result of [Bol0a].

THEOREM 1.1. Suppose G (X, w). If ¢1 and ¢, are finite generating observables of X
and X is a sofic approximation to G then h(Z, ¢1) = h(Z, ¢2).

Because of this result, the entropy of the action GT(X, ) with respect to X is defined
by h(X, T) := h(Z, ¢), where ¢ is any finite generating observable (if one exists).

In [Bol0Oa], an alternative but equivalent definition of entropy is given based on
partitions instead of observables. Also, the entropy rate of an observable with countable
range is defined under special conditions. That extension is not needed here. The main
result of this paper is the following theorem.

THEOREM 1.2. If G is infinite and amenable, G (X, 1) and ¢ is a finite observable then
for any sofic approximation X to G, h(X, @) is the classical mean entropy rate of ¢.

The definition of classical mean entropy rate is reviewed in §3. By [Ro88], if the
classical entropy of an ergodic, essentially free system GAJ(X, u) is finite (and G is
amenable) then there exists a finite generating observable for the action. So, the above
theorem implies (X, T') is the classical entropy of the action in this case.

1.3.  Overview. Section 2 discusses several variations on the definition of sofic entropy.
These arise from allowing randomness in the sofic approximation and also in the
approximations to the observable. Section 3 provides basic background on amenable
groups and classical entropy theory. Section 4 proves the main Theorem 1.2 in the
special case in which G =7Z. This uses the above variations on sofic entropy but is
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otherwise elementary. Section 5 discusses relative entropy theory, both the classical case
and the sofic case. Section 6 proves the main results in entropy/orbit-equivalence theory
that allow us to conclude Theorem 1.2.

2. Random sofic approximations, approximate processes and entropy
It will be helpful to broaden the notion of sofic approximation to allow for ‘random’ sofic
approximations, defined next.

Definition 2. (Random sofic approximation) Let G be a countable group. Let {m;}°, be
a sequence of natural numbers, Sym(m;)C the set of maps from G to Sym(m;) and Um;
the uniform probability measure on [m;]. Let x; be a probability measure on Sym(m,-)G.
We say that the sequence K = {«;}*°

2| is a random sofic approximation to G if for every
g, heg,

il_iglo ki X um;({(0, p) € Sym(m)® x [m;]:0(g)a(h)p=0(gh)p}) =1
and for every g # h € G,
lim ki x up, (1(, p) & Sym(mi)® x [mi]: 0()p # o (h)ph) =1.

Remark 1. This notion generalizes sofic approximations in the following sense. If
Y= {Ui}?il is a sofic approximation of a group G (where o; € Sym(m,-)G) and §; is
the probability measure on Sym(m,-)G supported on o; then {81-}19'21 is a random sofic
approximation of G.

Definition 3. (Sofic entropy) Let X :=(T, X, W, @) be a process over a group G with
random sofic approximation K = {«;}?° . Suppose ¢ : X — A, where A is a finite set. For
eacho € Sym(m,-)G, finite W C G and € > 0, let N; (o, W, €) be the number of functions
Y 1 [m;] — A such that dw ((o, V), ¢) < € (this is the notation used in §1.2). The sofic
entropy of X with respect to K is

_ log Ni (0, W, €) dxi
h(K, X):= inf inflimsupf og Ni(a, W, €) dki(o)

WCG e>0 a0 m;
For example, if K is any subsequence of K then 2(K', X) < h(K, X).

The definition above generalizes the notion of sofic entropy by introducing randomness
into the sofic approximation. It is also possible to introduce randomness into the
observables. This leads to a new notion of entropy called upper-sofic entropy (which
was introduced implicitly in [Bol0b]). To explain, it is necessary to have a notion of
‘approximate process’ which is motivated by the definition of a sofic group.

Definition 4. (Approximate process) An approximate process over G is a quadruple
X =(T, X, w, @), where (X, u) is a standard probability space, T = (Tg)gec is a set of
measure-preserving Borel maps T, : X — X and ¢ : X — A is a Borel map to a finite or
countable set A called the range of the process. An approximate process is a process if
T defines an action, i.e., Tgy = T Tj, for all g, h € G. The word ‘approximate’ is used to
suggest that X is approximating some process. The definition by itself does not imply this
but it is how these objects will be used.
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Definition 5. (Local statistics and distance between processes) Given a finite set W C G
and an approximate process X = (T, X, i, ¢), define ¢¥V :X — A% by

oF (x) == [w > ¢(Tyx)].

Let (¢¥V )« be the pushforward measure on AY. This measure is called the W-local
statistics of X.
Given another approximate process Y = (S, Y, v, 1) with range A, we define

dw(X,Y) == 3o e — (Wvllr.

Then X and Y are said to be equivalent if dy (X, Y) =0 for all finite W C G. Let
P(G, A) be the set of all equivalence classes of approximate processes over G with range
A. By abuse of the notation, we do not distinguish between an approximate process
and its equivalence class. Let P(G, A) have the smallest topology such that for every

finite W C G, the function dw is continuous with respect to the product topology on
P(G, A) x P(G, A).

Definition 6. (Approximate processes from random sofic approximations) Let K = {k;}
be a random sofic approximation to G. Let 7; be a probability measure on Sym(m;)¢ x
A"l where A is a finite or countable set. Suppose that the projection of 7; to the first
factor is «;. For each g € G, define

00
i=1

6:() : Sym(m)® x A" x [m;] — Sym(m;)® x A"V x [m;],
6i(g)(o, ¥, p) = (0, ¥, 0(g)p).
Define
xi : Sym(m)¢ x A" x (mi] > A, xi(o, ¥, p) =V (p).
Define
X; = (67, Sym(m;)® x AV [mi], ni X wum,. x0).

Then X is the approximate process constructed from n;.

The sequence {X; }72 | is adapted to the sofic approximation K = {«;
o
i=1"

iz

| if it arises from
the above construction for some sequence of measures {7;}

Definition 7. 1If u is a probability measure on a finite or countable set X then

H(w) == p({x}) log(r(fx)).

xeX

By convention, 0 log(0) = 0.

Definition 8. (Upper-sofic entropy) Let n;, k;, etc be as in Definition 6 and let n; =
f Vi.o dki(o) be the decomposition over «;. So, v; » is a probability measure on the set
{(, €) € Sym(m;)® x A"} Then define

h(i-):%/fl(w,a)dm(a).

This definition depends implicitly on n; (which might not be determined by the equivalence
class of X;).
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The upper-sofic entropy of a finite-range process X = (T, X, u, ¢) with respect to K is
defined by
h(K, X) := sup lim sup h(Yj),
Jj—o0o

?‘;1 of approximate processes adapted to

K’ (where K’ is a subsequence of K) such that lim;_.o, X ; = X. If no such subsequence
exists then 2(K, X) = —oo. The upper-sofic entropy 4(X, X) can alternatively be denoted
by h(K, ¢) or h 1w K, @) if it is desirable to emphasize the dependence on p or ¢.

If each «; is supported on a singleton set {o;} C Sym(m,')G then let X := {0;};cy and
define 1(Z, X) := h(K, X).

where the supremum is over all sequences {X il

Using the methods of [Bo10a], it can be shown that upper-sofic entropy is an invariant:
if ¢, 1 are two generating observables with finite range then h(K, o) = h(K, ) (but this
is not needed here). Next, upper-sofic entropy is related to sofic entropy (which will be
referred to as lower-sofic entropy so as to distinguish it).

Definition 9. (Strong convergence of approximate processes) As above, let {Yi}?il be a
sequence of approximate processes constructed from measures {n;}7°, on Sym(m;)% x
Almil a5 in Definition 6. Suppose that the limit lim; , o, X; = X is a process over G. The
sequence {X; }72 converges to X strongly (denoted lim; o, X; = X strongly) if, for every

finite W C G and every € > 0,
Jim i ({(0, ¥) € Sym(m;)¢ x A" dy (o, ¥), ¢) <€) = 1.

PROPOSITION 2.1. Let X be a process over G and let K be a random sofic approximation.
Then
h(K, X) = sup lim sup h(Yj),
j—o00
where the supremum is over all sequences {Y j }7021 of approximate processes adapted to

K’ (where K' is a subsequence of K) such that limj_,oc X j = X strongly.
Proof. The proof is an exercise in understanding the definitions. a

COROLLARY 2.2. Let X be a process over G and let K be a random sofic approximation.
Then
h(K, X) <h(K, X).

3. Amenable groups

Definition 10. Let G be a countable group, F, K C G finite sets and € > 0. Then F is
left-(K, €)-invariant if

|[KF N F|

—_— =

|F|

where KF = {kf € G |k € K, f € F}. A left-Fplner sequence of G is a sequence {Fy};°
of finite subsets of G such that for all finite K C G and all € > 0, there exists an N such
that n > N implies F;, is left-(K, €)-invariant. G is amenable if there exists a left-Fglner
sequence for G.

1—e€,
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Definition 11. Let G be an amenable group with left-Fglner sequence {F,}7° . Let X =
(T, X, u, ¢) be a process over G with range A. For a finite W C G, let 9" : X — AW be
the map ¢" (x)(w) = ¢ (Tyx). The classical entropy of X is defined by
F,
— H n
WX = lim 2P

where H(-) is as in Definition 7. Some alternative notation for the entropy rate are
h(X) =h(p) = hyu(¢) =h, (T, ) = h(T, ¢). The entropy rate does not depend on the
choice of Fglner sequence (for example, [OI85]).

4. The case of 7
The purpose of this section is to prove the following proposition.

PROPOSITION 4.1. Let K = {k;}{°, be a random sofic approximation of 7. Let X be a
process over Z with finite range. Then h(K, X)=h(K, X) =h(X), i.e., classical entropy,
sofic entropy and upper-sofic entropy agree.

In order to prove this, we will reduce to the case when the sofic approximation K is
particularly simple (given by finite quotients of Z). For this, we need to define what it
means for two sofic approximations to be close.

Definition 12. Let W C G be finite and let € > 0. Suppose that o : G — Sym(m) and o’ :
G — Sym(m’) are two maps and there exist subsets Q C [m], Q' C [m'] and a bijection
B: O — Q’ such that:

(1) o'(w)B(g) = B(o(w)q) forallw € W and g € Q with o (w)q € Q;

2 ow)B ' (g)=p""' (w)q) forallw e W and ¢’ € Q' with o’ (w)q’ € Q'; and
@ 121z —em, |Q'[=1—e)m'.

Then o and o’ are said to be (W, €)-close to each other. We say two probability
measures k, k' on Sym(m)G, Sym(m’ )G, respectively, are (W, €)-close if there is a
probability measure ¥ on Sym(m;)¢ x Sym(m;)G with marginals x« and «’ such that
P(G(W, €)) > 1 — €, where G(W, ¢€) is the set of all (o, 6) € Sym(m)© x Sym(m’)¢ that
are (W, €)-close to each other. Finally, we say that two random sofic approximations to
G, K= {k}72, and L = {A;}72,, are asymptotic if for every finite W C G and € > 0, «; is
(W, €)-close to A; for all sufficiently large i.

The following theorem is a special case of Theorem 5.5 proven in the next section.

THEOREM 4.2. Let X be a process over a group G with random sofic approximations K
and L. If K and L are asymptotic then h(K, X) = h(L, X) and h(K, X) = h(L, X).

This motivates the next result, which is a minor extension of [ES10, Theorem 2].

THEOREM 4.3. Let G be an amenable group and K = {«;}72 |, L. = {1;}{2, be random
sofic approximations to G. Suppose that for each i, k; : G — Sym(m;), A; : G — Sym(m})
and lim; _, oo (m; /m;;) = 1. Then K and L are asymptotic.

