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DECIDING BETWEEN /(0) AND /(1)
VIA FLIL-BASED BOUNDS

VALENTINA CORRADI
University of London

We construct properly scaled functions®f-valued partial sums of demeaned data
and derive bounds via the functional law of the iterated logarithm for strong mixing
processedf we obtain a value below or equal to the bound we decide in favor of

I (0); otherwise we decide in favor &f1). This provides a consistent rule for clas-
sifying time series as beirl@1) or | (0). The nice feature of the procedure lies in the
almost sure nature of the bounguaranteeing a lim sup—type resule finally
provide conditions for the strong consistency of estimators of the variance in the
dependent and heterogeneous case

1. INTRODUCTION

Consistent rules for deciding whether a time series is integrated of order one
I (1), or is integrated of order zeyd(0), have been recently proposéske e.g.,
Phillips and Ploberger 1994996 Stock 1994. The main idea underlying these
papers is to construct a Bayes fa¢tmra posterior odd ratisuch thatunder the
1(0),(1(1)) hypothesis the ratio converges in probability to zero and under the
1(1),(1(0)) hypothesis diverges to infinibAccording to Phillips and Ploberger’s
PIC (posterior information criteriorp we choose thé&(1) hypothesis versus the
1 (0) if the Bayes model likelihood ratio is less than one and vice vebsathe
other hand Stock (1994 does not study the posterior distribution of the data
directly, but he constructs the likelihood ratio of observing some functionals of
partial sums of thédemeaned or detrendediata under either the0) or thel (1)
hypothesisthe classification rates are then computed by direct simulaltione
recently SinN1996), extending previous work by Sin and White996), proposed
a flexible information criterion for selecting strictly nestéidear, possibly non-
stationary modelsAccording to Sin’s information criterigrwe choose unit root
if we obtain a negative valyand we choose no unit root if we obtain a strictly
positive valuethis also delivers a completely consistent procedure

In this paper we propose a new completely consistent rule for deciding be-
tweenl (1) andl (0), from a “non-Bayesian” point of vieMlhe main feature of the
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procedure we shall consider lies in the almost sure nature of the bbumthat
follows we define a purely stochastic process td @b if its dth differences are
strong mixing and satisfy some mild moment conditidfisre we concentrate on
the demeaned cas€he definition of anl (d) process as a process whadih
differences are strong mixing is slightly more restrictive than the more common
definition of anl (d) process as a process whaoldk differences have partial sums
that properly scalegsatisfy a functional central limit theorem

We construct a properly scaled functional of the Euclidean norniR®&f
valued partial sums of demeaned datader mild moment conditiongpartial
sums ofRP-valued strong mixing processes satisfy an almost sure invariance
principle (e.g., Eberlain 1988 It then follows that the set of norm limit points
of such partial sums coincidealmost surelywith the set of norm limit points
of the p-dimensional Brownian motiarWe then obtain a functional law of the
iterated logarithm(FLIL) for the Euclidean norm of the partial sums RP-
valued strong mixing processdsainally, using a result by Strass€h964) that
plays in an almost sure contexthe same role that the continuous map-
ping theorem plays in a weak convergence context obtain an almost sure
bound for functionals of the Euclidean norm of partial sums of strong mixing
processesMore precisely we shall consider the following statistié/; =
br =1 |07Y23_1 (X — X)|, whereby = T%2{2loglogT, log denotes the
natural logarithm X, is a p-dimensional procesg) is a proper estimator for
the varianceand X denotes the sample meawe shall show thatif X, is a
strong mixing processhen the lim sup ofV; is, almost surelyless than or
equal to ¥V3 + 3 for the case op = 1, whereas fop > 1, the lim sup ofV;
is almost surely less than or equal o+ 3. On the other handif X is
an integrated processr if at least one component of; is 1(1), then V; di-
verges with probability one at rate/T/y2l; loglog(T), where |1 is
the lag truncation parameter used in the estimation of the varidiue we
decide in favor of (0) whenever we get a value for the statistic smaller than or
equal to ¥4/3 + 3, for p =1, or smaller than or equal t + 3, for p > 1, and
we decide instead in favor d{1) whenever we get a larger value

The statistic proposed here is very similar to the statistic proposed by Kwiat-
kowski, Phillips, Schmidf and Shin(1992. In principle we could have used their
statistic and let the critical values depend on the sample Algugh several
choices of sequences of critical values assure the zero size prapientt clear
which sequence would also ensure the almost sure nature of the.bound

To preserve the almost sure nature of the bound we figéd converge almost
surely toQq. We then provide a proof of strong consistency for Newey—\West—
type variance estimatars

The paper is organized as followSection 2 states the assumptions and some
preliminary resultsSection 3 provides a proof of strong consistency for Newey—
West—type variance estimatoinally Section 4 provides a consistent rule for
choosing betweeh(0) andl (1). All the proofs are collected in the Appendix
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2. ASSUMPTIONS AND PRELIMINARIES

