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Expectiles have received increasing attention as a market risk measure that is both
coherent and elicitable. They are defined as a least squares analog to quantiles.
Their estimation from heavy-tailed loss data in an extreme value framework is an
important and difficult problem, especially when the target tail expectile is beyond
the range of the data. This problem has been studied only fairly recently, using solely
the Weissman extrapolation method. The competing generalized Pareto approach,
which makes efficient use of tail observations by incorporating the location, scale,
and shape extreme value parameters into the estimation procedure, has been left
untouched, with a corresponding theory completely lacking. In this article, we
challenge the dominance of the Weissman device by presenting and developing
the theory of two classes of semiparametric Generalized Pareto estimators: the first
class relies on direct asymmetric least squares estimation, while the second is based
on extreme quantile estimation. Our estimators are found to outperform the best-
known Weissman-type estimators for real-valued profit—loss distributions, while
staying competitive for nonnegative loss variables. A forecast comparison exercise
is also conducted on various sets of financial returns, showing the superiority of the
generalized Pareto approach.

1. INTRODUCTION

The risk of a financial position X is usually quantified by a law-invariant risk
measure &(X), where positive values of X represent losses (e.g., negative log-
returns). Two particularly desirable properties are coherence in the sense of Artzner
et al. (1999) and elicitability, which makes it possible to evaluate and compare
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2 YASSER ABBAS ET AL.

competing point forecasts through suitable scoring functions (Gneiting, 2011;
Fissler and Ziegel, 2016). The ubiquitous Value-at-Risk at level T € (0, 1) is the
tth quantile VaR,; = ¢, := inf{x € R : F(x) > t} of the distribution function F
of the random variable X. Although intuitive, robust, and elicitable, VaR; may
fail to satisfy the subadditivity property and does not reflect the magnitude of
losses beyond ¢, (Danielsson et al., 2001; Acerbi, 2002). The notion of Expected
Shortfall, ES; := (1 — r)’1 ffl q;dt, addresses these shortcomings and has become
the regulatory standard for market risk under the Basel Accords III/IV (Acerbi
and Tasche, 2002; Wang and Zitikis, 2021); when X is continuous, it equals
E(X|X > g.) (Rockafellar and Uryasev, 2002). Yet ES; is not directly elicitable,
but only jointly elicitable with VaR, (Gneiting, 2011; Fissler and Ziegel, 2016).
This trade-off motivates the search for law-invariant risk measures that combine
coherence and elicitability.

The alternative concept of expectiles has axiomatic and practical properties
that strike a delicate balance between those of the two aforementioned competing
risk measures. First envisioned by Aigner, Amemiya, and Poirier (1976) and
popularized by Newey and Powell (1987) in a regression context, the Tth expectile
can be defined as

& :=argminE {|t — 1{X < 0}|(X —0)> — |t — 1{X < 0}|X*}.
feR

Subtracting the (unimportant in practice) term |t — 1{X < 0}|X? in the cost function
ensures that &; exists as the unique minimizer in the above optimization problem
as soon as E|X| < oco. Expectiles factor in both the probability and magnitude of
tail realizations (Kuan, Yeh, and Hsu, 2009). While the measure is categorized
alongside quantiles into the same class of M-quantiles defined by Breckling and
Chambers (1988), it distinguishes itself within this class by being the only M-
quantile that satisfies the coherence property (Bellini et al., 2014). In fact, expec-
tiles are the only coherent and law-invariant risk measure that is also elicitable,
as shown by Ziegel (2016). They also enjoy intuitive financial interpretations
in the form of their acceptance sets and their connection to the gain-loss ratio
(Bellini and Di Bernardino, 2017). A proper comparison between expectiles and
quantiles when they are identical for different t levels, thus defining a market risk
measure with the same meaning and properties, is provided by Daouia, Girard, and
Stupfler (2018) from an extreme value perspective. Philipps (2022) has developed a
range of further interpretations of expectiles from multiple analytical perspectives.
Although not comonotonically additive, that is, £, (X +Y) # &, (X) + &, (Y) for
comonotonic random variables X and Y (Acerbi and Székely, 2014), the unique
combination of coherence, law-invariance, and elicitability has garnered mounting
attention for expectiles (see, for instance, Bellini and Di Bernardino, 2017, Daouia,
Girard, and Stupfler, 2021, Girard, Stupfler, and Usseglio-Carleve, 2022a, 2022b,
and Zaevski and Nedeltchev, 2023). The use of this metric in measuring extreme
risk has also received increasing attention in the fields of insurance and financial
economics, including asset risk (Davison, Padoan, and Stupfler, 2023; Liu et al.,
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SEMIPARAMETRIC GP TAIL EXPECTILE ESTIMATION 3

2023) as well as systemic and cybersecurity risks (Daouia et al., 2018; Daouia,
Stupfler, and Usseglio-Carleve, 2024b), to cite a few.

Estimation of tail risk at extreme levels t is an important problem for practi-
tioners who are concerned with the risk exposure to an infrequent catastrophic
event that may wipe out an investment in terms of the size of potential losses.
This statistical problem is difficult due to data scarcity at the far tails, especially
when the population risk measure of interest is beyond the range of the data.
There seems to be a general consensus in extreme value theory that there are
two major extrapolation methods which make use of top observations for tail risk
assessment: (i) the Weissman method which involves estimating an “intermediate”
version of the risk measure (i.e., moderately extreme and well inside the sample)
alongside the tail index, then using the latter to multiplicatively shift the former
to the right place of the targeted “extreme” risk measure, and (ii) the generalized
Pareto approach which approximates the upper tail of the underlying distribution
by a Generalized (location-scale) Pareto distribution (GPD) tail. We refer to de
Haan and Ferreira (2006) for extreme VaR, estimation and to Daouia, Stupfler,
and Usseglio-Carleve (2025) for a unified theory of extreme ES; inference in
the semiparametric GP model. Extreme &, estimation has been studied only
fairly recently, by relying solely on the Weissman extrapolation device. The first
extrapolated estimators were introduced by Daouia et al. (2018) and Daouia,
Girard, and Stupfler (2019, 2020), before a series of refined and bias-corrected
versions were developed in Girard et al. (2022a, 2022b), Padoan and Stupfler
(2022), and Daouia et al. (2024b).

Semiparametric GP estimation of extreme expectiles has so far remained unex-
plored in the heavy-tailed setting, despite the long-standing use of GP tail models
for quantile-based risk measurement in finance (see McNeil and Frey, 2000 and
Section 6.2 of Beirlant et al., 2004, among many others). Such models are also a
staple of extreme value analysis in fields such as climate science (Coles, 2001).
Whereas Weissman extrapolation relies on scale and shape information only, the
GP approximation additionally incorporates a location parameter. It can therefore
accommodate location shifts away from the scale—shape Pareto model, potentially
improving estimation and forecasting accuracy.

Apart from Daouia, Padoan, and Stupfler (2024a), who consider short-tailed
distributions, this article is the first to develop semiparametric GP estimators of
extreme expectiles under heavy tails. We introduce two classes of estimators: the
first class of direct empirical counterparts is based on asymmetric least squares,
and the second, indirect class based on quantiles, that combines extreme quantile
estimation with the asymptotic proportionality between extreme quantiles and
expectiles. We establish their asymptotic distributions for generic estimators of the
scale and shape parameters, and then specialize the general theory to Generalized
Pareto maximum likelihood (GPML) estimators (Smith, 1987; Drees, Ferreira,
and de Haan, 2004) and moment estimators (Dekkers, Einmahl, and de Haan,
1989). Our Monte Carlo study shows that the proposed estimators outperform the
best-known Weissman-type competitors for real-valued profit—loss distributions
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4 YASSER ABBAS ET AL.

while remaining competitive for nonnegative losses; the rolling-window forecast
comparison likewise favors the GP approach for the financial series considered.
Although our empirical focus is financial risk, the methodology and asymptotic
theory apply more broadly to systemic risk, climate risk, cyber risk, geohazards,
and disaster risk. The procedures are implemented in the freely available R package
Expectrem.

The article is organized as follows. In Section 2, we construct the two classes
of generalized Pareto-type estimators and derive their asymptotic properties. A
simulation study examines their finite-sample performance in Section 3 relative
to the best-known Weissman-type estimators. Forecast comparisons are also
conducted in Section 4 to evaluate tail risk for the stocks of Netflix, Walmart, and
American Express, as well as the exchange rate of Bitcoin. Section 5 concludes.
The Appendix contains an overview of the current state of research on tail expectile
estimation, and all necessary mathematical proofs.

2. SEMIPARAMETRIC GP ESTIMATION OF TAIL EXPECTILES
2.1. Statistical Model

Let the financial position of interest X be a real-valued random variable, and F be
its cumulative distribution function. In this article, we consider loss returns (i.e.,
minus log-returns), which implies that extreme losses correspond to the upper tail
of F. Denote by U the associated tail quantile function defined as U(t) = F~ (1 —
1/t) for all t > 1, where F< () = inf{x € R, F(x) > -} stands for the generalized
inverse of F. Estimating tail quantities, including expectiles and quantiles, from
the perspective of extreme value statistics relies on the fundamental domain of
attraction assumption that there exist a constant y € R and a positive scale function
a(-) such that, for all x > 0,

o Y -U0 _ /XSH ds. (2.1)
1

[ a(r)

The parameter y is referred to as the extreme value index (EVI for short): a
negative, zero, or positive EVI indicates, respectively, a distribution with short,
light, or heavy right tail. In the case of heavy-tailed distributions (i.e., y > 0) that
describe quite well the tail structure of most financial data, following Corollary
1.2.10 in de Haan and Ferreira (2006), the condition (2.1) is equivalent to the
Weissman extrapolation relationship

U(tx)
im =

=x¥, forx>0. 2.2)
i—oo U(f)

Equations (2.1) and (2.2) can, respectively, be rewritten as the GP approximation

xV —1

Vx>0, U(tx) =~ U(t) +a(r) when ¢ is large 2.3)
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SEMIPARAMETRIC GP TAIL EXPECTILE ESTIMATION 5

and the Weissman approximation
Vx > 0, U(x) =~ x” U(¢) when ¢ is large. 2.4

The asymptotic theory of extreme value estimators for tail quantities, including the
EVI and extreme expectiles and quantiles, shows that the bias incurred in using
these approximations is mainly determined by the speed of convergence in the
domain of attraction condition (2.1) or (2.2). This is captured, for a general y € R,
by the so-called extended second-order regular variation (SORV) assumption:

& (y,p,a,A): There exist y € R, a second-order parameter p < 0, a scale
function a(-) > 0, and a constant sign function A(-) which converges to 0
at infinity such that

1 U(tx) —U(t Y —1 * $
Vx > 0, lim—< (&x) ()_x ):/ sy_I/ u”~'duds.
1 1

a(t)

This assumes that the right tail of the distribution of X can be approximated by a
GPD tail at a known rate. As can be seen, for instance, from Sections 2.3 and 2.4
and Chapter 3 in de Haan and Ferreira (2006), as well as Section 5.6 in Beirlant
et al. (2004), this kind of condition is inevitable in order to carry out extreme value
analysis when no parametric model structure is imposed on F. In the heavy-tailed
case, it comes as a consequence of Theorem 3.1 in Fraga Alves et al. (2007) that
this extended SORV condition reduces to the assumption:

Co(y, p.A): There are y > 0, a second-order parameter p < 0, and a constant
sign function A(-) which converges to 0 at infinity such that

1 (U X
Vx>(), 111’1’1,,—( (X) _xy> =x}’/ Sp_lds.
= A(n) \ U |

This condition can, for instance, be checked using goodness-of-fit statistics in the
form of weighted integrals over the tail of the empirical quantile function, or over
its distribution function counterpart. See Section 5.2 in de Haan and Ferreira (2006)
for several examples.

