Econometric Theory, 18, 2002, 625-645. Printed in the United States of America.
DOI: 10.1017.50266466602183034

SEMIPARAMETRIC ESTIMATION OF
PARTIALLY LINEAR MODELS FOR
DEPENDENT DATA WITH
GENERATED REGRESSORS

Qi L
Texas A&M University

JEFFREY M. WOOLDRIDGE
Michigan State University

In this paper we consider the problem of estimating a semiparametric partially lin-
ear model for dependent data with generated regressors. This type of model comes
naturally from various econometric models such as a semiparametric rational ex-
pectation model when the surprise term enters the model nonparametrically, or a
semiparametric type-3 Tobit model when the error distributions are of unknown
forms, or a semiparametric error correction model. Using the nonparametric ker-
nel method and under primitive conditions, we show that the \/n-consistent esti-
mation results of the finite-dimensional parameter in a partially linear model can
be generalized to the case of generated regressors with weakly dependent data. The
regularity conditions we use are quite weak, and they are similar to those used in
Robinson (1988, Econometrica 56, 931-954) for independent and observed data.

1. INTRODUCTION

Since Engle, Granger, Rice, and Weiss (1986), Robinson (1988), and Stock
(1989), the partially linear model has attracted much attention among econo-
metricians. See Ahn and Powell (1993), Ai and McFadden (1997), Andrews
(1991, 1994), Chamberlain (1992), Donald and Newey (1994), Linton (1995),
Fan and Li (1999a), Powell (1987), to mention only a few. For empirical appli-
cations of partially linear models in economics, see Engle et al. (1986), Stock
(1989), and Stoker (1992), and Kniesner and Li (2002), among others. Most of
the preceding works deal with the case with observed regressors, with the ex-
ceptions of Powell (1987), Ahn and Powell (1993), and Ai and McFadden (1997).
Ahn and Powell (1993) and Powell (1987) consider the case in which the gen-
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erated regressors appear in the nonparametric part of the model, whereas Ai
and McFadden (1997) consider the case in which the generated regressors ap-
pear in some known (possibly nonlinear) functions. Powell (1987), Ahn and
Powell (1993), and Ai and McFadden (1997) all consider the independent data
case. Under some high-level assumptions, Andrews (1994) establishes the \n-
normality results of estimators from a wide class of semiparametric models.
In this paper, using mild and primitive conditions, we generalize the \n-
consistent estimation result of Robinson (1988) to time-series models with gen-
erated regressors.

There are many examples of econometric models that contain generated re-
gressors. See Pagan (1984) for a general review on this issue and for the con-
sequences of generated regressors on the estimation of parametric models. For
time-series data, consider the following rational expectation model:

S, =Za+mn, withE(n,|Z)=0 (1)
and
Y, =X/y+ (S, —ES|Z)B+u,=Xy+mnpB+u,. (2)

In (2), only the surprise term 7,, rather than S,, has an impact on Y,. However,
the surprise term 7, may not enter the model linearly. One can let 7, enter the
model nonparametrically (and additively). This results in a partially linear model
with a generated regressor:

Yz:X;7’+m(5z_E(S;|Zz))+Mz:Xt'7+m(”fh)+M;, 3)

where m(-) is a smooth unknown function.

Another example in which generated regressors enter a regression model is
an error correction model (ECM) (e.g., Granger, 1981; Engle and Granger, 1987).
Engle and Granger (1987) consider the case in which the error term from a
cointegrated system enters the short-run dynamic equation linearly. If one re-
laxes this linearity assumption and allows the error term to enter the short-run
equation nonlinearly and nonparametrically, then one obtains a partially linear
model with generated regressors. Using U.S. interest rate data, Bachmeier and
Li (2002) find that a semiparametric ECM has smaller average squared predic-
tion errors than that obtained from a linear ECM. This provides empirical evi-
dence that a semiparametric ECM better describes the U.S. term structure data
than the popular linear ECM.

A third example is a semiparametric type-3 Tobit model (usually with inde-
pendent data). When the error distributions in a standard type-3 Tobit model
are of unknown forms, it can be written as a partially linear model with the
estimated errors from a selection equation entering the main equation nonpara-
metrically, resulting in a partially linear model with a generated regressor in
the nonparametric part. See Wooldridge (1998) for a detailed discussion on this.
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The paper is organized as follows. In Section 2 we show that the slope coef-
ficient in a time-series semiparametric partially linear model with generated
regressors can be \/n-consistently estimated using the approach of Robinson
(1988). Section 3 presents generalizations to the cases of a nonlinear regression
model for 7,, a semiparametric type-3 Tobit model, and a semiparametric ECM.
Section 4 discusses the semiparametric efficient bound for the independent data
case. All the proofs appear in the two Appendixes.

2. THE MODEL AND THE MAIN RESULTS

Let {W,} ={Y,,X/,S,,Z,} be a stationary, absolutely regular process. Namely,
as 7 — oo,

B. = sup E[ sup{|P(A] M2, (W) = P<A>|}} -0,
SEN AEMT,,
where M.(W) denotes oo(W,,...,W,), the sigma algebra generated by (W,
SW,), fors = t.
We consider the following partially linear model:

Y,=X]y+m(n,) +u, E(u,)X,,Z,,m,) =0, r=12,... )]
and
n[:St_Zt,a’ E(nt|Xr’Zt):O’ t:1725"'7 (5)

where X, is of dimension p X 1, Z, is ¢ X 1, ¥, and S, are scalars, y and « are
vectors of unknown parameters, and m(-) is an unknown smooth function. We
will show in Section 3 that models (4) and (5) can be easily modified to cover
the cases of a nonlinear regression model and a Tobit-3 model.

Following Robinson (1988) and Powell (1987), we will use the nonparamet-
ric kernel method to estimate 7. To avoid the random denominator problem in
the kernel estimation, one can either estimate a density-weighted relationship
(e.g., Powell, Stock, and Stoker, 1989) or introduce a trimming indicator func-
tion to trim out small values of estimated density function (e.g., Robinson, 1988).
In this paper we will consider the density-weighted estimator in great detail
and also present a conjecture on the result of using a trimming indicator func-
tion. To motivate our density-weighted estimator of vy, note that from (4), we
have

(Yt_E(Yt|77t))ﬁ = [(XI_E(XJ?I:))ff]'Y‘*'Mtﬁ» (6)

where f, = f(n,) is the density function of 7,. Our semiparametric estimator of
v is the least squares estimator of vy based on (6) but with £,, E(Y,|n,), and
E(X,|m,) replaced by their kernel estimators: f,, ., and X, respectively, where
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. 1 N
hi=— 2 K. (7)
nh s=1,s#t

N . 1 " P

V=EIn)=— 2 YK/, ®)
nh s=1,s#t

A . 1 " A

X, = E(Xt|771) = 2 X, K, /fys 9)
nh s=1,s#t

where K, = K((#, — 7,)/h) is the kernel function, & = h,, is the smoothing
parameter, 1), = S, — Z, &, and & is a \Vn-consistent estimator of @. See condi-
tion (C2) for the definition of &.

