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NULL SETS AND COMBINATORIAL COVERING PROPERTIES
PIOTR SZEWCZAK AND TOMASZ WEISS

Abstract. A subset of the Cantor cube is null-additive if its algebraic sum with any null set is null. We
construct a set of cardinality continuum such that: all continuous images of the set into the Cantor cube
are null-additive, it contains a homeomorphic copy of a set that is not null-additive, and it has the property
. a strong combinatorial covering property. We also construct a nontrivial subset of the Cantor cube with
the property y that is not null additive. Set-theoretic assumptions used in our constructions are far milder
than used earlier by Galvin-Miller and Bartoszynski-Rectaw, to obtain sets with analogous properties. We
also consider products of Sierpinski sets in the context of combinatorial covering properties.

§1. Introduction. Let N be the set of natural numbers and P(N) be the power set
of N. We identify each set in P(N) with its characteristic function, an element of the
Cantor cube {0, 1}; in that way we introduce topology in P(N). The Cantor space
P(N) with the symmetric difference operation & is a topological group; this operation
coincides with the addition modulo 2 in {0, 1}N. A set X C P(N) is null-additive in
P(N) if for any null set ¥ CP(N) the set X® Y :={x®y:xe€X,ye Y} is
null. In an analogous way. define null-additive subsets of the real line with the
addition + as a group operation. As we see in the forthcoming Theorem 2.2, it is
relatively consistent with ZFC that null-additive subsets of P(N) are not preserved
by homeomorphisms into P(N). Subsets of the real line whose all continuous images
into the real line are null-additive were considered by Galvin and Miller [3]:; to this
end they used combinatorial covering properties.

By space we mean a Tychonoff topological space. A cover of a space is a family
of proper subsets of the space whose union is the entire space. An open cover of
a space is a cover whose members are open subsets of the space. A cover of a
space is an w-cover if each finite subset of the space is contained in a set from the
cover and it is a y-cover if it is infinite and each point of the space belongs to all
but finitely many sets from the cover. A space has the property y if every open
w-cover of the space contains a y-cover. This property was introduced by Gerlits
and Nagy in the context of local properties of functions spaces [4]. They proved
that a space X has the property vy if and only if the space Cp,(X) of all continuous
real-valued functions defined on X with the pointwise convergence topology is
Fréchet—Urysohn, i.e., each point in the closure of a subset of C,(X) is a limit of a
sequence from the set [4, Theorem 2]. Galvin and Miller observed that for a subset
of the real line X with the property y and a meager subset of the real line Y, the set

Received June 30, 2020.
2020 Mathematics Subject Classification. 54D20, 03E35, 03E75.
Keywords. null sets, null-additive sets, selection principles, y-property.

© The Author(s), 2021. Published by Cambridge University Press on behalf of The Association for Symbolic Logic
0022-4812/22/8703-0016
DOI:10.1017/js1.2021.51

1231

P
CrossMark

@

https://doi.org/10.1017/js1.2021.51 Published online by Cambridge University Press


www.doi.org/10.1017/jsl.2021.51
http://crossmark.crossref.org/dialog?doi=https://doi.org/10.1017/jsl.2021.51&domain=pdf
https://doi.org/10.1017/jsl.2021.51

1232 PIOTR SZEWCZAK AND TOMASZ WEISS

X+Y:={x+y:xe X ye Y} is meager. They pointed out that they were
unable to prove an analogous statement for null sets, and thus they introduced
a formally stronger property than y [3, p. 152]. For a natural number n, an open
cover of a space is an n-cover if each n-elements subset of the space is contained in a
member of the cover. A space X has the property strongly vy if there is an increasing
sequence f € N such that for each sequence ;. U,. ... where U, is an f (n)-cover
of X, there are sets U; € U, U, € U, ... such that the family {U, :n € N} is a
y-cover of X.

Galvin and Miller proved that any subset of the real line with the property strongly
v is null-additive. The property strongly v is preserved by continuous mappings, and
thus any continuous image of a set with the property strongly y. into the real line, is
null-additive [3, Theorem 7]. Under Martin Axiom, Galvin and Miller constructed
a subset of P(N) of cardinality continuum with the property strong-y [3. Theorem
8]. In 1996, under some set-theoretic assumption, Bartoszynski and Rectaw [2]
constructed a subset of P(N) of cardinality continuum with the property y that is
not null-additive (in particular, they separated the properties y and strongly y).