Theorem 3.1 by Fraga Alves et al. (2007) provides explicit expressions of
the second-order parameters o and A(~) in terms of y,p,a(-) and A(-). These
parameters (5,A) (resp. (p,A) in &) control the bias incurred in using the
Weissman (resp. GPD) approximation (2.4) (resp. (2.3)): the more negative p (resp.
p) is, the faster A(D) (resp. A(f)) converges to 0 as t — oo and the smaller the
bias incurred is. Daouia et al. (2025) and Daouia et al. (2024b) provide a list of
examples of commonly used families of continuous distributions satisfying both of
these conditions, and with the explicit corresponding values of y, p,a(-) and A(-).

The crucial point is that it is not, in general, the case that p = p and A = A. As
a matter of fact, it is a corollary of Theorem 3.1(i) by Fraga Alves et al. (2007)
that all standard continuous distributions that satisfy both conditions have p < p;
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6 YASSER ABBAS ET AL.

this means that the bias incurred in using the GPD approximation (2.3) is never
qualitatively worse than the bias incurred in using the Weissman approximation
(2.4). In fact, the former can be substantially smaller: it is seen from Table 4
in Daouia et al. (2024b) and Table 2 in Daouia et al. (2025) that the Fréchet
distribution with & = 1 and the Inverse- I" distribution both have p = 2p. For
pure GP observations, it is, of course, always better to rely on the GPD approach,
since then condition &, is in fact satisfied as an equality rather than a limit, while
the GP distribution only satisfies condition C, with p = —y. The fact that the
GPD approximation carries lower bias is one justification for substituting it for
the Weissman approximation.

We focus here on the estimation of extreme expectiles when F is attracted to the
maximum domain of Pareto-type distributions with tail index 0 < y < 1, using the
GPD approximation. Together with condition E|X_| < oo, with X_ = min(X,0)
the negative part of X, the assumption y < 1 ensures that the first moment of X
exists, and hence expectiles of X are well-defined (note that the first moment of X
and hence its expectiles do not exist when y > 1). Under this model assumption,
Bellini and Di Bernardino (2017) have established in their Proposition 2.3 an
interesting asymptotic connection between extreme expectiles and their quantile
analogs, namely, the asymptotic equivalence

g~y '=1)7q as T — 1. (2.5)

It follows that tail expectiles & are more spread than tail quantiles g, when
y > 1/2, whereas &; < g, for all large T when y < 1/2. The asymptotic equiv-
alence (2.5) is fundamental in the construction of Weissman-type estimators for
extreme expectiles, which we review in Appendix A.

Our objective is, rather, to construct and study below two new classes of extreme
expectile estimators: the first one in Section 2.2 is built upon asymmetric least
squares extrapolation, while the second one in Section 2.3 relies on extreme
quantile estimation. We build here a general theory based on generic estimators
of the scale and shape parameters in conjunction with approximation (2.3); the
application to GPML estimators and moment estimators of the scale and shape
parameters is discussed in Section 2.4.

2.2. Extremal Asymmetric Least Squares Estimation

From now on, let X,...,X,, be a sample of observations drawn from F, with
corresponding survival function F = 1 — F, and let Xin < - < X, be their
corresponding order statistics. In the intermediate case when 7 = 1, 1 1 such that
nF(&,) — oo as n — oo, the population expectile &,, is extreme but well inside
the sample so that it can be consistently estimated by its empirical version

~ R
%‘fn = a‘rg min — § n‘[n (Xl - I/l), (2-6)
ueR 1

i=1
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SEMIPARAMETRIC GP TAIL EXPECTILE ESTIMATION 7

where 7, (y) = |t — 1{y < 0}|y?, as described in Appendix A. In the more challeng-
ing extreme case when v = 7, > 1, such that (1 —1,)/(1 —1,) — oo as n — oo, the
population expectile &/ lies at the far tail of the underlying distribution, possibly
beyond the sample maximum X, , in the data. Using (2.3) with # =1 /f(é,”) and
x=F(&,)/F (&), and recalling that lim,_, oo (U(1/F (1)) — 1) /a(1/F (1)) = 0 (see,
e.g., the proof of Theorem B.3.19 in de Haan and Ferreira, 2006), we obtain the
expectile-specific approximation

_ F(&,)/F(&,)) —1
éf,;~éz,,+a(l/F(&,,))( Eu)/FE5)

for n large enough. Since, in the heavy-tailed case with 0 < y < 1, we have
F(&)/(1—1)~y~ ' —1ast — 1 (Bellini et al., 2014, Thm. 11), it follows that
F,) 1-7,

F&y -1,

as n — 00, which in turn suggests the extrapolating approximation

_ 1—1)/(1—17)) —1
£y~ g +a(ljFg, ) Lm0 m w1

Therefore, given estimators &, and y, of a(l /f(éz,,)) and y, respectively, this
motivates the extreme expectile estimator

: . ((l—fn)/(l—f,i))y"—l_

£ =& (7 6) =E, +6, > @7

Various estimators of the scale function o () = a(1/F(-)) and shape parameter
y are available in the literature, including the (pseudo-)GPML estimators and the
Moment-type estimators: if k = k, — oo is a sequence of integers such that k/n —
0, as n — oo, then
e The GPML estimators (Smith, 1987; Drees et al., 2004) of (a(n/k,), y) are given
by
kn
@™ (n/k), 73" = arg max [ [A(X-is1.0— Xu—t.nl0, ),
o,y>0 i=1

where the Generalized Pareto density function is defined as Ah(-|lo,y) =
H'(:|lo,y).
e The Moment estimators (Dekkers et al., 1989) of (a(n/k,),y) are defined as

@™ (/k), ™) = (Xpt M) (1= 7, MY +70),
-1
O L )y
where ¥, :1—5 l_T
Mkn
. 1 k}l
and M) == (logX, i1, —10gX, i), forj=12.

n =1
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8 YASSER ABBAS ET AL.

Such estimators of the scale parameter a(1/F(u,)) typically converge on the
relative scale at the rate 1/v/nF(u,) (see Sections 3.4 and 4.2 in de Haan and
Ferreira, 2006, for the i.i.d. case, and Section 6 in Drees, 2003, for the case
of dependent data). For u, = &, estimators &, of the parameter a(l /T’(é,n))

are therefore expected to converge on the relative scale at the rate 1/ nl_*"(érn
which we have seen to be asymptotically proportional to the rate of convergence
1//n(1—1,) of the intermediate expectile estimator &, (see Theorem 2 below).
It is also customary to use estimators y, that rely on the top k, = n(l — t,)
observations and converge at the same rate 1/4/n(1—1,) (see Sections 3.4-3.6
in de Haan and Ferreira, 2006, in the i.i.d. case, and Section 6 in Drees, 2003,
in the serially dependent case). A noteworthy difference between the GPML and
Moment estimators is that the former are location- and scale-invariant, while the
latter are only scale-invariant. This may be of importance in practical applications
where the data are standardized and de-trended.

The next result shows that among the three estimators "S\Tn, Y, and &, on which
é:yi hinges in (2.7), it is the asymptotic behavior of y, which dominates that of E;,l

THEOREM 1. Assume that

1. EIX_|?> < o0 and &(y, p,a,A) holds with0 <y < 1/2and p < 0;
2. 1,=1—k,/n— 1 such that n(1 —t,) =k, — oo, /n(I—t)A((1—1,)"") =
rmeR Vn(l—1,)/qr, = A € R, and /n(1 —1,)(a((1 — rn)*l)/q,n —y) >

neR n— oo,

3. 7, — lsuchthat (1—1,)/(1—1)) = coand /n(1 —1,)/log((1 —7,)/(1—1))

— 00, 1 — 00;
4. /n(l—1,) (% - 1) = Op(1) and for suitable estimators y, and &,

6} d
1—r1 R 1 1-— r
n( )( (1 /FGE) ) Op(1) and /n(1—1,)(¥—y) — T,

where I is a nondegenerate limit.
Then

5:, & d
vn(l—1,) — = ; —T.

a(l/F(Etn)) fl(l_fn)/(l_fn) sy—l log(s)ds

Under the i.i.d. model assumption, the property «/n(1 — ;) (% — 1) = O0p(1)

follows immediately from the asymptotic normality of /S\Tn derived in Theorem 1
of Daouia et al. (2020) when 0 < y < 1/2 and E|X_|?> < oco. Note also that by
Corollary 4.3.2 on p. 135 in de Haan and Ferreira (2006), the conditions of our
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Theorem 1 imply

f](lfrn)/(lffn) s/~ log(s)ds p

—> 1, asn — oo,

fl(lffn)/(lffn) Sy71 log(s)ds

which is useful for constructing an asymptotic confidence interval for &,,. For this
same purpose and for the calculation of é:’ in (2.7), the estimator &, of a(1 /f(f;‘rn))
can be obtained in three different ways by setting

50 =a(1/Fu@,)). 62 =a((1 =11 x (1 — ) /FuEa)) ™,

or 5P =a((1—1) Hx @ =1

The first estimator (1 is simply the empirical counterpart of a(1/F (§1,)). The
second estimator 0(2) is obtained in view of the approximation a(l/F (62,)) =~
a((l—1) Y x((1—1,)/F (&z,))7 that follows from the regular variation property
limy_, oo a(sz)/a(s) = 7V, for any z > 0 (see Lemma 1.2.9 on page 22 in de
Haan and Ferreira, 2006), when taking s = 1/F(q,,) and z = F(q.,)/F(&,,).
The third estimator 6”(3) is obtained from the same approximation above by
replacing f(é,n) /(1 —1,) with its limit ! — 1. These three versions of &, will
be denoted in the sequel as &,{‘/IL”', i =1,2,3, when using the GPML method and
as gMomi j = 1,2,3, when using the Moment method. This will in turn result in
the associated GPML-based expectile estimators 5* (PME, M1y ‘and Moment-

type estimators E* (pMom sMom.i) “These estimators can be calculated by using

our function gpdExpect from the R package Expectrem with the respective
methods "direct_ML1",..., "direct_ML3",and "direct_MOM1",
"direct_MOM3".

It is also natural and instructive to compare Theorem | with the results for the
competing Weissman-type estimators reviewed in Appendix A. We have from the
proof of Theorem 1 the following equivalent statement:

vnld ~ %) %) T 2.8)
IOg((l - Tn)/(l - Ty/,)) Et,’,

Therefore, ér*, has the same rate of convergence as E;, in (A.6) and E;, in (A.7),

as well as their bias-corrected versions ngR in (B.5) and E;BR in (B.6). While
the asymptotic distribution I of these Weissman-type estimators is typically that
of the Hill estimator ! or the expectile-based estimator ¥ in (A.3), or their
bias-reduced versions yH BR and f/\f BR in (A.10) and (A.11), it would naturally
correspond in our generahzed Pareto approach to the limit distribution of the
GPML estimator M= or Moment estimator M°™. Interestingly, the GPML and
Moment methods often correct for bias and can be more robust in small and
moderate samples or when the optimal %, selection is unclear from Hill plots.
Selection of the threshold k,, is known to be a difficult task in general. Schneider,
Krajina, and Krivobokova (2021) develop two threshold selection methods under
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the assumption that ¥ > 0 and compare them with eight competitors, including
bootstrap techniques. Approaches that are specifically tailored to GP models are
the changepoint tests of Northrop and Coleman (2014) and the simultaneous
threshold stability plots of Wadsworth (2016) based on point process calculations.
The latter two methods are implemented in the R package mev developed by
Belzile et al. (2025). In our simulation study (Section 3), we shall examine the
performance of our estimators as functions of the threshold, so as to find the best
performers across a large range of threshold values; our financial real data analysis
(Section 4) will use a simple selection rule based on finding the best extreme
expectile forecast across time.

