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Abstract. In this paper, we classify the three-dimensional partially hyperbolic diffeomor-
phisms whose stable, unstable, and central distributions E®, E¥, and E€ are smooth,
such that E* @ E" is a contact distribution, and whose non-wandering set equals the
whole manifold. We prove that up to a finite quotient or a finite power, they are
smoothly conjugated either to a time-map of an algebraic contact-Anosov flow, or to an
affine partially hyperbolic automorphism of a nil-Heis(3)-manifold. The rigid geometric
structure induced by the invariant distributions plays a fundamental part in the proof.

Key words: partially hyperbolic diffeomorphisms, rigid geometric structures, Lagrangian
contact structures, parabolic Cartan geometries

2020 Mathematics Subject Classification: 37D30 (Primary); 53C15, 53C23, 53C30,
37D40 (Secondary)

1. Introduction

In many natural situations, a differentiable dynamical system on a smooth manifold
preserves a geometric structure on the tangent bundle, defined by invariant distributions.
For instance, if it preserves a Borel measure, then Oseledet’s theorem provides an
almost-everywhere-defined splitting of the tangent bundle, given by the rates of expansion
or contraction of the tangent vectors by the differentials of the dynamics.

Although invariant geometric structures naturally arise, they are in general highly
non-regular (Oseledet’s decomposition is, for instance, only measurable), and this lack
of regularity allows considerable flexibility of the dynamics: former examples can be
deformed in order to produce many new ones. By contrast, the smoothness of the invariant
distributions puts a strong restriction on the system, and the known examples with smooth
(that is, C°) distributions are in general ‘very symmetric’: typically, they arise from
compact quotients of Lie groups, with action by affine automorphisms.

It is thus natural to ask to what extent the geometric structure preserved by the dynamics
makes the situation rigid, and especially why.

P
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Let us give a paradigmatic example of rigidity with the following result of Etienne Ghys
concerning three-dimensional Anosov flows (the statement proved by Ghys in [Ghy87] is
more precise than the one given below).

THEOREM 1.1. [Ghy87] Let (¢') be an Anosov flow of a three-dimensional closed

connected manifold. If the stable and unstable distributions of (¢') are smooth, then

either:

o (¢") is smoothly conjugated to the suspension flow of a hyperbolic automorphism of
the two-torus; or

o (¢") is smoothly orbit equivalent to a finite covering of the geodesic flow of a compact
hyperbolic surface.

We recall that a smooth non-singular flow (¢”) of a compact manifold M is Anosov if
its differentials preserve two distributions E° and EY, respectively called the stable and
unstable distributions of (¢!), satisfying TM = E* @ R(d¢'/dt) & E¥, such that E® is
uniformly contracted by (¢'), and E" is uniformly expanded by (o).

Under the smoothness assumption of £* and E*, Ghys notes that the plane distribution
E® @ E" can only have two extreme geometrical behaviours: either it integrates into a
foliation, or it is a contact distribution (that is, it is locally the kernel of a contact one-form).
In the first case, former results of Plante and Franks conclude the proof and lead to the
suspension examples. The work of Ghys in [Ghy87] is therefore almost entirely devoted to
three-dimensional contact-Anosov flows, that is, when E® and E* are smooth, and E* &
E" is contact. Under these geometrical assumptions, the pair (E*, E*) is a rigid geometric
structure preserved by the Anosov flow, which makes the classification possible and leads
to the finite coverings of geodesic flows.

In this paper, we investigate the same type of geometrical rigidity conditions but for the
discrete-time analogues of Anosov flows that are the partially hyperbolic diffeomorphisms.

1.1. Principal results. We refer to [CP15] for a very complete introduction to partially
hyperbolic diffeomorphisms, for which we use the following definition.

Definition 1.2. A smooth diffeomorphism f of a compact manifold M is partially

hyperbolic if it preserves a splitting TM = E* @ E" @ E° of the tangent bundle into three

non-zero continuous distributions, such that there exists a Riemannian metric on M with

respect to which the following dynamical conditions hold.

e The stable distribution E* is uniformly contracted by f, that is, for any x € M and
any unit vector v* € E*(x), |Dy f(v*)] < 1.

o The unstable distribution E* is uniformly expanded by f, that is, uniformly contracted
by f~1.

e The splitting is dominated, that is, for any x € M and any unit vectors v* € E*(x),
v¢ € E°(x), and v € E*(x), [[Dx f (vl < IDx f ()] < [IDx f ()|l (E€ is called
the central distribution).