Our proposed estimator of vy is the least squares regression of (¥, — Y,)f, on

(Xr - Xt)ft:
Y = S-S x-%)f (-7
= + SE-2) /S (X=R) 7 (m—sit) f+ UF—OF (10)

where we used, as in Robinson (1988), the notation that for scalar or column-
vector sequences A, and By, Sy; g7 = (1/n) S~ A, f, B/ f, and Ss; = S 47 Also
m(n,) and i, are defined as in the right-hand side of (8) with Y, replaced by
m(m,) and u, respectively.

To establish the \/n-consistency and asymptotic normality of 4 given in (10),
we first need a definition and some assumptions. The following definition is from
Robinson (1988).

DEFINITION 2.1. Gj, @ > 0, u > 0, is the class of functions g: RY > R
satisfying the following conditions: g is (I — 1)-times partially differentiable,
for 1 =1 = p =1 for some p >0, sup,ey_|g(y) = g(2) = Qu(y,2)|/Iy —
z|* = Gy(z2) for all z, where ¢, ={y:|y —z| < p}; Q, =0whenl=1; Q, is
a (I — 1)th degree homogeneous polynomial in'y — z with coefficients the par-
tial derivatives of g at z of orders 1 through | — 1 when | > 1; and g(z), its
partial derivatives of order | — 1 and less, and G,(z) have finite ath moments.

Let £ =£&(n) = E(X|n) and V=X — £. Also |- || denotes the Euclidean norm.
The following conditions will be used to establish the \/n-consistency of 7.

(CD

G) W,y ={r,,X/,S,,Z;}, t =1,2,..., is a strictly stationary absolutely regular pro-

cess with coefficient 3,, satisfying 82/?*® = O(772*7) for some 1 > p > 0,
3 = 8 > 0. In addition, {Y,,X/,S,,Z/} have the same marginal distribution as
v, x,8,2'} = {W}.

(i) E(u,|X,,Z,,m,, M L(W) = 0 and E(n,|Z,, ML (W) = 0.
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(iii) X, has finite 4(1 + &)th moment, and Z, has finite 8(1 + §)th moment, f(-) €
2, fiw() € GZ, where f,,(-) is the joint density function of W, = (n;,X,,Z,),
m(-) € G, and £(-) € G, where v = 2 is an integer. Also f, f,,, m, and £ all
satisfy some (global) Lipschitz-type condition: |g(y) — g(z)| = D,(z)|ly — z] for
all y and z, where D,(z) has finite fourth moments and g = f, or f,,, or m, or &.
(iv) Let U = Y — X'y — m(n). Here E(|U|*1*9) < oo, E(|V[*1*®) < o, and
E(|n|*1*9) < co. Further, both o:2(x,w) = E(U?|X = x,7 = w) and 0 2(z) =
E(n?|Z = z) belong to G7.

(C2) n"*(&@ —a) =n""23_, r,m, + 0,(1) > N(0,35) in distribution,
where r, = r(Z,) and 35, = E[9? r, 1r/].

(C3)

(i) K: R — R, is a nonnegative and bounded function, satisfying [K(u)du = 1,
JK(u)udu = 0, and [K(u)u> du > 0 and finite.

(ii) K(-) has second-order continuous derivatives; K (-) and its derivatives (up to sec-
ond order) are all bounded. Moreover K (-) satisfies a (global) Lipschitz-type con-
dition: |K(u + v) — K(u) — KV (u)v| = 1H(u)v? for all u,v € R, where KV (u) =
0K (u)/0u; H(-) is a bounded function. To simplify the notation, we also assume
K(u) = H(u) and KV(u) < H(u).

(C4) Asn — oo, nh* — oo, nh® — 0.

Condition (C1)(i) states that the underlying process is absolutely regular with
some mild restrictions on the decay rate of the mixing coefficient 8,. Condi-
tion (C1)(ii) is a martingale difference assumption for the error terms. Condi-
tions (C1)(iii) and (iv) are some mild smoothness and moments conditions.
Condition (C2) assumes that & is a \/n-consistent estimator of . It could be a
least squares estimator when (4) and (5) are standard regression models. In this
case we have r, = E[Z,Z]]7'Z,. See Section 3 for extensions to the case of a
nonlinear regression model and a type-3 Tobit model, where & could be a non-
linear least squares estimator or a censored least absolute deviation (LAD) es-
timator. Condition (C3)(i) assumes that K(-) is a nonnegative second-order kernel
function, and Condition (C3)(ii) further imposes some smoothness conditions
on K(-). Condition (C4) imposes some restrictions on the smoothing parameter
h; it comes from the requirement that the mean square error of the nonparamet-
ric kernel estimate is of smaller order than n~'/? and the second term Taylor
expansion of K,, is of smaller order than n~"/?2; i.e., from O(h* + (nh)™') =
o(n™"?) and [(& — @) (& — a)/h*] = O0,((nh*)™") = 0,(n""?), we get
nh* — 0 and nh® — co. Condition (C4) can be relaxed to nh**¢ — oo and
nh® — 0 for some arbitrarily small € > 0, at the cost of strengthening some of
the moments conditions in (C1) and a more tedious proof.

Compared with the conditions in Robinson (1988), we impose slightly stron-
ger moment and smoothness conditions on the regression function, the density
function, and the kernel function. This is because in the proof we use Taylor
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expansions to deal with the generated regressor 7,. To prove that various terms
in the Taylor expansion are of the desired orders, we need slightly stronger
conditions than in the case with observable and independent data (e.g., Robin-
son, 1988).

The next theorem gives the main result of this paper.

THEOREM 2.1. Under (C1)~(C4), we have ( ﬁz B ”)) — N(0,3) in distri-

bution, provided ® and E(n*Z,Z)) are positive definite, where 3, = (?I z”),

S o= 07O + vERW]RT, & = E[(X, — £)' (X, — £ S
OIS, (3, is defined in condition (C2)), with ¥ = E{V,f*(n,)m"(n,)
(Z, — EZIn)]}h, @ = E[(X, — &)(X, — &)U2f], and m™(n;)
[am(n)/om]],—,-

Moreover, 3. can be conszstently estimated by 3= (D)7[Q, + ¥, 0] X
((I)) 1 2\«12 = (CI)) ‘1’222, where CI) = (1/1/1)2:()(1 - Xt)ﬁ(xt - {(r)ft,
0= (l/n)Z (X, = X)'fi(X, — X )ft(umft)2 = (1/n*h*) 2. (X, — X,) X
filmys = m )R (2, = 2,), my = ¥, = X9, K = KOG, = 9,)/h), and

n,f, = (Y, — Y)f, - (X, — X) ‘yf, is a consistent estimate for the density
weighted error u,f,. When & is the least squares estimator of «, we have r, =
{E[Z,Z,1} ' Z,u, and 3., = {E[Z,Z]]}" lE[u,ZZ z1 =1{E[z,Z,]}! and a
consistent estimator of X,, is given by S, = {am)>, 2,231
{(1/”1)Et ﬁtzztz;}{(l/n)Ezthtl}il-

X

The proof of Theorem 2.1 is given in Appendix A. Comparing the result of
Theorem 2.1 to the case that 7, is observable (Robinson, 1988), we see that the
asymptotic variance ¥, contains an extra term ® W3, ¥'d !, Hence, simi-
lar to the results of Powell (1987) and Ahn and Powell (1987), ¥ given in (10)
is asymptotically less efficient compared to the estimator of Robinson (1988)
when 7, is observable. This is similar to the case of a parametric regression
model with generated regressors. We know that, in general, generated regres-
sors will only affect the asymptotic variance but not the \r-consistency rate of
the estimators (see Pagan, 1984).