To prove this, we need some terminology adapted from [ES10].
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Definition 13. Let G be a finitely generated group and S = S~! C G a finite generating set
for G. Let 0 : G — Sym(m) be a map. Then o is an r-approximation to (G, S) (forr a
positive integer) if there exists a set V C [m] such that |V | > (1 — (1/r))m and for every
v € V and every sequence g1, ..., g € S U {e},

0(g1)o(g2)---o(gr)v=0(g182 - &)V

andif gi, ..., g, € SU{e}aresuchthat g --- g, # g} - - - g, then

o(g182 -+ 8V F# (8185 - &V.

Definition 14. f T C Gando : G — Sym(T) isamaptheno isacopyof T if o (g)t = gt
foreveryr € T and g € G withgr e T.

Definition 15. If o;: G — Sym(m;) (i=1,...,n) are maps then oy +---+ 0, is
defined to be the map from G to Sym(m + - - - + m,,) defined by

(o1 +---+on)(@p:=0i(gp,

where i is determined as folows: if p < m theni = 1; otherwise i is such that Z'_ll mj <

L

. j=
p =< le=1 mj. Also, if r > 1 is an integer then ro| ;=01 + - - - + o1 (r summands). So,
if o« = (g, ..., o) is a vector of positive integers, and (o7, . . ., o) is a vector of maps,

then « - (o1, ..., 0,) is defined to be the map o101 + - - - + @07

PROPOSITION 4.4. Let G be a finitely generated amenable group with finite generating
set S=S"1. Let {Fi}2, be a left-Fplner sequence for G. Then, for each integer r > 0,
there exists an integer R(r) > 0 (which also depends on {E}?il), a finite subsequence
{Th, ..., T,} C{Fi}{2, and a vector a = (a1, . . ., &) of positive natural numbers such
that the following holds. Every T; satisfies |ST; A T;| < |T;|/r and every map o : G —
Sym(m) which is an R(r)-approximation to (G, S) is (S, 1/r)-close to an integer multiple
ofa- (o1, ..., 0,), where o; is any copy of T;.

Proof. This is [ES10, Proposition 2.8] (in different terminology). a
Proof of Theorem 4.3. Let W C G be finite and € > 0. It suffices to show that «; is (W, €)-
close to A; for all sufficiently large i. Let S =W U W~!. Without loss of generality, we

may assume G is generated by S.
Given integers m, r > 0, let X (m, r) be the set of all (o, p) € Sym(m)G such that

o(g1)o(g2)--o(g)p=0(g1---g)p forallgi, gr,..., 8 €SU{e}
andif g}, ..., g, € SU{e} are suchthat g1g2 - - - g, # g1&5 - - - & then

o(gig 8P #0(ggh - 8)p-

For o € Sym(m)?, let X, (m, r) be the set of all p € [m] with (o, p) € X (m, r).
Now let K= {«;}?°, be a random sofic approximation. By definition, there exists
an N such thatforall i > N, k; X ty, (X (m;, r)) >1— (1/r2), where u,,, is the uniform
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probability measure on [m;]. Let o be an element of Sym(mi)G chosen at random with
law «;. By Markov’s inequality,

P(n; — |Xo(mi, )| > m;/r) <Elm; — |Xo(m;, r)[1(r/m;) < (mi /r?)(r/m;) = (1/7).
Therefore,
ki (fo € Sym(m;)% : | Xy (mi, r)| = mi(1 — (1/r)N})) > 1 — (1/r).

Note that each o € Sym(m;)© with | X, (m;, r)| = m;(1 — (1/r)) is an r-approximation to

(G, 9).
By the previous proposition, there exist a finite sequence {77, ..., T,} of finite sets
T; C G and a vector & = (ay, . . . , @) of positive natural numbers such that the following

holds. Every T satisfies |ST; A T}| < |T}|/r and for every map o : G — Sym(m;) which
is an r-approximation to (G, S), there is an integer k; (o) such that o is (S, 1/r)-close to
ki(o)a - (o1, ...,0y), whereojisacopyof T; for 1 < j <n.

We would like to choose the integers k; (o) to be independent of o (although they
must depend on 7). So, let k; be the minimum of k; (o) over all maps o : G — Sym(m;)
which are r-approximations to (G, S). We claim that each such o is (S, 3/r)-close to
kia - (o1, ..., 0p).

To prove the claim, first note that if o : G — Sym(m) and ¢’ : G — Sym(m') are any
two maps that are (S, 1/r)-close to each other then 1 — (1/r) <m/m’ < 1/(1 — (1/r)).
So, let g be the integer such that « - (o1, . .., 0y) is a map from G into Sym(g). Then
if o is any map from G into Sym(m;) which is an r-approximation to (G, S) then
1—(/r)<ki(o)g/m; <1/(1 —(1/r)). Since this is true for every such o, it follows
that, for any such o,

= 2fr < (1= (1/r)? = 24
- ~ ki(o)g
Clearly, k;(0)« - (o1, ...,0,) and ki« - (04, ..., 0y) are (S, €)-close for any € with

1 —€ <kiq/ki(o)g. So we can choose € =2/r.
It follows readily from the definition of closeness that if o is (S, €)-close to o/,
o' is (S, €')-close to ¢’ and € +€ <1 then o is (S, € +¢€')-close to ¢”. So, if

o : G — Sym(m;) is an r-approximation to (G, S) then it is (S, 1/r)-close to k; (o)« -

(o1, ..., 0,) which is (S, 2/r)-close to kj« - (o1, ..., 0,). Thus, o is (S, 3/r)-close to
ki - (o1, ..., 0,) (Whenever r > 3).
Let ; = kja - (01, ..., 0,). From the claim, it follows that «; is (S, 3/r)-close to the

probability measure supported on {7;}.

By choosing N larger if necessary, we may assume that for i > N, there is (by a similar
argument) an integer k" such that if 7/ = k;r - (01, . . ., 0,) then }; is (S, 3/r)-close to the
probability measure supported on {z/}. Note 1 —3/r <k!q/m) <1/(1 —3/r). So,

K Il
(1 = 3/r)2 minGm; /], m} ;) < 09 < POn/ i, i)
kig 1 —3/r)?

This implies 7; and 7/ are (S, 1 — (1 — 3/r)? min(m; /m}, m;/m;))-close. So, k; and
Ai are (S, (6/r)+1—(1—3/r)? min(m; /m}, m;/m;))-close to each other. Since
lim; oo (m;/m}) =1 and r can be made arbitrarily large, we have shown that for every
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€ > 0, there exists an N such that i > N implies «; and X; are (S, €)-close, which implies
the theorem. O

LEMMA 4.5. Let K= {k;}{2, be a random sofic approximation of Z. Let X =
(T, X, u, ¢) be a process over Z with finite range A. Then h(K, X) = h(K, X).
Proof. By Theorems 4.3 and 4.2, it suffices to show h(XZ, ¢) = h(x, ¢), where X =
{oi}f.’il and o; : Z — Sym(m;) is the homomorphism with o; (1) = (1, 2, . .., m;).

By Corollary 2.2, it suffices to show that 2(X, ¢) > h(Z,¢). Lete >0and W C G be
finite. It suffices to show that

lim i log@{yr : {1, ..., mu} — A:dw((on, ¥), ) <e€})
im inf

n— 00 my

>h(Z, ) —e.

The definition of /(X, ¢) implies there exists an i and a probability measure v; on
Almil such that if §; is the probability measure supported on the singleton {o;}, and X; is
the approximate process constructed from »; :=§; x v;, then:

o dy(X;, X)<¢€/2;

e h(X))=h(Z,$)—e€/2;and

° there is an N > O such that W C [-N, N]and 2N /m; < €/2.

After perturbing v; if necessary, we may assume that there is an integer d > 0 such that dv;
is integral (i.e., dv;({§}) € Z for all § € Almily 'We may also assume that v; is o;-invariant
by replacing it with (1/m;) "2 (6 )«v; if necessary.

Let n > i be a large number (to be specified later). Let k = |m,,/dm;|. We will say that
a function ¥ : [m,] — A is good if for every & € A"l the number of j with 0 < j < kd
satisfying

Y(jm; +p)=5§(p) foralll<p=<m;

is exactly kdv; ({£}). For such a ¢, let Yw be the approximate process constructed from
8, x 8y, where 8y is the probability measure concentrated on {y/} C Almnal,

In order to estimate dy (th X)), let U, be the uniform probability measure on [m,,]
(so ¥V u,, is the W-local statistics of X, by Definition 5). If Uy, is the uniform
probability measure on

K={pelm,]l:p=jm; +qforsome0<j<kdandsomel+ N <qg <m; — N}

then w;’v ufnn is the W-local statistics of X;. This uses the fact that v; is o;-invariant and

W C [—=N, NJ. Since |K| =kd(m; — 2N), it follows that
kd(m; — 2N)

nmy

dw(Xy, Xi) <1—

Let Ny be large enough so that if n > Ny then 1 — (kd(m; — 2N)/m,) < €/2. By choice
of X;, this implies dy (71&’ X) < e. We will now assume that n > Nj.
The number of good functions ¥ : [m,] — A is

—1
|A|(mn_kdmi)(kd)!< l_[ (kdvz({s}))') .

EEA[mi]
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Stirling’s formula implies that
log[| A" (kd) /([ Tg e gomir (kdvi (ENIH'T

m,,linoo kd = H).
Therefore,
. Jdog@y 1L L, my ) —> Andw (o, ¥), @) <€) H(vy)
lim inf >
n—oo ml’l ml
=h(X;)) = h(Z, ¢) —e.
Because € > 0 is arbitrary, this implies the lemma. d

LEMMA 4.6. Let K= {k;}7°, be a random sofic approximation of 7. Let X =(T, X,
W, @) be a process over 7. Then h(K, X) > h(X).

Proof. By Theorems 4.3 and 4.2 and the previous lemma it suffices to show that 2(X, ¢) >
h(X), where ¥ = {0i}2, and o; : Z — Sym(m;) is the homomorphism with o;(1) =
1,2,...,m;).

Let ¢™i : X — Al be the map ¢ (x)(p) = ¢(TPx) forallx € X, p € [m;]. Let
ni = ¢4 ;u be the pushforward measure on A1, Let X; be the approximate process
constructed from &; x n;, where §; is the probability measure concentrated on {o;} C
Sym(m;)%. The Fglner property of the sequence of intervals [m;] C Z implies that
lim; oo X; = X. The definition of 4 (X) implies lim; o £(X;) = h(X). This implies
the lemma. O

Proof of Proposition 4.1. By Theorems 4.3 and 4.2 and the previous lemma, it suffices to
prove that if ¥ = {o; ?il’ where o; : Z — Sym(m;) is the homomorphism with o;(1) =
(1,2,...,m;), then h(Z, X) < h(X). Let {Vi}?il be a sequence of probability measures
on Al™il such that if {Yi}l.oi | is the sequence of approximate processes constructed from
ni :=0; x v; (where §; is the probability measure concentrated on {0;}7°, C Sym(mi)Z)
then

lim X; =X and lim A(X;) =h(Z, X).

1—> 00 11— 00
Let X = (T, X, i, ¢), where ¢ : X — A. Using a standard trick, X is equivalent to
a process of the form (r, A%, 1/, ¢'), where 7 : AZ — A” is the shift map t(y)(n) :=
y(n+1) and ¢': AZ — A is the time-0 projection ¢’(y) := y(0). To be precise, let
¢% : X — AZ be the map dL(x)(n) := ¢(T"x) for x € X, n € Z. This map is equivariant.
X is equivalent to (t, AZ, i, ¢), where 1’ is the pushforward measure ¢Z1. So, without
loss of generality, we will assume that X = A%, T = t is the shift map and ¢ : AZ — A is
the time-0 projection.

Let 7, : (Al"1)Z 5 AZ be the map defined by

T W(im, + ) :=W3E)(j) forall W e (A" N2 i e 7, jemy).