The three invariant distributions of a partially hyperbolic diffeomorphism have in
general no reasons to be differentiable, but we study in this paper the particular case
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when they are smooth, that is, C*°, and when E® @ E" is furthermore a contact
distribution.

The (non-zero) time maps of the contact-Anosov flows appearing in Ghys’ Theorem
1.1 give us the first examples satisfying these geometrical conditions. They have the
following nice algebraic description (see [Ghy87] for more details). Let us denote by A =
{a"};cr the one-parameter subgroup of the universal cover §iz (R) of SL,(R) generated
by ((1) _01 ) € slp. Then, for any cocompact lattice I'g of §]:2(R), the flow (R,) of right
translations by A on the quotient Fo\iz (R) is a finite covering of the geodesic flow of
a compact hyperbolic surface (up to a constant rescaling of the time by a factor of 1/2),
and is thus Anosov. Moreover, if a morphism u: I'g — A is such that the graph-group
I' ={(y,u(y)) | y € I'p} acts freely, properly, and cocompactly on §I:2 (R) by the action
(g,a) - x = gxa, then (R, ) still induces an Anosov flow of the quotient F\§I:2(R),
which is a time-change of the former one (non-trivial if u # id). We call these flows the
three-dimensional algebraic contact-Anosov flows.

By contrast, the following algebraic examples are time-maps of none Anosov flows. For
(A, n) € R*z, we consider the automorphism

1 x z 1 Ax Auz
oau: |0 1 y]leHeisB3)r— [0 1 puy | €Heis(3) (L1.1)
0 0 1 0 0 1

of the Heisenberg group. If ¢ = ¢, ,, g € Heis(3), I is a cocompact lattice of Heis(3), and
gp(M)g~! =T, then L, o p(I'x) = I'(gg(x)) is a well-defined diffeomorphism of the
nil-Heis(3)-manifold T"\Heis(3). If we moreover assume that either [A| < 1 and |u| > 1,
or the opposite, then Lg o ¢ is a partially hyperbolic diffeomorphism, whose invariant
distributions are smooth, such that E* @ E" is contact (see §4.1.2). Concrete examples of
cocompact lattices preserved by such automorphisms indeed exist, and we will call L, o ¢
a partially hyperbolic affine automorphism. We emphasize the existence in dimension
three of partially hyperbolic automorphisms of nil-manifolds (distinct from tori), by
contrast with the uniformly hyperbolic case, that is, the one of Anosov automorphisms
of nil-manifolds. In [LWO09], the authors prove that an Anosov automorphism of a
nil-manifold of dimension less than eight which is not covered by a torus can only occur
in dimension six or eight. Examples of such automorphisms in dimension six are given in
[Sma67, §1.3], along with several general properties of Anosov automorphisms.

The principal result of this paper is that assuming all points are non-wandering, there
are no other examples than the two families we described previously.

THEOREM A. Let M be a closed, connected and orientable three-dimensional manifold,
and let f be a partially hyperbolic diffeomorphism of M such that:

e the stable, unstable, and central distributions E°*, E", and E€ of f are smooth;
o ES@ EY is a contact distribution; and
o the non-wandering set NW (f) equals M.

Then we have the following description.

(1)  Either some finite power of f is smoothly conjugated to a non-zero time-map of a
three-dimensional algebraic contact-Anosov flow; or
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(2) f lifts by a covering of order at most four to a partially hyperbolic affine
automorphism of a nil-Heis(3)-manifold.

Actually, our geometrical conditions are so rigid that the uniformity of the contraction
and the expansion of the diffeomorphism will be obtained as a byproduct.

Definition 1.3. We will say that a distribution £ of a compact manifold M is weakly
contracted by a diffeomorphism f if for some Riemannian metric on M, we have for
any x € M:

lim |IDyf"lgll=0 or lim |Dyf"|gll =0. (1.2)
n——+o0o n——oo

We emphasize that the ‘direction’ of weak contraction can a priori change from point
to point, and that this notion is unchanged when replacing f by f~!. Definition 1.3 is
closely related to the notion of quasi-Anosov diffeomorphism investigated by Mainé in
[Maii77]. (More precisely, to the one of a quasi-Anosov isomorphism of a vector bundle;
see [Maii77, Definition 3], which should be applied here to the quotient bundle TM /E€.)
However, in the absence of uniformity on M of the limit (1.2), we cannot find any clear
implication between Definition 1.3 and the unboundedness appearing with quasi-Anosov
diffeomorphisms.

