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Abstract

In this paper we begin studying tannakian constructions in co-categories and
combine them with the theory of motivic categories developed by Hanamura,
Levine, and Voevodsky. This paper is the first in a series of papers. For
the purposes above, we first construct a derived affine group scheme and its
representation category from a symmetric monoidal co-category, which we
shall call the tannakization of a symmetric monoidal co-category. It can
be viewed as an oo-categorical generalization of work of Joyal-Street and
Nori. Next we apply it to the stable co-category of mixed motives equipped
with the realization functor of a mixed Weil cohomology. We construct a
derived motivic Galois group which represents the automorphism group of the
realization functor, and whose representation category satisfies an appropriate
universal property. As a consequence, we construct an underived motivic
Galois group of mixed motives, which is a pro-algebraic group and has nice
properties. Also, we present basic properties of derived affine group schemes
in the Appendix.

Key Words: tannakian construction; symmetric monoidal oco-category; mo-
tives
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1. Introduction

In this paper we begin to study tannakian constructions in oo-categories and
combine them with the theory of motivic categories developed by Hanamura,
Levine, and Voevodsky. This paper is the first in a series of papers (cf. [26],
[27]). We develop tannakian constructions in higher category theory, which is well-
suited to the theory of mixed motives, and we then apply it to a mixed motivic
category. In this Introduction, we begin by explaining the role of categorical results
in a logical order, but it seems more appropriate to read first Section 1.2 where we
give illustrations of motivation.
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1.1.

On the one hand, the theory of Galois and Tannakian categories and their dualities
are beautiful duality theories in their own right [50], [19], [14], but on the other
hand one of important aspects is the role as a powerful machine, which enables us
to obtain invariants from abstract categories. For example, the étale fundamental
groups of schemes and Picard-Vessiot Galois groups were constructed by means
of these theories. Joyal-Street [30] and Nori constructed the machinery which
approximates symmetric monoidal categories and graphs with (neutral) tannakian
abelian categories (the braided case was also treated in [30]). This machinery is
powerful: Joyal-Street applied it to quantum groups, and Nori used it to construct
the Nori’s category of motives (see e.g. [2]). We here informally call this
approximation the tannakization of categories.

Tannakization of oo-categories. We first construct tannakization in the setting
of higher categories, i.e., co-categories. In this Introduction, by an co-category we
informally mean a (weak) higher category, in which all n-morphisms are weakly
invertible for n > 1 (cf. [7]). (There are several theories which provide “models” of
such categories. We use the well-developed theory of quasi-categories from the next
Section.) Let C® be a symmetric monoidal small co-category. For a commutative
ring spectrum R, we let Mod%> be the symmetric monoidal co-category of R-module
spectra. Let PMod% be the symmetric monoidal full subcategory of Mod% spanned
by dualizable R-module spectra (cf. Section 2). Let CAlgp be the oco-category
of commutative R-ring spectra. Let w : C® — PMod% be a symmetric monoidal
functor. Then our result can be roughly stated as follows (see Theorem 4.15):

Theorem 1.1 There exists a derived affine group scheme G over R (explained
below) which represents the automorphism group of w. Furthermore, there is a
symmetric monoidal functor u : C® — PRepg which makes the outer triangle in

PRepg’

Y

® forget
u PRepH orge
/ %
®
c® — PMod{

commute in the oo-category of symmetric monoidal co-categories (here PRepg is
the symmetric monoidal oo-category of dualizable R-module spectra equipped with
G-actions) such that these possess the following universality: for any inner triangle
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consisting of solid arrows in the above diagram where H is a derived affine group
scheme, there exists a unique (in an appropriate sense) morphism f : H — G of
derived affine group schemes which induces PRep% — PRepf?I (indicated by the
dotted arrow) filling the above diagram.

For simplicity, we usually refer to the pair (G,u : C® — PRepg) as the
tannakization. By Theorem 1.1 we can obtain ‘“Tannaka-Galois type invariants”
in the quite general setting. A derived affine group scheme is an analogue of affine
group schemes in derived algebraic geometry. This notion plays an important role
in this paper. In Appendix, we presents a basic theory of derived affine group
schemes. This notion is inherently of homotopical nature. For example, the functor
o can possess higher automorphisms. The derived affine group scheme G captures
all these higher data. Beside, derived affine group schemes are quite tractable
geometric objects. It would be worth remarking that the tannakization procedure
is applicable also to situations in which C® seems “non-tannakian”. Typical
examples are C® = PModf with A arbitrary. Even in the case, our tannakization
gives us meaningful invariants. Adams spectral sequence is an example of such a
phenomenon. In a separate paper [26], we prove that our tannakization includes
bar construction of an augmented commutative ring spectrum and its equivariant
versions as a special case. Therefore our tannakization can be also viewed as a
generalization of bar constructions and equivariant bar constructions.

Our motivation comes from various important and interesting examples which
lie in the realm of oco-categories. For example, the triangulated category of mixed
motives, due to Hanamura, Levine and Voevodsky, is of great interest in the view of
a tannakian theory for higher categories. The category of mixed motives has a nat-
ural formulation of symmetric monoidal stable co-category. The stable co-category
is equipped with realization functors of mixed Weil cohomology theories. One
of important examples of stable co-categories which recently appeared might be a
symmetric monoidal stable co-category of noncommutative motives by Blumberg-
Gepner-Tabuada [11], that is the natural and universal domain for localizing (or
additive) invariants such as algebraic K-theory, topological Hochschild homology
and topological cyclic homology.

1.2. Mixed motives.

Our principal interests lie in the stable co-category of mixed motives and variants.
In order to invite reader’s attention to the motivation of our “higher approach”, let
us briefly recall the original approach to Galois groups of motives (cf. [3]). The
formulation of a symmetric monoidal abelian category MM® of mixed motives
was conjectured by Beilinson and Deligne as the “extension” of Grothendieck pure
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motives. The conjectural abelian category has been expected to be a tannakian
category with respect to realization functors arising from Weil cohomology theories.
Namely, there is an affine group scheme G which represents the automorphism
group of the realization functor

MM® — Vect®

to the category of vector spaces, and MM® is equivalent to the category of
finite dimensional representation of G. The automorphism group of the (Singular,
de Rham) realization functor conjecturally describes periods via comparison of
singular cohomology and de Rham cohomology. On the other hand, in the work
of Hanamura, Levine and Voevodsky in nineties, the triangulated category of
mixed motives was constructed. One also has its co-categorical enhancement DM
(described in Section 5 of this paper). The conjectural tannakian category of mixed
motives should appear as the heart of a certain (so-called motivic) z-structure on
DM. However, the existence of a motivic ¢-structure is related (equivalent) to three
conjectures: the Bloch-Beilinson-Murre filtration conjecture, the Beilinson-Soulé
vanishing conjecture, and the Grothendieck standard conjectures, which are still
largely inaccessible.

Roughly speaking, the idea here may be simply described as follows: If one
has a motivic z-structure and the heart MM, then there is a natural exact functor
D®(MM) — DM® of stable co-categories from the symmetric monoidal derived
oo-category D® (MM). Although an existence of a motivic ¢-structure does not
imply that D®(MM) — DM® is an equivalence, from an intuitive viewpoint of
rational homotopy theory the functor D® (M.M) — DM® should be “2-connected”
(under the assumption of its existence). Therefore, the derived affine group scheme
arising from DM®, i.e. its tannakization, may have the “underlying” affine group
scheme which corresponds to the Tannaka dual of MM®.

In Section 5, following our perspective we show how one can naturally
obtain group objects having fundamental properties: Theorem 5.14, Theorem 5.15,
Theorem 5.17, Proposition 5.19. We shall call them derived and underived motivic
Galois groups for mixed motives. Let K be a field of characteristic zero and let
HK denote the Eilenberg-MacLane spectrum. Let DM® := DM® (k) be the HK-
linear symmetric monoidal stable co-category of mixed motives over a perfect field
k. Let DM® be the symmetric monoidal full subcategory spanned by dualizable
objects in DM®. In DM®, dualizable objects coincide with compact objects. The
homotopy category of DM, can be identified with the K-linear triangulated category
of geometric motives DM, (k) constructed by Voevodsky (see e.g. [40], [53]). Let
E be a mixed Weil cohomology theory with coefficients K in the sense of [13]. For
example, /-adic étale cohomology, singular cohomology, de Rham cohomology and
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rigid cohomology give mixed Weil theories. Then we can construct the homological
realization functor

Re : DM® — PMod% .

that is a symmetric monoidal exact functor. Note that the homotopy category of
PModf?IK can be regarded as the triangulated category of bounded complexes of K-
vector spaces with finite dimensional cohomology groups. Applying Theorem 1.1
to the realization functor of a mixed Weil cohomology theory we obtain (see
Definition 5.13, Theorem 5.14):

Theorem 1.2 We obtain a derived affine group scheme MGg = Spec B over
HXK, which represents the realization functor Rg : DM® — PMOde’IK and enjoys
the universality described in Theorem 1.1. Here Bg is a commutative differential
graded K-algebra.

One can also generalizes it to symmetric monoidal stable subcategories of DM®
and obtains derived affine group schemes. We shall refer to MGg = Spec Bg as the
derived motivic Galois group (with respect to E). We also construct the comparison
torsor of Singular-de Rham realizations; see Theorem 5.15.

Our construction has the advantage that the geometric nature of MGg allows
us to construct the underived motivic Galois group M Gg which is a usual pro-
algebraic group over K. This M G is the “underlying” group scheme of MGg
that we mentioned above. It has the following nice and expected property (see
Theorem 5.17):

Theorem 1.3 Let K be a K-field, that is, a commutative K-algebra which is a field.
Let Aut(REg)(K) be the group of equivalence classes of automorphisms of Rg. Then
there is a natural isomorphism of groups

MGg(K) ~ Aut(Rg)(K)

where M GEg(K) denotes the group of K-valued points. These isomorphisms are
Sfunctorial among K-fields in the obvious way.

This result means that M Gg has coarse representability and plays a role
analogous to those of coarse moduli spaces of moduli stacks in classical algebraic
geometry. It is remarkable from both practical and theoretical aspects (cf. [26],
[27D).

Though we work in the situation which is rather different from the original
abelian setting explained above, our MGg and M G are nicely consistent with the
traditional line of a conjectural motivic -structure on DM, (k). We prove that if
a motivic ¢-structure exists, then its heart (that constitutes a tannakian category) is
equivalent to the tannakian category of finite dimensional representations of M Gg;
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see Proposition 5.19. Hence the passage from MGg to M Gg can be thought of as a
sort of the geometric counterpart of taking the heart (even though we do not know
whether or not DM® admits a suitable -structure). Our principle of correspondences
is described as follows:

Category Group
DM® MGE
A conjectural heart MGg

Based on this paper, we pursue detailed study in subsequent papers. In [26]
we compare our construction with the conventional motivic Galois group of mixed
Tate motives [26], and in [27] we prove a conjectural motivic Levi decomposition
of motivic Galois groups of mixed abelian motives. Here we would like to invite the
reader’s attention to the results obtained in the second [26] (to formulate the results
in [27] we need some preparations): MGg and M G can be thought of as a natural
generalization of conventional motivic Galois group M T'G for mixed Tate motives
constructed in [8], [33], [34]. Let DTM,, C DMy, be the stable co-category of mixed
Tate motives, that is, the stable idempotent complete subcategory generated by Tate
objects {K(n)},cz (see [26, Section 6] for more details). The full subcategory
DTM,, forms a symmetric monoidal co-category DTM®, whose symmetric monoidal
structure is induced by that of DM®. In [26], we prove comparison results which
can be informally summarized as follows:

Theorem 1.4 ([26]) (i) Let MTG be a derived affine group scheme over HK

. . . R
obtained as the tannakization of the composite Rt : DTM® < DM® =

PMod;?,K (we omit the subscript E). Then MTG is equivalent to a derived
affine group scheme obtained from the G,,-equivariant bar construction of a
commutative differential graded K-algebra Q equipped with G,,-action. That
is to say, it is the Cech nerve of a morphism of derived stacks Spec HK —
[Spec O /G,,] (cf Appendix Example A.6 and [26]). The complex Q is
described in term of Bloch’s cycle complexes.

(ii) Suppose that Beilinson-Soulé vanishing conjecture holds for k (e.g., k is a
number field). Let MT G be the Tannaka dual of the tannakian category of
mixed Tate motives; the heart of motivic t-structure on DTMy, (constructed
under the vanishing conjecture, see [34], [33], [26, Section 7]). Then the
affine group scheme M T G is the excellent coarse moduli space (cf. Appendix
A4 or[26,7.3]) of MTG.

(iii) Let Art® be the symmetric monoidal stable idempotent complete full subcat-
egory generated by motives of smooth zero-dimensional varieties, i.e., Artin
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motives. Then the tannakization of Art® equipped with a realization functor
is the absolute Galois group Gal(k / k).

This result links the works on mixed Tate motives and the classical Galois theory
to our results. To our knowledge, this is the first construction which can generalizes
the works on mixed Tate motives. In a sense, the aspect of tannakization as a
generalization of bar constructions allows one to construct a motivic Galois group
of all mixed motives.

In summary, our new perspective leads to noteworthy features of MGg and
MG E-

e MGEg has the representability of automorphisms of the realization functor
from DM®, and the universality. The pro-algebraic group MG has the
“coarse” representability of the equivalence classes of automorphisms of the
realization functor.

e The category of finite dimensional representations of M G is the equivalent
to the abelian category of mixed motives obtained as the heart of a conjectural
motivic z-structure on DM®. Note that Nori’s motivic Galois group (cf. [2])
does not possess this property.

e M GE is a natural generalization of the conventional motivic Galois group for
mixed Tate motives. Contrary to this, it is not clear whether or not Nori’s
motivic Galois group is a generalization of the group for mixed Tate motives.
Furthermore, as shown in [27], one can study the structure of motivic Galois
group; a conjectural Levi decompositions of motivic Galios groups.

We would like to emphasize that the theory of higher category theory (oco-
categories) provide a natural and nice framework for our purposes. For a commuta-
tive ring spectrum A, the homotopy category of PMod? (or Modf) forms a triangu-
lated category equipped with a symmetric monoidal structure. However, if we work
with triangulated categories (to prove Theorem 1.1 in particular, representability),
we encounter several technical problems including the problem concerning the
absence of descent of morphisms in the homotopy category of PMod,4. This issue
is crucial also in our previous work on the derived analogue of Tannaka duality for
schemes and stacks [18] inspired by theory of thick subcategories. It turns out that
oo-categories give us an appropriate theory.

We should refer the reader to the recent preprints building on tannakian
philosophy in higher categories; in [38, VIII] Lurie develops a version of Tannaka
duality for stable oco-category equipped with ¢-structures (we combine it with our
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results to prove Proposition 5.19), and in [55] Wallbridge develops another version,
which were done independent of us (under the supervision of Toén [51]).

Organization. This paper is roughly organized as follows. In Section 2, we
fix notation and convention. In Section 3 we give preliminaries which we need
Section 4. Section 4 is devoted to the proof of Theorem 1.1. Section 5 contains
our construction of derived and underived motivic Galois groups of mixed motives,
and we prove Theorem 5.14, 5.17. Our study on motivic Galois groups will be
continued in subsequent papers [26], [27]. In Section 6, we present some other
examples without going into detail.

In Appendix we present basic definitions and results concerning derived group
schemes. The notion of derived (affine) group schemes is important in our work.
We hereby decide to develop the basic theory of derived affine group schemes in
Appendix for reader’s convenience.

e The author thanks the participants of the seminars on DAG-HAG at Kyoto
University and Nagoya University, and SGAD, for helpful conversations related
to the subject of this paper. Also, he thanks the workshop at Tohoku University
in March 2012 where he presented the main contents of this paper. He thanks J.
Morava and M. Hanamura for encouraging interest. He would like to express his
gratitude to the referee for careful reading and various comments. The author is
partly supported by Grant-in-aid for Scientific Research 23840003, Japan Society
for the Promotion of Science.

2. Notation and Convention

We fix notation and convention.

oo-categories. Throughout this paper, we use the theory of quasi-categories.
A quasi-category is a simplicial set which satisfies the weak Kan condition of
Boardman-Vogt: A quasi-category S is a simplicial set such that for any 0 <i < n
and any diagram

A? *: S

.
of solid arrows, there exists a dotted arrow filling the diagram. Here A7 is the i-th
horn and A” is the standard n-simplex. The theory of quasi-categories from higher
categorical viewpoint has been extensively developed by Joyal and Lurie. Following

[36] we shall refer to quasi-categories as oo-categories. Our main references are
[36] and [37] (see also [29], [38]). We often refer to a map S — T of oco-categories
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as a functor. We call a vertex in an oco-category S (resp. an edge) an object (resp.
a morphism). By s € S we often mean that s is an object of S. For the rapid
introduction to oco-categories, we refer to [36, Chapter 1], [18, Section 2]. It should
be emphasized that there are several alternative theories such as Segal categories,
complete Segal spaces, simplicial categories, relative categories,... etc. For the
quick survey on various approaches to (oo, 1)-categories and their relations, we refer
the reader to [7].

e A: the category of linearly ordered finite sets (consisting of [0],[1],...,[n] =
{0,...,n},...).

e A”: the standard n-simplex.
e N: the simplicial nerve functor (cf. [36, 1.1.5]).
e (°P: the opposite co-category of an co-category C.

e Let C be an oo-category and suppose that we are given an object ¢. Then
C¢/ and C/. denote the undercategory and overcategory respectively (cf. [36,
1.2.9)).

e Caty,: the oo-category of small oo-categories in a fixed Grothendieck
universe (cf. [36, 3.0.0.1]). We employ the ZFC-axiom together with the
universe axiom of Grothendieck. We have a sequence of universes (N €)U ¢
VeWe.... If x belongs to V (resp. W), we call x large (resp. super-large).
We will not use notation U, V, and W, but we shall use the wording such as
“small sets”, “large oco-categories”, etc.

