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We construct properly scaled functions ofRp-valued partial sums of demeaned data
and derive bounds via the functional law of the iterated logarithm for strong mixing
processes+ If we obtain a value below or equal to the bound we decide in favor of
I ~0!; otherwise we decide in favor ofI ~1!+ This provides a consistent rule for clas-
sifying time series as beingI ~1! or I ~0!+ The nice feature of the procedure lies in the
almost sure nature of the bound, guaranteeing a lim sup–type result+ We finally
provide conditions for the strong consistency of estimators of the variance in the
dependent and heterogeneous case+

1. INTRODUCTION

Consistent rules for deciding whether a time series is integrated of order one,
I ~1!, or is integrated of order zero, I ~0!, have been recently proposed~see, e+g+,
Phillips and Ploberger 1994, 1996; Stock 1994!+ The main idea underlying these
papers is to construct a Bayes factor, or a posterior odd ratio, such that, under the
I ~0!,~I ~1!! hypothesis the ratio converges in probability to zero and under the
I ~1!,~I ~0!! hypothesis diverges to infinity+According to Phillips and Ploberger’s
PIC ~posterior information criterion!, we choose theI ~1! hypothesis versus the
I ~0! if the Bayes model likelihood ratio is less than one and vice versa+ On the
other hand, Stock ~1994! does not study the posterior distribution of the data
directly, but he constructs the likelihood ratio of observing some functionals of
partial sums of the~demeaned or detrended! data under either theI ~0! or theI ~1!
hypothesis; the classification rates are then computed by direct simulation+More
recently Sin~1996!, extending previous work by Sin and White~1996!, proposed
a flexible information criterion for selecting strictly nested, linear, possibly non-
stationary models+According to Sin’s information criterion, we choose unit root
if we obtain a negative value, and we choose no unit root if we obtain a strictly
positive value; this also delivers a completely consistent procedure+

In this paper we propose a new completely consistent rule for deciding be-
tweenI ~1! andI ~0!, from a “non-Bayesian” point of view+The main feature of the
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procedure we shall consider lies in the almost sure nature of the bound+ In what
follows we define a purely stochastic process to beI ~d! if its dth differences are
strong mixing and satisfy some mild moment conditions+Here we concentrate on
the demeaned case+ The definition of anI ~d! process as a process whosedth
differences are strong mixing is slightly more restrictive than the more common
definition of anI ~d! process as a process whosedth differences have partial sums
that, properly scaled, satisfy a functional central limit theorem+

We construct a properly scaled functional of the Euclidean norm ofRp-
valued partial sums of demeaned data+ Under mild moment conditions, partial
sums ofRp-valued strong mixing processes satisfy an almost sure invariance
principle ~e+g+, Eberlain 1986!+ It then follows that the set of norm limit points
of such partial sums coincides, almost surely, with the set of norm limit points
of thep-dimensional Brownian motion+ We then obtain a functional law of the
iterated logarithm~FLIL ! for the Euclidean norm of the partial sums ofRp-
valued strong mixing processes+ Finally, using a result by Strassen~1964! that
plays, in an almost sure context, the same role that the continuous map-
ping theorem plays in a weak convergence context, we obtain an almost sure
bound for functionals of the Euclidean norm of partial sums of strong mixing
processes+ More precisely, we shall consider the following statistic: VT 5
bT

21(t51
T 7 ZVT

2102(j51
t ~Xj 2 PX !7, wherebT 5 T 302#2log logT, log denotes the

natural logarithm, Xt is a p-dimensional process, ZVT is a proper estimator for
the variance, and PX denotes the sample mean+ We shall show that, if Xt is a
strong mixing process, then the lim sup ofVT is, almost surely, less than or
equal to 10#3 1 1

2
_ for the case ofp 5 1, whereas forp . 1, the lim sup ofVT

is almost surely less than or equal to2
3
_ 1 1

2
_ + On the other hand, if Xt is

an integrated process, or if at least one component ofXt is I ~1!, then VT di-
verges with probability one at rate#T0%2l T log log~T !, where l T is
the lag truncation parameter used in the estimation of the variance+ Thus we
decide in favor ofI ~0! whenever we get a value for the statistic smaller than or
equal to 10#3 1 1

2
_ , for p 5 1, or smaller than or equal to23

_ 1 1
2
_ , for p . 1, and

we decide instead in favor ofI ~1! whenever we get a larger value+
The statistic proposed here is very similar to the statistic proposed by Kwiat-

kowski,Phillips,Schmidt, and Shin~1992!+ In principle we could have used their
statistic and let the critical values depend on the sample size+ Although several
choices of sequences of critical values assure the zero size property, it is not clear
which sequence would also ensure the almost sure nature of the bound+1

To preserve the almost sure nature of the bound we needZVT to converge almost
surely toV0+ We then provide a proof of strong consistency for Newey–West–
type variance estimators+

The paper is organized as follows+ Section 2 states the assumptions and some
preliminary results+ Section 3 provides a proof of strong consistency for Newey–
West–type variance estimators+ Finally Section 4 provides a consistent rule for
choosing betweenI ~0! andI ~1!+ All the proofs are collected in the Appendix+
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2. ASSUMPTIONS AND PRELIMINARIES

We consider the following data generating process~DGP!, which is a multivar-
iate extension of the DGP considered by Kwiatkowski et al+ ~1992!:

Xt 5 m 1 et 1 rt , (1)

rt 5 rt21 1 jt , (2)

whereXt , et , rt , andjt , areRp-valued random variables andjt ; i+i+d+~0,S!+We
can formulate theI ~0! hypothesis as

H0 : S is ap 3 p matrix of zeros,

and we can formulate theI ~1! hypothesis as

HA : S is non-negative definite, and there is anr 3 r block Sr , 1 # r # p,
which is positive definite+

Thus theI ~1! hypothesis, HA, is meant as the case in which at least one com-
ponent ofXt is integrated+