We consider the following data generating procd36P), which is a multivar-
iate extension of the DGP considered by Kwiatkowski efE#92):

Xi=ptetr, 1)
re=riq1+&, (2

whereX;, €, I, and&,, areRP-valued random variables agd~i.i.d.(0,X). We
can formulate thé(0) hypothesis as

Ho: 3 is ap X p matrix of zeros
and we can formulate thé1) hypothesis as

Ha: X is non-negative definiteand there is an X r block,,1=r =p,
which is positive definite

Thus thel (1) hypothesisH,, is meant as the case in which at least one com-
ponent ofX; is integrated
In the sequel we shall need the following assumptions

Al. {e}2_. is azero meaRP-valued processuch that suE(| € |24?) =
C, < oo, i =1,...p, wheres > 0, ande;; denotes théth component o§,.

A2. {e}i2 . is a-mixing with size—(4(4 + 5))/58, where$é is the same pos-
itive constant defined in Al

LetS(m) =S, 1 ecand letS+(m) be theith component o8, (m), hereafter

Sr = Sr(0).
A3. There exists a positive definite matriX, = [wq ], such thatli,j =
12,...p

ITE(ST(M)ST(M) — g | = C,T Y,
whereys > 0 andC, is independent ofn.
Remarks

(1) Assumptions A1 and A2 are standard memory and moment condiisnsual we
note a trade-off between the degree of heterogeneity and the degree of dependence
we can allow forAssumption A3 is a condition on the rate of growth of the variance
of the partial sums of;, which, as we shall see subsequendtsn be relaxed in the
covariance stationary case

(2) Under thd (0) hypothesisX; is a strong mixing procesaround a possibly nonzero
mean It is worthwhile to notice thatas pointed out by Andrewd 984), there are
examples of (0) processes that are not strong mixing
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In the sequel we shall consider almost sure boundder both thé(0) and the
I (1) hypothesisfor the following statistic

1 T . T _
Vi = oo S 10723 (X, - X) |, 3
T T¥22loglogT 1:21 T le( i %) 3)
whereX = T"1 3, X,, |-| denotes the Euclidean norrand(}; is a hetero-

skedasticity-autocorrelation robust estimator of War”2 3{_, X,), as defined
in (6), which follows To derive an almost sure bound #éf, we need the follow-
ing preliminary result

LEMMA 2.1. LetA1-A3 hold. Then there exists a-gimensional Brownian
motion B with coariance matrix equal td),, such thatas T— oo,

)
[1r]

1
sSUp ———=1|Q¥? — W(Tr
re[o,pl] V2T loglogT ° Zlek (T

as. O,

(i) almost surely

—-1/2 T
-0 S &
V2T loglogT &=

In the covariance stationary case we can relaxlA3act, we have the follow-
ing corollary

limsup =1

T—oo

COROLLARY 22. Lete, be a cwariance stationary process satisfyigl
andA2 and such thatli = 1,...pVar(St) = r(T), with r(T) — o0 as T— co.
Thene, satisfiesA3.

Lemma 21(i) provides a strong invariance principle for strong mixing pro-
cesses satisfying A1-A3 and so for weakly stationary strong mixing processes
satisfying A1 and A2 Strong invariance principles ensure that the set of norm
limit points of properly scaled partial sums coincigesth probability one with
the set of norm limit points of the Brownian motiohhis result will be used to
derive an almost sure bound for the statisticPart(ii) of Lemma 21 is just the
ordinary law of the iterated logarithm for strong mixing procesaad as shown
in the proof it can be derived as a corollary of pdit

3. A STRONG CONSISTENT ESTIMATOR
FOR THE LONG-RUN VARIANCE

To have an almost sure bound free of nuisance parameterseed to rescale the
partial sums by the variangcas in general we do not know the varianee need

to estimate itAlthough for inference purposgis suffices to have a weakly con-
sistent estimatoin this contextto preserve the almost sure nature of the bound
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we need a strongly consistent estimateak consistency results for estimators
of the variance in the heterogeneous and dependent case have been already ob-
tained in different frameworksby several author@among others Whité1984),
Newey and West1987, 1994, Gallant and Whit¢1988, Robinson(1991), An-
drews(1991), Andrews and Monaha(l992, and Hanseri1992. However to
the best of our knowledg@o strong consistency result has been provided
Let ()7 be an estimator fof), and for notational simplicity assume thag /2
is well defined(we could otherwise use a generalized invergée then have

R [Tr]
723 e

k=1

1 H 1/2 A AN—1/2 1/2 a

= ————1{| Qg e+ (Q77°—Qp €
2T loglogT 0 .Zl ot (G 0 )gl K
1 o [Tr]

= —_— 97

2T loglogT | ° 2

k=1
|f ‘()‘T - QO = Oas(l)
LetS; =, ;€ and

1
V2T loglogT

+ 0a6(1)

