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A CONVERSE THEOREM WITHOUT ROOT NUMBERS

ANDREW R. BOOKER

Abstract. 'We answer a challenge posed in Booker [ L-functions as distributions.
Math. Ann. 363(1-2) (2015), 423454, §1.3] by proving a version of Weil’s converse
theorem [Uber die Bestimmung Dirichletscher Reihen durch Funktionalgleichungen,
Math. Ann. 168 (1967), 149-156] that assumes a functional equation for character
twists but allows their root numbers to vary arbitrarily.

§1. Introduction. When Weil introduced his converse theorem [20], he had
in mind what eventually became known as the Shimura—Taniyama conjecture
connecting elliptic curves over Q with classical modular forms. Soon after,
Weil’s theorem was recast in representation-theoretic terms by Jacquet and
Langlands [12, Theorem 11.3], for whom the motivation was Artin’s conjecture,
now seen as the prototypical case of Langlands’ functoriality [12, §12]. At the
time, much more was known about the analytic properties of Artin L-functions
than of Hasse—Weil L-functions (though as fate would have it, Shimura—
Taniyama is now a theorem, while some cases of Artin’s conjecture for two-
dimensional representations over (Q remain open). However, one hypothesis in
the converse theorem emerged as a sticking point in the way of easily applying
it to Artin L-functions, namely the behavior under twist of the root number in
the functional equation, which is tantamount to proving the existence of local
root numbers for Artin representations. Langlands [16] solved this problem by a
direct (i.e. local) but very involved computation. Shortly after, Deligne [10] gave
a simpler global proof by the method of “stability of e-factors”.

In this paper we show that the issue could have been circumvented', in the
sense that knowledge of the root number is not needed in the converse theorem.
We also incorporate the method of [6] to allow the non-trivial twists to have
arbitrary poles. Specifically, we show the following theorem.

THEOREM 1.1. Let & be a Dirichlet character modulo N, k a positive
integer satisfying £(—1) = (=¥, and {An}o2 | a sequence of complex numbers
satisfying A, = O(/n) and the Hecke relations, so that

o0

1
E A S = | | , (1.1)
— 1—hpp~s +&(p)p~2

p

with A, = E(p)A, for each prime p { N.
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! That is not to say that it should have been. As Langlands makes clear in his commentary [14] and [15],
the existence of local root numbers for Artin representations was an important confirmation of the nascent
local theory.
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For any primitive Dirichlet character x of conductor q coprime to N, define

k—1) <
Ay(s) = F@(S + T) Z/\,,X(n)nfs

n=1

for s € C with R(s) > %, where I'c(s) = 2Qm)°T'(s). Suppose, for every
such x, that A, (s) continues to a meromorphic function on C and satisfies the
functional equation

Ay (s) = €, (NgHVPA, (01 —%), (1.2)

for some €, € C (necessarily of magnitude 1). Let 1 denote the character
of modulus 1, and suppose that there is a non-zero polynomial P such
that P(s)A1(s) continues to an entire function of finite order.

Then one of the following statements holds.

(i) k = 1 and there are primitive characters & (mod N1) and & (mod N,)
such that N\N» = N, &1& =& and A, = Zdln &1(n/d)&>(d) for every n.
(i) ZZOZI Aun&—D/2e2m102 i 4 normalized Hecke eigenform in

S (To(N), §).
The result can also be stated in representation-theoretic terms, as follows.

THEOREM 1.2. Let Ag denote the adéle ring of Q, and let 1 = 7o ®
®y<oo Tv be an irreducible admissible representation of GLy(Ag) with
automorphic central character and conductor N. Assume that each 1, is unitary
and that m is a discrete series or limit of discrete series representation. For
each unitary idele class character w of conductor q coprime to N, suppose that
the complete L-functions

A @) =[[Lem@w) and A T@o ) =]]L6. T @0,
v v

defined initially for N(s) > %, continue to meromorphic functions on C and
satisfy a functional equation of the form

AG, T Q) = eo(NgH'* A1 -5, 7 Q0w )

for some complex number €,,. Suppose also that there is a non-zero polynomial P
such that P(s)A(s, w) continues to an entire function of finite order. Then there
is an automorphic representation T1 = ), I1, which is either cuspidal or an
isobaric sum of unitary idele class characters, and satisfies w, = I, for v = 0o
and every finite v at which m, is unramified.

Many extensions and variations of the hypotheses of the two theorems are
possible. We mention a few.
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(1) The restriction to discrete series representations was made for convenience
and could be removed with more work. It is also likely possible to
formulate a version over number fields, starting along the lines of [4, 5].

