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PROBLEMS AND SOLUTIONS

PROBLEMS

98.3.1. Model Identification Based on Conditional Momemioposed by Xing
Ming. Assumer (z) is ans X 1 dimension functional vector ¢ 1 dimensional
random variableg composed of the dependent variapland thek X 1 dimen-
sional independent variables The conditional moment model is specified as
follows.

El7 (2)[x] = 9(z,0), )
where@ is aq X 1 column vector of parameters to be estimated

DEFINITION. Assume the truealue of the parameters a@’. Then model
(1) is identified if and only ifg(z,8°) = g(z,6) = 6 = 6°. Model (1) is not
identified if and only if there exis® # 8° such thatg(z,0°) = g(z,8) holds for
all the admissiblealues ofz.

The definition states thakis identified if and only if the moment function (1)
can be uniquely defined by a single valueddf Unfortunately as also noted by
Gallant (1977) such conditions are difficult to verify directlyBut in special
cases we can establish identification by inspeciieh, Ming, and Trivedi (1997)
used this definition to establish the identifiability of the moment-based finite
mixture models

Gallant (1977p. 79) considered the identifiability of the following model

agt+1Iny, +a;x=e, (2)
bo+Y>+ by, + bgx = &, (3)

wherey, andy, are the endogenous variahlgss the exogenous variahlende;
ande, are the error termd he parameters to be estimated ageas, b, b,, and
bs. Show that by using this definition of identificatipwe can obtain the same
identification results as those obtained by Gallant (19iZ&)

1. equation (2) is identified

2. whenaz # 0, equation (3) is identified

3. whenaz = 0, equation (3) imotidentified specifically by, b; cannot be identified
andbs; can be identified

REFERENCES
Deh P, X. Ming, & P.K. Trivedi (1997) Moment-Based Estimation of Finite Mixture Models of
Event CountsWorking paperDepartment of Economi¢$ndiana UniversityBloomington

Gallant A.R. (1977) Three-stage least-squares estimation for a system of simultaneoliseay
implicit equationsJournal of Econometric§, 71-88
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98.3.2. One—One Transformation of Multidimensional General Distribution to
Multidimensional Uniform Distributiojproposed by Xing Mingit is well known
that any continuous-type random varialllean be transformed into a uniformly
distributed random variable on,[J by its own distribution function and that the
transformation is - 1. The conclusion can be extended to a multidimensional
random vectar

Assume(Xy, X,, ..., X, is a random vector valued iR* and its distribution
function F(x4,X,,...,X) is differentiable and strictly increasing in each argu-
ment Prove that there exists a-11 transformation

Yy = f1(X1, Xa, .., X)
Yo = 1(Xq, Xa, .00, Xi)

Yk = fk(Xl’ XZ’ ey Xk)’
such that(Y,,Ys,...,Y,) is uniformly distributed on [@]X.

98.3.3. Prediction in the Equicorrelated Regression Madgebposed by Badi
H. Baltagi Consider the following regression mogdel

Ye = X B+ U t=12...,T.

where B is k X 1 and the disturbances are equicorrelated with mean, zero
var(u,) = o2 and covu, Us) = pa?fort # swith —1/(T — 1) = p = 1. Assume
that the regression has a constant

a. Show that OLS is equivalent to GLS (see Kruski#l68)

b. Show thatE(s?) = 0?(1 — p) and 0= E(s?) = [T/(T — 1)]o2 (see Dufour1986)

c. Applying Goldberger’s (1962) resultshow that the best linear unbiased predictor
for yrisis Yr+s = Xr+sPors.

REFERENCES

Dufour, IM. (1986) Bias ofs? in linear regressions with dependent erréxmerican Statisticiad0,
284-285

GoldbergerA.S. (1962) Best linear unbiased prediction in the generalized linear regression.model
Journal of the American Statistical Associatibi 369-375

Kruskal W. (1968) When are Gauss—Markov and least squares estimators identical? A coordinate-
free approachAnnals of Mathematical Statisti&9, 70-75

SOLUTIONS

97.3.1. A Consistent Estimator for Truncated Poisson Models with Specifica-
tion Error—Solution proposed by Joao Santos SilVdhatever the value of &

https://doi.org/10.1017/50266466698143098 Published online by Cambridge University Press


https://doi.org/10.1017/S0266466698143098

PROBLEMS AND SOLUTIONS 383

6 =1, aconsistent estimator f@can be based on moment conditions of the form
E{XIY[Y — 1—expla®™ + X B)]| X,8} = 0. (1)

The consistency of a GMM estimator depends solely on the validity of the
moment conditions on which it is based (see Han4882) Thereforgto prove
the consistency of a GMM estimator based on itlis enough to show that this
moment condition holds under the assumed sampling scheme

Defining A; = exp(a + X;8) and noting thaE{Y,|X,6} = A;/[1 — 6P(Y, =
0| X)]andE{Y;?2| X,8} = (A; + n2A?)/[1 — 8P(Y, = 0| X)], it is very easy to show
that (1) holds fo* = « + log(1 + 1?).