In the sequel we shall need the following assumptions+

A1+ $et %t52`
` is a zero meanRp-valued process, such that supt E~6eit 62~41d! ! #

C1 , `, ∀i 5 1, + + +p, whered . 0, andeit denotes theith component ofet +

A2+ $et %t52`
` is a-mixing with size2~4~4 1 d!!0d, whered is the same pos-

itive constant defined in A1+

LetST~m!5(k5m11
m1T ek and letSiT ~m! be theith component ofST~m!, hereafter

ST 5 ST~0!+

A3+ There exists a positive definite matrixV0 5 @v0, ij # , such that∀i, j 5
1,2, + + +p,

6T21E~SiT ~m!SjT ~m!! 2 v0, ij 6 # C2T2c,

wherec . 0 andC2 is independent ofm+

Remarks+

~1! Assumptions A1 and A2 are standard memory and moment conditions; as usual we
note a trade-off between the degree of heterogeneity and the degree of dependence
we can allow for+AssumptionA3 is a condition on the rate of growth of the variance
of the partial sums ofet , which, as we shall see subsequently, can be relaxed in the
covariance stationary case+

~2! Under theI ~0! hypothesisXt is a strong mixing process, around a possibly nonzero
mean+ It is worthwhile to notice that, as pointed out by Andrews~1984!, there are
examples ofI ~0! processes that are not strong mixing+
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In the sequel we shall consider almost sure bounds, under both theI ~0! and the
I ~1! hypothesis, for the following statistic:

VT 5
1

T 302#2 log logT (
t51

T

** ZVT
2102 (

j51

T

~Xj 2 PX !**, (3)

where PX 5 T21 (t51
T Xt , 7{7 denotes the Euclidean norm, and ZVT is a hetero-

skedasticity-autocorrelation robust estimator of Var~T2102 (t51
T Xt !, as defined

in ~6!,which follows+ To derive an almost sure bound forVT ,we need the follow-
ing preliminary result+

LEMMA 2 +1+ Let A1–A3 hold+ Then there exists a p-dimensional Brownian
motion B with covariance matrix equal toV0, such that, as Tr `,

~i!

sup
r[@0,1#

1

#2T log logT **V0
2102 (

k51

@Tr#

ek 2 W~Tr!** a+s+
&& 0,

~ii ! almost surely,

lim sup
Tr`

** V0
2102

#2T log logT (
k51

T

ek** 5 1+

In the covariance stationary case we can relax A3+ In fact, we have the follow-
ing corollary+

COROLLARY 2+2+ Let et be a covariance stationary process satisfyingA1
andA2 and such that∀i 5 1, + + +p Var~SiT ! $ r ~T !, with r~T ! r ` as Tr `+
Thenet satisfiesA3+

Lemma 2+1~i! provides a strong invariance principle for strong mixing pro-
cesses satisfying A1–A3 and so for weakly stationary strong mixing processes
satisfying A1 and A2+ Strong invariance principles ensure that the set of norm
limit points of properly scaled partial sums coincides, with probability one, with
the set of norm limit points of the Brownian motion+ This result will be used to
derive an almost sure bound for the statisticVT + Part~ii ! of Lemma 2+1 is just the
ordinary law of the iterated logarithm for strong mixing processes, and, as shown
in the proof, it can be derived as a corollary of part~i!+

3. A STRONG CONSISTENT ESTIMATOR
FOR THE LONG-RUN VARIANCE

To have an almost sure bound free of nuisance parameters,we need to rescale the
partial sums by the variance; as in general we do not know the variance, we need
to estimate it+Although for inference purposes, it suffices to have a weakly con-
sistent estimator, in this context, to preserve the almost sure nature of the bound,
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we need a strongly consistent estimator+Weak consistency results for estimators
of the variance in the heterogeneous and dependent case have been already ob-
tained, in different frameworks, by several authors, among others White~1984!,
Newey and West~1987, 1994!, Gallant and White~1988!, Robinson~1991!, An-
drews~1991!, Andrews and Monahan~1992!, and Hansen~1992!+ However, to
the best of our knowledge, no strong consistency result has been provided+

Let ZVT be an estimator forV0 and for notational simplicity assume thatZVT
2102

is well defined~we could otherwise use a generalized inverse!+We then have

1

#2T log logT ** ZVT
2102 (

k51

@Tr#

ek**
5

1

#2T log logT **V0
2102 (

k51

@Tr#

ek 1 ~ ZVT
2102 2 V0

2102! (
k51

@Tr#

ek**
5

1

#2T log logT **V0
2102 (

k51

@Tr#

ek** 1 oas~1!

if ZVT 2 V0 5 oas~1!+
Let ST 5 (k51

T ek and

V0 5 lim
Tr`

ES 1

T
ST ST 'D,

OVT 5
1

T (
t51

T

E~et et ' ! 1
1

T (
t51

T21

(
t5t11

T

E~et et2t ' 1 et2t et ' !,

EVT 5
1

T (
t51

T

E~et et ' ! 1
1

T (
t51

lT

(
t5t11

T

E~et et2t ' 1 et2t et ' !+ (4)

Let wt 5 ~12 ~t0l T 1 1!! and let

\VT 5
1

T (
t51

T

et et ' 1
1

T (
t51

lT

wt (
t5t11

T

~et et2t ' 1 et2t et ' !, (5)

ZVT 5
1

T (
t51

T

~Xt 2 PX !~Xt 2 PX !'