Let v,% be the measure on (A""1Z equal to the product of Z-copies of v,. Let W, =
(nn)*(an) be the pushforward measure on AZ Let

1 &
_ Jo
Mn—nT E T My
n -]

Note that p,, is T-invariant.
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For an interval [a, b] C Z, let ¢p[¢?1 : AZ — Al:b] be the projection map. By concavity

of entropy,
[-mu N+1,m, N] [-myN+1,m,N]
H H
hu,, $) = lim (¢« ) > lim (¢ /J/n)
N—o00 2m, N N—o00 2m, N
o 2NH®) _ H()
N—oo 2myN — m,

Since lim; o0 X; = X, it follows that lim,, @, = w in the weak* topology on M (AZ),
the space of all r-invariant Borel probability measures on AZ. It is well known that
the function A € M (A%) — hy(¢) is upper-semi-continuous on M (A%)y; for example, see
[GI03, Lemma 15.1, p. 270]. It follows that

H(v,

h(Z, ¢) = lim sup ) <lim sup Ay, () < h, (@),

n—o0 mpy n— 00

as required. O

5. Relative entropy

Definition 16. (Factors of approximate processes) Given an approximate process X =
(T, X, i, ¢) with ¢ : X — A and a function 8: A — B, let B o X be the approximate
process

BoX:=(T, X, 1, Bod).
If an approximate process Y is constructed from a measure 7; on Sym(m;)¢ x A"l asin
Definition 6, then 8 o Y has an alternative description as follows. Let

B : Sym(m;)C x A"l — Sym(m;)® x B B(o, £) = (0, B o §).

Then B o Y is equivalent to the process Z constructed from the pushforward measure f,7;.
(By equivalent, we mean that dy (8 o Y, Z) = 0 for every finite W C G in the notation of
Definition 4.)

The next lemma follows immediately from the definitions.

LEMMA 5.1. If {Yi}fil is a sequence of approximate processes with range A,
lim;j o0 X; =X and B: A — B is a map then lim;_.o Bo X; = o X. Moreover, if
lim;_, o0 X; = X strongly then lim;_, o B o X; = f o X strongly.

Definition 17. (Relative entropy) Let G be a countable amenable group acting by measure-
preserving transformations on a standard probability space (X, B, ). Let¢p: X — Abea
finite observable, X be a sofic approximation to G and F C B be a G-invariant o -algebra.
Define

hu(@1F) := igfhuﬁb V) = hu (),

where the infimum is over all finite-range F-measurable observables ¥ : X — B and
¢VvVYy: X — A X B is the observable ¢ V ¥ (x) = (¢ (x), ¥(x)). In case F is the
G-invariant o -algebra generated by an observable v then we write /1, (¢[V) = h, (¢|F).
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Incase X = (T, X, i, ¢) is a process over G and ¥ = f8 o ¢ for some 8 : A — B, we write
h(X|p o X)=h(X)—h(B o X)=h,(¢|¥). The first equality holds from the Abramov—
Rohlin formula [WZ92].

We can now define relative sofic entropy (in a special case).

Definition 18. (Relative sofic entropy) Let K be a random sofic approximation to G. Let
X be a G-process with finite range A and f: A — B be a map. Define

h(K, X|B o X) =suplimsup h(X ;) — h(B o X ),

Jj—o0o
where the supremum is over all sequences {Yj}?il adapted to K’ (where K’ is a
subsequence of K) such that limj_.o X ; = X. Similarly, let

h(K, X|B o X) =sup limsup 1(X ;) — h(B o X ),
j—o0
where the supremum is over all sequences {Yj}‘]?ol adapted to K’ (where K’ is a

subsequence of K) such that lim;_, o Yj =X strongly. If X = (T, X, u, ¢) and ¢ =
B o ¢ then an alternative notation for relative entropy is

h(K, ¢ly) == h(K, X|B 0 X), h(K, ¢ly):=h(K, X| o X).

We may also write sz(K, oY) or h, (K, ¢ly) if it is desirable to emphasize the
dependence on the measure (.

Before moving on, it is worthwhile to record some inequalities relating the entropy of
direct products to the entropies of their direct factors. To be precise, if X = (T, X, u, ¢),
Y = (S, Y, v, ¥) are two approximate processes over G then their direct product is the
process X x Y :=(T x S, X x Y, u x v, ¢ x yr), where

(T x 8)g(x,y):=(Tex, Sgy) forallgeG, (x,y)e X x Y.

Letwrp:AXx B— Bandmy: A X B— A be the projection maps. To simplify, we let

(for example)
WK, X xY|Y):=h(K, X xY|rgo X x Y).
LEMMA 5.2. If X, Y are two processes over G, as above, and K is a random sofic
approximation then
h(K, X xY) < h(K, X) + h(K, Y),
K, X xY|Y) < h(K, X).

Similar statements hold with lower-sofic entropy in place of upper-sofic entropy.
Proof. Let X =(T, X, u, ¢) and Y =(S,Y, v, ¥). Let {Z}?il be a sequence of
approximate processes adapted to K so that lim;_ o Zi=X x Y. Then {mra OZ}?il
converges to X and {mp o Z- }?il converges to Y. Moreover,

h(Z;) <h(wa o Z;i) + h(mg o Z;).
This and Lemma 5.1 imply
WK, X xY)<hK, X)+h(K,Y), hK X xY|Y)<h(K, X).

The proofs for lower-sofic entropy are similar. O

https://doi.org/10.1017/50143385711000253 Published online by Cambridge University Press


https://doi.org/10.1017/S0143385711000253

440 L. Bowen

If G is non-amenable then there are examples showing that some of the inequalities of
the lemma above can be strict. However, in the special case of Bernoulli actions, we have
equality. To be precise, let (€2, w) be a standard probability space. G acts on the product
space (Y, w9) by Toy(f) =y(g~ ' f) forally e Q6, g, f € G. Let ¢ : QF — Q be the
map ¢(y) = y(e). The process (T, QY. Y, ¢) is the Bernoulli process over G with base
(2, w).

LEMMA 5.3. If X is any finite-range process over G, Y is a Bernoulli process with base
(2, w) (where Q is finite) and K is a random sofic approximation to G then

MK, X xY) =h(K, X)+h(K,7Y),
WK, X xY|Y) = h(K, X).
Similar statements hold with lower-sofic entropy in place of upper-sofic entropy.

Proof. The first statement above was proven in [BolOa] for non-random sofic
approximations and with lower-sofic entropy in place of upper-sofic entropy. We will
handle here only the case of upper-sofic entropy as the other cases are similar.

Let {X j}?il be a sequence of approximate processes adapted to K' = {« j}?il (where
K’ is a subsequence of K) such that limj_, X; = X and lim;_, 2(X ;) = h(K, X). Let
n; be the probability measure on Sym(m j)G x A1 from which X j is constructed (as in
Definition 6). Let 77; =n; x o™il be a probability measure on Sym(mj)G x Almjl
QUmil = Sym(m j)G x (A x Q)U"i1 and let 7]- be the approximate process constructed
from 7j;. Note h(Z ;) = h(X ;) + H (o).

We claim that lim; ., oo 7j =X x Y. To see this, let V C G be finite. Let G;j(V) be
the set of all (o, p) € Sym(mj)G x [m ] such that o(g)o(h)p =o(gh)p forall g, h e V
and for every g #h with g, h € V, o(g)p # o (h)p. We consider G;(V) x (A x Q)lmjl
as a subset of Sym(mj)G x (A x Q)lmil x [m ;] in the obvious way. Then lim; .o 7; X
U (Gj(V) x (A x Q)lmily = 1 because K is a sofic approximation.

In general, if 7 is a measure on a set J and Jy C J then we write t|Jy to
denote 7 restricted to Jo. Let x;j:Sym(m ;)¢ x (A x Q)i x [m;]— A x Q be
the projection map x;(o, &, p) =§(p). Then the measure (X}/)*(f]j X umj|gj(V) X
(A x Q)lmily splits as a product t; X " for some measure T; on AV, Let X =
(T, X, u, ¥). Thus,

lim dv(Z;, X xY) = lim S X um) = @ x $)Y e x 01
j—o00 j—o00

= lim 31} X um;IG(V) x (A x 5
Jj—o00

— W x¢) x|
= lim 31))x(nj X um IGV) x APy — ¥ ]l
J—>00

= lim dy(X;, X) =0.
j—o0

The first equality holds by definition of dy. The second one holds because lim; , 77; X
um; (Gj(V) x (A x QU"il) = 1. The third equality holds because

)iy % m;1G(V) x (A x @)l
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splits as a product 7; x oV and (Y x ¢)X/1, x wY splits as the product WX/L x .

The last equality holds because lim; o 17 X Um; (G;(V) x Almily = 1 since K is a sofic
approximation.
Since lim; , Z = X x Y, it follows that

WK, X xY)>hK, X)+ Hw), K XxY|Y)=>hK, X).

By the previous lemma, it now suffices to prove that h(K,Y) = H(w).

Applying the equation above to the case when X is trivial, we see that #(K, Y) > H(w).
Suppose that {Y j}?‘;l is a sequence of approximate processes adapted to K' = {« j}?oz]
(where K’ is a subsequence of K) such that limj,o Y; =Y and limj h(Y;) =
h(K,Y). Let n; be the probability measure on Sym(m ;)¢ x Q! from which Y
is constructed. Let 7 : Sym(m;)© x QU"il x [m ;] — Q be the map 7 (o, &, p) = £(p)
and let w; = 7,(n; X upm;1) be the pushforward measure. Because lim;, o Y, =Y, 0;
converges to .

We claim that h(7j) < H(wj). Let n; , be the fiber measure of n; overo € Sym(mj)G.
This is a measure on Q"1 By abuse of notation we let 7 : Qlmjl % [m;] — €2 denote the
map 7 (&, p) =&(p), and for p € [m;] let ), : Qlmil — Q denote the map (§) =&(p).

By concavity of the entropy function,

1 1
—H®mjo) < — H((mp)«(Mmj.o))
mj " mj pgmjj] P

1
H(—, > (np>*(n,-,g)> = H((jo X tm;))-

m
7 pelm;j]

IA

IA

So, by concavity of entropy again,
— 1 1
h(Y;) = m—jH(le|Kj) = m—] / H(njo)dkj(o)

< / H(tu(nj.0 % upm ) dicj () < H(f 7170 X u[m,])dxj(a)> — H(wy).

So
h(K,Y) = lim h(Y;) <limsup H(w;) = H(w).
J—>00 j—o00
Since we have already shown that h(K,Y) > H(w), we now know that h(K,Y) =
H(w). O

LEMMA 5.4. If X is any finite-range process over G, Y = (T, QO , w®, ¢) is a Bernoulli
process with base (2, w) (where Q is finite), Q' is a finite set, ¢' : Q6 — Q, p: Q' — Q
are Borel maps such that ¢ = B o ¢’, Y = (T, Q°, 0%, ¢') and K is a random sofic
approximation to G then

WK, X xY [Y)=hK,X), h(K XxY[Y)=hK,X).
Proof. We will only prove the statement for upper-sofic entropy as the statement for lower-
sofic entropy is similar. By Lemma 5.2, it suffices to prove (K, X x 7/|7/) > (K, X).
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Let K = {«; }l?il, where k; is a measure on Sym(mi)G. Let F : Sym(m,-)G — Sym(mi)G be
the map F(0)(g) =o0(g) if g # e and F (o) (e) is the identity permutation. Let K/ = Fykj.
Observe that K’ := {«/}7°, is asymptotic to K. Therefore, by Theorem 5.5, we may
assume, without loss of generality, that K = K’.