Assuming only an equality between some cardinal characteristics of the
continuum, we construct a subset of P(N) of cardinality continuum with the
property y whose all continuous images into P(N) are null-additive and it contains
a homeomorphic copy of a set that is not null-additive. We also weaken a set-
theoretic assumption in the result of Bartoszynski and Rectaw. In both the cases we
use combinatorial methods of construction of subsets of P(N) with the property
y invented by Tsaban ([7, Theorem 3.6], [8, Theorem 6]) and developed by
Whudecka and the first named author [13]. We also use a combinatorial covering
characterization of null-additive subsets of P(N) given by Zindulka [17].

§2. Null-additive sets with the property y. Let [N]>° be the family of infinite subsets
of N. Each set in [N]> we identify with an increasing function from NY. Depending
on the interpretation, points of [N]>° are referred to as sets or functions. For natural
numbers n, m with n < m, define [n,m) := {i e N:n < i< m}. For sets a and b,
we write ¢ C* b, if the set a \ b is finite. A pseudointersection of a family of infinite
sets is an infinite set ¢ with @ C* b for all sets b in the family. A family of infinite sets
is centered if the finite intersections of its elements are infinite. Let p be the minimal
cardinality of a subfamily of [N]* that is centered and has no pseudointersection.
Let Fin be the family of finite subsets of N. The following notion plays a crucial role
in our constructions.

DEFINITION 2.1. (Szewczak and Wtudecka [13]) A set X C [N]*° with |X| > p
is a p-generalized tower if for each function a € [N]*°, there are sets b € [N]*>° and
S C X with |S| < p such that

xN U[a(n),a(n +1)) € Fin
neb

forall sets x € X \ S.

For functions f, g € [N]>°, we write /' <* g,iftheset {n : f(n) > g(n) } is finite.
A subset of [N]* isunbounded if for any function g € [N]*°, thereis a function f in the
set with f £* g. Let b be the minimal cardinality of an unbounded subset of [N]>°.
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The existence of a p-generalized tower in [N]*° is independent of ZFC, i.e., it is
equivalent to the equality p = b [7, Lemma 3.3]. Let non(N,qq) be the minimal
cardinality of a subset of P(N) that is not null-additive.

THEOREM 2.2. Assume that p = non(Nyq) = ¢. There is a set X C [N]°° such that

(1) The set X is a p-generalized tower.

(2) The set X U Fin has the property .

(3) All continuous images of the set X U Fin into P(N) are null-additive.
(4) The set X is homeomorphic to a subset of P(N) that is not null-additive.

We need the following notions and auxiliary results.

For a class A of covers of spaces and a space X, let A(X) be the family of all
covers of X from the class A. Let A, A, ... and B be classes of covers of spaces. A
space X satisfies

Sl ({An}ner B)

if for each sequence U, Uy, ... with U, € A,(X) for each n, there are sets U; €
Uy, Uy €Uy, ... such that {U,:n e N} € B(X). Let O, be the class of all open
n-covers of spaces for each n and I be the class of all open y-covers of spaces. Using
the above notion, the strongly y property is the property S;({O, }nen). I'). Let d be
ametric in P(N) that coincides with the standard metric in {0, 1}, that is, for points
x.y € P(N), let

2min((yOy () if x £y,

d(x,y):=
(x.y) {0, if x = 7.

Let ¢ be a positive real number. For a point x € P(N), let B(x,¢) := {y € P(N) :
d(x,y) <e} and for a set F C P(N), let B(F.¢):=J{B(x,e):x € F}. Fix a
natural number #n. An open cover of a subspace of P(N) is a uniform n-cover if there
is a positive real number ¢ such that for each n-elements subset F of the space, the set
B(F, ¢) is contained in a member of the cover. Let OU"f be the family of all uniform
n-covers of subspaces of P(N). In 1995, Shelah characterized null-additive subsets
of P(N) [10]. Using the Shelah result, Zindulka characterized null-additive subsets
of P(N). in terms of combinatorial covering properties.

Tueorem 2.3 (Zindulka [17]). A subset of P(N) is null-additive if and only if it
satisfies S1({O3" }en. T).

For a set X and a natural number #, let P,,(X) be the family of all n-elements
subsets of X. By a similar argument as in the proof of a result of Tsaban [14, Theorem
2.1]. we have the following result.