1
1

T (
t51

lT

wt (
t5t11

T

~~Xt 2 PX !~Xt2t 2 PX !' 1 ~Xt2t 2 PX !~Xt 2 PX !' !+ (6)

To prove the strong consistency of\VT for V0, we show that

1

T (
t51

lT

wt (
t5t11

T

~et et2t ' 2 E~et et2t ' !! 5 oas~1!+ (7)
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This will be accomplished in Lemma 3+1, which follows+ Then it will be easy to
show that \VT 2 ZVT 5 oas~1!+

It is immediate to see that in the martingale difference sequences~m+d+s+! case,
a consistent estimator for the variance is given byT21 (t51

T ~Xt 2 PX !~Xt 2 PX !' ;
thus the desired result follows straightforwardly from the strong law of large
numbers+On the other hand, in the non-m+d+s+ case we can no longer appeal to the
strong law of large numbers+

LEMMA3 +1+ LetA1 andA2 hold+ If as Tr`, l T r` and lT0T 108 r 0, then

1

T (
t51

lT

wt (
t51

T2t

~et et1t ' 2 E~et et1t!! 5 oas~1!+

We are now ready to show the strong consistency ofZVT for V0, under theI ~0!
hypothesis, i+e+, as if H0 were true+ The limiting behavior of ZVT under theI ~1!
hypothesis will be considered in the next section+

THEOREM 3+2+ LetA1–A3 hold+ If as Tr`, l T r` and lT0T 108 r 0, then
under H0,

ZVT 2 V0 5 oas~1!

To obtain a strong consistency result for the estimator of the long-run variance,
we impose a rate of growth for the lag truncation parameter much slower than the
rate allowed in the weak consistency case+ However it is possible to allow for a
faster~but slower thanT 104! rate of growth ofl T , if we are willing to strengthen
the moment and the memory conditions stated in A1 and in A2+ We have the
following corollary+

COROLLARY 3+3+ Let et be an Rp2valued zero-mean process such that for
someb $ 2 and d . 0, supt E~eit

2~2b1d!! # C1 , ` for all i # p and et is
a-mixing with size22b~2b 1 d!0d+ If et satisfiesA3, and lT r ` such that
lT 5 o~T ~b21!04b !, then the statements in Lemma3+1 and in Theorem3+2 hold+

4. AN ALMOST SURE RULE FOR DECIDING BETWEEN I (0) AND I (1)

In this section we provide an almost sure rule for deciding betweenI ~0! andI ~1!,
i+e+, for deciding in favor ofH0 or in favor of HA+ It will be shown thatVT , as
defined in~3!, underH0, asT r ` is almost surely smaller than or equal to a
certain number, whereas underHA it diverges with probability one+

THEOREM 4+1+ Let Xt be an Rp-valued process generated as in~1! and ~2!
and letet satisfyA1–A3+ If, as Tr`, l T r` and lT0T 108 r 0, then under H0,
almost surely
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~i! for p 5 1,

lim sup
Tr`

VT #
1

#3
1

1

2

~ii ! for p . 1,

lim sup
Tr`

VT #
2

3
1

1

2

where VT is defined as in~3!+

From the preceding theorem we see that for the multidimensional case, regard-
less of the specific value ofp, we obtain a slightly looser almost sure bound+ In
fact, for p 5 1 we know from Strassen~1964, p+ 219! that

lim sup
Tr`

1

T 302#2 log logT (
t51

T

**V0
2102 (

j51

t

ej ** 5
1

#3
+

However, the proof of such a result is taylored for the scalar case and cannot be
generalized to the vector case+ For the case ofp . 1, we show in the proof of
Theorem 4+1 that

lim sup
Tr`

1

T 302#2 log logT (
t51

T

**V0
2102 (

j51

t

ej ** #
2

3
+

Thus forp . 1, regardless of the specific value ofp, we obtain an almost sure
upper bound rather than an exact almost sure bound+ The difference between the
two bounds is equal to 0+089+ Finally for all finitep51,2, + + + the additional12

_ term
appearing in~i! and~ii ! of Theorem 4+1 is due to the fact thatXt has an unknown
possibly nonzero mean and so we construct the statistic using deviations from the
sample mean+

In the proof of the preceding theorem we make extensive use of results by
Strassen~1964!+ Now Strassen considers the case of identically and indepen-
dently distributed random variables, whereas we consider the case of heteroge-
neous and dependent observations+However, this does not create any problem: in
fact we use a strong invariance principle for dependent and heterogeneous ob-
servations~e+g+, Eberlain, 1986, Theorem 1! to prove the statement in Lemma
2+1~i!+ Then we can rely on the results by Strassen~1964! to find the lim sup of
~10#2T log logT !W~T{! and of its functionals+

We now analyze the behavior ofVT underHA, i+e+,when at least one component
of Xt is an integrated process+

THEOREM 4+2+ Let Xt be an Rp-valued process generated as in~1! and~2!,
and letA1–A3 hold+ If as Tr `, l T r ` and lT0T 108 r 0, then under HA,

PS lim
Tr`

#2lT log logT

#T
VT . 0D 5 1+
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From Theorem 4+2 we see that under theI ~1! hypothesisVT diverges with
probability one at rate%T02l T log log~T !+ Thus to decide in favor of theI ~0!
hypothesis, if we compute a value smaller than or equal to 10#31 0+5 for p51,
and smaller than or equal to23

_ 1 0+5 for p . 1, and to decide in favor of theI ~1!
hypothesis if we get a larger value, gives an almost sure rule for choosing be-
tweenI ~0! andI ~1!+

NOTE

1+ It should be mentioned that strong consistent selection procedures for choosing between com-
peting models~e+g+, lag order selection in ARMA models! have been already proposed~e+g+,Hannan,
1980; Pötscher, 1983!+
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APPENDIX

Hereafter let7ut7r 5 ~(i51
p E~6uit 6r !!10r and let bT 5 T 302#2 log logT and dT 5

#2T log logT+

Proof of Lemma 2.1.

