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Abstract

A hypergraph F is non-trivial intersecting if every pair of edges in it have a nonempty intersection, but no
vertex is contained in all edges of . Mubayi and Verstraéte showed that for every k>d +1>3 and n >
(d + 1)k/d every k-graph # on n vertices without a non-trivial intersecting subgraph of size d + 1 contains
at most (/') edges. They conjectured that the same conclusion holds for all d > k > 4 and sufficiently large
n. We confirm their conjecture by proving a stronger statement.

They also conjectured that for m > 4 and sufficiently large n the maximum size of a 3-graph on n vertices
without a non-trivial intersecting subgraph of size 3m + 1 is achieved by certain Steiner triple systems. We
give a construction with more edges showing that their conjecture is not true in general.
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1. Introduction

For an integer k > 2, a k-uniform hypergraph (henceforth k-graph) # is a collection of k-subsets
of some finite set V. The set V is called the vertex set of 7, and k-subsets in H are called edges of
H. We use |H| to denote the size of #, that is, the number of edges in H.

As one of the earliest results in extremal combinatorics, Mantel [20] proved that every n-vertex
graph that does not contain a copy of triangle has at most |n?/4] edges. Motivated by Mantel’s
result, Erdés considered the following extension in hypergraphs.

A collection of three k-sets A, B, C is called a triangle if A N B, AN C, BN Care each nonempty,
but ANBN C is empty. Erdés (see e.g. [2, 5, 7]) conjectured that for k> 3 and n > 3k/2 every

n-vertex k-graph that does not contain a copy of triangle has at most (}_|) edges. Later, Chvatal

[2] confirmed Erdds’ conjecture for k = 3. In fact, he proved the following stronger result.
A collection of d+1 k-sets {A,...,A 41} is called a d-simplex if ﬂi#j A;#0 for all

jE [d“r‘ 1], but mie[d-',-l] Ai ={.

Theorem 1.1. (Chvatal [2]) Suppose that n > k + 2 > 5 are integers. Then every n-vertex k-graph
‘H that does not contain a copy of (k — 1)-simplex has size at most (Z:i)

In the same paper, Chvatal posed the following conjecture.

Conjecture 1.2. (Chvétal’s Simplex Conjecture [2]) Suppose that k>d+1>3 and n>d(k+
1)/k are integers. Then every n-vertex k-graph H that does not contain a copy of d-simplex has

size at most (Z:i) Moreover, equality holds only if every edge in H contains a fixed vertex.
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It is clear that for d = 2 Chvatal’s Simplex Conjecture is the same as Erdés’s conjecture. In [21],
Mubayi and Verstraéte considered the case d = 2 and proved the following stronger statement.

For an integer ¢ >2 a hypergraph F is called ¢-wise-intersecting if ();c(, Ei # 9 for all
Ey,...,E;e€F, and F is called non-trivial £-wise-intersecting if it is £-wise-intersecting but
(per E=10.1f £ =2, we simply call F intersecting and non-trivial intersecting, respectively.

Theorem 1.3. (Mubayi-Verstraéte [21]) Let k>d+1>3 and n>(d+ 1)k/d be integers.
Suppose that H is an n-vertex k-graph that does not contain non-trivial intersecting subgraph of

sized+ 1. Then |H| < (Z:i), with equality holds only if every edge in H contains a fixed vertex.

Since a k-graph of size three is non-trivial intersecting iff it is a triangle, Theorem 1.3 confirms
the conjecture of Erdés.

Recently, Currier [4] proved Conjecture 1.2 for all k> d + 1 > 3 and n > 2k. It is still open in
general for n < 2k and 3 < d < k — 2, and we refer the reader to [1, 3, 6, 7, 9, 14, 15, 18] and their
references for more results related to Conjecture 1.2.

In [21], Mubayi and Verstraéte remarked that their proof of Theorem 1.3 actually works for d
slightly greater than k as well, and they conjectured that the same conclusion should be true for
alld > k> 4.

Conjecture 1.4. (Mubayi—Verstraéte [21]) Let d > k > 4 be integers and let n be sufficiently large.
Suppose that H is an n-vertex k-graph that does not contain non-trivial intersecting subgraph of size

d+ 1. Then |H| < (Z:i), with equality holds only if every edge in H contains a fixed vertex.

The situation when k = 3 is different from other cases, and we need the following definition to
state their conjecture.

Let m > 2 be an integer. A Steiner (n, 3, m — 1)-system is a 3-graph S on n vertices such that
every pair of vertices is contained in exactly m — 1 edges of S. It follows from Keevash’s result [13]
that if # is sufficiently large and is a multiple of 3, then there exists a Steiner (#, 3, m — 1)-system.

Mubayi and Verstraéte observed in [21] that a Steiner (n, 3, m — 1)-system does not contain

non-trivial intersecting subgraph of size 3m + 1, and it has size 251(7), which is greater than

3

(";1) when m > 4. Therefore, they made the following conjecture for 3-graphs.

Conjecture 1.5. (Mubayi-Verstraéte [21]) Let m > 4 and n be sufficiently large. Suppose that H
is an n-vertex 3-graph that does not contain non-trivial intersecting subgraph of size 3m + 1. Then
IH| < mT_l(g), with equality holds iff H is a Steiner (n, 3, m — 1)-system.

In this paper, we consider these two conjectures of Mubayi and Verstraéte. First, we prove
a stronger statement that implies Conjecture 1.4. Due to technical reasons, we postpone the

statement of our main result (Theorem 3.3) to Section 4. Instead, we state the following corollary
of it.

Corollary 1.6. Let k> p >3 and d > p be integers. Suppose that n > no(k, d) is sufficiently large,
and H is an n-vertex k-graph that does not contain non-trivial (p — 1)-wise-intersecting subgraph

of size d + 1. Then |H| < ({_}), with equality holds only if every edge in H contains a fixed vertex.
Remark. Taking p = 3 in Theorem 1.6, we confirm Conjecture 1.4.
For 3-graphs, we have the following result that disproves Conjecture 1.5.

Theorem 1.7. Let m > 4 be an integer and let n be a sufficiently large integer that is a multiple of
3. Then there exists a 3-graph S on n vertices with mT_l(g) + 3 edges and contains no non-trivial

intersecting subgraph of size 3m + 1.