When the data follow a GPD, M is the estimator that tends to achieve the
lowest mean squared error (MSE) in moderate to large samples, but can be
unstable for small samples. The estimator 7M™ is more robust when P M becomes
unstable, while still being competitive in terms of variance (see, e.g., Beirlant
et al., 2004, and Yilmaz, Kara, and Ozdemir, 2021, for a detailed comparison
and review on estimation procedures for the EVI). The preference for ér*’; over
the Weissman-type competitors stems not only from such practical advantages
of the EVI estimators M- and yM°™ over the Hill-based alternatives, but also
from its reliance on additional location parameter estimates that contribute to
capturing uncertainty more effectively. Our experience with real and simulated
heavy-tailed profit-loss data shows that, across a wide range of k, values and
without finite-sample correction, ér*, stands out as the best performer in terms of
smoothness and stability for modergte-sized datasets, but also in terms of relative
bias and mean-squared error, with its Gaussian asymptotic confidence intervals
attaining coverage closer to the nominal level (because it fits the exceedances
over a threshold using a parametric model, whereas the nonparametric Weissman
estimators are more data-driven and require large samples to provide accurate
estimates). We will specialize the discussion of our generic Theorem 1 to both
shape parameter estimators , € {yM:, MM} in Section 2.4 when the scale
parameter estimator takes the form &, := &% =a((1 —7,)"H) (y, ' — 1)~7, with
a(-) € {@"(-),aM°™(-)}. This choice of &, is motivated by its good performance
in our numerical illustrations; one could, zg\lalogously, state a result for &, :=
5@ given the \/n(1—1,)-convergence of F,(&,) (which, in the iid. setting,
follows from a Gaussian approximation to the tail empirical process, see, e.g.,
Theorem 5.1.2 on page 159 in de Haan and Ferreira, 2006), and for &, := &V
given a specific, explicit form of the estimator a(-). Next, we show that its
associated assumption in Theorem 1 holds under convenient conditions on both y,
anda((1 —z,) ™).

THEOREM 2. Assume that
1. EIX_| < o0 and &(y, p,a,A) holds with0 <y < 1 and p < 0;

2. 7, 1 Lsuch that n(1—1,) — 00, V(I — t)A((1—1,)~)) = O(1), Vu(l —1,)/
gz, = O(1), and /n(T —7,)(a((1 — 7)) /qz, — y) = O(1), n — oo.
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Take 5, =a((1 —1,)~") x (¢ = 1)™" for suitable estimators a((1 —t,)~') and
Y such that

S((1 — ; -1 .

where I is a nondegenerate limit. Then

&n
l—7)| ————1) =0p(1).
& ”(a(l/F(&,,)) ) =)

In the financial context of real-valued profit—loss heavy-tailed distributions, we
provide Monte Carlo evidence in Section 3 that, at least, our GPML estimator
E * (AML, oML-2) outperforms the best-known Weissman competitors among those
descrlbed in Appendix A, both in terms of relative bias and mean-squared error,
with its associated asymptotic confidence interval having slightly better coverage
at the expense of being wider.

2.3. Extremal Quantile-Based Estimation

Using now (2.3) with t = (1 — ) ltandx=(1—-1,)/(— 7,) leads to the well-
known Generalized Pareto quantile approximation

(A-7)/0=7))" -1
4

4 ~ qr, +a((1—1,) ")

for all n large enough, which results in the extrapolated extreme quantile
estimator

o, l—1, ~7n
q/—an+A -1
Y 1—1,

for suitable estimators &, and 7, of the scale and shape parameters a((1 —
1,)~!) and y, respectively. In our heavy-tailed model ( y > 0), the asymptotic
connection & ~ (y—! = 1)77q,; from (2.5) motivates then the quantile-based
estimator

v

E =5 Gno) =@ =D, 2.9)

—G (g 2| (L o
=@, @t (1=

for &, which extrapolates the intermediate expectile estimator é,n = (p!

1~ V"qr to the far tail at 7. Next, we establish the asymptotlc distribution of this
new GPD-type estimator for generic estimators ¥, and &, of the shape and scale
parameters.
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THEOREM 3. Assume that

1. EIX_| < o0 and &(y, p,a,A) holds with0 <y < 1 and p < 0;

2. 1, =1—ky/n— 1such that n(1 —t,) = k, = 00, Vn(I—t)A(1—1,)"") >
M € R /n(T=5)/qe, = 4o € R, and Jn(T =) (@((1 = 1)) /qz, — ) —
neR n— oo,

3. 7, = 1 such that (1 —t,)/(1 —1,) = o0 and /n(l —1,)/log((1 —7,)/(1 —
7)) = 00, n —> 00;

4. for suitable estimators ¥, of y and G, of o(qy,) = a((1 —,)~ 1),

nﬂ—m)(%—y, In —1,‘]’"_"’">—d>(r,A,B), (2.10)
o(qs)  0(qs)

where (I', A, B) is a nontrivial trivariate weak limit.
Then
5:7/’ - é‘_r,’, d r
1=t/ (1=7) o _
a((1—,)~1) [T/ =1 og (5)ds r—'=D

Jn(l—1,)

As can be seen from the proof of Theorem 3, an equivalent statement of this
convergence is

vnd = %) ) T, 2.11)
log((l - Tn)/(l - Ty/,)) E‘L’;,

which yields exactly the same rate of convergence as the competing Weissman-
type estimators seen in Appendix A. Similarly to these estimators, it is the asymp-
totic distribution I' of the chosen tail index estimator 3, which dominates the limit
distribution of our extreme expectile estimator f;‘ (y,l,an) In Section 2.4 below,
we shall specialize the discussion of Theorem 3 to the GPML and Moment- -type
estimators E * (yML,AML) and 5 * (yMom,AMom) obtained by taking the estimators
7, and 0,, in (2 9) for the shape and scale parameters y and o (¢,) = a(n/k,) to be
either M and GML or pMO™ and GM™ respectively, where

?f,llw“ =a"(n/k,) and 3,?40"‘ =a""(n/k,).

The two extrapolated estimators S* (YME ML) and é* (yMom GMom) can be cal-
culated by using the function gpdExpect from the R package Expectrem,
withmethod= "indirect_ML" andmethod= "indirect_MOM", respec-
tively. Our simulation study in Section 3 indicates that their finite-sample perfor-
mance is very similar to that of the third direct GPML and Moment estimators
é* (ML GML3) and é* (pMom 5Mom.3) "respectively (as the only difference lies,
by constructlon between their related intermediate direct and indirect expectile
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SEMIPARAMETRIC GP TAIL EXPECTILE ESTIMATION 13

estimators). Moreover, in the case of nonnegative loss distributions, the Moment-
type estimator 5* (yMom GMom) shows competitive relative mean-squared errors
with remarkably’lower relative bias estimates than those of the bias-corrected
Weissman estimators. In the case of real-valued profit-loss distributions, this
indirect Moment estimator still posts respectable results for low values of y, but
the direct GPML estimator é * ()/ ,6ML-2) stands out in terms of relative mean-
squared errors and coverage probab1l1t1es of its associated confidence interval,
exhibiting consistent results over all values of y.

2.4. GPML and Moment-Type Estimators

In this section, we focus the discussion of the asymptotic theory on the GPML
and Moment estimators (@™ (n/k,), 7-) and (@™°™(n/k,), 7,"°™) of the scale and
shape parameters (a(n/k,), y ), for the discretized intermediate level 7, = 1 —k, /n
with k,, = oo and k,/n — 0 as n — oo. Although our generic Theorems 1-3 are
valid in a general setup allowing for serial dependency in the data, we impose an
i.i.d. assumption on the underlying sample.

We first consider the extrapolated asymmetric least squares estimators
E * (AML, sML) and E * (AM"m, yMom) defined in (2.7) by taking therein the

estlmators ¥, and &,, of the shape and scale parameters y and o (§;,) = a(l /F (&:,))
to be either PME and oM or PMOM and 5 MO™, respectively, with

GML = ML (/) x (/7ML — 1) T —GMLX((l/ Ly — 17"

and &MOM = GMOM (1, s ((1/7MOM) — 1) 7T = GMOm (1 /pMomy _ )=

Following Theorem 3.4.2 on p. 92 in de Haan and Ferreira (2006) and the
asymptotic independence between functions of the stochastic process (X,,— k,s),n —
Xy—k,.n)0<s<1 and the random variable X, , (see, e.g., Corollary 2.4.6 on page
52 in de Haan and Ferreira, 2006), the GPML estimators M= and GM" satisfy,
under the second-order condition &, (y, p,a,A) with y > 0 and the bias condition
JVk,A(n/k,) — A, € R, the joint convergence

oML an n_U kﬂ
JE(?ML—V o, _1 kn, (n/ )) i}N(kleL’EML)7 2.12)

" “a(n/ky) a(n/ky,)
ML __ y+1 — . ML : .
where b ((1 i) = p)(1+y p),0> and the matrix " is given by
(1+y)? —(+y) 0
sME— [ —(1+7y) 1+(1+y)? 0
0 0 1

Under the extra condition /n(1 —t,)(a((1 — r,,)*l)/qfn —y) > u eR,itcan
be seen from Corollary 4.2.2 on p. 133 in de Haan and Ferreira (2006) that the
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“Mom ~~Mom

Moment estimators ,"°™ and o,

/k ?Mom y ayom 1 Xn—tyn— U /ky)
" ' a(n/ky,) ' a(n/k,)
“Mom ~Mom
LN (AM‘)‘“ (b?fp NS ,0) , EM"‘“), (2.13)

satisfy the joint convergence

where
- if y=—p or (O<y <—pandl#0),
xMom:
ALp
Tp if 0<—p<y or O<y<—pandl=0),
14
14 .
— if0<y<—pandl#0,
o (1+7)?
=N ot
ﬁ if 0<—p<y or O<y<—pandl=0),
p(l—p
14 .
——— if0<y<—pandl#0,
& Mom (I+y)?
b)), = —o
ﬁ if 0<—p<y or (O<y <—pand/=0),
—p
yi+1 y—1 0
and TMM = y—1 242 y

0 y 1

Note that the asymptotic variance of 7M™ is lower than that of M, but the analy-
sis of the respective biases of these two estimators, and therefore a deﬁnitive com-
parison of their finite-sample performance, is more complex. With the convergence
results (2. 12) and (2.13) at hand, we show that the two direct extreme expectile
estimators é * (AML oMLy and E* (yMom 5Mom) are asymptotically normal.

COROLLARY 1. Under the first three conditions of Theorem 1, and provided the
data are i.i.d., we have

* (SML ML
E ( 1Oy )_Efr/: —d>N< M(I+y) (1+)/)2)
n(}rllvlLfl"/("“ ) s =1 log(s)ds A=p)d+y—p)

é-* (yMom’ = Mom) _ %‘Tn
and \/E&Momfk,,/(n(l @) GMom_1 100 00\d
n 1 " g(S) s

_d)N()LMomenp Ly +1)

Turning to the indirect quantile-based estimators é* (YMLGML) - and

é* (pMom GMom) defined in (2.9), we obtain the following asymptotic normality
results.
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COROLLARY 2. Under the first three conditions of Theorem 3, and provided the
data are i.i.d., we have

Vi

f;‘_* (AML AML) 'g’_-

’

6,\’11\/[L flkn/(n(l 7)) s)/’\nMLfl log(s)ds

_d)N<)»l()/+1)()/1_1)y
I=p)(A+y—p)
%-*( Mom,AMom)_%-

LA+ - 1)”)

and f

AMomfl,,/(n(l rn)) Mom 1 og(s)ds

e O N (VR Ve B

In order to keep the article to manageable proportions, we do not discuss
the application of our theorems and all the associated ramifications in the pres-
ence of dependence in the data. Similarly to extreme quantile estimation under
mixing conditions (Drees, 2003) or ARMA-GARCH models (He et al., 2022),
our methods may work under serial dependence with an increased asymptotic
variance. Theoretical results along these lines are left for future research. In our
case study of financial time series, we consider a practical solution to eliminate
serial dependence by filtering the time series with an ARMA-GARCH model. The
residuals from the fitted model are then treated as i.i.d. after performing a series
of Ljung-Box independence tests on residuals and their squares.

