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We provide a proof of the consistency and asymptotic normality of the estimator
suggested by Heckman~1990, American Economic Review80, 313–318! for the
intercept of a semiparametrically estimated sample selection model+ The estima-
tor is based on “identification at infinity,” which leads to nonstandard conver-
gence rate+

1. INTRODUCTION

Semiparametric estimation of sample selection models has attracted consider-
able interest in the last decade+ More recently the estimation of the intercept of
the semiparametric estimated sample selection model, typically absorbed in the
nonparametric sample selection bias correction term, has received due atten-
tion ~see Heckman, 1990; Andrews and Schafgans, 1998; Chen, 1999!+ Estima-
tion of the intercept, e+g+, allows one to evaluate the net benefit of a social
program+ It also permits a decomposition of the wage gap between socioeco-
nomic groups~e+g+,male–female! to assess the extent of “discrimination”~Schaf-
gans, 1998a! and allows for a discussion of its evolution over time~Buchinsky,
1998!+

Heckman~1990! suggested estimating the interceptm0 using only those ob-
servations for which the probability of selection is close to one and in the limit
asn r ` is one by introducing a bandwidth for the selection index that goes
to infinity+ The justification of this approach is that the conditional mean of the
errors in the outcome equation for the observations having probability of selec-
tion close to one is close to zero+ Andrews and Schafgans~1998! proved con-
sistency and asymptotic normality for a smoothed estimator based on this idea+

In this note, we derive the consistency and asymptotic distribution of the
Heckman estimator+ This provides the empirical researcher with the advantage
of not having to specify the smoothing function introduced in Andrews and
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Schafgans~1998!+ Schafgans~1998b! uses simulations whereas Schafgans and
Zinde-Walsh~2000! use the asymptotic rate of the mean square error~MSE! to
compare the two estimators and discuss the selection of the bandwidth param-
eter over a wide class of distributional assumptions+ Although the choice of
bandwidths usually has the most important consequences for the properties of
the estimators, there are cases where the choice of estimator itself affects the
optimal asymptotic rate+

The remainder of this note is organized as follows+ Section 2 introduces the
sample selection model considered and the estimators of Heckman~1990! and
Andrews and Schafgans~1998!+ The asymptotic normality result for the Heck-
man estimator is given in Section 3+ All of the proofs appear in the Appendix+

2. INTERCEPT ESTIMATION

The sample selection model that we consider can be written as

Yi
* 5 m0 1 Zi

'u0 1 Ui ,

Di 5 1~Xi
'b0 . «i !, and (1)

Yi 5 Yi
*Di for i 5 1, + + + , n,

where~Yi ,Di ,Zi ,Xi ! are observed random variables+ The first equation is the
outcome equation, and the second equation is the selection equation+ For con-
venience, we set

Wi 5 Xi
'b0+ (2)

The Heckman~1990! estimator is

[m I 5

(
i51

n

~Yi 2 Zi
' Zu!Di 1~Xi

' Zb . gn!

(
i51

n

Di 1~Xi
' Zb . gn!

+ (3)

The Andrews and Schafgans~1998! estimator replaces the indicator function
by a smooth functions~{!:

[ms 5

(
i51

n

~Yi 2 Zi
' Zu!Di s~Xi

' Zb 2 gn!

(
i51

n

Di s~Xi
' Zb 2 gn!

+ (4)

Here ~ Zu, Zb! are root-n consistent preliminary estimators of~u0,b0! ~for refer-
ences, see Andrews and Schafgans, 1998!+ The parametergn is the bandwidth
or smoothing parameter; gn r ` asn r `+
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3. ASYMPTOTIC NORMALITY OF THE HECKMAN ESTIMATOR

Here we prove the conjecture made in Andrews and Schafgans~1998! that the
Heckman estimator also is asymptotically normal+ In the unrealistic case where
the trueu0 andb0 are known, Andrews and Schafgans already showed that the
Heckman estimator, [m I,0, which is identical to [m I with ~ Zu, Zb! replaced by their
true values~u0,b0!, is asymptotically normal+

For our purposes, all we need to show now is that~denoting Var~Ui ! by s2!

