Combinatorics, Probability and Computing (2000) 9, 441-464. Printed in the United Kingdom
© 2000 Cambridge University Press

The Intersection Exponent
for Simple Random Walk

GREGORY F. LAWLERYf and EMILY E. PUCKETTE

! Department of Mathematics, Duke University,
Durham, NC 27708-0320, USA
(e-mail: jose@math.duke.edu)

2 Department of Mathematics, Occidental College,
Los Angeles, CA 90041-3314, USA
(e-mail: eep@oxy.edu)

Received 20 October 1998, revised 18 January 2000

The intersection exponent ¢ for simple random walk in two and three dimensions gives
a measure of the rate of decay of the probability that paths do not intersect. In this
paper we show that the intersection exponent for random walks is the same as that for
Brownian motion and show in fact that the probability of nonintersection up to distance n
is comparable (equal up to multiplicative constants) to n—<.

1. Introduction

The intersection exponent is a measure of the rate of decay of the probability of non-
intersection of independent paths of simple random walks. Let S;, S}, S?, - - - be independent
simple random walks in Z¢ (d = 2,3) starting at the origin. The intersection exponent
& = ¢&4(1,k) is defined by the relation

P{S[0,n*] N (S'(0,n*] U---USk0,n’]) =0} =~ n~*.

This exponent is only nontrivial for d = 2,3, and that is why we restrict to those values.
If d = 1, the gambler’s ruin estimate for simple random walk shows that &;(1,k) = k. For
d = 4, the probability decays more slowly than a power law (and, in fact, for d > 5, does
not even go to zero); see [12] and references therein. This exponent is closely related to a
similar exponent for Brownian motion, and it has been shown [4] that the two exponents
are the same. A more general intersection exponent can be defined as follows (we will be
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more precise below). Let
Y, = Y, = P{S[0,n*] N (S'(0,n*] U--- U S*0,n’]) = 0 | S[0,n?]}.
Then, for A > 0, the exponent ¢ = £4(4,k) is defined by
E[Y/]~n"

If 4 is an integer, this is the exponent for A walks avoiding k walks. This definition also
works for 2 = 0 if we make the convention that 0° = 0, that is,

P[Y, > 0] ~ n—=/®h),

This more general intersection exponent arises in analysing the fine structure of the
boundary of a path S[0,n’]; see [19] for a discussion of the multifractal spectrum of
harmonic measure of a simple random walk. In this paper we extend the results of [4, 20]
to show that this more general intersection exponent is the same as the corresponding
exponent for Brownian motion. The results in this paper are used in [19].

As well as being important for studying the fine behaviour of random walk paths, the
intersection exponent is of interest in critical phenomena in statistical physics. There is a
number of systems, for instance nonintersecting random walks, percolation, self-avoiding
walks, loop-erased random walks, and the Ising model, that are relatively simple to define
on the discrete level and have nontrivial exponents below the critical dimension. In two
dimensions it is conjectured that the systems ‘in the continuum limit at criticality’ have
conformal invariance properties. Ideas of conformal field theory have been used to give
nonrigorous conjectures for the exponents (see, e.g., [5, 7, 8, 9, 10, 11]); in particular,
Duplantier and Kwon [8] were the first to use these ideas to conjecture values for the
intersection exponent. Recent mathematical progress in trying to verify these conjectures
has been focused on understanding the possible continuum limits (see, e.g., [2, 22, 23, 24]).
In particular (see [23]), it appears as if the exponents for nonintersecting random walks
are closely related to exponents for percolation and self-avoiding walks. There is hope
that mathematicians will be able to construct and analyse candidates for the continuum
limits for the discrete models. Even if this is done, there will remain the hard question
of showing that the discrete models have the same continuum limit. The importance
of this paper is that it shows that this is the case for nonintersecting random walks —
the continuum limit for nonintersecting random walks, that is, nonintersecting Brownian
motions, does give the correct exponents for the discrete model.

We start by defining the exponents for Brownian motion. Let B!, ..., BX be independent
d-dimensional Brownian motions (d = 2, 3) defined on a probability space (Q, P), and let B
be another d-dimensional Brownian motion defined on another probability space (Qy, Py).
Assume for now that the Brownian motions start at the origin. Define the stopping times

T. = inf{t : |B'(t)| = ¢"},

T, = inf{t : |B(t)| = €"},
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and let
A(m,n) = B'[T) Tnl] U---uU Bk[T,’;, T,f],

m>

A, = A0, n),
and
Z, =P{B[T,, T,) N A, =0}.
The intersection exponent & = £;4(4,k) is defined for A > 0 by the relation
E[Z/] =e™, n— o, (1.1)

n

where the symbol = means that both sides are comparable, that is, bounded by a constant
times the other side. It is not difficult, using Brownian scaling and subadditivity, to show
that & is well defined in the sense that

E[Z/l~e™, n— oo, (1.2)

n

where =~ denotes that the logarithms of the two sides are asymptotic. It takes more
work (see [18]) to show that ~ can be replaced with =; in doing so one can show
that the constants can be chosen uniformly on compact intervals, that is, for every
0 < A1 < Ay < oo, there exist positive constants c¢y,c, such that, for all n > 0 and all
LE [/11,12],
cre ™ < E[Z,f] < czefni.

If 1 is an integer, we can interpret this result as saying that the probability that k + 4
Brownian motions starting on the unit sphere reach the sphere of radius n in a way so
that the paths of the first k Brownian motions do not intersect the paths of the last 4

Brownian motions is comparable to n°. The disconnection exponent in two dimensions
is the exponent & = &,(0,k) defined by the relation

P{Z, >0} =e™, n— oo (1.3)
Again the existence of a number ¢ satisfying
P{Z, >0 ~e™, n— o, (1.4)

can be shown by scaling and subadditivity. In [16] it was shown that (1.3) holds for k = 2;
a similar argument works for all k. We will make the following convention: if X is a
nonnegative random variable, then

0, X=0
0 __ s 5
X_{l, X >0.