LEMMA 2.4. For a set X C P(N) the following assertions are equivalent:

(1) The set X satisfies Sy ({0}, en. T). _

(2) Thereis a function f € [N]*° such that the set X satisfies S ({O‘;W(',:)}neN, I).
(3) For each function [ € [N]>°, the set X satisfies Sy ({O;’Eg)}neN, ).
PRrROPOSITION 2.5. Let X C P(N) be a set and assume that there is a function

f € [NI*® such that for each sequence Uy, Us. ... withU, € O ;) (X) for each n. there
are sets Uy €Uy, Uy €Uy, ... and a set X' C X with |X'| < non(Nygq) such that

https://doi.org/10.1017/js1.2021.51 Published online by Cambridge University Press


https://doi.org/10.1017/jsl.2021.51

1234 PIOTR SZEWCZAK AND TOMASZ WEISS

{U,:neN} e (X \ X'). Then all continuous images of the set X into P(N) are
null-additive.

ProoOFr. Let U, U, ... be a sequence such that U, € O;;.i(fn)(X ) for each n. Fix a
natural number n. We may assume that there is a positive real number ¢, such that

U, = {B(A,Sn) 1A e P2f(n)(X) }

We have U) :={ B(F.¢,) : F € P/, (X)} € O‘j’,’;irf)(X). By the assumption, there
are sets Fi € P(;)(X). F, € Py(5(X).... and a set X' C X with |X’| < non(Nyqa)
such that

{B(F,.¢,):neN} el (X\X).
Since | X'| < non(Nyqa). there are sets F{ € P(;)(X’). F; € Py(;)(X”). ... such that
{B(F,.¢y,) :neN} e(X).
For each natural number 7. there is a set 4, € P(,)(X) such that F, UF, C 4,

and
B(Fy.e0) UB(F,.ex) € B(Ap.2n) € Uy.
We have
{B(A4,.¢,) :ne N} eI(X).
By Lemma 2.4 and Theorem 2.3, the set X is null-additive. o

By Theorem 2.3, we have the following result.

PROPOSITION 2.6. Null-additivity in P(N) is preserved by uniformly continuous
functions.

LEMMA 2.7. Let X be a space and n. k be natural numbers. If U € O, (X), then
each n-elements subset of X is contained in at least k pairwise different sets from U.

For the remaining part of this section, let f € [N]> be a sequence such that
f(n+1) > 27"+ 4y for all natural numbers n. For a set d € [N]*°, let [d]> be
the family of all infinite subsets of d.

LeMMA 2.8. Let Uy, Us. ... be a sequence of families of open sets in P(N) such
that U, € O ;(,)(Fin) for all natural numbers n and d € [N]>°. There are an element
x € [d]> and pairwise different sets U, € U,. Uy € Us, ... such that for each natural
number n and each set y € P(N) :

Ifynif(n),x(n+1)) C{x(1).x(1) +1,....x(n). x(n) + 1}, then y € Uy,;.
In particular,
{U,:neN}el({yeP(N):y T xU(x+1)}).

Proor. Let x(1) := a(1) and U; € U;. Fix a natural number n and assume that
natural numbers x(1). ..., x(n) and sets U; € U;. ..., U, € U, have already been
defined. We have

IP([1, f(n)) U{x(1).x(1) + 1, ....x(n). x(n) + 1})| < 2/ W+
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and U,+1 € Oy(,41)(Fin). By Lemma 2.7 there is a set Uy,11 € Uyy1 \ {U1. ... Uy}
such that

P(L £ () U {x(1), (1) + 1...... x(n), x(n) + 1}) C U,
For each set
seP([l f(n)u{x(1).x(1) +1.....x(n). x(n) + 1}),

there is a natural number m; € a with my; > max{f(n), x(n) + 1} such that for each
set y € P(N):

Ifyn[l,mg) =s, then y € Uy,,y;.
Define
x(n+1) :=max{my :s € P([1, f(n)) U{x(1),x(1) +1,....,x(n), x(n) + 1}) }.
)

Fix a natural number . Let y € P(N) be a set such that

yOlf(n).x(n+1) € {x(1),x(1) + L.....x(n), x(n) + 1}.
Then the set s:=yn[l,x(n+1)) belongs to P([1,f(n))U{x(1),x(1)+
1,....x(n),x(n) +1}), and
yN[l.mg)=yn[l.x(n+1)) =
Thus, y € U,4;. 4

LemMa 2.9. (Folklore [15, Lemma 2.13]) A set X C [N]*®° is unbounded if and
only if for each function a € [N]*°, there are a set b € [N]*° and an element x € X
such that

xnJla(n).aln + 1) =0,

forallx € X.