It is worth pointing out that the asymptotic variance of y is the same whether
the data are weakly dependent or independent and identically distributed (i.i.d.)
because of the martingale difference assumption (C1)(ii). Without this assump-
tion, Theorem 2.1 still holds with a more complicated asymptotic variance. See
Andrews (1994) for further discussion on this and for references on conditional
heteroskedasticity and autocorrelation consistent covariance matrix estimation.

One can also use a trimming function to deal with the random denominator
problem in kernel estimation. Following Robinson (1988), one can estimate

y by

¥ = Sx22Sx—%v—#» (11)
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where Sy 5 =n"" EtA,B,l(ft = !9), Sa = Sa.as 1(f, = b) is the usual indicator
function, which takes value 1 if f, = b and zero otherwise, and b = b(n) > 0,
b — 0 as n — oo. Condition (C4) needs to be replaced by the following condition.

(C4) Asn— oo, b—0,nh*h™2 = o0, nh®h =2 - 0.

We conjecture that the following result holds true for the trimming-based
estimator 7.

CONIJECTURE 2.1. Under Conditions (C1)—(C3) and (C4)',

(\/3(77—7)

— N(0,Q) in distribution,
Vi - a>> 0.0

where Q is obtained from 3, by replacing f, by 1.

A formal proof of the preceding conjecture seems quite challenging and te-
dious as a result of the correlations of the trimming indicator function and var-
ious U-statistics contained in the expansion of (¥ — y). We leave the proof of
Conjecture 2.1 for future research.

After obtaining a \/n-consistent estimator of y, one can estimate m(n) based
on

Yt_Xt,')A/:m(nz)+ut+xtl(7_’9):m(n1)+Et, (12)

where €, = u, + X/(y — ¥). A standard kernel estimator of m(n) is given by

E(Y.;—X.éf’)K<ﬁS;n>
Ai(n) = — . 13)

(57

Using the facts that § —y = O,(n""?) and &@ — a = O,(n~"/?), it is easy to
show that 77i(7) has the same asymptotic distribution as an infeasible estimator
m,(n) based on true values of y and a:

Z(YS—X;y)K(m—f)

s

m,(n) = — . (14)
Ny —M
(™)

The asymptotic distribution of m,(n) is well established in the literature (e.g.,
Robinson, 1983) and therefore will not be presented here.
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3. GENERALIZATIONS
In this section we discuss three different generalizations of models (4) and (5).

Case 1. A Nonlinear Regression Model (5). In Section 2 we only consider
the case that (5) is a linear regression model. In that case one can estimate « by
the least squares method, which gives Vn(& — @) = n~ 231 r,m, + 0,(1)
with r, ={E[Z,Z,1}7'Z, and 3,, = E[r,r/n?].

We now show that one can easily generalize model (5) to the case of a non-
linear regression model:

N = S[ - g(Zna)7 (15)

where g(.,.) is a known function with a being a vector of unknown param-
eters. One can estimate « by the nonlinear least squares method, and it is
well established that Vn(a — @) = n= 23 r,m, + o0,(1), where r, =
{E[Vg, Vg 1} 'Vg,, Vg, = [0g(Z,,0)/0v]|,—4. Also, in this case the definition
of ¥ in Theorem 2.1 needs to be modified by replacing Z, in ¥ by Vg,. With
these changes, the conclusion of Theorem 2.1 holds true when 7, is deter-
mined by (15).

Case 2. A Type-3 Tobit Model. Theorem 2.1 includes the independent data
as a special case (B, = 0 for 7 = 1). Hence, it covers the case of a semipara-
metric type-3 Tobit model as discussed in Wooldridge (1998)' provided that
one makes the following modifications. In this case, equation (5) corresponds
to a selection equation, and one needs to replace the original equation (5) by

S, = max{0,Z,a + n,}. (16)

When the distribution of 7, is unknown, one can \/n-consistently estimate a
by the censored LAD estimator of Powell (1984), denoting it by &.

Y, is still determined by equation (4) but we observe ¥, only when S, > 0 (a
type-3 Tobit model). By assuming that X, is independent with (7,,U,), we have
E(Y,|S, > 0,X,,m,) = (X/y + m(n,)|S, > 0), where m(n,) = E(U,|X,,n,) =
E(u,|m,) has an unknown functional form because the joint distribution of (7, u)
is unknown. Defining an indicator function 1, = 1 if S, > 0 and 1, = 0 if
S, = 0, we have

Y1, = Xy +m(n,) +v)1, 17)

where E(v,|X,,n,,S, > 0) = 0.

We see that if we only use data with S, > 0 (1, = 1), then model (17) is the
same as (4). Hence, we can estimate y by ¥y as given in (10) with n being the
sample size corresponding to S; > 0, where the argument in the kernel function
is 7, =S, — Z & and & is the censored LAD estimator of « given in Powell
(1984). Therefore, the asymptotic distribution of y based on model (17) is the
same as that of equation (10) with the following changes.
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(i) We only use data with S, > 0.

(ii) The definition of X needs to be modified by multiplying the indicator function.
By noting that 1" = 1, for any positive integer m, it is easy to see that X in this
case can be obtained from the 3 given in Theorem 2.1 with f; replaced by f;1,.
For example ® becomes ® = E[(X, — &)(X, — &,)'f*1,], and ¥, and Q, all
need to be modified by multiplying the indicator function 1,.

(iii) @ is the censored LAD estimator given in Powell (1984), 3, is the asymptotic
variance of \n(& — a), and 3, is a consistent estimator of S, (see Powell,
1984). With these changes, Theorem 2.1 provides an asymptotic theory for the
semiparametric type-3 Tobit estimator (7, &).

The simulation study in Sheu (2000) shows that the semiparametric estima-
tor proposed by Wooldridge (1998) performs competitively with other existing
semiparametric estimators for a type-3 Tobit model (e.g., Chen, 1997; Honore,
Kyriazidou and Udry, 1997; Lee, 1994).

For the i.i.d. data case, Ahn and Powell (1993) consider a more general case
where 7, is an error term from a nonparametric regression model. Although
generalizing (5) to a nonparametric regression model is an interesting research
topic, the technicality involved is nontrivial because we consider dependent data
in this paper.