THEOREM B. Let M be a closed, connected, and orientable three-dimensional manifold,
endowed with a smooth splitting TM = E* & EP & E€ such that E* & EP is a contact
distribution. Let f be a smooth diffeomorphism of M that preserves this splitting, such
that:

e cach of the distributions E* and EP is weakly contracted by f; and

e [ has a dense orbit.

Then the conclusions of Theorem A hold. In particular, f is a partially hyperbolic
diffeomorphism.

Theorem A will directly follow from Theorem B by an argument of Brin, as explained
in §8.2 at the end of this paper. We also give in this section a precise statement of Theorem
A that does not use any domination hypothesis on E€ (see Corollary 8.2). The rest of the
paper is devoted to the proof of Theorem B.

The classification question for partially hyperbolic diffeomorphisms in dimension three
has led to much work in recent years, and significant progress has been made concerning
the general case, as can be seen, for instance, in the survey [HP18]. Recently, different
additional rigidity conditions have also been studied.

Carrasco, Pujals, and Rodriguez-Hertz obtain in [CPRH21] a classification result
under the smoothness assumption of invariant distributions. In contrast to Theorem A, no
additional geometrical condition is assumed, but the authors assume that the differential
of the partially hyperbolic diffeomorphism is constant when read in the global frame
given by three smooth vector fields generating these distributions. The geometric structure
(E®, E", E€) defined by such a partially hyperbolic diffeomorphism is in general not rigid,
and their result is obtained through dynamical arguments.
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Beside the smoothness assumption on invariant distributions, Bonatti and Zhang obtain
in [BZ20] different rigidity results in the continuous category, under specific dynamical
assumptions.

1.2. A rigid geometric structure preserved by partially hyperbolic diffeomorphisms.
Roughly speaking, a rigid geometric structure is a structure with ‘few automorphisms’.
More precisely, it is one of those smooth geometric structures whose Lie algebra of local
Killing fields (that is, local vector fields whose flow preserves the structure) is everywhere
finite dimensional.

As d’Ambra and Gromov pointed out in [GD91], it is natural to believe that rigid
geometric structures preserved by rich dynamical systems have to be particularly peculiar:
‘one does not expect rigid geometry to be accompanied by rich dynamics’ [GD91, §0.3,
p. 21]. It seems therefore reasonable to look for classification results in these situations.
The general idea is that rich dynamical properties will imply strong restrictions on the
rigid geometric structure, inducing in return a rigidity of the dynamical system itself.

Several rigid geometric structures can be preserved by a contact-Anosov flow (¢?).
First, (¢') always preserves a contact one-form «, and the induced volume form a A da
is thus also preserved, that is, contact-Anosov flows are conservative. For contact-Anosov
flows of any odd dimension, (¢’) moreover preserves a natural linear connection on the
tangent bundle, initially defined by Kanai in [Kan88]. An invariant connection of this
kind allowed, for example, Benoist, Foulon, and Labourie to obtain a classification result
for contact-Anosov flows of any odd dimension in [BFL92].

While these invariant rigid geometric structures require the existence of a continuous
one-parameter flow, we study in this paper rigid geometric structures preserved by
discrete-time dynamics.

The transition from a flow to a diffeomorphism completely changes the situation. From a
dynamical point of view, partially hyperbolic diffeomorphisms of ‘contact’ type no longer
preserve a contact one-form and are thus (a priori) not conservative (which explains
the extra hypothesis on non-wandering points). From a geometrical point of view, the
difficulties that appear are analogous to the ones of a conformal geometry, in contrast
to a metric geometry; for example, the invariant Kanai connection no longer exists. This
situation requires one to look for a new rigid geometric structure.

A contact plane distribution is far from being rigid; according to Darboux’s theorem,
they are all locally isomorphic. A single smooth one-dimensional distribution in a contact
plane distribution is still not sufficient to make it rigid. But if the stable and unstable
distributions of the partially hyperbolic diffeomorphism are smooth and of contact sum,
then the pair (E®, E*) is a rigid geometric structure, called a Lagrangian contact
structure.

For this structure, the invariant Kanai connection will be replaced by another type
of connection called a Cartan connection, which defines a Cartan geometry (actually,
this Cartan geometry partially appears in [Ghy87] but under the disguised form of
‘the geometry of second-order ordinary differential equations’). The strength of Cartan
geometries is to link the Lagrangian contact structures with the homogeneous model
space X = PGL3(R)/Pnin of complete flags of R3 (where P, is the subgroup of
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upper-triangular matrices). In particular, the flat Lagrangian contact structures, that is, the
ones whose curvature identically vanishes, are locally isomorphic to X (see §§2.2.2 and
2.3.2). The geometry of X will thus have a prominent role in this paper.