For elements b € [N]*° and ¢ € {0, 1}¥, let 2b, b + 1, and b + ¢ be elements in
[N]*° such that (2b)(n) := 2b(n). (b + 1)(n) := b(n) + 1, and (b + ¢)(n) := b(n) +
c(n) for all natural numbers 7.

PrOOF OF THEOREM 2.2. Construction of a set X: Let { (u](“), Z/{Z(a), w)ra<c}
be an enumeration of all sequences of families of open sets in P(N) such that

U eo 7 (n)(Fin) for all ordinal numbers o < ¢ and natural numbers n. Let [N]>° =

{do <}

Apply Lemma 2.8 to the sequence Z/{l , Ll ), ... and to a set d € [2N]*>° with
do <* d.Then there are sets U 6 Ul , 6 L{2 ,... and an element x, € [2N]*
such that

{UY  neN}yeT({yePM):yC xU(xo+1)}).
Fix an ordinal number o < ¢. Assume that elements xg € [2N]> with dg <* x5 and
sets U e uP U e uP. ... with

{U,E/}):nGN}EF({yGP(N):yg*xﬁu(xﬁJrl)}
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have already been defined for all ordinal numbers ff < « such that for f, ' < a
if B < p’. then xg*> xp. Let d € [2N]> be a pseudointersection of the family

{xp:p<a} withd, <*d. Apply Lemma 2.8 to the sequence Lll(a),l/{éa), ... and
to the element d. Then there are an element x, € [d]> and sets Ul(a> € Z/Ifo‘), Uz(a> €
Uéa), ... such that

{U* neN}el({yeP(N):y C xoU(xqa+1)}). (2.9.1)
Let {0, 1}N = { ¢, : @ < ¢ }. Define
X ={xo+cy:a<c}.
By the construction, for all ordinal numbers «, f with a < f < ¢, we have
xp4cp CxpU(xg+1) T xqU(xq +1). (2.9.2)

(1) Let a € [N]*°. Since the set {x, :a <c} is unbounded, the set {x, U
(Xo + 1) : @ < ¢} is unbounded, too. By Lemma 2.9, there are an ordinal number
a < cand a set b € [N]* such that

(o U (xa + 1) N [ la(n). aln + 1))

neb

0.

By (2.9.2), we have
(xp+cp)N U[a(n),a(n +1) C* (xaU(xe +1))N U[a(n),a(n +1)=0

neb neb

for all ordinal numbers f with & < f < ¢. Thus, the set X is a p-generalized tower.
(2) By (1), the set X is a p-generalized tower, and thus the set X U Fin has the
property y [13, Theorem 4.1(1)].
(3) The set X U Fin satisfies the property from Proposition 2.5: Let U, Us. ... be
a sequence of open families in P(N) such that 24, € O, (X U Fin) for all natural
numbers n. There is an ordinal number a: < ¢ such that this sequence is equal to the
sequence LII(C’), Z/lz(a), ....By (2.9.1) and (2.9.2), we have

{U,S“):nGN}EF({xﬁ+cﬁ:a§ﬁ<c}).

(4) In our proof we use Rothberger’s trick [6, Theorem 9.4]. The map
®: P(N) — {0, 1}" unifying each subset of N with its characteristic function is
a homeomorphism and an isometry with respect to the standard metric in {0, 1}
and the metric d on P(N) defined in Section 2. The set

G = { (@(x))(1). x(1) moda 2. (@(x))(2). X(2) moa 2.+ ) 1 x € X'}

is a homeomorphic copy of the set X. Since the projection 7: G — {0, 1}*" is onto

and uniformly continuous, the map
O longod: d'[G] —» P(N)

is onto and uniformly continuous, too. By Proposition 2.6, the set @ '[G] is not null
additive. The set ® '[G] is homeomorphic to G. -
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§3. A y-set that is not null-additive. Let non(\) be the minimal cardinality of a
subset of P(N) that is not null. A set { x,, : @ < p } C [N]*® is a p-unbounded tower if
it is unbounded and for all ordinal numbers a, f < p with oo < 8, we have x,*2D xg.
A p-unbounded tower exists if and only if p = b [7, Lemma 3.3].