(2) The assumptions that A, = O(y/n) in Theorem 1.1 and that 7w, be
unitary in Theorem 1.2 could be relaxed to polynomial growth of the
Satake parameters, at the expense of allowing solutions corresponding to
Eisenstein series of higher weight. Since we have allowed the untwisted
L-function to have finitely many poles, that would include the Eisenstein
series of weight 2 and level 1 (which is not modular), as in [6].

(3) If we assume that the twisted L-functions are entire then, using the
method of [11], it is enough to assume the functional equation for the
trivial character and characters of a single well-chosen prime conductor
g (depending on N). As shown in [2, Theorem 2.5], the set of suitable ¢
has density 1 in the set of all primes.

(4)  Our proof makes use of the Euler product, an idea that originates with
Conrey and Farmer [9]. It is not required in Weil’s original converse
theorem, thanks to an abundance of twists, and one might ask whether
it is possible to eliminate both the root numbers and Euler product. It is
plausible that the answer is no, as the analogous question for additive twists
has a negative answer, as shown in [19]. However, adopting the philosophy
espoused in [2], it is likely possible to linearize the Euler product, replacing
it by the functional equation under twist by Ramanujan sums, ¢, (n).

Finally, we note that stability of e-factors for more general reductive groups and
representations of their L-groups remains an active area of research (see [8] for
a recent survey), motivated in part by applications involving converse theorems
for GL,,. It would be interesting to understand the extent to which our result can
be generalized to higher rank.

§2. Lemmas. We begin with a few preparatory lemmas. We assume the
notation and hypotheses of Theorem 1.1 throughout.

LEMMA 2.1. Let g ¥ N be a prime number, and let

an
cg(n) = Z e(—)
a (modgq) q
(a,9)=1

be the associated Ramanujan sum, where e(x) = e*™*. Define

A, (s) =Tc (S + ?) ancq(n)n_s.

n=1

Then the ratio Dgy(s) = Ac,(s)/A1(s) is a Dirichlet polynomial satisfying the
functional equation

Dy(s) = £(q)g" "D,y (1 —5).
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Proof. This holds more generally for positive integers ¢ coprime to N, as
shown in [2, Lemma 4.12]. For completeness, we prove the claim for prime
values of g. Let xo denote the trivial character mod g. Then a straightforward
calculation shows that ¢, (n) = g — 1 — g xo(n), so that

Ac, (s) q Y ey Anxo(m)n™*
a4 1= % -
Aq(s) anl Apn—s
qg—1-q(1 =g +E(@)q™ )

—1 429" — E(q)g" ™%,

Dy(s) =

by (1.1). Hence

E@q D, —5) = &(@)qg" " (~1 + g —El@)g™h
= —1+&@hq' ™ —E(@g"™
= Dy(s),

since A4 = &(q)rq, by (1.1). O

LEMMA 2.2.

(1) Ay (s) is entire of finite order for every primitive character x of prime
conductor q 1 N.

(2)  A1(s) is entire apart from at most simple poles at s € {0, 1} for k = 1 and
s € {—%, %, %}fork =2

Proof. These follow from the proof of [6, Theorem 1.1]. Although the
statement of that theorem includes a formula for the root number, we verify that
no use of that hypothesis is made until §3.1, where Weil’s converse theorem is
applied. Thus we find that (1) holds and that Aq(s) is entire apart from at most
simple poles at s € {(1 £ k)/2} fork #2and s € {—3, 1, 3} for k = 2. Finally,
the estimate A, = O(+/n), together with the functional equation (1.2), rules out
poles in the case k > 2. O

LEMMA 2.3. For any prime q { N and any integer a, there is a positive
integer n = a (mod q) such that ,, # 0.

Proof. Suppose the conclusion is false for some ¢ and a. If a = 0 (mod q)
then we must have A, = 0, but then the Euler product (1.1) implies that 1> =
—&(q) # 0. Hence we may assume that (a, g) = 1.