One can test the linearity of model (5) using nonparametric estimation tech-
niques. For weakly dependent data, a kernel-based test for a parametric func-
tional form is given by Fan and Li (1999b) (see also Bierens and Ploberger,
1997). 1t is also possible to develop a consistent test for testing model (2) ver-
sus model (4), i.e., testing for linearity in a time-series partially linear model
with generated regressors. However, the regularity conditions for such a test
will be somewhat complicated (as a result of the presence of the generated re-
gressors) and are likely to be more restrictive than the ones used in Theo-
rem 2.1. We will not pursue this problem in this paper.

Case 3. A Semiparametric Error Correction Model. We now show that the
result of Theorem 2.1 can also cover the case of a semiparametric ECM (with
35, = 0). To avoid using too much notation, we will use the same notation as
in Section 2. Now equation (4) is a short-run dynamic equation (in first differ-
ence form), where Y;, X,, 1, and u, are all 1(0) variables. We treat equation (5)
as a cointegration equation:

=S8 —Za,

where S, and Z, are I(1) variables and 7, is a I(0) error term. We can estimate
a by the least squares method (&), but now & is superconsistent (i.e., @ — @ =
0,(n™")), and this will imply that 3,, = 0 (because Vn(& — a) = 0,(1)). The
semiparametric estimator of vy is the same as given by equation (10). But now
its asymptotic variance has a simple form because & is superconsistent. It can
be shown that

V(9 =) > NO,®'Q,®"") in distribution, (18)
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provided @ is positive definite, where ® and ), are defined as in Theorem 2.1.
A proof of this result can be obtained from the authors upon request. Expres-
sion (18) shows that ¥ has the same asymptotic distribution as in the case when
7, is observable (e.g., Robinson, 1988). This is similar to the parametric regres-
sion model case because we know that for a parametric ECM, the residual (the
generated regressor) from a cointegrated equation does not affect the asymp-
totic distribution of the estimated parameter in a short-run dynamic equation.

4. SEMIPARAMETRIC EFFICIENCY BOUND
FOR INDEPENDENT DATA

In this section we discuss the (local) semiparametric efficient bound for mod-
els (4) and (5) under the assumption of independent data. To derive the (local)
semiparametric lower bound we assume that the errors are conditional homo-
skedastic, o, = E(u,|W,) = E(u7) and o7 = E(n}|W,) = E(n}), and that u,
and 7, are both normally distributed. We will follow the approach of Newey
(1990). The discussion here will be informal and can readily be made rigorous
following the approach of Newey (1990). See Begun et al. (1983) on a general
treatment on efficient bounds of semiparametric models and see also the re-
lated work of Rilstone (1993), Pakes and Olley (1995), and Ai and Chen (1999).
The semiparametric multi-index model considered by Ichimura and Lee (1991)
is also similar to the model we discuss here. Let g(n,8) be a parametric sub-
model such that g(n,8,) = m(n) for some §,, where 8 is a k X 1 vector of
nuisance parameters (k = ¢). The parameters of such a parametric submodel
are (y’,a’,8"). The parameter of interest is 8 = (y’,a’)’. For each parametric
submodel there is a vector-valued score function [,, which one can partition
with respect to the parameter of interest 6 and the nuisance parameter 6 so that
1y, = (Iy,15). The semiparametric bound can be interpreted as the supremum of
the covariance matrices over the parametric submodels. Define the tangent set,
J, for the nuisance function as the mean square closure of all £ X 1 linear com-
binations of /5. Let P[ly|7] denote the projection of I, onto the space J and
define I = I, — P[1y|T]. Then the semiparametric lower bound for the model
sV, ={E[1;1; 1} "
The log-likelihood function corresponding to the parametric submodel is

(Y—=X'y—g(S—Z'a,d))? _(S- 7Z'a)?

L(y,a,8) = Constant — 207 202 (19)
The score function when evaluated at the true model is
I, (1/of)UX
l, | = | (/o) UmV()Z+ (1/o)nZ |, (20)
ls —(1/a})Uldg(n,8)/05]|5-s,
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where we used dg(n,8,)/0n = m"(n). Because m(n) is not specified, we ob-
tain the tangent set A(.), the mean square closure of all k X 1 linear combina-
tions of /5, given by

A ={UA(n):A(n) € L*(R)}. (21)

Projections of 1,, I, on A(.) are (1/02)UE(X|n) and (1/02)Um"V(n) X
E(Z|n) + (1/0})nE(Z|m), respectively. We obtain the efficient score as (6 =
(v,a'))

B EIAL) = (/o) U(X = E(X[) o2
o o [(1/a2)Um () + (1/a2)n][Z — EZ|n)])

Therefore, the semiparametric efficient bound for models (4) and (5) is

Vy Vya e —1 Ay Ap\T!
Vo = <V V. ) ={E[1; 1} = <A2, A22> , (23)

a,y
where A = 0} E[(X = £)(X = &)'], A= (1/a)E[mV (n)(X — €)(Z - )],
Ay = A, and Ay = E[(I/U'uz)(m(l)(’fl))z + (1/0'7?)] (Z—=(Z—¢) ] with & =
E(X|n) and { = E(Z|n).

Note that from (23) and using partitioned inverse, we have V, = A7/ +
ATA L, F, AL AT, where Fy = (Ay, — A,AT'A,) L. The expression A7}l =
o2{E[(X — &)(X — £)']} " is the semiparametric lower bound for y when 7 is
observable (or « is known). The second term in V), is thus the penalty for hav-
ing to estimate a.

Comparing (23) with X given in Theorem 2.1 or Q given in Conjecture 2.1,
it can be shown that 3, — ), and Q) — V), are both positive semidefinite. There-
fore, our proposed estimators are not semiparametric efficient in the sense that
the asymptotic variances 2, and () are larger than the semiparametric lower bound
V, for the model we consider. We leave the problem of semiparametric effi-
cient estimation of models (4) and (5) for future research.

NOTE

1. Wooldridge (1998) did not provide asymptotic distribution theory of his proposed semipara-
metric estimator. Powell (1987) and Lee (1994) have considered different semiparametric estima-
tors for a type-3 Tobit model.
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APPENDIX A: PROOF OF THE MAIN RESULTS

This Appendix proves Theorem 2.1. We write g, = g(Z,) for g = m or &, and f; = f(n,).
For W, = (u;,m;,Z,) or (X,,m:,Z,), we use F(w,), E]iz(wilawiz)’ and Fili2i3(wi]7wi29wi3

to denote the distribution function of W, and the joint distribution functions of (W, ,W,,)
and (W, , W, ,W,)), respectively. Also X3, = 2/ 2{_, (., and 23> . ., denotes
triple summation with three different indices. The terms C,, C,, and C denote generic
positive constants. The tilde notation is exclusively used for independent process. Hence,
{W,} is an independent process having the same marginal distribution as {W,}. For ex-

ample9 i’ﬁr = m(ﬁt)r Est = K((ﬁa - i’t)/h)y and lfA = A(‘/Vt,!‘/vtzr---fwlr,), then A~ =
A(W/fl’vvtzv"-’m,)'

We estimate i, by 7, = S, — Z,& = m, — Z;(& — «). Hence,
B =N, = (n, = 0,) +(Z, = Z,)' (& — a). (A1)

For a Tobit-3 model, (A.1) also holds true provided that one only uses data with
S, > 0.