Using this convention, we can write (1.3) as

E[Z’] =e™™, n— .

The exact values of the exponents are not known and determination of the values is
an interesting open problem: see [18] for a discussion of these values. In d = 2, it is
conjectured [8, 22] that

[\28k + 1 + 247 + 1) [ 28k + 1 + 247+ 1 — 4]

() = N
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Intersection exponents for simple random walks can be defined similarly. Let S'(¢),...,
Sk(t) be simple d-dimensional random walks (d = 2, 3) with integer time ¢ defined on the
probability space (Q,P) and let S(¢) be another simple random walk defined on (Qy, P;).
Define the analogous stopping times

o = inf{r 1 [S'(e)] > e},
T, = inf{t : [S(t)| > "},

and

C(m,n) = S'[}, c}ju--- U skt ).

m>

Let
Z*(m,n) = Py{S[tm, ta] N T(m,n) = 0}.

The goal is to show that the simple random walk has the same intersection exponent; in
fact, we show that, for every 0 < 4; < 1, < oo, there exist constants ¢y, ¢, such that, for
all 0 <m < n < oo,

cre "M < E[Z(m,n)"] < coe 0,

where ¢ = &4(4,k) is the corresponding Brownian intersection exponent. Similarly, we
show for d = 2 that

P{Z"(m,n) > 0} = e~*("=m),

where ¢ = &,(0,k) is the Brownian disconnection exponent.

This result extends results in [4, 20]: in the first paper the Brownian intersection
exponent is shown to be the same as the random walk exponent for positive integer /,
and in the second paper a proof is given for the disconnection exponent with k = 1.
Both of these papers are complicated by the fact that they only use (1.2) and (1.4) and
consequently can only prove results for random walks with =~ rather than =. In [17] it was
shown how to combine (1.1) and (1.3) with strong approximation to prove the random
walk result for k = 1,4 = 1 with <. This paper uses that basic framework to prove the
main result. The results of this paper are used in [19] to analyse the multifractal spectrum
of harmonic measure on a random walk path. The proofs in both [17] and [19] use the
random walk result with = rather than just ~; this stronger convergence allows ‘second
moment’ techniques to be used. This is analogous to the Brownian motion case where the
= results were used to prove results about Hausdorff dimension of the set of cut-points
and the outer boundary [15, 16].

In [6] it was shown that the result of [4] holds for all mean-zero, finite variance walks.
The methods used in this paper are not strong enough to conclude such a result. We
only prove the result for simple random walks, but we expect that the results can be
extended to random walks for which one can get a strong approximation as described in
the next section. We do not know at this time which random walks this includes: there
are certainly mean-zero, finite variance walks for which our method does not work. We
do not know if the results will be true for all such walks or not. We will concentrate
solely on simple random walks in this paper.
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The strong approximation that we need is basically the standard Skorohod approxima-
tion. By applying the Skorohod embedding to each component separately, one can define
independent random walks S',...,S¥ and independent Brownian motions B',..., B¥ on
the same probability space so that |Si(t) — Bi(t)| is of order t'/4. More precisely, for every
y > 1/2, we can find ¢, § such that

P{ sup |Bi(t)—Si(t)] = e”"”} <ce™.

0<t<Tivt

The argument is complicated by the fact that we must use the strong approximation
on both the random walks S!,...,S* and on S. If there were only one random walk to
approximate, the arguments would be similar but easier to follow; see [21] for such an
argument using only one random walk in two dimensions.

The basic outline of the paper is as follows. In the next section we review the necessary
preliminary facts about Brownian motions and random walks including the relevant
results about the intersection and disconnection results. The proof follows in the following
three sections. The first section shows that the intersection exponent for slightly fattened
Brownian motions is the same as that for Brownian motions. The next section uses
that fact and the strong approximation to give a lower bound for the nonintersection
probability for random walks. The upper bound for random walks is handled in Section 5.
The final section deals with a couple of straightforward extensions of the main result that
are useful for applying the results in [19].

We will make some conventions about constants. For the remainder of this paper we
fix positive integer k, 0 < 4; < 4, < 00 and 1 € [44, 42]. We let ¢, ¢y, 2, f denote arbitrary
positive constants that depend only on k, 41, 4,. The values of ¢, ¢y, ¢, f may change from
line to line. We will write

& = &i(4,k),
& = iAo, k),
&o = &(0,k).

If A is an event, we will also write A for the indicator function of the event.

2. Preliminaries

In this section we review the necessary facts from previous work. We start by outlining
the strong approximation, which is basically a version of the Skorohod embedding; we
review the necessary facts about the Brownian motion exponent; we discuss the results
that rigorize the idea ‘Brownian motions or random walks that get close are very likely to
intersect’; and finally we discuss some standard convexity inequalities and prove a simple
lemma about sequences of positive numbers.

Consider a d-dimensional Brownian motion

B(t) =B, = (W\,....wf),

where W/,..., W are independent one-dimensional Brownian motions. Let X/,..., X¢ be
the one-dimensional simple random walks with integer time ¢ derived by the standard
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Skorohod embedding, which we now review. Set pi, = 0, and for j > 0,
ply = inf{t > ph | o [Wi = Wi(p}_ )| = 1},
Xi = Wip)).
Roughly we expect
pr=1+0("?),
and hence
X' =w + o0,
Let L, be a multinomial process in Z¢ (sometimes called a directed random walk) with

integer time, independent of the Brownian motions W',..., W% By a multinomial process
we mean

Li=Vi+-+V,

where V1, V5, ... are independent, identically distributed, with
P{V;=(1,0,...,0)} =P{V; =(0,1,...,0)} = --- =P{V; = (0,0,..., 1)} = -.