In Section 2, we present a construction that proves Theorem 1.7. In Section 3, we state our
main results (Theorems 3.3 and 3.4) and present some preliminary definitions and results. In
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Section 4, we prove some technical lemmas that will be used in the proofs of Theorems 3.3 and 3.4.
In Section 5, we prove Theorems 3.3 and 3.4.

2. Constructions

In this section, we give a construction to show that Conjecture 1.5 is not true in general.

Our construction will be obtained from a Steiner (n, 3, m — 1)-system by adding a perfect
matching. In order to show that it is does not contain non-trivial intersecting subgraph of size
3m + 1, we need the following structural theorem of intersecting 3-graphs due to Kostochka and
Mubeayi [16].

Define

. EKR(n) = {A e(t):1eal.

. Hy(n) = M. 1403 |>z}

). 1eAand AN (2,3, 4}|>1}u{234}.

Ae():
Ae(5):
("):1€Aand|AN{2,3)| > 1} U {234,235, 145).
Ae (). (1,2) eA} U {134, 135, 145, 234, 235, 245}.
(3):

e Hy(n)= lAe (Y. (1, 2}eA} U {134, 156, 235, 236, 245, 246).
.« Hs(n) ={Ae (" {1,2}6A}U{134,156, 136, 235, 236, 246).

Theorem 2.1. (Kostochka-Mubayi [16]) Every intersecting 3-graph with at least 11 edges is
contained in one of EKR(n), Ho(n), H(n), . . ., H5(n).

For a 3-graph H and {u, v} C V(#) the codegree deg;, (uv) of {u, v} is the number of edges in
H that contain both u and v. Let A»(#H) = max{deg,, (uv): {u, v} C V(H)} denote the maximum
codegree of H. The following observation about Hy(n), H1(n), . . . , H5(n) is easy to confirm.

Observation 2.2. Let H be a 3-graph with e edges.

1. If H C Ho(n), then Ay(H) > [57.
2. If H C Hy(n), then Ay(H) > [5°2
3. If H is contained in H3(n), Hy(n), or Hs(n), then Ay(H) > e — 6.

Now we define our construction. Let # be a sufficiently large integer that is a multiple of 3. Let S C
(['31]) be a Steiner (n, 3, m — 1)-system. Notice that the complement of S, which is S:= (['31]) \S,
satisfies that dg(uv) =n—2—(m—1)=n—m—1=n— o(n) for all {u, v} C V(S). Therefore,
by a theorem of Rdl, Rucinski, and Szemerédi (e g. see Theorem 1.1 in [22]), S contains a perfect
matching M . Let § = S U M and note that

A m—1/(n n
S|=|S|+ M| =—— —.
IS =151+ M| 3<2>+3
Next we prove that S does not contain a non-trivial intersecting subgraph of size 3m + 1.
The idea in the proof below is to show that the maximum codegree of every subgraph of size
3m + 1in S is less than the maximum codegree of every subgraph of the same size in H;(n) fori €
{0,...,5}\ {1}. On the other hand, using an easy structural property of H;(n), we can show that
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every non-trivial intersecting subgraph of size 3m 4 1 in H; (1) cannot appear in S as a subgraph.
So, it follows from Theorem 2.1 that every intersecting subgraph of size 3m + 1 in § is trivial.

Proposition 2.3. Suppose that m >4 is an integer. Then S does not contain a non-trivial
intersecting subgraph of size 3m + 1.

Proof. Suppose to the contrary that there exists a non-trivial intersecting subgraph F C S with
3m+ 1> 11 edges. It follows from Theorem 2.1 that F is contained in H;(n) for some i€

o~

{0,...,5}. Notice that Ay(F) < A(S) =m. If F is contained in H;(n) for some i € {0,...,5}\
{1}, then by Observation 2.2, we would have A»(F) > min {2211, [2m — 17,3m — 5} > m, a
contradiction. Therefore, 7 C Hj(n). Then it is easy to see from the structure of H;(n) that F

contains four vertices vy, v, V3, ¥4 such that

degg (vivz) +degg (viv3) +degg (vivy) > 3m,

This implies that degg (v1v2) = degg (v1v3) = degg (v1v4) = m since each of them is at most .
However, this is impossible since the set {{u, v} C V(S): degg (uv) = m} consists of n1/3 copies of
pairwise vertex-disjoint triangles. U

Remark. It seems that our proof of Proposition 2.3 cannot show that adding one more edge into
S does not create a non-trivial intersecting subgraph of size 3m + 1. On the other hand, we do not
see how to show that adding one more edge into S will create a non-trivial intersecting subgraph of
size 3m + 1. It would be interesting to see if there is a fast way to determine whether S is maximal.

3. Main results and preliminaries
In this section, we state our main results and present some definitions and preliminary results.

3.1 Main results

Let us first introduce some necessary definitions before stating our main results.

A k-graph H is called a star if there exists a vertex that is contained in every edge of 7. It is easy
to see that the maximum size of a k-uniform star on #n vertices is (',::})

Let s > 2 be an integer. A family D = {D;, .. ., D} is called a A-system (or a sunflower) if there
exists a vertex set C (might be the empty set) such that D; N D; = C for all {3, j} C [s]. The set Cis
called the centre of D.

Definition 3.1. Let k,d>p>2 be integers and a={(ay,... s p)s b= (b1,...,bp) be two
sequences of positive integers with Zle a;=k.
1. A partition E = Uie[P] A; of E is called an a-partition if |A;| = a; for all i € [p].

2. A family {Ey, Ei, AU E?l, AU EII,, R Eﬁp} is called a semi-(a, ?))—A—system if there exists
an a-partition Eg = Uie[p] Aj, such that for each i € [p] the family {E,, E}, ... ,Ef."'} is a
A-system with centre Eg \ A;. The set Ej is called the host of this semi-(a, b)-A-system.

3. An (g, E)—A-system is a semi-(a, E)—A-system {Eo, E}, ..., Ell’l, s Ell,, .. ,E;P} such that
sets E] \ Ey, . ... ,E?l \Eo,...,E,\ Eo,... ,E;p \ Eg are pairwise disjoint.