MnEDi 1~Wi . gn!

s
~ [m I 2 [m I,0!

p
&& 0+ (5)

This requires us to deal directly with the nondifferentiability of the indicator
function+ Because the expectation of the generalized derivative of the indicator
function equals the value of the probability density function~p+d+f+! at zero,
our Assumption A involves the p+d+f+

Denote in the partitiony 5 @ y~1! y~21!
' # ' of an arbitraryk 3 1 vectory the

first element byy~1!, the rest byy~21!+ Consider the linear transformationLXi 5

@Wi : Gi
'# ' with L 5 Sb0, ~1! b0, ~21!

'

0 Ik21
D, whereIk21 is an identity matrix of di-

mensionk 2 1; thenGi 5 Xi, ~21!+ For b0 we assume thatb0, ~1! Þ 0+
We add the following assumption to the list of assumptions in Andrews and

Schafgans~1998!+1

Assumption A+

(a) For some A. 0 the conditional p.d.f.pdfWi ,Gi 6Gi
~W6{! exists for all W. A and

declines monotonically. The marginal p.d.f.pdfWi
~W! is such that for some

d r 0, dn106 r `

pdfWi
~gn 2 d!

Pr~Wi . gn!304 5 O~1!+

(b) For any W. A the conditional moment E6Wi5W~7Xi, ~21!73! exists;b0, ~1! Þ 0.

Similar to Assumptions 4 and 7 of Andrews and Schafgans, Assumption A~a!
relates to the upper tail behavior of the selection indexWi 5 Xi

'b0+ It is satis-
fied if Wi has a Weibull, Pareto, or “combined” upper tail+ If Assumption 4 of
Andrews and Schafgans is satisfied withj 5 0, then this condition can be re-
placed by

pdfWi
~gn!

Pr~Wi . gn!304 5 O~1!+

In both cases, the condition is less strong than requiring a bounded hazard func-
tion on Wi , because pdfWi

~gn 2 d!104 5 o~1!+
The second part of Assumption A requires the existence of the conditional

moment but does not place any restrictions on its behavior as a function ofWi +
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This assumption is satisfied, e+g+, if the unbounded components ofXi have a
joint normal or spherical distribution withWi +

The following theorem summarizes our result for the Heckman estimator+

THEOREM 1+ Under Assumptions A and 1, 2, and 4–7 of Andrews and Schaf-
gans (with b5 0 in Andrews and Schafgans)

(a)
MnEDi 1~Wi . gn!

s S [m I 2 m0 2
EUi Di 1~Wi . gn!

EDi 1~Wi . gn! D d
&& N~0,1!

(b)
MnEDi 1~Wi . gn!

s
~ [m I 2 m0! d

&& N~0,1! iff Assumption 8 of Andrews and

Schafgans holds.

Proof+ See the Appendix+

To test hypotheses and construct confidence intervals for functions of
~m0,u0,b0!, we obtain a joint asymptotic normality result for~ [m I , Zu, Zb! ~simi-
larly to Andrews and Schafgans!+2

THEOREM 2+ Under Assumptions A and 1, 2, and 4–8 of Andrews and Schaf-
gans (with b5 0 in Andrews and Schafgans)

1
MnEDi 1~Wi . gn!

s
~ [m I 2 m0!

MnV2102S Zu 2 u0

Zb 2 b0
D 2 d

&& N~0, I !+

Proof+ See the Appendix+

NOTES

1+ Essentially, Assumptions 1 and 2 of Andrews and Schafgans require existence of moments
and independence between~Ui ,«i ! and~Zi ,Xi !; Assumptions 3 and 3' deal with the shape ofs~{!;
Assumption 4 characterizes the upper tail ofWi in terms of a parameter 0# j , 1

3
_ with “fatter”

tails if j 5 0; Assumption 5 is root-n consistency and asymptotic normality of~ Zu, Zb!; Assump-
tion 6 is gn r `, where its speed is restricted by Assumption 7 in terms of the tail ofWi . gn+
Assumption 8 ensures that the bias of[mn goes to zero asymptotically+