We write
L, = (L¢1,...,Leg).
If we let
St = (X! (Lea)s s X (Lea)),

then it is easy to verify that S, is a simple random walk in Z¢. Again we expect
1
Lt,i = Et + 0([1/2)3

and hence
S, = (X'(t/d),..., X (t/d)) + O(t"*),
and hence
Sy = By + 0([1/4).

Let us make things a little more precise. Suppose Y1, Y5,... are i.i.d., mean-zero random
variables with Var(Y;) = ¢ and M(a) = E[e“Y] < o0, for a in a neighbourhood of zero.

Then
Yi+o 4y, 2 1\]"
E|exp LA T | 1—Z 402 <c < oo,
\/ﬁ 2n n

for n sufficiently large, and hence

. Yi+-+4Y, .
P{Y + -+ Y, =nl/2T) Lo E{exp {14_\[4_”}} <ce ",
n
for all n sufficiently large (and hence is true for all n with a change in the constant c).
Combining this estimate with the reflection principle, we can get the following standard
estimate for Brownian motion: for every y,e > 0, there exists 6 > 0 and a constant r such
that

5

P{ sup{|W,i — W:| 0t <, |t—s| < nz""'} > n7+6} <re ".
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Similarly, for each i,

P{sup{lpi —s| :0<s<n’} >n't} < re ™,

P sun

(The first inequality uses the facts that E[p!] = 1 and that, for sufficiently small positive
a, E[exp{ap!}] < o0.) Using these estimates we can see that for every € > 0 there exist &
and r such that

s
Ls,i_a‘ 10<S<n2} >n1+f} < re".

P{ sup [S; — Bl = n(l/zHG} <re™.
o<t<n?

As before, let T, be the first hitting time of the sphere ¢" by B. Again, standard estimates
give that

lexp(.1n)]
} < cexp{—ef". (2.1)

P{T, > ez'”‘} < [ sup P¥{T, > ez"}

|x|<en

Let U, be the event

t
U, = {sup{ L,;— H’ 0<tr<e i= 1...,k} > el'l”}.
Then, as mentioned above,
P[U,] < cexp{—e"}. (2.2)

As before, let 7, be the first hitting time of the sphere of radius e¢” by S. An inequality
similar to (2.1) holds for 7,,. Let
0@, = {x e R’ :dist(x, B[0, T,]) < &4,
0, = {x € RY : dist(x,S[0,1,]) < e**).
We can see that there exist ¢, f such that
P{S[0,7,] € ®y41} = 1— cexp{—eﬁ”},
P{B[0,T,] < Oy} = 1 — cexp{—e/’"}.

There is a minor measurability question that will come up later. Let 5, denote the
c-algebra generated by

BOo<t<T,i=1,. klU{L,i=1,... kt=0,1,..}
t n J vt
The event

{8[0,7,] € @11}

is not quite measurable with respect to 1. To see why this is true, consider the (unlikely)

event that
L=t 0<t<e™,
Bl < je", 0<t<e™,
and
‘Bz (ie2n> S ol
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Then, on this event, we need information about B, for %ez” <t < € to determine S[0, 7,],
yet information about B} for t > iez” is not contained in ;.. However, in the typical
case, when L} is about t/d for each i, we can determine S[0,t,] from the information in
an_,_l.

Let A, be the event that

sup{|W/ = Wil : 0< 5,6 < Ty, [t —s| <% i=1,...,d} <4,
and
sup{lp! —s| : 0<s< Ty, i=1,...,d} <4
Then A, is measurable with respect to
o{B, :0<t< Ty},
there exist ¢, f such that
P(4,) = 1 — cexp{—ef"}, (2.3)
and
A, N (Un)c < {S [0,7,] = ®n+1}'

More generally, if Y is any random variable with 0 < Y < 1 and such that the value of
Y depends only on S[0, 7,] and the g-algebra J#,., then there exists an 5, ;-measurable
random variable ¥ such that

|Y _?| S(l_An)‘l‘Un-

We now assume that we have independent Brownian motions B/,..., BF and indepen-
dent multinomial processes L!, ..., L¥ defined on the same probability space (Q, P). By the
Skorohod embedding as described above, this gives us simple random walks S/,...,SF so
that, if we define @',...,@%, 0L ... 0% as above,

P{S'10.7,] = 0,41} > 1 —cexp{—e}, (24)
P{B'[0,T] = 0.,,} > 1—cexp{—el}. (2.5)
We let Ui, A, be as above.

Similarly we assume we have a Brownian motion B; and an independent multinomial
process L, defined on the probability space (Q,P;) that produce a simple random walk
S; with

P{S [0,7:] = Opy1

} — cexp{—el"}, (2.6)
P{B[O, Tn] < 6n+1}

=1
> 1 —cexp{—e/}. (2.7)

Again we let U, and A, be as above.

We now review the relevant results in [18, 16] about the intersection exponent and
disconnection exponent for Brownian motion. It will be useful to set up some notation.
Let %4(x,r) be the closed ball of radius r about x, and let &, be the sphere of radius e"
centred at the origin with ¥ = .%. Let ./, be the half-space

o, ={(x",x*) eR* :x! =7} or {(x",x1,x°) e R : x! = 7).
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Assume we have Brownian motions B!, ..., B¥ defined on (Q,P) and B defined on (Q;, P)
as above with stopping times T, ..., T, T,. As before, let
A(m,n) = BT}, T u---UBK[TE TH,
A, = A0, n),
and let &, be the g-algebra generated by
(Bl: 0<t<T,i=1,..k}.

n>

Let
Z(m,n) = sup P{{B[0, T,] N A(m,n) = 0}.