We give two useful formulas subsequently that will be used throughout this Appen-
dix. Using a Taylor expansion argument, we have

N = kW (Z,-Z)(@-a) + lf@(W)z’ (A.2)

th - Ksl h 2 st h
where KO (v) = 'K (v)/dv" (1 = 1,2), K = KD ((m, — m)/h), K = KO (7, — 7.)/

h), and (7,,7,) is between the line segment of (7,,n,) and (#;,7,). From (C3)(ii), we
know that
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\K‘F:)|SH<%> fori=0,1, and |I?ft2)\SH<%>, (A3)
where KX(,O) = K,; and H(-) is the bounded function given in (C3)(ii). Both (A.1) and
(A.2) will be used extensively in the proofs that follows. Also the notation of A ~ B
means that A and B have the same order. We first present some lemmas that will be used
to prove Theorem 2.1.

LEMMA A.l. Se(j—p) = 0,(n""?), where € = U or V (V=X — E(X|7)).

Proof. We will prove the result for a univariate random variable &, which applies to
U and each component of V. Because V is a finite-dimensional vector, it is sufficient to
verify the result for each component of V. For a univariate random variable €, we have

1 ~
Sepp = (;)2: e(f, = f)?

1 N R R
{E SR, )+ 2SS €Ky~ h) (K, ~ h.f,)}

n3h2 sH#EL r#Es#EL
1
= n3h2 {Aln + A2n}'

By adding and subtracting terms in A,,, we have

Ay, =2 X €2l(K, — hf,)* + (K, — K,))* + 2(K,, — K,) (K, — hf))]

s#t

=A H AT 2A,,5.

Here A, = 01,(n2h) by Lemma A.1 of Fan and Li (1999a). Using (A.1), we
have Ay, = ,2:1 Z?r:l(l/i!)(l/i’!)Alnzyi,r[(& — a)/h]"", where A
S3n KK (2, - 2,)

By Lemma B.1 in Appendix B and recalling that the tilde notation denotes indepen-
dent process, we have E|A,, | = 22,4, EletzK:ti)Kv(fi,)(Zt —Z)" | = E|A1n2,ii' +
EE#,MHB{?Q,T‘S) = 0(n’h?) + 0(n) = O(nh?) by Assumption (C1)(i) and the
fact that M, ~ E|e2Ky 'Ky (2, = 2)"*" | < {E[|e[*1 "V ]E[(Z, — Z,) S0+ ]}1/2 =
O(1). Hence, Ay, = 0,(n?h) because (& — a)/h = O,((nh?)""/?) = 0,(1). Also A3 =
(A1 + Ay,2)/2. Thus we have shown that Ay, = Ay, + Ay,n + 244,53 = 0,(nh).

Next we consider A,,. Again by adding and subtracting terms, we have

A2n = 2 2 2 Etz{[(Kvt - hf;) + ([%xt - Kvt)] [(Krt - hf;) + (Iert - Krt)]}

= 2 E #E# Etz{[(er - hft)(Krt - hfr) + (Iesr - Kst)(lert - Krr)

+ (th - hf;)(krt - Krt) + (Krt - hf,)([%\, - K\t)]}
=As, T Ay, AT Ay
By Lemma A.1 of Fan and Li (1999a), we know A,,,; = 0,(n3h?(1%2) 4 p2p3/2+28) 4

n) = 0,(n*h®) + 0,(n*h) because & < 2.
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We will use Lemma B.2 to get an order for A,,,. Using (A.1), Ay,» = (1/ili'!) X

,'2=1 2,'2’:1 Agp (@ — a)/h]i+ily where A, ;0 = PPN Etsz(ti)Kr(ri')(Zs -
Z)(Z, = Z)". i S

Using (A.2), it is easy to see that E[|A,,, /|1 = n’E[|€1 H,y H3((Z, — Z,)(Z5 —
Zl)i, 1= ”3E{0}2(771,Z|)E1 [|ﬁ21(22 - Zl)i|]E1[‘ﬁ31(z3 - Zl)"’|]} = 0(n*h?). Let
bW, W, W,) = 2K K2, — 2,)1(2, — 2,)", where W, = (€,,7,Z,). The expres-
sion ¢(.,.,.) is not symmetric in its arguments; we need to symmetrize it to use Lemma
B.2 in Appendix B. However, it is obvious that the extra terms in the symmetrized ver-
sion of ¢ have the same order as ¢ itself. Hence, we will apply Lemma B.2 to ¢. Let
M,1» and M,;3 be defined as in Lemma B.2 with ¢(.,.,.) defined previously. Then we
have

M,z ~ f |6 Ky Ky (20 = 2% (2, = 222 dF (w, ) dF (w,,w,)

= CfJ"Etz(Zs - Z[)Z(Zr - Zt)2|l+5dF(wr)dF(Wt7wx)

= CLE[le " THEL(z, — 2)z,[* )2 = 0 (D).

Similarly, it is easy to check that M3, < oo. Hence, by Lemma B.2, we know that
E|A2n2,ii’| = E|A2n2,ii'| + 0("2Mn12) + 0(nM,3) = O(n3h2) + 0(712) + 0(n) =
O(n*h?). This gives that As,, = 0,(n*h?)0,((nh?)"") because 5—68= 0,(n"1?)
and i + i’ = 2.

Finally one can easily show that A,,; + A,,4 has an order no larger than A,,; +
Agpn. Thus Az, = Asy + Agn + Agus + Agus ~ Azt + Az = 0,(n°h°)
0,(n*h?)0,((nh?)7").

Summarizing the preceding discussion, we have S.p ) = (n3h?)7'A,, + Ay =
(n*n?)"H0,(n*h) + 0,(n*h®) + 0,(n*h*)0,(nh*) ")} = 0,((nh)™") + O,(h*) +
0,((nh?)™') = 0,(n~"?) by Condition (C4). |

LEMMA A.2. S;s—q7 = 0,(n" %), where g = m or £.

+

Proof. It suffices to consider the case that g is a univariate function.

1 R
Se-o0i =, > (8 —8)%f?
t

(n3h?)"! {2 S(e-)R2+2S S (5 - 2)(s — 8K, K}

sF#EL r#Es#EL

= (n*h?) "By, + By,}.

For j = 1,2, note that the major difference between B;, defined earlier and A}, (intro-
duced in the proof of Lemma A.1) is that K, — hf, in Aj, is replaced by (g, — g) K.
Hence, by following exactly the same steps as in the proof of Lemma A.1, but citing
Lemma A.2 of Fan and Li (1999a) instead of Lemma A.1 of Fan and Li (1999a), one
can show that Sz 7 = 0,(n"1?).

LEMMA A3. Si-g)fuf = 0p,(n"1?).