3. SIMULATION STUDY

We evaluate the performance of our extreme expectile estimators through an
extensive simulation study. We consider two nonnegative loss distributions and
two real-valued profit—loss distributions for the distribution of X, all with tail index
y >0:

Fréchet distribution with survival function F(x) = 1 —exp (—x~"/7) for x > 0;
Burr distribution with survival function F(x) = 1/(1+x"7) for x > 0;

1t )
37 GrRT )2 forxeR;

Symmetric Burr distribution with density function f(x) =
Student distribution with degrees of freedom 1/y.

The first two nonnegative distributions are commonly seen in insurance applica-
tions, while the latter two real-valued distributions are more suitable for financial
returns. For each distribution, we examine the cases y = 0.25, 0.3, 0.35, and 0.4
for all competing estimators

/ ! ’

= ™ BR AE BR BR AH,BR %, PS T PS
e 6 & ) B )BT EY

S (yiv[L’ ;\/ILI)%: (ﬁMOm’ Vrll\/loml)s (AML’ ML)E (yMom’AMom)}
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where i € {1,2,3} and /E\T}; is the naive, non-extrapolated empirical expectile
estimator described in (2.6) at level z,,. The choice of y values between 0.25 and
0.4 describes quite well the tail heaviness of most financial datasets (see, e.g., the
R package CASdatasets). We generate B = 5,000 samples (X", ..., X®} for
b=1,...,B, with n = 1,500 in each simulation case, and estimate the extreme
expectlle &, at the level 7, = 1 —1/n, where &/ is of the same order of magnitude
as the sample maximum XM. We compare the finite-sample performance of the
different estimators based on the following criteria:

1. Relative bias and mean-squared errors
2

B g(f/’) 1 B %—.(f;)
RBias(€,/) = — Z ™ —1| and RMSE(,) = — Z 2o,
B 1 gr,; B =1 %t,’l

where Ef’z) is the expectile estimator generated from the bth sample.

2. Average length and coverage probability of the 95% asymptotic Gaussian
confidence intervals, where the former is defined as the average width of
the confidence intervals generated around each estimator, and the latter is
the frequency of times said intervals included the true value of the extreme
expectile.

We plot the estimates of RBias(?,r/’) and RMSE(?I’;) against k for the positive-
valued distributions in Figure 1, and those for the real-valued distributions in
Figure 2. Figure | reveals that the BR (Bias-reduced) and PS (Padoan and Stupfler,
2022) estimators ";“* BR(PEBR), S* BR(PH.BRy, 5* PS and 5* PS seen in Appendix B
and represented as "solid lines in'the figure, perform well in the positive-valued
cases of the Fréchet and Burr distributions. However the Burr distribution also
sees our two direct GPML estimators S (y oML-1) and é: (PME, M2y rep-
resented, respectively, by the dashed turqu01se and purple hnes, reach similar
RMSE levels to their BR and PS competitors, but for narrower ranges of k values
that are typically higher than the optimal k values for the BR and PS families of
estimators. Our indirect and third direct Moment estimators é % ()/M"“‘,AM"m) and

é ¥ (yM"m, 5Mom.3) “shown in dash-dotted blue and dashed prnk, respectlvely, shore
up this shortcomrng by maintaining competitive RMSE measures over long ranges
of k values for both the Fréchet and Burr distributions and low RBias estimates for
both distributions and all values of y

The direct GPML estimator 5 o ( yML 5ML.2) ‘again in dashed purple in Figure 2,
however, stands out as the overall best performer in terms of RMSE and RBias
when the underlying distribution is real-valued, exhibiting consistent results over
all values of y. The competing GPML estimator £, (y ,oM-1) " in dashed
turquoise, closely matches its top performing direct GPML counterpart only for
the Student distribution with y values 0.35 and 0.4, while the indirect and third
direct GPML estimators é; (PME, ML) and ér* (PML 5ML3) 'in dash-dotted green

and dashed magenta, respectively, seem to be best for the Student distribution with
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Fi1GURE 1. Simulation results for positive-valued distributions. Panels (a)-(d) and (e)—(h) show the Monte-Carlo estimates of
RMSE and RBias, respectively, for the Fréchet distribution, while panels (i)—(1) and (m)-(p) show those for the Burr distri-
bution. Each group of four panels is ordered by tail index value y € {0.25,0.3,0.35,0.4}. For n = 1,500 and 7, = 1 — 1/n,

we consider the naive empirical estimator ’é\,r; (Empirical), the direct BR and PS estimators ?’BR(T/\,!E’BR) (ALS-BR) and ?’PS

! !
Tn Tn

(ALS-PS), their indirect counterparts E*’BR(?,,H’BR) (QB-BR) and E*’PS (QB-PS), our direct GPML estimators ér*, ()’/\,,ML,é},VIL’l)

7 T
(ALSI-ML), &* (3ML,6M-2) (ALS2-ML), and £* (ML, 5M3) (ALS3-ML), the direct Moment estimators &% (pMom, gMom. 1)
(ALS1-Mom), é;, (pMom 5Mom.2) (ALS2-Mom), and 5;, (yMom sMom.3) (AL.S3-Mom), and the indirect GPML and Moment

n n

estimators £, (PM,5ML) (QB-ML) and £, (7M°™, GMO™) (QB-Mom).
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F1GURE 2. Simulation results for real-valued distributions. Panels (a)-(d) and (e)—(h) show the Monte-Carlo estimates of RMSE
and RBias, respectively, for the symmetric Burr distribution, while panels (i)—(1) and (m)—(p) show those for the Student distribution.
Each group of four panels is ordered by tail index value y € {0.25,0.3,0.35,0.4}. For n = 1,500 and 7, = 1 — 1/n, we consider the

naive empirical estimator S, (Empirical), the direct BR and PS estimators .§ £xBR (yE BR) (ALS-BR) and E ExPS (ALS-PYS), their indirect
counterparts g* BR (7H.BR) (QB-BR) and s* PS (QB-PS), our direct GPML estimators s* (ML GML.1) (ALSl ML), &%, L, 5p2)
(ALS2-ML), and g, (yML sML.3) (ALS3- ML) the direct Moment estimators g* (AMom, 5 Mom, 1) (ALSI-Mom), &*, (AMom “340“1’2)
(ALS2-Mom), and E * ('\M"”1 5Mom.3y (AL.S3-Mom), and the indirect GPML and Moment estimators E* (ML A,I,VIL) (QB-ML) and
& o gyom) (QB-Mom).
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y values 0.25 and 0.3. The indirect Moment estimator é ¥ (yM"m oMom) and third

direct Moment estimator E (yM"m, ,{‘/I"m'3 ), again in dash-dotted blue and dashed
pink, respectively, post respectable results for both distributions, but only for
y = 0.25 and 0.3. These results imply that our extrapolated GPD-based estimators
would be well-suited to the applications to financial risk analysis which feature
real-valued profit-loss distributions with comparable tail heaviness to what we
have examined in these simulation experiments.

When ignoring the asymptotic bias of our direct asymmetric least squares
estimators E* (ML GML.1) and é:’ (yMom gMom.iy for j = 1,2,3, in Corollary 1,
their associated Gaussran 100(1 —’Ex)% asymptotic confidence intervals for &,; are

A (17
vk

O“.Iz\/lom,i (5'/\nMom)2 +1

vV

ji\gL,i(a) _ |:§ (AML, VILVILJ):EZF“/Z ¢%ML(dn):|

“Mom.i .
Iflgoml(a)= 5 (V,iwom, FMM™Yy L7y 4

Gyon () |

with d, :=k,/(n(1 —1,)) and ¢, (1) ::/ syfllog(s)ds.
1

These confidence intervals can be calculated by using the function gpdExpect
from the R package Expectrem with the respective methods "direct_ ML1"
,..., "direct_ML3",and "direct MOM1" ., "direct_MOM3". Like-
wise, under the assumption A; = AM°™ =0 in Corollary 2, the resulting Gaussian
100(1 — )% asymptotic confidence intervals for & based upon the indirect

quantile-based estimators 5:/ (YME,GML) and é * (yM"m gMom) are

’\ML -SML
My = | & @G e™ £y n/kn) (1+ 7 Ah)“ o (dn)

o~ 1 Yn
(i)
AMom 7>Mom
5 4y oMom = (n/kn)y/ (Om)° + 1
and 1" (@) = | &2, (ynMOm,anMOm)iz]_a/z s DMom (dy)

” VE (@omy ! =1)"

These confidence intervals can also be calculated by using the function
gpdExpect  with method= "indirect_ML" and method=
"indirect_MOM", respectively.

We plot the coverage probabilities and average lengths of the 95% confidence
intervals against k for the positive and real-valued distributions in Figures 3 and 4,
respectively. While most confidence intervals associated with the 12 competing
extrapolated estimators are able to get close to the intended 95% coverage as
k varies, very few can achieve that for a wide range of k values. Our direct
GPML confidence intervals iz{L”, and particularly those associated with the
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F1GURE 3. Simulation results for positive-valued distributions. Panels (a)-(d) and (e)-(h) show the coverage probabilities and
average lengths, respectively, for the Fréchet distribution, while panels (i)—(1) and (m)—(p) show those for the Burr distribution. Each
group of four panels is ordered by tail index value y € {0.25,0.3,0.35,0.4}. For n = 1,500 and t,, = 1 — 1/n, we consider the Gaussian

95% asymptotic confidence intervals associated with the direct BR and PS estimators é* BR E -BRy (ALS-BR) and é* PS (ALS-

PS), their indirect counterparts E* BR()/H -BR) (QB-BR) and S* PS (QB-PS), our direct GPML estimators § 5 ()/n L, ML, 1) (ALS1-

ML), g* (PML gML.2) (ALS2-ML), and g* (PML GML.3) (ALSS ML), the direct Moment estimators g* (AMOm “%Om’l) (ALSI-

Mom) E * (AM"m 5Mom.2y (ALS2-Mom), and 5 b (AMom, 5 Mom. 3y (ALS3-Mom), and the indirect GPML and Moment estimators
(e ML) (QB-ML) and &, S (P, G0 (QB-Mom).
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F1GURE 4. Simulation results for real-valued distributions. Panels (a)—(d) and (e)—(h) show the coverage probabilities and average
lengths, respectively, for the symmetric Burr distribution, while panels (i)—(1) and (m)—(p) show those for the Student distribution. Each
group of four panels is ordered by tail index value y € {0.25,0.3,0.35,0.4}. For n = 1,500 and t,, = 1 — 1/n, we consider the Gaussian

95% asymptotic confidence intervals associated with the direct BR and PS estimators §* BR(yE -BRy (ALS-BR) and 5* PS (ALS-

PS), their indirect counterparts é* BR H -BR) (QB-BR) and S* PS (QB-PS), our direct GPML estimators § 5 ()/n L, ML, 1) (ALS1-

ML), g* (PML gML.2) (ALS2-ML), and g* (PML GML.3) (ALSS ML), the direct Moment estimators 5* (AMom “%Om’l) (ALSI-

Mom) $ * (AM"m 5Mom.2y (ALS2-Mom), and E b (AMom, 5 Mom. 3y (ALS3-Mom), and the indirect GPML and Moment estimators
(e ML) (QB-ML) and &, S (P, G0 (QB-Mom).
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estimators E* (YME M1y and S* (ML GML2) with coverage probabilities in
dashed turqu'(1)1se and dashed purple respectlvely, achieve coverage levels that
are reasonably close to the nominal level for both the positive and real-valued
distributions, and for all studied values of y; it should here be taken into account
that, unlike the estimators &’ EXBR(PEBR) and g;;BR(yH BR) the proposed GPML
intervals do not benefit from extensive finite- saryﬁple corrections. And while these
estimators fall short of the indirect bias-reduced &’ £y BR()/H -BR) estimator’s tight
interval lengths, they still post respectable results, espe01ally around the higher
k values where they record their most competitive RMSE and RBias in Figures |
and 2. The larger average lengths of our confidence intervals can be attributed to the
additional uncertainty that our estimation and inference procedures must account
for, as they incorporate estimates of the location, scale, and shape parameters of
the GP distribution, whereas the Weissman-type competitors are constructed on
scale and shape parameter estimates only. Another notable outlier is the second
direct Moment estimator S y (y,zvlo“‘, g Mom. 2) as it shows encouraging coverage, in
dashed mauve, for all cases of the symmetric Burr distribution, as well as Student
cases with y =0.35 and 0.4.