. 1

Qo = 'Il'E)noo E(? STST'>7

_ 17 172

Or == E(Etft) = 2 2 E(erer—r + €-r€0),
TE T 2

. 17 10 J

O == 2 E(erer) + = 2 E E(erer—r + €—r€r). (4)
TS TS

Letw, = (1— (7/I+ + 1)) and let
T

T 1 I+
2 €y t+ ? 2 W, E (i€t + €—r€r), 5)
7=1

t=1 t=7+1

(Xt - >_<)(Xt - >_(),

>
== —||H

M-

+ = E W, 2 (X = X)Xy = X) 4+ (Keer = X)X = X)) (6)

t=7+1
To prove the strong consistency @f for Q,, we show that
1 I T
? 2 2 (Et €, — E(€r€+)) = 0as(1). (7)
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This will be accomplished in Lemma® which follows Then it will be easy to
show that®); — Q1 = 0,4(1).

Itis immediate to see that in the martingale difference sequéntds.) case
a consistent estimator for the variance is givertby 311 (X, — X) (X, — X)';
thus the desired result follows straightforwardly from the strong law of large
numbersOn the other handn the non-md.s. case we can no longer appeal to the
strong law of large numbers

LEMMA3.1. LetAlandA2 hold. If as T— oo, It — o0 and /T8 — 0, then

T—7

It
2 W, ) (€ — Eleerr,)) = 0as(D).

t=1

We are now ready to show the strong consistenc-ofor Qo, under thd (0)
hypothesisi.e, as if Hy, were true The limiting behavior of); under thel (1)
hypothesis will be considered in the next section

THEOREM 32. LetA1-A3hold. If as T— oo, I+ — cc and k /T8 — 0, then
under H,,

N

Qr = Qo = Oas(l)

To obtain a strong consistency result for the estimator of the long-run variance
we impose a rate of growth for the lag truncation parameter much slower than the
rate allowed in the weak consistency cadewever it is possible to allow for a
faster(but slower tharl /#) rate of growth of ¢, if we are willing to strengthen
the moment and the memory conditions stated in A1 and in\&%2 have the
following corollary

COROLLARY 33. Lete, be an R—valued zeremean process such that for
someB = 2 andd > 0, supE(ef®#"9) = C, < o for all i = p ande, is
a-mixing with size—28(28 + 8§)/8. If ¢ satisfiesA3, and k — oo such that
I+ = o(T #~V/48) then the statements in Lemr84 and in Theoren8.2 hold.

4. AN ALMOST SURE RULE FOR DECIDING BETWEEN /(0) AND /(1)

In this section we provide an almost sure rule for deciding betwé®randl (1),
i.e., for deciding in favor ofH, or in favor of Ha. It will be shown thatV;, as
defined in(3), underHy, asT — oo is almost surely smaller than or equal to a
certain numbemwhereas undetl, it diverges with probability one

THEOREM 41. Let X be an RP-valued process generated as(ih) and(2)

and lete, satisfyA1-A3. If, as T— oo, I+ — co and b /T %8 — 0, then under H,
almost surely
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(i) forp=1,
li Vi < ! + !
imsu = —+=
T—)oop T \/§ 2
(i) forp>1,

li \% 2 + !
Imsu = - -
T~>oop i 3 2

where V is defined as in(3).

From the preceding theorem we see that for the multidimensiona|regsed-
less of the specific value gf, we obtain a slightly looser almost sure bouird
fact, for p = 1 we know from Strassef1964 p. 219) that

1
Q V2N € —.
0 2 ] \B
However the proof of such a result is taylored for the scalar case and cannot be

generalized to the vector cadeor the case op > 1, we show in the proof of
Theorem 41 that

I|m sup

T32y2 Iog logT &

t

V22§

=1

2
=-.
3

I|m sup

T32y2 Iog logT &

Thus forp > 1, regardless of the specific value pfwe obtain an almost sure
upper bound rather than an exact almost sure bolinel difference between the
two bounds is equal to.089. Finally for all finite p=1,2, .. the additionaf term
appearing ir(i) and(ii) of Theorem 41 is due to the fact that; has an unknown
possibly nonzero mean and so we construct the statistic using deviations from the
sample mean

In the proof of the preceding theorem we make extensive use of results by
Strassen1964. Now Strassen considers the case of identically and indepen-
dently distributed random variableshereas we consider the case of heteroge-
neous and dependent observatidthswever this does not create any probleim
fact we use a strong invariance principle for dependent and heterogeneous ob-
servationge.g., Eberlain 1986 Theorem } to prove the statement in Lemma
2.1(i). Then we can rely on the results by Stras&B®64) to find the lim sup of
(1/¥2T log logT)W(T-) and of its functionals

We now analyze the behaviorgf underH,, i.e., when at least one component
of X, is an integrated process

THEOREM 42. Let X be an RP-valued process generated as(i) and (2),
and letA1-A3 hold. If as T— oo, |+ — o0 and k/T 8 — 0, then under H,

. ~2ltloglogT
P(TlianvT >0 =1
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From Theorem £ we see that under th&1) hypothesisv; diverges with
probability one at rate/ T/2l+log log(T). Thus to decide in favor of th&(0)
hypothesisif we compute a value smaller than or equal f&'3 + 0.5 forp =1,
and smaller than or equal fo+ 0.5 for p > 1, and to decide in favor of thig1)
hypothesis if we get a larger valugives an almost sure rule for choosing be-
tweenl (0) andl (1).