~i! Given A1–A3, the result in~i! follows from Theorem 1 in Eberlain~1986!, once we
have shown~A+1! and~A+2!, which follow+

7E~ST~m!6Fm!72 # C (A.1)

for C independent ofmandFm5 s~ + + +em21,em!+ Here∀i, j 51,2, + + +p, uniformly
in m,

T21E6E~SiT ~m!SjT ~m!6Fm! 2 E~SiT ~m!SjT ~m!!6 5 O~T2u ! (A.2)

for someu . 0+
We begin by showing~A+1!+By Lemma 3+5 in McLeish~1975a! and by Minkow-

ski’s inequality,

7E~ST~m!6Fm!72 # 7E~em116Fm!72 1 7E~em126Fm!72 1 {{{ 1 7E~em1T6Fm!72

# 6a1
1022102~41d!7em1172~41d! 1 {{{

1 6aT
1022102~41d!7em1T72~41d!

# 6 sup
t
7et72~41d! (

j50

`

aj
1022102~41d! # 6pC1

102~41d! A # C

because of the bound in A1 and because, given A2, (j51
` aj

1022102~41d! 5 A , `+
It remains to prove~A+2!+ The next few steps are close to Serfling’s~1968,

pp+ 1163–1164!, but we allow fori Þ j, whereas Serfling considers the scalar case+
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Recall thatSiT ~m! 5(k5m11
m1T ek andSiT ~m1 a! 5(k5m1a11

m1a1T ek+ The left hand side
~LHS! of ~A+2! can be rewritten as

E6E~T21SiT ~m1 a!SjT ~m1 a!6Fm! 2 E~T21SiT ~m1 a!SjT ~m1 a!!

2 E~~T21SiT ~m1 a!SjT ~m1 a! 2 T21SiT ~m!SjT ~m!!6Fm!

1 E~T21SiT ~m1 a!SjT ~m1 a! 2 T21SiT ~m!SjT ~m!!6

# E6E~T21SiT ~m1 a!SjT ~m1 a!6Fm!

2 E~T21SiT ~m1 a!SjT ~m1 a!!6

1 2E6T21SiT ~m1 a!SjT ~m1 a! 2 T21SiT ~m!SjT ~m!6 (A.3)

We shall show that the first term on the right hand side~RHS! of the inequality
in ~A+3! isO~T2u1 ! and the second term isO~T2u2 !,u1,u2 . 0+Equation~A+2! then
follows by settingu 5 Min $u1,u2%+ As for the first term on the RHS of~A+3!, from
McLeish mixing inequality~1975a, Lemma 3+5!,Cauchy–Schwartz and Minkowski
inequality, we have

T21E6E~SiT ~m1 a!SjT ~m1 a!6Fm! 2 E~SiT ~m1 a!SjT ~m1 a!!6

# 6T21aa
12~10~21d!!7SiT ~m1 a!SjT ~m1 a!721d

# 6T21aa
~11d!0~21d!7SiT ~m1 a!72~21d!7SjT ~m1 a!72~21d!

# 6T21T 2aa
~11d!0~21d!~sup

t
E~eit

2~21d!!!10~21d!

# 6C1
10~21d! Taa

~11d!0~21d!

whereC1 is the bound in A1+ Now, given the size condition in A2, for a5 T f, with
@d~21 d!#0@4~d 11!~41 d!# , f , 1, Taa

~d11!0~21d! will approach zero, asTr`
at rateT2u1, with u1 5 $f@4~4 1 d!~11 d!#0@d~2 1 d!#% 2 1+

We now need to show that by settinga 5 T f, with f defined as previously, the
second term on the RHS of~A+3! is O~T2u2 !,u2 . 0+ First note that

T21SiT ~m1 a!SjT ~m1 a! 2 T21SiT ~m!SjT ~m!

5 ~T2102SjT ~m1 a! 2 T2102SjT ~m!!~T2102SiT ~m1 a! 1 T2102SiT ~m!!

1 T2102SjT ~m1 a!~T2102SiT ~m1 a! 2 T2102SiT ~m!!

2 T2102SiT ~m1 a!~T2102SjT ~m1 a! 2 T2102SjT ~m!!+

Needless to say, the sum of the last two terms is identical to zero, for i 5 j+ Thus, by
the triangular inequality and Cauchy–Schwartz inequality,

E6T21SjT ~m1 a!SiT ~m1 a! 2 T21SjT ~m!SiT ~m!6

# ~E~T2102SjT ~m1 a! 2 T2102SjT ~m!!2 !102

3 ~E~T2102SiT ~m1 a! 1 T2102E~SjT ~m!!2 !102

1 ~E~T2102SjT ~m1 a!!2 !102~E~T2102SiT ~m1 a! 2 T2102SiT ~m!!2 !102

1 ~E~T2102SiT ~m1 a!!2 !102~E~T2102SjT ~m1 a! 2 T2102SjT ~m!!2 !102

5 O~a102T2102 !,
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as, given A3, E~T2102SiT ~m 1 a! 2 T2102SiT ~m!!2 5 O~aT21!, and E~T210

2SiT ~m1a!!25O~1!,uniformly inm, for a5o~T !+Thus by settinga5T f,we have
that the second term in~A+3! is O~T2u2 !, with u2 5 1

2
_~12 f!+ This completes the

proof of~i!+
~ii ! Given the statement in~i! we have that

dT
21V0

2102 (
j51

T

ej 2 dT
21W~T ! 5 oas~1!+

Recalling thatet is Rp-valued andp is finite, we also have that

dT
21**V0

2102 (
j51

T

ej 2 W~T !** 5 oas~1!,

and so

dT
21**V0

2102 (
j51

T

ej ** 5 dT
217W~T !71 oas~1!+ (A.4)

From the law of the iterated logarithm~LIL ! for thep-dimensional Brownian mo-
tion ~e+g+, McKean, 1969, p+ 96!, we know that lim supTr` dT

217W~T !75 1, with
probability one+ The statement in~ii ! then follows from~A+4!+ n