Define Yj, nj, kj (for j =1, 2,...)as in the proof of the previous lemma. For V C G
finite with e € V, o € Sym(m ;)¢ and ¢ € QU"/1, define ¢[o, V] € (@)1 by

¢lo, VI(p) i=[ve Vi g(o@p)].
Let ﬁ}/, n}/ be the measures on Sym(mj)G x AMil % (QV)Imil obtained by pushing
n; x wl™i! forward under the maps
(G,S 5)'—>(U §,¢lo, VD, (0.8, 8) (0, &[0, V],
respectively. Let Y Z be the approximate process constructed from 7"

tively. Also, let Y’ ji= Yﬁ- }

I iV j » respec-

. As in the previous lemma, we obtain

lim Z, =X xY', lm 7Y, =7",
Jj—00 Jj—>00

where Y = (T, QF, 0%, ¢").
Suppose that g’ : Q¥ — Q' is a map such that 8’ : @V — Q is the map at the identity
element. Let id denote the identity map on A. Then,
lim idx g 0Z; =X x (B'o¥")
/—)OO
and because the map (o, £, ¢) — (0, £, B¢ [0, V1) is injective, h(id x B’ o 7}/) =h(Z)),
which implies (by the previous lemma)
lim h(id x g/ oZ )_h(K X xY)=hK, X)+ H(w).
j*)OO
Also, the map (o, ¢) — (o, B'¢[o, V]) is injective. So, h(B o YJV) =h(Y;). By
definition, Y ;j is the approximate process constructed from «; x o™il So, h(Y i) =H(w).
Because ¢ = B o ¢’, there exist a sequence {Vi}2, of finite subsets of G (with e € Vi

for all k) and a sequence of maps B, : Q"% — ' such that B : @'k — Q is the evaluation
map at the identity element and ﬁ,éd)vk limits on ¢’ in the following sense:

lim p(x e X:gip% 0 =9’ = 1.

Note that

lim lim 1d><,3koZ = lim idX,B,QoYXYVk=YX_/

k—00 j—o00
lim lim A(id x B} o Z Y =h(K, X) + Hw).
k—o00 j—>o00
So, a diagonalization argument implies that, without loss of generality, we may assume
{Vi}z2, and { ,3,/{},?11 are chosen so that there is an increasing sequence {i (j )}j?o: | of positive
integers with

. . I Vi v
jli)rrgo id x :31‘(]) o ZI(J) =Xx7Y,
lim A(id x ;) o zl(';f))) = h(K, X) + H(w).
j—o00
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Let 7: A x Q' — Q' be the projection map. Note B/, . o Yl(’;;’ =7 o (id x B ;) o

i)
1(1,(1)) So, h(mw o (id x B, )0 Z. ’(“) = H(w). Therefore,

t(/)) i(j)

Vi) Vi) _ Y
fim h(id x Bigjy © Zi(j)) — him o (id x Bj(;)) 0 Z;}))) = h(K. X).

Thus, h(K, X x Y [Y') > h(K, X), as required. O
Next, we extend Theorem 4.2 to relative entropy.

THEOREM 5.5. Let X be a process over a group G with random sofic approximations K
and L. We assume A is the range of X and B : A — B is a map (both A and B are finite).
If K and 1L are asymptotic then h(K, X|X o ) = h(L, X|X o B) and h(K, X|X o B) =
h(L, X|X o p).

In order to prove this, we will need a few lemmas. We say that elements o, 0’ €
Sym(m)G are conjugate if there exists an element T € Sym(m) such that for all g € G,
o(g) =to'(g)t~!. We say that probability measures «, k¢ on Sym(m)° are conjugate if
there exists a probability measure 9 on Sym(m)® x Sym(m)® with marginals «, «’ such
that 9 is supported on the set of all conjugate pairs (o, 0’) € Sym(m)¢ x Sym(m)©.

LEMMA 5.6. Let k, k' be conjugate probability measures on Sym(m)®. Let n be a
probability measure on Sym(m)© x AUV with projection k and let X be the approximate
process constructed from n. Let f: A — B be a map to a finite set B. Let W C G
be finite. Then, there is an approximate process X' constructed from a measure v’ on
Sym(m)G x AU such that:

(1) the projection of ' to Sym(m)% is «’';

2) dw(X,X)=0; and

3) hX'|BoX)=h(X|BoX).

Moreover, if X = (T, X, i, ¢) is a process over G then for any € > 0,

N ({(o, ¥) :dw (0, ¥), ¢) <€) =n({(o, ¥) :dw (0, ¥), ) < €}). 2
Proof. Case 1. Suppose «’ is supported on a singleton {c'}. Then, x-almost every (a.e.) ¢’
is conjugate to o, so « is supported on a finite set, which we denote by {01, .. ., 0,}. For

each i, there is an element t; € Sym(m) such that o = 7;0; rfl. Let ' be the measure on
Sym(m)¢ x A" defined by

n'{(o, ) :=n({(oi, Y o) : 1 <i <n)).
Then, 1’ projects to «” and
V(o(@)p) =V ot(oi(g)y 'p) forallpelml,y cA™ 1<i<n geG

implies dw (X, Y/) =0, where X' is the approximate process constructed from 7n’. It also
implies (2).
For y € B with n’({(o, ¥') : By’ =y}) > 0, let 17;/ be the measure on A"™! defined
by /
/ (G N
n,{yh =11, ¥):ByY" =y}

0 otherwise.
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Then

— — 1
hX1BoX) =—3  Hn' (o, ¥'): By’ =v).
Y

If n({(0i, ¥'7) : BY' = y}) > O then let 7;,,, be the measure on A" defined by

(o1, ¥ .
£BY =7,
niy () = 1@ ) pu =y VY

0 otherwise.

Observe that

1’]/ _ Z?:] 77({(0'1'7 w/fi) 2,3¢/ = y})ni,y
i’ n'({(o, ') By =y '
By concavity of entropy,
Yo n((oi, Y)Y =y DH i)
n'({(o, ¥'): BY' =y} ’

H(n,) >
which implies
— — 1 <
WX 1poX) = — 3 > 0, ¥'5): By = yDH i)

i=l v

1 & — —

=~ D @ ¥'w): py' =yr ' HH, o) =h(X|B o X).
i=1 vy

This proves Case 1.

Case 2. Suppose k is supported on the singleton {o}. Then «’-a.e. o’ is conjugate to o, S0

«' is supported on a finite set, which we will denote by {01, . . ., 0, }. For each i, there is an
element 7; € Sym(m) such that o; = r,-atfl. Let i’ be the measure on Sym(m)¢ x A"
defined by

' ({(oi, YD) ==«'({oihn({(o, Y o) 1 1 <i <n}).

Then, n’ projects to «’ and
V(@i (@)p) =V oti(o(e)y 'p) forallpelm].y e A" 1<i<n geG

implies dw (X, 7/) =0, where X' is the approximate process constructed from n’. It
also implies (2). If n; is the probability measure obtained from 5’ by restricting to
{0} x Al™] and normalizing to have total mass 1, and if X, is the approximate process
constructed from 7/, then X is isomorphic to Y; in the obvious sense. Thus, 4(X|B o X) =
h(X;|B o X}). So

hX'|BoX) =" hX|BoX)K (o) =h(X|BoX).
i=1

This proves Case 2.
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Case 3. Suppose that there is an element o € Sym(m)€ such that k-a.e. ¢’ is conjugate
to o. Then, «’-a.e. o’ is also conjugate to o. By Case 1, there exists a measure 79 on
Sym(m)® x A"l whose first marginal is the Dirac measure supported on {o} such that if
X is the approximate process constructed from ng then dy (X, Xo) =0, equation (2) holds
with n’ replaced by 19 and h(Xo| Bo Xo) > h(X| Bo X). By Case 2, there exists a measure
n" on Sym(m)® x Al whose first marginal is " such that if X' is the approximate process
constructed from 7’ then dy (Y/, Xo) = 0, equation (2) holds with 5 replaced by 7o and
h(X'|BoX)>h(XolBoXo). Sodw(X,X)=0and h(X'|oX)>h(X|poX), and
equation (2) holds.

Case 4. Now we handle the general case. This case follows from the previous one by
disintegrating « and «’ over the set of conjugacy classes. To be precise, let [Sym(m)©]
be the space of conjugacy classes of Sym(m)®. This is the quotient of Sym(m)® by
the conjugacy action of Sym(m). Let 7 : Sym(m)® — [Sym(m)©] be the quotient map.
For each conjugacy class ¢ € [Sym(m)G], let k., k| be the fiber measures of «, k" over c,
respectively. Likewise, let 1, be the fiber measure of 1 over ¢ (so k. is the projection of 7,
to Sym(m)?).

By Case 3, if X is the approximate process constructed from 7, then there is a measure
n. on Sym(m)® x A"l such that the projection of 7/, to Sym(m)C is /; if X, is the
approximate process constructed from 7/, then dy (X, Y;) = 0, equation (2) holds for 7,
and 7. in place of  and 1/, and h(Y/C|/3 o Y/C) > h(X.|B o Xe).

The hypothesis that « and «” are conjugate implies sk = 7.k’. Let n’ = [ .. dmk(c)
and X' be the approximate process constructed from n’. So

hX'|BoX) =/h(Y;|ﬂoY;) Ak (¢)
> /h(wo?c) dryic(c) = h(X|f o X).

Because dy (X, X..) =0, it follows that dy (X, X ) = 0. Also, equation (2) holds. This
finishes the lemma. o

LEMMA 5.7. Let «, k' be probability measures on Sym(m)©, Sym(m')C, respectively.
Let n be a probability measure on Sym(m)® x A" with projection « and let X be
the approximate process constructed from 1. Suppose k and k' are (W, €)-close, where
W C G is a finite set containing the identity and 0 <e < 1. Let B: A — B be amap to a
finite set B. Then, there is an approximate process X' constructed from a measure ' on
Sym(m’)S x A" such that:

(1) the projection of ' to Sym(m’)° is «’;

2) dw(X,X)<6|W|e; and

3) hXBoX)>(—e2h(X|BoX)—2(1—e)elog|Al

Moreover, ifY = (T, X, u, @) is a process over G then for any € > 0,

' ({(o, ¥) :dw((0, ¥), ¢) < 4IW] + De})
> (L —en{(o, ¥) :dw((o, ¥), §) <€}) — €.
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Proof. Let ¥ be as in Definition 12. So #(G(W, €)) > 1 — €, where G(W, €) is the set
of all (o,0') € Sym(m)G X Sym(m’)G that are (W, €)-close to each other. Thus, for
every (o, 0’) € G(W, €), there exists a bijection By, : Qp.o’ — Q;w, between subsets
Q.o C[m], Q;yg, C [m’] such that:

(D U/(w)ﬁo,a’(Q) = B0 (0(w)q) forallw € W and g € O, With o (w)q € Qs 073

2) a(u))ﬁd_}y/(q/) =ﬁ;(lf/(o/(w)q/) for all we W and ¢ € Q:m/ with o’(w)q’ €
Q, . and

3) |Q0,a’| > (1 —e)m, |Q/a,o"’| > - e)m’.

After removing elements from each Q. .’ and QZT o+ if necessary, we may assume,
without loss of generality, that there exists a number m” <min(m,m’) so
that m” > (1 — €) max(m, m") and m" = Q4 /| =1Q. | for every (o, 0") € G(W, ).
There exist elements 7, ., € Sym(m) and 7, , € Sym(m’) such that 7, ;' Qo o' = [m"],
t(’w,Q;’U, =[m"] and r(;’a,ﬁg’o/t(:},, is the identity map on [m”]. Let ¥ be the
measure obtained from ¥ by pushing forward under the map defined by (o, o) —
(r(,’a/ar;(ly,, r(;’g/a(t(/r’a,)_l) for (o, 0’) € G(W, €), and the map is equal to the identity
on the complement of G(W, €). The marginals of 9’ are conjugate to « and «’, respectively.
By the previous lemma, therefore, we may assume that ' = .

About notation: if u is a measure on a space X and 7w : X — Y is a Borel map, we let i
denote the fiber measure of 1 over y € Y. It is a measure on X supported on 7! (y) and
p= [ py dmu(y). Note that u, depends on 7 but this dependence is left implicit. If  is
a probability measure then 1y is a probability measure for mypu-ae. ye Y. fa: X - Y
and B : Y — Z, and p is a measure on X, then u, = f o) itz (x) and oy (1) = (o ft)
for Biap-ae.z € Z.