NOTE

1. It should be mentioned that strong consistent selection procedures for choosing between com-
peting modelge.g., lag order selection in ARMA modelfiave been already propos@d., Hannan
198Q Potscher1983.
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APPENDIX

Hereafter let|u, = (ZP1E(lug|" )Y and letby = T¥2J2loglogT and dr =
V2T loglogT.

Proof of Lemma 2.1.

(i) GivenAl1-A3theresultini) follows from Theorem 1 in Eberlaif1986, once we
have showr(A.1) and(A.2), which follow.

IE(Sr(m)[Fn)l.=C (A1)
for Cindependent omandF,= o (...em—1,€m). HereOi,j =1,2,...p, uniformly
inm,

T E|E(St(m)Sr(m)[Fy) — E(St(M)St(m))| = O(T~7) (A.2)

for somef > 0.
We begin by showin¢A.1). By Lemma 35 in McLeish(19754 and by Minkow-
ski’s inequality

IE(Sr(M)|Fo)ll2 = |E(emial F)l2 + [E(emsa| F)l2 + -+ + |E(emitIFm)l2
=6a{/Z V24 el pais) + oo

+6at V24 e 1 laas)

=6 Sltjmet ”2(44—6) 2 ajl/271/2<4+5) = 6pci./2(4+5)A =C
j=0

because of the bound in Al and becaugieen A2 72, a2~ 2449 = A < co.
It remains to provegA.2). The next few steps are close to Serfling’k968
pp. 1163-1164, but we allow fori # j, whereas Serfling considers the scalar case
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Recall thal§t(m) = S, 1 ecandSr(m+a) = S 2T | €. The left hand side
(LHS) of (A.2) can be rewritten as

EIE(T'St(m+a)§r(m+a)|Fy) — E(T 'St (m+ a)Sr(m+ a))
—E(T'St(m+a)Sr(m+a) — T 1S+ (m)Sr(m)|Fr)
+E(T'Sr(m+ a)S§r(m+a) — T-1S+(m) S+ (m))]

=E|IE(T'Sr(m+ a)§r(m+ a)|Fy)
—E(T'Sr(m+a)Sr(m+ a))|
+2E[T'Sr(m+ a)§r(m+a) = T 'S (M) §r(m)] (A.3)

We shall show that the first term on the right hand diR&1S) of the inequality
in (A.3)isO(T %) and the second term@(T ~%2),6,,60, > 0. Equation(A.2) then
follows by settingd = Min{64,6,}. As for the first term on the RHS df\.3), from

McLeish mixing inequalityf1975aLemma 35), Cauchy—Schwartz and Minkowski
inequality we have

T 'EIE(St(m+a)S7(m+ a)|Fy) — E(St(m+ a)§r(m+ a))
= 6T tag V' |Sr(m+ a)Sr(m+ a)|2:s
= 6T 1t/ g1 (M + a)|z@+s | St(m+ a)|2z+s)

=6T 1T 2a§1+5)/(2+5)(SupE(6§(2+5)))1/(2+5)
t
= BCH/(@+0) T L+0)/(2+5)

whereC, is the bound in A1Now, given the size condition in AZor a= T ¢, with
[8(2+8)]/[4(8+1)(4+8)] < ¢ < 1, Tafo ™Y/ 9 will approach zerpasT — oo
at rateT % with 6, = {$[4(4 + 6) (1L + §)]/[6(2+ §)]} — 1.

We now need to show that by settiag= T %, with ¢ defined as previous)yhe
second term on the RHS 6A.3) is O(T ~%),0, > 0. First note that

T'Sr(m+a)Sr(m+a) — T 'Sr(m)Sr(m)
= (T7Y?§r(m+a) = T"2§:(M)(TV?Sr(m+ @) + T~ 2S¢ (m))
+T7Y2§:(m+ a)(T~V?Sr(m+a) — T~ Y251 (m))
— T Y251 (m+a)(T~¥25r(m+a) — T-Y25:(m)).