Proof of Corollary 2.2. From the proof of Lemma 2+1~i!, we have seen that

7E~ST~m!6Fm!72 # C+

It then follows from the first part of Theorem 2 in Eberlain~1986! that A3 is satisfied+
n

Proof of Lemma 3.1. We first consider the case ofp 5 1, as the generalization to
arbitrary finitep is straightforward+

We begin by showing that

ES 1

T (
t51

lT

wt (
t5t11

T

~et et2t 2 E~et et2t!!D4

5 O~T2~11h! ! (A.5)

for someh . 0+ We then show that~A+5! implies the desired result+ For notational con-
venience let

zt,t 5 et et2t 2 E~et et2t!

and

ZT,t 5 (
t5t11

T

zt,t +

From Loeve’scr inequality~e+g+, Davidson, 1994, p+ 140!,

ES(
t51

lT

wt ZT,tD4

# lT
3 (

t51

lT

~E6vt ZT,t 64 ! # lT
4 sup

t
E6ZT,t 64+ (A.6)
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Now we shall found a bound forE6ZT,t64 for a generict, and then we shall take the
supremum overt 5 1,2, + + + , l T + Hereafter let

Et2kzt,t 5 E~zt,t 6Gt2k!,

whereGt2k 5 s~ + + +zt2k21,t,zt2k,t!+We have

zt,t 5 (
k52`

`

~Et2kzt,t 2 Et2k21zt,t! 5 (
k50

`

~Et2kzt,t 2 Et2k21zt,t!+

In fact, for k , 0, Et2kzt,t 2 Et2k21zt,t 5 zt,t 2 zt,t 5 0, and forkr`, Et2kzt,t converges
almost surely toE~zt,t! 5 0+

We can write

ZT,t 5 (
t5t11

T

zt,t 5 (
t5t11

T

(
k50

`

~Et2kzt,t 2 Et2k21zt,t! 5 (
k50

`

YTk,t , (A.7)

where

YTk,t 5 (
t5t11

T

~Et2kzt,t 2 Et2k21zt,t!+

Now let Kt 5 (k50
` gk0t, wheregk . 0, gk 5 1 for k 5 0,1, + + +t, andgk 5 o~k21! for

k . t; thus supt51, + + + lT Kt 5 L , `+ Following Lemma 6+1 and Lemma 6+2 in McLeish
~1975a!, we have that

E6ZT,t 64 5 E* (
k50

`

YTk,t*
4

5 Kt
4E* (

k50

` YTk,t

gk0t

gk0t

Kt
*

4

# Kt
3 (

k50

` Sgk

t
D23

E6YTk,t 64+ (A.8)

The next few steps are close to those followed by Davidson~1994! in the proof of his
Theorem 16+11+However he treats the case of therth moment, r , 2,whereas we consider
the fourth moment, and we also need to take care of the fact that for 0# k # t, zt,t, and
zt2k,t belong to overlappings-fields+

From Burkholder’s inequality and from Loeve’scr inequality, we have that

E6YTk,t 64 # C4
4E* (

t5t11

T

~Et2kzt,t 2 Et2k21zt,t!2*
2

# C4
4T (

t5t11

T

E6Et2kzt,t 2 Et2k21zt,t 64, (A.9)

whereC4 # 18rq102, r 5 4, andq21 5 1 2 r 21 ~see Burkholder, 1973, p+ 23!+
To apply mixing inequalities, we need to define the mixing coefficients ofzt,t+ Recall

that Ga
b 5 s~za,t, + + + ,zb,t!, za,t 5 eaea2t 2 E~eaea2t! 5 g~ea,ea2t!, Fa

b 5 s~ea + + +eb!+
Following the lines of White~1984, Corollary 6+18!, ak

t 5 supn a~G2`
n ,Gn1k

` !, ak 5
supn a~F2`

n ,Fn1k
` !, and soak2t 5 supn a~F2`

n ,Fn1k2t
` !+ As g is measurable, Ga

b , Fa2t
b ,
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soak
t # supn a~F`

n ,Fn1k2t
` !5ak2t+ It then follows thatak

t # 1, 0# k# t, andak
t # ak2t,

k . t+
From Minkowski’s inequality and from McLeish mixing inequality~McLeish, 1975a,

Lemma 3+5!, for k . t we have

7Et2kzt,t 2 Et2k21zt,t74 # 7Et2kzt,t74 1 7Et2k21zt,t74

# 2~2104 1 1!~ak
t!104210~41d! 7zt,t741d

# 2~2104 1 1!ak2t
d0~4~41d!!7zt,t741d + (A.10)

Now by Minkowski and Cauchy–Schwartz inequality, we have

7zt,t741d 5 7et et2t 2 E~et et2t!741d # 7et et2t741d 1 E~6et et2t 6!

# sup
t

~E6et 62~41d! !10~2~41d!! sup
t

~E6et 62~41d! !10~2~41d!!

1 sup
t

~Eet
2!102 sup

t
~Eet

2!102 # 2C1
10~41d! ,

whereC1 is the bound in A1+ Thus fork . t,

7Et2kzt,t 2 Et2k21zt,t74 # 4~2104 1 1!C1
10~41d! ak2t

d0~4~41d!! +

Now consider the case of 0# k # t, in which ak
t # 1:

7Et2kzt,t 2 Et2k21zt,t74 # 27Et2k21zt,t74 # 4~2104 1 1!C1
10~41d! +

Thus,

E~YTk,t!4 # CT2 for 0 # k # t E~YTk,t!4 # CT2~ak2t
d0~4~41d!!!4 for k . t,

(A.11)

whereC 5 16~2104 1 1!4C4
4C1

40~41d! , with C4 defined as following~A+9!+
From~A+8! and~A+11! we can write

E6ZT,t 64 # CT2S(
k50

` gk

t D3

t4S(
k50

t Sgk

t D23 1

t4

1 (
k5t11

` Sgk

t D23Sak
d0~4~41d!!