° @too: the super-large co-category of large oco-categories.

e S: oco-category of small spaces (cf. [36, 1.2.16]).

e h(C): homotopy category of an co-category (cf. [36, 1.2.3.1]).
e Fun(A4, B): the function complex for simplicial sets A and B.

e Func (A, B): the simplicial subset of Fun(A, B) classifying maps which are
compatible with given projections A — C and B — C.

e Map(A, B): the largest Kan subcomplex of Fun(A4, B) when A and B are co-
categories.

e Map. (A, B): the simplicial subset of Map(A4, B) classifying maps which are
compatible with given projections A — C and B — C.
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e Map.(C,C’): the mapping space from an object C € C to C’ € C where C is
an oo-category. We usually view it as an object in S (cf. [36, 1.2.2]).

e Ind(C); co-category of Ind-objects in an oco-category C (cf. [36, 5.3.5.1], [37,
6.3.1.13]).

Symmetric monoidal oco-categories and spectra. We employ the theory of
symmetric monoidal oo-categories developed in [37]. We refer to [37] for its
generalities. Let Fin, be the category of marked finite sets (our notation is slightly
different from [37]). Namely, objects are marked finite sets and a morphism from
(n)s =41 < -+ <npU{x} > (m)y := {1l < -+ <m}U{x} is a (not necessarily
order-preserving) map of finite sets which preserves the distinguished points *. Let
o™ i (n)« — (1)4 be a map such that o/ (i) = 1 and /" (j) = * if i # j € (n)«.
A symmetric monoidal category is a coCartesian fibration p : M® — N(Finy)
(cf. [36, 2.4]) such that for any n > 0, @'"...a™" induce an equivalence M® —
(M®)" where M® and M® are fibers of p over (n). and (1), respectively. A
symmetric monoidal functor is a map M® — M'® of coCartesian fibrations over
N(Fin,), which carries coCartesian edges to coCartesian edges. Let Catﬁa’SMOn be
the simplicial category of symmetric monoidal co-categories in which morphisms
are symmetric monoidal functors. Hom simplicial sets are given by those defined in
[36, 3.1.4.4]. Let Cat;M°" be the simplicial nerve of Cat5 ™" (see [37, 2,1.4.13)).

There are several approaches to a “good” theory of commutative ring spectra.
Among these, we employ the theory of spectra and commutative ring spectra
developed in [37].

We list some of notation.

e S: the sphere spectrum.
e Mod,4: oo-category of A-module spectra for a commutative ring spectrum A.

e PMod,: the full subcategory of Mod 4 spanned by compact objects (in Mod 4,
an object is compact if and only if it is dualizable, see [6]) . We refer to objects
in PMody4 as perfect A-module (spectra).

o Let M® — OP be a fibration of co-operads. We denote by Alg /08 (M®) the
oo-category of algebra objects (cf. [37,2.1.3.1]). We often write Alg(M®) or
Alg(M) for Alg; e (M®). Suppose that P® — O® is a map of co-operads.
Algpe /0 (M®): oo-category of P-algebra objects.

o CAlg(M®): oo-category of commutative algebra objects in a symmetric
monoidal co-category M® — N(Fin,).
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o CAlggp: oo-category of commutative algebra objects in the symmetric
monoidal co-category Mod% where R is a commutative ring spectrum. When
R =S, we set CAlg = CAlgg. The oo-category CAlgy is equivalent to the
undercategory CAlgp, as an co-category.

° Modf(/\/l‘g’) — N(Fin4): symmetric monoidal oco-category of A-module
objects, where M® is a symmetric monoidal co-category such that (1) the
underlying oco-category admits a colimit for any simplicial diagram, and (2)
its tensor product functor M x M — M preserves colimits of simplicial
diagrams separately in each variable. Here A belongs to CAlg(M®) (cf. [37,
3.3.3,4.4.2)).

Let C® be the symmetric monoidal co-category. We usually denote, dropping
the subscript ®, by C its underlying co-category. We say that an object X in C is
dualizable if there exist an object X and two morphisms e : X ® XV — 1 and
¢:1— X ® XV with 1 a unit such that the composition

XY xexvex 2 x

is equivalent to the identity, and

v C®ldyv ldyv ®e
— ——

XVeoXxeXxV XV

is equivalent to the identity. Dualizable object may also be referred to as strongly
dualizable objects elsewhere. For example, for R € CAlg, compact and dualizable
objects coincide in the symmetric monoidal oco-category Mod% (cf. [6]). The
symmetric monoidal structure of C induces that of the homotopy category h(C).
If we consider X to be an object also in h(C), then X is dualizable in C if and only
if X is dualizable in h(C).

3. Basic definitions and geometric systems

In this Section, we prepare some notions which we need in the next Section.

The oo-category Cats, of small oco-categories has the symmetric monoidal
structure determined by the Cartesian product C x D. We denote by CAlg(Cats,) the
oo-category of commutative algebra (monoid) objects in the symmetric monoidal
oo-category Cato,. A symmetric monoidal co-category can be identified with a
commutative algebra (monoid) object in Cato; there is a natural categorical equiv-
alence Cat™ ~ CAlg(Catoo). If A®,B® € CAlg(Cats), we write Map® (A®,B®)
for Mape ajg(cato) (A®.B®).

Geometric R-system. We introduce the notion of geometric R-systems.
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Definition 3.1 Let 7% : CAlgg — Cath® ~ CAlg(Catoo) be a functor satisfying
the following properties:

(A1) Let T : CAlgg — CAlg(Caty,) — Catoo be the composition with the forgetful
functor. For any A, T (A) is stable and 7 (4) — T (B) is exact for any A — B.

(A2) Forany T,T' € T (R), the Isom-functor Isom(7,7") : CAlgg — S, which will
be defined below, is representable by a derived affine scheme over R. For any
T,T’ € T (R), Hom-functor Hom(7,T’) : CAlggz — S, which will be defined
below, is representable by derived affine schemes over R.

If (A1) and (A2) hold, we refer to 7® as a geometric R-system.

We here define Hom(7,7") : CAlgg — S as follows. Let 61,051,604 : Catoo —
S be the functors corresponding to A!, dA! and the empty category ¢ respectively
via the Yoneda embedding Cat?? C Fun(Cate,S). The inclusion dA! «— Al
induces 0p1 — 6a1. Note that 6 is equivalent to the constant functor whose value
is the contractible space. The functor 04541 is equivalent to the 2-fold product of the
functor Caty, — S which carries an co-category A to the largest Kan complex A~
(this functor can be constructed as the functor corepresentable by A°). Therefore,

if we let 7/ — CAlgp be a left fibration corresponding to CAlgp 2 Catyo eﬁf S,
then giving 64 o T — 6O3a1 o T amounts to giving two sections of F — CAlgg.
In order to construct 6y o 7 — Byp1 o T from T and 7', we give (ordered) two
sections CAlgr — F. By [36, 3.3.3.4], a section corresponds to an object in
the limit lim4 7 (A) of 7 : CAlgg — Cats. Hence the images of 7 and 7’ in
lim7 (A) give rise to 65 — Oya1. We define Hom(7,7”) to be the fiber product
O 0T xg,, o1 Oa1 © T in Fun(CAlgg,S). For any A4 € CAlgg, Hom(7,7")(A) is
equivalent to (homotopy) fiber product

{(T R AT Qg A)} Xpipaat 74y Map(A', T (A))

inS, where T®pg A and T'® r A denote the images of 7 and 7" in T (A) respectively.
It is the mapping space from T @ g A to T’ ® g A. We let Isom(7,T”) be the functor
CAlgg — S obtained by restricting objects in Hom(7,7”)(A) to equivalences for
each A (one can do this procedure by using corresponding left fibration). If T = T”,
we write End(7") for Hom(7,T). We define Aut(T) to be Isom(7,T).

The followings are examples of geometric R-systems. In the next Section we
will prove that these examples are geometric R-systems.

The following examples will be shown to be geometric R-systems (cf.
Lemma 4.7, Corollary 4.10):
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Example 3.2 Let ® : CAlgr — CAlg(Caty) be the functor which carries A to
PMod? and carries A — B to the base change functor PMod? — PMod%. We can
obtain this functor ® as follows. By virtue of [37, 6.3.5.18], we have CAlgp —
CAlg((fa\too)Mo =y which carries A4 to Mod%. Composing with the forgetful functor

CAlg(éa\too)Mo @ CAlg((fa\too) and restricting Modf to PMod% we have © :

CAlggr — CAlg(Cats). More precisely, ® : CAlgr — CAlg(Caty) is given by the
composition

CAlgg — CAlg(Catoo) 0, — CAlg(Catoo) — CAlg(Catoo)

where the right functor takes a symmetric monodal co-category to its full subcate-
gory spanned by dualizable objects. This is a geometric R-system.

Example 3.3 Let S be a (small) Kan complex. Let f : Caty,, — Catoo be the colimit-
preserving functor which is determined by (—) x S. Namely, f carries Cto C x S.
Its right adjoint functor g : Cato, — Cateo carries C to Fun(S,C). (To obtain this
adjoint, consider the adjunction (—) x § : Seta 2 Seta : Fun(S,—), where Seta
denotes the category of simplicial sets. If both Seta are endowed with Joyal model
structure [36, 2.2.5.1], then this adjunction is a Quillen adjunction by [36, 2.2.5.4].
It gives rise to the required adjunction) Then Fun(N(Fin,),C) — Fun(N(Fin,),C)
induced by composition with g preserves commutative monoid (algebra) objects.
Thus it gives rise to g5 : CAlg(Cats,) — CAlg(Catso). Roughly speaking, g5 sends
a symmetric monoidal oo-category C® to Fun(S,C) endowed with the symmetric
monoidal structure Fun(S,C) xFun(S,C) — Fun(S,C) given by symmetric monoidal
structure C x C — C. We informally regard an object in Fun(S,C) as something like
a fiber bundle of objects in C over the geometric realization |S|. Let us consider the
composite

® S
®5 : CAlgg —> CAlg(Catoo) ~—> CAlg(Catoy).

This is a geometric R-system.

Automorphism group functor and Isom-functor. Let C® be a symmetric
monoidal small co-category. Let 7® be a geometric R-system. Let w : C® —
T®(R) be a symmetric monoidal functor. We write C for its underlying co-category.

Let f.0 : CAlg(Caty,) — S be the functor corresponding to C® via the Yoneda
embedding CAlg(Caty)?? C Fun(CAlg(Caty),S). Then the composite

® 6
£:CAlgg ~— CAlg(Catoo) =5 S

carries A to the space equivalent to Map®(C®,7®(4)). We can extend £ to
£« : CAlgp — S.« by using the symmetric monoidal functor w. Here Ss denotes
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the oo-category of pointed spaces, that is, Spo;. To explain this, let M — CAlgg
be a left fibration corresponding to £. An extension of £ to &, amounts to giving
a section CAlgp — M of the left fibration M — CAlgg. According to [36,
3.3.3.4] a section corresponds to an object in the co-category £ which is the limit
of the diagram of spaces (or co-categories) given by &; A — Map®(C®,T®(A)).
Thus if im7®(A) denotes the limit of 7® : CAlggy — CAlg(Caty), then L
is equivalent to Map®(C®,lim7®(A4)) as oo-categories (or equivalently spaces).
The natural functor 7®(R) — 1im7®(A) induces p : Map®(C®,T®(R)) —
Map®(C®,lim7®(A4)) ~ L. The image p(w) in L gives rise to a section s :
CAlgr — M. Consequently, we have &, : CAlgg — Si which extends £. We
define Aut(w) to be the composite

* Q*
CAlgp i) Sy —> Grp(S),

where the second functor is the based loop functor, and Grp(S) denotes the co-
category of group objects in S. We refer to Aut(w) as the automorphism group
functor of ® : C® — T®(R). For any A € CAlgg, Aut(w)(A) is equivalent (as
an object in S) to the mapping space from the symmetric monoidal functor C® —
T®(R) — T®(A) toitself in Map®(C®,T®(A)). We often abuse notation and write
Aut(w) also for the composition CAlgr — Grp(S) — S with the forgetful functor.
Let ' : C® — T(R)® be another symmetric monodal functor. Let ¢ : CAlgg — S
be the constant functor whose value is the contractible space. Recall that the section
s corresponds to a natural transformation ¢ — £ which we denote by #,,. Similarly,
we obtain from @’ a natural transoformation ¢, : ¢ — &. Then we have the fibre

product ¢ xg ¢ of ¢ d & bl ¢ : CAlgp — S. We refer to this fibre product as the
Isom functor from w to @’ and denote it by Isom(w,®").

Let Q : C — T (R) be the underlying functor of w. Let ¢ : Catoc — S be
the functor corresponding to C via the Yoneda embedding Cat?? C Fun(Caty,S).
Consider the composite

0
n:CAlgg l)Catoo = S.

As in the above case, we can extend 7 to 74 : CAlgg — Sk« by Q : C — T(R). We
define Aut(£2) to be the composite

* Qe
CAlgg —> Sy —> Grp(S).

We refer to Aut(€2) as the automorphism group functor of Q2 : C — T (R). We often
abuse notation and write Aut(€2) also for the composite CAlggp — Grp(S) — S.
If Q' is the underlying functor of ’, we also have the Isom-functor Isom(£2,Q’) :
CAlgg — S from Q to Q' in a similar way.
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4. Tannakization

The goal of this Section is to prove Theorem 4.11 and Theorem 4.15.
We first need to prove Lemmata concerning the structure of the oco-category
Cateo.

Lemma 4.1 Let C and D be oo-categories. Let F : C — D be a functor. Then F is
a categorical equivalence if and only if the composition induces equivalences

f :Map(A®,C) - Map(A®, D) and g:Map(Al,C) > Map(Al, D)
inS.
Proof: The part of “only if” is clear. We will prove the “if” part. Let C~ and D~
be the largest Kan complexes in C and D respectively. The equivalence of f implies
that the induced map F~ : C= — D~ is a homotopy equivalence (or equivalently,
categorical equivalence). It follows that F is essentially surjective. Hence it suffices
to show that F is fully faithful. Let C and C’ be objects in C. There exists a natural

equivalence
Map,(C.C") = Map(A'.C) Xyp(aat ) {(C.C1)}

in S, where {(C,C’)} = A® — Map(dA!,C) corresponds to C and C’. The induced
map Map,(C,C’) — Map,(F(C), F(C')) can be identified with

Map(Al’C) XMap(aAl,C) {(C’C/)} - Map(Al’D) XMap(aAl,D) {(F(C),F(C/))},
which is an equivalence in S by our assumption. O

We will construct the full subcategory (A% A') of Caty, by the following
inductive steps. We first note that Caty, is a presentable co-category since it is
(equivalent to) the simplicial nerve of the simplicial category consisting of fibrant
objects in the combinatorial model category of small marked simplicial sets, defined
in [36, 3.1.3.7]. Choose a regular cardinal « such that Cat, is x-accessible (cf. [36,
5.4.2]) and both A? and A! are k-compact. Let [A?, Al], be the full subcategory of
Catqo, spanned by A? and A!. We define a transfinite sequence

[A% Ao > [A%A]; — -

of full subcategories indexed by ordinals smaller than «. Supposing that [A%,A],
has been defined, we define [A®, A!], 11 to be the full subcategory of Catn, spanned
by retracts of colimits of k-small diagrams taking values in [A®, A'],. Here colimits
are taken in Cateo. If A is a limit ordinal, [A?, A1]; is defined to be |, [A%, Al],.
We set (A% A1) =, [A% Al],.

Lemma 4.2 The full subcategory (A°, A" has k-small colimits which are compat-
ible with those in Cateo. Moreover, it is idempotent complete.

a<kK
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Proof: Let f : 1 — (A% A!) be a functor where I is a k-small simplicial set. We
will show that the colimit of f in Caty, belongs to (A°, A!). Since [ is k-small, we
have an ordinal t smaller than «, such that f factors through [A?,Al], € (A? A1).
Then by our construction, the colimit in Cat., belongs to [A?, A1], ;. Since Caty, is
idempotent complete and (A®, A!) is closed under retracts, (A% Al) is idempotent
complete. O

Lemma 4.3 The full subcategory (A°,A') is the smallest full subcategory having
the properties:

o it includes A° and A,

e it has k-small colimits, and the inclusion (A°, A1) — Caty, preserves k-small
colimits,

e it is idempotent complete.

Moreover; the full subcategory (A°,A') is small.

Proof: By Lemma 4.2, it will suffice to prove that for each a, [A?,Al], is
contained in the smallest full subcategory. We proceed by transfinite induction.
The case of @ = 0 is obvious. Suppose that [A?,A!]g is contained in the smallest
full subcategory where 8 < «. Then by our construction in both successor and limit
cases, [A?, Al], is so. To see the second claim, note that the (small) full subcategory
consisting of k-compact objects in Cate, is idempotent complete and admits x-small
colimits which are compatible with those in Cats,. Thus the first claim implies that
it contains (A%, A1), It follows that (A% A1) is small. O

Let Ind, ((A% A')) be the full subcategory of Fun({A% A1)°P S) spanned by
colimits of x-filtered diagrams taking values in (A% A!) C Fun((A% A1)o? S)
(see [36, 5.3.5]). According to Lemma 4.2 and [36, 5.5.1.1], Ind, ((A°,A1)) is a
presentable co-category.