In [Bar10], Barbot also studied the geometry of X and the dynamics of PGL3(R)
but with a different approach. His purpose, among others, was to construct Anosov
representations in PGL3 (R) and compact quotients of open subsets of X.

1.3. Organization of the paper. This paper is organized in the following way. Section 2
introduces several notions and results about three-dimensional Lagrangian contact struc-
tures that will be used throughout the whole paper. At the end of the paper in §8.2,
we prove Theorem A from Theorem B; the rest of the paper is devoted to the proof of
Theorem B. In §3, we begin this proof by showing that the triplet S = (E%, Ef, E) is
quasi-homogeneous, that is, locally homogeneous in restriction to a dense open subset 2
of M, and that its isotropy on €2 is non-trivial. This implies that the Lagrangian contact
structure (E%, EP) is flat, that is, that M has a (PGL3(R), X)-structure. In §4, we refine this
description, proving that S|q is locally isomorphic to one of two possible homogeneous
models, (Y, St) or (Ya, Sa). This relies on a technical classification of the underlying
infinitesimal model, done in §5. A critical step is to show in §6 that the open dense subset 2
is actually equal to M, implying that M has a (H, Y)-structure, with two possible models,
(Hy, Yi) and (H,, Y,). We prove in §7 that this (H, Y)-structure is complete, implying
that (M, S) is a compact quotient I'\Y of one of these two models, with I" a discrete
subgroup of H = Aut(Y). This description allows us to conclude the proof of Theorem B
in §8.1.

1.4. Conventions and notation. From now on, every differential geometric object will
be assumed to be smooth (that is, C°°) if not otherwise specified, and the manifolds will
be assumed to be boundaryless.

The flow of a vector field X is denoted by (¢ ). The Lie algebra of a Lie group G
is denoted by g, and for any v € g, we denote by v the left-invariant vector field of G
generated by v. If ®: G x M — M is a smooth group action (on the left or the right)
of G on a manifold M, then the orbital map of the action at x € M is denoted by
0y = ©O(-, x), and we denote by L, = ©(g, -) the translation by g € G if the action is
on the left (respectively by R, if the action is on the right). For any v € g we denote
by v’ the fundamental vector field of the action generated by v, defined for x € M by
vi(x) = DOy (V).

2. Three-dimensional Lagrangian contact structures
The following rigid geometric structures will be studied in the rest of this paper.

Definition 2.1. A Lagrangian contact structure L on a three-dimensional manifold M is
a pair £ = (E®, EP) of transverse one-dimensional smooth distributions, such that E* &
E# is a contact distribution. An enhanced Lagrangian contact structure S on M is a triplet
S = (E%, EP, E°) of one-dimensional smooth distributions such that TM = E* @ Ef &
E¢, and E* @ EP is a contact distribution.
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A (local) isomorphism between two Lagrangian contact structures is a (local) diffeo-
morphism that individually preserves the distributions o and B, and the (local) iso-
morphisms of enhanced Lagrangian contact structures preserve in addition the central
distribution E°.

We first define what will be for us the most important example of a three-dimensional
Lagrangian contact structure.

2.1. Homogeneous model space. ~We will call a projective line the projection in RP? of
a plane of R3, and we denote by RPi the set of projective lines of RP? (called the dual
projective plane). For any subset Q of R"*! we denote by [ Q] the projection in RP" of the
linear subspace of R"*! generated by Q.

A pointed projective line is a pair (m, D) with D € RPﬁ and m € D, and we denote by

2 2 2
X = {(m, D) | D € RP2, m € D} C RP? x RP?

the space of pointed projective lines. In other words, X is the space of complete flags of R3.
Throughout the paper, we denote by

G = PGL;(R)

the group of projective transformations of RP?. As the projective action of G on RP?
and RPi preserves the incidence relation m € D, it induces a natural diagonal action of
G on X C RP? x RPi. The action of G on X is transitive, and the stabilizer in G of the
base-point 0 = ([e1], [e1, e2]) of X is the subgroup