Case 1. Suppose D (G(W, €)) = 1. We will prove that there exists a probability measure
n’ on Sym(m’)® x A1 which projects to «’ such that if X' is the approximate process
constructed from 7' then dw (X, X) <4e|W|, h(X|BoX) > (1 — e)h(X|B o X) —
(1 —€)elog|A| and

n'({(o, ¥) :dw (0, ¥), ¢) < @IW[+ Deh) = n({(o, ¥) :dw (0, ¥), ¢) < €}).

Let 7 : Sym(m)¢ — Sym(m”)®, 7’ : Sym(m’)¢ me

the following.

— Sym(m be Borel maps satisfying

(1) Ifo eSym@m)®, we W, pe[m”]ando(w)p € [m”] then (o) (w)p = o (w)p.

(2) If ¢’ eSymm)° weW, pe[m”] and o'(w)p e[m”] then n'(¢")(w)p=
o'(w)p.

(3) If o € Sym(m)® and o’ (m")C satisfy o (w)p =o' (w)p for every w € W and p €
[m"] such that o (w) p € [m”] and o’ (w) p € [m”] then 7 (0) = 7' (c”).

Because we assume ¢ (G(W, €)) = 1, it follows from these assumptions that w.x = mj«’.
Let k" denote mxk. Let R : A1 — Al""1 be the restriction map. Let n”" = (r x R)4n be
the pushforward measure and X" be the approximate process constructed from n” .
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Note that if ¢ is any probability measure on A"l then H(R.¢) > H(¢) — (m —m”)
log |A|. Thus,

— — 1
h(X|poX) = -~ / He,py) dnlo, ¥)

m_m//

1
< / H((Gd x R)u(1o.p9)) dn(o. ) + log |Al.

where id denotes the identity map on Sym(m)%. By the definition of fiber measure,
/ No,y’ AN, pRy (0, V') =10 gRy -
Therefore,
/(id X R)s (Mo, gy’) dng.pry (0, ¥') = ((id X R)«1)s, Ry -
So, by concavity of entropy,
/ H((id X R)«(15,py")) dnopry (0, ¥') < H(((id X R)x1)o pRy)-

By integrating over all (o, ¥) € Sym(m)¢ x A", we obtain

/ H((id x R)4(no,py)) dn(0, ) < / H(((d % R)sn)o,pry) dn(o, ).

Note 7 x id is injective on the support of ((id X R)«n)s,gry - SO

H(((d x R)xn)q,pry) = H((w x id)«(((id X R)«1M)o,pRY))-
Note that ((id x R)«n)s,gry = (id X R)+ (s, gry ). Therefore,

(r x id)x(((Gd X R)s«M)e,gry) = (7T X R)sx(No,pRY)-
Because [ 16/ gry dNzo,pry (0, ') = Nxo pRy, it follows that

[ 0 X R0 g g 0 0 = G X R ) = e s

By concavity of entropy,

/ H((w X R)sns' gry) dNizo,pry (o', ¥') < H(nﬁémﬂw)-
So,
/ H(((d % R)sn)o.pry) dn(o. ) = f H((t % R)x(opry)) dn(o, )

< / Ho s 410, ).
Since (m —m")/m <e,

— — 1
WX o) < elog Al + f H (0l pry) dn(@. )
1 1 14 1 1
= € log |A| + Z / H(T]U//’ﬂw//) d’? (G s V/ )

m” - -/
=elog|A|l+ —h(X |BoX ).
m
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Next, let R’ : A1 — Alm"] be the restriction map. We claim that there exists a
probability measure 7’ on Sym(m’)S x A"l such that the first marginal of 1’ is «’ and
(' x R")«n' =1n". To see this, let a € A be an arbitrary element. For ¥ € A""], define
Va € A" by Y (p) = ¥ (p) if p € [m"] and Yo (p) = a if p € [m'I\[m"]. For (o, ¥) €
Sym(m”)C x A™"1 Jet 11, be the probability measure on Sym(m’ )G x Al™'T whose first
marginal is «, and has support contained in {(¢’, V) : 7' (c”) = o}, i.e., n;’w is the direct
product of k), and the Dirac measure concentrated on v,. Then, n’:= [ n(’m// dn’ (o, ¥)
satisfies the claim because k" = (7") 4+’ implies the first marginal of 1’ is k', as required.

Leta : A"l — A" be the map /() = ¥,. Let p : Sym(m”)C x A"l — Alm"] pe
//)G’ 7’:,// = K(/,N X Oy Px (ng//)-
Therefore, for «’-a.e. o, r;;, is the direct product of ., the Dirac measure concentrated
on o, with axp«(n?, ). So, for n'-ae. (o, V), n;’ﬂR,w =8y X a*p*(ng,g’ﬂR,v/) and
a(R'y) = ¥, which implies n:r,ﬁR’w = r/;’ﬂw. Because R’« is the identity map,

the projection map. By construction, for «”-a.e. 0’ € Sym(m

(77/ X R/)*(n;;’ﬁy/) = (77/ X R/)*((Sa X a*P*(Tigra,ﬁw))

= Ox'o X PxMyig prry = Tn'o gy
Let X be the approximate process constructed from n’. Then,

hX'|BoX)

1 1 ,
%/H(ngw)dn/(a, W)ZJ/H(ang,ﬂRfW)dn (0, V)

1 ” " , m” —/ -/
% H(nﬂ’a,ﬂR’v/)dn (7T O',RW)ZW}Z(X |,30X )

(1 —e)h(X|BoX)— (1 —e)elog|Al.

v

Let x : Sym(m)¢ x A" x [m] — A be the map x (o, ¥, p) = ¥(p). Define x”:
Sym(m”)G x A"} x [m"] — A similarly. Then,

dw X, X"y =21x Y i xwy = GHY 0 x u,

where u, u” denote the uniform probability measures on [m], [m”], respectively. So, if ©
is any probability measure on

Sym(m)¢ x A" x [m] x Sym(m")¢ x A" x [m"]
with marginals 7 x u and ” x u” then dw (X, Y”) < ©O(S), where
S={. y.p.oa" y". p"): xV (0. v. p) £ V0" ¥, p).

Let ®” be the pushforward of  x u” under the map (o, ¥, p) — (o, ¥, p, 7o, Ry, p).
Let ug be the uniform probability measure on [m]\[m”]. Then,

(m_m//> <m//> .
nXu= nXug+|\— |nxu.
m m

So,if ®y=n x ug x n” x u” and

m—m' m’
e (o ()
m m
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then ® has marginals n x u and " x u”. Moreover, ©(S) < ((m —m”)/m) + (m"/m)
®”(S) and, we claim, ©”(S) <|W|e. This is because if U is the set of all
(o, ¥, p, o, Ry, p)suchthato(g)p € [m”]forallg € WthenU NS =@ and ®"(U) >
| — |W|(m — m”)/m. Thus,

4

_ "
dwX. XY <o) <" + " o)
m
m—m" m’(m—m"
< + — |[W| <2e|W|.
m m m

Similarly, dy (X, X') < 2¢|W|. So, dw (X, X') < 4e|W]|.
By applying the same argument to the Dirac measure concentrated on an arbitrary
(o, ¥) € Sym(m)® x Al we obtain

dw((o, ¥), (mo, RY)) < 2¢|W|.
A similar statement holds with (¢/, %) € Sym(m’)¢ x A", So,
1'({(o, ¥) 1 dw (o, ¥), $) < AW[ + De}) = n({(a, ¥) :dw (0, ¥), §) < €}).
This finishes Case 1.

Case 2. This is the general case. Let k1, Ki be the marginals of ¢ restricted to G(W, €) and
normalized to have total mass 1. Let n; = f Ne dk1(o). So, np is absolutely continuous
to 1. Let X be the approximate process constructed from ;.

Observe that

_ _ 1
WX o K1) = afH(ng,,w)dm(o, )

1 1
~ mo(GW, ) H (o py) dno (¥) dO (o, o’
m 9 (G(W, €)) g(wye)/ (o, py) dne (Y) di¥ (o, o)

1
> —elog |A| + p // H(16.py) dne (Y) d (o, o)
= —clog |A| + h(X|B o X).
It is easy to check that dy (X1, X) <eand

m{(o, ¥) :dw((o, ¥), ®) <€}) = n({(o, ¥) :dw((o, ¥), §) <€}) — €.

By Case 1, there exists a measure 7} on Sym(m’)% x Alm'T guch that 1} projects to K,
and if 7/1 is the approximate process constructed from 77’1 then dW(Y/l, X 1) <4e|W|,
h(X(|BoX)) > (1—e)h(X|BoX))— (1 —e)elog|A| and

m{(o, ¥) :dw((o, ¥), §) < GW|+ De}) = m({(o, ¥) : dw (0, ¥), ¢) < ¢€}).

Of course, «| is absolutely continuous with respect to «’. Let 1" be any probability
measure on Sym(m’)¢ x A"’ such that o’ projects to k" and

) =/m’, diy (o).
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Let X be the approximate process constructed from 7. Because x’ > (1 — €)k1, it follows
that " > (1 — €)n}. So,

— — 1 1
WX oX) = ;/H(n:,,ﬁw)dn%o, w)z(l—ewa(né.,W)dn;(o, )

= (1-h(X||Bo X)) = (1 —?h(X(|B o X1) — (1 — €)%¢ log | A
> (1—e)?h(X|BoX)—2(1—¢€)elog|Al

Of course, we also have dy (Y/l, 7/) < € and because ' > (1 — e)n/l,

W ({0, ¥) 1 dw (o, V). ¢) < AW+ De})
> (1 — o), ({(o, ¥) : dw((o, ¥), ¢) < 4IW] + De)).
Thus,
dw (X, X)) <dw (X, X)) + dw(X1, X)) + dw (X, X) < 6¢|W|

and

N ({(o, ¥) 1 dw (0, ¥), ¢) < (4IW]+ De})
> (1 —enj({(o, ¥) 1 dw((o, ¥), ¢) < W]+ 1)e})
> —enm(o, ¥) :dw((o, ¥), ¢) <€})
= —en{(o, ¥) :dw((o, ¥), ¢) <€}) — €. U
Proof of Theorem 5.5. Let {X; }?o: | be a sequence of approximate processes adapted to K’

(where K’ is a subsequence of K) such that lim;_,« X; = X. Let n; be the probability
measure on Sym(m ;)¢ x Al"i! from which X ; is constructed.

Let € >0 and W C G be finite. Let L = {Aj}?i]. By the previous lemma, for all
sufficiently large j, there exists an approximate process 7]- adapted to A; such that
h(Yj|IBoY;)>(1—e?h(X;lpoX;)—2elog|Al, dw(Y;, X;) <6|Wle, and if 0 is

the measure on Sym(m’j)G x A" from which ¥ j s constructed then

n;({(o, ¥) :dw (o, ¥), ¢) < 4IW| + De})
= —emi{(o, ¥) :dw((o, ¥), §) <€}) —€.
So, if {W,}7° , is an increasing sequence of finite subsets of G then for every n there is

a J(n) > 0, so that for every j > J(n) there is an approximate process Y ;j adapted to A
such that

_ — 1 — — 1 — = 1
h(leﬁOYj)Z<1—;>h(xj|,30Xj)—;, dw, (Y j, Xj) <~
and, if limj_, o X = X strongly then

1 1
77}({(0, V) 1dw, (0, ¥), ¢) = ;}) >1--.

n

Without loss of generality, we may assume {J (n)};° | is an increasing sequence. So,

lim 71(,1) =X, {Yl(n)}zil

n—o0
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is adapted to a subsequence of L and lim sup,_, h(Y,|BoY,) =h(X|BoX). So,
h(L, X|B o X) > h(K, X|B o X). By symmetry, we must in fact have A(L, X|8 o X) =
h(K, 7|ﬁ o X) as claimed. Moreover, if lim; Yj =X strongly then lim;,—, o 71(,1) =
X strongly. So, h(LL, X|8 o X) = h(K, X|B o X). O

Next, we extend Proposition 4.1 to the relative case.
PROPOSITION 5.8. Let K = {k;}2, be a random sofic approximation of Z. Let X be

a process over 7. with range A and let B: A — B be a map. Then, h(K, X|B o X) =
h(K, X|BoX)=h(X|BoX).