Corollary 4.4 The full subcategory (A°,A') coincides with the full subcategory &£
consisting of k-compact objects in Ind, ((A°, A1)).

Proof: Since (A° A') is idempotent complete by Lemma 4.2, our assertion
follows from [36, 5.4.2.4] which says that the natural inclusion (A%, Al) — & is
idempotent completion. O

Proposition 4.5 Let 6 : Ind,((A°,A')) — Caty, be a left Kan extension of
(A° A'Y — Caty, that preserves k-filtered colimits (cf. [36, 5.3.5.10]). Then 0
is a categorical equivalence.
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Remark 4.6 As a result of Proposition 4.5, Caty, is “generated” by A% and A, that
is, Caty, is the smallest full subcategory of Cats, which contains A® and A! and is
closed under small colimits.

Proof: Note that according to Lemma 4.2 (A% A') — Caty, preserves «-small
colimits, and by Corollary 4.4 (A° A!) coincides with the full subcategory of k-
compact objects in Ind, ({A% A')). Therefore by [36, 5.5.1.9] 6 preserves small
colimits. Note that every object in (A®, A1) is k-compact in Caty, (see the proof
of Lemma 4.3). Therefore invoking [36, 5.3.5.11 (1)] we deduce that 6 is fully
faithful. By adjoint functor theorem [36, 5.5.2.9 (1)] to 6, there exists its right
adjoint £ : Caty, — Ind,((A° A')). Let C be a (small) co-category. To prove
our assertion, it suffices to show that the counit map 6 o £(C) — C is a categorical
equivalence. Now it can be checked by Lemma 4.1. O

Now we show that the example presented in Example 3.2 is a geometric R-
system.

Lemma 4.7 Let M,N € PModgr. The functor Hom(M,N) : CAlgp — S
is representable by a derived affine scheme over R. Moreover, Isom(M,N)
is representable by a derived affine scheme over R. Namely, the example in
Example 3.2 is a geometric R-system.

Proof: Note that there exist natural equivalences

Mapy,q, (M ®r A,N @R A) =~ Mapy;q, (M, N Qg A)
~ Mapcy,, (Sym* (M ®g NY), 4)

in S, where NV is the dual object of N in PModg, and Sym*(M ®g NV) is a
free commutative R-ring spectrum determined by M ® g NV. Consequently, we
conclude that SpecSym*(M ® g N V) represents the functor Hom(M, N).

Next consider Isom(M,N) : CAlggp — S. Put SpecC = Hom(M,N). There is
a universal morphism v : M ® g C — N ®g C on Hom(M,N) (such that for any
a : SpecA — Hom(M,N) = SpecC correspondingto f : M Qg A — N Qg A, the
pullback v ® ¢ A is equivalent to f). Let K be the cokernel (cone) of v. According
to [52, 11, 1.2.10.1], there exist Cg in CAlgp and a morphism C — Ck such that
composition induces a fully faithful functor

Mapca, , (Ck.A4) = Mapcy, (C.A)
whose essential image consists of those morphisms C — A such that the base

change v®c A: M ®r A — N ®pg A is an equivalence. The functor Isom(M,N) is
represented by SpecCg. O
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Let 2,Q": C — T(R) be two functors. For any A € CAlgg, we let Q2 4 (resp.
Q',) to be the composite C — T (R) — T (A) where the second functor is induced
by R — A and the first functor is  (resp. ). Consider the functor Isom(£2,’) :
CAlgg — S given by A > Mapyp(c pvod ) (24,2') (see the previous Section).

Lemma 4.8 Suppose that C is equivalent to either A® or A'. Then Isom(Q,Q’) is
representable by a derived affine scheme over R.

Proof: We treat the case of Aut(R2), i.e., Q = Q’. We first treat the case of A?. Let
M = Q({0}) € T(R), where {0} denotes the object in A°. In this case, Aut() is
representable by a derived affine scheme Aut(M) over R since 7® is a geometric
R-system.

Next we consider the case of C = Al. Let M := Q({0}) € T(R) and
N = Q({1}) € T(R), where {0} and {1} denote objects in A!. Then Aut(R) is
representable by the fiber product of derived affine schemes

Aut(M) XHom(M,N) Aut(N)

where we regard Hom(M,N) as a derived affine scheme by (A2) of the definition
of geometric R-systems. Here Aut(M) — Hom(M,N) and Aut(N) — Hom(M,N)
are defined by the compsoition with M — N.

The case of Isom(£2,R’) is similar. We should replace Aut(M), Aut(N) and
Hom(M, N) (that appear in the above argument) by Isom(M, M’), Isom(N,N’) and
Hom(M,N').

This completes the proof. O

Using Proposition 4.5 we first treat the case where we do not take account into
symmetric monoidal structures.

Proposition 4.9 Let C be a small oco-category. Then Isom(2,Q') is representable
by a derived affine scheme over R.

Proof: Let R be the full subcategory of Cat, that consists of those co-catgories C
such that for any pair of functors 2,2’ : C = T (R), Isom(2,’) is representable
by a derived affine scheme. Then CAlgp, is closed under small colimits, and thus R
is closed under small colimits in Cats,. By Lemma 4.8, A? and A! belong to R.
According to Proposition 4.5, R coincides with Caty. O

Corollary 4.10 The functor ®5 : CAlgp — CAlg(Caty,) in Example 3.3 is a
geometric R-system.

Proof: Replace C in the proof of Proposition 4.9 by the Kan complex S. Then the
proof together with Lemma 4.7 implies (A1) and the first half of (A2). The proof of
the latter half of (A2) is similar. ]
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Theorem 4.11 Let T® : CAlgy — CAlg(Catoo) be a geometric R-system. Let
C® be a symmetric monoidal small co-category and let w,w' : C® — T®(R) be
two symmetric monoidal functors. Then Aut(w) is representable by a derived affine
group scheme over R. Moreover, Isom(w,w') is representable by a derived affine
scheme over R.

Proof: For ease of notation, we let ' = N(Fin,). Note first that a symmetric
monoidal co-category can be regarded as a commutative monoid object in Catsg
(see [37,2.4.2]). Let C® and T ®(A) be symmetric monoidal co-categories. Hence
we regard them as commutative monoid objects p : I' — Caty and g4 : I' = Catg
respectively. We remark that p((n),) >~ C*" and g4((n)«) =~ T(A)*". We let
ra : I' x A — Cats be the map corresponding to the composite wy : C® —
T®(R) — T®(A). Then by using [36, 4.2.1.8] twice Aut(w)(A) can be identified
with the Kan complex

Fun(T x A" x A',Cateo) Xpun(xa(a1x A1), Cate) £(€p U €qs) U (ralira)},

where {(c,Ucy,) U (raUr4)} denotes the union (¢, Ucy, )U(raliryg) : T xd(A! x
Al) = Caty suchthatcp:FxAlx{O}gFiCatw,ch :FxAlx{l}gFg
Catoo, and r4 U7y : T' x dA! x Al — Catyo. Thus Aut(w) is given by

A > Map(T x A' x A, Cato) Xprap(rxd (a1 A1), Catoo) 1(Cp L g ) U (raUr )},

where the right hand side is the (homotopy) fiber product. Let / be a small oo-
category. Let f : I — I" be a functor. Consider the composite

®
CAlg g L Fun(T",Cateo) — Fun(/,Cate) — S

where the first functor is 7® : CAlgg — CAlg(Caty) C Fun(T,Caty), and the
second functor is induced by the composition with f, and the third functor is
representable by po f. By f*rg :=rgro (f xIda1) : I x A' — Caty, we can
extends the above composite to CAlgz — S as in the previous Section. Composing
with S, 2 Grp(S) — S we have CAlgp — S, which we shall denote by Aut(w) 7.
This functor sends A to the (homotopy) fiber product

Map (I x A" x A", Catoo) Xpap(rx3(A1 xA1).Catan) §(F “Cp U f ¥ Cq ) U(f*rall f*ra)}.
We claim that if 7 is either A? or A! then Aut(w) s is representable by a derived

affine scheme over R. The case of I ~ A? is reduced to Proposition 4.9; suppose
that the image f(A°) corresponds to (n)«. Recall that g4((n)«) is equivalent to
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the n-fold product 7(A)*" as oo-categories. In this case, Aut(w) s is given by
Aut(wy) : CAlgg — S,
A l_[ Aut(pr; o w,,4)

1<i<n

where wy,_4 is the functor p({n)«) — ga({n)«) induced by w, and pr; : T (A)*" —
T (A) is the i-th projection. Hence thanks to Proposition 4.9, this functor Aut(pr; o
wn,4) 1s representable by a derived affine scheme over R. It follows that Aut(wy,)
is representable by a derived affine scheme over R. When f : I ~ Aland I — T
corresponds to (m)« — (n)«, Aut(w) s is representable by

Aut(wy,) X Aut(@m ) Aut(wy)

where w,, , is the functor p({(m)«) — g((n)«) induced by w and (m)x — (n)«.
Thus this case is again reduced to Proposition 4.9. Next we observe that if L is
the full subcategory of (Catx),r spanned by those f : I — T such that Aut(w) ¢
is representable by a derived affine scheme over R, then L is closed under small
colimits. Note that the cartesian product x : Caty X Cats, — Catyo preserves small
colimits separately in each variable. Thus it follows that L is closed under small
colimits from the definition of Aut(w) s and the fact that Affg admits small limits,
(see also Corollary A.13, [36, 1.2.13.8]). Since A° - I'’'A! - T' € L and L is
closed under small colimits, by Remark 4.6 the identity map I' — I belongs to
R. Consequently, Theorem 4.11 follows since Aut(w) : CAlgg — Grp(S) — S is
representable by a derived affine scheme over R.

The case of Isom(w,w’) is similar to that of Aut(w). O

Proposition 4.12 Let  : C® — PMod% be a symmetric monoidal functor where
C® is a symmetric monoidal small oo-category. (Here the geometric R-system is
given in Example 3.2.) Then the functor Aut(w) is representable by a derived affine
group scheme G over R.

Proof: It follows from Theorem 4.11 and Lemma 4.7. O
We remark that in the above Proposition it is not assumed that every object in C® is
dualizable.

Let C® be a symmetric monoidal small co-category and let w : C® — PMod% be
a symmetric monoidal functor. Let G be a derived affine group scheme over R. Let
PRepg be the symmetric monoidal stable co-category of perfect representations of
G (see A.6). Since PRep% coincides with PModg’G, thus we use PRepg and PModg@G
interchangeably. Suppose that @ is extended to a symmetric monoidal functor
C® — PRep2. Namely, the composite C® — PRepS — PMod®% with the forgetful
functor is equivalent to w. Next our goal is Proposition 4.14 which relates such
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extensions with actions on w. Let N(A)%” — Affg C Fun(CAlg R,g) be a functor
corresponding to G and let BG be its colimit. Let (Affr)/gg be the full subcategory
of Fun(CAlg R,:S’\) /86 spanned by objects X — BG such that X are affine schemes,
that is, objects which belong to the essential image of Yoneda embedding Affg —
Fun(CAlg R,g). There is the natural projection (Affr)/gg — Affg, that is a right
fibration (cf. [36, 2.0.0.3]). Let = : Spec R — BG be the natural projection. This
determines a map between right fibrations Affg = (Affr)/speck — (Affr)/BG Over
Affr. Let (Affr);sgg — S°P be a functor which assigns Map®(C®,PMod§) to
Spec A in (Affg)/pG. Here Map®(—,—) indicates the mapping space in CAlg(Cato).
More precisely, let

9
c : (Affr) /g — Affg — CAlg(Caty)?” — S

be the composition where the first functor is the natural projection, and the third is
the image of C® by Yoneda embedding (CAlg(Cats,))°? — Fun(CAlg(Cateo),S).
Let 0 : Affg — CAlg(Caty,)?? be the functor induced by ®, which carries Spec A
to PModf. By the unstraightening functor [36, 3.2] together with [36, 4.2.4.4] the
composition (Affg)gg — S gives rise to a right fibration p : M — (Affr)/sc.
The mapping space Map® (C® ,PRep%) is homotopy equivalent to the limit of spaces

li Map®(C®,0(Spec A
Speciln—lBG ap ( (peC ))

where SpecA — BG run over (Affr)/sg and PMod?G ~ limgpec 4—>8G 0 (Spec A)

(see A.6 for PMod?G).
Lemma 4.13 If we denote by Map ) o, ((AffR) /86, M) the simplicial set of the
sections of p : M — (Affr)sg (i.e., the set of n-simplexes of

Map afr) s ((Affr)/sg. M) is the set of (Affr)/gg x A" — M over (AffRr)/sc),
then there is a categorical equivalence

Map® (C®,PM0d§’G) ~ Fun(agrg) e (AffR) /86, M).

Proof: 1t follows from [36, 3.3.3.2]. O]

Proposition 4.14 Let C® be a symmetric monoidal small co-category. Then there
is a natural equivalence

MapCAlg(Catoo)/PM @ (C®’PRGP§) = MapFun(CAlgR,Grp(S)) (G’Aut(w))
R
in §. This equivalence is functorial in the following sense: Let L : GAffp —

S be the functor which assigns G 10 Mapcaie(cas) . o (C®,PRep®). Let M :
/PModR
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GAffgr — S° be the functor which assigns G 10 Mapgyy(caig z,Grp(s)) (G- Aut(F)).
(See the proof below for the formulations of L and M.) Then there exists a natural
equivalence from L to M.

Proof: In order to make our proof readable we first show the first assertion without
defining L and M. The mapping space Mapcaje(cary,) (@ ®,PM0d§’G) is the
glialeo /PMnd%

homotopy limit (i.e. the limit in S)
Map® (C®,PM0d§’G) xMap®(C®’PM0d%) {w}

where {w} = A? — Map®(C ®,PMOd%) is determined by w. We adopt the notation
in the proof of Proposition 4.12; (Affg)/gg is the fiber product of simplicial sets
Fun(CAlgg.S) /86 XFun(Calgy,s) Affr, and (Affr) g — Affg is the (forgetful) right
fibration. Note that the co-category obtained from the model category of (large)
marked simplicial sets over Affg equipped with the Cartesian model structure
[36, 3.1.3.7] by inverting weak equivalences is equivalent to Fun(CAlg R,éa\too).
Therefore, the morphism SpecR — BG in Fun(CAlgg,S) gives rise to a map of
Cartesian fibrations over Affg:

Affg (Affr) /86

Affp.

(Keep in mind that the right fibration (Affr),sG — Affg is a fibrant object in the
model category of marked simplicial sets over Affg.) The fiber product of Kan
complexes

P = Map(AffR)/BG ((Affr)/8G. M) XMap(afe ) /g ; (AfTRM) {w}

is a homotopy limit since the section Affg — (Affg)/gg is a monomorphism (that
is, a cofibration in the Cartesian simplicial model category of marked simplicial sets
(§\etZ) J(Affr) s )+ Therefore, the induced map is a Kan fibration. Here A ={w)} -
Map(AHR)/BG (Affg, M) is determined by w. Let N := M X (Aftg)sq AffR Where
Affg — (Affr)/sc is determined by the natural map SpecR — BG. Observe that
there is a natural Cartesian equivalence N xas, (Affr)/sg >~ M over (Affr)/pg.
Indeed, the right fibration M — (Affgr)/gg corresponds to & : (Affg)/sg — S
informally given by Spec A — Map®(C ®,PMod§). In particular, / factors through
the forgetful functor (Affr),gg — Affg. Thus the composition

(AffR)/BG — AffR — (AffR)/BG — SOP
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with the section Affg — (Affgr),gg and the forgetful functor (Affg)/s — Affg is
equivalent to . We then have homotopy equivalences

Map(AffR)/BG ((AffR) /G . M) =~ Map ¢, ((AffR)/BG,N)

and
Map asr ) o; (AR, M) = Map g, (Affg,N).

Thus P is homotopy equivalent to the fiber product
Q = Map,s, (AffR) /86 N) XMap,g (AfTR.N) (@}

which is also a homotopy limit, where A® = {w} — Map,g, (Affg.N) is
determined by the section Affg — A/ corresponding to w : C® — PMod%. We let
agg : CAlgp — S be a map correspoindig to the right fibration (Affr)/gg — Affg
via the straightening functor. Let ax : CAlggr — S be a map correspoindig to the
right fibration Affg — Affg of the identity map. There is the natural transformation
ax — apg determined by Affgp — (Affgr)/gg, which we consider to be a functor
CAlgp — S« >1. Here Sy >; denotes the full subcategory of S, spanned by
pointed connected spaces. Let oy : CAlggp — S« be a functor corresponding
to the right fibration N° — Affg equipped with the section Affg — N. Observe
that Mapg,,(cale,s,) (@BG,@x7) is homotopy equivalent to Q. By composition with

Q. : S« = Grp(S) we have G : CAlgp B—G> S«,>1 =~ Grp(S) (that is, the composition
is the original derived group scheme G). Let o/, be an object in Fun(CAlgg,S«,>1)
such that ay(A4) is the pointed connected component determined by car(A4). Then
we obtain

O >~ Mapg,(calg,5.) (@BG AN)
>~ Mapgn(calg RsS%) (aBG ,Olj\/)
> Mapgyn(calg g ,Grp(s)) (G- Aut(w)).