t D4D+
(A.12)

We can setgk 51, k5 0, + + +t, andgk 5 ak2t
d0~4~41d!! ,k . t, because given A2, ak2t

d0~4~41d!! 5
o~~k 2 t!21! 5 o~k21!+ Thus

E6ZT,t 64 # CL3T 2t4 1 CL3T 2t4S (
k5t11

` ak2t
d0~4~41d!!

t D , (A.13)
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whereL 5 supt51, + + + lT (k50
` ~gk0t!+ Given the size condition in A2, we have that

sup
t51,2, + + + lT

(
k5t11

` ak
d0~4~41d!!

t
# B , `

for some constantB+ Thus

sup
t51,2, + + + lT

E6ZT,t 64 # T 2lT
4CL3~11 B!+

Thus, from ~A+6!, we have that

ES(
t51

lT

wt (
t5t11

T

zt,tD4

5 O~T 2lT
8!,

and forl T 5 o~T 108!, we have

ES 1

T (
t51

lT

wt (
t5t11

T

zt,tD4

5 O~T2~11h! !

for h . 0+ This proves~A+5!+
Now we need to show that~A+5! implies the desired result+ Let

AT 5 Hv : *T21 (
t51

lT

wt (
t5t11

T

zt,t~v!* . eJ
for somee . 0+ By Markov inequality we have that

P~AT ! #

EST21 (
t51

lT

wt (
t5t11

T

zt,tD4

e4 5 O~T2~11h! !+

Thus(T51
` P~AT ! , `+ From the first Borel Cantelli lemma we then have that

PSlim sup
T

ATD 5 0+

This concludes the proof for the case ofp 5 1+
For the case of arbitrary finitep, as almost sure convergence of all the elements implies

almost sure convergence of the matrix, it suffices to show that for alli, j 5 1,2, + + +p,

1

T (
t51

lT

wt (
t51

T2t

~eit ejt2t 2 E~eit ejt2t!! 5 oas~1!+

This can be shown by the same argument used previously+ n

Proof of Theorem 3.2. Hereafter \VT , EVT , OVT , V0, and ZVT are defined as at the begin-
ning of Section 3+We first show that \VT 2 V0 5 oas~1!+ By Lemma 6+17 in White~1984!,
if , asTr`, l T r`, then EVT 2 OVT r 0+ As, given A3, OVT r V0, it suffices to show that
\VT 2 EVT 5 oas~1!+ As almost sure convergence element by element implies almost sure
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convergence of the matrix, it suffices to show that]vij ,T 2 Jvij ,T 5 oas~1!, ∀i, j 51,2, + + +p+
We can write

]vij ,T 2 Jvij ,T 5
1

T (
t51

T

~eit ejt 2 E~eit ejt !!

1
1

T (
t

T

wt (
t5t11

T

~~eit ejt2t 2 E~eti ejt2t!! 1 ~ejt eit2t 2 E~ejt eit2t!!!

1
1

T (
t51

lT

~wt 2 1!S (
t5t11

T

~E~eit ejt2t! 1 E~ejt eit2t!!D+ (A.14)

The last term converges to zero by the same argument used in the proof of Theorem 2 in
Newey and West~1987!+Given A1 and A2, the first term on the RHS of~A+14! is oas~1! by
the strong law of large numbers~e+g+,McLeish, 1975b, Theorem 2+10!+ Finally the second
term isoas~1! because of Lemma 3+1+

Now it remains to show thatZVT 2 \VT 5 oas~1!,

ZVT 5
1

T (
t51

T

~~Xt 2 m! 2 ~ PX 2 m!!~~Xt 2 m! 2 ~ PX 2 m!!'

1
1

T (
t51

lT

wt (
t5t11

T

@~~Xt 2 m! 2 ~ PX 2 m!!~~Xt2t 2 m! 2 ~ PX 2 m!!'

1 ~~Xt2t 2 m! 2 ~ PX 2 m!!~~Xt 2 m! 2 ~ PX 2 m!!' #

5 \VT 1 ~ PX 2 m!~ PX 2 m!' 2 ~ PX 2 m!
1

T (
t51

T

~Xt 2 m!' 1
1

T (
t51

T

~Xt 2 m!~ PX 2 m!'

2 ~ PX 2 m!
1

T (
t51

lT

wt (
t5t11

T

~~Xt2t 2 m!' 1 ~Xt 2 m!' !

2
1

T (
t51

lT

wt (
t5t11

T

~~Xt 2 m! 1 ~Xt2t 2 m!!~ PX 2 m!'

1 2~ PX 2 m!~ PX 2 m!'(
t

lT

wt

T 2 t

T
5 \VT 1 I 1 II 1 III 1 IV 1 V 1 VI+

We want to show thatI 1 II 1 III 1 IV 1 V 1 VI 5 oas~1!+ The termsI, II , III areoas~1!
because of the strong law of large numbers for strong mixing+ Now ~ PX 2 m! 5
10T(t51

T ~Xt 2 m! 5 Oas~#2 log logT0#T ! by Lemma 2+1~ii !, and asl T 5 o~T 108! it
follows that VI is oas~1!+ Finally given the conditions on the rate of growth ofl T and
given A1–A3, IV andV areoas~1! by Lemma 2+1~ii ! and by Lemma 3+1+ n

Proof of Corollary 3.3. It follows by the same argument used in the proof of Lemma
3+1, by noting that~A+5! should be modified as

EST21 (
t51

lT

wt Zt,tD2b

5 O~T2~11h! !
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with h . 0+ Equation~A+6! should be modified as

ES(
t51

lT

wt Zt,tD2b

# lT
2b sup

t
E6ZT,t 62b,

~A+9! should be modified as

E6YTk,t B62b # C2b
2b T b21 (

t51

T2t

E6Et2kzt,t 2 Et2k21zt,t 62b,

and so we have

sup
t

E6ZT,t 62b # CTblT
2b

for some 0, C , `, and it follows that we needl T 5 o~T b2104b !+ n

Proof of Theorem 4.1. Most of this proof is the same forp51 andp . 1+We shall just
stress the specific points in which the one-dimensional and the multidimensional case
require a different treatment+ Without loss of generality setr0 5 0, wherert is defined
in ~2!+

1

bT
(
t51

T

** ZVT
2102 (

j51

t

~Xj 2 PX !**
5

1

bT
(
t51

T

**V0
2102 (

j51

t

~Xj 2 m! 2 V0
2102 t~ PX 2 m! 1 ~ ZVT

2102 2 V0
2102!