Proof. The inequalities
h(K, X|BoX)>h(K, X|foX)>h(X|BoX)

follow immediately from the definitions and Proposition 4.1. So, it suffices to show
h(X|BoX)>h(K, X|B o X). By Theorems 5.5 and 4.3, we may assume K is the non-
random sofic approximation ¥ = {0;}72,, where o; : Z — Sym(m;) is the homomorphism
witho; (1) = (1, 2, ..., m;).

Let N be a large positive integer. If m/ is the integer nearest to m; that is divisible by N,

and o/ : Z — Sym(m}) is the homomorphism with /(1) = (1,2, ..., m}), then {0/}?2,
is asymptotic to {0;}72,. So, without loss of generality, we may assume N divides m; for
each i.

Let {7,-}19’2] be a sequence of approximate processes constructed from measures 7;
on Sym(m;)% x A"l (as in Definition 6) adapted to K’, a subsequence of K, such
that lim;_, o0 X; = X and lim;_, o0 h(X;) — h(B o X;) = h(K, X|B o X). Without loss of
generality, we may assume K’ = K. So, n; = §; x A; for some measure A; on Almil where
d; is the probability measure concentrated on {o;}.

Fix i for now. For a, b € [m;], let a + b € [m;] denote their sum modulo m;. Also,
let [a, b] be the interval from a to b: [a,b]l={a,a+ 1,a+2, ..., b}, for example,
[m; —1,11={m; — 1, m;, 1}. Let glabl. Almil 5 Ala.bl pe the projection map and
M@PY = 71@P1y the pushforward measure. For N > 0 a positive integer, let A,y be the
product measure

Moy = )\51,1\/1 « k£N+1,2Nl “ o x )\l[mi—N+1,mi]'

Let pla.bl : gla.bl 5 Bla-bl denote the map (8121€)(p) = B(£(p)). In order to simplify
notation, we write 8 = ﬂ[“'h] when [a, b] is clear from the context. We claim that

HGin) = HBekiy) _ H(i) — H(Biki)

mi m;

=h(X;) —h(B o X;). 3
For & € Bl and ¢ € BI#?1 we let A;(-|¢) and A;(:|¢) be the measure defined for
E c Almil py

_ _ M(En gttmilgltmidy=legy) _ M(E N (BlePlgla b=l (g))
MR = T ) M T e )

Other conditional measures such as B,A;(-|¢) are defined similarly.
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Let 1] be the measure on Almil satisfying Bsr{ y = Bxhi whose fiber over & € B mi]
is the measure

My C1&) =N C1g) < alNFLANIG gy s oo lmim N ELmily ),
Since /3*)‘ng = ByA; and H()LZN(~|§)) > H(X;(-|§)) for any &, we have
HQOJ y) — H(BeA] y) = H(hi) — H(Bihi).
Note

HG ) = H(Bux )
mi/N—1

-/ Z H "IN 1)) dpaaa @)

m/Nl

= // H (@ NHINN (18)) dBi (€10) dﬁ*)\[/Nﬂ INANI

m/N 1

IA

/H( UNSLINGNL 1)) dB, k[/N-H INEN] ()

= H()‘i,N) - H(ﬂ* i,N)'

The inequality above holds by concavity of entropy. This proves the inequality in (3). The
equality in (3) holds by definition.
Foreach p € {0, ..., m; — 1}, let k;,p’N be the product measure

/ 4 [p+1,p+N] [p+N+1,p+2N] [p+mi—N+1,p+m;]
)»ip)N._)»i X A X oo XA .

An argument similar to the one proving (3) shows
H(G , ) — H(Biri p y) = HOui) — H(Biki). 4)

For a, b € [m;], define t!@01: All.b=at+1l _ gla.bl by tlablgy(py=&(p+a —1).
Let Xl[a’b] be the measure defined for sets E C All-b=a+1] py

AN E) = AP (1P )y,
For ¢ € BIl-b=a+1l et ig“*b](-m) be the measure defined for sets £ C All.b=a+1] py
UEI) ="M P E P,
where we have abused notation by letting 7!*?] denote the analogous map from

pll.b—a+1] _, pla.b]
Because H (AP PN ryy = g lPrh PN el Lt N+ ),

H , ) — HB , n)
m; /N 1
— / H()\.[]N+p+l s (J+DN+p] ( |§)) dﬂ A [iN+p+1, (]+1)N+P](é-)

Jj=
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By 4),

m,-—

A) (BsAi) < _2 Z H(Ai,p,N)_H(ﬂ*Ai’p’N)

m;

m,—l
= f HEPH PN ey ap, ittt PN g,
L p=0

By concavity of entropy, if, for ¢ € BV, wj ¢ 1s the measure on AN defined by

Sy Bed T ey R g
Yt B N (e

Wi; =
then

m,—l
/ HEP PNy dp Al r) @) < Z / H(wi0) dBA 7).

Therefore,

HG) = HBshi) _ 1 ’"1‘1

m; - le

1,p+N
/ H(wip) dp i 7).
So, if wg,; is the measure on BILN] defined by

1 m;—1 [p+1 N]
. Tlp+1,p+
Opi = §=: Bk,

then
H (i) — H(B:A )

m;

/ H(wig) dogi(©).

Let X = (T, X, W, ¢). By construction, w; ; converges (as i — o0) to the measure 11,
defined for E ¢ AlLN by

n(x eX:p"(x) €E, (ﬂ0¢)N(X)=§}).

E) =
#i (E) n(xeX:(Bop)N(x) =1}

Also, wg,; converges to (8 o qb)iv . Therefore,

_ _ _ H(A;) — H(Bs A H
h(K, X|B o X) = lim sup (i) N )5/$d(ﬂo¢)*’vu(§)

i—00 mi

_H@ W) — H(Bo¢)'w)
N :

The right-hand side converges to 4(X|B o X) as N tends to infinity. This proves the
proposition. O
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6. Orbit-equivalence and entropy
In this section, we prove Theorem 1.2 by generalizing a theorem of Rudolph and Weiss,
which is explained next.

Definition 19. Let G, I' be countable discrete groups and let (X, B, 1) be a standard
probability space. Let GAL(X, B, ) and T~S5(X, B, 1) be two probability measure-
preserving actions with the same orbits. We assume that both actions are essentially free.
Let p: " x X — G be the cocycle

p(y, x) =g Tg(x) =S, (x).

If A C B is a sub-o-algebra such that p(y, ) is A-measurable for all y € T then the orbit
change from T to S is said to be .A-measurable. The smallest such o -algebra is called the
orbit change o -algebra.

The next theorem is proven in [RW00].

THEOREM 6.1. Suppose T is an essentially free ergodic action of a countable discrete
amenable group G and A is a T-invariant sub-o-algebra. Suppose also that S is an
essentially free action of I' with the same orbits as T (this implies T is amenable and S
is ergodic). Suppose the orbit change from T to S is A-measurable. Then, for any finite
observable ¢ : X — A, we conclude

h(T, ¢|A) = h(S, ¢|A).

The rest of the paper is devoted to proving a related result.

PROPOSITION 6.2. Let G be an amenable group, X = (T, X, i, ¢) an essentially free
G-process with finite range A and S : (X, ) — (X, u) be an essentially free measure-
preserving Borel automorphism with the same orbits as T (i.e., for u-a.e. x € X, {Tyx :
ge€G}={S"x:neZ}).

Let B: A — B be a map and suppose the orbit change from T to S is measurable with
respect to both the T -invariant sub-o -algebra generated by  := B o ¢ and the S-invariant
sub-o-algebra generated by . Then, for any random sofic approximation K to G,

h(K, X|B o X) =h(K, X|B 0 X) =h(S, p|B o).
Given the proposition above, we prove the following theorem.

THEOREM 6.3. Let G be a countably infinite amenable group with random sofic
approximation K. Let X = (T, X, i, @) be a G-process. Then,

hK, X)=hK, X) =hX).
Of course, this implies Theorem 1.2.

Proof. We will prove the statement for lower-sofic entropy only; the upper-sofic entropy
case is similar. Let Y = (S, Y, v, ¥) be a Bernoulli process over G with base (B, w),
where B’ is a finite set and w is not supported on a singleton. This process is weakly mixing
and ¥’ : Y — B’ is generating. By [CFW81, Dy59, Dy63], any ergodic essentially free
probability measure-preserving action of Z is orbit-equivalent to (S, Y, v). So, there exists
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a weakly mixing automorphism U : (Y, v) — (Y, v) with the same orbits as S and a Borel
map " : Y — B” to a finite set B”, which generates in the sense that the smallest U-
invariant o-algebra on which " is measurable is the Borel o-algebra of (Y, v) (up to
measure-zero sets).

Let ¢ : Y — B = B’ x B” be the map ¥ (y) = (¥/'(y), ¥"(y)). Note that the Borel
o-algebra of (Y, v) is the smallest o-algebra generated by ¥ and the G-action (modulo
measure 0 sets) which is the smallest o-algebra generated by ¥ and U (modulo measure 0
sets).

Define V:X xY — X x Y by

V(x, y) = (Tyx, Sgy) & Uy = Sgy.

Note that the orbit change from 7 x S to V is measurable with respect to both the
G-invariant sub-o -algebra generated by i and the V-invariant sub-o-algebra generated
by ¥. Proposition 6.2 and Lemma 5.4 imply

hu(K» ¢)=huxv(K,¢ X YY) =hux(V, ¢ <X y|r). @)
Let u = [ A d¢(}) be the ergodic decomposition of . Because Y is weakly mixing,
qu:kavd{(k)

is the ergodic decomposition of p x v. It is well known that the classical entropy of a
process equals the integral of the entropies of its ergodic components. So, Theorem 6.1

implies
huxv(V, ¢ X YY) = / hysoo(V, @ X Yrlr) dE(2)
= [ T x 5.0 x wiw) de)
= hyuxo (T xS, ¢ X YY) =h, (T, ¢).
So, (5) implies hy, (K, ¢) = h, (T, ¢), as required. O

6.1. Lifting factors. Proposition 6.2 is proven by ‘lifting’ the orbit-equivalence to sofic
approximations. But first, we ‘lift’ factors that do not necessarily come from composing
withamap 8: A — B.

Definition 20. Let {Yi}ioil be a sequence of approximate processes over G constructed

from a sequence {n;}72 of probability measures on Sym(m;)¢ x A"l If W C G is finite,

o € Sym(m;)¢ and & € Al"i] then let
Elo, Wle (AMIML glo, Wi(p)(w) :=E(o (w)p).

Let n}" be the measure on Sym(m;)¢ x (AW)!"il obtained by pushing forward #; under
the map
(0.§) € Sym(m)? x A" 1 (0, £[o, W)).

Let {X; }72, denote the sequence of approximate processes constructed from 77,-W .
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The next lemma is immediate.

LEMMA 6.4. If, in the definition above, lim; oo X; = X = (T, X, j, ¢) then lim;_, Y,W
=(T, X, w, o").

Assume that X = (T, X, u, ¢) is a process. Let ¥ : X — B be a measurable map into
a finite or countable set B. For each finite W C G, let Yy : AW —> B be a measurable
function satisfying

Yw(E) =b= pn{x e X :¢¥(x) =band ¢" (x) =£})
>u(fxeX:y(x)=cand 9" (x) =¢}) forallce B.

Warning: do not confuse ¢y : AW — B with v : X — BW.

Definition 21. Let A be a function on the set of finite subsets of G. We write
limy_.g A(W) = L if for every increasing sequence {Wj}?ozl C G with Uj W; =G,
limj_mo A(Wj) =L.