THEOREM 3.1. Assume that p = b = non(N'). There is a p-generalized tower X C
[N]°° that is not null-additive. In particular, the set X U Fin is a nontrivial set with the
property vy that is not null-additive.

PrOOF. Let f € [N]> be a function such that f(n):= )" ;2 for all natural
numbers n. Define

Y, ={xePN):xNn[f(n), f(n+1)=0}

for all natural numbers n. Each set Y, is clopen and has measure less or equal

than 2-"*1_and thus the set ¥ := (", U,>,, Yaisnull. Let T = {z, :a <p} bea

p-unbounded tower in [N]> and Z = { z, : @ < p } be a nonnull set in P(N).
Define

Xa = Za N I/ (ta(20)). f (1ta(20) + DV U{ [ (ta(2n +1)) :n € N}

neN

for all ordinal numbers o < pand X :={x,:a<p}.
The set X is a p-generalized tower: For each ordinal number o with o < p, we
have

{f(ta(2n+1)):n €N} C xq.
and thus X C [N]*°. Let a € [N]*°. There is a set ¢ € [N]* such that

L (c(k)). fle(k + 1)) Nal >2

for all natural numbers k. By Lemma 2.9, there are a set d € [N]* and an ordinal
number « < p such that

ta 0 | Jle(k). c(k +1)) = 0. (3.1.1)
ked
Then there is a set b € [N]* such that
Ula(n).a(n+1)) € [ J1f (k). f(c(k +1))).
neb ked
Fix an ordinal number f with o < f < p. We have

xp 0 Jla(n).a(n + 1) € (JU (). £+ 1) 0 Jla(n). a(n + 1))

neb n€tg neb

< Yo fa+0)nJis( c(k+1))).

n€ty ked

By (3.1.1), the latter intersection is empty.
We have Z C X @ Y: Fix an ordinal number o < p. Since

Xo VU (10 (20)), [ (1a(2n) + 1) = 2 0 1S (1a(20)). £ (1a(2n) + 1),

neN neN
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we have

(xa ® za) N (1S (1a(20)). f (ta(20) +1) =0,

neN

and thus x, @ z, € Y. Then there is an element y, € Y such that x, @® z, = ya.
Thus, zo, = Xo D Ya.

Since X is a p-generalized tower, the set X U Fin has the property y [13, Theorem
4.1(1)]. Since Z C (X UFin) @ Y, the set X U Fin is not null-additive. =

REMARK 3.2. The assumption of Theorem 3.1 is valid assuming the Continuum
Hypothesis or Martin Axiom and in the following model. Let Py, be an R -iteration
with finite support of a measure algebra and G be a generic filter in Py, . Let M be
a model of ZFC and ¢ = 8,. In the model M[G]. the assumption p = b = non(N)
from Theorem 3.1 is true: Let non(M) be the minimal cardinality of a subset of
P(N) that is not meager. Adding X; Cohen reals, we have non(M) = X and adding
N; Solovay reals, we have non(N') = X;. Thus, p = X;. Since non(M) = R;, we have
b =N

THEOREM 3.3. Assume that p = b = non(N). There is a nontrivial subset of the
real line with the property y that is not null-additive.

ProOOF. We use notions from the paper of the second named author [16,
Corollary 11]. Let X C [N]* be a set from Theorem 3.1. Let p: P(N) — A be
a homeomorphism. Since the map f og!o p is continuous, the image Y of
the set X U Fin under the map f og ! o p is a subset of the real line with the
property y. Suppose that the set Y is null-additive. Then the set g o f~![Y] is null-
additive [16, Theorem 12]. Since the map p~' is uniformly continuous and the set
X U Fin is not null-additive, the set p[X] = (g o f![Y]) is not null-additive. too. a
contradiction. 4

THEOREM 3.4. It is consistent with ZFC that there is a p-unbounded tower in [N]>°
and non(Nuqq) < p.