XEL
Note that, if m <r <n,
Z(m,n) < Z(m,r)Z(r,n).
It was shown in [18] that there exist ¢y, c¢; such that, for all 0 < m < n, all 1 € [y, A2],
and all x € K

m>

cre < < EX[Z (m,n)'] < cpe M, (2.8)
where ¢ = &,(4,k). Similarly, if d = 2 [16],
cre” o < PXIZ(m ) > 0] < cpem S, (29)

where & is the disconnection exponent. (We note again that [16] actually only derived
results for k = 2. However, the proofs for other k are virtually the same so we will assume
them in this paper.) It follows that, if m < r < n and Y is an &,-measurable random
variable,

E[Z(m,n)* Y | 7] <Z(mr) Y E[Z(r,n)* | ) < cZ(mr)' Y e <),
k

m>

EX[Z (m,n)'Y] < ce “"EX[Z (m,r) Y]. (2.10)

and hence, for each x € ¥

A similar inequality holds for the disconnection exponent (4 = 0).

A stronger form of the lower bound was established in [16, 18]. This stronger version
gives a precise statement of the plausible fact that Brownian motions conditioned to have
no intersection have a reasonable chance of being somewhat far apart. Let u denote the
unit vector whose first component is 1, and let u,, = ¢"u. Let 0 < m < n—2 and

Z(m,n) = P{"{B[0, T,] N A(m,n) = 0;
B[O, Tn] N g(oa em+1) < Me’"/Z; B[Tn—2a Tn] < &/6”*2/2}9
and let J(m, n) be the event
J(m,n) = {A(m, n) N 24(0,e™) —A sy An—2,n) _JZ{GM—Z/Z}.
Then there exists a constant ¢ such that, for every 4 € [A1, 2,] and every x = (x!,...,x") €
Sk with |x' 4+ u,| < /5,

ce—f(n—rn),

EX[Z (m,n)"; J(m,n)] >
PX[Z(m,n) > 0;J(m,n)] > ce Sot=m (2.11)

https://doi.org/10.1017/50963548300004442 Published online by Cambridge University Press


https://doi.org/10.1017/S0963548300004442

450 G. F. Lawler and E. E. Puckette

We also need a result that quantifies the notion that Brownian motions conditioned
not to intersect are transient. For a proof of the following lemma, see [18, Lemma 4.12].
This gives a proof for 4 > 0, but the proof for the disconnection case 4 = 0 is essentially
the same.

Lemma 2.1. There exist c,§ such that the following is true. Assume m <r < s < n. Let
J'=J(r,s,n) = {B'[T}, T,] N #(0,¢") # 0},

Z"(m,r,s,n) = sup P{{B[0, T,] N A[m,n] = 0; B[T,, T,] N %(0,¢") + 0}.

XES
Then, for all x € %,
EX[Z(m,n)";J U UJK] < cePlmeclnmm)
EX[Z"(m,r,s5,n)"] < ce POemC0mm),

We now formalize the notion that random walks and Brownian motions that get close
to each other are very likely to intersect. For d = 2, there is a nice uniform bound given
by the Buerling projection theorem, continuous and discrete versions (see, e.g., [1, 3] for
the continuous version and [12] and [13, Lemma 2.3] for the discrete). One way to phrase
this theorem is as follows. Suppose C is a continuous curve (in the continuous case) or
a connected path (in the discrete case) lying in the ball of radius n connecting the origin
to the sphere of radius n. Suppose a Brownian motion B or random walk S starts within
distance 0 of C. Then the probability that the Brownian motion or random walk reaches
the sphere of radius 2n without hitting C is bounded above by

s112
n

where ¢ is an absolute constant, independent of n and C. There is no such uniform
bound in three dimensions (actually there is one for random walk where the power law is
replaced with a power of the logarithm, but this is not strong enough for our purposes);
however one can get good stochastic bounds on this quantity when C is a random walk
or a Brownian motion path. Suppose C is a Brownian motion or random walk path
going from the origin to the sphere of radius n. Consider the random variable Y = Y;
defined as the supremum over all x within distance 6 of C of the probability that another
Brownian motion or random walk starting at x reaches the sphere of radius 2n without
hitting C. Then it can be shown [15, 17] that, for every M < oo, there exist K, o such that
the probability that Y > (6/n)* is less than or equal to Kn~™. By a judicious choice of
M, one can prove the following. We let B}, S! be defined on (Q,P) and B,, S, be defined
on (Q4,Py) as above. Assume in the next lemma that B} = S} = 0.

Lemma 2.2. For every 0 < 01 < 0, < 1 and every M < oo, there exist o > 0 and K < o0
such that the following holds. Let

kn = Ku(82) = inf{t : |B(t) — B(0)| = eézn}’
Ki = K5(y) = inf{t : |S(t) — S(0)] = "),
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Let F, be the random variable on (Q,P),

F, = Fy(61,62) = sup P{{B[0, ,] N B'[0, T,}] = 0},

where the supremum is over all x with
dist(x, B'[0, T']) < .
Similarly, let F, be the random variable on (Q,P),
F; = F;(81,67) = sup P{{S[0,x;]1 N S'[0,7}] = 0},
where the supremum is over all x with
dist(x, S'[0,7}]) < .

Then

Note that, if d = 2, the Beurling projection theorem allows us to find « such that, for
all n sufficiently large,

We finish this section with some simple inequalities that will be used in the later sections.
If X,Y are random variables, then, by concavity,

E[X + Y1 <E[X]1+E[Y]"], 0<i<1,
and by Minkowski’s inequality,
E[X + YA <E[XAY*+E[Y)]Y", 1<i<o0.