Next to see (and formulate) the latter assertion, we will define L and M.
We first define L. Since a derived affine group scheme is a group object
in the Cartesian symmetric monoidal oco-category of Affg, thus GAffg is nat-
urally embedded into Fun(N(A)°?,Fun(CAlgg,S)) as a full subcategory. Let
Fun(N(A)°? Fun(CAlgg,S)) — Fun(CAlgg.S) be the functor taking each sim-
plicial object N(A)?? — Fun(CAlgR,g) to its colimit. Let p : GAffg —
Fun(CAlgg,S) be the composition. Note that G maps to BG. By the straightening
and unstraightening functors [36, 3.2] together with [36, 4.2.4.4], we have the cat-
egorical equivalence Fun(CAlg R,égtoo) ~ N(((S/\etZ) / AffR)cf ) where (§\etZ) / Affg
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is the category of (not necessarily small) marked simplicial sets, which is endowed
with the Cartesian model structure in [36, 3.1.3.7] and (—)¢/ indicates full simplicial
subcategory of cofibrant-fibrant objects. In particular, there is the fully faithful
functor Fun(CAlgR,:S\) — N(((S/\etZ)/AffR)cf) which carries BG to (Affr)ge —
Affgr. Composing all these functors we have the composition

GAffg 5 Fun(CAlgg.S) — N(((Set) ) ).

Since GAffgr ~ (GAffR)specr/, the composition is extended to u : GAffrp —
N(((S/\etZ) Jaiie) Vasig /- Through Yoneda embedding

N(((Set])/amg) attrs = Fun((N(((Seth)/ame) ate)?>S)

we define [ : (N(((S/\etJAr) / AffR)cf afir/)?? — S to be the functor corresponding
to N' — Affg equipped with the section w. Composing 1°? with GAffg —
N(((SetZ) / AffR)cf )atrg, We define L to be GAffg — S°. To define M, consider the

functor Fun(CAlgg,Grp(S)) — SP determined by Aut(w) via Yoneda embedding.
Then we define M to be the composition

GAffg < Fun(CAlgg.Grp(S)) — S°.

To obtain L ~ M, note that the unstraightening functor induces a fully faithful
functor
Fun(CAlgg.Sx) <= N(((Set})/atre) ) attr/-

Let N : CAlgg — S« be a functor corresponding to N' — Affg equipped with the
section w, that is, N corresponds to o — anr. Let Fun(CAlgg,Sx) — S be the
functor determined by N via Yoneda embedding. The functor L is equivalent to

GAffg - Fun(CAlgg,S«) C N(((Setf)/ang) arp) — S%.

Since the essential image of GAffg in Fun(CAlgg,S«) is contained in
Fun(CAlgg,S«,>1), for our purpose we may and will replace oy by oy, (in the
construction of N) and assume that N belongs to Fun(CAlgg,S«,>1). Then we see
that L is equivalent to

GAffg — Fun(CAlgg.Sx.>1) ~ Fun(CAlgg.Grp(S)) — S

where the first functor is induced by u and the third functor is determined by Aut(w)
via Yoneda embedding. Now the last composition is equivalent to M . O

Now we are ready to prove the following:
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Theorem 4.15 Let C® be a symmetric monoidal small oco-category. Let PMod%
be the symmetric monoidal (small) oo-category of perfect (dualizable) R-module
spectra where R is a commutative ring spectrum. Let o : C® — PMod% be a
symmetric monoidal functor. There are a derived affine group scheme G over R
that represents the automorphism group functor Aut(w), and a symmetric monoidal
functoru : C® — PRep% which makes the outer triangle in

PRep%

v

R forget
“/ PRepy
/ @
c® PMod$
w

commute in CAlg(Caty) such that these possess the following universality: for any
inner triangle consisting of solid arrows in the above diagram where H is a derived
affine group scheme over R, there exists a morphism f : H — G of derived affine
group schemes which induces PRepg’ — PRep% (indicated by the dotted arrow)
filling the above diagram. Such f is unique up to a contractible space of choices.

Proof: Take a derived affine group scheme G over R which represents Aut(w)
by Proposition 4.12. By Proposition 4.14, we have a symmetric monoidal functor
c® — PRepg that corresponds to the identity G ~ Aut(w) — Aut(w). Then
Proposition 4.14 implies our claim. O

We usually refer to (G,C® X PMod%) (or simply G) in Theorem 4.15 as the
tannakization of  : C® — PMod$%.

The following properties are easy but useful.

Proposition 4.16 Let {C,@ tier be a (small) collection of symmetric monoidal ful
subcategories of C®. Assume that for any finite subset J C I, there is some i € I
such that \ ) ;¢ ;Ci C Ci. Suppose further that | J;c;Ci = C. Let w; : C® —(C® 2
PMod% be the composite and let G; be the tannakization of the composite. Then if
G denotes the tannakization of w, then G ~ lim;¢y G;.

Proof: The collection {C;X’ }ier constitutes a filtered partially ordered set ordered by
inclusions. As a consequence, according to [37, 3.2.3.2], the condition | J;¢;C; =
C implies that C® is a colimit of {C®};e; in CAlg(Cateo). It implies our claim
(by noting the limit of derived affine schemes commutes with the limit as functors
CAlgg — S). O
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Proposition 4.17 We adopt the notion of the previous Proposition. Let R — R’ be

®rR
a morphism in CAlg. Then the tannakization of the composite C® 2 PMod% LN
PMod% is G XspecR SpecR’.

5. Motivic Galois groups

In this Section we will construct derived motivic Galois groups of mixed motives,
underived motivic Galois groups, and variants and establish a number of fundamen-
tal properties (cf. Theorem 5.14, 5.15, 5.17, Proposition 5.19). The term “derived”
in derived motivic Galois group stems from the “highly structured” category: stable
oo-category of mixed motives (see Remark 5.18). We first need to construct the
realization functor of a mixed Weil cohomology theory in the co-categorical setting.

5.1. oo-category of mixed motives

We construct the oo-category of mixed motives. We first construct a stable oo-
category of motivic spectra. There are several approaches to construct it. Let
S be a scheme separated and of finite type over a perfect field. Let Smg be the
category of smooth scheme separated and of finite type over S. One can perform
the construction of Morel and Voevodsky ([41], [54]) in the setting of co-categories.
On the other hand, there are several model categories of motivic spectra (e.g.,
[28], [25], [17], [13]). Then the passage from model categories to oo-categories
allows us to have an co-category of motivic spectra. There are also DG-categorical
formulations (for “DM”), see e.g. [5] [9] and we can pass to co-categories from
them. In this paper we will adopt second approach. Especially, we use the model
category of symmetric Tate spectra described in [13, 1.4.3], where Cisinski and
Déglise introduced the theory of the mixed Weil theory which gives us the very
powerful method for constructing realization functors.

Symmetric Tate spectra. We shall refer ourselves to [12] and [13] for the model
category of symmetric Tate spectra. We here recall the minimal definitions for
symmetric Tate spectra. Let R be an (ordinary) commutative ring and Sh(Smg, R)
the abelian category of Nisnevich sheaves of R-modules. Let Comp(Sh(Smg, R))
be the category of complexes of objects in Sh(Smg,R). This is a symmetric
monoidal category. For the symmetric monoidal structure of complexes of objects
in a symmetric monoidal abelian category, see e.g. [12, 3.1]. For any X € Smg,
we write R(X) for the Nisnevich sheaf associated to the presheaf given by ¥ +—
D £ cHomgug (¥, x)R - f where ® f €Homgn g (Y, x)R - f is the free R-module generated
by the set Homgy, ¢ (Y, X). It gives rise to a functor Smg — Comp(Sh(Smg, R)). Let
R(1)[1] € Comp(Sh(Smg, R)) be the cokernel of the split monomorphism R(S) —
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R(G,,) determined by the unit S — G,, = SpecS|[t, '] of the torus. A symmetric
Tate sequence is a sequence { £, },eN Where E, is an object of Comp(Sh(Smg, R))
which is equipped with an action by the symmteric group G, for each n € N. A
morphism {E, }neN — {Fn}nenN is a collection of &,-equivariant maps E,, — F.
Let Sty (R) be the category of symmetric Tate sequences. Let &’ be the category
of finite sets whose morphisms are bijections. Then the category of functors from
&’ to Comp(Sh(Smg, R)) is naturally equivalent to the category of symmetric Tate
sequences (To F : & — Comp(Sh(Smg, R)) we associate {E,, = F(#1)},eN if 71
is {1,...,n}). For E,F : & — Comp(Sh(Smg, R)), the tensor product is defined to
be & — Comp(Sh(Smg, R)) given by N > Dy _p 0 E(P) ® F(Q). It yields a
symmetric monoidal structure on the category of symmetric Tate sequences. Let
Sym(R(1)) denote a symmetric Tate sequence {R(1)®"},cn such that &, acts
on R(1)®" by permutation. The canonical isomorphism R(1)®" ® R(1)®" —
R(1)®"1™ is &,, x &,,-equivariant when &, x &, acts on R(1)®*T™ through the
natural inclusion &, x &, — S, 4+,,. Unwinding the definition of tensor product of
symmetric Tate sequences we have a morphism

Sym(R(1)) ® Sym(R(1)) — Sym(R(1))

which makes Sym(R(1)) a commutative algebra object in Stye. Let Spr,.(R) be the
category of modules in St,.(R) over the commutative algebra object Sym(R(1)).
We call an object in Spr,.(R) a symmetric Tate spectrum. In [13, 1.4.2], the classes
of stable A!-equivalences, stable A!-fibrations are defined (these are important, but
we will not recall them here since we need preliminaries). In [13, 1.4.3] (see also
[12]), the model category structure of Spr,.(R) is constructed:

Proposition 5.1 The category Spr,.(R) is a stable proper cellular symmetric
monoidal model category with stable A'-equivalences as weak equivalences, and
stable A'-fibrations as fibrations.

Remark 5.2 A pointed model category is stable if the suspention functor induces an
equivalence of the homotopy category (cf. [24]).

Lemma 5.3 The category Spr,.(R) is presentable. In particular, it is a combinato-
rial model category.

Proof: We first remark that our notion of presentable categories is equivalent
to locally presentable categories in [1]. Observe that St,.(R) is presentable.
Since Comp(Sh(Smg, R)) is presentable and St,.(R) can be identified with the
functor category from &’ to Sty (R), thus by [36, 5.5.3.6] we see that Sty (R)
is presentable. Then according to [37, 3.4.4.2] the category Spr,.(R) of modules
over Sym(R(1)) is presentable. ]
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Let Comp(R) be the category of chain complexes of R-modules. There is
a combinatorial symmetric monoidal model structure of Comp(R) whose weak
equivalences are quasi-isomorphisms and whose fibrations are degreewise surjective
maps. The complex R (concentrated in degree zero) is a cofibrant unit. This
model structure is called the projective model structure ([24]). There is a symmetric
monoidal functor Comp(R) — Comp(Sh(Smg, R)) which carries a complex N to
the constant functor with value N. For any A € Comp(R) — Comp(Sh(Smg, R)),
we have the symmetric Tate spectrum {R(1)®" ® A},eN such that &, acts on
R(1)®" ® A by permutation on R(1)®". This determines the infinite suspention
functor

X : Comp(Sh(Sms, R)) — Sprpye(R)

which is symmetric monoidal (see [13, 1.4.2.1]). According to [13, 1.2.5, 1.4.2],
the composition

Comp(R) — Comp(Sh(Smg, R)) = Sprye(R)

is a (symmetric monoidal) left Quillen functor. By composition, we also have

L : Smg — Comp(Sh(Smg, R)) EN SPrae (R).

Localizations. Now we recall an elegant localization method which transform
model categories into co-categories (cf. [37, 1.3.4.1, 1.3.1.15, 4.1.3.4]). Let (C,W)
be a pair of an co-category C and a collection W of edges in C which contains all
degenerate edges. We say that a map f : C — D exhibits D as the oco-category
obtained from C by inverting the edges in W when for any oo-category &, the
functor f induces a fully faithful functor Fun(D,£) — Fun(C,£) whose essential
image consists of functors which sends edges in W to equivalences in £. The
fibrant replacement (C,W) — D of the model category SetZ of marked simplicial
sets (see [36, 3.1]) exhibits D as the co-category obtained from C by inverting the
edges in W. For a model category M, let M€ be the full subcategory consisiting
of cofibrant objects and W the collection of edges in N(M¢) which correspond to
weak equivalences in M. Then we denote by N(M¢), the co-category obtained
from N(M€) by inverting edges in W. When M is a combinatorial model category,
N(MF) is a presentable co-category. A left Quillen equivalence Ml — N induces
a categorical equivalence N(M€)o, — N(N€¢)o. A homotopy (co)limit diagram
in M corresponds to a (co)limit diagram (see [37, 1.3.4.23, .1.3.4.24]). In virtue
of [37, 4.1.3.4], if M is a symmetric monoidal model category, the localization
N(M¢) — N(MF¢)y is promoted to a symmetric monoidal functor N(M¢)® —
N(M¢)& whose underlying functor can be identified with N(M¢) — N(M¢) . The
tensor product N(M€) oo x N(M€) oo — N(M€), preserves small colimits separately
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in each variable since forany M e M, ()M M —->Mand M @ (—) : M - M
are left Quillen functors.

Next we apply this localization to the symmetric monoidal left Quillen functor
Comp(R) — Sprye(R). Then we have a symmetric monoidal functor of symmetric
monoidal presentable co-categories

N(Comp(R))&, —> N(Spp,(R))Z,

which preserves small colimits. We set D®(R) = N(Comp(R)¢)® and Sp%te(R) =
N(Sprue(R))E. When we consider the underlying oo-category, we drop the
superscript ®. The following Proposition implies that the co-categories D(R) and
Spr.e (R) are stable.

Proposition 5.4 Let M be a combinatorial stable model category. Then the oo-
category N(M€) o is stable and presentable.

Proof: The presentability is due to [37, 1.3.4.22].

Let C = N(M€)o. We first observe that C is pointed, that is, there is an
object which is both initial and final. By [37, 1.3.4.24], initial objects and final
objects C correspond to homotopy initial objects and a homotopy final objects in
M respectively. Consequently, C has a zero object since M is pointed. Since C is
presentable, it has small colimits and limits. Therefore by [38, I, 10.12], it remains
to prove that the suspension functor ¥ induces a categorical equivalence C — C.
Note that by our assumption and [37, 1.3.4.24] the suspention functor induces an
equivalence of the homotopy category

¥ :h(C) —> h(C).

In particular, ¥ : C — C is essentially surjective. We claim that ¥ : C — C is fully
faithful. It will suffices to show that the suspention functor induces a homotopy
equivalence Map,(C,D) — Map.(X2(C),X (D)) for any two objects C,D € C.
Note that Map.(C, D) is pointed by the zero map and Map.(C, D) is a group object
in h(S). We may assume that a base point is the zero map. The natural map
Map(2(C),D) — 2Map.(C, D) is a homotopy equivalence. It follows that the n-
th homotopy group m,,(Map.(C, D)) can be identified with wo(Map.(XZ"(C),D)).
We conclude that the map 7,(Map,(C,D)) — m,(Map.(Z(C).Z(D))) can be
identified with the bijective map

770(Map, (2" (C), D)) — mo(Mapc (E"1(C), =(D))),

as desired. O
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Let K be a field of characteristic zero. Let HK be the motivic Eilenberg-
MacLane spectrum which is a commutative algebra object in Spr,.(K) (see e.g.
[45]).

When R is a commutative algebra object in Spy,,.(K) we denote by Spr,.(R)
the category of module objects in Spr,. (K) over R (see [47, Section 4]).

According to [13, 1.5.2] built on [47, 4.1], there is a combinatorial symmetric
monoidal model category structure on Spr,.(R) such that a morphism is a weak
equivalence (resp. fibration) in Spy,.(R) if the underlying morphism in Spr,. (K)
is a weak equivalence (resp. fibration). The base change functor Spr,.(K) —
Sprae (HK) is a symmetric monoidal left Quillen functor. By inverting by weak
equivalences we have a symmetric monoidal functor of symmetric monoidal oo-
categories

Sp%te K) — Sp%ne (HK) := N(Sp%te(HK)c)?g

which preserves small colimits. We remark that Spp,.(HK) is a stable model
category and thus Sp® _(HK) is stable by Proposition 5.4.

Remark 5.5 There is no reason to assume that K is a field of characteristic zero in
the above discussion. We can replace K by an arbitrary commutative ring R. But in
what follows we use the notion of mixed Weil theory which works over K.

Remark 5.6 Let S be the Zariski spectrum of a perfect field k. Let R be an ordinary
commutative ring. Let Corg be the Suslin-Voevodsky’s R-linear category of finite
correspondences. Here by an R-linear category, we mean a category enriched
over the symmetric monoidal category of R-modules. An R-linear functor means
an (obvious) enriched functor. See [32] for the overview of enriched categories.
An object in Corg is a smooth scheme over S, that is, an object in Smg. The
hom R-module Homc,,, (X,Y) is a free R-module generated by the set of reduced
irreducible closed subscheme W € X xj Y such that the natural morphism W — X
is finite and its image is an irreducible component of X. The composition

HomCOrR (X9Y) ®R HomCOI'R (sz) — HomCOI‘R (X7Z)7 W ® W, = W, o W9

where W and W' are actual reduced irreducible subschemes, is determined by W’ o
W = the push-forward by the projection X xz Y xx Z — X X Z of the intersection
product (W x; Z) N (X X W’). By the formula X ® Y = X xg Y Corg is a
symmetric monoidal category. There is a natural map Smg — Corg which sends a
smooth scheme X to X and sends morphisms X — Y to their graphs in X x; Y. A
Nisnevich sheaf of (R-modules) with transfers is a contravariant R-linear functor on
Corg into the category of R-modules, which is a Nisnevich sheaf on the restriction
to Smg. Let Sh(Corg) be the abelian category of Nisnevich sheaves with transfers.
As the construction of the model category Spr,.(R), in [12, 7.15] the symmetric
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monoidal model category of DM(S) is constructed (we here employ the notation
DM(S) in [12, 7.15]): we start with the category Comp(Sh(Corg)) and take the
localization of it by A!-homotopy equivalence and stabilize the Tate sphere (this is
only the rough strategy, for the detail we refer the reader to [12]). Suppose R = K.
There is a left Quillen adjoint symmetric monoidal functor Spr,,. (HK) — DM(S),
which induces a Quillen equivalence (proved by using alteration [45, Theorem 68],
[13, 2.7.9.1]). It gives rise to an equivalence of symmetric monoidal stable co-
categories
SPrye(HK) — DM(k) := N(DM(S) ) oo

Thanks to [13, 2.7.10] compact objects and dualizable objects coincide in
Spr.. (HK). (We say that an object is dualizable if it have a strong dual in the
sense in loc. cite.) The full subcategory Spr,.(HK)y of the homotopy category
of Spp,.(HK) ~ DM(k) spanned by compact objects is equivalent to Voevodsky’s
category DM, (k) of geometric motives with coefficients in K. The triangulated
category DM, (k) is anti-equivalent to Hanamura’s category [20] and Levine’s
category [35] (with rational coefficients).