Letting xo denote the trivial character mod g, we have xo(n) = (¢ — 1 —
cqg(n))/q, and thus

Lo L mr—— Y x@xm
- — cq(n xa)xn
q 4q(@—1) =1 (o

XFX0
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is the indicator function of the residue class of a. Hence, by hypothesis we have

1 _
A1<s)=FAcq<s)—q"Tl 3> X@hy ).

x (modq)
XFX0

Applying the functional equation and making use of Lemma 2.1, this implies
that

N R T=5) = Gf“f)uv YK T=5)

—qj(Nq O3 x(@ex Ay (T=75).

x (modg)
XFX0
Multiplying both sides by €7(Ng?)*~!/2, replacing s by 1 — § and conjugating,
we obtain
- £(q) (q) _
q' P A1) = T A, () — 1 Y x(@erggAyls).
7 x (modg)
XFX0

Comparing the Dirichlet coefficients of both sides at g, we see that A, = 0. In
turn, as above, this implies that hg2 = —§(q). Comparing coefficients at q°, we
thus have ¢ = —1, which is absurd. This concludes the proof. O

In [17, Theorem 9], Li proved that a cuspform whose L-function satisfies
both the Euler product (1.1) and the functional equation (1.2) for x = 1 must be
primitive. Our final result of this section constitutes an extension of Li’s result
that includes the Eisenstein series.

LEMMA 2.4. Let f € M (T'o(N), &) have Fourier expansion ZZOZO fre(nz),
and assume that it is a normalized eigenfunction for the full Hecke algebra, so

that
> 1
ps—=1)/2 _ ‘
r;fn 1:[ 1— fpp—s—(k—l)/Z +§(P)P_2S
Let

Af(s)—FC(s-i-—)Zf —s=(k=D/2

be the associated complete L-function, and assume that it satisfies the functional
equation

As(s) =eNYVPSAL(1—5)
for some € € C. Then one of the following statements holds.

(1) f is a primitive cuspform, that is, a normalized Hecke eigenform in
SEM(To(N), &).
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(i1)  There are Dirichlet characters &1 (mod N1) and & (mod Ny) such that &;
is primitive, NN = N, &1& = & and

fo=) &n/d)gr(d)d" !

dln

for every n > 0. If k # 2 then &, is primitive. If k = 2 then & need
not be primitive (and in fact it must be imprimitive if &1 and & are both
trivial), but if N3 denotes the conductor of & then N2/ N3 is squarefree
and (N2/Nj, NJ) = 1.

Proof (sketch). Let X denote the set of pairs (&1, &), where & (mod Np)
and & (mod N,) are primitive Dirichlet characters such that NN, | N,
E1(—D&(—1) = (=¥ andif k = 1 then & (—1) = 1. To any pair (§1, &) € X
we associate the L-series

k—1 k—1
Loaw =L(s+ e ) (s- ).

where the factors on the right-hand side are the usual Dirichlet L-functions.

Next let C denote the set of all primitive weight-k cuspforms g of conductor
dividing N. To g € C with Fourier expansion Zflozl gne(nz) we associate the
L-series

o0
Lo = Y g4
n=1

Let Ly(s) = Zzozl fun—s=%=1/2 denote the finite L-series of f. Then, by
newform theory and the description of Eisenstein series in [18, §4.7], there are
Dirichlet polynomials D¢, ¢, and D, such that

Li(s)= Y Die)Lees)+ Y De(s)Ly(s). (2.1)

(61,62)eX geC

Further, the coefficients of each Dirichlet polynomial are supported on divisors
of N.

Following [13], we will say that Euler products Lji(s) and Ly(s) are
equivalent if their Euler factors agree for all but at most finitely many primes,
and inequivalent otherwise. It follows from the Rankin—Selberg method (see, for
example, [7, Corollary 4.4]) that the elements of {L¢, ¢, : (§1,42) € X} U {L, :
g € C} are pairwise inequivalent. Combining this with [13, Theorem 2], we see
that the right-hand side of (2.1) has exactly one non-zero term. If the non-zero
term corresponds to a cuspform g € C then f is also cuspidal, and thus the
conclusion follows from Li’s theorem [17, Theorem 9].

Hence we may suppose that L¢(s) = Dg g (s)Lg 5 (s) for some pair
(&1, &2) € X. Since the function Ag, ¢, (s) = I'c(s +(k — 1)/2) Lg, ¢, (s) satisfies
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a functional equation of level N1 N2, Dg g, (s) = Af(s)/Ag 5 (s) satisfies a
functional equation of level N/NN», that is,

1/2—s
Dgl,gz(s) = 65]»52 (m) DS],SZ(I — E) (22)

for a suitable constant €¢, ,. On the other hand, since the coefficients of Dg, ¢, (s)
are supported on divisors of N, from the Euler products for L ¢(s) and L, ¢, (s)
we have

D ey (5) =[]

PIN

(1 =& (p)p~s~*=D/2)(1 — & (p)p~s+k-D/2)
1— fpp—s—(k—l)/2 :

This ratio must be entire, and, by the functional equation (2.2), its zeros are
symmetric with respect to the line N(s) = % By the Q-linear independence of
log p for primes p, the same is true of each individual Euler factor.