The particular case that will be important to us is as follows. Suppose for 0 <m<r <n
there exist nonnegative random variables X (m,n), Y (m,r,n). Suppose there exist constants
3, ¢4, 0 such that, for all m,r, n,

Then, for all m sufficiently large and all n > m,

E [ [X(m, n)— Z Y (m,r, n)] A:| = %03(3_’5("—"1). (2.12)

r=m

We end this section with a simple lemma about sequences which we will need in Section 5.
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Lemma 2.3. For every K, > 0, r < o0, there exists M < oo such that, if 1 < q <r and
bi,bs,... is a sequence of positive numbers with

n q
but1 < [KZb;/qeﬁj] , n=123,..,
j=1

then
b, < Mb;
for all n.

Proof. Without loss of generality we may assume that by = 1 and

n q
bust = [KZb;/qeﬁj] , o n=1,23,....
j=1

Note that, if n = 2,
byt = [bY4 + KbY1e7P"4 = b,[1 + Ke "4 < b,[1 + Ke P,
In particular, b, < e#/?b,, for all n sufficiently large. Hence
b, < Cief2,

for some C; = C{(K,r, ) < oo, and

0 q

b, < [K Z CVaebil2agbi
j=1

0 r
< G lK > eﬂf”] < 0. O

Jj=1

3. Bound for fattened Brownian motions

In the next two sections we show that we can fatten the Brownian motion paths in a way
so that the following holds: they are sufficiently large that the random walk paths will lie
in the fattened Brownian paths with high probability, yet they are sufficiently small that
the intersection exponent for the fattened paths is the same as for the original paths. It
turns out that fattening by |B,|'~¢ works fine for any 0 < e < 1/2. The condition ¢ < 1/2
is what is needed so that the random walks lie within the fattened Brownian motions.
If we tried to fatten the Brownian motions by as much as €|B;|, then the intersection
exponent would change. However, fattening by |B;|'~¢ will not change the exponent. We
will only need to do this for one value of ¢, and, somewhat arbitrarily, we choose € = 1/16.
Let B',..., B*, B be Brownian motions as before. For m <r —1 <n—2, let
X(m,r,n) = sup PT{B[O, T.] N A(m,n) = 0; dist[B[T,_1, T:], A(m,7)] < els"/“’}.

XES

Lemma 3.1. There exist ¢, such that, for eachm <r—1<n—2,x € ¥

m’

EX[X (m,r,n)"] < ce Pre=stmm),
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Proof. Fix x € %, and write E for EX. Note that
X(m,r,n) < X, Z(r + 1,n),
where Z(r 4 1,n) is as in the previous section and

X1 = Xi(m,r) = sup PY{B[T, Tr+1] N A(m,r + 1) = 0;

XES

dist[B[T,—, T,], A(m, )] < €716},
Since X is #,.i-measurable we can use (2.10) to conclude that
E[X(m,r,n)"] < ceié("*r)E[Xf].
Let F. = F.(c, f) be the #,-measurable event
F, = {supP{{B[0, T,11] N A(m,7) = 0} > ce "},

where the supremum is over all x with

dist[x, A(m,r)] < /16
From Lemma 2.2 we know that we can find ¢, f so that

P(F,) < ce >,
where we recall that & = ;(42, k). Hence
E[X{;F,] <P(F,) < ce > < ce e <M,

However, the strong Markov property applied to B tells us that, on the event F¢,

X <cZ(mr—1) ",
and hence

E[X};F¢] < ce P E[Z (m,r — 1)"] < ce <P
(with a change in the values of ¢, 5, of course). Combining these estimates, we have the
lemma. ]
The following lemma, which is similar, can be proved in a similar way. We omit the
proof. Let
X(m,r,n) = sup P{{BI[0, T,] N A(m,n) = 0; dist[B[0, T,], A(r — 1,r)] < e"/'¢}.

XES

Lemma 3.2. There exists ¢, such that for eachm <r—1<n—2,x € ¥,

EX [X(m, r, n)"] < ce—ﬁre_g”(n—m). O

We note that the above proof works equally well for A = 0 in d = 2, that is, the
disconnection exponent. This gives us the following lemma.

Lemma 3.3. There exists ¢, § such that, for each m <r—1<n—2,x € 5%,

PX[X(m,r,n) > 0] + PX[X(m,r,n) > 0] < ce Fre=cn—m), O
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For the remainder of this paper we will not explicitly discuss the disconnection exponent;
instead we now make the comment that all the proofs work equally well for the A =0
case. We now improve on the estimate (2.11). Let

Z(m,n) = P {B[0, T,] N A(m,n) = ;
B[O, T,] N B(0,e™) < oy )25 B[Tyoa, Tyl < Az
dist[B[T,_1, T,,A,] = "/ r =m+1,...,n;
dist[B[To, T,1, A(r — 1,r)] = "/ r =m+ 1,...,n}.

Note that
n—2
Z(m,n) = Z(m,n) — Z [X (m,r,n) + X(m,r,n)].
r=m+1
Hence, by (2.11), Lemmas 3.1 and 3.2, and (2.12), we see that, for all sufficiently large m,
if x = (x1,...,x5) € X with |x + u,| < e"/5,
EX[Z (m,n)"; J(m,n)] = ce <™, (3.1)

Once we have this for all sufficiently large m, we can easily conclude (3.1) for all m = 0
(with a change of constant) by attaching appropriate initial configurations. Similarly, for
the disconnection exponent, for all 0 < m < n,

PX[Z(m,n) > 0;J(m,n)] = ce 00— (3.2)

4. Lower bound for the random walk

We now use the result of the last section to prove the lower bound for the simple random
walk. The basic idea of the proof is simple. In the last section we showed that the
probability that the Brownian motions stay reasonably far apart is comparable to the
probability that they do not intersect. If the Brownian motions stay reasonably far apart,
then the corresponding simple random walks should also stay reasonably far apart. It
takes a little care to make this idea precise.