3 (
j51

t

~Xj 2 m! 2 ~ ZVT
2102 2 V0

2102!t~ PX 2 m!**
#

1

bT
(
t51

T

**V0
2102 (

j51

t

ej ** 1
1

TbT
(
t51

T

t **V0
2102 (

s51

T

es**
1

1

bT
(
t51

T

**~ ZVT
2102 2 V0

2102! (
j51

t

ej ** 1
1

TbT
(
t51

T

t **~ ZVT
2102 2 V0

2102! (
s51

T

es**+ (A.15)

We shall organize the proof in three different steps+

Step 1+We show that, for p 5 1, almost surely

~a! lim sup
Tr`

1

T 302%2 log log~T ! (
t51

T

**V0
2102 (

j51

t

ej ** 5
1

#3

and forp . 1, almost surely,

~b! lim sup
Tr`

1

T 302%2 log log~T ! (
t51

T

**V0
2102 (

j51

t

ej ** #
2

3
+
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Let t 5 @Tr# and let(j51
@Tr# V0

2102ej 5 S@Tr# 5 ST~r !, and also let

hT~r ! 5 ~@Tr# 1 1 2 Tr!ST~r ! 1 ~Tr 2 @Tr#!ST11~r !+

From Lemma 2+1~i!, for any finitep, asT r `,

sup
r[@0,1#

1

dT

7S@Tr# 2 W~Tr!7 a+s+
&& 0,

and, as

sup
r[@0,1#

1

dT

7h~Tr! 2 S@Tr#7
a+s+

&& 0,

it follows that the set of norm limit points of$dT
21ST % and$dT

21hT % coincides with the set
of norm limit points ofdT

21WT with probability one+ From Theorem 1 in Strassen~1964!,
we know that$dT

21WT ,T $ 3% is relatively norm compact and the set of its limit points
coincides, almost surely, with K, whereK 5 $ f [ @0,1# r Rp; f ~0! 5 0, f absolutely
continuous, *0

17df ~r !0dr72 dr # 1%+

We now make use of the following result, due to Strassen~1964, p+ 218!+

LEMMA A + If f is a continuous map from C, the space of continuous functions on
@0,1# , closed with respect to the sup norm, to some Hausdorf space, e+g+ , a Euclidean
space as in our case, then, with probability one, $f~dT

21hT !,T $ 3%, wherehT is defined
as previously, is relatively norm compact and the set of norm limit points coincides, al-
most surely, with f~K !, with K defined as previously+ n

Now,

PFlim sup
Tr`

1

bT
(
t51

T

**V0
2102 (

j51

t

ej ** 5 lim sup
Tr`

dT
21E

0

1

7hT~t!7 dtG5 1+

From Lemma A, for p 5 1, we have

PFlim sup
Tr`

dT
21E

0

1

7hT~t!7 dt 5 supf~K !G5 1+

Given the definition ofK, following Strassen~1964, pp+ 218–219!,

supf~K ! 5 sup
u[K

E
0

1

7ut7 dt 5 sup
u[K

E
0

1

7 _ut7~12 t! dt

5 supFE
0

1

~12 t!7y~t!7 dt : E
0

1

7y~t!72 dt # 1G5SE
0

1

~12 t!2 dtD102

,
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where the second equality on the RHS comes from integration by parts and the last equal-
ity follows from the evaluation of the supremum of a linear functional on the unit sphere
of a Hilbert space+ As

SE
0

1

~12 t!2 dtD102

5
1

#3
,

the statement of step 1~a! follows+
The same argument does not apply whenp . 1, as d7ut70dt Þ 7dut 0dt7+ Now for

arbitrary finitep,

supf~K ! 5 sup
u[K

E
0

1

7ut7 dt+

Now

sup
u[K

E
0

1

7ut7 dt 5 sup
u[K

E
0

1

**E
0

t

_us ds**dt # E
0

1Ssup
u[K
SE

0

t

dsE
0

t

_us' _usdsD102D dt+ (A.16)

By the definition ofK,

E
0

1

_us' _us ds# 1+

As the bound does not depend on the specificu we pick, we also have that

sup
u[K

E
0

1

_us' _us ds# 1+

Thus the RHS in~A+16! is majorized by*0
1 t 102 dt 5 2

3
_ + The statement in step 1~b! then

follows+

Step 2+ For arbitrary finitep,

lim sup
Tr`

1

bT
(
t51

T

t 7V0
2102~ PX 2 m!7

5 lim sup
Tr`

T~T 1 1!

2T 2

1

%2T log log~T ! **V0
2102 (

t51

T

et ** 5
1

2
,

recalling that by Lemma 2+1~ii !

lim sup
Tr`

1

%2T log log~T ! **V0
2102 (

t51

T

et ** 5 1+
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Step 3+ It remains to show that the last two terms on the RHS of~A+15! areoas~1!+ Let
ZVT
2102 5 @ [uij # andV0

2102 5 @uij # ,∀i, j 5 1,2, + + +p+

1

bT
(
t51

T

**~ ZVT
2102 2 V0

2102! (
j51

t

ej **
#

1

bT
(
t51

T

*(
i51

p

~ [ui1 2 ui1! (
j51

t

e1j * 1 {{{ 1
1

bT
(
t51

T

*(
i51

p

~ [uip 2 uip! (
j51

t

epj* 5 oas~1!,

because of Theorem 3+2 and because, by step 1, bT
21(t51

T (j51
t eij 5Oas~1!,∀i 51, + + +p+As

for the last term on the RHS of~A+15!, it can be majorized by

1

T 2

T~T 1 1!