Proof. We only need to consider the case that ¢ is a univariate function. Here
e G . s ; e = -1/2
Se-oiuvi = Se-oivii-n T Sé-oiur- First, S@gjuii-p = 0p(n~'2) by Lemmas
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A.1, A.2 and Cauchy inequality. The expression S—¢)7ur = = (1/nPh) 23 u, fi(€ —
‘ff)th - (l/nzh)zzs#t tf;{(g §I)K5[ + (fc fr)[er - vt]} - Cln + C2n Here
Cy1, = O,(n"'/?) by Lemma A.3 of Fan and Li (1999a).

Next we show C,, = 0,(n~"/?). Using equation (A.1), we have C,, = >;-,(1/i!) X
Cy i [(& — @)/h]’, where Cy,; = (nPh) ' 33 ., u, f,(&, — £)K(Z, — Z,)". Com-
paring C,,; with Cy,, we see that when K, = K((n, — n,)/h) in Cy, is replaced by
K“)(Z Z,) = KD((ns — m)/h)(Z; — Z,), we obtain C,, ;. Obviously replacing K,
by KS, makes no difference as far as the order of C), is concerned; also it is easy to
see that adding an extra factor Z; — Z; in C;, will not change its order (because
E(u;|X;,Z;,m;) = 0). Hence, by following the same steps as in the proof of C;, =
0,(n"12) (i.e., Fan and Li, 1999a, Lemma A.3), one can show that C,,; = 0,(n~"/?).

Finally by Lemma B.1, we have E|C,,, | = E|Cs,0| + C(n?h) ' 23, B\és/(lzﬁ)
0(1) + O((nh)™') = O(1). Thus Cy,»[(& — @)/h]* = 0,((nh?)™") = 0,(n"1/2), which
together with Cs,,; = 0,(n~/?) implies C,, = 0,(n~1/?).

Hence, Siz—¢)7uf = Cin + Can = 0,(n"12). u

LEMMA A 4.

(i) Sgp = 0,(n~1?),
(ii) Sp; = op(n~1?),
(iii) Supvp = 0,(n"1?2),
(iv) Sviop = 0p(n~'"2),
(v) Syivp = 0p(n~1/?),
(vi) Sppvp = op(rfl/z).

Note that it suffices to consider the case that V; is a scalar because we only need to
obtain probability orders for Lemma A.4.

Proof of (i). Soy = (1/n)2,(4,£)? = (WPh9) {22, u? I?fa-i- SEX L Uty X
u KvtKrt} - (n?hZ) l{Dln + DZn} Here Dln Ezstt u; {K + [szt - Kszt]} = Dlnl +
Dy,. Obviously Dy,; = O,(n’h). Using equation (A.1), we have Dy, = Zizzl
S (s SS, UPKY K (Z, — ) (@ — )/ = S35
(1/sY(1/s")Dy 0, [(& = @)/h]™', whete D, 0 = S, UPKLKS (2, — Z,)*7.
The expression E|Dy,, | = n*{E[U/E[IKLKY (2, — )" P1}V? = 0(n?).
Using @ — @ = O,(n""2) and i + i’ = 2, we get Dy,, = 0,(n*(nh?)™") = 0,(n2h).
Hence, Dy, = Dy, + Dy,» = 0,(n’h).

Next we consider D,,; using equation (A.1), D,, = 2>, .., uu,{K, K, +
(Ievt - vr)Krr + (I%rt Krt)lert} - D2nl + D2n2 + D2n3 The term D2n1 - 01,(n2h +

n2h?/1+9) = 0,(n?) by Lemma A.4(i) of Fan and Li (1999a). For D,,,, using
equation (A.1), we have Dyp = S (1/iVSSS Low uou, K, K(’)(Z - Z) (& —
a)/h)i = 37 (1/i) Dy [(& — @)/h]’, where Dy = X33, u,u, K, K (Z, -
Z) [(a — «a)/h]’. Note that D,,,, can be obtained by replacing K, in D,, by
(Z — Z,). Then by the same arguments as in the proof of Lemma A.3, we know
that D5,»,1 has the same order as D,,;. Thus D> = O, (n?).

For D2n2,27 first note that E[‘52n2,2|] = I’ZBEHﬁlIZQI?:“I?Q](ZZ - 21)2‘] = 0(1’!3]’!2)
Then by Lemma B.2 and equation (A.l1), we have E|Dy,p.| = E\f)z,,2’2| +
CSSS,, . MY+ (BA1F0) 1 o/150)) = 0(n3h2) + O(n?) = O(n3h?) because
M, ~ E|ugu, Ky Ho(Zs = Z,)*'*° = C{E|ugu, |*"OYVHE|(Z, = Z,)* P12 = 0(1).
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Using & — a = 0,(n" %), we have Dy,n = Dy,,0,((nh?)7?) +
D2n2,20]7((nh2)_l) = Op(n2)0p((nh2)_l/2) + 01,(113]12)0[,((7!]’12)_1).

Similarly, one can show that D5, 3 has an order no larger than D,,,.

Hence, Sy = (n3h*)"YD,, + Dy} = (n3h2)’1{0,,(n2) + O(n3h2)0p((nh2)")} =
0,(nh*)™") = 0,(n"12). |

Proof of (ii). Follow the same proof as (i).

Proof of (iii). Sysv; = Su(i—p),v7 + Supvp. Here Sy(j—p) v7 = 0,(n"1/?) by Cauchy
inequality, Lemma A.1, and (ii).

The expression Syzvpf = (1/n°h) 33 . u, [,V K, = (/W) S ., u, fVAK, +
[Ky — Ky} = Fi,, + Fy,. The term F;, = 0,(n~"/?) by Lemma A.2(iii) of Fan and
Li (1999a). Using equation (A.1), we have F», = >, (1/i)(n?h) "' I3, K X
(Z, = Z)'[(& — a)/h]" = 2}, (1/iVF,, (& — a)/h], where F»,; = (n?h)~" X
3>, K¥P(Z, — Z,)". Note that F,,, can be obtained by replacing K, in Fj, by
k"(Z, — Z,); thus by exactly the same proof as Fy, = 0,(n"1?), one can show
Fy,1 = 0,(n"'/?). Finally using Lemma B.1 and equation (A.2), we have E|F,,,| =
(n*h) ' 33,4, Elu, f,V,H,(Z, = Z,)| = h'Eli, iV H (s — 70/W(Zy — Z,)| +
C(n?h) ' I3, BT = 0(1) + O((nh)™") = O(1). Hence, F>,,[(& — a)/h]? =
0,((nh?)™') = 0,(n~1/), and consequently, F», = o0,(n"'/?). |

Proof of (iv). Follow the same proof as (iii).
Proof of (v). Follow a proof similar to (iii).
Proof of (vi). By (i), (ii), and Cauchy inequality.
LEMMA A5. Syj = ® + 0,(1).

Proof. Sy; = Syr + Sv(s—r) + 2Svev(i—p) = Svr + 0,(1) by Cauchy inequality, Lemma
A.1, and the fact that Sy; = O,(1). Finally Sy = ® + 0,(1) by Lemma A.6 of Fan and Li
(1999a). n

LEMMA A.6. Svj(in—m)j = Y[\Vn(a — a)] + op(1).