Let Sll, e Sf‘, S; be simple random walks as before and again let
T(mn) = S, cju---U Sk[‘cfn,rﬁ],

I, = S'o,zlju---usko,7.
Let .o/, be as in Section 2 and
Z"(mn) = Py {8(0,7,] N T, = 0;
S(0,7,] N 2(0,€™") & Ao j33 Sltn2.T] © ALr2j3
dist[S[0,7,],T,] > £e'™/ S r =m+1,...,n}.

(In this definition and definitions below, when we write probabilities assuming that a
random walk starts at x = (x!,...,x%) € R%, we will implicitly mean that the random walk
starts at (|x'],..., [x?]).) Let

J*(m,n) = (T, N B(0,e™") € —lpnj3; T(n—2,n) < — a3}
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Our goal is to prove the following.

Lemma 4.1.  There exists ¢ such that, for all x = (x',...,x*) € % with |x' +u,,| < e"/10,

EX[Z" (m,n)*;J" (m,n)] = ce~<"™, (4.1)

Let us first make some simplifying remarks. To determine the value of
Z"(m,n)"J" (m, n),

one only needs to observe the random walks S',..., S after they first reach the sphere
of radius ¢"/5 about —u,,. (Recall that we write J*(m,n) for the indicator function of
J*(m,n).) Hence, by the discrete Harnack inequality (see [12]), there exists ¢ such that, for
all x,y satisfying the conditions of Lemma 4.1,

EX[Z"(m,n)";J"(m,n)] < cEY[Z"(m,n)";J" (m,n)],

and hence it suffices to prove the lemma for x = (—uy,..., —u,). Similarly, if we replaced
the P{" in the definition of Z*(m,n) with the supremum of P} over all |x —u,| < €"/10,
we would change the value of 2*(m, n)J*(m,n) by at most a multiplicative constant. We
also note that it suffices to prove the lemma for all m sufficiently large, for then we can
always attach appropriate initial configurations to prove the result for all m (for example,
start S with a straight line from u to u,, and start S' with a straight line from —u to —u,,).

As in Section 2, we assume B/,...,BF Ll,...,LF S! ...,SF are defined on the same
probability space (Q,P) and By, L, S, are defined on (Q,P;). Here the random walks
are obtained from the Brownian motion through the strong approximation. We let
UL...,UkK AL ... Ak U, A, be the events as before. We let

no - n
U, =Ulu---uU,
A, = Al nAk
We recall that A, is &, -measurable, that U, is independent of the Brownian motions

B!,...,B¥, and that ¢, can be found so that
P[4,] > 1 —cexp{—ef"},
P[U,] < cexp{—e"}.
Also,
An \ Un < {Fn < ®111+1 U---u @I;H}'
To prove Lemma 4.1 (for sufficiently large m) we will show that there is a sequence
Om — 0 such that, if

Z'(m,n) = sup P{{B[0, T,] N A(m,n) = 0;S[0,7,] & O, for some r =m+1,...,n},

XES
then
EX[Z'(m,n)"] < dppe ™), (4.2)
and

EX{Z(m,n)*; S'[0,7}] # ©,4 for some r =m+1,...,n;i =1,...,k} < dpe "™, (4.3)
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To see that these inequalities suffice, let
Z'(m,n) = P"{B[0, T,] 0 A(m,n) = 0;
B[O, T,,] N %(0, em+1) <. e’”/2;B[Tnf2a T,] = &{3”4/2’
dist[B[T,_1, T,,A/] = /" r =m+1,....n,
dist[B[To, T,J,A(r — 1,r)] = /" r =m+1,...,n,
S[0,7,] €« O®ysq, r=mm+1,...,n— 1}.
and
J(mn) =J(mn)N{S[0,1}] € Oppy; r=m+1,....n i=1,..k}
Note that (3.1), (4.2), and (4.3) imply, for all m sufficiently large, if x = (x',...,x¥) € %

EX[Z'(m,n)*;J' (m,n)] = ce <=,
Also, note that, for m sufficiently large,
J' (m,n) = J*(m,n),
and on the event J'(m, n),
Z'(m,n) < Z*(m, n).

Hence to prove Lemma 4.1 it suffices to prove (4.2) and (4.3).
Form<r—1<n—1,let A= A(m,n), and

Y (m,r,n) = P{"{S[0,7,] ¢ ©,41; B[O, T,]NA =0}
Then
Y (m,r,n) < PP"{AS; B[O, T,)NA =0} +P"{U,; B[0,T,]NA =0}

Since the event 4, depends only on B,,t < T,1, the strong Markov property applied to
By, together with (2.3), implies that

P {4S; B[O, T,]NA =0} <PM"ANZ(r + Ln) < ce Pe "™ Z(r + 1,n).

(The last inequality follows since P;(A4¢) decays faster than ™" for any a.) Also, U, is
independent of the Brownian motion, and hence (2.2) implies

P {U,;B[0, T, )N A =0} <P"(U)Z(m,n) < ce P"eU"™Z(r + 1,n).
But
EX[Z(r + 1,n)"] < ce <",
Hence,
EX[Y (m,r,n)")] < ce Pre ",

A similar argument, which we omit, shows that

EX[Z(m,r,n)"; A, UU,] < ce " P ]
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5. Upper bound for the random walk

We return to the notation in the introduction. The purpose of this section is to show that

E[Z*(m,m + n)"] < ce™*". (5.1)
Let

b, = sup e"E[Z " (m, m + n)*]

where the supremum is over all nonnegative m, and let

b, = max{Eo,El,...,B,l}.
Note that by = 1 and, for n > 0,

byt < by < €%byy.

In particular, b, < €"*. Proving (5.1) is equivalent to proving that the b, are bounded. We
will derive a recursive inequality for b, in terms of b,_;.