LEMMA 6.5. Let X = (T, X, i, ¢) be a G-process such that ¢ : X — A is generating.
Let {Yi};?il be a sequence of approximate processes constructed from a sequence {n;}7°
of probability measures on Sym(m;)° x A1, Suppose that lim;_, oo X; = X. Then
. =W
,hm IIIWOXI = (T7 X’ M, wWO¢W)5
11— 0

Jim (T, X, o, yw o ") = (T, X, u, ¥).

Proof. The first limit follows from the previous lemma and Lemma 5.1. The second limit
is a consequence of the fact that ¢ is generating. O

6.2. Lifting orbit-equivalences. The concepts of the previous subsection are used to
‘lift’ orbit-equivalences as follows. Let X= (T, X, n, @) be a process over G with
range A. Suppose I' is a (possibly different) group and Y = (S, X, , ¢) is a process over
I with the same orbits as G (up to pu-measure zero). Suppose there isamap 8: A — B
such that the orbit change from T to S is measurable with respect to the G-invariant sub-o -
algebra generated by ¥ := B o ¢, and that both X and Y are essentially free (for example,
fora.e. x € X Tgx # Tpx if g # h). Define the cocycle p : I' x X — G by

Py, x) =g Syx=T,x.
LEMMA 6.6. For each finite set W C G, there exists a map pw : T x BY — G such that
foreveryy €T and g € G,
V&iinG pxeX:py,x) =gl Afx e X:pw(y, vV (x) =¢gh =0.
Proof. Foreachy e I"and g € G, let
X(y,g)={xeX:p(y, x)=g}

Choose orderings G = {g1, g2, ...}, [ ={y1, 2, ...} of G and T". For each n, let P, be
the smallest partition of X containing X (y;, g;) for all 1 <i, j <n. Because the orbit
change is measurable with respect to the smallest G-invariant o -algebra £ on which v is
measurable, the partitions P, are contained in ¥ (up to measure-zero sets). Therefore, for
each n, there are a finite set W,, C G and sets X,,(y;, g;) for 1 <i, j <n such that:
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() X, (¥, gj) is contained in the smallest o -algebra on which wW" is measurable;
2 XuWi,g)NXu(yi,g) =90if j#k(and 1 <i, j, k <n);and
3 uX(i, gj) AXu(yi, gj)) <2 forall1 <i, j <n.
Let pw, : T x BW» — G be a map such that ow, Vi, vV (x)) =g;if1<i,j<n and
x € Xn(yi, 8§j)-

For any finite W C G, if there is an i > 1 such that W; C W then choose a maximal
such i and let pw := pw,. Otherwise, define pw arbitrarily. The lemma follows
immediately. O

LEMMA 6.7. (Asymptotic cocycle identity) For any y1, y» €T,

Jim vt (e € BY : pw(niva, ) = pv (1, E)pw (v, ) =1,

where g0 = pw (12, &), V=WnN ngl, & = wV(ngx) and x € X is any element with
v (x) =&

Proof. The claim of the lemma is equivalent to
Jim (€ Xz pw (v, ¥ 00) = pv (1, ¥V Ty ow (2, ¥ DD =1,

where V, g are as defined above. Fory € I', g € G, define X (y, g) :={x € X : p(y, x) =
g} as in the previous lemma. Also, for W C G finite, define

Xw(y, ) ={xeX:pw(y y"(x) =g}

The cocycle identity p(y1y2, X) = p(¥1, S, x)p (2, x) is equivalent to the statement
X(v2. 82) N T, X(y1, 81) C X (172, 8182)

(mod 0) for every g1, g2 € G. Let

Y(y1, v2, 81, 82) = X (1172, 8182) N X (12, 82) N Tg,' X (11, g1),
Yw (i, v2. 81, 82) i= Xw(riy2, £182) N Xw (2, 82) N T Xy (1, g1)-

Then, {Y (y1, 2, &1, 82) : &1, &2 € G} partitions X by the cocycle equation. Observe that

Yw, v2, 81, 82) C{x € X : pw(niya, ¥V () = pv (1, ¥V (T ) pw (v2, ¥V (X))}

So, it suffices to prove that

lim ,u( U YW(V1,72381,82)>=1~

V=6 81,82€G
fv=wn ngl then as W — G, V — G. So, the previous lemma implies

0= lim u(Xw(y1y2, 8182) A X (Y12, 8182)),
W—G

0= lim u(Xw(y2, &) A X (2, 82)),
W—G

0= lim u(T,'Xv (1, g0) AT, X(n1, £1),
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which implies
0= lim u(¥Y (1, y2, 81, 82) A Yw(y1, v2, &1, &2))
W—G

for any fixed g1, g2 € G. Since {Y (y1, 2, 81, &2) : &1, & € G} partitions X, for every
€ > 0, there is a finite set S C G such that

u( U Y(y1, v2, 81, gz)) >1—e

81,8268

Because

0= lim u( U Y012 81080 AYwn, v, gl,gz)>
V=G Neges

it follows that

lim Y z1l—-€
WﬁGu( U mwonr. g17g2)>_1 €
81,8266

Since € > 0 is arbitrary, the lemma follows. O

In general, if Z is a topological space, and {zw,;}wcaG.ieN is a collection of elements
of Z, then we write limw iy— (G,00) 2w,i = 2 if, for every limit point zy of {ZWJ}?il’
limy ¢ zw =z.

Let {75,,-}?21 be a sequence of approximate processes constructed from measures
{ni j’i | (adapted to a random sofic approximation K to G) so that lim; Yﬁ,i =Bo X.
For each (0, £) € Sym(m;)® x Bl and y € I, define S{,V’U’S(y) :[m;] — [m;] by

Sw.oe()(p) :=0(2)p & pw(y, Elo, WI(p)) =g.

LEMMA 6.8. Forany yy, y» €T,

; G i .
oM i X (0§ p) € Sym(m)? x B 5 [mi]: Sy 5 e V) Sy 0 V)P

=Sw.oeyv2)ph) = 1.
Also, for any g}, € G,

li . ) JE, €S NG B[mi]
(W,i)—l>n(lG,oo) ni X um,({(a &, p) ym(m;)~ x

x [mi]: pw(y2, &[0, WI(p) = g2 = n{x € X : p(y2, x) = g3)).
Proof. For g1, g» € G, let

Y(g1, 82):={x e X:p( x)=g2, oW, Tgx) = g1}.
Note that a.e. x € Y (g1, g2) satisfies p(y1y2, x) = g1g2 by the cocycle equation. Fori > 0
and W C G finite, let YV (g1, g2) be the set of all (0, &, p) € Sym(m;)C x Bl x [m;]
such that
8182 = pw(n1y2, §lo, Wl(p)),
g2 = pw (2, §lo, WI(p)),
g1 = pw(y1, &lo, Wl(o(g2)p)),
0(g182)p = 0(g1)o(g2)p.
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Note that if (o, &, p) € ¥," (g1, g2) then

Swoe WS o (r2)P =Sy V172 P

Therefore, it suffices to show that

Ni X (U{Y,»W(gl, g):g1, g€ G}) =1. 6)

lim
(W,i)—(G,00)
We claim that for every g1, g2 € G,

Hm X (Y (81, 82)) = (Y (g1, g2)) forallgy, g2 € G. (7)
(W,i)—(G,00)

To see this, for any finite W C G and g1, g2 € G, let Z(W; g1, g2) be the set of all x € X

such that
182 = pwiy2, ¥ (x)
g = pw(y2, ¥V ()
g1 = pwy, ¥V (Tg,x)).
Then

Jlim n; x um, (Y (g1, 82)) = W(Z(W; g1, £2)).
This follows from Lemmas 6.4 and 5.1. Lemma 6.6 implies
Jim (e € X g1ga = pw (12, ¥ (D} A fx € X 2 182 = p(1172, 1)) =0,
Jim pu({x € X2 g2 = pw (r2. Yy ()} A{x € X :ga=p(y2. x)}) =0,
Jimpu(lx € Xz g = pw (1, ¥ (T} Afx € X2 g1 = p(1, T 1)) =0.

Therefore,
V&iglG w(Z(W; g1, g2)) = u(Y (g1, g2)),

which implies the claim. Because
M(U{Y(gh )81 g€ G}) =1,

for any € > 0 there exists a finite set G’ C G such that

M(U{Y(gl, 82) 81,8 € G’}> >1—e

By the claim,

lim DX Uy YV(g1,2):21,2€G})>1—¢
I ) T (U{ (81, 82) 181, & })_

Since this is true for every e,

lim P X U YV , 121,82€G}) =1,
Wiy TG gy T tmi (U{, (81, 82) : 81, &2 }>

which implies the first statement.
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To see the second statement, observe
{(0. & p) € Sym(m;)? x BV x [m;]: pw (2. &[0, W1(p)) = g5}
N (g1.82) 181, 22€ Gy =¥V (s1. 8 : 81 € G).
Because YiW (g1, g5) is disjoint from Yl.W (1. &5) if g1 # g}, equations (6) and (7) imply

liminf 1 ({(o, &, p) €S NC
<w,,-1)r5 %g,oo) ni X um; ({(0, §, p) € Sym(m;)

X B[mi] X [ml] : pW(yz, S[O’, W](P)) = gé})

= M(U{Y(gl, 8) 181 € G}> =n({x € X1 p(y2, x) = g3},
as required. m|

LEMMA 6.9. There are maps Sw q,:(y) € Sym(m;) (for every W, o, &, y) such that for
everyy €T,

lim liminfn; x u,, ({(0, &, p) € Sym(m,-)G
W—G i—oo
x B 5 [mil: Sy 4 e (D(P) = Swoe (V) (P)) = 1.
Proof. Tt follows from the previous lemma that for any y € I,

lim liminfn; X um, ({(0, &, p) € Sym(m,-)G

W—G i—oo
x B s mi1: Sy 5 e NSy 5.: (v D(p) = ph) = 1.

Therefore, Sy, £ is asymptotically surjective, in the sense that

lim _liminf ; X wm, ({(0, &, p) € Sym(m;)°
W—G i—oo
x Bl x [m;]: p € image SwoeD =1
This implies the lemma. a

Let 6y, be the measure on Sym(mi)r x BIMil obtained by pushing 5; forward under
the map
(0. &) € Sym(m;)? x BV i (S o, 6).

Let 7,3, w.i be the approximate process constructed from 6y ; and K",)V ; be the projection of
9W,i to Sym(m,-)r.

LEMMA 6.10. {K{?Vl.},'eN,Wc(; is a random sofic approximation to I' in the following
sense. For every y1, y» €T,

My x s (0, p) € Sym(m)" x [mi]: 0 (y)o (y2)p =0 (ny2)p)) = 1

and for every y1 £y, €T,

. ime iy x (0, p) € Sym(m)® x [mi]: 0 (v)p # 0 (v2)ph) = L.

https://doi.org/10.1017/50143385711000253 Published online by Cambridge University Press


https://doi.org/10.1017/S0143385711000253

Sofic entropy and amenable groups 461
Proof. For the first assertion, note that by definition of K{,)VY ; and the previous lemma

iy (0, p) € Sym(m)® < [mi] : 0 (y)o (2)p = o (172)p))

= 1 ; ({0, &, p)eS e
(W,i)gr(lG,oo) ni X um; ({(0, &, p) ym(m;)

x B s [mi]: Sw.o.6 (V) SW.0.6(12) P = Sw.o6 (V172) P

= lim P X Uy, ({(o, €, € Sym(m;)°
o m; ({(0, &, p) € Sym(m;)

x B [mi]: Sty o VDSl 56 (V2P = Sty 0. (N ¥2) P}
=1

The last equality follows from Lemma 6.8.
Because the first statement is true, to prove the second statement it suffices to show that
for any y # e,

o ime iy s, (0, p) € Sym(m)" < [mi): p # 0 (V) pY) = 1.

Equivalently,

lim m X um, ({(0, &, p) € Sym(m)C x B x [m;]: p # Swee(y)p)) = 1.
(W,i)—(G,00)

By Lemma 6.9 and the definition of S;V,U’ £ it suffices to prove

lim P X Uy, , &, € Sym(m;)¢
Wiy (G.00) ni X um; ({(0, &, p) ym(m;)

x B 5 [mi]: p # 0 (ow (. Elo. WI(p))ph = 1.