Needless to sayhe sum of the last two terms is identical to zdow i =j. Thus by
the triangular inequality and Cauchy—Schwartz inequality

EIT'Sr(m+a)Sr(m+a) = TS (m)Sr(m)|
= (E(T""2§7(m+a) — T~ 2§;(m))?)¥?
X (E(T"Y?S¢(m+a) + T Y2E(§7(m)?)Y?
+(E(T™Y287(m+ a))*)Y2(E(T V2§t (m+ a) — T~ ¥25¢(m))?)"2
+ (E(T Y251 (m+ @)*)Y2(E(T V?Sr(m+a) — T 257 (m)?)"?
= O(al/ZTfl/Z),
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as given A3 E(T™V2St(m+ a) — T"Y251(m))2 = O(aT %), and E(T~V
2St(m+a))2=0(1), uniformly inm, fora=o(T). Thus by setting.=T %, we have
that the second term ifA.3) is O(T ~%), with 8, = 3(1 — ¢). This completes the
proof of (i).
(ii) Given the statement ifi) we have that
T
dri10oY2 Y & — dr PW(T) = 0,6(D).
j=1
Recalling that, is RP-valued and is finite, we also have that
T
d‘Fl 961/2 2 € — W(T) = 063(1)1
j=1

and so

= dr HW(T)| + 0as(). (A.4)

.

-1 —1/2

drt{ Qo2 X €
=1

From the law of the iterated logariththlIL ) for the p-dimensional Brownian mo-
tion (e.g., McKean 1969 p. 96), we know that lim sup_,.. d7 H[W(T)| = 1, Wlth
probability one The statement ifii) then follows from(A.4).

Proof of Corollary 2.2. From the proof of Lemma.2(i), we have seen that
IE(Sr(m)|Fm)l2 = C.

It then follows from the first part of Theorem 2 in Eberlgaih986 that A3 is satisfied
|

Proof of Lemma 3.1. We first consider the case @f = 1, as the generalization to
arbitrary finitep is straightforward
We begin by showing that

4
< ZW 21(Et€t T E(ﬂﬂr))) = O(T~ ) (A5)

for somen > 0. We then show thatA.5) implies the desired resulfor notational con-
venience let

7, = €€, — E(ee ;)

and

T
2 ZT,T'

t=r+1

From Loeve’sc, inequality(e.g., Davidson 1994 p. 140),

I+ 4 I+
E(E WTZT,T> = l%E (E|wTZT,T‘4)SI"IlsupE|ZT,T|4' (A6)
7=1 7=1 T
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Now we shall found a bound fdE|Z .|* for a genericr, and then we shall take the
supremum over = 1,2,...,|. Hereafter let
Ei«z,, = E(Zt,r|Gt—k),
whereG,_ = o (...Z—k-1..,Z—k -). We have
Zt; = > (B «zyr — Bt k12i,) = > (Bt «zr — Bt k1Zi)-
k=—0c0 k=0

Infact fork <0, Bz, — Ei—«-12Z,, =z, — Z,, = 0, and fork — oo, E;_¢ 7 , converges
almost surely t&=(z, ;) = 0.

We can write
T T oo o
Ly, = 2 Zy; = 2 2 (BEt-kZir — BEixe12,) = 2 Y1 s (A7)
t=7+1 t=7+1k=0 k=0
where

T
Yo = 2 (Eikzy, — BEiov12,).

t=7+1

Now let K. = 3o y«/7, Wherey, > 0, y, =1 fork = 0,1,...7, andy, = o(k 1) for
k> 7; thus sup_, ., K; = L < co. Following Lemma 61 and Lemma £ in McLeish
(19753, we have that

e 4 Y. . /T 4
ElZr,* = E| 3 Yn,| =KE| S 2 2
k=0 k—o Yx/T K,
- K3 3 Yk -3 4
— N\r 20 7 E|YTI<,T| . (A8)

The next few steps are close to those followed by David4884) in the proof of his
Theorem 16L1. However he treats the case of tlile momentr < 2, whereas we consider
the fourth momentand we also need to take care of the fact that fer W= 7, z ,, and
z,_y . belong to overlapping-fields.

From Burkholder’s inequality and from Loevessinequality we have that

T 2
E[Yr.|* = CJE > (EekZ, — Eiok-12,)?

t=7+1

.
=CIiT X ElEz.~ Ew17.|% (A.9)

t=7+1
whereC, = 18rq¥? r = 4, andq™* =1 — r ~* (see Burkholder1973 p. 23).

To apply mixing inequalitiesve need to define the mixing coefficientsnf,. Recall
thatGE = o (za7y-.+,2b1), Zar = €a€a—r — E(€a€a—r) = Q(€ar€a—r), F2 = 0 (€q...€p).
Following the lines of White(1984 Corollary 618), af = sup,a(G"..,Griy), ax =
sup,a(FM.., Fiiw), and sow, = supya(F .., Foik_,). As g is measurableGt C FP__,
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soaf =sup,a(F2, Fiw_,) = ax_,. Itthen follows tha} = 1, 0=k =7, andef =< oy,
“ >|::c;m Minkowski's inequality and from McLeish mixing inequaliticLeish 1975a
Lemma 35), for k > 7 we have
IEi—kz, — Eick—1Zi . la = |E—kZe -4 + |E—k—12Zc - ]l4