We summarize the properties of Spr,,.(HK) >~ DM(k) as follows:

Proposition 5.7 The oco-category Spr,.(HK) >~ DM(k) is stable and presentable.
Moreover, it is compactly generated (cf. [36, 5.5.7.1]). Both compact objects and
dualizable obejcts coincide.

Proof: See Proposition 5.4 and Remark 5.6. O

Mixed Weil cohomologies. Suppose that the base scheme § is a perfect field
k. Let E be a mixed Weil theory in the sense of Cisinski-Déglise [13, Section
2.1]. A mixed Weil theory is a presheaf £ on Smg (or the category of affine
smooth k-schemes) of commutative differential graded K-algebras which satisfies
A'-homotopy invariance, the descent property and axioms on dimension, stability,
Kiinneth formula (see for the detail [13, 2.1.2]). For example, in loc. cite., it
is shown that algebraic and analytic de Rham cohomologies, rigid cohomology,
and /-adic étale cohomology are mixed Weil theories. To a mixed Weil theory F
we associate a commutative algbera object E in Spr,.(K), that is, a commutative
ring spectrum (see [13, 2.1.5]). Let HK ®k E be the (derived) tensor product
which is a commutative algebra object in Spr,.(K) (see [13, 2.7.8] and its proof).
By [13, 2.7.6], the natural homomorphism E — HK ®g E (induced by the
structure homomorphism K — HK) is an isomorphism in the homotopy category
of commutative algebra objects. The homomorphism E — HK ®xk E determines
a symmetric monoidal functor Sp$,.(E) — Sp%,.(HK ®k E) which is left Quillen.
The induced symmetric monoidal functor p : Sp$ . (E) — Sp%,.(HK ®k E) is an
equivalence (since the underlying functor is a categorical equivalence). Similarly,
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there is a symmetric monoidal functor Sp%, . (HK) — Sp%,.(HK ® E) determined
by the natural homomorphism HK — HK ®g E. Composing these functors we
obtain

p—l
D®(K) — Sp2 . (K) — Sp2,.(HK) ~ DM® (k) — Sp2 .(HK ®k E) — Sp3,.(E)

where p~! is a homotopy inverse of p.

Lemma 5.8 Let ¢ : C — D be an exact functor of stable oo-categories. Let h(C)
and h(D) be the homotopy categories of C and D respectively. Suppose that h(¢) :
h(C) — h(D) is a categorical equivalence of ordinary categories. Then ¢ is a
categorical equivalence.

Proof: Itis clear that ¢ is essentially surjective. It suffices to show that for M, N €
C, ¢ induces an equivalence

Map.(M,N) — Mapp, (¢ (M),¢(N))
in §. We are reduced to proving that the composition

mo(Map, (X" M. N))) ~ mp (Map. (M. N))
— 7, (Mapp (¢(M).¢(N))) = 7o(Map. (2" ¢(M).¢(N)))

is a bijective where 7, (—) denotes the n-th homotopy group and X is the suspention
functor that is compatible with ¢. Now our assertion follows from our assumption.
O

Lemma 5.9 The composition D®(K) — Sp%te(E) is an equivalence of symmetric
monoidal co-categories.

Proof: Itis enough to show that the underlying functor is a categorical equivalence.
By Lemma 5.8 it suffices to prove that the induced functor of homotopy categories
h(D(K)) — h(Spr(E)) is an equivalence. The right adjoint of this functor is
described as D,i1(k,E) = h(Spp(E)) — D(K) = h(D(K)) given by M +—
RHomg(E, M) where we use the notation D,i(k,E), D(K) and RHomg(E, M)
in [13] (namely, the right adjoint is given by the “Hom complex” RHomg(E, M)
in h(Spp,.(E))). This right adjoint is an equivalence by [13, 2.7.11] and thus

h(D(K)) — h(Spry (E)) is so. O
Let HK be the (not motivic) Eilenberg-MacLane commutative ring spectrum of
K in Sp.

Proposition 5.10 There is an equivalence Mod%K — D®(K) of symmetric monoidal
oo-categories.
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Proof: This immediately follows from [37, 8.1.2.13]. O

Remark 5.11 There is no need to assume that K is a field. The proof is valid for any
commutative ring.

Definition 5.12 By Proposition 5.10 and Lemma 5.9, we obtain a symmetric
monoidal functor

o !
Re : SpS(HK) ~ DM® (k) — Sp% . (HK ®k E) — Sp2 . (E) =~ Mod% .

We refer to is as the realization functor assosiated to E.

5.2. The construction of motivic Galois groups and the comparison torsor

For a mixed Weil thoery E, we have
Sp&,. (HK) ~ DM® (k) £~ Mod% .

For example, suppose that S = Speck is the Zariski spectrum of a field of
characteristic zero and K = k. Let E be the mixed Weil theory of algebraic de Rham
cohomology and L(X) the image of smooth scheme X € Smg in Sp%lte (HK). Then
Rg carries L(X) to the dual of the complex computing the de Rham cohomology
of X.

By Remark 5.6, in Mod%K and Sp{‘%1te (HK), compact objects and dualizable ob-
jects coincide respectively. This diagram induces the diagram of full subcategories
of dualiziable objects whose underlying co-categories are small stable idempotent
complete co-categoires:

P2 (HK), = DM® (k) "~ PMod$

where Rg is the restriction of the realization functor (we abuse notation).

Definition 5.13 We apply Theorem 4.15 to the realization functor Rg and obtain a
derived affine group scheme MG g over H K which we shall call the derived motivic
Galois group associated to the mixed Weil theory E. There is a diagram of symmetic
monoidal stable idempotent complete co-categories

DM (k) PRepﬁGE

N

®
PMod ;; ¢
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where PRepSGE is the symmetric monoidal stable idempotent complete co-category
of perfect representations of MGg (see Appendix A.6) and PModSGE — PMod%K
is the forgetful functor. When E is clear, we often write MG for MGg. If we let
MGE = Spec Bg, then we can choose Bg to be a commutative differential graded
K-algebra Bg by virtue of the well-known categorical equivalence between the
oo-category of commutative H K-ring spectra and that of commutative differential
graded K-algebras (cf. e.g. [37, 8.1.4.11]).

Applying Theorem 4.15 to this situation we have

Theorem 5.14 (Representability and Universality) The derived affine group
scheme MGE = Spec Bg represents the automorphism group functor Aut(Rg) and
the universality described in Theorem 4.15.

Apart from the fundamental and intrinsic interest, the representability and
universality are useful for the technical purpose. For instance, the representablity
(and the coarse representability) plays an important role in Section 5.4 (also in
subsequent papers). The universality can be used to obtain a natural homomorphism
Ghodze = MGE by constructing Hodge realization functor DM® (k) — D®(MH S)
(though we do not give such a construction in this paper). Here Gpogqe i8 the
Tannaka dual group of the category of mixed Hodge structures and E is the Betti
cohomology theory. Since K is a field of characteristic zero, to work with MGg,
we may employ complicial algebraic geometry [52, II, 2.3]. But when one wants to
apply our tannakization to the integral Betti realization and obtain motivic Galois
group over HZ, we need the brave new derived algebraic geometry [52, II, 2.4],
[38].

Next we suppose that the base field k is embedded into the complex field C;
o :k — C. Let Rg. and Rgr be the realization functors associated to Betti (singular)
cohomology and algebraic de Rham cohomology respectively. Let Isom(Rge ® H@

Hk,Rqr) : CAlgg — S be the Isom-functor (see Section 3). Here Rge ® o Hk :

. QuoHk
CAlgy; — S is the composite DM® (k) P PModff’IQ 3 PMod% ¢~ Thanks to

Theorem 4.11 we deduce

Theorem 5.15 (Algebraicity of Comparison torsor) There is a derived affine
scheme |sompe gr = Spec Bpedr that represents the Isom-functor Isom(Rpe @ v
Hk Rgr).

The derived affine scheme Isomg, gr comes up with the (left) action of MGgr
and the (right) action of MGg. ® ygo Hk. It is a torsor under each action (in an
appropriate sense). This torsor is important. We sketch the fundamental interests on
Isompe ar. The comparison Rge ® s HC >~ Rer ® gx H C induced by the de Rham
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theorem gives rise to the classifying morphism
[ SpecH(C — IsomBe,dR = SpecBBe,dR.

The “image” of w* : Bpc.ar — HC (defined in a suitable way; the image of
H..(Bgpegr) — C) is given by periods of mixed motives. We will discuss this issue
in detail in a subsequent work.

5.3. Variants.

We can also construct a derived affine group scheme from any symmetric monoidal
(full) subcategory in DM® (k). Let S® C DM® (k) be a symmetric monoidal full
subcategory. In virtue of Theorem 4.15 the composite

S® < DM® (k) 5 PMod

yields a derived affine group scheme MGEg (S®) over HK. Full subcategories of
mixed Tate motives, Artin motives and so on have been very important examples.
As mentioned in Introduction, we will investigate the tannakizations of these full
subcategories in a separate paper [26].

Let X be a smooth scheme over k. Let m be an integer. Let DM® (k) x(m)
denotes the smallest symmetric monoidal idempotent complete stable subcategory
which contains L(X)(m). The underlying stable co-category is the smallest stable
subcategory which contains (L(X)(m))®" (n > 0) and is closed under retracts. In
this case, we write MG g (X (m)) for MG g (DM® (k) x(m))-

Proposition 5.16 There exists a natural equivalence of derived affine group
schemes
MGg — lim MGE(X(m))
(X,m)

where the right hand side is the (small) limit of derived affine group schemes, and
pairs (X,m) run over smooth projective schemes X and integers m € Z. The
index category of a limit of the right hand side is the poset of full subcategories
DMg(k)X (m)-

Proof: It is enough to show that the colimit
COlin’l(X,m) DM? (k)X(m)

in CAlg(Caty,) is equivalent to DM® (k). It will suffice to prove that the colimit
of the diagram of {DM\ (k)x(m)}(x,m) in Caty is equivalent to the oo-category
DM& (k). We are reduced to showing that for any M € DM® (k) there exists
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L(X)(m) such that M belongs to DM® (k) X(m)- Note that by Proposition 5.7
there exists a finite collection of objects {L(X1)(my),...,L(X;)(m,)} such that
M lies in the smallest stable subcategory which contains all L(X;)(m;) and is

closed under retracts. Therefore we easily see that there exists L(X)(m) such that
M € DM (k) xgn)- O

5.4. Coarse moduli spaces and underived motivic Galois groups.

We will construct a usual affine group scheme M Gg over K (i.e., pro-algebraic
group) from MGg, which is more tractable and has an expected nice property (cf.
Theorem 5.17). The group scheme M Gg appears as the coarse moduli space of
MGEg. That is, MGEg is an analogue of coarse moduli spaces of moduli stacks
that play important role in the classical algebraic geometry (cf. [31]). This M GEg
is also well-suited to the traditional conjectural line of motivic z-structure (cf.
Proposition 5.19).

For this purpose, let dgax be the category of commutative differential graded K-
algebras. By virtue of [23, 2.2.1] or [37, 8.1.4.10], there is a combinatorial model
category structure on dgag, in which weak equivalences are quasi-isomorphisms
(of underlying complexes), and fibrations are those maps which induce levelwise
surjective maps. Let dgalz(0 be the full subcategory of dgag spanned by those objects
such that A’ = 0 for any i < 0 (here we use the cohomological indexing). Note that
dgaz’ consists of not connective but “coconnective” objects. According to [23,
2.2.1], there is a combinatorial model category structure on dga%o, in which weak
equivalences are quasi-isomorphisms, and fibrations are those maps which induce
levelwise surjective maps (here one can choose a Sullivan algebra as a cofibrant
replacement, see e.g. [22]). It gives rise to a Quillen adjunction

7 :dgag 2 dgag’ i

where the right adjoint ¢ : dgaiO — dgag is the inclusion. The left adjoint sends A
to its quotient by differential graded ideal generated by elements a € A’ for i < 0.
By the localization, we have the induced adjunction

71 CAlg rx ~ N(dga$) oo 22 N((dgaz®)¢)e : ¢

(cf. [37, 1.3.4.26] and adjoint functor theorem [37, 5.5.2.9]), where the right
adjoint is fully faithful (we abuse notation and continue to use notation 7 and

t). For the first equivalence, see [37, 8.1.4.11]. Hence by adjunction, SpectBg

represents N((dgaﬁo)"‘)oo — CAlgyk Alﬂm Grp(S) (recall MG = SpecBg).

Next let dga be the full subcategory of dgak spanned by objects such that
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A" = 0 for i # 0, that is, the category of commutative K-algebras. Then
there is a natural adjunction N(dgay) = N((dga%o)‘)oo, where the right adjoint
carries A to the (homologically) connective cover of A4, i.e. H°(A), and the left
adjoint is the natural inclusion. Note that since K is a field there is a natural
isomorphism H°(A® B) ~ H°(A)® H°(B) for A, B € dgag.". Therefore, the affine
scheme Spec H°(z Bg) inherits a group structure from SpectBg. The natural map
H°(tBg) — tBg induces a morphism SpectBr — Spec H°(tBg) as functors
N((dgaﬁo)")oo — Grp(S). It is universal among morphims to usual affine group
schemes. We henceforce abuse notation and write MGg and SpectBg also for the
restrictions of CAlg ¢ ~ N(dgag)oo — Grp(S) to N((dgag®)¢)eo and N(dgad)oo.
Note that if we regard MGg and SpectBEg as functors N ((dgaﬁo)c)oo — Grp(S),
then these coincide. As functors N(dga%) — Grp(S), SpectBg — Spec H(tBg)
can be viewed as MGg |N(dga%) — Spec H%(Bg). Thus Spec H°(tBg) is the coarse
moduli space of MGEg (see Section A.4). We shall refer to the affine group scheme
(i.e. pro-algebraic group)

MGg = SpecH®(tBE)

as the underived motivic Galois group (or simply the motivic Galois group). This
construction also works for variants of MGg. The affine group scheme M Gg has
the following important property:

Theorem 5.17 (Coarse representability of motivic Galois groups) Let K be a
K-field, that is, a commutative K-algebra which is a field. Let Aut(Rg)(K) be the
group of equivalence classes of automorphisms of Rg, that is, mo(Auwt(Rg)(HK)).
Then there is a natural isomorphism of groups

MGg(K) ~ Aut(Rg )(K)

where M G g (K) denotes the group of K-valued points. These isomorphisms are
Sfunctorial among K-fields in the obvious way.

Proof: 'We first suppose that K = K. Let B, = tBg. There is a natural morphism
Spec B, — SpecH®(BJ) corresponding to H°(B) — Bj. Here we regard
Spec(—) as a functor N((dgalz(o)c)o<> — Grp(S). Let u : SpecK — Spec H?(BY;) be
the unit morphism and let SpecC = SpecK Xgpec go(p,.) Spec B, be the associated
(homotopy) fiber in N((dgagz’)¢)?5. Observe that H”(B}) is a free HO(B)-
module for any n > 0. To see this, note that the commutative Hopf graded algebra
H*(BY;) induces a coaction H"(B}) — H"(B}) ®k H°(BY;) of the commutative
Hopf algebra H O(B}E). This action commutes with the coaction of H O(B};)
on itself. Consequently, the quasi-coherent module H"(B};) on SpecH°(B%)
descends to SpecK ~ Spec H(B;)/Spec H(B7;). It follows that H" (B;) has the
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form L @k H 0(B}E) where L is a vector space. The freeness implies that H”(C) ~
K ®pgosy,) H"(BY%). In particular, H°(C) ~ K. Hence by [38, VIII, 4.4.8], for
any usual commutative K-algebra R, Mapy dgaZ®)c)2Z (Spec R,Spec(C) is connected.
Therefore we see that the full subcategory of Mapy, dgaz")e)2Z (SpecR,Spec By,)
spanned by morphisms SpecR — Spec By lying over (the connected component
of) u, is connected. If we replace u by another K-valued point v of M Gg via a
translation by group action, the same conclusion holds. Therefore, we have a natural
isomorphism Aut(Rg)(K) ~ M Gg (K). For a general K-field K, if we replace B}
by the base change B ®k K, then the same argument works. O

We will give several remarks.