If g € G\{e} then, because K is a random sofic approximation to G,
Jim 0 X, ({(0, &, p) € Symm)@ < B™ x [mi]: p £ (9)ph) =1.

Also, if y is not the identity element then, by Lemma 6.8 and because I'»(X, ) is
essentially free, for every € > 0, there is a finite set V C G\ {e} such that

liminf i X um, ({(0. £, p) € Sym(m;)®
(W,il)IE)tIGl,OO) ni X um;({(0, &, p) ym(m;)

x B 5 [mi]: pw(y, Elo, Wl(p) e V) = 1 —e.

Because € > 0 is arbitrary, this inequality and the previous equation imply the lemma. O

LEMMA 6.11. The following hold.

(1) limw,i— G000 Ypwi=BoY. B B
(2) Iflim;_o0 Xg; =B o X strongly then limy ;) (G,00) Y g,w,i =B oY strongly in
the sense that for all finite V C I" and € > O,

wolm  Owi((. €) € Symm)" x B dy((0.8). pog) <€) =1.
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Proof. The first statement is equivalent to stating that the V-local statistics of Yﬂ,w,i
converges to the V-local statistics of 8 o Y for every finite V C T.
For W C G finite, define
Ly w.i :Sym(m;)® x B x [mj1— BY
by
Ly w.i(0,& p)(y) =&Swes(y)p) forallyeV.
By definition, the V-local statistics of 7}3,W’,- 1S (Lv,w,i)sMi X Upm,;.
Let ww,; be the W-local statistics of Y;;,,-. To be precise, if
XW.i :Sym(m)% x Bl x [mj1— BY
is defined by
xw.,i(0,§, p)(g):=§(c(g)p) forallge W
then ww,i = (Xw,i)«Ni X Um; .
Fix by € B. Define ®wy y : BY — BV by
Oy v (E)(y) :=8(ow(y. §))
if yeV and pw(y,&)eW. Set ®w yv(§)(y):=bp otherwise. We claim that

(Pw,v)«ww,; is asymptotic to (Ly,w,;)«0; X Uy, in the sense that

lim 1(Pw, v)sww,i — (Lv,w,i)s«0i X tm,;|l1=0. €]
(W.i)—(G,00)

According to Lemma 6.9 and the definition of S/W, e forall y € V,

(W’i)l_i)n(ngoo) ni X um;({(0, &, p): Swee(¥)p=0(ow(y, &lo, Wl(p))p)) =1.

Because lim; o0 Xpg,i = B0 X, lim; 00 @w,; = ¥} 1. So, by Lemmas 6.4 and 6.6, for

ally eV,

(W’l_)lil?aoo) ni X um;({(0, &, p) : pw(y. &[0, Wl(p)) e W}) = 1.

Therefore,

lim ni X um,({(0,8, p): Ly w,i(0,§, p)=Dwyvxw,i(o,§& p)})=1L1
(W.i)—(G,00)

This implies (8).
By Lemmas 6.4 and 5.1,

) —W
lim ®wyoXg, =(T, X, u, dwvy™).

11— 00

Because wa,viﬁ:‘/M converges to w:,u asW— G,

. =W 74
lim ) Xg:.=(T, X, u, .
(WD) (G.00) W,V 0 Ag; ( W, )

By (8), this means that the V-local statistics of ?ﬂ,W,i converge to (l/fv)>k W, which is the
V-local statistics of 8o Y. This proves the first statement of the lemma. The second
statement is similar. O
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In the previous lemma, we used a sequence {Yﬁ,i}?i | of approximate processes over
G converging to B o X to construct a sequence {Y g w ;}ien,wce that converges to B oY
(there is a slight abuse of notation here since W varies over all finite subsets of G instead of
all subsets; we will continue this abuse below). In the next lemma, a sequence (X; };’il of

approximate processes over G such that 8 o X; = Yﬂ, ; s used to construct a new sequence
{Yw.i}ien.wcc of approximate processes over I' satisfying various properties.

LEMMA 6.12. Given a sequence {Yi}i?il of approximate processes over G such that
B o X;=Xg,; there exists a collection {Yw ;}ieNn,wcG of approximate processes over T’
such that:
(1) PBo YWJ- is equivalent to Yﬂ,w,i,'
(2 iflim; Xi = X then im(w i) (G.00) Y Wi = 7_ B
(3)  iflim; o0 Xi = X strongly then limw i) (G,00) Y w,i =Y strongly; and
@ h(Ywi) —h(BoYwi)=h(X;) —h(BoX;) forall W, i.
Item (3) means that for all finite V C T" and € > 0,
lim — Ow,i({(o, §) € Symm)" x A" dy (0, §), ¢) <€) =1,
(W.i)—(G,00)
where 7W,i is constructed from measures 0~W’,' on Sym(mi)r x Almil,

Proof. Let 7j; be the probability measure on Sym(m;)¢ x A"l such that X; is constructed
from 7;. Let ONW,,- be obtained by pushing 7; forward under the map J = Jy ; defined by

J(0,8) = (Sw.0,p05. §)-

Let YW, ; be the approximate process over I" constructed from éw, i

Since B o X; = Xp,;, it follows that B o Yy ; is equivalent to Y g w ;. The proofs of
statements (2) and (3) are similar to the proofs of (1) and (2) of Lemma 6.11.

To prove the last statement, fix i and W. Let ﬁ : Sym(mi)G x Almil Sym(ml-)G X
Bl be the map B (o, &) = (0, B o &). Let ﬁi,ﬁ(o,g) be the fiber measure of 7j; over (o, ).
Thus,

ni = ﬁi,B(o‘,S) dﬁ*ﬁi(ﬁ(a, &),
— — 1 ~ -
h(Xi) —h(BoXi)= o / H(1; jo.5)) dBs1i (B(0, §)).

By abuse of notation, we also let B denote the same map with G replaced by I". We define
the fiber measure GW’ e of 6w ; over B(J (o, §)) similarly. Thus,

— — 1 ~ ~
BT =0T = oo [ Hy o) st (0. )

1 ) ~
T om / HO i 5106 di1i (0, §).

Let o : Sym(m;)¢ x Al"il — Almil denote the projection map. By abuse of notation, we
also let & denote the projection map from Sym(m;)" x Al"il to AUl Because aJ =«

and J(; 5166 = Ow,i pi 0,60
iy o) = a*(éwyiﬁ,w,é)) for all (o, &) € Sym(m;)¢ x A"l
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Since « is injective on the support of éw i fI.8) it follows that

HOw i fro6) = H@Oy ;5106 = H@ y06)-
We claim that
N1 (0.e) =/ ot pe' Al; (o) ("5 &)

To see this, suppose X, Y, Z are any three Borel spaces, w is a probability measure
on X and m;: X — Y, mp:Y — Z are Borel maps. Then, for (mpmy).pu-ae. z € Z,
Wy, = f M (x) dpz(x). This follows from the fact that if ¥y, X7 are the o-algebras on
X obtained from pulling back the o-algebras on Y, Z, respectively, and f is a bounded
function on X, then E[ f|X2] =E[E[ f|Xy]|X2]. To see how this applies to the equation
above, set X = Sym(m;)® x A"l Y = Sym(m;)¢ x B™ and Z = Sym(m;)" x BI™il,
Letm = B and choose 75 so that mym = BJ.
Therefore,

Uil 5oy = f Wl ol pe ATl 106y (@5 €D
By concavity of entropy,
H@i o) = [ H@uio o) 40" €.
Because « is injective on the support of 7; 7 ge/, H (atx0); o7 per) = H (7); 5, ge'). Therefore,
HOy jr0.5) = / H (flio0 pe) dl; jr(o.6)(0", &)

Thus,

h(Yw,i) —h(BoYw,)

v

1 ~ ~ ~
m; // H (i, per) dil; g 0.6)(0 &) dili (0, )

1 - -
= / H (fi o, pe) di (0, )
— h(X:) —h(B o Xi). =

We can now prove Proposition 6.2 whose statement is the following.

PROPOSITION 6.2. Let G be an amenable group, X = (T, X, i, ¢) an essentially free
G-process with finite range A and S : (X, u) — (X, ) be an essentially free measure-
preserving Borel automorphism with the same orbits as T (i.e., for p-a.e. x € X, {Tgx :
g€G}={S"x:neZ}).

Let B : A — B be a map and suppose the orbit change from T to S is measurable with
respect to both the T -invariant sub-o -algebra generated by  := B o ¢ and the S-invariant
sub-o-algebra generated by . Then, for any random sofic approximation K to G,

h(K, X|B o X) =h(K, X|BoX)=h(S, | o¢).

Proof. Let ' =7Z. Let {Yi}f.’i , be a sequence of approximate processes adapted to K', a
subsequence of K, so that:
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() limjoe X; = X; and

) limj oo h(Xi) —h(Bo X;) =h(K, X|B o X).

Let Yﬂ,i =8 o X;. Let {Yﬂ,w,i}ieN,WCG be constructed as in the paragraph before
Lemma 6.10. Let {Yw,;}ien,wcc be the collection of approximate processes given by
Lemma 6.12.

A diagonalization argument implies that there exist increasing sequences {W;}2,
and {ki};?il so that if ¥; :=Yw, , then lim; .o Y; =Y = (S, X, u, ¢). Moreover, we
may assume (using Lemma 6.10) that if K? := {Kﬁ,’,’ k[_};’il then K” is a random sofic
approximation to Z. So, Lemma 6.12 implies

h(K, X|p o X) = lim h(X;) —h(B o X;) <limsuph(Y;) —h(BoY;)
i—00 i—00

<hXKP,Y|BoY)=h({|BoY).

The last equality follows from Proposition 5.8. Since 2(K, X|8 o X) > h(K, X|B o X), it
now suffices to prove h(K, X|f o X) > h(Y|f o Y).

Let integers m; be given so that K’ = {«/}?,, where each « is a probability measure
on Sym(m;)¢. Let L = {}; }72, be a random sofic approximation to Z, where each 1; is a
probability measure on Sym(m;)%. By Proposition 5.8, there exists a sequence {7;},'€N of
approximate processes over Z adapted to I’, a subsequence of L such that:

(1) limj_o Y; =Y strongly; and

) limioo h(Y;)) —h(BoY;) =h(L,Y|BoY)=h(Y|BoY).

Let {Yﬁ’v)[}iEN’VCZ be constructed as in the paragraph before Lemma 6.10 with the
roles of X and Y swapped. This construction is possible because the orbit change is,
by hypothesis, measurable with respect to the smallest o-algebra generated by ¢ and
the Z-action. Let {Yv,i}ieN,VcZ be the collection of approximate processes given by
Lemma 6.12. According to that lemma:

(1) limey i)—(Z,00) Y/VJ = X strongly; and

2) h(Xy,) —h(BoXy)=h(¥;)—h(BoY;) forall V,i.

So,

h(¥|BoY) = lim h(Y)) —h(BoY)) < liminf h(X\y ;) —h(BoXy,).
i—00 (V,i)=(Z,00) ’ ’

A diagonalization argument and Lemma 6.10 imply that there exist increasing sequences
{Vi}2, and {k;}72, so that if 7; :Y/Vi,k,' then {7;}?21 is adapted to a random sofic
approximation K” of G. So, the inequalities above imply

h(Y|BoY) <limsup h(X;) —h(BoX;) <h(K", X|B o X).

i— 00

Observe that K” = {«/}?° |, where each k|’ is a probability measure on Sym(n;) and

{n; }?i | 1s a subsequence of {m; }ioi 1+ It follows from Theorem 4.3 that K" is asymptotic to
a subsequence of K'. It follows from Theorem 5.5 that
h(K", X|BoX) <h(K, X|poX)<h(, X|poX).

So, h(K, X|B o X) = h(Y|B oY) as required. O
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