=202Y + D(a) VYA 7 4

= 2(2Y% + 1)af/ 44|z, o5, (A.10)
Now by Minkowski and Cauchy—Schwartz inequalitye have

”Zt,7”4+8 = |lerer—, — E(erec—r)ars = lerer—rlars + E(lere-|)

= SLtjp(E| € |24 1/2(4+0) SLtjp(E| €| 2(4+9))1/(2(4+5)
+ sup(Ee?)Y/? sup(Ee?)Y? < 2C{/“4*9),
t t

whereC; is the bound in A1Thus fork > 7,

|E-kzir = Eio12la = 4QY4 + DCY @2 o/ 747,

Now consider the case of8 k= 7, in whicha, = 1:

IE—kZir — Eiok-1Zi-la = 2| Bk ,]la = 4(2Y% + 1)CH 4+,

Thus

E(Yr,)*=CT2 forO=k=r7  E(Y,)*=CT3(a/@@ N4 fork> 1,
(A.11)

whereC = 16(2Y4 + 1)*C# C{/“*®  with C, defined as followingA.9).
From(A.8) and(A.11) we can write

oo 3 T -3 o =3 [ o3/(44+5)\ 4
k=0 T k=0\ T Ta  k=r+1\ T T

(A.12)
We can set, =1, k=0,...7, andy, = a2/¢“49) k> 7 because given A2y (4(4+9) =
o((k—= 7)) =o(k™1). Thus

- as«w») ~is)

E|Zr.|* = CL3T27% + CL3T27-4< S

k=7+1 T
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whereL = sup_; |, 2kZo(y«/7). Given the size condition in A2ve have that
Y CCR)

sup > ——— =B<w
7=12,...I1 k=r+1 T

for some constar®. Thus

sup E|Z;.|*=T2{CL3(1+ B).
2,...1

7=12,...1¢

Thus from (A.6), we have that

T

I 4
E(E WT 2 Zt,7> = O(TZI'IB'),

t=7+1
and forlt = o(T V/8), we have
1 I+ T 4
E(+ 2w X z.] =0T ")
7=1

t=7+1

for n > 0. This proveqA.5).
Now we need to show th&A.5) implies the desired resultet

I T
Ar = {w: Ty w > z.(0)|> e}
=1 t=7+1

for somee > 0. By Markov inequality we have that

t=7+1

I+ T 4
E(T1 >ow, > zt,,>
=1

P(Ar) = =0O(T @),

64

Thus> 7.1 P(A1) < co. From the first Borel Cantelli lemma we then have that
P<IimsupAT> =0.
T

This concludes the proof for the casepf 1.
For the case of arbitrary finitg as almost sure convergence of all the elements implies
almost sure convergence of the matibsuffices to show that for allj = 1,2,...p,

1 It T-7
? 2 W, 2 (€it€jt—r — E(ei€jt—1)) = 0a5(D).
=1  t=1

This can be shown by the same argument used previously |

Proof of Theorem 3.2. Hereafte}r, O+, O+, Qo, andQr are defined as at the begin-
ning of Section 3We first show thaflr — Qy = 0,(1). By Lemma 617 in White(1984),
if, asT — oo, I — oo, thenOr — O1 — 0. As, given A3 Q1 — Qy, it suffices to show that
07 — 07 = 0.41). As almost sure convergence element by element implies almost sure
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convergence of the matiik suffices to show thabj + — @jj 1 = 0as(1), Ui,j =1,2,...p.

We can write
1 T
wij T~ Oy 7 = T > (e — Eleiegy))
t=1
1 T
? E Z ((eie €jt—r — E(eq Ejt—7)) + (Ejt €it—7r — E(Ejt €it—r)))
T t=7+1
10T
+ ? E (w, — ( Z (E(EIIEJI -+ E(fnfut ‘r))) (A.14)
=1 t=7+1

The last term converges to zero by the same argument used in the proof of Theorem 2 in
Newey and Wes1987). Given Al and A2the first term on the RHS dfA.14) is 0,5(1) by
the strong law of large numbefag., McLeish 1975h Theorem 210). Finally the second
term iso,¢(1) because of Lemma.R
Now it remains to show thab — Q7 = 0,4(1),

.
2 (Xe =) = (X= m) (X — ) = (X= )’

—|||—\

I T
+ = 2 w, D [(Xe— ) = (X = W) (Keer = ) = (X = )’

t=7+1

+ (Xeer = ) = (X = W) (X = ) = (X = w)']

=0r+(X—pw(X—p) —(X- k= E(Xt M)+;E(Xt W (X — )

- (X- M T EW 2 (Xeer =) + (X = )')

t=7+1

l Ir T _
s Z 721(0({—#) + (Xeer = W)X = )’

