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ON INTERCEPT ESTIMATION IN THE
SAMPLE SELECTION MODEL
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We provide a proof of the consistency and asymptotic normality of the estimator
suggested by Heckmai99Q American Economic Revie80, 313—-318 for the
intercept of a semiparametrically estimated sample selection mblkelestima-

tor is based on “identification at infinify which leads to nonstandard conver-
gence rate

1. INTRODUCTION

Semiparametric estimation of sample selection models has attracted consider-
able interest in the last decaddore recently the estimation of the intercept of
the semiparametric estimated sample selection mogwtally absorbed in the
nonparametric sample selection bias correction tdras received due atten-

tion (see Heckmarl99Q Andrews and Schafgan$998 Chen 1999. Estima-

tion of the intercepte.g., allows one to evaluate the net benefit of a social
program It also permits a decomposition of the wage gap between socioeco-
nomic groupge.g., male—femalgto assess the extent of “discriminatiof®charf-

gans 19984 and allows for a discussion of its evolution over tiBuchinsky

1998.

Heckman(1990 suggested estimating the intercepf using only those ob-
servations for which the probability of selection is close to one and in the limit
asn — oo is one by introducing a bandwidth for the selection index that goes
to infinity. The justification of this approach is that the conditional mean of the
errors in the outcome equation for the observations having probability of selec-
tion close to one is close to zerAndrews and Schafgar(¢998 proved con-
sistency and asymptotic normality for a smoothed estimator based on this idea

In this note we derive the consistency and asymptotic distribution of the
Heckman estimatoiThis provides the empirical researcher with the advantage
of not having to specify the smoothing function introduced in Andrews and
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Schafgan$1998. Schafgan$1998h uses simulations whereas Schafgans and
Zinde-Walsh(2000 use the asymptotic rate of the mean square MMSE) to
compare the two estimators and discuss the selection of the bandwidth param-
eter over a wide class of distributional assumptiokhough the choice of
bandwidths usually has the most important consequences for the properties of
the estimatorsthere are cases where the choice of estimator itself affects the
optimal asymptotic rate

The remainder of this note is organized as follo®sction 2 introduces the
sample selection model considered and the estimators of Heckifaf and
Andrews and Schafgari$998. The asymptotic normality result for the Heck-
man estimator is given in Section &ll of the proofs appear in the Appendix

2. INTERCEPT ESTIMATION

The sample selection model that we consider can be written as

Yi" = pot+Zi6y+ U,

D, = 1(X{By> &), and (2)
Y, =YD, fori=1,...,n,

where(Y;, D;, Z;, X;) are observed random variabl&he first equation is the
outcome equatigrand the second equation is the selection equafon con-
veniencewe set

W = X{ Bo. 2)
The Heckman(1990 estimator is

i (Y, = Z/0)D; 1(X/ B > v,)
-1

= . ©)
> DX B>y,
i—1

The Andrews and Schafgafs998 estimator replaces the indicator function
by a smooth functiors(-):

(Y, = Z/6)D;s(X/ B — vn)
i=1

o= —— . @)
Z Di S(Xi’:é - ')’n)

Here (9, 3) are rootn consistent preliminary estimators d,, B,) (for refer-
ences see Andrews and Schafgari®998. The parametey,, is the bandwidth
or smoothing parametgy, — co ash — oo.
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3. ASYMPTOTIC NORMALITY OF THE HECKMAN ESTIMATOR

Here we prove the conjecture made in Andrews and Schafd@e8 that the
Heckman estimator also is asymptotically norntalthe unrealistic case where
the truefy, and By are known Andrews and Schafgans already showed that the
Heckman estimatoii, o, which is identical tog, with (é,,é) replaced by their
true valueg 6y, Bo), is asymptotically normal

For our purposesall we need to show now is thédenoting VarU;) by o 2)

\VNEDI(W > v,) .

(4 — f0) > 0. (5)
g

This requires us to deal directly with the nondifferentiability of the indicator
function Because the expectation of the generalized derivative of the indicator
function equals the value of the probability density functignd.f.) at zerg
our Assumption A involves the.g.f.