2+ As in Andrews and Schafgans, a joint asymptotic normality result of~ [mn, Zu, Zb! with esti-
mated covariance matrix can be obtained also+
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APPENDIX: ASYMPTOTIC NORMALITY RESULT
FOR THE HECKMAN ESTIMATOR

To prove asymptotic normality, all we need to show is that~5! holds+ As in the
proof of Theorem A-1 of Andrews and Schafgans the left-hand side of~5! can be writ-
ten as C~~ ZA0 ZB! 2 ~A0B!! 5 C~~ ZA 2 A!0B!~B0 ZB! 2 C~~ ZB 2 B!0B!~A0B!~B0 ZB!,
whereC 5 MnEDi 1~Wi . gn!0s, A 5 (i51

n ~Yi 2 Zi
'u0!Di 1~Wi . gn!, ZA 5 (i51

n ~Yi 2
Zi
' Zu!Di 1~Xi

' Zb . gn!, B 5 (i51
n Di 1~Wi . gn!, and ZB 5 (i51

n Di 1~Xi
' Zb . gn!+ To

show ~5!, therefore, it suffices to show that

~i! ZB0B p
&& 1

~ii ! C~ ZA 2 A!0B
p
&& 0

~iii ! A0B 5 Op~1!
(A.1)

~iv! C~ ZB 2 B!0B
p
&& 0+

From Assumption 7 and Lemma A-2 of Andrews and Schafgans~note that Assump-
tion 3' in Andrews and Schafgans is trivially satisfied here! it follows that C r `,
which means that~iv! implies ~i! in ~A+1!+ From Lemmas A-1 and A-2 of Andrews and
Schafgans one gets thatsC0B equalsn2102 Pr~Wi . gn!2102 in probability and thus~ii !
is implied by the following sufficient conditions:

1

Mn (
i51

n

~Ui 1 m0!Di ain

Pr~Wi . gn!102

p
&& 0, (A.2)

2~ Zu 2 u0!'
1

Mn (
i51

n

Zi Di ain

Pr~Wi . gn!102

p
&& 0, and (A.3)

2~ Zu 2 u0!'
1

Mn (
i51

n

Zi Di 1~Wi . gn!

Pr~Wi . gn!102

p
&& 0, (A.4)
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where the nondifferentiable functionain is given by

an~ Zb,Wi ,Xi ! with an~b,W,X ! 5 1~X 'b . gn! 2 1~W . gn!+ (A.5)

Condition~iii ! holds following the proof of Theorem A-1 in Andrews and Schafgans+ It
provides

1

n (
i51

n

Ui Di 1~Wi . gn!

Pr~Wi . gn!
5 Op~1!+ (A.6)

Finally, condition~iv! would follow if we show that

1

Mn (
i51

n

Di ain

Pr~Wi . gn!102

p
&& 0+ (A.7)

Note that under Assumptions 1, 5, and 6 of Andrews and Schafgans and using Hölder’s
inequality the expression in~A+4! is bounded by

Op~1!E7Zi 71~Wi . gn!

Pr~Wi . gn!102 # Op~1!~E7Zi 73!103~Pr~Wi . gn!!2032102 r 0+ (A.8)

The proof of Theorem 1, therefore, requires us to show that~A+2!, ~A+3!, and ~A+7!,
which involve the discontinuous functiona, hold+

We do this in three steps+ First, a technical lemma is given~Lemma 1!, then a lemma
is given that examines terms in the expressions of interest~Lemma 2!, and finally we
give the proofs of the theorems, which combine the intermediate results+

LEMMA 1 + Under Assumptions 1, 2, 6, and 7 of Andrews and Schafgans and As-
sumption A, there exists a sufficiently slowly increasing$Mn% such that Mn 5 O~n106!
and

sup
7b2b07,~Mn0Mn!

E~Mn7Vi 7an~b,Wi ,Xi !!

Pr~Wi . gn!102 r 0 as nr ` for Vi 5 Zi 0Mn,

Vi 5 Ui, or Vi 5 1, ∀i+

Proof of Lemma 1. It will be sufficient to show that for the sequence$n103%

sup
7b2b07,~Mn0Mn!

MnE~7Vi 7{6an~b,Wi ,Xi !6{1~7Xi 7 . n103!!