4. An (a,d)-A-system is an (a, l;)-A-system for some b such that Zle b;=d.

From the definitions one can easily obtain the following observation.
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Observation 3.2. Suppose that k,d > p > 3 are integers and a = (ay, . . ., ap) is a sequence of pos-
itive integers with Zle a; = k. Then an (a, d)-A-system is a nontrivial (p — 1)-wise-intersecting
hypergraph with d + 1 edges.

An (@, d)-A-system in which d =p, i.e. by =- - - = by = 1 was studied by Fiiredi and Ozkahya
in [11]. In this paper, we employ a machinery (a complicated version of the delta-system method)
developed by them and even earlier by Frankl and Fiiredi [8], to obtain the following tight bound
for the size of an (a, d)- A-system-free hypergraph for all d > p > 2. Here a hypergraph is (a, d)-
A-system-free means it does not contain any (d, d)-A-system as a subgraph.

Theorem 3.3. Letk > p >2,d > p beintegersand a = (ay, . . ., ap) be a sequence of positive integers
with Zle a; = k. Let no(k, d) be a sufficiently large constant. Suppose that n > ny(k, d) is an integer

and H is an (a, d)-A-system-free k-graph on n vertices. Then |H| < (Z:i), and equality holds only
if H is a star.

Remarks.

1. Our proof of Theorem 3.3 uses the delta-system method and a theorem (Theorem 3.7)
of Fiiredi, so the lower bound we obtained for ng(k, d) is double exponential in k and d.
It would be interesting to find the minimum value of ny(k, d) such that the statement in
Theorem 3.3 holds.

2. It is easy to see that Corollary 1.6 is an immediate consequence of Theorem 3.3 and
Observation 3.2.

In order to prove Theorem 3.3, we will first prove the following stability result about (a, d)-A-
system-free k-graphs.
Theorem 3.4. Let k> p > 2, d > p be integers and a = (ay, . . ., ap) be a sequence of positive inte-

gers with Zle a; =k. For every 6 > 0 there exists € > 0 and ny(k, d, §) such that the following
holds for all n > ny(k, d, 8). Suppose that H is an (a, d)-A-system-free k-graph on n vertices and

[H| >0 — e)(Z:i). Then there exists a vertex in H that is contained in all but at most Sn*~!
edges in H.

3.2 Preliminaries

In this section, we introduce some theorems and prove some lemmas that are useful for the proofs
of Theorems 3.3 and 3.4. R
First, we show that every sufficiently large semi-(a, ¢)- A-system contains an (a, b)- A-system.

Lemma 3.5. Let k,d > p > 2 be integers and let a = (ay, . . ., ap), b= (b1, ..., bp), c=(c1,...,cp)
be sequences of positive integers with Zle a; = k. Suppose that ¢; > b; + Z]’;% ajbj for all i € [p].

Then every semi-(a, ¢)-A-system contains an (d, 5)—A—system. In particular, if c; > 1 and ¢; > kd for
2 <i < p, then every semi-(a, ¢)-A-system contains an (a, d)-A-system.

Proof. Let F ={Eo, E},...,E],... ,E;, . ,E;p} be a semi-(4, ¢)-A-system. We will show that

there exists a subset {Fil, .. ,Fib"} C {Eil, . ,Efi} for all ie[p] such that the family {E,
b > 7

Fll, AU Ffl, ey F;, c Fpp} is an (4, b)- A-system.

First, since ¢; > b;, we can simply let Iﬂ1 :Ej1 for je [b1]. Now suppose that we have
defined the family {Fll,...,F?l,...,Fil, e ,Ff’i} for some i€ [p — 1]. We are going to define
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sets Fi1+1’ . ,Fib_fll. Note that for every j € [i] and £ € [bj] the set Fje \ E¢ can have nonempty
intersection with at most a; sets in {Ei1 TRTRE ,Efj:ll} Since ¢iy1 > biy1 + Z}Zl ajbj, there exist
at least bjy; sets in {EZ.IH,...,Eff:II} that have empty intersection with all sets in {F%\
Eo, ..., Ffl \ Ep, ... ,Fi1 \ Ep, ... ,Fih" \ Eo}. We may choose arbitrary b;1; sets from them to
form {F}H,...,Fibj:ll}. We terminate the process when i=p. It is clear that the family
{Eo, F},... ,Ff‘, . .,F;, ... ,FEP} is an (4, E)—A-system. O

For a hypergraph # and an edge E € H. The intersection structure of E with respect to # is
Z(E,H):={ENE': E e H\{E}}.

Given a family F (not necessarily k-uniform), we say it is k-partite if there exists a partition
V(F)=V1U---UVgsuch that |[EN V;| <1 for all E € F and i € [k]. Suppose that F is k-partite
with k parts Vi, . .., Vi. For every set E € F, let the projection of E be I1(E): = {i: EN V; # (J}. Let
the projection of F be I(F): ={I1(E): E€ FIL

Definition 3.6. Let s > 2 be an integer. A k-graph # is s-homogeneous if it satisfies the following
conditions.

1. The k-graph H is k-partite.

2. There exists a family J C 2] \ {[k]} such that TT(Z(E, H)) = J for all E € H, where J is
called the intersection pattern of .

3. The family J is closed under intersection, i.e. if A,Be J,thenANBe J.
4. For every edge E € H and every set S € Z(E, H) there exists a A-system D of size s with
centre S such that Ee D C H.

We call H homogeneous if it is 2-homogeneous.

A powerful result of Fiiredi [10] shows that for every integer s > 2 every hypergraph contains a
large s-homogeneous subgraph.

Theorem 3.7. (Fiiredi [10]) For fixed integers s, k > 2, there exists a constant c(k, s) > 0 such that
every k-graph H contains an s-homogeneous subgraph H* with |H*| > c(k, s)|H)|.

For a family J C 21\ {[k]}, let the rank of . be
r(J):=min{|A|: A C [k],A € J and B € 7 such that A C B}.

It is easy to see from the definition that if 7 is closed under intersection, then r(7) =k iff

J =2W\ {[k]}.
For a k-graph 7 and integer i € [k — 1], let the ith shadow of # be

—1

oiH: = {Ae <k[n] ): E!EeHsuchthatACE} .