Denote in the partitiory = [y, Y(-1]" of an arbitraryk X 1 vectory the
first element byy(y), the rest byy_,,. Consider the linear transformatiaix; =

[W: T/] withL = '30(’)(1) /3|o,<—1)), wherel,_; is an identity matrix of di-
k—1
mensionk — 1; thenT; = X; (—y). For Bo we assume tha8g ;) # O.
We add the following assumption to the list of assumptions in Andrews and

Schafgang1998.!
Assumption A

(a) For some A> 0 the conditional p.d.fpdfy, v, ;(W|-) exists for all W> A and
declines monotonically. The marginal p.dddf,, (W) is such that for some
d—0,dn"® >

pdfy, (vn — d)

Pr(W, > 7,)%4 o

(b) For any W> A the conditional moment,f _ (| X; 1[3®) exists;Bo, ) # 0.

Similar to Assumptions 4 and 7 of Andrews and SchafgAssumption Aa)
relates to the upper tail behavior of the selection intdéx= X/ B,. It is satis-
fied if W has a Weibull Pareto or “combined” upper taillf Assumption 4 of
Andrews and Schafgans is satisfied with= 0, then this condition can be re-
placed by

pdfy (vn)

PrOW >y~ O

In both caseghe condition is less strong than requiring a bounded hazard func-
tion onW, because pgf(y, — d)”* = o(1).

The second part of Assumption A requires the existence of the conditional
moment but does not place any restrictions on its behavior as a functh of
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This assumption is satisfie@.g., if the unbounded components ¥f have a
joint normal or spherical distribution witi/.
The following theorem summarizes our result for the Heckman estimator

THEOREM 1 Under Assumptions A and 1, 2, and 4—7 of Andrews and Schaf-
gans (with b= 0 in Andrews and Schafgans)

\NED LW >vy,) [
) —<M
a

~ EUDLW >y,

d
N(0,1
| Mo EDI 1(VV| > yh) > - (09 )

VNED LW, > y,) d . )
(b) ———— (&, — o) — N(0,2) iff Assumption 8 of Andrews and
Schafga(rT]s holds.
Proof See the Appendix
To test hypotheses and construct confidence intervals for functions of
(o0, 60, Bo), we obtain a joint asymptotic normality result fog,, 6, 8) (simi-
larly to Andrews and Schafgay%

THEOREM 2 Under Assumptions A and 1, 2, and 4-8 of Andrews and Schaf-
gans (with b= 0 in Andrews and Schafgans)

VNED1(W, >y,) .
5 () — po)

Vno Y2 < 0= 9°>
B — Bo

Proof See the Appendix

<5 N(O,1).

NOTES

1. EssentiallyAssumptions 1 and 2 of Andrews and Schafgans require existence of moments
and independence betwe@d, ) and(Z;, X;); Assumptions 3 and’'3eal with the shape of(-);
Assumption 4 characterizes the upper taiMdfin terms of a parameter & ¢ < 3 with “fatter”
tails if £ = 0; Assumption 5 is roots consistency and asymptotic normality @, 3); Assump-
tion 6 isy, — oo, where its speed is restricted by Assumption 7 in terms of the taWof vy,.
Assumption 8 ensures that the biasfgfgoes to zero asymptotically

2. As in Andrews and Schafgana joint asymptotic normality result dffi,, 6, ) with esti-
mated covariance matrix can be obtained also

REFERENCES

Andrews D.W.K. & M.M.A. Schafgang1998 Semiparametric estimation of the intercept of a
sample selection moddReview of Economic Studié$, 497-518

Buchinsky M. (1998 The dynamics of changes in the female wage distribution in the :USA
quantile regression approaclournal of Applied Econometrick3, 1-3Q

Chen S. (1999 Distribution-free estimation of the random coefficient dummy endogenous vari-
able modelJournal of Econometric81, 171-199

https://doi.org/10.1017/50266466602181035 Published online by Cambridge University Press


https://doi.org/10.1017/S0266466602181035

44 MARCIA M.A. SCHAFGANS AND VICTORIA ZINDE-WALSH

Heckman 11 (1990 Varieties of selection bias®smerican Economic Revie80, 313—-318

SchafgansM.M.A. (19983 Ethnic wage differences in MalaysiBarametric and semiparametric
estimation of the Chinese—Malay wage-gapurnal of Applied Econometrick3, 481-504

SchafgansM.M.A. (1998h A Monte Carlo study of the semiparametric estimation of the intercept
of a sample selection modé¥lanuscript London School of Economics

SchafgansM.M.A. & V. Zinde-Walsh(2000 On intercept estimation in the sample selection model
Sticerd Discussion paper EN00/380, London School of Economics and Political Science

APPENDIX: ASYMPTOTIC NORMALITY RESULT
FOR THE HECKMAN ESTIMATOR

To prove asymptotic normalifyall we need to show is thats) holds As in the
proof of Theorem A-1 of Andrews and Schafgans the left-hand sid&)afan be writ-
ten asC((A/B) — (A/B) C((A — A)/B)(B/B) — C((B — B)/B)(A/B)(B/B),
whereC = /nED, 1(W > yn)/cr A=31(Y = Z{6)D LW > yp), A= SLi(Y, —
ZI6)D X B > yo), B = S DLW > yp), andB = S, DA% 3 > vn). To
show (5), therefore it suffices to show that

(i) B/B-S1
(i) C(A-A/B 50 ~
(i) A/B=0,(1) A

(iv) C(B-B)/B-50.