Finally, it should be noted that our experience with simulated data indicates
that the chosen asymptotic confidence intervals f’,”“’, IE/IOm’ IN,'L, and IM"m
obtained from the asymptotics in Theorems | and 3, afford better results (for
both nonnegative and real-valued distributions) than their respective counterparts
that are derived from the equivalent convergences in (2.8) and (2.11), mainly
due to the reliance of the former confidence intervals on additional location
parameter estimates. This is illustrated for the positive and real-valued distributions
in Figures 5 and 6, respectively, where we visualize the dominance of the chosen
direct GPML confidence intervals IMLI and IML 2, in terms of both coverage
probabilities and average lengths, over ¢ their alternate confidence intervals that are
constructed from the convergence (2.8).

4. APPLICATION TO DYNAMIC TAIL RISK FORECASTING

We apply our extreme expectile estimation methodologies to evaluate tail risk for
the stocks of Netflix, Walmart, and American Express, as well as the exchange
rate of Bitcoin (BTC-USD). Our goal is to forecast the expectile risk measure of
tomorrow given the knowledge of today. To this end, we adopt a rolling window
approach to our analysis, with each window size set to n = 1,500, and utilize data
on the daily loss returns (i.e., negative log-returns) Y1, ..., Y, of the aforementioned
stocks and exchange rate. Using this setup and a careful selection of observation
dates, we arrive at the following data specifications:

Netflix: 498 estimation windows between 2008/12/03 and 2016/11/08.
Walmart: 482 windows between 2013/11/13 and 2021/09/28.
American Express: 766 windows between 2011/11/16 and 2020/11/17.
Bitcoin-USD: 217 windows between 2016,/04 /28 and 2021/01/08.
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FI1GURE 5. Simulation results for positive-valued distributions. Panels (a)-(d) and (e)—(h) show the coverage probabilities and
average lengths, respectively, for the Fréchet distribution, while panels (i)—(1) and (m)—(p) show those for the Burr distribution.
Each group of four panels is ordered by tail index value y € {0.25,0.3,0.35,0.4}. For n = 1,500 and t,; = 1—1/n, we consider the

chosen direct GPML confidence intervals 72/,11"1 and fxﬂ“’z (solid lines), constructed from the convergence in Theorem 1, and their
n n
alternate counterparts (dashed lines) that are constructed from the equivalent convergence (2.8).
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FI1GURE 6. Simulation results for real-valued distributions. Panels (a)-(d) and (e)—(h) show the coverage probabilities and average
lengths, respectively, for the symmetric Burr distribution, while panels (i)—(1) and (m)—(p) show those for the Student distribution.
Each group of four panels is ordered by tail index value y € {0.25,0.3,0.35,0.4}. For n = 1,500 and t,; = 1—1/n, we consider the
chosen direct GPML confidence intervals 72/,11"1 and fxﬂ“’z (solid lines), constructed from the convergence in Theorem 1, and their

alternate counterparts (dashed lines) that arenconstructed from the equivalent convergence (2.8).
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We follow the strategy laid out in Girard et al. (2022b) of filtering our time series
through the lens of an ARMA(1,1)-GARCH(1,1) model. For a rolling window
Yi,... Yn, we set up the model Y, = u+ ¢Y,_1 +u, +6u,_, where u, = o,&, such
that a =c+ au  + bo -, and (&) is an unobserved independent white noise
sequence, while the constants [, ¢,0,a,b, and c are model parameters. Using the
positive homogeneity and location equivariance of expectiles, we can then write
the conditional tth expectile for the next day as

E‘L’ (Yn+l |-Fn) =M +¢Yn +O—n+1$r (8) +9una

where F,, is the o -algebra generated by the ARMA-GARCH process up to time .

We first estimate the ARMA-GARCH model parameters using the function
garchFit in the R package fGarch, which allows us to retrieve the raw
residuals %; through the @residuals option. Following the ideas of Girard et al.
(2022b), we then fit a GARCH(1,1) model to u; and retrieve the predictions &; of
the innovations from the GARCH residuals. These filtered residuals can then be
considered as independent and identically distributed copies of ¢, which facilitates
the estimation procedures laid out in this work. The extrapolated extreme expectile
estimates

Ery e |8 PR GE BN, B PR OB, B8 BT, @

%_ (AML’ « ML, z)g (yMom’ < Mom, l)g (AML7AML)$ (yMom’AMom)]

for i € {1,2,3}, paired with estimates of the ARMA-GARCH model parameters
i, ¢, 0,4, b, and ¢, can be combined to construct the dynamic predictions of the
extreme expectiles of Y, given ¥, as

& Yurt|F) = B+ @Yo+ &y (6) + 0. 4.2)

Recall that a functional T is elicitable relative to a class of distributions F if there
exists a scoring function S : R x R — R such that Ef{S(z,Y)} < Er{S(x,Y)} for
every F € F,every t € T(F), and every x € R, with equality if and only if x € T'(F)
(Gneiting, 2011, Def. 2). This property provides a natural basis for evaluating and
comparing the 12 competing forecasters. For the expectile at level 7,, we use the
asymmetric least squares scoring function L,; : R? — [0,00), (£,y) — |r, —1{y <
£}|(y—&)?, which gives the loss L./ (§,y) when the point forecast § is issued and the
realization y of the future observation materializes. Following Ziegel (2016), given
T forecast cases with point forecasts (E(m) , S(m)) and realizing observations
1, ---,¥1), where the index m numbers the competing forecasters, the latter can
be ranked in terms of their average realized loss (the lower the better)

Lo = ZL EMy), m=1,..12, 4.3)
where each forecast case ¢ € {1,...,T} corresponds in our estimation context to
a rolling window of loss returns Yi,...,Y,, with y, representing the realization

of the future observation Y,,;, and 5,(’”) being its point forecast gry/l(YnHLF,,)
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obtained in (4.2) from the 12 competitors Er;l (¢) in (4.1). In our assessment of
tail risk, we compare the average scores Li’}:) for a fine grid of challenging levels
7, €{0.99,...,1—1/n}, where data are sparse and inference is difficult to handle.
To guide our choice of the intermediate sequence k,, which plays the role of the
tuning parameter in our setup, we calculate the average realized loss for every
value k in the range of all possible values of k,, then select the value that yields
the lowest loss for each estimator and each value of 7,. This approach simplifies
the optimal k,, selection process while allowing us to compare the performance of
each forecaster fairly. Figures 7—10 show the results of our analysis of daily loss
returns of Netflix, Walmart, American Express, and Bitcoin-USD, respectively.
In each figure, Panel (A) showcases the observed data and wraps the realizations
v, between two dashed red lines. Panel (B) shows the results of the Kwiatkowski—
Phillips—Schmidt—Shin (KPSS) test for each rolling window, illustrating the sta-
tionarity of our loss returns over all chosen time periods, which is required for
ARMA-GARCH modeling. Panel (C) then examines the independence of the
residuals €; using a Ljung-Box test on these residuals and their squares. This
independence is a prerequisite for conducting inference on extreme expectiles
from our Corollaries 1 and 2 and the asymptotic theory of the Weissman-type
competitors. The residuals’ tail heaviness is evaluated in Panel (D) through a
study of the GPML ( ML) and Moment ( 7M°™) estimates of the EVI against
an appropriate range of possible values k of the intermediate level k,,. The results
from each rolling window are drawn as an individual curve against k and indicate
that the residuals exhibit consistent tail heaviness over all estimation windows
for a wide range of k values. Panel (E) then displays the average realized loss
L’E’f’), defined in (4.3), for each estimator against 7,, using the optimal k,, value that
minimizes said loss. The good news for practitioners concerned with the accuracy
of daily forecasts is that our GPD-based forecasters outperform all Weissman-type
competitors, for each studied financial time series. More specifically, the direct
Moment estimator é:, (yMom_gMom.1y eqtablishes a clear lead for Netflix, Walmart,
and Bitcoin-USD da’tla with estimators like the second direct Moment estimator
é * (yM"m, 5Mom.2) “the third direct Moment estimator é * (yM"m, 5Mom.3) " and the

1nd1rect Moment estimator 5 oy (yn "m,AM"m) trailing close behind. The American
Express data see the 1nd1rect Moment estimator E* (yMom GMom) " respectively,

the direct GPML estimator E (yrf‘/ﬂ“, gML-2), outperform all of the Weissman
competitors for 7, < 0.995, respectlvely, 7, > 0.995. The results imply that
our Moment- and GPML-based estimators are suitable for financial data, which
corroborates our simulation findings in Section 3, where said estimators scored
ahead of the competition in the case of real-valued distributions. The final panel
(F) wraps up by showing next-day forecasts of & at level 7, = 0.99, for the
daily loss returns over the observation period, using the dynamic predictions
(4.2) of the top-ranked forecaster 5 * ()/M"m, ”M"m']) for Netflix, Walmart, and

Bitcoin-USD, and E* (yMom &Mom) for American Express, along with their 95%
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F1GURE 7. Netflix data. (A) Observed negative log returns, with realizations wrapped between dashed red lines. (B) KPSS test
statistic of stationarity (in blue) with the 5% critical value in dotted gray, both against the rolling window index. (C) p-values of the
Ljung-Box test of independence, with 30 lags, for the residuals &; and their squares ’8}2 against the rolling window index. (D) Collage

of 'J?,lM and yM"m against k; each curve corresponds to a distinct rolling window. (E) Comparison of the competing estimators on the
basis of realized loss ,C(T’,") forz, €{0.99,...,1—1/n} and m =1, ...,12. (F) Next-day forecasts (black curve) é* (yMom s Mom. 1y f

& at level 7, = 0.99, for the daily loss returns computed sequent1ally over each rolling window, with 95% lower (blue curve) and
upper (magenta curve) asymptotic confidence bounds, along with the realization of the future observation (gray curve).
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FIGURE 8. Walmart data. (A) Observed negative log returns, with realizations wrapped between dashed red lines. (B) KPSS test
statistic of stationarity (in blue) with the 5% critical value in dotted gray, both against the rolling window index. (C) p-values of the
Ljung-Box test of independence, with 30 lags, for the residuals &; and their squares ’8}2 against the rolling window index. (D) Collage

of 'J?,lM and yM"m against k; each curve corresponds to a distinct rolling window. (E) Comparison of the competing estimators on the
basis of realized loss ,C(T’,") forz, €{0.99,...,1—1/n} and m =1, ...,12. (F) Next-day forecasts (black curve) é* (yMom s Mom. 1y f

& at level 7, = 0.99, for the daily loss returns computed sequentlally over each rolling window, with 95% lower (blue curve) and
upper (magenta curve) asymptotic confidence bounds, along with the realization of the future observation (gray curve).
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FIGURE 9. American Express data. (A) Observed negative log returns, with realizations wrapped between dashed red lines.
(B) KPSS test statistic of stationarity (in blue) with the 5% critical value in dotted gray, both against the rolling window index.
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(C) p-values of the Ljung-Box test of independence, with 30 lags, for the residuals g; and their squares /8\1-2 against the rolling window
index. (D) Collage of '}ZlML and 57”M°m against k; each curve corresponds to a distinct rolling window. (E) Comparison of the competing
estimators on the basis of realized loss Ei:,") for 7, € {0.99,...,1—1/n} and m = 1,...,12. (F) Next-day forecasts (black curve)
5;’,[ (yMom FMom) 4t Jevel ) = 0.99, for the daily loss returns computed sequentially over each rolling window, with 95% lower (blue
curve) and upper (magenta curve) asymptotic confidence bounds, along with the realization of the future observation (gray curve).
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asymptotic confidence intervals and the realization of the future observation. The
point forecasts and associated confidence bounds seem to follow data trends fairly
closely.