For convenience, we let 9H = 9, H.
The following lemma gives an upper bound for the size of a homogeneous hypergraph # in
terms of its shadow and the rank of its intersection pattern.

Lemma 3.8. Let H be a homogeneous k-graph with intersection pattern J C 2%\ {[k]}. Then
|H| < |0x—,H| for every integer r that satisfies r(J) <r <k — 1.

Later, when we talk about a k-partite k-graph, we will assume that there is a fixed k-partition of its vertex set. Differen
k-partite k-graphs on the same vertex set could have different k-partitions.
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Proof. Let r be a positive integer that satisfies #(J) < r < k — 1. By the definition of rank, there
exists an (7 )-set S C [k] that is not contained in 7, and moreover, every set T C [k] that contains
Sis also not contained in 7. In particular, every set T C [k] of size r that contains S is not contained
in J. Since I(Z(E, H)) = J for all E € H, there exists an r-set in every E € H that is not contained

in any other edges in #. Therefore, |H| < |9k, H]|. O
4. Lemmas

In this section, we prove some technical lemmas that will be used later in the proofs of Theorems
3.3 and 3.4.

First, we show that the rank of the intersection pattern of such a k-graph is at most k — 1.

Lemma 4.1. Let d>p>2, k>p, s> kd+ 1 be integers, and a=(ay, ..., ap) be a sequence of
positive integers with Zli):l ai=k. Let H be an s-homogeneous k-graph with intersection pattern
J c 2K \{[K]}. If r(J) = k, then H contains an (a, d)-A-system.

Proof. Since r(7) =k and 7 is closed under intersection, we have 7 = 2K\ {[k]}. Let E € #
and let Ule A; = E be an g-partition of E. Since IT(Z(E, 1)) = J = 2K\ {[k]}, we have E\ A; €
Z(E, M) for all i € [p]. Since H is s-homogeneous, for every i € [p] there exists a A-system D; of
size s with centre E \ A;. Since s > kd + 1, it follows from Lemma 3.5 that  contains an (g, d)-A-
system.

Lemmas 4.1 and 3.8, and Theorem 3.7 imply that following proposition.

Proposition 4.2. Let d > p > 2, k > p be integers, and a = (ay, . . .,a,) be a sequence of positive

integers with Zle a; = k. Then there exists a constant c(k, d) > 0 such that every (a, d)- A-systems-
free k-graph H satisfies |0H| > c(k, d)|H|.

Proof. Let s=kd + 1 and H* be a maximum s-homogeneous subgraph of % with intersection
pattern 7. Then by Theorem 3.7, |H*| > c(k, d)|H| for some constant c(k, d) > 0. Since H* con-
tains no (4, d)-A-systems, it follows from Lemma 4.1 that r(J) <k — 1. Then it follows from
Lemma 3.8 that |H*| < |0H*|. Therefore,

|0H| = [0H"| = [H*| = c(k, d)|H]. O

The next lemma gives another condition that guarantees a hypergraph to contain an (4, d)-A-
system as a subgraph.

Lemma 4.3.Let d>p>2, k>p, s>kd+1 be integers and Zl:(al,...,ap) be a
sequence of positive integers with Zle ai=k Let H be a k-graph and H* be an
s-homogeneous subgraph of H. Let Eg € H* and |Jic(,) Ai=Eo be an a-partition. Suppose
that there exists ig € [p] and Ee€H such that Eg\ A; € Z(E,H*) for all ie[p]\ {io}, and
ENEy=Ey\ Aj,. Then H contains an (a, d)-A-system.

Proof. Without loss of generality, we may assume that iy = 1. By assumption, Ey \ A; is the centre
of a A-system of size s > kd + 1 in H* C H for 2 <i <k, and Ey \ A; is the centre of a A-system
of size 2 in H, i.e. {Eo, E}. So it follows from Lemma 3.5 that H contains an (d, d)-A-system. U

Lemma 4.4. Let d>p>2, k>p, s>kd+ 1 be integers, and a=(ay, ..., ap) be a sequence of
positive integers with Zle aj=k. Let H be an (a,d)-A-system-free k-graph and H* be an s-
homogeneous subgraph of H with intersection pattern J. Suppose that r(J) = k — 1 and the number

of (k —1)-set in J is exactly k — 1. For every E € H* if v € E is the vertex that is contained in all
(k — 1)-sets in Z(E, H*), then v € F for every F € ‘H that satisfies |[F N E| > k — a;

Proof. Let E={vi, ..., vk} € H* and suppose that v; is contained in all (k — 1)-sets in Z(E, H*).
Note that since Z(E, H*) is closed under intersection, all proper subsets of E that contain v; are
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contained in E. Let F € H and suppose that |[ENF| =k — ¢t for some 1 <t < a;. Suppose to the
contrary that v; ¢ F.

If t = ay, then let Uie[ ] Ai = E be an a-partition such that Ay = E\ F. For 2 <i < psince v; €
E\ A;, we have and it follows from the assumption that E \ 4, is the centre of a A-system of size s
in H*. On the other hand, notice that E \ A; is the centre of a A-system of size 2, i.e. {E, F}. So it
follows from Lemma 3.5 that H contains an (g, d)-A-system, a contradiction. Therefore, t < a;.

Let M C E be a set of size k — a; + t such that E\ F C M. Since [M| <k—1 and v; € M, we
have M € Z(E, H*). By assumption, M is the center of a A-system D C H* of size s in H*. Since
F\ E can have nonempty intersection with at most k < s edges in D, there exists an edge E; €
D such that (E; \ E) N F = (. Notice that E; satisfies EfNF=M\ (E\ F) and |[EyNF|=k — a;.
Since ITI(Z(E;, H*)) = II(Z(E, H*)), applying the same argument as above to E; and F we obtain
that A contains an (g, d)-A-system, a contradiction. ]

For a hypergraph H and an edge E € H let the weight of E in H be

1
wy(E):= Z w,

ECE
/
|E|=k—1

where deg;, (E') is the number of edges in # containing E'.
From the definition we have the following identity:

Yonu®=> > dea,, (E/ Z ng 7 = 1M (1)

EeH EeH fp o ESH
IF|=k—1

The following lemma gives a lower bound for wy;(E) regarding the intersection structure of E
in a homogeneous subgraph of . This lemma together with Equation (1) will be crucial later to
give an upper bound for the size of a homogeneous subgraph of an (4, d)- A-system-free k-graph.