From Assumption 7 and Lemma A-2 of Andrews and Schafgaonge that Assump-
tion 3’ in Andrews and Schafgans is trivially satisfied heitefollows that C — oo,
which means thaiv) implies (i) in (A.1). From Lemmas A-1 and A-2 of Andrews and
Schafgans one gets thaC/B equalsn~2Pr(W > y,)~%? in probability and thusii)
is implied by the following sufficient conditions

T 2 (Ui + o) Dy ajp
=1 p
PrW > Yn)l/z — 0, (A.2)
—(6-9 LS Z;D
( o) NG Z:l i Vi tin )
PIW = 772 —0, and (A.3)
1
—(6 — 6,)’ NP EZ D 1(W > y,)
20, (A.4)

Pr(W > y,)"2
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where the nondifferentiable functian, is given by
an(BWL X)) With an(B,W, X) = L(X'B > y,) = LW > y,). (A.5)
Condition(iii) holds following the proof of Theorem A-1 in Andrews and Schafgdins

provides

1 n
> U DLW >y,)

ni=1

Pr(W > vy,)

=0,(1). (A.6)

Finally, condition(iv) would follow if we show that
1 n
\/ﬁ E Di Uiy
i=1

p
—— > 0. A.7
PHW, > 7,2 (A7)

Note that under Assumptions 3, and 6 of Andrews and Schafgans and using Holder’s
inequality the expression ifA.4) is bounded by
Op(l)E” Zi ||1(VV, > ')’n)
Pr(W > y,)"?

= Op(D(EIZ[*)*(Pr(W, > y,)** 2 — 0. (A.8)

The proof of Theorem ,1therefore requires us to show thdf.2), (A.3), and (A.7),
which involve the discontinuous functian hold.

We do this in three step§irst, a technical lemma is givefLemma 1, then a lemma
is given that examines terms in the expressions of intdtemhma 2, and finally we
give the proofs of the theorem#hich combine the intermediate results

LEMMA 1. Under Assumptions 1, 2, 6, and 7 of Andrews and Schafgans and As-
sumption A, there exists a sufficiently slowly increasiig,} such that M = O(n%/®)
and
E(\/ﬁ”‘(ll ”an(ﬁ7vvi7 Xi ))
18—Bol <(Ma/~/) Pr(W, > y,)"2

-0 ashn—o o forQ, =27 /4n,

0, =V, orQ;, =1 O0i.
Proof of Lemma 1. It will be sufficient to show that for the sequenfe/3}

VRE(IQ - |ay(BW, X110 > 02)

su 0 (A.9)
18=Bol<(Mn/ /) Pr(W, > y,)"?
and
\/ﬁE Qi K ,V\/,,Xi -1 Xi = n1/3
(1] - [en(B )\l/z(l\ [ ) o (A10)
18—Bol <(Mp/~/) Pr(W, > v,)

Noting that| an(8, W, X;)| = 1, we get for(A.9) in the casd); = U; (using the inde-
pendence condition of Assumptionl® of Andrews and Schafgansnd similarly for
Q; =1, under Assumptions 1 and 7 of Andrews and Schafgans
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VRE(I |- an(B,W, X)L X > n%) _ VRE(I]-1(1 X[ > n*?))

Pr(W, > y,)"? B Pr(W, > y,)"2
_ NEJO[-Pr(IXi[ > n¥®) _ VREJQ[-E[X[%n
B Pr(W > y,)"2 o Pr(W >y, Y2
Elo|-E[ X3
-0 (A.11)

T (NPr(W, > y,)Y2

using Jensen’s and Markov’s inequalitids the case); = Z,/v/n, (A.9) converges to
zero even fastebecause similarly

E(1Zi]-an(B,W, X[ -1(I1Xill > n2)) _ (E[Zi[*)*(E[X[*)**
Pr(W > y,)"2 - Ve (nPr(W > y,) Y2

—0. (A.12)

The left-hand side ofA.10) for Q; = Z; /A/n is bounded by

(Elz|»)*¥> VNE|a,(8,W, X)[1(] X | < n*®) \¥2
(nPr(W, > y))¥4 _ sup Pr(W > y,)¥2 (A.13)
i n |B=Bol<(Mn/~/N) i = Vn

using Hoélder’s inequalityGiven Assumptions 1 and 7 of Andrews and Schafgérere-
fore, it remains only to showA.10) for Q; = 1 andU;.