I

T
+2(X = ) (X— ) EW ?—QT+I+II+III +1V +V+ VI

We want to show thalt + Il + [Il + IV + V + VI = 04¢(1). The termdl, Il, Il areo,s(1)
because of the strong law of large numbers for strong mixMgw (X — ) =

LTSI (X — ) = Oas(v2ToglogT/yT) by Lemma 21(ii), and aslt = o(T¥8) it
follows thatVI is 0,5(1). Finally given the conditions on the rate of growth lefand
given A1-A3 IV andV areo0,4(1) by Lemma 21(ii) and by Lemma 3. n

Proof of Corollary 3.3. It follows by the same argument used in the proof of Lemma
3.1, by noting that(A.5) should be modified as

[ 28
E(T‘l > w,zt,> = O(T @)
7=1
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with n > 0. Equation(A.6) should be modified as

I+ 2B
E( E WTZt,T> = l%ﬁ SUpE‘ZT,r|2'B»
=1 T

(A.9) should be modified as

T—7

E|YTKTB‘2B = CZZETB_J- E E|Et*kzt,7' - El*k*lzt,7|257
t=1

and so we have

SUPE|Zy,|? = CTPIZF

for some 0< C < oo, and it follows that we neel = o(T £~ 1/48), u

Proof of Theorem 4.1. Most of this proof is the same fgr=1 andp > 1. We shall just
stress the specific points in which the one-dimensional and the multidimensional case
require a different treatmen¥Vithout loss of generality set, = 0, wherer, is defined

in (2).
1 T
by > > Q_1/’"20( X)H
10 - N
“ b 05723, (% — ) — 072X~ ) + (8572~ 052)
t=1 j=1
l A —
X 2 0% = ) = (772 = V)X = ) ”
i=1
1 T t T T
=— Q2> || + = D t] QY2 D e
or 2| El' Tor 21 07 2
1 T R t T R T
+ =272 = QoY) D || + = 2 t]|(Q7Y2 = QoY) D) e|. (A.15)
br &1 j=1 t=1 s=1

We shall organize the proof in three different steps

Step 1 We show thatfor p = 1, almost surely

! 1
(@ IlmsupT3/2 2Iog ogT) - /Zglej =7
and forp > 1, almost surely
! 2
(b) lim MSUP /7 s Iog iog(T) : /Zzlej =3
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Lett=[Tr]and IetE}l’% QoY% = S = Sr(r), and also let
nr(r) = ([Tr]+1—=TnSc(r) + (Tr — [Tr]) Sr4(r).

From Lemma 2L(i), for any finitep, asT — oo,

Sup — | Sy — W(TH] 2250,
refo,1] dr
and as

sup El I — Sl =20,
refo,1] dr

it follows that the set of norm limit points dfit 1Sy} and{dr 15} coincides with the set
of norm limit points ofdr *W; with probability one From Theorem 1 in Strass¢h964),
we know that{dr *W;,T = 3} is relatively norm compact and the set of its limit points
coincides almost surelywith K, whereK = {f € [0,1] — RP; f(0) = 0, f absolutely
continuous [ | df (r)/dr |2 dr < 1}.

We now make use of the following resuttue to Strasse(1964 p. 218).

LEMMAA. If ¢ is a continuous map from,Ghe space of continuous functions on
[0,1], closed with respect to the sup narto some Hausdorf space.g., a Euclidean
space as in our caséhen with probability one{¢(dr 1n+), T = 3}, whereny is defined
as previously, is relatively norm compact and the set of norm limit points coincidés

most surelywith ¢ (K), with K defined as praously. n
Now,
1 T t 1
P[Iim sup— >, [ QY2 g = lim supd{lf [+ ()] dt} =1
Tooo b—r t=1 j=1 T—oo 0

From Lemma Afor p =1, we have
1
P[Iim supd;lf Inr(t)] dt = suqu(K)] =1
T—ooo 0
Given the definition oK, following Strasseri1964 pp. 218-219,

1 1
supa(K) = sup [ Tt at=sup [ Jala-vat
uek Jo uek Jo

1 1 1 1/2
=sup“o<1—t>|y(t>|dt:fo y<t>||2dtsl}=<fo <1—t>2dt) ,
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where the second equality on the RHS comes from integration by parts and the last equal-
ity follows from the evaluation of the supremum of a linear functional on the unit sphere
of a Hilbert spaceAs

(Jlu—tﬁdgyz—ia
0 kS

the statement of step(d) follows.
The same argument does not apply wher 1, asd|u/dt # |du,/dt|. Now for
arbitrary finitep,

1
supa(K) = sup [ fu at
uek Jo
Now

sup |\u[|dt— supf

uek

usds

1 t t 1/2
f(sup(f dsf usrusds> )dt, (A.16)
0 \uek\Jo 0

By the definition ofK,

1
f Uy Ugds= 1.
0

As the bound does not depend on the specifiee pick we also have that
1

sup | Uglgds=1
uek Jo

Thus the RHS in(A.16) is majorized byfJt/?dt = . The statement in step(i) then
follows.