Lemma 4.5. Let d>p>2, k>p, s>kd+ 1 be integers, and a=(ay, ..., ap) be a sequence of
positive integers with Zle ai=k. Let H be an (a,d)-A-system-free k-graph and H* be an s-

homogeneous subgraph of H with intersection pattern J. Suppose that r(J)=k — 1. Then the
following statements hold.

1. Ifthe number of (k — 1)-set in J is exactly k — 1, then every E € H* contains a (k — 1)-subset
that is not contained in any other edges in H. More specifically, if v € E is the vertex such that
all (k — 1)-sets but E\ {v} are contained in Z(E, H*), then E\ {v} is not contained in any
other edge of H. Consequently, w3 (E) > 1 for all E € H*.

2. Ifthe number of (k — 1)-set in J is at most k — 2, then wy(E) > kalfor allE e H*.

Proof. We may assume that a; > - - - > a,. Note that since Zle a; =k > p, we have a; > 2.

Let us begin with the proof for the first statement. Let E= {vy, ..., vx} € H*. By assumption,
the number of (k — 1)-set in Z(E, H*) is exactly k — 1. Without loss of generality, we may assume
that E\ {v;} € Z(E, H*) for 2 <i <k. We claim that {v,, ..., v} is not contained in any set in

H \ {E}. Indeed, if there exists E; € H \ {E} such that {v,, ..., v} C E;, then we have |E; NE| >
k — 1, but it follows from Lemma 4.4 that v; € E; as well. This means that E; = E, a contradiction.

Now we prove the second statement. Suppose that the number of (k — 1)-set in J is k — ¢ for
some integer t with 2 <t <k.Let E={vy, ..., vk} € H* be an edge. Without loss of generality, we
may assume that E \ {v;} € Z(E,H*) fort +1<i<kand E\ {v;} ¢ Z(E, H*) for j € [t].
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Our goal is to find a set S C {vy, . . ., v¢} of size £ for some integer £ < t such that dy/(E \ {v}) is
at most £ — 1 for every v € S. Then it would imply that

1 1 £ k
onE)= Y ——> > > —.
= degy, (E') veins degy (E\{v})) “£—1" k-1
I |=k—1

First, we need to prove the following claim.

Claim 4.6. There do not exist a (t — 1)-set I C [t] and t — 1 distinct vertices {u;: i € I}, such that
(E\{vihU{u} e H foralliel.

Proof. Suppose to the contrary that this statement is not true. Without loss of generality, we
may assume that I = [¢] \ {1} and there exist distinct vertices uy, . . . , 4 such that F;: = (E \ {v;}) U
{ui}e Hfor2 <i<t.

By assumption Z(E, H*) contains all (k — 1)-sets that contain {vi, ..., v:}. Since Z(E, H*) is
closed under intersection, Z(E, H*) contains all proper subsets of E that contain {vj,...,v}. In
other words, if A C {v¢41,..., v} and A # @, then E\ A € Z(E, H*).

We claim that for all {7, j} C [t] we have E\ {v;, v;} € Z(E, H*). This is true because otherwise
it would follow from the assumption E\ {v;}, E\ {v;} ¢ Z(E, H*) that r(Z(E, H*)) < k — 2, which
contradicts the fact that r(Z(E, H*)) = k — 1. Now by the argument above and the property that
I(E, H*) is closed under intersection, we know that if a set A C E satisfies |[A N {v1,...,v:}| > 2,
then E\ A € Z(E, H*).

Letip e [p] such that Zio 11 ai<t<y 2 aj,andletl=t— Z;O 11 a;. Note that iy < t. Recall
thata; >--->a,>1anda; > 2.

Suppose that £ > 2. Then there exists an d-partition E = U ) Ai such that Ay, ..., Aj—1 C
{vi,..oomh [AgN{v, . oow}[=€>2, and Ajg41,..., 4, C {vt+1, ..., V). Since a; >--->
ai,—1 > aj, > 2, by the argument above, E\ A; € Z(E, ’H*) for all i € [p]. Therefore, E\ A; is the
centre of a A-system of size s > kd + 1 in H* for i € [p], and it follows from Lemma 3.5 that H
contains an (a, d)-A-system, a contradiction. Therefore, £ = 1.

Suppose that a;, =1. Then we let E=J;c,) Ai be an a-partition such that J;c(;,) Ai =
{vi,...,»} and v; € A;y. Since A; C{v1,..., v} and |A1]| > 2, we have E\ A} € Z(E, H*). So
E\ Aj is the centre of a A-system D C H* of size s. We will assume thata, = - - - = g;, = 1. Other
cases follow analogously. For ip + 1 <i < p since A; C {v¢+1,. .., vk}, we have E\ A; € Z(E, H*)
and E\ A; is the centre of a A-system D; C H* of size s. Notice that by assumption, for every
2 <i<igwehave F; € H such that F; N E=E \ {v;}, and moreover, sets in {F; \ E: 2 <i <y} are
disjoint. Now, fix F; for 2 <i <ip and choose greedily a set E; € D; for iy < j < p such that sets
in {F;\ E: 2<i<ip} U{E;\ E: ip <j<p} are disjoint (since s > kd + 1 such Ej’s always exist).
Finally, choose d — p + 1 sets from D; such that they have empty intersection with all sets in
{Fi\E: 2 <i<ip} U{Ej\ E: ip <j <p} (since s > kd + 1 we can always find such d — p + 1 sets).
This shows that  contains an (4, d)- A-system, a contradiction. Therefore, a;, > 2.

Suppose that a; > 3. Then we let E= Ule[p Aj be an g-partition such that A, U--- U A, C
v, .. .swh vepr €A and Ay \ {vep1} C{vi, ..o ve) and {vy, ..o v\ (Ule lio—1] Ai) CAj,. By
the argument in the last paragraph, we have |A; N {vy, ..., v}| > 2foralli € [ip]. The partition E =
Uie[p] A;j we chose ensures that Aj C {vt41, ..., v} for all ig + 1 < j < p. Therefore, for every i €
[p] the set E \ A; is contained in Z(E, H*) (this follows from the second and the third paragraphs
in the proof of Claim 4.6), and hence, E \ A; is the center of a A-system of size s > kd 4+ 1 in H*.
So, it follows from Lemma 3.5 that H contains an (4, d)-A-system, a contradiction. Therefore,
a) = 2.