Proof. Sy i—mi = Svip-p,en-mi T Sviei-mi- Here Svippa-mp =
{Sv( /=) Sta—m > = 0,(n"/?) by Lemmas A.1 and A.2.

Svf,(h-myf = (l/n)Ez Vv, fi(i, — Amt)f; = (l/nzh)ZE#, vV, f(m; — mt)lexr =
(l/nzh)zzs#t th;‘(ms - mr){Krt + [er - Krt]} = {Gln + G2n}-

The term Gy, = 0,(n~'/2) by Lemma A.3 of Fan and Li (1999a).

Using equation (A1), Go, = (n*h) ™' S, (1/i) I3, V. fi(m, — m)K,[(Z, —
Z)(@ - /) = (h) 32 (/NG [(@ — a)/h), where Gai =
() ' SZ Vi fi(mg = m)KS(Z, = 2,) and Ga,p = (n2h) ' SZL, Vi fi(my —
m,)K?(Z, — Z,)*. Note that we deliberately define G,,.,1 in a way that allows Z, to be
a vector because we need the exact expression for G, , whereas for G,,, we only
consider the case of a scalar Z, because we only need to get probability order for G,,,».

We will use Lemma B.3 to show that Gy, ; = h['¥ + 0,(1)]. Instead of considering
G,y directly, it is convenient to consider hG,, ;.

Note that (m; — m,), KS(,I), and Z; — Z, are all antisymmetric. We have hG,, =
n? 22s<t[tht - vav](mr - mt)Ks(tl)(Zs - Zt)/ = (2/n2)225<r H(Wx’vvt) where
H(W,,W,) = [Vif, = Vif.l(m, — m)K(Z, — Z,)'/2 and W, = (X,,Z,,m,) (because
V, =X, — E(X,|n,) =V(X,,m,)). Let £, H,(-), 55, and R,, be defined in the same way as
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in Lemma B.3 with the preceding function H(-,-). Then by Lemma B.3, we have hG,, ; =
g + (z/n)zr(H(W/t) - g) + Rna where Hl(w) = HI(Z9 X, 7’) and

H(z,x,m) = (I/Z)I[vf(n) — v f ()] (m(n,) = m(n) K™

n,—M
X <T>(zs = 2)'fo (g, x,, 2,) dndx,dz

1
> hf[vf(n) = (&g = & + hu)) f(n + hu)] (m(n + hu) — m(n))

X KW (u)(z, = 2)'f,,(n + hu, x,, z,) dudx dz,

1
> hzf[vf(n) = (x, = & + hu)) f(n + hu)]lm ™ () u

X KD (u)(z, — 2)'f, (g + hu, x,, z,) dudx, dz,, (A4)

where 7 is between n and n + hu.

Subsequently, we first evaluate the order of (1/n)X,(H(W,) — (). Here
E{[(/n) Z,(H(W,) — 01?7} = (I/n* {2, ELH,(W,) — ?] + ZZ., E[(H,(W,) —
g)(Hl(VVt) - g)]} = n_z{]ln + J2n}-

Using equation (A.3), it is easy to see that J,, = nE[(H,(W,) — {)*] = O(nh*).

Let M, = max ({E[|(H(W,) = O)(H\(W,) = D" ° 1 E[|(H\(W,) = ) (H\(W,) —
£)|'"?1}. Then using equation (A.3) and m(n + hu) — m(n) = m(7)hu, it is straight-
forward to show that M, = O(h*!+®). Hence by Lemma B.1, it follows that J,, =
SZ L EWH (W) — OH(W,) = O] = ZELAENH (W) = O(H(W) = )]
CM,)/O0 BE/OTY =0 + O(nh*).

Thus we have shown that E{[(1/n)X,(H,(W,) — O1*} = n )y, + Jo} =
n~H{O0mh*) + O(nh*)} = O(h*n~"). Hence, (1/n) X, (H,(W,) — ) = 0,(h*n~V?) =
0,(hn=1/2),

Next we consider the remainder term R,,. By Lemma B.3, R, = O(n~'7</2s5), where
s5 = Cisup,< {E|V, f,(m, — m)K(Z, — Z,)|*F2}1/C+0) = O (hi1/C+2)),

Hence, R, = n~ ' *20(hh'/**®) = 0,(hn"'/?) for small enough .

Thus using Lemma B.3, we have obtained that hG,,; = { + 0,(hn~'/?). It remains
to show ¢ = h?[¥ + 0,(1)]. Let f,.(n,z) denote the density function of (7, Z,) and
f-(z|m) denote the conditional density of z, conditional on 1,. We have

¢ = E[H(W,, Wy)]

J’_

- ﬂf”’f("’)(’”(m) = m(n)K (0, = 0)/0) (2, = 2) ey 25)dm dz dF (w,)

= hfffv,f(m)(m(n, + hu) = m(n) KV () (z, = 2,) fr. (0, + hu, 2,) dudz, dF (w,)

= h2 { [ fu[((l)(u)du] [ fu,f(yh)m(')(nt)(zs = 2)foe(0ss2,) dz dF (w,) + O(h)]}

= n? { [qu(”(u) du] [ fv,fz(m)m“)(n,) f(zs = 2)f(zs|mg = m,) dzgdF (w,) + o(h)]}
=h? [qu(”(u)du] {ELVif2(n)mD (q)E(Zo| o = 1) = Z)] + O(h)}

= hHELV, 2 (n)m™ () (Z, = E(Z, [ )] + O(h)} = h*{¥ + o(1)},
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where we used [uK"V(u)du = —1. Hence, Ga,1 = h™'[{ + 0,(n"V?h)] = W[V +
Op(n_l/z)] and G2n,l[(& - a)/h] = \If(& - a) + Op(n_l/z)-

For GZn,Z’ we have E|G2n 2| (nzh)il EE\#tElvﬁ(m - mt)Hat(Z |
h'E\Vi fo(iiy — ) Hy(Zy — Z1)?| + C(n?h)” 122#;3\5&”6) o1 + ("h) "
O(1). Hence, G, 2[(a — a)/h]* = 0,(1)0,((nh?)"') = 0,(n"1/?).

Summarizing the preceding discussion, we have shown that Svii—myf = 1G1n T Gop} =
V(& — @) + o,(n"17?). u

=

LEMMA A.7. Siz—gicf = 0,(n"Y2), where g = m or & and € = U or V.

Proof. The proof is obtained, using Cauchy inequality, Lemma A.2, and Lemma A.4 (i)
and (ii).

LEMMA A.8. Sviyf = Syrup + 0p(n"172).

Proof. Syiur = Svrur + Svii-n.uii-n t Sveuii-n T Svii-pur = Sveur + Lin
Ls, + Ls,. Here L, = 0,(n"'/2) by Cauchy inequality and Lemma A.1, and L, =
0,(n"?) and Ls, = O,(n"'/?) by the same proof as that of Lemma A.2. |

To prove Theorem 2.1 (i), we first verify the following results.