Using the independence 6% andX; for ; = 1 andU; (by Assumption 2b) of An-
drews and Schafgapsve can rewrite the numerator 6A.10) as

E(lauD-  sup  NnElay(B,W, X)[1(|X] < n*2). (A.14)
18—Bol<(My/NT)

By examining the functiona,(B8,W,X;) from equation(A.5), we can see that
lan(B, W, X;)| equals one if eithery, < W < y, + |X/(8 — Bo)| for negative
X{(B = Bo) or if yn = [X/(B — Bo)l < W < v, for positive X{(8 — Bo) and zero
otherwise In view of the restrictions of 8 — Bo| and | Xi| we have|X/(8 — Bo)| <
(M,,/n¥®), which impliesW, > y, — (M,/n%%6). Hence

Sup \/ﬁE|an(B,V\/,,X,)|1(HX, H < n1/3)
[1B=Boll<(Mn/~NM)

M
= sup «/ﬁE\anm,vvi,xnll(vvi > Yo - m) 1(|X | < n*?). (A.15)
18— Bol<(Mn/~/M) n

Recall the linear transformatidoX = (W,T)’, L nonsingularUsingX = L~ Y(W,T")’
we write X'(8 — Bo) = WL X8 — Bo))a + I'"'(L""YB — Bo))—1. We denote
(L'"XB = Bo))w = hand(L'""*(B — Bo))—1 = H, where|h| = [L7!]-[|B — Bo| =
IL=1[(M,/~/n) and similarly [H| = |L1|(M,/~n). Assume thatM, is such that
[L~1[(M,/A/n) < 1. Reexaminingfor negativeX; (8 — Bo), the conditiony, < W <
Yo+ I X(B = Bo)| = yn = W(LH(B — Bo)w — I (L'"(B — Bo))(-1) we realize that
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for negativeX/ (B — Bo) |an(B, W, X;)| equals one foly, < W < (y, — I['H)/(1 + h).
Similarly for positiveX/ (8 — Bo) |an(8,W, X;)| equals one fofy, — I;’H)/(1 + h) <
W < y,. Thus(A.15) equals

sup %E[fl(xi'(/s o) < o>1(vn <w< ﬂ)

18—Bol <(Mp/~/) 1+h

X LX) < nl/S)pdfw,n\n(Wyﬂ)dW
M,
+.fHXKB—B&3>®16N>7w—F%>

yn_ri,H
X1 — < WK
( 1+h YJ

X 1(| X < nl/3)pdfw,rlrl(W,Fi)dW]. (A.16)

The pdfy 1, exists for large enouglh, because the expression under the integrals
is nonzero only ifW > y, — (M,/n%®) and thus asy, — o for M, = O(n'%)
becomes greater thaf; the conditional pdf, .. (W|-) declines monotonically in
W. Denote y, — (M,/n¥®) by %,. Each of the integrals can be bounded by
pdfy 1 (7o, T)-[(ITHI /(X + h)) + [h/(1 + h)|y,]. Thus the sum is bounded by

Vn:|> dPr

sup 2\/ﬁf<Pdfw,,riri(7n,F)[— + i+h

IT'H| ‘ h
[B=Bol<(Mn/~/n) 1+h

= 2900 L ety ) [ 1001+ ) AP
1+h AA/n n [Wi=%n

2M, L _ M,
=1+ pn P | BTl + %0+ 575 | (A.17)

whereI; = X; ). The notationdPr; indicates that a Stieltjes integral with respect to
the cumulative probability functiom is taken if a marginal density existslPr. =

pdf(I')dI’. By Jensen’s inequalityand in view of Assumption £b), this is bounded
almost surely by

2M, L7 _ M
1n+ - — - pdfyy ()| Ewy=y, (IXi 132 + 5, + nT/nG ) (A.18)