Suppose that a, = 1. Then we let E= Uie[p] A; be an a-partition such that A; U - - - UA;_; =
{vi,...,vi—1} and A, = {v;}. For every i € [ip — 1] since |A; N E| > 2, we have E \ A; € Z(E, H").
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For every ig <j <p — 1 since Aj C {v¢+1,..., vk}, we have E\ A € Z(E, H*). Therefore, E\ A; is
the center of a A-system of size s > kd + 1 in H* for i € [p — 1]. Note that E '\ A, is the center of
a A-system of size 2 in H, i.e. {E, F;}. So it follows from Lemma 3.5 that H contains an (4, d)-A-
system, a contradiction. Therefore, a, = 2.

Nowwehaveaq; =---= ap =2 and ¢ = 1. This implies that t is odd, t > 3, k is even, and k > t.
Since E \ {vx} € Z(E, H*), we know that E \ {vx} is the center of a A-system D of size s in H*. So
we can choose a set Fx from D such that Fy \ E has empty intersection with {u5, . . ., u:}. In other
words, there exists a vertex uy that is not contained in {uy, . . ., us} such that F, = (E \ {vx}) U {u}.
Let F. = Uie[P] A; be an a-partition such that Ay = {v,, ur}, Ay = {v1,v3}, and A; = {v2i_2, v2i—1}
for 3 <i<p. Then for every i € [p] \ {1}, either A; C {v1,...,vs} or A; C{vit1,...,Vk_1}. Since
II(Z(Fy, H*)) = II(Z(E, H*)), the set Fi \ A; is the center of a A-system of size s > kd + 1 in H*
for i e [p] \ {1}. Since Fy \ A; is the center of a A-system of size 2 in #, i.e. {Fy, F»}. So it follows
from Lemma 3.5 that / contains an (4, d)-A-system, a contradiction. This completes the proof of
Claim 4.6. O

Define a bipartite graph G with two parts L ={v;, ..., v} and R=[n] \ E, and for every v; € L
and u € R, vjuis an edge in Giff (E \ {v;}) U {u} € H. Claim 4.6 implies that there are at most t — 2
pairwise disjoint edges in G. Therefore, by the Konig-Hall theorem, G contains a vertex cover S
with [S| <t —2.Let{ =|L\ §| >2.Then [SNR| <{ —2.Foreveryve L\ Ssince Ng(v) CSNR,

we obtain
degy, (E\ {v}) =degs (v) +1<¢—1.
This implies that
14 k
wn(E) = Z dea, () >y >
ECE deg (E L\SdegH(E\ v}) £—1 k—l
|E |=k—1
This completes the proof of Lemma 4.5. O

5. Proofs of Theorems 3.3 and 3.4

In this section, we prove Theorems 3.3 and 3.4.

First, let us prove Theorem 3.4. The proof can be divided into two steps. In the first step, we will
decompose the edge set of an (a, d)- A-system-free k-graph H into many disjoint s-homogeneous
subgraphs, and then using Lemma 3.8, Lemma 4.3, and Equation (1), we will show that most
edges (let us call them good edges) are contained in s-homogeneous subgraphs whose intersection
patterns contain exactly k — 1 (k — 1)-sets (see Claim 5.1). In the second step, we will partition the
set of good edges into stars with different centers and prove some property about them (see Claim
5.2). Then using the classical Kruskal-Katona theorem and some simple inequalities, we will show
that most edges are contained in one star.

Proof of Theorem 3.4. Let k> p> 2, d > p be integers, and a = (ay, . . ., a,) be a sequence of

integers with a; > --->a, > 1 and Zle[p a; =k. Let € > 0 be a sufficiently small constant and

n be sufficiently large integer. Let H C ([”]) be an (4, d)- A-system-free hypergraph with at least

1- e)(k_l) edges.
Let s=kd+1 and H; be a maximum s-homogeneous subgraph of H. Suppose that we
have defined #,...,H;> for some i>1. Let H;y; be the maximum s-homogeneous sub-

graph of #H \ (Ul::1 ’Hj). This process terminates after m steps for some positive integer m if

2Here for distinct i; and i, the vertex sets V(H;,) and V(#H,,) are allowed to have different k-partitions.
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HA\ (U]m:l 7—[]-) ={) or the intersection pattern of #,,+; has rank at most k — 2. Let J; denote

the intersection pattern of H; for i € [m + 1]. It follows from the definition and Lemma 4.1 that
r(J)) =k —1forie[m].Let

H = U {’H,ﬁ i € [m] and the number of (k — 1)-set in J; is exactly k — 1} ,
Hy = U {’H,': i € [m] and the number of (k — 1)-set in J; is at most k — 2} , and

Hy=H\(HiuH)=H\| |J #

ie[m]
Our first step is to show that |ﬁ2| and |7/-23| are small.
Claim 5.1. |Hy| + [H3] < 3ek({_)).

Proof. First, we show that |7/-Z3| =O0(n k—z) We may assume that 7’-23 # (. Recall that H,,,4; is a
maximum s-homogeneous subgraph of ’Hg with intersection pattern 7,4 of rank at most k — 2.
It follows from Theorem 3.7 that there exists a constant c(k, s) > 0 such that |H,,, 1] > c(k, s)|7—[3|
Since r(Jm+1) < k — 2, it follows from Lemma 3.8 that |H,,11] < |02 Hm+1] < (k—z) Therefore,

17 1 1 n
|H3| =< m'HWH—” =< ﬁ(\k,s) (k*Z)'
Next we show that H, < Zek(Z:i). By Equation (1) and Lemma 4.5, we have

k
U= onB) = 3 onB)+ Y on(B) = [Hil+—#l.
EeH Ee’}-[l EEHz

This implies that 1Tl + ,(_Lllﬁzl =< (kfl), which further gives

~ ~ k ~ ~
[Hal=(k—1) (|Hl| oMl + sl - I’H|>

<(k—1) ((kf 1) + 7 —( —e)(Z:D) <2€k(z: i)