Stabg (0) = Pmin = <G

oS O ¥
S * ¥
* % ¥

of upper-triangular matrices. From now on, we will identify X and G/Pp, by the orbital
map 0, : G/Pmin — X at 0. The homogeneous space X is a RP!-bundle over RP? and RP2
through the coordinate projections

Tg: (m, D) € X+>m e RP* and 7mp: (m, D) € X+ D € RP2. 2.1)

For x = (m, D) € X, we will denote by C*(x) = C%(m) (respectively C# (x) = C# (D)) the
fibre of x with respect to 7y (respectively mg), and we will call it the a-circle (respectively
the B-circle) of x. We denote by

£% = Ker(Dry) and &P = Ker(Dnp)

the one-dimensional vertical distributions of these bundles, tangent to the foliations by o-
and B-circles, respectively. The sum £% @ EP is contact, and we will call Lx = (&, &P )
the standard Lagrangian contact structure of X.

LEMMA 2.2. The group G is the group of automorphisms of the standard Lagrangian
contact structure Lx. In particular, the structure (X, Lx) is homogeneous.
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Proof. First, the action of G preserves the foliations of X by «- and B-circles, that is, it
preserves the structure Lx = (£%, £P). Conversely, if f is a diffeomorphism of X that
preserves Lx, the fact that f preserves the foliation by «-circles simply means that it
induces a diffeomorphism f of RP? for which f is a lift through the projection 7. As f
moreover preserves the foliation by S-circles, f maps any projective line to a projective
line. This implies that f is a projective transformation according to a classical result of
projective geometry (proved, for example, in [Sam89, Theorem 7, p. 32]), that is, f is
induced by the action of an element of G. O

2.2. Lagrangian contact structures as Cartan geometries. ~We now introduce the Cartan
geometries modelled on the homogeneous space G/Ppin, and make the link with
Lagrangian contact structures. This notion will be our principal technical tool to deal with
Lagrangian contact structures. We refer the reader to [Sha97, CSO9] for further details
about Cartan geometries in a more general context.

2.2.1. Cartan geometries modelled on G/Pp;y.

Definition 2.3. A Cartan geometry C = (M, w) modelled on G/Pnin on a three-

dimensional manifold M consists of the data of a Pni,-principal bundle over M denoted

by m: M — M and called the Cartan bundle, together with a sl3-valued one-form

w: TM — sl3 on M called the Cartan connection, that satisfies the three following

properties:

(1)  w defines a parallelism of M , that is, for any X € M , w3 s a linear isomorphism from
T,;M to sl3;

(2) w reproduces the fundamental vector fields of the right action of Pup, that is, for any
V€ Pyip and x € M we have v' (}) = (d/dt)|;=ox - €'V = wgl(v); and

(3) @ is Pmin-equivariant, that is, for any p € Ppi, and X € M we have R;‘;a) =
Ad(p)_1 o w (where Ad(p) is the adjoint action of p).

A (local) automorphism f of the Cartan geometry C between two open sets U and V

of M is a (local) diffeomorphism from U to V that lifts to a Ppj,-equivariant (local)

diffeomorphism f between 7' (U) and 7~ (V), such that f preserves the Cartan

connection w (that is, f *0 = w).

Example 2.4. The homogeneous model space X is endowed with the Cartan geometry
of the model Cx = (G, wg), given by the canonical Pyj,-bundle 7g: G — G/Ppin = X
over X, together with the Maurer—Cartan one-form wg: TG — sl3 defined by wg (v) = v
on the left-invariant vector fields of G.

We consider for the rest of this subsection a Cartan geometry (M, C) = (M, M, )
modelled on G/Ppp.

2.2.2. Curvature of a Cartan geometry. The following definition replaces the curvature
of a Riemannian metric in the case of Cartan geometries.
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Definition 2.5. The curvature form of C is the sl3-valued two-form €2 of M defined by the
following relation for two vector fields X and Y on M:

QX,Y)=do(X,Y) + [0(X), o(Y)]. (2.2)

Thanks to the connection w, the curvature form €2 is equivalent to a curvature map
K: M— End(AZsl3, sl3) on M (that we will often simply call the curvature of C), having
values in the vector space of s(3-valued alternated bilinear maps on sl3, and defined by the
following relation for X € M and v, w € sl3:

Ki(v,w) = Q(w; ' (v), 0 (w)). (2.3)

We say that the Cartan geometry C (or the Cartan connection w) is torsion-free if
K; (v, w) € ppip forany X € M and v, w € sls.