(i) Sx—x)7 =P + 0,(1),
(ii) \/—S(x X)f(m—in)f — ‘I’[\/ﬁ(& —a)l+ Op(l),
(i) \/—S(x X))/ 0f Op(l)
@iv) \/—S(x X Auf T \/_SVf u T 017(1)
(V) NSy + V[Vn(a — a)] > N(0,Q, + ¥Q,¥’) in distribution.

Proof of (1). Six—x)7 = Svi-vjre-&)7 = Svi T Sop + See-6)7 + 2887 —
28— 7vf — 28viop = Sy + 0,(1) = ® + 0,(1) by Lemma A.5, where the
third equality follows from Lemmas A.2, A.4(ii) and (v), and A.7 and Cauchy inequality.

| |

Proof of (ii). NuSix—sjm-ij = N{Se-&)z0n-mi + Sviim-inf = St} =
o,(1) + V[\n(6 — 8)] + 0,(1) by Lemmas A.2, A.6, and A.7 and Cauchy inequality.
|

Proof of (iii). VnS_x)70r = Nn{Se—g)707 + Svior — Svpoi} = 0,(1) by Lemma
A.4(iv) and (vi), and Lemma A.7. [ |

Proof of (iv). VnSix—s)707 = NnSyior + {NnSe g 707 = NnSvjuph = NnSyoy +
o0,(1) by Lemmas A.3, A.4(iii), and A.8. u

Proof of (v). Vn(& — ) = (1/Nn)Z, r, + 0,(1). Hence, NnSy,; + V[Vn(a —
)] = (1/Nn) 2, [Vu, + ¥r,] + 0,(1) = (1/Nn) 2, R, + 0,(1), where R, = V,u, + ¥r,.
Obviously R, is a martingale difference process, and var(R,) = Var(V,u,) + ¥Var(r,) ¥’ +
2cov(V,u,,¥r,) = Var(V,u,) + ¥Var(r,)¥' = Q, + ¥Q, ¥’ because cov(V,u,, ¥r,) =
E[V,u,Vr,] = E[V,Yr,E(u,|]W,)] = 0, where W, = (X,,Z,,n,). Hence, VnSy,, +
V[Vn(a — a)]l = 1/Nn) Z,[V,u, + ¥r,] + 0,(1) > N(0,Q, + ¥Q,¥) by the central
limit theorem of Brown (1971) for martingale difference processes. n
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Proof of Theorem 2.1. We consider \n($ — ). From (10), we have
N (y =) = SE ) NIAS - %) 1. (msiy v 07}

= S s NS -3 fuim—in + Scx-x00707 — Sex-x0 7.0
=[Sy, + 0,(N] {NnSypp + ¥[Vn(a — )] + 0,(1)}

i} @71N(0,Ql + ‘1’222‘1") = N(O’Ell)v

by (I)=(V), where 3, = & 1(Q; + T3, ¥ )d

Condition (C2) assumes that Vn (& — a) = (1/Nn) 2=, r,u, + 0,(1) = N(0,32,) in
distribution.

From Lemmas A.1-A.8, we know that cov(Nn(y — y),Nn(a — a) =
cov(® 'W\n(a — a),Nn(a — a)) + o(1) = d '"Wvar(Vn(& — a)) = d'¥S,, +
o(1) = 35, + o(1). Theorem 2.1 follows by a martingale central limit theorem. u

Proof of $ =3 + 0p(1). Tt follows from the proof of result (i) that b= Six—%)71s a
consistent estimator of ®. The expression 1 = Q; + 0,(1) follows a similar proof, and
32 = 3 + 0,(1) by standard law of large number arguments. Finally, it is easy to

show that
. 1 A N
v = 2 z (Xt - Xt)f;(mn.\' - mnr)K\'(tl)(Z.v - Zt),

n2h2 sFt
1
= S Vi film,—m)K(Z,~ Z,) + 0,(1)

2752
n-h sFL

= hilGZn,l + Op(l)

=T +o0,(1).

In the preceding expression the second equality follows from the facts that X, — )A(, =
Vi +0,(1), f, = fi + 0,(1), Ks(,l) = KS(,I) + 0,(1), and m,, = m, + 0,(1); the last equality
was proved in the proof of Lemma A.6. Hence, > = 3 + 0,(1). |

The Nonlinear Regression Case and the Type 3-Tobit Model Case

For the nonlinear regression case of n, = S, — g(Z,, @), S is basically the same as in
the linear model case defined previously with Z, replaced by Vg(Z,, &).

In the case of a Tobit-3 model, where & is the censored LAD estimator of «, the
definition of X,, and a consistent estimator 222 can be found in Powell (1984).

APPENDIX B: SOME USEFUL LEMMAS

LEMMA B.l. Ler g,(x1,xo) be a Borel function such that
fRz"‘gn(xl,xz)‘HﬁdFl,H_;(xl,xz) = M, and fRZ’ gn(xl,x2)|'+3dF(x1)dF(x2) =M,
for some &6 > 0 and M, > 0. Then |[[g,(x1,x2)dF4;(x1,x2) —
ffRz” gn(xth)dF(xl)dF(xZ)‘ = 4M;/(1+3)[B(j)]5/(1+3)-
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Proof. This is Lemma 1 of Yoshihara (1976).

LEMMA B.2. Let {W,} be a strictly stationary, absolutely regular process with coef-
ficient B,, and take values in R". Let ¢(.,.,.) be a symmetric Borel measurable function
defined on R” X R" X R" such that

M, = max{f} |¢(xl7x2’x3)|1+5dF}lizi3(xl?x2>x3)y
RY

f |q§(x1,x2,x3)|1+§dF(x1)dF,-ziB(xz,x3)}
R"ﬂr

and

M1112 = max{fx |¢(X1,X2,X3)|1+5dF(XI)dF[2,~3(X2,.X3),
R3"

3
f |¢(x1’x27x3)‘1+5 HdF(xi)}’
R i=1
forall 1 =iy <i, <iz3=n. Then

E[EE > \¢<W,-1,W,-2,%>|]

1=i,<i<iz=n
= O(’E[|¢(W,, Wy, W3)[1) + O(n*M,{5"* ) + O (nM {1+,
where {W,} is an independent process having the same marginal distribution as {W,}.
Proof. See the proof of Lemma B.1 of Fan and Li (1999a).
LEMMA B.3. Let {W,} be as in Lemma B.2 and let

u, = <n>_ > HW,,...,W,)

k 1= <t,<---<f=n

be a kth-order U-statistic. Define Hi(wy) = [...[H(w,,...,w,)1*_, dF(w,) and R, =
w, = ¢ — (k/n) i (H{(W,) = {), where { = [H(w,,...,w IIi=, dF(w;). Further
assume that /%% = O(n=2"¢) for some 8,€ > 0. Then

R, = 0p(n71+5/2s5).

where s5 = sup =, ..., =, (E|[H(W, ..., W, )|?*?)1/@"2),

Proof. This is Proposition 2 of Denker and Keller (1983).
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