Remark 5.18 The tannakian view of motives is originated from Grothendieck’s
idea. For the original ideas of motivic Galois groups and motivations, we refer
the reader to [3] (e.g., fascinating topics are periods of mixed motives via DM® (k),
polylogs and so on, though we concentrate on the foundational issues in this paper).
The guiding principle behind our work is that the stable oco-category of mixed
motives (or so-called geometric motives) should naturally constitute a “tannakian
category” in the setting of oo-categories. It is considered to be a version of
the original idea, which is generalized to the realm of higher category theory.
As mentioned in the Introduction, a conjectural abelian (furthermore tannakian)
category of mixed motives is defined as the heart of DM® (k) endowed with a
conjectural motivic ¢-structure. Here a motivic z-structure is a non-degenerate -
structure on the homotopy category of DM, (k), such that ® : DM, (k) x DMy, (k) —
DMy (k) and the realization functor are z-exact. The existence of a motivic -
structure is a hard problem, and recently Beilinson [7] shows that the existence of
a motivic ¢-structure implies Grothendieck’s standard conjectures (cf. [3, Chapitre
5]) in characteristic zero. Conversely, Hanamura [21] proves that a “generalized
standard conjectures” (i.e., Grothendieck’s standard conjectures, Beilinson-Soulé
vanishing conjecture, and Bloch-Beilinson-Murre filtration conjecture) imply the
existence of a motivic ¢-structure. (It is worth remarking that a construction
of a motivic Galois group for numerical pure motives also needs the standard
conjectures, see [3].) These conjectures in full generality are largely inaccessible
by now. The idea of us is to start with the oo-category DM® (k) endowed with
the realization functor into co-category of complexes, partly motivated by “derived
tannakian philosophy”. The reader might raise an objection to our construction
of the motivic Galois group as a derived affine group scheme. (But we can
extract a usual group scheme from it as above.) We do not think that this is the
drawback. Rather, the derived affine group scheme MGg = Spec Bg should capture
the interesting new data of “highly structured” category DM(k) of mixed motives
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which may not arise from a conjectural abelian category of mixed motives. Suppose
that a motivic ¢-structure exists and let MM be its heart. Let D?(MM) be the
bounded derived category (if exists) and let D?(MM) — DM ¢m (k) be the natural
functor. The problem whether or not D?(MM) — DMg (k) is an equivalence is
mysterious. Thus, at least a priori, we can think that DM® (k) has richer information
than MM. We morally think of the part of higher and lower homotopy data of MG g
as the data of DM(k) which can not be determined by the abelian category MAM.
From an intuitive point of view, homologically positive degree part of Bg should
vanish under the exsitence of a motivic ¢-structure, and homologically negative
degrees of Bg (or Spect Bg) should encode higher automorphisms of the realization
functor (which do not arise from data of the heart).

In the case of mixed Tate motives, Beilinson-Soulé vanishing conjecture implies
the existence of a motivic z-structure on the triangulated subcategory of mixed
Tate motives, by the work of Kriz-May [33], Levine [34]. In [8] and [33], the
bar construction of a “motivic dg-algebra” is used, and it yields a derived affine
group scheme. Recently, using bar constructions Spitzweck has constructed the
derived affine group scheme such that its representation category is equivalent to
the (co-)category of (integral) mixed Tate motives, see [49]. This construction can
be viewed as Beilinson-Soulé vanishing conjecture-free and K (i, 1)-property-free
approach. In [26], as mentioned before, we study the tannakizaiton of co-category
of mixed Tate motives, which is related to the so-called motivic Galois group for
mixed Tate motives.

The pro-algebraic group M G constructed in the unconditional fashion is re-
lated to a conjectural abelian category of mixed motives. The following Proposition
connects our approach with the traditional line (the representability plays a major
role in the proof). Apart from our machinery, we also make use of Lurie’s theory
of locally dimensional co-categories (taking acccount of z-structures) developed in
[38, VIII, Section 5].

Proposition 5.19 (Comparison with a conjectural tannakian category) Suppose
that the homotopy category of DMy (k) admits a motivic t-structure
(DMy,>0(k),DMy,<0(k)) in the sense of the previous Remark (here DM, >¢ (k) and
DMy <o(k) denote the full subcategory of DM\, (k) determined by the t-structure on
the homotopy category). Then its heart is equivalent to the symmetric monoidal
abelian category of finite dimensional K-linear representations of MGEg.

Proof: We let (Ind(DMy >¢(k)),Ind(DMy,<o(k))) be the induced ¢-structure on

Ind(DM, (k)) = DM(k) (cf. [38, VIIL, 5.4.1]) and let DM® (k) be its left completion
of DM® (k) with respect to this z-structure (cf. [37, 1.2.1.17], [38, VIII, 4.6.17]).
Under the existence of motivic ¢-structure, according to [26, Remark 7.12] we
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may assume further that W®(k) is locally dimensional in the sense of Lurie
[38, VIII]. Let CAlgys, be the full subcategory of CAlgyk spanned by objects
A such that 7;(A) = 0 for i # 0 (this category can be viewed as the nerve of
category of commutative K-algebras). We let Aut(Rg) : CAlgls. — Grp(S¥)
be the functor given informally by the formula A +— mo(Aut(Rg)(A4)) where
Rg: DM® (k) — Mod%K is the symmetric monoidal functor induced by Rg (see the
homotopy equivalence displayed below), and Aut(Rg) is the automorphism group
functor CAlgls, — Grp(S) defined in the obvious way. Here S% C S denotes the
full subcategory spanned by discrete small spaces, i.e., small sets. Then as a result of
the theory of locally dimensional co-categories (more precisely, [38, 5.2.12, 5.6.1,
5.6.19 and their proof]) we deduce that A_ut(ﬁ E) is represented by the Tannaka dual
group G of the neutral tannakian category consisting of dualizable objects of the
heart of DM® (k). The neutral tannakian category consisting of dualizable objects
of the heart of DM® (k) (or equivalently DM®) is the heart of DM& (k). It suffices
to show that G ~ MGg. To see this, for A € CAlg}s we set Mods >0 = {X €
Mody| m;(X) = 0 for i <0} and Modg,<o = {X € Mody4| 7;(X) = 0 for i > 0}.
Combining the universality of left completions [38, VIII, 4.6.17] and the fact
(Mody4,>0,Mod 4,<0) is an accessible, left and right complete ¢-structure (see [37,
1.2.1, 1.3.3, 1.4.4] for these notions), we have homotopy equivalences

L, rex ®\ ~ L, rex ® ®
MapCAlg(atoo)(DM (k),Mod) ~Ma ap Gt (DM (k). Mod%)

~ rex

_MapCA] (G )(DM®(k) M0d®)
where the notation Map™* (resp. Map™ ™) indicates the full subcategory spanned
by right #-exact functors (resp. colimit-preserving right ¢-exact functors) (cf. [37,
1.3.3]), and the second equivalence is given by left Kan extensions. Moreover, the
realization functor Rg : Ind(DM,, (k))® ~ DM® (k) — Mod%y is right ¢-exact, that
is, Ind(DMy >¢) maps to Modgxk >o. The functor Rg is induced by Rg through
the above equivalence. Hence we have Aut(Rg) ~ Aut(Rg) as (restricted) functors
CAlgds — Grp(S), and thus Spect B represents Aut(Rg) : CAlglr, — Grp(S).
(Notice that we here use Theorem 5.14.) Then we have a natural morphism
SpectBg — G ~ Aut(Rg), that is regarded as a morphism of functors CAlggs, —
Grp(S). It induces an equivalence of spaces

Mapguncalgl, Gp(s) (G- F) = Mapg,,(cagts Grp(s)) (SpectBE , F)

for any F : CAlgh, — Grp(S%) C Grp(S). In particular, SpectBg — G is
universal among morphisms to usual affine group schemes. On the other hand,
SpectBE — MGE is also universal among morphisms to usual affine group
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schemes. Therefore, we conclude that M Gg >~ G. Hence M Gg can be identified
with the Tannaka dual group of the heart of a conjectural motivic ¢-structure on the
homotopy category of DM® (k). O

Remark 5.20 There has been Nori’s abelian category of mixed motives (see [2])
and its motivic Galois group MGyi. It is natural to consider that the relationship
between our MGg and M Gg and MGy (here E should be the Betti cohomology
theory). Our MGg and M G are directly related with DM® (k) and its realization
functor, and this question depends on a relation between DM®(k) and (oo-
categorical setup of) the derived category of Nori’s abelian category, which seems
out of reach at the present time.

Remark 5.21 There is the natural functor DM® (k) —> PRep,ﬁGE. It seems reason-
able to conjecture or expect that this functor is an equivalence. This conjecture is a
refinement of the conjecture [3, 22.1.4.1 (ii)] which says that the realization functor
is conservative, that is, Rg (M) = 0 implies that M = 0. Unfortunately, we have
no idea to attack this problem. Of course, this functor is universal among functors
into the co-categories of complexes of the representations of affine groups over K.
Namely, let f : DM® (k) — PRepg’ be a functor which commutes with functors to
PMod%K where G is a usual affine group scheme over K (considered as the derived
affine group scheme). Then there exists a homomorphism G — MG g which induces
PModg, = — PMod§ such that the composition DM® (k) — PRepyys . — PRepg is
equivalent to f. An example of such G we should keep in mind is the Tannaka dual
group of the abelian category of finite dimensional continuous /-adic representations
of the absolute Galois group (when K = @Q; and E is the mixed Weil theory of /-
adic étale cohomology). Another important example is the Tannaka dual group of
the abelian category of mixed Hodge structures.

Remark 5.22 In view of A'-homotopy theory and non-commutative motives, we are
also interested in versions of other cohomology theories. We conclude this Section
by a K-theoretic analogue. Let MSS(SS) be the symmetric monoidal stable model
category of symmetric IP!-spectra (see e.g. [42, A. 6,4]). Let p : SpecC — S be a
morphism to the base scheme S = Speck where k is a field of characteristic zero.
According to [42, A.7.2] there is a stable topological realization

p* Sing,
Re : N(MSS(5))&, 2> N(MSS(SpecC))® "5 $p®

that is a colimit-preserving symmetric monoidal functor. Here Sp® denotes the
symmetric monoidal co-category of spectra. It also gives rise to

Modggr (N(MSS(S))2) — Mod%@ (BGL)
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where BGL is the P!-spectrum of algebraic K-theory (see [42, 1.2.5]) and
Rc (BGL) represents the complex K-theory. Let Rf. be the composition

PMod g1 (N(MSS(S5))E,) = Modpgr (N(MSS(5))2,) — Mod}_ (BGL)

where PModggr (N(MSS(S5))2) is the full subcategory of dualizable objects in
Modggr (N(MSS(S))®). Then Aut(R(.) is represented by a derived affine group
scheme over the spectrum representing complex K-theory.

6. Other examples

In this Section, we will present some other examples for the applications of
tannakizations. To avoid letting this Section get too long, we only mention examples
which one can define quickly.

6.1. Perfect complexes of derived stacks

Let R be a commutative ring spectrum. Let 2~ be a derived stack over R (for this
notion, we refer to [52], [38], or [26]). Let Perf®(2") be the symmetric monoidal
stable co-category of perfect complexes on .2". Here we define Perf®(2") to be
the limit limgpec 4 2 PModf in CAlg(Caty,) where SpecA — 2" run over smooth
morphisms with A € CAlgg. Let p : SpecR — 2 be a morphism of derived stacks
over R. We have the pullback functor

p* : Perf®(2") — PMod$ = Perf®(Spec R)

which is an R-linear symmetric monoidal exact functor. It gives rise to its
tannakziation; a derived affine group scheme over R. We can think this as a
generalization of bar constructions of commutative ring spectra. In [26] we study
this issue in detail.

6.2. Topological spaces

Let R be a connective commutative ring spectrum. Let CAlg®" be the full
subcategory of CAlgr spanned by connective spectra A4, that is, 7;(4) = 0 for
i < 0. Let S be a topological space which we regard as an object in S. Let
p : A — S denote a point. We can view S as a constant functor belonging to
Fun(CAIg%",S). Let Perf®(S) be the limit limgpec r—>s PMod% where SpecR — S
run over Modgun(calgy,s) (SpecR,S). We may think of Perf®(S) as the symmetric
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monoidal co-category of perfect complexes on S with R-coefficients. The sym-
metric monoidal oo-category Perf®(S) is a small stable idempotent complete oco-
category. Then the prescribed point p : A® — S induces

Perf®(S) —— Perf®(A?)

where Perf® (A%) ~ Perf®(SpecR) ~ PMod%. We then apply the tannakization
functor to this diagram. We denote by G (S, p) the associated derived affine group
scheme over R. When R = HQ, it would be interesting to compare the rational
homotopy theory and G(S,p) over HQ. We speculate on the relation to the de
Rham homotopy theory. For simplicity, S is simply connected of finite type. Let
Apr(S) be the polynomial de Rham algebra of S over Q (see e.g. [10]), which is
a commutative differential graded Q-algbera. Since the coefficient is QQ, we may
regard Apr(S) as a coconnective commutative ring spectrum over HQ (that is,
mi(ApL(S)) = 0 fori > 0). Let Spec(ApL(S)) be the functor CAlgyqg — S
corepresentable by Apy (S). There is a natural base point p : Spec(HQ) —
Spec(Apr(S)) induced by A® — S. The associated Cech nerve of p determines
a simplicial diagram N(A)°? — Affgg which is a derived affine group scheme
Gpr(S). That is to say, the Cech nerve comes from the bar construction. Then the
relationship with de Rham homotopy theory should be described by an equivalence
G(S,p) ~ Gpr(S) of derived group schemes over HQ (G pr,(S) is obtained by the
tannakization of the forgetful functor PModi’PL( s~ PMod%Q).

A. Derived group schemes

A.l. Derived schemes

Before proceeding to derived (affine) group schemes, let us review derived schemes
and fix our convention. Let R be a commutative ring spectrum. Recall that CAlg
denotes the oco-category of commutative ring spectra (commutaive algebra objects
in Sp, i.e. Eo-rings in [37]).

Let us recall the notion of étale and flat morphisms in CAlg. We say that a
morphism A — B in CAlg is étale (resp. flat) if it has the following properties:

1. mo(A) — mo(B) is étale (resp. flat),

2. the isomorphism 79(B) ®x,(4) mn(A) = m,(B) of abelian groups for any
nez.

If an étale (resp. flat) morphism A — B induces a surjective morphism
Specmo(B) — Specmo(A), we say that A — B is étale (resp. flat) surjective.
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Let A — B*® be an coaugmented cosimplicial objects in CAlggz. We say
that A — B® is an étale hypercover if for any n > 0, the natural morphism
cosk,_1(B®), — B" is étale surjective, and A — B is étale surjective. Here we
abute notation by writing cosk,_1 (B*®), for the coskeleton when we consider B*® to
be the simplicial object in (CAlgz)°?.

Let S denote the co-category of small spaces. We say that a functor (or presheaf)
P : CAlggr — S is a (hypercomplete étale) sheaf if the following two properties
hold:

o if {A;} is a finite family of objects in CAlgg, then P(M3Ax) >~ My P(Ar)

e Let A — B® be an étale hypercover. Then we have P(A) ~ lim(P(B*)),
where lim(P (B*)) denotes a limit of the cosimplicial diagram.

Let Sh(CAlg%) be the full subcategory of Fun(CAlg R,g) spanned by sheaves.
(3 is the oo-category of spaces in an enlarged universe.) For any A in CAlgg, we
define SpecA to be a functor CAlgp — S corepresentable by A. This functor is
a sheaf. Namely, Spec A belongs to Sh(CAlg%). We shall refer to SpecA as the
derived affine scheme (over R) associated to A. Let Affg C Sh(CAlg%) be the full
subcategory spanned by derived affine schemes over R. Yoneda’s Lemma implies
that Affr >~ (CAlgg)??. If R is the sphere spectrum, then we usually write Aff for
Affg.

A derived scheme is informally a “geometric object” which is “Zariski locally”
isomorphic to a derived affine scheme. In [38], it has been developed the approach
of ringed oo-topoi to the definition of derived schemes and derived Deligne-
Mumford stacks. We here take the definition of derived schemes which is similar
to [52]. A derived scheme over R which has affine diagonal is a sheaf (that is, a
contravariant functor which satisfies the descent condition as above) X : Aff‘l’ep -3
which has the following properties (i) and (ii):

(i) For any two morphisms (natural transformations) a : SpecA — X and b :
Spec B — X with derived affine schemes Spec A and Spec B over R, then the
fiber product Spec A xx Spec B is representable by a derived affine scheme
SpecC.

(i1) There exist the disjoint union of derived affine schemes LI <7 Spec A, and a
morphism p : Uy SpecA; — X such that for any ¢ : Spec B — X and any
A € I, the base change LI} SpecC, — SpecB is an étale morphism and it
induces an open immersion Speco(Cy) — Specmo(B) for each A € [, and
a surjective morphism Uy Specmy(Cy) — Specmo(B) of ordinary schemes,
where SpecC) := Spec A, xx SpecB.
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We denote by Schg the full subcategory spanned by derived schemes over R.
(We assume that all derived schemes have affine diagonal.) We shall refer to [38],
[43], [52] for the generalities on derived schemes and derived stacks.

Remark A.1 In this paper we work with the derived algebraic geometry over non-
connective commutative ring spectra (this point is relevant to motivic applications).

Remark A.2 Let CAIg®™" be the oo-category of connective commutative ring
spectra. There is an adjoint pair

CAIg® 2 CAlg

where the left adjoint CAlg — CAIlg®™" carries A to its connective cover, and the
right adjoint is the natural inclusion. If CAlg® denotes the full subcategory of
CAIlg®" spanned by Eilenberg-MacLane ring spectra of ordinary commutative rings,
then there is also an adjoint pair

CAIg*™" 2 CAlg®™

where the right adjoint CAlg®® — CAIlg®™" is the natural inclusion, and the left
adjoint carries A to mo(A). In particular, if A is a commutative ring spectrum, then
70(A) is an ordinary commutative ring.