REFERENCE

HansenL.P. (1982) Large sample properties of generalized method of moments estintztors-
metrica50, 1029-1054

97.3.2. Coherency Conditions in a Simultaneous Equations Model with an In-
terval Censored Endogenous Variabl&olution proposed by K. SapraThere
are three reduced forms for model (1)—(2) in the problem as follows

1 y5 =Ly
Vi = B1 Xy + y1Lg + Uy, 1)
Yai = (y2B81) Xae + (y1y2)La + BoXor + (Uz + y2Uy)
=L, t=12...n @)

Equation (2) yields
[(y2B81)Xa + B2 Xo + (Uzy + your)] = (1 — y1y2)Ly, oOF (3

/(1 = y1y2)[(y2BD) Xat + B2 Xor + (Upy + yoUy)] = Ly iff (1—y4,72) > 0.

(4)
2. L <y <L,

Vi = /(1 — y1v2) [ B1 Xae + (y1B2) Xor + (Uge + Y1 U] %)

Yoi = 1/ (1 — y1y2)[(¥281) Xy + B2 Xor + (U + y2Usy)],
t=12,...,n (6)

Equation (6) yields

Y1 = y1y2)[(y2B1) Xar + B2 Xar + (Uge + y2Uy)] > Ly, and (7)
1/(1 = y1y2)[(y2B1) Xae + B2 Xor + (Upe + y2Uz)] < La. 8)
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3 Yo =Ly
Yar = B1 Xy + y1bo + Uy, 9
Y5r = (v2B81)Xa + B2 Xzt + (y1v2)La + (Uze + ¥2Uyp),
=L, t=12..,n (10)

Equation (10) yields
[(y2B1) Xy + B2 Xor + (U + yoUs)] = (1 — y1y2)Lo, OF (11)

/(1= y1y2)[(y2BD) Xqt + B2 Xor + (Upp + yoUy)] = Lo iff (1—y1y,) > 0.
(12)

A comparison between the inequalities in (4) and (7) reveals that they are mu-
tually exclusive iff(1 — y,y,) > 0. Similarly, a comparison between the inequal-
ities in (8) and (12) reveals that they are mutually exclusivéliff y,y,) > 0.

Hence the reduced form of model (1)—(2) in the problem exists(iff—
v1Y») > 0 because this condition guarantees that forgnyX,;, Uy;, andu,,, the
model produces one and only opg fort=1,2,...,n

97.3.3. Properties of Idempotent MatrixSolution® proposed by Victoria
Zinde-Walsh Consider the characteristic equation

detyl =C) =0 (2)
for a complexn X n matrix C. By the fundamental theorem of algebtiae poly-
nomial in (1) has exactly linear factorsy — vy;, with v;, i = 1,...n, denoting the

ith characteristic root (of coursthe roots do not have to be distindyjote that
the coefficient ofy""1 in (1) equals—tr(C). If C = A, denotey; by A;; for C =

| — A, denotey; by u;; note the one-to-one relation = 1 — w;. Rearrange the
rootssothat; =1 (u;=0)fori=1,...1,if I=1;A; #0,A; # 1 (w; # 0,0r 1)
fori=1+1,....,kifk=L A =0(nj=Dfori=k+1,...,n

Proof of necessity The characteristic roots 6f = A? areA? (Lipschutz 1991,
Example 111); thus if A = A2 | = k. Because similar matrices have the same
characteristic polynomial (Lipschutz991 Theorem 83) and a complex matrix
Cis similar to a triangular matri, , with characteristic roots on the diagonal (by
Lipschutz 1991 Theorem 111), it follows that hereXA; = tr(A) =l andXu; =
tr(I —A) = n—I|. Moreover rk(A) = rk(A,) =l andrk(l — A) = rk(l — A,) =
n-—1I.