Pr~Wi . gn!102 r 0 (A.9)

and

sup
7b2b07,~Mn0Mn!

MnE~7Vi 7{6an~b,Wi ,Xi !6{1~7Xi 7 # n103!!

Pr~Wi . gn!102 r 0+ (A.10)

Noting that6an~b,Wi ,Xi !6 # 1, we get for~A+9! in the caseVi 5 Ui ~using the inde-
pendence condition of Assumption 2~b! of Andrews and Schafgans! and similarly for
Vi 5 1, under Assumptions 1 and 7 of Andrews and Schafgans,
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MnE~7Vi 7{6an~b,Wi ,Xi !6{1~7Xi 7 . n103!!

Pr~Wi . gn!102 #
MnE~7Vi 7{1~7Xi 7 . n103!!

Pr~Wi . gn!102

#
MnE7Vi 7{Pr~7Xi 7 . n103!

Pr~Wi . gn!102 #
MnE7Vi 7{E7Xi 730n

Pr~Wi . gn!102

5
E7Vi 7{E7Xi 73

~n Pr~Wi . gn!!102 r 0 (A.11)

using Jensen’s and Markov’s inequalities+ In the caseVi 5 Zi 0Mn, ~A+9! converges to
zero even faster, because similarly

E~7Zi 7{6an~b,Wi ,Xi !6{1~7Xi 7 . n103!!

Pr~Wi . gn!102 #
~E7Zi 73!103~E7Xi 73!203

n106{~n Pr~Wi . gn!!102 r 0+ (A.12)

The left-hand side of~A+10! for Vi 5 Zi 0Mn is bounded by

~E7Zi 72!102

~n Pr~Wi . gn!!104S sup
7b2b07,~Mn0Mn!

MnE6an~b,Wi ,Xi !61~7Xi 7 , n103!

Pr~Wi . gn!102 D102

(A.13)

using Hölder’s inequality+ Given Assumptions 1 and 7 of Andrews and Schafgans, there-
fore, it remains only to show~A+10! for Vi 5 1 andUi +

Using the independence ofVi andXi for Vi 5 1 andUi ~by Assumption 2~b! of An-
drews and Schafgans! we can rewrite the numerator of~A+10! as

E~7Vi 7!{ sup
7b2b07,~Mn0Mn!

MnE6an~b,Wi ,Xi !61~7Xi 7 , n103!+ (A.14)

By examining the functionan~ b,Wi , Xi ! from equation ~A +5!, we can see that
6an~b,Wi ,Xi !6 equals one if eithergn , Wi , gn 1 6Xi

'~b 2 b0!6 for negative
Xi
'~b 2 b0! or if gn 2 6Xi

'~b 2 b0!6 , Wi , gn for positive Xi
'~b 2 b0! and zero

otherwise+ In view of the restrictions on7b 2 b07 and 7Xi 7 we have6Xi
'~b 2 b0!6 ,

~Mn0n106!, which impliesWi . gn 2 ~Mn0n106!+ Hence,

sup
7b2b07,~Mn0Mn!

MnE6an~b,Wi ,Xi !61~7Xi 7 , n103!

5 sup
7b2b07,~Mn0Mn!

MnE6an~b,Wi ,Xi !61SWi . gn 2
Mn

n106D1~7Xi 7 , n103!+ (A.15)

Recall the linear transformationLX 5 ~W,G '!', L nonsingular+ UsingX 5 L21~W,G '!'

we write X '~b 2 b0! 5 W~L'21~b 2 b0!!~1! 1 G '~L'21~b 2 b0!!~21! + We denote
~L'21~b 2 b0!!~1! 5 h and ~L'21~b 2 b0!!~21! 5 H, where 6h6 # 7L217{7b 2 b07 #
7L217~Mn0Mn! and similarly 7H 7 # 7L217~Mn0Mn!+ Assume thatMn is such that
7L217~Mn0Mn! , 1+ Reexamining, for negativeXi