A.2. Derived group schemes

A (ordinary) group scheme over a scheme S is a scheme G which is endowed with
morphisms S — G and G xgs G — G that satisfies the usual group axioms. If
one employs the functorial point of view, then a group scheme is a group-valued
functor on the category of commutative rings, which is representable by a scheme.
The notion of derived group schemes is similar to that of group schemes. The point
is that to define the notion of derived group schemes we will replace the ordinary
category of commutative rings by CAlg. As the case of derived schemes, the notion
of group-valued functors on CAlg is not useless. We should treat functors into group
objects in S. We first recall the notion of group objects in co-categorical settings
(these are also commonly called group-like Aso-spaces in operadic contexts). We
refer to [51] [49] for accounts of this subject including related notions.

Definition A.3 Let C be an co-category which admits finite limits. A monoid object
isamap f :N(A)°? — C having the property: f([0]) is a final object, and for each
n € N, inclusions {i — 1,i} — [n] for 1 <i < n induce an equivalence

S(nD) = £ x... x f([1])
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where the right hand side is the n-fold product. We denote by Mon(C) the full
subcategory of Fun(N(A)?”,C) spanned by monoid objects. The idea of this
definition goes back to the notion of Segal’s I"-spaces (cf. [48]).

A groupoid object in C is a functor f : N(A)?”? — C with the following property:
for every n and every partition [n] = S U S’ such that S N S’ has one element which
we denote by s, the diagram

S(n]) ——= 1(S)

L

f(8) — f(sh)

is a pullback diagram in C (see [36, 6.1.2]). We say that a groupoid object f :
N(A)°? — C is a group object if f([0]) is a final object in C. We denote by Grp(C)
the full subcategory of Fun(N(A)°?,C) that is spanned by group objects in C. Note
that Grp(C) is a full subcategory of Mon(C).

Definition A.4 A derived group scheme over R is a functor
G : CAlgg —> Grp(S)

such that the composite CAlg, — Grp(S) — S is representable by a derived scheme
X, where the second map Grp(S) — S is induced by {[1]} C A. If X is affine, then
we shall call it an derived affine group scheme.

The oo-category Grp(S) admits a simple description. Let S. be the oo-
category of pointed spaces. Namely, S, is the (homotopy) fiber of Fun(A!,S) —
Fun({0},S) ~ S over the contractible space * € S. Let Sk >1 be the full subcategory
of Sx spanned by pointed connected spaces. Then by [36, 7.2.2.11] we have a
functor

Sx,>1 —> Fun(N(A)?7,Sy)

which to any * — X € S, > associates the groupoid of the Cech nerve, and it
induces an equivalence Si >; =~ Grp(Sx). Since an initial object in Sy is a final
object, we easily see that there is a natural equivalence Grp(S«) ~ Grp(S) induced
by the forgetful functor S, — S (cf. [36, 7.2.2.5, 7.2.2.10]). By this identification
S«,>1 =~ Grp(S), the functor Grp(S) — S induced by [1] € A is equivalent to the

composite

Sio1 —5 8, —> S

where €2 is the loop space functor and the second map is the forgetful functor. Thus
one can say that a derived group scheme is a functor G : CAlgg — S« >1 such that
the composite

G Q
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is representable by a derived scheme.

Remark A.5 Note that giving a functor G : CAlgz — Fun(N(A)°?,S) is equivalent
to giving a functor G’ : N(A)°? — Fun(CAlgg,S). Using [36, 5.1.2.3] we see that
the condition G factors through Grp(S) is equivalent to the condition that G’ is a
group object in Fun(CAlgg,S). Consequently, we have an equivalence

Fun(CAlgg,Grp(S)) =~ Grp(Fun(CAlgg,S)).

An object Grp(Fun(CAlgg,S)) is a derived group scheme if and only if the image
by
Grp(Fun(CAlgg,S)) — Fun(CAlgg,S)

induced by [1] € A is a derived scheme. Thus a derived group scheme over R is
a group object of the oo-category of derived schemes over R. The co-category of
derived group schemes over R is equivalent to Grp(Schg).

A.3. Commutative Hopf ring spectrum

We focus on the case of derived affine group schemes. An (usual) affine group
schemes is regarded as the Zariski spectrum of a commutative Hopf-algebra. We
will give a similar description in our setting. By Remark A.5, giving a derived
affine group scheme is equivalent to giving a functor G : N(A) — CAlgg such that
G : N(A)°? — CAlgy = Affp is a group object in CAlgy = Affg. We regard
G as a functor G : N(A)°? — Affg, which is a group object. A monoid object
M :N(A)°? — Affp is a group object if and only if

o x BT M([2]) - M([1]) x M([1])

is an equivalence where « : {0,2} < [2] and B : {0,1} — [2]. We have the natural
fully faithful functor

Grp(Affg) — Fun(N(A),CAlgg).

We refer to an object in Fun(N(A),CAlgg) which lies in the essential image of this
functor as a commutative Hopf ring spectrum over R. We refer to the essential
image, we denote by CHopfg, as the co-category of commutative Hopf ring spectra
over R. Note that there is a natural categorical equivalence CHopf?’ ~ Grp(Affr),
which we refer to as the oo-category of derived affine group schemes over R.
Also, we set GAffg := CHopf% . Let Fun'(N(A)°?, Affg) := Mon(Affg) be the
full subcategory of Fun(N(A)°? Affg) spanned by monoid objects. We refer to an
object in the essential image of Fun’(N(A)°?,(CAlgg)°?) C Fun(N(A),CAlgg) as a
commutative bi-ring spectra over R. We remark the standard fact: if M is a monoid
object in S, M is a group object in S if and only if a monoid 7o (M) is a group.
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A.4. Derived group schemes, group schemes and examples

Let G be a derived group scheme over a commutative ring spectrum R. We will
explain how to associate to G a (usual) group scheme G over 7o (R). For simplicity,
we here assume that G is affine, i.e., G = SpecA. We impose some conditions on
G. Let us suppose either of conditions:

(i) G is flat over R.

(ii) A and R are connective, that is, 7; (4) = 7; (R) = 0 fori < 0.

We first treat the case (i). In this case, according to [37, 8.2.2.13] there is an
isomorphism mo(A ®r A) =~ m9(A) Qx,(r) To(A) of commutative rings. Hence
the group object G : N(A)°? — Affg induces a group structure G : N(A)%? —
Aff° To(R) Of G = Specmo(A), where Aﬁo »(R) denotes the oo-category of ordinary
affine schemes over 7o (R).

Next we consider the case (ii). In this case, we also have an isomorphism
mo(AQR A) >~ 0(A) ®ny(r) To(A) of commutative rings. Thus a similar argument
shows that G := Speco(A) inherits a group structure. In addition, G is equivalent
to the composite

. G .
Go : CAlgls &) <> CAlgg — Grp(S) = Grp(S™)

where CAlgd‘S o(R) 1s the nerve of the category of usual commutative 7o (R)-rings,
the first functor is the natural functor, and SU is the category of small sets. A group
scheme H over mo(R) is said to be the excellent coarse moduli space of a derived
group scheme G if H represents the above composite Gy. Assume further that
7o(R) is a field. If the morphism G — H in Fun(CAlg‘jQ;ﬂ0 ( R),Grp(S)) is universal
among morphisms into usual affine group schemes over mo(R), then we call H the
coarse moduli space of G.

Conversely, we may regard a flat group scheme G over 7o (R) as a derived group
scheme that is flat over Hro(R). Here H o (R) is the Eilenberg-MacLane spectrum,
which is a discrete commutative ring spectrum. Set G = Spec B. Then the usual
tensor product B ®,(r) B of commutative rings coincides with the “derived” tensor
product of HB and HB over Hmo(R) in CAlg. Consequently, G can be viewed as
a derived group scheme. The oo-category of derived affine group schemes over
Hry(R) contains the nerve of the category of affine group schemes which are flat
over o (R) as a full subcategory.

Finally, we give some examples of derived affine group schemes, which do not
necessarily come from usual flat group schemes.
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Example A.6 Let s : A — R be an augmentation map in CAlggz. Then we have
a section s* : SpecR — SpecA. Let G := SpecR Xgpec4 SpecR. The projection

morphism G x g G > Spec R Xspec 4 Spec R Xspec 4 Spec R m Spec R Xgpec 4 Spec R =~
G deterrmies a “multiplication”. To make this idea precise consider the Cech nerve
N(A)°? — Affgp associated to s* (see [36, 6.1.2.11]). This Cech nerve is a derived
affine group scheme over R whose underlying scheme is Spec R Xspec4 SpecR. In
CAlgp, this construction is known as a bar construction.

Example A.7 Let R be a commutative ring spectrum. Let M € PModg. Let f :
CAlggr — Grp(S) be a functor given by A > Aut(M ®pr A) (see Example 3.2).
Then according to Lemma 4.7, f is representable by a derived affine group scheme
over R. See also Example 3.3.

Example A.8 Let S[CP*°] := X*°CPS° be the unreduced suspention spectrum of
the classifying space CPP*°. The commutative monoid structure in S (that is, Eoo-
structure) of CP*° induces a commutative algebra structure on S[CP*°]. Namely,
S[CP*°] € CAlg. The diagonal map CP*° — CP* x CP* makes S[CP*] a
commutative Hopf ring spectrum and thus SpecS[CP*°] is a derived affine group
scheme over S (see [44, 12.1]).

Example A.9 Let k be a number field. In [49] Spitzweck constructed the derived
affine group scheme G = Spec B over H Z such that the co-category of H Z-spectra
with action of G (see below) is equivalent to the stable co-category of Voevodsky’s
category DM(k) of integer coefficients generated by Tate motives. (His results are
much stronger, see [49].)

A.5. oco-categories of commutative bi-ring spectra and commutative Hopf ring
spectra

We will prove that co-categories of commutative Hopf ring spectra and commutative
bi-ring spectra have good properties, that is, these are presentable co-categories. To
this end, we first give a slighly modified description of commutative bi-ring spectra.

The oo-category CAlgg has the natural coCartesian symmetric monoidal struc-
ture (cf. [37]) which we will specify by a coCartesian fibration CAlg‘I%’ — N(Finy).
Let Ass® — N(Fin,) denote the associative co-operad (see [37, 4.1.1.3] for the
definition of associative co-operad Ass®). The projection

p: CAlg’I’;® = CAlg% XN(Fing) Ass® — Ass®

is a monoidal oo-category (cf. [37, 4.1.1.10]), that is, the underlying monoidal
oo-category of CAlg%. Let us recall the construction of the opposite monoidal co-

category. Let M® — Ass® be a monoidal co-category. Let Fy e : Ass® — égtoo
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be a functor corresponding to M® — Ass® via the straightening functor (see [ [36,
3.2] for the straightening and unstraightening functors). Let Op : Caltoo — Catoo
be the natural (auto)equivalence which carries S to the opposite category S°?. The
composite Opo F e : Ass® — éa\too defines a monoidal co-category /Vl?p — Ass®
via the unstraightening functor. Let M be the underlying oco-category of M®.
Roughly speaking, M(% — Ass® is the oo-category M°P endowed with the
monoidal structure given by ®°? : (M x M)°? — M°P where ® indicates the
monoidal operation of M. If a monoidal co-category N'® — Ass® is equivalent to
M% — Ass®, then we shall refer to N'® — Ass® as the opposite monoidal oo-
category of M® — Ass®. If we replace Ass® by N(Fin,), we obtain the opposite
symmetric monoidal co-category of a symmetric monoidal co-category.

Letq : (CAlg R)m® — Ass® denote the opposite monoidal co-category of p. We
define CoAlg(CAlg%) to be Alg, @ ((CAlg R)’”®)°P where Alg, , & ((CAlgg)p), ®)
is the co-category of algebra objects. We refer to CoAlg(CAlg® r) as the oo-category
of commutative bi-ring spectra over R (or commutative bi-ring R-module spectra).

Now we show that this definition is compatible with the above definition. The
opposite symmetric monoidal co-category (CAlg R)g?v — N(Finy) of p : CAlg% —
N(Fin,) is a Cartesian monoidal oco-category (cf. [37, 2.4.0.1]). By [37, 2.4.1.9],
there is a Cartesian structure [37, 2.4.1.1] (CAlg R)?}, — (CAlgg)°? and it induces
the second categorical equivalence in

Alg/ 8 (CAlgR)G,) = Alg n(ayor (CAlgg)g), X p@ N(A)P)
~ Fun/(N(A)°?,(CAlgg)P),

where the first equivalence is induced by the map Cut : N(A)?? — Ass®
defined in [37, 4.1.2.5] and [37, 4.1.2.15], and Fun’(N(A)??,(CAlgg)°?) is the full
subcategory of monoid objects (see Appendix A.3). Remark that f : N(A)?? —
(CAlgg)?? lies in Fun'(N(A)°?,(CAlgg)°?) if and only if maps {i —1,i} < [n] with
1 <i < n induce an equivalence ®1<;<, f([1]) = f([r]) for each n, and f([0]) ~
R. Consequently, CoAlg(CAlg%) is naturally equivalent to Fun'(N(A),CAlgg)
where Fun’(N(A),CAlgg) again denotes the full subcategory of Fun(N(A),CAlgg)
spanned by comonoid objects.

Let a = {0,2} — [2] and b = {0,1} — [2]. Let C : N(A) — CAlgy be in
Fun’(N(A),CAlgg) >~ CoAlg(CAlg%). The object C is a commutative Hopf ring
spectrum if and only if C(a) and C(b) determine u : C([1]) — C([1]) ® g C([1]) and
v:C(1]) = C(1D®rC([1]) suchthatu®v : C([1) ®r C([1]) = C([1)®r C([1])
is an equivalence in CAlgg. The spectrum R is a unit of the symmetric monoidal
oo-category CAlg® g and thus R is promoted to an object in CoAlg(CAlg R) Clearly,
R is a commutative Hopf ring spectrum. The oo-category CHopfy is contained in
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CoAlg(CAlg%) as a full subcategory. Yoneda lemma implies the natural functor
CHopfy — Fun(CAlgg.Grp(S)) is fully faithful.

Lemma A.10 The natural inclusion Fun'(N(A),CAlgg) — Fun(N(A),CAlgg)
preserves small colimits. Moreover, the inclusion CHopfp — CoAlg(CAlg%) o~
Fun’(N(A),CAlgg) preserves small colimits.

Proof: We will prove the first assertion. Let I be a small co-category and I —
Fun’(N(A),CAlgg) a functor. We will claim that a colimit of the composition g :
I — Fun’(A,CAlgg) — Fun(N(A),CAlgg) satisfies the comonoid condition. For
A eI, weset Ay = q(A)([1]). Note that ¢(J0]) >~ R and ¢g(1)([n]) is equivalent to
the n-fold tensor product Ay ®r ... ®r A,. By [36, 5.1.2.3], the n-th term of the
colimit of ¢ is colim(4) ®gr ... ®r A;) (indexed by 7) in CAlgp. It will suffice
to prove that for each n € N, inclusions {i — 1,i} — [n] for 1 <i < n induces an
equivalence

colim(A4)) ®r ... ®r colim(A,) — colim(A4) Qr ... ®r A;).

According to [36, 4.4.2.7], we may assume that / is either a pushout diagram

or a coproduct diagram. For simplicity, suppose that n = 2. (The general case

is straightforward.) Note that the symmetric monoidal structure of CAlgg is

coCartesian. In the coproduct case, (R, 43) Qr (®,41) >~ ®,(4, ®r A3). In

the case of pushout, for a diagram A <— C — B in CAlgg, we have an equivalence

(A®c B)®Rr(A®c B) 2 (A®Rr A) ®cerc (B ®r B). Hence our claim follows.
Next we will prove that the inclusion

CHopfp — CoAlg(CAlg%) ~ Fun’(N(A),CAlgg)

preserves small colimits. Let / be a small co-category and / — CHopfy a functor.
Letq : I — CHopfg < Fun’(A,CAlgg) be the composition. We adopt the notation
similar to the above paragraph. We claim that the colimit of ¢ belongs to CHopfy.
By assumption, a = {0,2} — [2] and b = {0,1} — [2] and the colimits induce a
diagram

colimA); —— colim(A, ®g Ay) <—— colimA,

colim(A4) ®r Ay)

where the the upper horizontal diagram is the colimit of the coproduct diagrams
Ay = A) Qg A) < A,. The vertical arrow in the middle is an equivalence (by
our assumption). Moreover, in the previous paragraph, we have shown that the
upper horizontal diagram exhibits colim(A), ® g A4,) as the coproduct of colimA
and colimA,. This implies that the colimit of ¢ belongs to CHopfp. O
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Proposition A.11 The oco-category CoAlg(CAlg%) is a presentable co-category.
Proof: Let C be a subcategory of éa\too such that:

e objects are co-categories X such that X'°” is an accessible co-category,

e morphisms are functors F : X — ) such that F°? : X°? — )P are
accessible functors.

Note that Op : éal\too — éa\too which sends A" to X7 is a categorical equivalence.
Moreover by [36, 5.4.7.3] the limit of accessible co-categories in (/thoo exists and it
is an accessible co-category. These observations together with [36, 5.4.4.3,5.1.2.3]
imply that C C égtoo satisfies the conditions (a), (b), (¢) in [36, 5.4.7.11]. Since
the monoidal structure on CAlgp is compatible with small colimits, combined
with [37, 3.2.3.4] we can apply [36, 5.4.7.14] to deduce that CoAlg(CAlg%) is
accessible. Finally, CoAlg(CAlg%) admits small colimits since Fun(N(A),CAlgg)
is presentable and CoAlg(CAlg%) C Fun(N(A),CAlgg) is stable under small
colimits. O

Proposition A.12 The co-category CHopfy, is a presentable oco-category.