We assume B),...,BF,L!,...,LF S! ...,Sk are defined on the same probability space
(Q,P) and B, L;,S; are defined on (Q,P;) as in Section 2. We assume for now that the
Brownian motions, and hence the random walks, start at the origin. If the simple random
walks do not intersect, then either the corresponding Brownian motions do not intersect,
or there is a largest integer r such that there is an intersection of the Brownian motions
after they reach the sphere .%,. We use a decomposition like this to derive the inequality.

For integers 0 < r < n and nonnegative m, define the random variable G(m,r,n) on
(©2,P) by

G(m,r,n) =Py {S[Tma Tm+n] NI(m,m+n) = (Da
B[Tn1+r‘a Tn1+n—1] N A(m +rm+n— 1) = (b;
B[TnH»rfla Tm+n71] N A(m +r— lam +n— 1) 7é 0}
We also define
G(m, 0, n) =Py {S[Tms Tern] N r(ma m—+ n) = 0’
B[T,, Tyyna1] N A(m’m +n—1)= Q)},

so that

n—1
Z (m,m+n) = Z G(m,r,n).
r=0
We will show below that for some c, f5,
E[G(m,r,n)"] < cbe Pre". (5.2)

Note that (5.2) and concavity (for 4 < 1) or Minkowski’s inequality (for 2 > 1) imply
that, if ¢ = max{1, 1},

n—1 q
E[Z"(m,m+n)] < [ > E[G(m.r,n)']" 1

r=0

n—1 q
em¢n lc Z bi/qe_ﬁr]
r=0

N
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(here the values of ¢, f have changed from (5.2)). Hence

n—1

q
b, < chbi/qeﬁr] .
r=0
By Lemma 2.3, this implies that the b, are bounded and hence we get (5.1). Therefore, it
suffices to derive the estimate (5.2).
First note that

G(}/}’l, r, I’l) < Pl {B[Tmﬁ»ra Tm+n71] N A(m +r,m+n— 1) = Q)}
Hence, by the upper bound for Brownian motions,
E[G(m,r,n)"] < ce s,

This shows that if we can prove (5.2) for all sufficiently large r, we also have it for
all r. Without loss of generality we will assume r > 3. The basic idea of the estimate
is as follows: requiring that the random walks not intersect up to the sphere of radius
m + r — 2 contributes a factor of order b.e*" (since the random walks come close to
intersecting); requiring that the Brownian motions intersect between T,,.,_; and Ty,
and yet the random walks not intersect before 7,,4,41 contributes the factor of e=#" (since
the random walks come close to intersecting); finally, forbidding the Brownian motions
from intersecting from Tj4,42 to Ty, contributes a factor of order e=<"") It takes a
little work to make this precise, but this is the basic idea.
Let

Gl,i(ma r,n) =Py {S[Tma ‘Cm-'rn] N F(I’}’l, m+n) = (b;
B[Tn1+rs Tm-‘rnfl] N A(Wl +r,m+n— 1) = Q),
B[Tm+r—1a Tm+r] N Bi[ rl;err—la zin+n—l] 7& (b}’

and
Gai(m,r,n) = Pi{S[tm, Tusn] NT(m,m +n) = 0;
B(Toirs Tnna] NA(m+r,m+n—1)=0;
B[Tosr—1> Tnint) N B [Ty 1. Thy ] # 01
Then,

k
G(m,r,n) < Z[Gu(m, r,n) + Gy i(m,r,n)].
i=1
It suffices to show, for each i,

E[G1i(m,r,n)"] < che Pre=,

<
E[G,i(m,r,n)"] < che Fre=en,

By symmetry in i, we only need to show these results for i = 1. The arguments for G
and G, are similar, so we will only do the G;; case, and we write

G = G'(m,r,n) = Gr1(m,r,n).
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Recall that #; is the o-algebra generated by

(Bl :i=1,...,k, 0<t< T!}.

S

Let 7, be the g-algebra generated by
%U{L,‘,...,Lf 10 <t < oo}

Note that, since the L! are independent of the Brownian motions B',..., B, we can use
the strong Markov property, that is, 7 is conditionally independent of the c-algebra
generated by

(Bl :i=1,....k t=>T}
given
BYTY,...,BK(TH).
Let
Hy = Hi(m,r) = Py{S[tm, tmr2] NT(m,m +r —2) = 0}.

Note that, by definition of b,, E[H{] < b,e~<"~2. We let A,,1,—1 and U, be as before.
Although H; is not quite 57m+,.,1-measurab16, there is an §7m+r,1-measurable random
variable A, = H;(m,r) such that

|H1 - Ijll‘ < A'L;er—l + Um+r,
where as before we allow events to represent their indicator functions. In particular,
E[A{] < cbyye*"" < che™.

If B[Tyir—1, Tuer ] N BT, 1, T\, 1] # 0, the intersection must occur in the ball of

radius ™" about the origin. If (s,f) is an intersection time, that is, B(s) = B!(t), then

s < Ty, but all we can say about ¢t is that t < T,,l1 4n_1- We now use the transience of

nonintersecting walks to show that the time ¢t cannot be too large. Let
Gy = Gy(m,r,n) = Py{S[tm, Tmrn] N T(m,m + n) = 0;
B[Trn+rs Tm-‘rnfl] N A(Wl +rom+n— 1) = @,
B (T 110 Tl 0 (0, €775 £ 0},

m mn
By definition, G} = 0 if n < 1.1r. Let

Hy = Hy(m,r,n) = sup PY{B[0, Tyl NA(m+r+1,m+n) =0;

XE mirs1 B [Tt 110s Tonsa] O (0, 6™7) £ 0.

By Lemma 2.1, for all x € %,

E* [Hé | Jhm+r+1] < ce Pre—tin—n),

Note that
Gy <[Hi + A% | + Uny 1 Ho.
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By the strong Markov property we then get

E(G)] < E[E[[H: + A,y + Unir Ho) | Fgria]]
< ce—ﬁ"e_é("_r)E[(ﬁl =+ Afn+r71 + Um+r)}~]
< Cbrefﬁrefg“n.