'~b 2 b0!, the conditiongn , Wi ,
gn 1 6Xi

'~b 2 b0!65 gn 2 Wi ~L'21~b 2 b0!!~1! 2 Gi
'~L'21~b 2 b0!!~21! we realize that

46 MARCIA M.A. SCHAFGANS AND VICTORIA ZINDE-WALSH

https://doi.org/10.1017/S0266466602181035 Published online by Cambridge University Press

https://doi.org/10.1017/S0266466602181035


for negativeXi
'~b 2 b0! 6an~b,Wi ,Xi !6 equals one forgn , Wi , ~gn 2 Gi

'H !0~1 1 h!+
Similarly for positiveXi

'~b 2 b0! 6an~b,Wi ,Xi !6 equals one for~gn 2 Gi
'H !0~1 1 h! ,

Wi , gn+ Thus~A+15! equals

sup
7b2b07,~Mn0Mn!

MnEFE1~Xi
'~b 2 b0! , 0!1Sgn , W ,

gn 2 Gi
'H

11 h D
3 1~7Xi 7 , n103!pdfWi ,Gi 6Gi

~W,Gi !dW

1 E1~Xi
'~b 2 b0! . 0!1SW . gn 2

Mn

n106D
3 1Sgn 2 Gi

'H

11 h
, W , gnD

3 1~7Xi 7 , n103!pdfWi ,Gi 6Gi
~W,Gi !dWG+ (A.16)

The pdfWi ,Gi 6Gi
exists for large enoughn, because the expression under the integrals

is nonzero only ifW . gn 2 ~Mn0n106! and thus asgn r ` for Mn 5 O~n106!
becomes greater thanA; the conditional pdfWi ,Gi 6Gi

~W6{! declines monotonically in
W+ Denote gn 2 ~Mn0n106! by Jgn+ Each of the integrals can be bounded by
pdfWi ,Gi 6Gi

~ Jgn,Gi !{@~6Gi
'H 60~1 1 h!! 1 6h0~1 1 h!6gn# + Thus the sum is bounded by

sup
7b2b07,~Mn0Mn!

2MnESpdfWi ,Gi 6Gi
~ Jgn,G!F 6G 'H 6

11 h
1 * h

11 h *gnGD dPrG

#
2Mn7L217

11 h
pdfWi

~ Jgn!E@7G71 gn# dPrG6Wi5 Jgn

5
2Mn7L217

11 h
pdfWi

~ Jgn!FE6Wi5 Jgn
7Gi 71 Jgn 1

Mn

n106G , (A.17)

whereGi 5 Xi, ~21!+ The notationdPrG indicates that a Stieltjes integral with respect to
the cumulative probability functionG is taken; if a marginal density existsdPrG 5
pdfG~G!dG+ By Jensen’s inequality, and in view of Assumption A~b!, this is bounded
almost surely by

2Mn7L217

11 h
{pdfWi

~ Jgn!{FE6Wi5 Jgn
~7Xi, ~21!73!103 1 Jgn 1

Mn

n106G + (A.18)

First we considerE6Wi5 Jgn
~7Xi, ~21!73!+ By Assumption 1 of Andrews and Schafgans,

we know that the unconditional expectationE~7Xi, ~21!73! is bounded; this implies that
for the fixedA of Assumption AE~7Xi, ~21!731~Wi . A!! is bounded also+
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E~7Xi, ~21!731~Wi . A!! 5EE7X~21!731~W . A!pdfWi
~W!d PrG6Wi5WdW

5EJ~W!pdfWi
~W!1~W . A!dW, (A.19)

where J~W! 5 *7X~21!73d PrG6Wi5W is a function of W only+ Because the integral
*J~W!pdfWi

~W!dW[ E~7Xi, ~21!73! exists, it implies that pdfWi
~W!J~W! 5 o~W21!+

BecauseEWi
3 exists from Assumption 1 in Andrews and Schafgans we also have

pdfWi
~g!g3 5 o~g21! asg r `+ Rewriting ~A+18!, we get

2Mn7L217

11 h
{pdfWi

~ Jgn!203{@~pdfWi
~ Jgn!J~ Jgn!!103 1 ~pdfWi

~ Jgn! Jgn
3!103#

1
2Mn

27L217

n106~11 h!
{pdfWi

~ Jgn!