Proof: Let V — N(A) denote the inclusion corresponding to

a=1{0,2}

|

b=1{01} —>c=[]

where two maps are inclusions. Namely, V' has exactly three objects a,b,c, and
non-degenerate maps are ¢ — ¢ and b — c¢. The composition with V' — N(A)
determines a map Fun'(N(A),CAlgg) — Fun(V,CAlgg). For p : V — CAlgg, p
induces p(a) ® p(b) — p(c) since p(a) ® p(b) is a coproduct of p(a) and p(b).
By left Kan extension it yields Fun(V,CAlgg) — Fun(A!,CAlgg) which carries p
to p(a) ® p(b) — p(c), and we have the composition o : Fun'(N(A),CAlgg) —
Fun(A',CAlgg). By the definition of CHopfg, we have a homotopy cartesian
square

CHopf g Fun’(N(A),CAlgg)

! -

Fun~(A!,CAlgg) — Fun(A!,CAlgg)

where Fun~(A!,CAlgg) is the full subcategory of Fun(A!,CAlgg) spanned by
maps A! — CAlgg which correspond to equivalences in CAlgg, and 7 is
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the inclusion. Since Fun~(A!,CAlgg) ~ CAlgg, t preserves small colimits.
According to [36, 5.1.2.3], we see that o preserves small colimits (by noting
that by Lemma A.10 Fun’(N(A),CAlgg) — Fun(N(A),CAlgg) preserves small
colimits). Note that by Proposition A.11 and [36, 5.4.4.3] Fun’(N(A),CAlgg),
Fun(A!,CAlgg) and Fun~(A!,CAlgg) are presentable co-categories (we remark
that CAlgg is presentable). Thus by virtue of [36, 5.5.3.13] we see that CHopfy, is
also presentable. O

As a corollary of these results, we have

Corollary A.13 Let GAffg be the co-category of derived affine group schemes over
R. Then GAffg has small colimits and limits. The forgetful functor GAffg — Affg
preserves small limits.

A.6. Representations of commutative bi-ring spectra and commutative Hopf ring
spectra

We will construct a functor CoAlg(CAlg) — 65‘[00 which carries B € CoAlg(CAlg)
to the stable presentable oco-category Repp consisting of spectra endowed with
coaction of B. Informally, Repp is the co-category of spectra N endowed with
action of the derived monoid scheme Spec B which associates an automorphism
N®V > N®YV toeach point SpecV — SpecB with V' € CAlg. Thus when
B does not lie in CHopf, roughly speaking, Modp (which we are going to define)
does not coincide with the co-category of “comodules” of B. We believe that the
notation Repp is little confusing.

Before we define the co-category Repp for B € CoAlg(CAlg), we recall the oco-
category éEtgg‘ of stable presnetable co-categories and the functor CAlg — @tkj‘
which to any R € CAlg associates the co-category Modg of left R-module spectra.

Let @tl&’f‘ be the oco-category of presentable stable co-categories where mor-
phisms are colimit-preserving functors. (This category is a subcategory of 65‘[00.)
There is a natural symmetric monoidal structure on atgg‘ which commutes with
small colimit separately in each variable (see [37, 6.3.2]). For C,D € (/?Et{;j‘, the
tensor product C ® D has the following universality: There is a functor C x D —
C ® D which preserves small colimits separately in each variable, and if £ belongs
to @t]&’ft and Fun, (C x D,£) denotes the full subcategory of Fun(C x D, ) spanned
by functors which preserve small colimits separately in each variable, then the
composition induces a categorical equivalence

Fun"(C ® D,E) — Fun.(C x D,E),

where Fun®(—,—) on the left side of the equivalence indicates the full subcategory
of Fun(—,—) spanned by colimit-preserving functors. An object CAlg(Caty™) can
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be regarded as a symmetric monoidal stable presentable co-category whose tensor
product preserves small colimits separately in each variable.

Let LM® be the co-operad of left modules (see for the definition [37, 4.2.1.7]).
Consider the symmetric monoidal co-category Sp® — N(Fin,) of spectra. The
natural fibration LM® — Ass® and its section Ass® < LM® of oo-operads
described in [37, 4.2.1.9, 4.2.1.10] determine a map

¢ : LMod(Sp) = Alg o /5,,® (SP®) = Alg,(® /ncein,) (SPZ)-

By [37, 6.33.15] ¢ is a coCartesian fibrarion (informally for
R — R’ € Alg,® /nin,)(SP®) and (R.M) € LMod(Sp), M — M ®g R’
is a coCartesian edge lying over it). Thus the straightening functor gives rise
t0 Alg,® /n(Fin,) (SP®) — Catoo which factors through Alg, e /n(in,)(SP®) —
éa\t]o‘gt. It is extended to a functor between the co-categories of commutative algebra
objects

CAl(Alg, @ /x(rin,) (SP®)) — CAlg(Caty)

(cf. [37, 6.3.5.16]). As explained in the proof of [37, 6.3.5.18], the unique
bifunctor Ass® x Comm® — Comm® of co-operads (here the co-operad Comm® is
determined by the 1dent1ty map Comm® := N(Fin,) — N(Fin,)) exhibits Comm®
as a tensor product of Ass® and Comm®. It follows a categorical equivalence

CAlg(Sp®) — CAlg(Alg,i® /n(rin, ) (SP®))-

Thus we have
® : CAlg —> CAlg(Cat:™)

which carries A to Mod®

Next using ©, for any B € CoAlg(CAlg ) we will define an oo- category Modp
in a functorial fashion. Remember that the co-category CoAlg(CAlg R) is equivalent
to the co-category Fun’(N(A),CAlgg) of comonoid objects. The functor ® naturally
induces Og : CAlgg ~ CAlgg, — CAlg(Ca‘[L Mo ey (the first equivalence follows

from [37, 3.4.1.7]). Hence composing CoAlg(CAlg%) ~ Fun/(N(A),CAlgg) with
it we have

CoAlg(CAlgR) — Fun(N(A).CAlg(Catgs) o )-

Since CAlg((/IEtIC;j‘)MO ey admits small limits (because it is presentable by [36,
5.5.3.11]), there is a right adjoint of

CAlg(Catsy) «@, — Fun(N (A),CAlg(Cat];’oSt)Mod% /)
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induced by the obvious map N(A) — A°. Namely, the right adjoint

Fun(N(A),CAlg(Catgg‘)Mod% )= CAlg(Cat{;;f‘)Mod% y
sends N(A) — CAlg(éa\t]c;f‘)Mo =y to its limit. Combining all together we have
CoAlg(CAIg®) — Fun(N(A),CAlg(Catgg‘)Mod% )= CAlg(Catggt)Mod% /

and for B € CoAlg(CAlg%) we set its image Mod% — Mod% € CAlg(C/a\tlc;;f")l\,[O a8
which we refer to as the R-linear symmetric monoidal co-category of represen-
tations of the commutative bi-ring spectrum B (here R-linear structure means a
symmetric monoidal colimit-preserving functor Mod% — Repg’). If G = SpecB
is a derived affine group (monoid) scheme over R, then we often write Reps; for
Repp.

Proposition A.14 The oo-category Repg is a stable presentable oo-category
endowed with a symmetric monoidal structure which preserves small colimits
separately in each variable.

Let Repg’ denote the symmetric monoidal co-category of representations of G.
The unit u : Spec R — G induces a symmetric monoidal functor u*Repg — Mod%.
Let PRepg’ be the symmetric monoidal full subcategory of Repg’ spanned by
dualizable objects. An object M € Repg; lies in PRepg; if and only if u*(M) lies in
PModpg. We refer to PRepg as the co-category of perfect representations of G. We
can easily deduce the following:

Proposition A.15 The oo-category PRepg is a small stable idempotent complete
oo-category endowed with a symmetric monoidal structure which preserves finite
colimits separately in each variable.

Let (CAlgg)°? — Fun(CAlg R,/S\) be Yoneda embedding, where S denotes the
oo-category of (not necessarily small) spaces, i.e. Kan complexes. We shall refer to
objects in Fun(CAlg R,g) as presheaves on CAlgp or simply functors. By left Kan
extension of ® g, we have a colimit-preserving functor

O : Fun(CAlgg,S) — CAlg(Cateo)”.

For X e Fun(CAlg R,:S‘\), we write Mod? for ®r(X). We denote by PMod? the
full subcategory spanned by dualizable objects. Let G be a derived affine group
scheme and let ¥ : N(A)?” — Affg be the corresponding simplicial object. Let

N(A)°? f) (CAlgg)%? — Fun(CAlg R,g) be the composition and let BG denote the
colimit. Remember Oz (BG) = Modg’G ~ Repg’ and PModg’G ~ PRepg’.

https://doi.org/10.1017/is014008019jkt278 Published online by Cambridge University Press


https://doi.org/10.1017/is014008019jkt278

697 1. IWANARI

REFERENCES
1. J. Addmek and J. Rosicky, Locally Presentable and Accessible Categories, Cambridge
University Press, Cambridge, (1994).
2. D. Arapura, An abelian category of motivic sheaves, Adv. Math. 233 (2013), 135-195.

3. Y. André, Une introduction aux motifs (motifs purs, motifs mixtes, periodes), Panora-
mas et Syntheses 17, Paris: Soc. Math. de France (2004).

4. A. Beilinson, Remarks on Grothendieck’s standard conjectures, arXiv:1006.1116

5. A.Beilinson and V. Vologodsky, A DG guide to Voevodsky’s motives, GAFA 17 (2008),
1709-1787.

6. D. Ben-Zvi, J. Francis and D. Nadler, Integral transforms and Drinfeld centers in
derived algebraic geometry, J. Amer. Math. Soc. (2010), 909-966.

7. J. Bergner, A survey of (oco,1)-categories, Towards Higher Categories, IMA Vol. in
Math. and Its Applications, Springer (2010), 69-83.

8. S. Bloch and 1. Kriz, Mixed Tate motives, Ann. Math. (2) 140 (1994), 557-605.

9. M. V. Bondarko, Differential graded motives: weight complex, weight filtrations and
spectral sequences for realizations; Voevodsky vs. Hanamura, J. Inst. Math. Jussieu 8
(2009), 39-97.

10. A. Bousfield and V. K. A. M. Gugenheim, On PL de Rham theory and rational
homotopy type, Mem. Amer. Math. Soc. 179, Amer. Math. Soc. (1976).

11. A. J. Blumberg, D. Gepner and G. Tabuada, A universal characterization of higher
algebraic K-theory, Geometry and Topology 17 (2013), 2013-838.

12. D.-C. Cisinski and F. Déglise, Local and stable homological algebra in Grothendieck
abelian categories, Homotopy Homology Applications 11(1) (2009), 219-260.

13. D.-C. Cisinski and F. Déglise, Mixed Weil cohomologies, Adv. in Math. 230 (2012),
55-130.

14. P. Deligne and J. S. Milne, Tannakian categories, Lec. Notes in Math. 900, Springer-
Verlag (1982), 101-1061.

15. D. Dugger, Combinatorial model categories have presentations, Adv. Math. 164 (2001),
177-201.

16. W. Dwyer and D. Kan, Function complexes in homotopical algebra, Topology 19
(1980), 427-440.

17. B. 1. Dundas, O. Rondigs and P. A. @stveer, Motivic functors, Documenta Math. 8
(2003), 489-525.

18. H. Fukuyama and I. Iwanari, Monoidal infinity category of complexes from Tannakian
viewpoint, Math. Ann. 356 (2013), 519-553.

https://doi.org/10.1017/is014008019jkt278 Published online by Cambridge University Press


https://doi.org/10.1017/is014008019jkt278

Tannakization in derived algebraic geometry 698

19

20.

21.

22.

23.

24.

25.

26.
27.

28.
29.

30.

31.
32.

33.

34.

35.

36.
37.

A. Grothendieck, Revétements étales et Groupe Fondamental (SAG1), Lec. Notes in
Math. 224 (1971), Springer-Verlag.

M. Hanamura, Mixed motives and algebraic cycles I, Math. Res. Lett. 2 (1995), 811—
821.

M. Hanamura, Mixed motives and algebraic cycles III, Math. Res. Lett. 6 (1999), 61—
82.

K. Hess, Rational homotopy theory: a brief introduction, Interactions between
homotopy theory and algebra, 175-202, Contemp. Math. 436, Amer. Math. Soc.,
Providence, RI, 2007.

V. Hinich, Homological algebra of homotopy algebras, Comm. in algebra 25 (1997),
3291-3323.

M. Hovey, Model categories, Math. surveys and Monographs 63, Amer. Math. Soc.
(1999).

M. Hovey, Spectra and symmetric spectra in general model categories, J. Pure Appl.
Alg. 165 (2001), 63-127.

I. Iwanari, Bar construction and tannakization, to appear in Publ. Res. Ins. Math. Sci.

I. Iwanari, Mixed motives and quotient stacks: Abelian varieties, available at
arXiv:1307.3175.

J. F. Jardine, Motivic symmetric spectra, Documenta Math. 5 (2000), 445-552.

A. Joyal, Quasi-categories and Kan complexes, J. Pure Appl. Algebra 175(1-3) (2002),
207-222.

A.Joyal and R. Street, An introduction to Tannaka duality and quantum groups, Lecture
Notes in Math. 1488 (1991), Springer-Verlag 411-492.

S. Keel and S. Mori, Quotients by groupoids, Ann. Math. 145 (1997), 193-213.

G. Kelly, Basic concepts of enriched category theory, Repr. Theory Appl. Categ. 10
(2005), vi+137 pp. (electronic).

I. Kriz and J. P. May, Operads, algebras, modules and motives, Astérisque 233 (1995),
iv+145pp.

M. Levine, Tate motives and the vanishing conjectures for algebraic K-theory, in
Algebraic K-theory and algebraic topology. Proceedings of NATO Advanced Study
Institute, held as Lake Luoise, Alberta, December 12—16, 1991,NATO Adv. Sci. Inst.
Ser. C. Math. Phys. Sci. 407, Kluwer 1993, 167-188.

M. Levine, Mixed Motives, Mathematical Surveys and Monographs 57, 1998, Amer.
Math. Soc.

J. Lurie, Higher Topos Theory, Ann. Math. Studies 170, Princeton Univ. Press, 2009.
J. Lurie, Higher Algebra, preprint, February 2012 available at the author’s webpage.

https://doi.org/10.1017/is014008019jkt278 Published online by Cambridge University Press


https://doi.org/10.1017/is014008019jkt278

699 1. IWANARI

38. J. Lurie, Derived Algebraic Geometry series, preprint, VII, VIII version of May 2011.
39. J. Lurie, Derived algebraic geometry, Ph. D thesis, MIT (2004)

40. C. Mazza, V. Voevodsky and C. Weibel, Lecture Notes in Motivic Cohomology, Clay
Math. Monograph 2 (2006).

41. F. Morel and V. Voevodsky, A!-homotopy theory of schemes, Publ. Math. IHES 90
(1999), 45-143.

42. 1. Panin, K. Pimenov and O. Rondigs, On Voevodsky’s algebraic K-theory spectrum
BGL, Algebraic Topology, Abel Symposia 4 (2009), 279-330.

43. J. P. Pridham, Presenting higher stacks as simplicial schemes, preprint
arXiv:0905.4044.

44. J. Rognes, Galois extensions of structured ring spectra, Memoirs of the Amer. Math.
Soc. 192, no. 898 (2008).

45. O. Rondigs and P. A. @stver, Modules over motivic cohomology, Adv. Math. 219
(2008), 689-727.

46. N. Saavedra Rivano, Categories Tannakiennes, Lecture Notes in Math. 265, Springer-
Verlag, 1972.

47. S. Schwede and B. Shipley, Algebras and modules in monoidal model categories, Proc.
London Math. Soc. 80 (2000), 491-511.

48. G. Segal, Categories and cohomology theories, Topology 13 (1974), 293-312.

49. M. Spitzweck, Derived fundamental groups for Tate motives, preprint (2010)
arXiv:1005.2670

50. T. Tannaka, Uber den Dualitiitssatz der nichtkommutativen topologischen Gruppen,
Tohoku Math. J. 45 (1939), 1-12.

51. B. Toén, Homotopical and Higher Categorical Structures in Algebraic Geometry,
habilitation’s thesis arXiv:math/0312262

52. B. Toén and G. Vezzosi, Homotopical algebraic geometry I, Adv. in Math. 193 (2005),
257-372; 11, Mem. Amer. math. Soc. 902 (2008).

53. V. Voevodsky, Triangulated category of motives, Chapter 5 of “Cycles, Transfers, and
Motivic Homology Theories", Ann. Math. Studies 143, Princeton Univ. Press, 2000.

54. V. Voevodsky, "Proceedings of the International Congress of Mathematicians, Vol. I
(Berlin, 1998)", Documenta Mathematica 579-604.

55. J. Wallbridge, Tannaka duality over ring spectra, preprint arXiv:1204.5787.

https://doi.org/10.1017/is014008019jkt278 Published online by Cambridge University Press


https://doi.org/10.1017/is014008019jkt278

Tannakization in derived algebraic geometry 700

ISAMU IWANARI iwanari@math.tohoku.ac. jp

Mathematical Institute
Tohoku University
Sendai, Miyagi, 980-8578

Japan Received: February 17, 2014

https://doi.org/10.1017/is014008019jkt278 Published online by Cambridge University Press


https://doi.org/10.1017/is014008019jkt278