First we consideEy,_,, (| X; 1 [°). By Assumption 1 of Andrews and Schafgans
we know that the unconditional expectati&i| X; 1,®) is bounded this implies that
for the fixed A of Assumption AE (]| X;,—1[31(W > A)) is bounded also
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(1%, 012100 > A) = [[ 1X 412100 > Apety, (W) Pry g 0W

= f J(W) pdfy, (W) L(W > A)dW, (A.19)

where J(W) = [|X_y[3dPrw_w is a function of W only. Because the integral
JI(W)pdfy, (W)dW = E(]| X; 1 |®) exists it implies that pdf, (W)J(W) = o(W~1).
BecauseEW? exists from Assumption 1 in Andrews and Schafgans we also have
pdfy, (v)y3 = o(y 1) asy — oo. Rewriting (A.18), we get
2M, LY _ s s
S P ()72 (P (72) I (7)) + (pdlfy (7) 7))
2MZ LY
nYé(1+h)’
_aMgLY
1+h

pdfw, (¥n)

My 272 1/3
pdfy (7.1— W) o(yn ™3, (A.20)

where the equality uses in addition the assumption Myat~Y/¢ = O(1).
This implies that for; = 1 andU; (A.10) can be bounded as

2M, L M, \¥2
E(llﬂil\)ﬁ-pdfw, 'Yn_nT/ne o(ya )

Pr(W > y,)"?

M, \ \23
pde, <7n - 1/6>
2M, LY :

1+h Pr(w > vy,)¥*

= E(l) o(yn 3). (A.21)

SetM,, = min{dn/® yY3} with d > 0 as in Assumption AUsing Assumptions 1 and 6
of Andrews and Schafgans and Assumptiof@Athe right-hand side ofA.21) con-
verges to zero n

LEMMA 2. Under Assumptions 1, 2, and 5-7 of Andrews and Schafgans and under
Assumption A

1
ﬁEHQu |||ain ‘
Pr(W > y,)"?

Proof of Lemma 2. We show that for any > 0

20 asnosow forQ,=z/vn, O,=U, orq =1 [Oi.

1
ﬁZl\QiH\aml

Pr >¢| >0 asn— oo. (A.22)

Pr(W, > y,)"2
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From Lemma 1let M, satisfyM, 0(y,, ¥®) — 0 and(M,/n*®) < d. The left-hand side
of (A.22) is equal to

1
ﬁEHQJHaml ) )
Pr W>§,Hl3—ﬁo\|5\m
1
ﬁzﬂﬂilllaml
+ Pr W>Z,Hﬁ*ﬁo”>ﬁ
1
ﬁEHQilllam\ ) M, ) M.
=Pr W>§’”'B_B°”S\/ﬁ +PF<|\B—BoH>ﬁ>. (A.23)

The second expression on the right-hand siqe0023) converges to zero by Assump-
tion 5 of Andrews and Schafgansecausevn(3 — Bo) = Op(1) implies \n(B — Bo)/
M, = 0p(1). The first expression on the right-hand side(af23) is bounded by

1
ﬁ E ”QI ”lan(lgsvvhxi)'

sup  Pr >/
18— Bol=My/~/A Pr(W, > y,)"?

1
ﬁ E ”Q| |||an(B?VVi?xi)|

E
Pr(W, > v,

I

sup
| B=Bol=My/ /R0 g

nE|Q WL X
_ sup VNE[Q; [ (B ’ .)I’ (A.24)
I1B=Bol=My~m L PI(W >1vy,)

where the inequality is based on Markov's inequalithiis term converges to zero for
all /> 0byLemmal |

Proof of Theorem 1. For our proof it is sufficient to showA.2), (A.3), and (A.7).
By Assumptions 1 and 5 fof — 6 of Andrews and Schafganthe left-hand sides of
(A.2) and(A.3) can be bounded by

12 12
= Uil e — a;
= 21U o = 3l

+ | mol (A.25)

Pr(W > y,)"2 Pr(W > y,)V?’
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1 n
Op(l) - 2 Hzi H : |ain|
ni=y

(A.26)

Pr(W > y,)¥? °
respectivelyFrom Lemma 2(A.25) and(A.26) have zero probability limits
Finally, to prove(A.7), we note that its left-hand side can be bounded by

1 n
N |:21 ||
e A.27
PIOW > )7 (A2D)
which by Lemma 2 again converges in probability to zéfrbis completes the proof of
our theorem |

Proof of Theorem 2. By the Cramér—Wold devicehis result follows directly from
(5) and Theorem A-4 in Andrews and Schafgalmsthe latter the result in Theorem 2 is
shown for the case whewg, is replaced by, o. n
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