Proor. The dual Borel conjecture is the statement that for any set X C P(N)
with cardinality N;, there is a null set N C P(N) such that X & N = P(N). By the
result of Judah and Shelah [1, Theorem 8.5.23] there is a model for ZFC satisfying
Martin Axiom for g-centered sets and the dual Borel conjecture. In that model, we
have p = N, = b, and thus a p-unbounded tower exists. On the other hand, since the
dual Borel conjecture holds, we have non(MNV,qq) = N;. -

§4. Nonproductivity of Sierpinski-type sets. Let O be the class of open covers
of spaces. A space X satisfies Menger’s property Sgn (O, O) if for each sequence
Ui, Uy, ... € O(X), there are finite sets F; C U, F» C Us. ... such that |, F, €
O(X). A space X satisfies Hurewicz’s property Ug,(O.T) if for each sequence
Uy, Uy, ... € O(X), there are finite sets Fy C Uy, F» C Uy, ... such that {{JF,:
n e N} eTI'(X). The property Ug,(O,T) implies Sg,(O,O) and it generalizes o-
compactness. An uncountable subset of P(N) is a Sierpinski set if its intersection with
any null set is at most countable; its existence is independent of ZFC. Any Sierpinski
set satisfies Ug,(O.I") but it is not o-compact. Assuming that the Continuum
Hypothesis holds, there are two Sierpinski sets whose product space does not even
satisfy S, (O, O) [S, p. 250].
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A category theoretic counterpart to a Sierpinski set is a Luzin set, i.e., an
uncountable subset of P(N) whose intersection with any meager set is at most
countable. Each Luzin set satisfies Sg,(0, O) but no Ug,(O,T). A set of reals is a
space homeomorphic to a subset of the real line. Let P be a property of spaces.
A space is productively P if its product space with any space satisfying P satisfies
P. Assuming ®; = cf(0), in the class of sets of reals, no Luzin set is productively
S4n(O,O) [11, Corollary 2.11]. There are open problems ([11, Problem 7.5], [12,
Problem 5.5]), whether in the class of sets of reals (or in the class of general
topological spaces) for any Sierpinski set X, there is a space Y satisfying Ug,(O.T)
such that the product space X x Y does not satisfy Ug, (O. I'), and what if we assume
the Continuum Hypothesis? We consider an analogous problem with respect to
combinatorial covering properties, stronger than Ug, (O, T).

Let A, B be classes of covers of spaces. A space X satisfies S;(A, B) if for each
sequence Ui, U, ... € A(X), there are sets Uy € Uy, U, € Us. ... suchthat { U, :n €
N1} € B(X). Let Q be the class of all open w-covers of spaces. A Borel cover of
a space is a cover whose members are Borel subsets of the space. Let I'y and Qg
be classes of all countable Borel y-covers and countable Borel w-covers of spaces,
respectively. The property y, considered in the previous sections, is one of the classic
properties in the selection principles theory, it is equivalent to the property S;(Q. T)
[4, Theorem 2]. A set of reals is totally imperfect if it does not contain an uncountable
compact set and it is perfectly meager if its intersection with a perfect set is meager
in this perfect set. The following diagram presents relations between considered
properties [5, 9].

P Ugin (0. T) Siin(0. 0)

meager

™| |

Y———— S](F, F) D SI(F> Q) Sl(r" O) . totally

T T imperfect

Si(Fp.Ts) —Si1(I'p. Q)

Let cov(N) be the minimal cardinality of a family of null subsets of P(N) whose
union is P(N) and cof (\/) be the minimal cardinality of a family of null subsets of
P(N) such that any null subset of P(N) is contained in a set from the family. For
an uncountable ordinal number &, a set X C P(N) is a x-Sierpiniski set if | X| > &
and for any null set ¥ C P(N), we have | X N Y| < ». Every b-Sierpinski set satisfies
Si(T'3.Tg) ([5. Theorem 2.9]. [15, Theorem 2.4]).

THEOREM 4.1.

(1) Assume that cov(N') = cof (N') = b. For every b-Sierpiriski set S. there is a
b-Sierpinski set S’ such that the product space S x S’ does not satisfy S| (', T").

(2) Assume that cov(N) = cof (N) = 0 = ¢ and the cardinal number c is regular.
For every c-Sierpinski set S, there is a c-Sierpinski set S’ such that the product
space S x S’ does not satisfy S1(I', O).

In order to prove Theorem 4.1, we need the following lemma.
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LemMA 4.2, Assume that cov(N) = cof (N) and the cardinal number cov(N) is
regular. For every cov(N)-Sierpiniski set S and every set Y of cardinality at most
cov(N), there is a cov(N)-Sierpinski set S' such that Y C S & S'.