5. DISCUSSION

Tail expectiles define a prime candidate for a standard risk measure in finance
and insurance thanks to their excellent axiomatic properties and their ability
to capture essential information about the severity of extreme observations as
well as their probabilities. The problem of correctly estimating and inferring
extreme expectile risk is a difficult question due to the least squares nature of
expectiles and their sensitivity to tail heaviness, even though a series of recent
papers has focused on this problem using Weissman-type extrapolation devices.
Our Generalized Pareto approach provides good estimates of tail risk across
the board, with reasonably accurate (though elementary) asymptotic Gaussian
confidence intervals, in the financial context of heavy-tailed real-valued profit—
loss distributions without resorting to any bias correction of our estimators, even
though their asymptotic behavior indicates that they are asymptotically biased. The
results of the tail risk forecasting exercise we have carried out similarly indicate
that, in a dynamic estimation setting, the Generalized Pareto extrapolation method
yields encouraging results.

There still remains a lot to be done, especially in the actuarial context of
nonnegative heavy-tailed loss variables for which Weissman-type methods seem
to outperform our GPD-based approach. As we have highlighted, asymptotic
Gaussian inference of extreme expectiles may not perform well in finite samples,
because of the difficulty of tracking the statistical uncertainties of the estimated
high expectiles and the use of the asymptotic variances arising in the Gaussian
limiting distributions. The finite-sample approximations and errors thus made are
typically due to (i) the use of the GPD model when no parametric assumption
about the exceedance distribution is desired, (ii) the asymptotic approximations
motivating the extreme value estimators of the scale and shape parameters, (iii) the
use of the asymptotic connection between extreme expectiles and quantiles while
ignoring higher-order error terms, (iv) incorrectly neglecting correlations between
estimators when the asymptotic behavior of one of them dominates, and/or (v) not
accounting for the variance distortions incurred by utilizing the delta method for
linearization purposes. Improving our results by providing successive corrections
for each of these types of approximation errors is a topic of interest for future
research.

APPENDIXES

The Appendix has three parts. Appendix A presents an overview of the current state
of research on tail expectile estimation. Appendix B provides further details about bias
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reduction and variance correction within the Weissman extrapolation framework.
Appendix C contains the proofs of all theoretical results in the main article.

A. WEISSMAN-TYPE ESTIMATORS

Let X1, ...,X, be a sample of observations drawn from F, and for the moment assume that
these random copies of X are independent. Let X ,, < --- < Xp, , be their corresponding
order statistics. In the intermediate case when t = 1, — 1 such that n(1 — ;) — o0 as
n — 00, or under the more common discretized setup t, = 1 —k/n for a sequence of integers
k =k — oo with k,,/n — 0 as n — oo, the population expectile &z, is extreme but well
inside the sample so that it can be consistently estimated by its empirical version

~ 1<
&7, = arg min — Z ng, (X —u), (A1)
ueR 1

i=1

where n: (y) = |t —1{y < 0}|y2. The asymptotic normality of Efn is derived in Theorem 2
in Daouia et al. (2018) for the class of heavy-tailed distributions (2.2) with y < 1/2. In
the more general setting where 0 < y < 1, an indirect asymptotically normal estimator of
&7, can be obtained from the asymptotic connection (2.5), or equivalently, &, ~ ()/_1 -
1)77 gz, as n — oo. By substituting in a suitable estimator 3 in place of y and the empirical
quantile Gz, = X, 4(1—1,)],n = Xn—k,n in place of gz,, the resulting estimator

&, =7 ' -1, (A2)

is shown to have a v/n(1 — 7,)-asymptotic nondegenerate distribution under the conditions
formulated in Theorem 1 in Daouia et al. (2018). The EVI y € (0,1) can be estimated
by the celebrated Hill estimator (Hill, 1975) 71 = oty DA N (' ST
log X, |n(1=7,)|,n> OF, in the case y € (0, 1/2), by the following expectile-based estimator
introduced and popularized by Girard et al. (2022a, 2022b):
= o~ -1 N n
e = (1 + F"(&")> where Fp(x) = 12 1{X; > ). (A3)
1—1, n P

In the more challenging extreme case when t = 7, — 1 such that n(1 —7},) — ¢ € [0,00)
as n — 00, the population expectile STJ, lies at the far tail of the underlying distribution,
possibly beyond the sample maximum X, , in the data. Typical examples include t;, =
1 — 1/n, with the associated extreme expectile 3,—‘,’; having the order of magnitude of Xj, ;.
In this case, the model assumption of Pareto-type tail (2.2), combined with the asymptotic
connection (2.5), yields the Weissman approximation

qv U —1))~! -7\ & qy 11—\ 7
Ty = («( Tn) 1) ~ ( 'Cn> and hence ST AT ~ < 'L’n) . (Ad)
dr, U= l—1, an qt, 1—1,

This approximation motivates the following class of plug-in estimators of E,’; :

—*

- -1\ 7
Y =y () :=( ’) Earn (A.5)

1—1,
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where ¥ is a /n(1 — 7,;)-consistent estimator of y, and 5, is either the empirical asym-
metric least squares estimator Ern in (A.1) or the quantile-based estimator Sr,l in (A.2)
for the intermediate expectile &z,. More specifically, the use of the latter indirect inter-
mediate expectile Ern = ’5,,, in (A.5) yields the extreme expectile estimator E:r/t = gf};

defined as

~ o~ 1—7/\ 7~ -1\ __ o

£, =8,(7) = ”) Srn=< 7) =D, (A.6)
n n 1—1, 1—1,

while the choice of the former direct intermediate expectile E,ﬂ = Efn results in

. 1—7/\ 7~
& =E® :=( ’") & A7)

l—1,

Based on an i.i.d. assumption on the sample and an SORV condition C»(y,5,A) with
additional mild regularity conditions, Daouia et al. (2018) have shown in their Corollaries 3
and 4 that the estimators (A.6) and (A.7) have the same limit distribution as the chosen
tail index estimator y with the slightly slower rate of convergence log((1 — t,)/(1 —
7,))/+/n(1—1,). In the rest of this Appendix, for the sake of notational convenience, we
set p=pand A = A, since there is no possible confusion between parameter values in
conditions Cp and &;.

When using the extrapolated estimator E:/, (¥) in (A.6) in conjunction with the Hill

estimator y = ﬁ,H, and its asymmetric least squares competitor E;, (¥) in (A.7) along with
n

the expectile-based estimator y = )’/\,,E, it was shown in Daouia et al. (2018) and Girard et al.
(2022b) that, if p < 0 and under the conditions A1 = limy— oo /(1 — 7)A((1 — ) bHe
R, A2 = limy— 00 v/n(1=11)/qz, € R and /n(1—1,)/log((1 — 1) /(1 — 7)) — o0,

one has

/(1= 1) 5* (75 d Mo
e (1 —m/(—an | & _)N<l— ”/> 48
and, when E[X_|? < oo and y < 1/2,
=) ; %‘* (73
Toe((1— o/ — | &
—1_ 1\1—p 301 _
_dw(V(V D+ -y HEE, U y)). (A9)
l—y—p =2y

Note that when (X,;,n = 1,2, ...) is a strictly stationary, B-mixing time series and with
the Hill estimator ¥ = yn , Davison et al. (2023) have recently proved in their The-
orem 3.5 that these estimators, namely, E* (yH) and S* (yH) are still asymptotically
Gaussian with the same rate of convergence but at the cost of an increased asymptotic
variance.
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When ignoring the asymptotic bias, under the assumption 1} = A = 0, the resulting
Gaussian 100(1 — o) % asymptotic confidence intervals for &,r/, are then

log((1—1,)/(1—7/
(0)(a)_[$( )xp< og((1—)/( r))\/»le M)}

V(1 =1,)

| log((1 —m)/(1 =1
where 0 =@ H)2 and’\z M’
1_2)/11

with z]_q /2 being the quantile of level 1 — /2 for the standard Gaussian distribution. Bias-
reduced versions of 5 £ ()/H) in (A.8) and 5 Ex E) in (A.9) have been recently suggested by
Girard et al. (2022b) when the auxiliary functlon A in their SORV condition Cy(y, p,A)
takes the form A(f) = byt” for certain constants b # 0 and p < 0. This function A can
be estimated by using a consistent tail index estimator y and the second-order parameter
estimators b and p that were introduced in Gomes and Martins (2002) and Fraga Alves,
Gomes, and de Haan (2003). A careful consideration of the different sources of bias in the

construction of E */ and 5 E* (see Appendix B) leads to bias-reduced versions S ,BR (A,,H BR)
and ?;‘ £xBR AE BR) Whose full expressions are given below in (B.5) and (B.6), and with (see
Caelro Gomes, and Pestana, 2005)
b 1 \*

=H,BR _ sH

1—-—— A.10
n — ( l_ﬁ<1_Tn> ) ( )
and (see Girard et al., 2022a)

= o — o\ -1 N
N F X b(F -P
pEBR _ [ Enle) (X} o 1+% . (A11)

l—1, §z, L=yn—p
Gaussian 100(1 — a)% asymptotic confidence intervals for 51,; based on the purely

asymmetric least squares estimator & *,BR (A,,E BR) and its quantile-based competitor

S* BR(?,,H BR) also available as part of the R package Expectrem, are discussed in

Daouia et al. (2024b), with an alternative solution put forward in Padoan and Stupfler
(2022) to correct the naive confidence 1ntervals/\( )(a) and I 70 (). We list in Appendix B

the intervals constructed from Daouia et al. (2024b) asA(l) (@), I (l) (@), 1 ,\(2) (oz) and I @ (@),

and from Padoan and Stupfler (2022) asAG) (o) and I (3) (a) Appendlx B also prov1des more
details about these intervals and their obsewed ﬁnlte sample behavior.

B. BIAS-REDUCED ESTIMATORS AND INFERENCE

The asymptotic distributions of E ( H) in (A.8) and 5* (67 E) in (A.9) feature bias
components due to the semlparametrlc heavy tail framework. Bias-reduced versions of these
estimators have been recently suggested by Girard et al. (2022b) under the i.i.d. assumption
in the particular case where the auxiliary function A in their SORV condition Ca(y, 5,A)
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takes the form A(¢) = by 1P for certain constants b # 0 and p < 0. Again, in the rest of this
Appendix, we set p = 5 and A = A for the sake of notational convenience.