If v or w is tangent to the fibre of the principal bundle M, then the curvature form
satisfies €2 (v, w) = 0 (this is proved in [Sha97, Ch. 5 Corollary 3.10]). As w maps the
tangent space of the fibres to p,,;, (because the fundamental vector fields are w-invariant),
this implies that the curvature K (v, w) vanishes whenever v or w is in pp;,. As a
consequence, at any point X € M, K % induces a sl3-valued alternated bilinear map on
503 /P min. and in what follows we will identify K with the induced map

K: M — End(A%(55/pyin), 513). (2.4)

The adjoint action of Py, induces a linear left action on End(A2(sl3 /Pmin)» §[3) defined
for p € Pyin and K € End(A?(513/p,in), 513) by

p-K:unvi> Ad(p) - (KAd(p)~" - u, Ad(p)~" - v)). (2.5)

Using the linear right action of Py, on End(A2(sl3/p ). 513) defined by K - p == p~! -

K, K is Ppi-equivariant (this is proved in [Sha97, Ch. 5 Lemma 3.23]), and K is moreover
preserved by any local automorphism f of the Cartan geometry (that is, K o f = K for
any automorphism).

2.2.3. Lagrangian contact structure induced by a Cartan geometry. At any point x €
M and for any £ € 7~ !(x), we denote by i;: TeM — sl3/p,, the unique isomorphism
satisfying

iz oDy = wy, (2.6)

where @ denotes the projection of w on sl3/p i, As the adjoint action of Py, preserves
Pmin, it induces a representation Ad: Ppi, — GL(sl3/p,,) on the quotient, and the
equivariance of w implies the following relation for any p € Ppn:

izp=Ad(p) ' oig. 2.7

This relation shows that any Ad(Pyy;n)-invariant object on sl3/ Pmin g1ves rise, through the
isomorphisms iz, to a well-defined object on the tangent bundle of M. Let us apply this
idea to define a Lagrangian contact structure on M associated with the Cartan geometry C.
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‘We introduce
0 0 O 0 0 O 0 0 O
e =10 0 Of,eg=|1 0 O],eo=]|0 0 O}, (2.8)
01 0 0 0 O 1 00

defining a basis (eq, g, o) of s13/p iy, in which the matrix of the adjoint action of

a X z
p=10 a”'p7! ¥ | € Pmin
0 0 b
is equal to
a?b™' 0 aly
Mat(z, 2,6 (Ad(p)) = 0 ab* —b’x | . (2.9)
0 0 a'p

In particular, the adjoint action of Py, individually preserves the lines Re, and Reg of
513 /Pmin- Together with the relation (2.7), this shows that for x € M, the lines i;l Rey)
and i;l (Reg) of T M do not depend on the lift X of x. The Cartan geometry C thus induces
two one-dimensional distributions Eg (x) = i;l(Réa) and Eg x) = i;l(Réﬁ) on M, and
the curvature of C will determine when those distributions define a Lagrangian contact
structure.

LEMMA 2.6. Any torsion-free Cartan geometry (M, C) modelled on G /P, induces a
Lagrangian contact structure (EZ, Eg ) on the three-dimensional base manifold M.

Sketch of proof. For x € M, considering a local section of the Cartan bundle over x,
we can push down by 7 the w-constant vector fields é, and ég of M (characterized by
w(ég) = eg) to local vector fields X, and X g of M defined on a neighbourhood of x, which
generate the distributions EZ and Eg respectively. If K has values in p,;,, the identity
w([éq, eg]) = lew, eg] — K (eq, eg) (deduced from Cartan’s formula for the differential of
a one-form) implies easily that [ X, Xg] ¢ Vect(Xy, Xg) in the neighbourhood of x. This
completes the proof. O

Remark 2.7. In the case of the Cartan geometry of the model, it is easy to check that
(E "‘X, E gx) is the standard Lagrangian contact structure Lx of X.

2.3. Normal Cartan geometry of a Lagrangian contact structure. ~ Any three-dimensional
Lagrangian contact structure is actually induced by a torsion-free Cartan geometry
modelled on G/Pp;,. This equivalence between three-dimensional Lagrangian contact
structures and Cartan geometries modelled on G/Pni, was discovered by Elie Cartan,
who developed this notion and after whom these geometries are named.