PROOFE. Let { N, : a < cov(N)} be a cofinal family of null sets in P(N) and
Y = {ya:a<cov(N)} C P(N). Fix an ordinal number a < cov(N) and assume
that elements x; € P(N) have already been defined for all ordinal numbers f with
B < a. The set y, @ S is a cov(N)-Sierpinski. Since the cardinal number cov(N)
is regular, the union (J;_, N U {xp : f < a } cannot cover any cov(\)-Sierpinski
set. Then there is an element

xaé(ya@S)\UNﬁu{x/;:ﬂ<a}.

p<o

By the construction the set S’ := { x, : @ < cov(N) } is a cov(N)-Sierpinski set
and for each ordinal number a < cov(N), there is an element s, € S such that
Vo = Xoq P Sq. Thus, Y C S S’ -

Let non(M) be the minimal cardinality of a nonmeager subset of P(N).

PROOF OF THEOREM 4.1.

(1) By the Cichon diagram, we have cov(N) < non(M) < cof(N), and thus
non(M) = b. Let ¥ C P(N) be a nonmeager set of cardinality b. By Lemma 4.2,
there is a b-Sierpinski set S’ such that ¥ C S & S’. Every set with the property
S;(I",T) is meager and the property S; (I, I') is preserved by continuous functions.
Since S @ S’ is a nonmeager continuous image of the product space S x S’. the
product S x S’ does not satisfy S;(I", T).

(2) Every set satisfying S;(I", O) is totally imperfect. Let ¥ = [N]>°. Proceed
analogously as in (1). -

REMARK 4.3. The assumptions of Theorem 4.1 are valid assuming the Continuum
Hypothesis or Martin Axiom. In a model obtained by X,-iteration of Sacks forcing
with countable supports, we have cov(N) = non(M) = cof(N) =b=RX;. In a
model obtained by N,-iteration of amoeba forcing with finite supports, we have

cov(N) =cof(N) =d =c.

It is not known whether, in the class of totally imperfect sets, the properties
S1(T", O) and S, (O, O) are different. Theorem 4.1 can be useful to solve this problem.

REMARK 4.4. Assume that the Continuum Hypothesis holds. If there is a
Sierpinski set whose product space with any Sierpinski set satisfies Sg, (O, O), then,
in the class of totally imperfect sets, the properties Sg,(O,O) and S(I",O) are
different.

For a finite set ¥ C [N]> and aset X' C [N]*° let max[F]:= {max cp f(n) :n €
N}, an element of [N]*°, and maxfin[X] := { max[F] : F is a finite subset of X }.
For elements f, g € [N]*° we write / <> g iftheset {n: f(n) < g(n) } is infinite.

Using similar ideas as in the proof that any Sierpinski set satisfies S;(I", ") [5.
Theorems 2.9 and 2.10], we obtain the following results.

PROPOSITION 4.5. Every 0-Sierpinski set satisfies S;(I's, Qg).
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Proor. Let S be a 0-Sierpinski set. There is a positive real number p such that
the outer measure of S is equal to p. Let B be a Borel set containing S with
w(B) = p.LetUy, Us. ... € T’ (S) be a sequence of families of Borel subsets of the
set B. Let U, = { U]} : m € N} for all natural numbers n, and we may assume that
each such a family is increasing (if not consider the family { ()~ ;UM jeN} an
increasing countable Borel cover of S). Fix a natural number k. There is a function
fr € NN such that ,u(U}'Zk(n)) >(1- 2,,%)p. For a set 4, =), Uj’f.k(n), we have

u(Ay) > (1= 5¢)p. The set 4 = |, A4x has measure p. and thus |S \ 4| <. For
eachelement x € S\ 4. thereis a function /'y € N¥such thatx € (), U ) There
is a function g € N such that

maxfin[{ fr:keN}U{fr:xeS\4}]<*g

We have { Ug”(n) :n € N} € Q(S): Let F be a finite subset of S. Thereisaset a € Fin
such that F N A C | J,c, 4x- Let

Sfr=maxfin[{ fr:kealU{fy:xeS\4}]

Then F C U;’.(n) for all but finitely many natural numbers n. Since [ < g,
and families U, are increasing, we have F C U for infinitely many natural
numbers 7. -

The following corollary is a straightforward consequence of Theorem 4.1.

COROLLARY 4.6.

(1) Assume that cov(N') = cof (N) = b. No cov(N)-Sierpinski set is productively
S,(I.T).

(2) Assume that cov(N) = cof (N) = 0 = ¢ and the cardinal number c is regular.
No c-Sierpinski set S is productively S; (T, Q) or productively S; (T, O).
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