Now, if k # 2 then a straightforward case-by-case analysis shows that this is
only possible if

(1 =& (p)p= ¢ DDA —&(p)p*tE-D2)
1— fpp—s—(k—l)/z -

1

for each p, so that D¢, ¢,(s) = 1. Thus, L s (s) = Lg, ¢, (s), and by the functional
equation (2.2) we have N = N1 N,. This yields the desired conclusion for k # 2.
If k = 2 then, since the zeros of 1 — Eg(p)p_”l/2 lie on the line N (s) = %
there are two possibilities for each p:
o Lma@pmT = s@pmt?)
) 1— fpp—s—l/Z
(i) &(p) #0Oand

1— —s—1/2 1 — —s+1/2
e (p)p1 —f )zf—s-ffz(p)p Lo app
p

Let S denote the set of p | N for which case (ii) applies. Then we have

Dy e, (s) = [ [(1 = &(p)p™T'72).

peS

I;

For each p € S, note that 1 — &(p)p~°T1/2 satisfies a functional equation of

level p. Comparing with (2.2), we see that N/N| N, = ]_[p6 s p- Moreover,
since &(p) # O for each p € S, we have (N/N|N,, N;) = 1. Replacing &;
by the character of modulus N/N; that it induces, we get the conclusion of
the lemma. ]

§3. Proof of Theorem 1.1. We first apply Lemma 2.2 to constrain the poles
of A1(s) and A, (s) for primitive characters x of prime conductor ¢ { N. When
k < 2 we suppose for now that Aq(s) is entire, and return to the general case
below. Thus, both A1(s) and A, (s) are entire of finite order. By the Phragmén—
Lindelo6f convexity principle, they are bounded in vertical strips.
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Let H = {z € C : J(z) > 0} denote the upper half-plane. For z € H, set
o0 B o

fo=2an® VR @) =) fre(nz) and  f(x) =) fue(na).
n=1 n=1

For any function g : H — C and any matrix y = (‘g Z) € GL,(R) of positive
determinant, let g|y denote the function

- +b
@&ly)(@ = (dety)k/z(cz +d) kg<zljﬂ>

Then, by Hecke’s argument [18, Theore_m 4.3.5], the functional equation (1.2)
for x = 1 implies that f|(, ~') = i*e1 f. Note that

1 B 1\ (1 1\ -1\
(v)=G 0D )

Since f and f are Fourier series, it follows that f|(' 1) = f and fI(} ) = f.

If y, ¥’ € To(N) have the same top row, then a computation shows that 'y~
is a power of (), so that f|y’ = f|y. Thus, f|y depends only on the top row
of y. With this in mind, we will write y, , to denote any element of I'g(N) with
top row (¢ —a).

Let g be a prime not dividing N, and let x be a character modulo ¢, not
necessarily primitive. Define

fo= Y Wf’(l "{") and fr= ) X(a)f’ (1 “{").

a (modgq) a (modq)
(a,9)=1 (a,9)=1

1

Substituting the Fourier expansion for f, we see that f, has a Fourier expansion
with coefficients

S (A cq(n) if x is trivial,
2> X(a)e(—)=fn{ o
a (modgq) q T(X)x(n) otherwise,

(a.q)=1

and similarly for fy. Set

C. — §(q) if x is trivial,
T x(=N)ere, 10/t (1) otherwise.

Then, by (1.2), Lemma 2.1 and Hecke’s argument, we have fXI(qu 71) =
i*x(=N)e1Cy fr.
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Suppose that a and m are integers satisfying Nam = —1 (mod ¢). Then
B “1\ (1 m/q N\ /1 a/g\7!
Yaa =4\ N 1) \Ng? 1
q —a
= N 1
N Yam+ 1
q

> ca@s|( ) = s = tamal;

is an element of I'g(N) with top row (¢ —a). Thus, we have
a (modgq)

!
(qu )
(a,q)=1

- (1 m/q -1\
=ife ) X(—Nm)f‘( 1><Nq2 )

m (mod q)
(m,q)=1

B “1\ (1 m/q —1\"!
= ey 7)) (e )
Yq.a (1 a{q) . 3.1

(m,q)=1
= Y x@f

Fix a residue b coprime to g. Multiplying both sides by x (b) and averaging

over x, we obtain

a (mod q)
1 b 1 - 1
yq,b( {q)=@ OIS cxxw)f‘( “{‘1).

f

(a,q)=1
x (modgq) a (modq)
(a,q)=1

Replacing a by ab on the right-hand side, writing

Ly oq@

C la) = —
A0

and applying (' _l;/ 7) on the right, we obtain

fgs=3 @(a)f’(l (a—ll)b/CI).