2.3.1. Equivalence problem for Lagrangian contact structures. A given three-
dimensional Lagrangian contact structure is induced by several Cartan connections, and
to obtain an equivalence between both these formulations, we have to choose a particular
Cartan connection. This choice will be made through a normalization condition on the
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curvature. Using the basis (ey A €, eg A eg, 4 N eg) of A2(5[3/pmin), we consider the
following four-dimensional subspace of End(A2(sl3/pyin)- 513):

0 0 K“ 0 Kpg KP
Wk={K:eqnegr> |0 0 Ky|.égAe0—> |0 0 0 |,eqneg>0
00 0 0 0 0

(2.10)
The linear action of Pp, preserves Wk, which will be called the space of normal
curvatures. A proof of Theorem 2.8 below can be found in [DK16, Theorem 3, p. 14]
following Cartan’s method of equivalence, and in [MM20, Corollaire 4.1.5 and Proposition
4.2.2], where it is deduced from the theory of parabolic Cartan geometries developed in
[6809, §3.1] (the reader can find an accessible and self-contained presentation of this
theory of parabolic geometries in [MM20, Ch. 3]).

THEOREM 2.8. (Cartan) [DK16, CS09] For any Lagrangian contact structure L on
a three-dimensional manifold M, there exists a torsion-free Cartan geometry modelled
on G/Ppniy inducing L on M, whose curvature map has values in the space Wk of
normal curvatures. Such a Cartan geometry is unique (up to action of principal bundle

automorphisms covering the identity on M ) and will be called the normal Cartan geometry
of L.

Furthermore, if (M1, £1) and (M, L,) are two three-dimensional Lagrangian contact
structures, and C; and C; are the associated normal Cartan geometries, then the (local)
isomorphisms between £ and £, and the (local) isomorphism between C; and C, are
the same. This a direct consequence of the unicity of the normal Cartan geometry. The
curvature map K: M — Wx of the normal Cartan geometry of a three-dimensional
Lagrangian contact structure £ will simply be called the curvature of L.

2.3.2. Flat Lagrangian contact structures. The homogeneous model space (X, Lx)
verifies the following analogue of Liouville’s theorem.

THEOREM 2.9. For any connected open subsets U and V of the homogeneous model
space X, and any diffeomorphism f from U to V that preserves its standard Lagrangian
contact structure Ly, there exists g € G such that f is the restriction to U of the translation

by g.

Proof. The Maurer—Cartan form wg satisfies for any tangent vectors v and w the structural
equation dwg (v, w) + [wg(v), wg(w)] = 0 (see [Sha97, §3.3, p. 108]), implying that
the curvature of the Cartan connection wg is zero. Therefore, the curvature satisfies the
normalization condition of Theorem 2.8, and Cx is a normal Cartan geometry on X
modelled on G/Pp, and associated with £x (see Remark 2.7). Therefore, according to
Theorem 2.8, any local isomorphism of Lx between two connected open subsets U and V
of X lifts to a local isomorphism of the Cartan geometry Cx between T ! (U)and 7 ! V),
and such an automorphism is the left translation by an element of G according to [Sha97,
Ch. 5 Theorem 5.2]. O
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A three-dimensional Lagrangian contact structure (M, L) is flat if the curvature of the
normal Cartan geometry of £ vanishes identically. According to the proof of Theorem 2.9,
the model space is flat, and since this property is local, any Lagrangian contact structure
locally isomorphic to (X, £x) is flat.

The power of Cartan geometries lies in the converse of this statement: any flat
three-dimensional Lagrangian contact structure £ is locally isomorphic to the homoge-
neous model space (see [Sha97, Theorem 5.1 and Theorem 5.2, p. 212]). There exists in
this case an atlas of charts from M to X consisting of local isomorphisms of Lagrangian
contact structures from £ to Lx, and whose transition maps are restrictions of left
translations by elements of G (according to Theorem 2.9). A maximal atlas satisfying these
conditions is called a (G, X)-structure on M. Any (G, X)-structure conversely induces on
M a Lagrangian contact structure £ locally isomorphic to £x, whose charts are local
isomorphisms from £ to Lx.

THEOREM 2.10. Any flat three-dimensional Lagrangian contact structure (M, L) is
induced by a (G, X)-structure on M.

Denoting by 7rp; : M — M the universal cover of M, we recall that any (G, X)-structure
on M is described by a local diffeomorphism §: M — X called the developing map,
which is equivariant for a morphism p: 7;(M) — G called the holonomy morphism
(see, for example, [Thu97, §3.4, pp. 139-141]). Moreover for any g € G, the pair (g o
8, gpg~ ") consisting of a developing map and holonomy morphism describes the same
(G, X)-structure. The Lagrangian contact structure £ induced by a (G, X)-structure is
characterized by §*Lx =}, L.