Step 2 For arbitrary finitep,

1
lim msup; - E t|QoYA(X — )

t=1

7

i T(T+1) ”
=lims
R N Y Iog log(T)

— /226[

recalling that by Lemma.2(ii)

1 T
lim sup————— | Qg %2
P ot log log(T) H ° tzzlet
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Step 3 It remains to show that the last two terms on the RHE2015) areo,¢(1). Let
072 =[0;] andQg? = [u; 1,00, =1,2,...p.

lT
b

t
Q72— 05%%) X ¢
j=1

1 T p t 1 T p t
== |2 —un) >, T e e A (Qip — Uip) > €pj| = 0as(1),

br SIS j=1 br SIS =1
because of TheoremBand becauséy step 1br 1>, 16 =0as(1),0i=1,...p.As
for the last term on the RHS @A.15), it can be majorized by

1 T(T+)) 1
T2 2 J2Tloglog(T) |;

E(Uul Ui1) 2611

= 045(1)

T(T+1) 1 P T
277 TaTloglogrr) | 2 (Ui ~ Uin) 2 o

as by Theorem 2 0; — u;j = 0,5(1), Uij and becaus@lj = 1,2...p,

Oas(1).

2T Iog Iog(T

T—ooo

The desired result then follows by putting together steps 1-3 and by recalling that the
lim sup of the sum is less than or equal to the sum of the lim sup’s n

Proof of Theorem 4.2. We shall begin by showing that
Q7 = 0,(2Tl; log logT). (A.17)

This implies that no element 6f5%/2, with probability onecan converge to zero at a rate
faster thar(2Tllog log T) Y2 We then show that

The desired result then follows froA.17) and(A.18).
Without loss of generalityve can assume thXi, is an integrated procedset @, 1 be
the{11} element of()1. We shall show that

j(xj >_<)” >0> =1 (A.18)

1

—— @ = 0,4(1).
2TlrloglogT @117 as(1)

Again without loss of generality we can assume tha®@inro = 0; so we can write

t
Xlt:M+51t+E§11

=1
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and

Efn 22511

Ttl TS

Recall thaté, is i.i.d., by noting that because of Lemmal#) (for €;;) and because of
Theorem 2 in Strassgii964 for ¢1;), forany¢ > 0, fort =T,

1
1
T¢\2T loglogT 26” Oas(D)

and

1
Td, 2T |Og |Og Egl] Oas(1>7

we have that

1
Tl(2log logT) “*7

2

Ir
- T2+ (2loglogT) EIW’

T 1 T t t—7 1 T t
«3(2a-133a)(Sa-723a) v
t=7+1 1 t=1j=1 j=1 1j=1
= —2 1SS e) toul=1+ou
- (2|Og |OgT) z 2 Eflj - T E EElj +Oas( )_ +0as( )

t T+1

Now almost surely

t

2 t 6 T 2
= 2(2Iog|ogT)t;‘ﬁL(z“g“) (Wz JE &1j )

=2 4011 (60—11>2

V3

where the second inequality comes from Stragd@64 p. 219 ando? is the variance
of &

SupposeXy,i =1...r,1=r =pisl(1) andXy,i =r + 1,...pis I (0); by the same
argument given previously

1

s =0.(1), i=1..
T 2loglogT) &i-m =~ O =Lt
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and

1
TI+(2loglogT)
It follows that )¥2 = O.4(v2TI+loglogT), and so with probability one no component
of OTY2 can approach zero at a rate faster thamlloglogT) %2 Now let X; =
(X", xP77y, whereX" denotes the-vector withl (1) components an¥ " " thep —
r-vector ofl (0) componentsWe have

@y 1 = 0,5(1),0i, and/or j=r+1...p.

1 t _
3301
T5/2 & jgl ]
T t _
=25 2 | 2 (7 = XO)| + 0a6(1)
t=1llj=
1 T t
= T5/2 2 E(le X1)| + 0as(1)
t=11j=1
_igiig(ugin ousgdy
T T]:l ﬁh:1 011 T%2 t=1j=1 011

From Theorem 2 in Eberlaif1986, we know that

5 Wit _
\H U_ll_ﬁ: as,(t 9)7 0>0,
j=1v11

whereW(t) is a standard one-dimensional Brownian motion
Let us define the set of zeros of the Brownian motion as

Z = {(t,w) € [0,00) X Q;W(t,w) = O}
and for a giverw € Q) define
Z(w) = {t € [0,00);W(t,w) = O}.

From Theorem 2.6 in Karatzas and Shrey&99)), Ow € Q* with P(Q*) =1, Z(w) has
Lebesgue measure zetbthen follows that

1 1 i 1 ‘ ‘
Pl Iim — _ Nso)-z
(Tﬁw-rtil T121< 21 T3/2t21j21§11) >
and so
T t B
o(im 5500 %] =0) -1
Given(A.18), this concludes the proof -
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