2

1

%2T log log~T ! *(i51

p

~ [ui1 2 ui1! (
t51

T

e1t*
1 {{{ 1

T~T 1 1!

2T 2

1

%2T log log~T ! *(i51

p

~ [uip 2 uip! (
t51

T

ept* 5 oas~1!

as by Theorem 3+2 [uij 2 uij 5 oas~1!, ∀ij and because∀j 5 1,2+ + +p,

lim sup
Tr`

1

%2T log log~T ! *(t51

T

ejt * 5 Oas~1!+

The desired result then follows by putting together steps 1–3 and by recalling that the
lim sup of the sum is less than or equal to the sum of the lim sup’s+ n

Proof of Theorem 4.2. We shall begin by showing that

ZVT 5 Oas~2TlT log logT !+ (A.17)

This implies that no element ofZVT
2102, with probability one, can converge to zero at a rate

faster than~2TlT log logT !2102+We then show that

PS lim
Tr`

1

T 502 (
t51

T

**(
j51

t

~Xj 2 PX !** . 0D5 1+ (A.18)

The desired result then follows from~A+17! and~A+18!+
Without loss of generality,we can assume thatX1t is an integrated process+ Let [v11,T be

the$11% element of ZVT +We shall show that

1

2TlT log logT
[v11,T 5 Oas~1!+

Again without loss of generality we can assume that in~2! r0 5 0; so we can write

X1t 5 m 1 e1t 1 (
j51

t

j1j

DECIDING BETWEEN I (0) AND I (1) 661

https://doi.org/10.1017/S0266466699155014 Published online by Cambridge University Press

https://doi.org/10.1017/S0266466699155014


and

PX1 5 m 1
1

T (
t51

T

e1t 1
1

T (
t51

T

(
j51

t

j1j +

Recall thatjt is i+i+d+, by noting that because of Lemma 2+1~i! ~for e1t ! and because of
Theorem 2 in Strassen~1964, for j1t !, for anyf . 0, for t # T,

1

T f#2T log logT (
j51

t

e1j 5 oas~1!

and

1

T f#2T log logT (
j51

t

j1j 5 oas~1!,

we have that

1

TlT~2 log logT !
[v11,T

5
2

T 2lT~2 log logT ! (
t51

lT

wt

3 (
t5t11

T S(
j51

t

j1j 2
1

T (
t51

T

(
j51

t

j1jDS(
j51

t2t

j1j 2
1

T (
t51

T

(
j51

t

j1jD1 oas~1!

5
2

T 2lT~2 log logT ! (
t51

lT

wt (
t5t11

T S(
j5t

t

j1j 2
1

T (
t51

T

(
j51

t

e1jD2

1 oas~1! 5 I 1 oas~1!+

Now almost surely

I #
2

T 2~2 log logT ! (
t5t11

T S(
j51

t

j1jD2

1S 6

T 302#2 log logT (
t51

T

*(
j51

t

j1j *D2

# 2
4s11

2

p2 1 S6
s11

#3D2

,

where the second inequality comes from Strassen~1964, p+ 219! ands11
2 is the variance

of j1+
SupposeXit , i 5 1+ + + r, 1 # r # p is I ~1! andXit , i 5 r 1 1, + + +p is I ~0!; by the same

argument given previously,

1

TlT~2 log logT !
[vii ,T 5 Oas~1!, i 5 1, + + + r
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and

1

TlT~2 log logT !
[vij ,T 5 oas~1!,∀i, and0or j 5 r 1 1+ + +p+

It follows that ZVT
102 5 Oas~#2TlT log logT !, and so with probability one no component

of ZVT
2102 can approach zero at a rate faster than~2TlT log logT !2102+ Now let Xt 5

~Xt
~r ! ,Xt

~ p2r !!', whereXt
~r ! denotes ther-vector withI ~1! components andXt

~ p2r ! thep 2
r-vector ofI ~0! components+We have

1

T 502 (
t51

T

**(
j51

t

~Xj 2 PX !**
5

1

T 502 (
t51

T

**(
j51

t

~Xj
~r ! 2 PX ~r ! !** 1 oas~1!

$
1

T 502 (
t51

T

*(
j51

t

~X1j 2 PX1!* 1 oas~1!

5
1

T (
t51

T

* 1

T (
j51

t Ss11

#T (
h51

j j1h

s11

2
s11

T 302 (
t51

T

(
j51

t j1j

s11
D*

1 oas~1!+

From Theorem 2 in Eberlain~1986!, we know that

1

#t (
j51

t j1j

s11

2
Wt

#t
5 Oas~t

2u !, u . 0,

whereW~t! is a standard one-dimensional Brownian motion+
Let us define the set of zeros of the Brownian motion as

Z 5 $~t,v! [ @0,`! 3 V;W~t,v! 5 0%

and for a givenv [ V define

Z~v! 5 $t [ @0,`!;W~t,v! 5 0%+

From Theorem 2+9+6 in Karatzas and Shreve~1991!, ∀v [ V*, with P~V* ! 51, Z~v! has
Lebesgue measure zero+ It then follows that

PS lim
Tr`

1

T (
t51

T

* 1

T (
j51

t S 1

#T (
h51

j

j1h 2
1

T 302 (
t51

T

(
j51

t

j1jD* . 0D5 1,

and so

PS lim
Tr`

1

T 502 (
t51

T

**(
j51

t

~Xj 2 PX !** . 0D5 1+

Given~A+18!, this concludes the proof+ n
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