5
2Mn7L217

11 h
{pdfWiSgn 2

Mn

n106D203

o~gn
2103!, (A.20)

where the equality uses in addition the assumption thatMnn2106 5 O~1!+
This implies that forVi 5 1 andUi ~A+10! can be bounded as

E~7Vi 7!
2Mn7L217

11 h
{pdfWiSgn 2

Mn

n106D203

o~gn
2103!

Pr~Wi . gn!102

# E~7Vi 7!
2Mn7L217

11 h
1 pdfWiSgn 2

Mn

n106D
Pr~Wi . gn!304 2

203

o~gn
2103!+ (A.21)

SetMn 5 min$dn106,gn
103% with d . 0 as in Assumption A+ Using Assumptions 1 and 6

of Andrews and Schafgans and Assumption A~a! the right-hand side of~A+21! con-
verges to zero+ n

LEMMA 2 + Under Assumptions 1, 2, and 5–7 of Andrews and Schafgans and under
Assumption A

1

Mn(7Vi 76ain 6

Pr~Wi . gn!102

p
&& 0 as nr ` for Vi 5 Zi 0Mn, Vi 5 Ui, or Vi 5 1, ∀i+

Proof of Lemma 2. We show that for anyz . 0

Pr1
1

Mn ( 7Vi 76ain 6

Pr~Wi . gn!102 . z2 r 0 asn r `+ (A.22)
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From Lemma 1, let Mn satisfyMno~gn
2103! r 0 and~Mn0n106! # d+ The left-hand side

of ~A+22! is equal to

Pr1
1

Mn ( 7Vi 76ain 6

Pr~Wi . gn!102 . z,7 Zb 2 b07#
Mn

Mn 2
1 Pr1

1

Mn ( 7Vi 76ain 6

Pr~Wi . gn!102 . z,7 Zb 2 b07 .
Mn

Mn 2
# Pr1

1

Mn ( 7Vi 76ain 6

Pr~Wi . gn!102 . z,7 Zb 2 b07#
Mn

Mn 2 1 PrS7 Zb 2 b07 .
Mn

Mn
D+ (A.23)

The second expression on the right-hand side of~A+23! converges to zero by Assump-
tion 5 of Andrews and Schafgans, becauseMn~ Zb 2 b0! 5 Op~1! impliesMn~ Zb 2 b0!0
Mn 5 op~1!+ The first expression on the right-hand side of~A+23! is bounded by

sup
7b2b07#Mn0Mn

Pr1
1

Mn ( 7Vi 76an~b,Wi ,Xi !6

Pr~Wi . gn!102 . z2

# sup
7b2b07#Mn0Mn

E1
1

Mn ( 7Vi 76an~b,Wi ,Xi !6

Pr~Wi . gn!102 2
z

5 sup
7b2b07#Mn0Mn

MnE7Vi 76an~b,Wi ,Xi !6

z Pr~Wi . gn!102 , (A.24)

where the inequality is based on Markov’s inequality+ This term converges to zero for
all z . 0 by Lemma 1+ n

Proof of Theorem 1. For our proof it is sufficient to show~A+2!, ~A+3!, and ~A+7!+
By Assumptions 1 and 5 forZu 2 u0 of Andrews and Schafgans, the left-hand sides of
~A+2! and~A+3! can be bounded by

1

Mn (
i51

n

6Ui 6{6ain 6

Pr~Wi . gn!102 1 6m06

1

Mn (
i51

n

6ain 6

Pr~Wi . gn!102 , (A.25)
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Op~1!
1

n (
i51

n

7Zi 7{6ain 6

Pr~Wi . gn!102 , (A.26)

respectively+ From Lemma 2, ~A+25! and~A+26! have zero probability limits+
Finally, to prove~A+7!, we note that its left-hand side can be bounded by

1

Mn (
i51

n

6ain 6
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which by Lemma 2 again converges in probability to zero+ This completes the proof of
our theorem+ n

Proof of Theorem 2. By the Cramér–Wold device, this result follows directly from
~5! and Theorem A-4 in Andrews and Schafgans+ In the latter, the result in Theorem 2 is
shown for the case where[m I is replaced by [m I,0+ n
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