Proof of sufficiency Note that t(A) = rk(A) — Zik=|+1,u,i and t(l — A) =
rk(l — A) — Eik:,ﬂ)\i =rk(l — A —k+1+ Zik=|+1,ui- By the condition of
equality between ranks and tracks= |. Now considelC = A — A. For thisC,
the characteristic polynomial can be factored as

—def(3 + Vi +y)1 - Alded(3 - Vi +y)1 - Al
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Thus because each root éfis either 1 or Qeach rooty; of C has to satisfy
either; + V2 +y=0o0rlors—+i+vy=0o0rlltis easy to see that this is
possible only ify; = 0 for all i. A complex matrix with all its characteristic roots
equal to zero is a zero matrix
NOTE

1. Excellent solutions have been proposed independently.iNelddecker and Mvan de Velden
by H. Quian by H.J Werner by V. Zinde-Walshand by RE. Hartwig and G Trenklet the posers of
the problem

REFERENCE

Lipschutz S. (1991) Theory and Problems of Linear Algebrdew York: McGraw-Hill.

97.3.4. Order Invariability of Idempotent Matrix-Solutions' The following
solutions have been proposed independently by KarimAbadir and Walter
Distaso and by Naorayex.OastoorThese solutions are based on different types
of interesting arguments

1. Solution—proposed by Karim Mibadir and Walter Distas&Ve will prove
the following generalizatian

LEMMA. Let P be a projector onto the space spanned by the columns of the
n X k matrix X of rank kThen for any irvertible kX k matrix R the projectors
Pxrand R, coincide

Proof Denote the complex-conjugate transpose of a matridy A* and the
g-inverse ofA by A~ (which satisfiesAA”A = A). From Rao and Mitra (1971
p. 112) the projector (idempotenBy has the representation

Py = X(X*AX) XA,

whereA is a nonsingular matrix such that rai¥‘A X) = rank(X). Here we have
rank(X) = k, so that(X*AX) is invertible and the formula reduces to

Py = X(X*AX)"IX*A.

Applying this simplification toPyg alsq we have

Pyr = XR(R*X*AXR) "IR*X*A = X(X*AX) IX*A = Py,
by the invertibility ofR.

WhenX = [X, Xp], the special case given in the original problem yields the
explicit form for R as the permutation matrix

R0|a
|1, o)
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leading toXR = [Xy X,] = X.. The original problem also requires= |, and

X real so thatPx = X(X'X) X', It follows from our lemma thaM = |, — Px =

I, — Pxr. More generallyour lemma shows that matrices liké satisfy invari-
ances relating to more than just the column-orderingofvhen X is of full
column rank Any nonsingular linear homogeneous transformation of the col-
umns ofX leaves its column span unchangeadd the projector (idempoter®,

is unaffectedA group-theoretic proof of this property is also possible but less
transparent

2. Solution—proposed by Naorayex Rastoor The solution is obtained as a
special case of the following theoremvhich considers more general forms of
idempotent matrices

THEOREM LetZs be an nX n-positive definite matrix and? (A) denote the
range space of AGiven nX k matrices X and Zeach with full column rankhe
following statements are equailent

(@) 1n— X(X'EX)IX'S = I, — Z(2'32)71Z's;

(b) X(X'EX)"IX'S =2Z(Z2'32)172's;

(¢) R(X) =R(2);

(d) there exists a i k nonsingular matrix C such that X€ Z.

Proof The equivalence of (a) and (b) is obvigyb) < (c) is obtained by
noting thatA(A’SA) 1A'S is the orthogonal projector ontB(A) for A = X,Z,
with the inner product defined bk, y) = x’'2y; and (c)& (d) is Theorem 515
in Grayhbill (1983 p. 89).

Now let

0a><b Ia

Ezln’X:[XAaXB]’C:[ } and Z=XC=[Xg,Xa]l = Xr;

Ib 0b><a
then the equivalence of statements (a) and (d) of the theorem provides
In = X(X'X) X" = 1, = Xr(XRXr) " Xg,

as required

NOTE

1. Excellent solutions have been proposed independently. i§yoErlich by SA. El-Sheneity
and AS. Hadi, by JH. Kim, by D. Li, by W. Mikhail, by G. Trenkletr J Gross and SO. Troschke by
M. Van de Veldenby H.1 Werney and by K Ham E. Im, and MS. Snow the posers of the problem
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