From this we see that f|y, » has a Fourier expansion, with Fourier coefficients
SfuSq(bn), where
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Now let y = ( - ) be an arbitrary element of I'{(N). If m = 0 then

y is (up to sign, if N < 2) a power of ( 1), so that f|y = f. Otherwise,
multiplying y on the left by (' |)™/ leaves f|y unchanged and replaces g by
q + jmN. By Dirichlet’s theorem, we may assume without loss of generality
that ¢ is prime. Since ¢ = 1 (mod N), we have

g _1 1 N/ (I-q)/N
(2 =00 )
sothat f|y,,1 = f. Given any residue x (mod g), by Lemma 2.1 we may choose
n such that n = x (modq) and f;, # 0. Equating Fourier coefficients of f|y, 1
and f, it follows that S, (x) = 1. In turn, this implies that f|y, » = f, and thus
fly = fforally e I'|(N).
Next consider an arbitrary y = y,,, € ['0(N). As above, we may assume that

q is prime. Moreover, for any a coprime to g, we have yq,ay_l € I'1(N), so that
f1Yq,a = fly. Taking x equal to the trivial character mod ¢ in (3.1), we thus

find that
> Gy —E@h (1 “{") ~o0. (32)

a (modgq)

(a,q9)=1
We showed above that f|y has a Fourier expansion. Writing a, for the Fourier
coefficients, (3.2) implies that (a, — &(q) fu)cq(n) = O for every n. Since ¢, (n)
never vanishes, we have a, = £(q) f,, so that f|y = &(q) f. Thus, we have
shown that f € My (TI'o(N), &).

Next, by Lemma 2.4, either f is a primitive cuspform or there are Dirichlet

characters & (mod N;) and & (mod N») such that N\N» = N, £1& = & and

fo=)Y_&n/d)sr(d)d" ! (33)
d|n
for every n. For k > 2, we consider (3.3) atn =gy - - - gy, Where q1, . . ., i, are

the m smallest primes = 1 (mod N). For this n we see that

m

m
Ap = fnn—(k—l)/Z — l_[(qi(kfl)/Z (k 1)/2 l_[ 1/2 1/2 ),

i=1 i=1

so that

. i
> [a+4¢7hH
7 11 ;

By Dirichlet’s theorem, the right-hand side grows without bound as m — oo.
This contradicts the hypothesis that A, = O(4/n), so f must be a primitive
cuspform. When k = 1, f need not be cuspidal, but in this case Lemma 2.4
asserts that £ and &, are primitive. Thus, we have verified the conclusion of
Theorem 1.1.
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It remains only to handle the possibility that Aq(s) has poles when k < 2.
In this case we fix an odd prime ¢ { N and a primitive character y (mod g),
and consider the sequence A, = A, x (n) in place of A, & x?2 in place of & and
Ng? in place of N. Then all of the hypotheses of Theorem 1.1 are satisfied for
these data, and the associated L-function Aq(s) is entire. Thus, by what we have
already shown, either there is a primitive cuspform f’ e SPV(I'o(N qz), Ex?)
with Fourier coefficients A/,n*~1/2 or k = 1 and there are primitive characters

&/ and &} such that A, = D din £ (n/d)E)(d).

Consider the cuspidal case first. By newform theory [1, Theorem 3.2], we
can twist f’ by ¥, that is, there is a primitive cuspform f of conductor Ng’
for some j, with Fourier coefficients k;mn(k_l)/ 2 = 1,n*=D/2 for every n
coprime to ¢g. Since g was arbitrary, we can apply this argument to two different
choices of ¢g. Then strong multiplicity one implies that f has conductor N and
Fourier coefficients A,,n*—1/2 for every n, as desired.

In the non-cuspidal case, let §; (mod N;) (i = 1, 2) be the primitive character
inducing £/x. Then, as above, we find that 1, = de &1(n/d)&r(d) for all n
coprime to g. In particular,

Ap =&1(p) +&(p) for all sufficiently large primes p. (3.4

Note that £ and & have opposite parity. If we normalize £; to be even then,
since & and &, are primitive, Dirichlet’s theorem implies that they are uniquely
determined by (3.4). Hence, using two choices for g, we see that Ny N, = N and
A = Zdln &1(n/d)&>(d) for all n. This completes the proof.
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