This function A can be estimated by using a consistent tail index estimator 3 and the
second-order parameter estimators b and p that were introduced in Gomes and Martins
(2002) and Fraga Alves et al. (2003) and can directly be calculated from the R package
evt0. Supplement A of Girard et al. (2022b) provides a nice and comprehensive summary
of how these estimators of b and p are constructed. As shown by Girard et al. (2022b), the
direct and indirect estimators E;é and E;é satisfy

~

S\ -1, £, vy
N 5 R (= B S R (= - B
£, _
and log | — :(7—;/)10g<1 T’;)—H (V ;
(y

1—1,
1—7/\” y &
-1 __n -1 _ 1) 2 ).
Og<<1_1’n> ()/ ) an)

To deal with the nonrandom bias term in (B.1), they have also shown that

-y
: ) +log q’” (B.2)

1—7/\Y & 1—7'\" qv -y v §u
(e e s s e
-1, Srn -1, qz, Sr,, qz),
[ —
14+B1,, 1483, 1+B3 ,

for obvious definitions of By ,, B2, ;, and B3 . As for the extrapolation bias in (B.2), they
have proposed the following correction:

I—T’{L Y -1 VS‘L’
P —1 1+B 1+B . B.4
(1=2) (') Z=0rmn) (0+82) B4
The terms By ,, B2, ;,, and B3 ,, can be estimated by
_ 1—1)/(A—=1,)"P =1 _ _
B, = U/t by (1—1a) 7,
17
— 1 -5 -1
=)
— — = P _ —
Byy=(+7@)) [ 1+ )P | 1
(7_1_1)73_1
(I+7 (z;))?

and B3, = (1+7(z,) 7 | 1+ by(l—1)" P | -1,

S AN BFAE N
where H_r(tn)_(l_éz") 2Tn—1<1+ —7-% )

X 1 _
andl—f—r*(t,’l):(l—n) 1+ ( ) -~ P ,

£y ) 2ty -1 1-y—-0
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with X, being the sample mean, E,n either the direct intermediate estimator Efn or indirect
intermediate estimator ’5,,,, and 5;/ the corresponding extrapolated version. Based on (B.1)
and (B.3), the direct extrapolated estimator E can then be corrected for its inherent bias,
exclusively due to the heavy-tailed extrapolatlon by the bias-reduced version,

g* BR _ E;BRO/) :=§;V,L(1 +B1.,)(1+By ) (1+Bs )
1—7/\ 7~ _ _ _
= (1_;’) &5, (1 4By ,)(1+By ) (1+Bj3 ), (B.5)

where ¥ is to be itself a bias-reduced estimator of the EVI y. Similarly, from (B.2) and
(B.4), a bias-corrected version of the indirect extrapolated estimator 5;/ is obtained as

E PR =E @) =8, (14 By, (14 Bs )

1— T}{l v ——1 77,\ = —

- (7' =1) "G (1 +BL) +Bs 0. (B.6)
-1

Under C,(y, p,A) and additional mild regularity conditions, if v/n(1 — 7,;)(y —y) — T for

a nondegenerate distribution I, both bias-corrected estimators (B.5) and (B.6) converge in

distribution to the same limit I" as ¥ at the slower rate log((1 — t,)/(1 — 7)) //n(1 — ),

as established in Theorem 2 in Girard et al. (2022b). For the choice of the bias-corrected

EVI estimator y, Girard et al. (2022b) have suggested to use either the bias-reduced Hill

estimator )7,11{ BRin (A.10) from Caeiro et al. (2005), or their bias-reduced version y,],E BRin

(A.11)of yE from Girard et al. (20223) As shown in Theorem 3.1 of Caeiro et al. (2005), the
bias-reduced Hill estlmator yn BR; is v/n(1 — t,)-asymptotically Gaussian with mean zero
and the same variance y2 as 7H while PEBR is /n(T = tp)-asymptotically Gaussian with
mean zero and variance y (1 —-y) / (1 —2y) as established in Theorem 1 of Girard et al.
(2022b). The latter estimator is preferable variance-wise only when y is less than 0.35.

The function tindexp from the R package Expectrem allows one to compute either

yn (if argument br= FALSE) or f/},E BR (if br=TRUE), while the function extExpect
computes the estimators é* (yn ) (if argument method= "direct") and ‘;‘ H ) (f

method= "indirect") as well as their bias-reduced versions é* BR(?”E BR) and

g* BR (SH.BR) (if br=TRUE).

"Gaussian 100(1 — )% asymptotic confidence intervals for Sry/l based on the purely

asymmetric least squares estimator .’E*,BR(?,,E BR) and its quantile-based competitor

5* BR ('}LH BR) also available as part of the R package Expectrem, are

%, R I 1—1,)/01 n
72)(0[) [E JBR 5 EBR)exp<i 0g(( n(r])_/(r) 7)) 2BR a/z)]

~1 +.BR ] log((1—1x)/(1—1,)) /—2.BR
I-E’;)(O[) |:€ ( H, BR) exp (:t m [ X 71 0[/2):|
with 52 BR — G PR3- P d 2BR _ (HHBR)2

and o, = (¥
I_Z%E,BR n n
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These intervals tend, however, to have poor coverage as illustrated very recently
by Daouia et al. (2024b): while the bias correction can be reasonably effective, the

estimation of the variances of (v/n(1—1y,)/log((1 —1;)/(1 — rn)))log(é* BR/ST;I) and
~2,BR ~2, BR .
, respectively,

(Wn(l =) /log((1 — 1) /(1 — fn)))IOg(E* BR/ST ), by 57 and oy

can be a long way off the truth. To improve on this, they have suggested corrected versions
of’:})(a) and Ii/)(a) defined, respectively, as

~2), .2, . +BR log((1—1)/(1—1) [o
I.[r/' (a)_lfr/l (e;J) = |:'i:/ (:t m Sn(J)XZI—a/Z

72) e) + BR log((1—)/(1—7)) [, )]
L) =1 (e )) = [En exp(ﬂ: T on () X212 ) |

where the expressions of s2 (J)and 02 (J), as well as the rationale behind their formulations,
can be found in Daouia et al. (2024b), with J > 1 being a suitably chosen tuning parameter.

The function CIextExpect from the R package Expectrem computes / A(z) (a) with

method= "direct" and I( )(oz) with method= "indirect". These conﬁdence

intervals have asymptotically the desired correct coverage as established in Theorems 1
and 2 in Daouia et al. (2024b), and they serve as a benchmark for our comparison purposes
in Section 3.

An alternative solution put forward earlier in Padoan and Stupfler (2022) to correct the

naive confidence intervals 75(’)) (a) and 79 (o) takes the respective forms
n n

A(%)(a) [5* Psexp(ibg((l )/ (1 — n))\/‘)@1 a/Z)]

Jn(l=1,)
~ 1 1—1)/(1—
and Ig)(a) |:§*,PS (j: og(( n(t])_/(r In))\/>><z1 a/2>:|

where S ; S and S*,PS

least squares and quannle -based estimators of the expectile St/ (resp., the asymptotic
variance of 5 ; S and S *, PS) See Padoan and Stupfler (2022) for full details. The R func-
tion CIextExpect from the Expectrem package computes both of these confidence
intervals, with method= "direct_PS" for,g) (a) and method= "indirect_PS"

(resp., 5 and Ez) are suitably chosen bias-corrected asymmetric

for 79) ().

C. PROOFS

We will use in the sequel the notation dp := (1 — 7,)/(1 — 7)) and oy () =
f{s”_llog(s) ds. We shall freely use the following fact: under condition & (y,p,a,A)
with y > 0 and p < 0, Theorem 3.1 in Fraga Alves et al. (2007) guarantees that there
exist A and 5 < 0 such that the SORV condition C; (v, ,A) holds with |A| being regularly
varying with index p, and A(t) > 0 as t — oo. Moreover, by Theorems 2.1 and 3.1 in Fraga
Alves et al. (2007) in the case y > 0, the auxiliary function A is asymptotically proportional
0 A1) =a()/U®) —y
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Proof of Theorem 1. Write
n(l—1,) 5

m@,’; - gr,;)
n(l—
—( ) (C.1)
(1 F o) by
o Vn
T (1l —1y) En - dy v_ 1 (C.2)
¢y (dn) \a(1/F(&r)) Vn
— Yn Y _
N Vn(T=1,) (d} ] 1 dy -1 (C.3)
oy (dn) Vn Y
=) ((FE)/FEy)) —dy )
oy (dn) Y ‘

(C.5)

ST (b=t (Fo)/Fe))? -1
by (dn) \a(1/F(&z,)) 1 '

The key argument is that the third term (C.3) converges in distribution to I" and all the other
terms on the right-hand side are either o(1) or op(1), as n — oo.

Indeed, since dy, — 00, log(n(1 —1;,))/+/n(1 — 1) — 0 (as a consequence of assump-
tions n(1 — t,) = oo and /n(1 — ;) /log((1 — 7,) /(1 — 7)) = 00) and /n(1 — 1) (Y —
¥) —d> I, we know by the proof of Theorem 4.3.1 on pp. 136-137 in de Haan and Ferreira
(2006) that the term (C.3) has the same limit distribution I as /n(1 — 7,,) (3, — y) (see the
analysis of term II therein). In particular, since n(1 — t,) — o0, this implies that

1 -1 df—1
n____ =op(l) asn— oo. (C.6)
by (dn) Vn 14
On the other hand, by Remark 4.3.3 on p. 135 in de Haan and Ferreira (2006), we have
dy
¢y (dyn) ~ —log(dy) asn— oo. (C.7)
14

In addition, under the condition &(y,p,a,A) with y > 0, we have according to
the proof of Theorem 1.1.6 on pp. 10-11 in de Haan and Ferreira (2006) that (r —
U(1/F(1)))/a(1/F(t)) — 0 as t — oo. Since a(t)/U(f) — y as t — 00 in view of Lemma
1.2.9 on p. 22 in de Haan and Ferreira (2006), we conclude that U(1/F(&;)) ~ &7 as T — 1
and then that

a(1/F(g,)) ~ y U(1/F(§,) ~ y &z, asn— oo. (C8)
Thus, using (C.7), the first term (C.1) can be expressed as

n(l— (\/n( —Tn) (ST,, ))
—(Er,, &,)=0p| —5—— -1 as n — o0.
a(1/F(§x,)) ¢y (dn) dn log(dp) \éx,
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Since /n(1 — 1) (E% — > = Op(1) and d,’; log(d,,) — oo, the first term (C.1) is then
op(1).
The second term (C.2) is handled as follows: we have by (C.6) and (C.7) that
ar—1 a1
Yn ¢y (dn) B Y ¢y (dn)

1
+op(l) = m +op(l) =op(l) asn — oo.

Thus, the second term (C.2) is op(1) because +/n(1 — 1) <ﬁ — 1) = Op(1).

Let us now turn to the term (C.4) which, due to (C.7), satisfies, as n — o0,

Vil =) (i = Fa)/FE)\  vat—m (| [ Fe) \"
¢y (dn) y log(dn) diFGE)) )

(C9)

Since condition C> (y, 5,A) holds, Proposition 1 in Daouia et al. (2018) implies that

T 1 nate

—T
-1 _ 1y =1 _1y=p _

with &)= - By +o1) = Y=V A1 = ) +0(1))
q y(l—y—p)

(C.10)

F&ry) _ o 14e(ta)

as T — 1. It follows that F@r,;) =dn e

as n — o0. Since £(t) > 0 as t — 1, and

(1) = O(e(tp)) in view of the regular variation properties of U and of |;\|, a Taylor

b Y
expansion yields (%) —1=0(e(ry)) as n — oo. Thus, (C.9) becomes

(C.11)

(T =1y) (di — F,)/FE)Y O( =), ))
= — (1) ).
by (dn) v log(dy) "
It remains to show tllat /n(l —1,)e(ty) = O(1). For this, rgcall that A is asymptotically
propot’tional}o t— A(t) =a()/U@{) — y; since /n(1 — 1) A((1 — rn)_l) — 1, we have
Vn(l—1,)A((1— rn)fl) = O(1). It follows from the condition v/n(1 — 7,) /g, — A7 that
Vn(l —1ty)e(ty) = O(1), and hence the term (C.4) is o(1) by (C.11).
The last term (C.5) can be rewritten as

=) ( by —bn  (Fleo)/FE)) - 1)

¢y (dn) \a(1/F(E,)) 14
_ (F(&r,) /F(E)) —1
= —/n(1 —t)A(1/F (&) <
¥ ®y (dn)

S by bm v —1). (C.12)
A(1/F () \a(1/F (&) (F(§g,)/F(E))Y —1
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Under & (y, p,a,A) with p < 0, Lemma 4.3.5 on p. 135 in de Haan and Ferreira (2006)

gives

, 1 U(1/F(§;)) —U(1/F(éz,)) y

lim — — — — —1)=-1/p.
n—>0 A(1/F(§y,)) a(1/F(§,)) (F(&g,)/F(&))Y — 1

In particular, combined with (C.8), and recalling that F(¢7,) /f(éré) ~ dy — 00, this yields

— 1 asn— oo. (C.13)

F&)\ UU/FE)
F(&,)) U(/F(E)

Moreover, the proof of Theorem B.3.19 on p. 401 in de Haan and Ferreira (2006) yields