This completes the proof of Claim 5.1. u

Notice that in the proof of Claim 5.1, we showed that Iﬁgl < ﬁ (kfz) and |771| + kal Iﬁzl <
(") Consequently,

Ml < T+ —— e < (" )+ ("
= R T e N=\k=1) " ko) \k=2

- n—1 n—1 )
—<k—1>+€<k—1>’ @

where the last inequality holds because n > ny(k, d) is large.
Claim 5.1 implies that

—~ P ~ 1
[Hil = M| — (1Hal + 1Hs]) > (1—46k)< 1) 3)

By definition, for every E € H,, there exists a unique s-homogeneous hypergraph ; for some
i € [m] such that E € H;, and moreover, r(J;) = k — 1 and the number of (k — 1)-set in J; is exactly
k — 1. This implies that there is a unique Vertex c € E such that every (k — 1)-subset of E that
contains c is contained in Z(E, H;). For every edge E € 7—[1 we use ¢(E) to denote this unique vertex.
Define G; = {E € 7—[1 c(E) = 1} for i € [n], and notice that Ule[n Gi ="H, is a partition. Let G, =
{E\ {i}: E € G} for i € [n]. From the first statement of Lemma 4.5, we know that for every i € [n]
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and every E € G; the set E \ {i} is not contained in any set in A \ {E}. Therefore, G/ N Q/ ¢ for all
{i,j} C [n]. Using Lemma 4.4, we can prove a even stronger statement.

Claim 5.2. 9G] N ag]f =0 for all {i, j} C [n].

Proof. Suppose to the contrary that this is not true. Without loss of generality, we may assume
that there exists A € 3G; N 3G,. Then this means that there exists E; € G; and E; € G, such that
Ey ={1,u} UAand E; = {2, v} U A for some u, v € [n]. Since G, is s-homogeneous and [E; N E;| >
k — 2>k — ay, it follows from Lemma 4.4 that 1 € E;. Similarly, we obtain 2 € E;. Therefore, E; =
E; ={1,2} UA, which implies that {1,2} U A € G; N G,, a contradiction.

Foreveryi € [n] letx; € R™ bea positive real number such that |G;| = G/ = (k’fl). Without loss
of generality we may assume that x; > - - - > x,, > 0. By the well-known Kruskal-Katona theorem
(see e.g. [12, 17, 19]), for every i € [n] we have

(kfl) / X,‘—k+2

jag)| =
() 0 kel
Therefore, by Equation (3) and Claim 5.2, we have

i—k+2
(1—4ek)(z ><|H1|_Z|g,|—2|g|<zxk 199

Gl < 9G]

i€[n] ieH
—k + 2 k +2( n
< - 0 Je s
which implies that
(1 4ek)( )
x1 > (k— I)T—i-k 2> (1 —5¢€k)n.
(x2)
Therefore,

[« (1—5ekym\  ((1 —6ekyn)*" b (n—1
|g1|_(k—1>>< k-1 )>W>“‘7€"’<k_1)

This inequality together with Equation (2) imply that all but at most 7ek*({_}) +€(}~})

0 IA

30en ! edges in H contain the vertex 1. This completes the proof of Theorem 3.4.
Based on Theorem 3.4, we are now ready to prove Theorem 3.3.

Proof of Theorem 3.3. Let d>p>2, k> p, s=kd + 1 be integers, and a=(ag..., ap) be a

sequence of positive integers with a; > - - - > a,, and Zie[p] a; = k. Let c(k, d) > 0 be the constant

guaranteed by Proposition 4.2 and let § = (c(k, s)/ IOO)k_1 /k. Let no(k, d, §) the constant guaran-
teed by Theorem 3.4 and let n > ny(k, d, §) be an integer. Note that since § only depends on k and
d, the constant ny(k, d, §) also only depends on k and d. Let H C ([z]) be an (@, d)- A-system-free
hypergraph with |H| = (Z:i) It suffices to show that all edges in 7 contain a fixed vertex.

From the proof of Theorem 3.4, we know that /{ contains a subgraph G, of size at least ("_1) -

k—1
8n*~1 such that all edges in G; contain a fixed vertex (we may assume that this vertex is 1), and

moreover, G; consists of pairwise edge-disjoint s-homogeneous hypergraphs whose intersection
patterns have rank k — 1 and contain all (k — 1)-subsets of [k] that contain 1.
Define

Bo={EeH:1¢E),
By ={E€H:1€Eand|ENB| >k — a for some B € By},
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G={EcH\ (B1UBy): VSC Ewith 1 €S, Sis the center of a A-system of size s in #},
By={E€H:1€E}\ (BUQG).

Note that G; C G. Therefore, |Bo| + |B1]| + |82 < dnF—L.
Our aim is to prove that |By| + |B1| + |B2| = 0. We will do this by first showing that every set
in B; fori € {0, 1, 2} has a (k — 2)-subset that is not contained in other sets in G and B;. Then using

the Kruskal-Katona theorem and some simple inequalities, we will show that |G| 4 4|B;| < (Z:i)

for i € {0, 1, 2}. Adding these three inequalities up and using the assumption that |H| = (z:}) we
will get |Bo| + |B1| + |B2| =0.

Let

Bi={E\1:E€Bi}, G ={E\1:E€G}, and B,={E\1:EcB,}.

Let B}, B; be maximum s-homogeneous subgraphs of B}, B3, respectively. It follows from
Theorem 3.7 that | B| > c(k, s)|B;| for i = 1, 2. Recall that for every E € 3G/, degg/ (E) is the num-
ber of edges in G’ that contain E. It follows from ZEeag’ degg/ (E)=(k—1)|G'| and degg/ (E) <
n—k+ 1 that

k
06 = ~— 191 (4)

Claim 5.3. |G| + 4/5o| < (*2)).