Since now we essentially need only worry about times up to T, .., we need to

consider the probability that the random walks and the Brownian motions are not close
up to that time. Let

G/z = G/z(m, r, n) = PI{B[Tm-H.lr, Tn1+n—1] N A(Wl + 1.11’,"’! +n— 1) = 0}a
and let V = V(m,r) be the event
V = {there exists t < T, 05 With [S'(d1) — B'(1)] = 3"}

Note that V' is not quite é‘f,n+(1_05)r+1-measurable (see the discussion in Section 2), but
there exists an event V' = V(m,r) that is Fm+(105)r+1-measurable so that

[V — V| < Ay 105y + Uns(10s41-

Then the strong Markov property and estimates from Section 2 can be used to show
E[(G))*; V] < cexp{—eltmt 0= < cp e Pre=en,
Similarly, if
G5 = Gy(m,r,n) = Py{B[Tyi1.1r, T ] N A(m+ L1Ir,m+n—1) = ;

there exists ¢ < Ty+1.1, with [S(dt) — B(1)| = 18"},

we can show that
E[(G5)"] < che Pre=<n.
We can now consider the dominant term of G’. Let
Gy = Pi{S[tm tmir2] N T(m,m 41 +2) = 0;

dist(S [Tppr—2, Tmrs1.2], s! [0, Tmrr12r]) S e
B[T)11+r+3: TnH»nfl] n A(m +r+ 3: m+n— 1) = Q)}

8(m+r) .
b

Note that
G <G|+ GV + G, + G,
so it remains for us to prove
E[(G})"] < che Pre=en.
Following the notation of Lemma 2.2, let
K" = K" (m,r) = inf{t :|S(t) — S(0)| = e?" 1,
and
F = F(m,r)= sup PY{S[0,"T N S'[0, trr12/] = 0},
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where the supremum is over all x with
dist(x, S'[0, Tpr1.12,]) < €30,

By Lemma 2.2, we can find o such that, for all sufficiently large r,
Pl{F > e—a(m+r)} < e*4€z(m+r).

Again the set {F > e‘““”*’)} is not quite measurable with respect to 5",,1+(1_12)r+1 but can
be approximated sufficiently closely so that we can show that

E[( Z‘)A;F > eac(m+r)] < ce—4§z(m+r)e—én < cb,.e_ﬁre_f".
Finally the strong Markov property applied to S allows us to conclude

E[(G});F < e < chye e,

6. Extensions

Here we derive some useful extensions of the main estimate, one having to do with
supremums and the others having to do with random walks run for a fixed length of
time. If m < n, let

Z"(m,n) = sup P{{S[0,7,] N T(0,n) = 0}.

[yi<er
Note that

Z (m,n) < Z"(m,n).
However, by the discrete Harnack inequality applied to S,

Z (m,n) < cZ (m+1,n).
Also, if x = (x!,...,x¥) with |x| < ", the discrete Harnack inequality applied to S',...,S*
gives
EX[Z*(m + 1,n)"] < cE[Z*(m+ 1,n)"] < ce <™,

where the expectation on the right assumes that the random walks start at the origin.
Hence we have the following corollary.

Corollary 6.1.  There exists c such that the following holds. If x = (x!, ..., x*) with |x'| < ™,

EX[Z*(m,n)"] < ce s, O

Let
T+ = Max{t,, ez"}, Ty = min{rn,ez”},
similarly. Let
Loy = S'[0,7,,JU - USHO0, 7} ],
I, = S'0,7_Ju---usko,7_],
Zy. = Pi{SO0,7,41 N,y =0},
z P, {S(0,7,_ ] NT,_ =0

n,—

i
and define 7, ,, 7,
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Clearly,

Z,y <Z,<Z,_,
where Z,; = Z"(0,n). Using Lemma 4.1 (and, if necessary, conditioning the random walks
so that after reaching .%, they go distance at most ¢"/20 in the next e*" steps), we can see
that

E[(Z,. )] > ce "

The goal of the remainder of this section is to prove the other bound. The argument
follows that in [15].

Proposition 6.2. There exists ¢ such that

E[(Z'_)] <ce ™.

n,—

Proof. It is easy to see using the invariance principle that there exist o and ¢4 such that,
for all |x| < €"/2 and all s > 0,

Pi{t, = sez"} < cge™™.
Let V,, be the event
Vs = {1, = s’ for some i = 1,...,k}.
Our first goal is to show that
E[(Z))"; V] < ce™"e™, (6.1)
Let
Vs = {t, —1_| > se® for some i = 1,...,k}.

Let ¢, denote the o-algebra generated by

(Sii=1,..,k t<t

nj*

Then

E[(Z:); Vs E[(Z,_ )5 Vsl
E[E[(Z,_,)"; Vs

ce B <",

gn—l]]

NN N

If m < n, we can use the inequality
Z, <Z,Z"(m.n),
the strong Markov property and Corollary 6.1 to conclude
E[(Z,); Vins] < ce e,

Assume 7/ > se’ for some integer n. Then there exists an integer m < n such that

i i 3\n=m 2n n—m ,2m
Ty — Tyl = 4S(Z) e = 452" e,
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By the above estimate,

E[(Z)) 51, — 1 = 452" "e™] < ce " exp{—ads2" ).
By summing over all m we get (6.1).

Similarly, if
Zr, =PHS0,7,]NT, =0;1, > se™},

n,s

we can show

E[(Z;,)'] < ce™"e™™. (6.2)
But,
n—1 n—1
E(Z, Y1 <EWZ)1+ > _[ElZy): Vs, ] + Y _El(Z,,)],
m=0 m=0
where s, = ¢ The result then follows from (6.1) and (6.2). O
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