: 1 UQ/Fo)—t _
lim;— o0 AAFD) d(F0) 0. Then, on the one hand,
1 o U(1/F (&) —é&x, 14

lim — = — — =0.
n=>00 A(1/F(§z,)) a(1/F ()  (F(g)/F(E)Y —1

On the other hand, using again (C.8) together with (C.13) and the regular variation property
of |A| with index p < 0 (see Theorem 2.3.3 on page 44 in de Haan and Ferreira, 2006), we

find
L UG/FGE) & y
A(1/F(&r,)) a(1/F (&) (f(f;‘,n)/f(st;))y -1
1 U(1/F (&) =&
=0 — X — "1 =o(l).
A(1/F (&) a(1/F(;1))
As a consequence,
Jim — Sy fm v “1)==1/p. (C.14)
n=>00 A(1/F(§,)) \a(1/F (&) (F(5g,)/F(&))Y —1
Then, applying again (C.7), we arrive at
(F(&r,) /F(&))Y —1 dy 1
Z ~ ~ 0 . C.15
v by (d) vy logldy) (19

Now, write n(I—t)A(1/F(Er,)) = «/n(— A — r@*)%. Since

|A| is regularly varying with index p and F(an)/(l — 1) — 1_1 — 1, one has,
by local uniformity of the regular variation property, that [A(1/F(&;,))| ~ (v~ —

)= ’A((l—r,,)_l)‘ asn — oco. Therefore, as +a(I—t)A(1 — )~ ") = O(1) by
assumption, we get

vn(l— rn)A(l/f(Efn)) =0(1) asn— oo. (C.16)

Thus, combining (C.12) and (C.14)—(C.16), we find that the last term (C.5) is indeed o(1).
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Let us now show that an equivalent statement of the convergence in Theorem 1 is

=) & d
5 -1 —T.
log((1 =)/ (1 =) \ &7/

Since Ch(y, /5,;&) holds with p < 0, we know from p. 49 in de Haan and Ferreira (2006)
that, for some constant ¢ > 0, we have U(f) ~ ¢tV as t — oo. Then

4z, U1 —1)~))

n— o dy asn— oo. (C17)
gr,  U(l-m)~hH "
Since &7 ~ (y_1 —1)7Yg; as T — 1, we obtain the stronger version of (C.13): %’ ~
d,’f as n — oo. The desired convergence result follows by using (C.7) and (C.8). (]

Proof of Theorem 2. Write

G
1 - —_— 1
=) (a(l/F(&,,)) )

a=1)"Y /o N\ a(l—t)™h
S - —1 (=g [ 2y
a(1/F(Er) (it =1) e ”(a((l—ml) )

LA =mw™h Xm((f;l —1)_?” -(»! —1)_y>

a(1/F (&)

a((—t)™h a(1/F (&) 1oAY
- = = 1_ n - a3 - _1 .
a/FEy V" ”(a((l—rn)l) (=) )

By Theorem 2.3.3 on p. 44 in de Haan and Ferreira (2006)Lthe function a(-) is (locally
uniformly) regularly varying with index y, so that (1 — 1) /F(&z,) = (y~ - D~ 4o0(1)
implies that

a(l/F(Es,)
a((1=)~h
Hence, it suffices to show that

_ . |
<);n—1_1) e S —1) (a((lT”)])_1> (C.18)
a((l—=1)™")

(y_l - 1>_V as n — oo.

V(=) <(“,,—1 - 1)7” ~(r'- 1)7y) (C.19)

—Jn(l—m)(aa/F(gt"))—(yl —1)_V> (C.20)

a((l—1)~h

=O0p(1l) asn— oo.

Downloaded from https://www.cambridge.org/core. UNIVERSIDAD AUTONOMA METROPOLITANA, on 15 Nov 2026 at 15:09:38, subject to the
Cambridge Core terms of use, available at https://www.cambridge.org/core/terms. https://doi.org/10.1017/50266466626100668


https://www.cambridge.org/core/terms
https://doi.org/10.1017/S0266466626100668
https://www.cambridge.org/core

42 YASSER ABBAS ET AL.

—~ —1
The first term (C.18) is Op(1), since /(1 —r@(% - 1) — Op(1), and, by

v . o —Vn
the consistency of y, as an estimator of y € (0,1), we have (yn_l — 1) = Op(1).
Likewise, the second term (C.19) is Op(1) by applying the delta method in conjunction

with /n(1 — 1) (Vn — ¥) —d> I'. As for the last term (C.20), we have again by Theorem
2.3.3 on p. 44 in de Haan and Ferreira (2006) (and Theorem B.2.18 on page 383 in de Haan
and Ferreira, 2006, which guarantees local uniformity of this SORV property) that

- 1 a(l/F,)  (FE) —(r-1)” (-9 "-1
= A(—1) ) |a(—1) ) \1-1, p

Moreover, from (C.10) and a Taylor expansion,

- v
F - ~
(G)) —(r'=1) 7 =001/g5,) +OG 7).

1—1,

Recalling that /n(1 —7,)A((1 — rn)_l) =0(), v/n(1 —1)/qz, = O(1) and /n(1 — 1)
(a((1— rn)_l)/qfn —y) =0(1), it follows that (C.20) is O(1) as n — oo, which ends the
proof. |

Proof of Theorem 3. Recall from (2.9) that S -1~ Vg q , and write

n(l—1t,)
a((1— 1)~ 1>¢y<d>($” )
Vnd—1,) (
a((l_fn) 1)¢y(dn)

q,’;) x @ =1 (C21)

n Jn(l —1y,)
a((1 =)~ ¢y (dn)

(@G =D -7 =17 )y (€.22)

+ vr(d—1,)
a((1=t)~1) ¢y (dn)

(0 =07 ay —&). (€23)

By Theorem 4.3.1 on p. 134 in de Haan and Ferreira (2006) and the continuous mapping
theorem, the first term (C.21) converges weakly to I'/ (=1 = 1)Y. In order to control
the second term (C.22), note that since the SORV condition C»(y, 5,A) holds, one has
a(®)/U(t) = y ast — oo by Lemma 1.2.9 on p. 22 in de Haan and Ferreira (2006). Using
the delta method and recalling (C.7) and then (C.17), one gets

«/n(l—‘rn) ~—1 s —1 _ ( 1 —y QT’>
— 1)y " — N g , =0 d, " —=
(1= 10) 1) ¢y (dn) (@ == =07 )y logdn) ",

1
=Op <1og(d,,))'
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It follows that the term (C.22) is op(1). We conclude with the control of the third term: by
Proposition 1 in Daouia et al. (2020), ‘fr,; =@y - 1)_VQr;,(1 +r(z},)), where, as T — 1,

-1

) =YY T ®x) +o(1))
qz
U _y=F (=l _—h i
+<(V D2, v =h l+o(1)>A((1—r)_1).
l—y—p 2

Recall that A is asymptotically proportional to ¢ — A(r) = a(f)/U(x) — y; since
Jn(d =1t A((1— t,,)_l) — 1 by assumption, we have /n(1 — t,,)A((l — r,,)_l) =0(1),
and then, from the condition +/n(1 — 1,)/qr, — A2 and the regular variation properties of
U and [A|, that «/n(I — 1) r(z;) = o(1). As a consequence,

n(l—1,)
a((1— Tn)_l)¢y (dn)

—0 9z =O< 1 Xd;y‘h,g>=0< 1 )
a((1 =)~y (dn) log(dy) I log(dy)

and hence the term (C.23) is o(1). The equivalent statement

(01 =D77gy —y)

V(T —1,) 5 d

7 -1 —T
log((1 —n)/ (1 —1n)) \ &7/

is obtained by using once again the asymptotic proportionality relationship ST’; ~ (y71 -
n—v 4z and arguing along the final lines of the proof of Theorem 1. g

Proof of Corollary 1. We obtain the two convergence results by applying Theorem 1. To
do so, we first need to show that the last condition of this theorem is satisfied. Recall that
under assumption £ and the tail-heaviness condition (2.2) with 0 < y < 1/2, condition
C, is satisfied. Then, under the assumptions that EX_> <oo, 1= 1—ky /n — 1 with
n(l —1,) = ky — 00 and /n(1 —t)A((1 — rn)_l) = O(1), one has, by Theorem 1 in
Daouia et al. (2020), that

i 3
\/E(gﬂ_ )_d>,/\/<0 2y ), as n — 00. (C.29)

[ ’1_27/

Note that /n(1 — t,)A((1 — Tn)fl) = O(1) is guaranteed by the condition /n(1 — t,)(a
(1— 1',,)_1 )/qz, —v) — 1 € R, see the proof of Theorem 1. Then, according to Theorem 2,
it suffices to show that the two conditions of this theorem hold for both the GPML and
Moment estimators of a(n/ky,) and y. Following Theorem 3.4.2 on p. 92 in de Haan and
Ferreira (2006), the GPML estimators satisfy the joint convergence (2.12) and hence we

obtain
a%L =ML d ML
Vkn atn/l) —1)=0p) and Vku(y,, " —y) — T, (C.25)
n

ML ; sotributi Ai(14y) 2
where '™ is the normal distribution N((l—p)(l+y—p)’(1 +y) ) On the other hand,

under the first condition of Theorem 1, we know from Lemma B.3.16 on p. 397 in de Haan
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and Ferreira (2000) that a second-order condition & (y— = 0, p,a/U, Q) holds for log U(¢)
with an auxiliary function Q defined by

a(t)

U(t) if y=—p or O<y <—pandl#0),

o =
—A(z) if 0<—p<y or (O<y <—pandl[=0),
y+p

where the quantity / is defined as [ = lim;— o U(#) — a(t)/y, see Theorem 2.1 in Fraga
Alves et al. (2007) for the existence of this limit. Then, as n — oo,

—I if y=—p or O<y <—pandl#0),
n Mom . _
JEQ(lc)%A Tl A o.- pandi=
n if 0<—p<y or O<y <—pand/=0).
y+p

Therefore, all conditions of Corollary 4.2.2 on p. 133 in de Haan and Ferreira (2006) are
satisfied, which yields the joint convergence (2.13), and so we obtain

arllvlom sMom __ d Mom
Vhn a7k ~ 1] =0p(D) and V@Y™ — ) = pMom, (C.26)

where, by Theorem 3.5.4 on p. 104 in de Haan and Ferreira (2006), rMom giands for the
normal distribution A/ <)\M°mby, 05 v+ 1), with

Y .
——— if0<y<—pand/#0,
.| aeyy ’ 7
A IS et 75
— if 0<—p<y or O<y<—pandl=0).
p(1=p)

Thus, by applying Theorem 2 in conjunction with (C.25) and (C.26), and then Theorem 1
in conjunction with (C.24), we get

e e T & @M gy — &,

\/IT n S ™ML and Vi, © 4, pMom
a(1/F(&,)) ¢y (dn) a(l/F(fr,,))¢y (dn)

Since SML /a(1 /F(£4,)) —> 1 and MO /a(1 /F(£,)) —> 1, and since P (dn) /By (dn)

—> 1 and d)?MOm (dn) /by (dn) —> 1 in view of Corollary 4.3.2 on p. 135 in de Haan and
Ferreira (2006), the conclusion follows by using Slutsky’s lemma. |

Proof of Corollary 2. According to Section 4.3.1 in de Haan and Ferreira (2006), see

pp. 139-140, we have, under the first three conditions of Theorem 3, when the scale and
: N - d ML .
shape GPML estimators are used, that m (q* —qg) — TV Then, following
fof T 5' (FME, MLy — 5/ d I-ML
the proof of Theorem 3, we obtain /&, a(n TEy @) (y

in the proof of Corollary 1, under the first and second conditions of Theorem 3, the Moment
estimators satisfy the joint convergence (2.13) that corresponds to our last required condition

. Besides, as seen
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of Theorem 3. Therefore,

Er (pMom gMom) g,
i R
a(n/kn)dy (dn) y— —-DY

T Mom

Since M- /a(n/kn) —> 1. domi.(dn) /by (dn) —> 1. GO a(n/ky) —> 1. and

¢]’/‘Mom (dn) /by (dn) ﬂ) 1, the proof is complete following a use of Slutsky’s lemma. [
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