Proof. It is easy to see from the definition of G and By that [ENB|<k—a; —1<k—3 for
all E € G’ and B € By. Therefore, 3G’ N 3,8y =¥, and hence |dG’| + 3,8y| < (2:;) Let xe RT
be a positive integer such that [05y| = (kf 1). It follows from the Kruskal-Katona theorem and
Proposition 4.2 that

k— k—1
0 By| > ———— |38 —c(k, 5)| By
10280| = —k+1| ol = k+16( $)|Bol
This together with Equation (4) and |8G'| + [328| < (Z:é) imply that
k— , k— -1
——c(k, s)|B
—k+1|g| k+ c(k, $)|Bo| < (k 2)
Consequently,
n—k+1

k /
+1|Bo| 191+ ek, 5) -~ 1Bl

|Q|+(ks) y P

n—k+1 k— , k—1
i — < k_HIgH— —k+1C(k’S)|BO|>

<n—k+1 n—1\ (n—1
~ k-1 \k-2) \k—1)
1
By Theorem 3.4, we have (kfl) [0Bo| < k|Bo| < 8kn*—1. Tt follows that x < (ké)r
c(k, s)n/100. Since n > ny(k, d, 8) is large, we have

n—k+1 n—k+1
k, s)—— > c(k, 4
s 1 =) om0 k11
Therefore, the inequality above gives |G| + 4|By| < (Zj) O

Claim 5.4. Every E € B} contains a (k — 2)-subset that is not contained in any other set in B{ U G'.
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Proof. Suppose to the contrary that there exists an edge E={v1,...,vx_1} € B} such that for
every i € [k — 1] the set E'\ {v;} is contained in some other set in B} U G’. Without loss of gener-
ality, we may assume that for some integer ¢ the set E \ {v;} is contained in Z(E, G’) for all i € [£],
and the set E \ {v;} is contained in Z(E, B3}) for all £ + 1<j<k-1.

Let Jp: be the intersection pattern of 5}. Let B* {EU{1}: E€ B*} and notice that B* is s-

homogeneous with intersection pattern jBT' {AU{1}: A e Jpr}. Let E=EU {1} and note that
Eis an edge in Z?%

If £ =0, then jB* =2lk-1] \ {[k — 1]}. Consequently, r(I(E Bf))=k—1 and I(E BY) con-

tains all (k — 1)-subsets of E that contain 1. By the definition of 5, there exists B € By such that

[BN E | > k — ay. It follows from Lemma 4.4 that 1 € B, a contradiction. Therefore, £ > 1.
Foreveryie [£]1let E; € Gbean edge such that EENE=E \ {vi}. Let B € By be an edge such that

BN E| > k — a;. Suppose that [BN E| — t, where ¢ is an integer that satisfies 1 <t <a;. Then
for every i € [£] we have |[BNE;| > k — t — 1. On the other hand, by the definition of G, for every
i € [£] wehave |BNE; | <k—-a1—1<k- -t—1. Therefore,wernusthavet— ai, |BﬂE| —a,

and v; € B for all i € [£]. Let Ule A;=E be an - partltron such that A; = E \ B. Note that for

2 <i<p, either there exists some j € [£] such that E\A CE;jor {1, V- > Ve) CE\A In the
former case, since 1 € E \ A;, it follows from the deﬁnltron of g that E \ A; is the center of some
A-system of size s in H. In the latter case, we have E \A; € I(E B*) which implies that E \ A;jis

the center of some A-system of size s in B* Note that E \ A; is the center of a A-system of size 2,
ie. {E B}. So, it follows from Lemma 3.5 that H contains an (4, d)- A-system, a contradiction. [J

By Claim 5.4, we obtain [dG'| + |Bj| < (k—z)’ which together with Equation (4) and |B}| >
c(k, s)|B'1| = c(k, s)|B1| imply that

—k+1
191+ etk ) T2 By = ||+ etk §)———IBI
k+1

, " n—1
ST(|ag|+|B ) < (k—r)'

Since n > no(k, d, 8) is large, we have c(k, s) =~ L k+1 > 4. Therefore,

n—1
4|B;| < .
Gl +4| 1|_(k_1>

Claim 5.5. Every E € By has a (k — 2)-subset that is not contained in any other set in B UG'.

Proof. Suppose to the contrary that there exists an edge E={v1,...,vx_1} € B} such that for
everyi€ [k — 1] theset E \ {v;} is contained in some other set in B5 U G’. Without loss of generality
we may assume that there exists an integer [¢] such that E\ {v;} € Z(E, G) fori € [¢],and E \ {vji} €
I(E,By) for£ +1<j<k—1.
Let jB* be the intersection pattern of B3. Let B* {EU{1}: E € B}}. Note that f)’% is also
s-homogeneous with intersection pattern ‘78* ={AU{l}: A€ jB*} Let E=EU {1} and note

that E is an edge in BZ‘.

If £ =0, then jB* =2lk-1] \ {[k — 1]}. Consequently, r(I(E Z’j’.;)) =k — 1, and hence I(f Z;*)
contains all (k — 1) subsets of E that contain 1. Since I(E B*) is closed under intersection, all
proper subsets of E that contain 1 are contained in Z (E B ). However, by the definition of G, this
implies that E € G, a contradiction. Therefore, £ > 1.

For every i € [£] let E; € G be an edge such that E; N E= E\ {vi}. Let S be a proper subset of E
with 1 € S. If v; ¢ S for some i € [£], then S C E; and it follows from the definition of G that S is the

https://doi.org/10.1017/5S096354832200013X Published online by Cambridge University Press


https://doi.org/10.1017/S096354832200013X

1090 Xizhi Liu

center of some A-system of size s in H. If {v;,..., v} C S, thenSe Z(E, I/S’E) and it follows that S
is the center of some A-system of size s in 3;. Therefore, every proper subset of E that contains
1 is the center of some A-system of size s in 7{. However, it follows from the definition of G that
E € G, a contradiction. O

Claim 5.5 implies that [3G| 4 |B}| < (Z:;) Similarly to the argument above Claim 5.5 we
obtain

gl +asl=<()
2= \k-1)
It follows from || = (}_}) that
n—1
3<k_1>53|7—£|+|Bo|+|l31|+|32|
=3(G1+1Bol + |Bil + |B2]) + [Bol + |B1| + [B2]

n—1
=G| +4[Bol + |G| + 4|B1| + |G| + 4|52 §3< B 1>.

k
This implies that By = By = B, =¥ and |G| = (}_}). Therefore, 1 = G, and hence every edge
in ‘H contains the vertex 1. This completes the proof of Theorem 3.3. O
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