2.3.3. Normal generalized Cartan geometry of an enhanced Lagrangian contact
structure. Let & = (E“, EP, E€) be an enhanced Lagrangian contact structure on a
three-dimensional manifold M, and let C = (M , w) be the normal Cartan geometry of the
underlying Lagrangian contact structure (E%, E#). Using the isomorphisms i; defined in
(2.6), the transverse distribution E€ is encoded by the map

p:Re M i;(ES.) eV,

7 (X)

having values in the open subset
V=A{L € P(sl3/pmin) | L & Vect(ea, ep)}

of P(s13/p,;,). Endowing V with the right Py;n-action defined by L - p = Ad(p)~' (L),
¢ is Ppip-equivariant. Conversely, any Ppj,-equivariant application ¢ : M — V defines
a transverse distribution E€¢ . = i;l(go()?)) compatible with the Lagrangian contact

(%)
structure (E%, EP).

Definition 2.11. (C, ¢) = M, o, @) will be called the normal generalized Cartan geome-
try of the enhanced Lagrangian contact structure S.
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2.4. Killing fields of (enhanced) Lagrangian contact structures.

2.4.1. Some classical properties of Killing fields. A (local) Killing field of a Lagrangian
contact structure (M, L) is a (local) vector field X of M whose flow preserves L.
The Killing fields of an enhanced Lagrangian contact structure S are defined in the same
way. We will denote by Rill(U, £) the subalgebra of Killing fields of £ defined on an open
subset U C M, and by Ei[[l,gc (x) the Lie algebra of germs of Killing fields of £ defined on
a neighbourhood of x.

The following statement summarizes important properties of Killing fields, which come
from their description through Cartan geometries and are well known in this context.
The results are stated for Lagrangian contact structures but are also true for enhanced
Lagrangian contact structures.

LEMMA 2.12. Let M be a three-dimensional connected manifold endowed with a
Lagrangian contact structure L, and let C = (M, w) be a normal Cartan geometry on
M associated with L.

m If f is a Pmin-equivariant diffeomorphism of M that covers idy and preserves w,
then f =idy. If X is a Pmin-invariant vector field on M whose flow preserves w
and whose projection on M vanishes, then X=0.4sa consequence, the lift of
a local automorphism f (respectively Killing field X) of L to a Ppin-equivariant
diffeomorphism f of M that preserves w (respectively to a Pmin-invariant vector
field X on M whose flow preserves w), is unique.

(2) [Ifthe lift X of a Killing field X of L vanishes at some point x, then X = 0. In other
words, the linear map X € Kill(M, L) — w; ()%)g) € sl3 is injective.

(3) The Lie algebra morphism X € Rill(M, L) — [X], € Ei[[lgc(x) sending a Killing
field of L to its germ at x is injective.

Sketch of proof. (1) The first assertion is a direct consequence of [CS09, Proposition 1.5.3]
for Cartan geometries modelled on G/Ppyiy, and implies the second one.

(2) Let us assume that a local automorphism f of C fixes a point X € M. Then, as f
preserves the parallelism defined by w, a classical argument implies that f is trivial on the
connected component of x. This remark easily implies the assertion about Killing fields.

(3) According to [BFM09, Lemma 7.1], a local automorphism that is trivial in the
neighbourhood of x is trivial on the connected component of its domain of definition that
contains x. This result easily implies the statement concerning Killing fields. O

Remark 2.13. The third statement of the previous lemma shows in particular that for any
connected open neighbourhood U of x € M, the dimension of Kill(U, £) is bounded from
above by dim sl3 = 8. Therefore, if we consider a decreasing sequence of connected open
neighbourhoods U; of x such that N; U; = {x}, then dim RKill(U;, £) is constant for i large
enough. This proves the existence of a connected open neighbourhood U of x such that

X € Rill(U, £) — [X]y € &Il (x)

is a Lie algebra isomorphism.
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The following lemma is a translation of Theorem 2.9 for Killing fields of (X, Lx).

LEMMA 2.14.

(1) At any point x € X, the Lie algebra of local Killing fields of Lx at x is identified
with sl3 through the fundamental vector fields of the action. In other words, the
application v € sl3 v, € EiIIIZ;(x) sending v € sl3 to the germ of vt at x is
an anti-isomorphism of Lie algebras.

(2) Any local Killing field of (X, Lx) defined on a connected neighbourhood of a point
x € X is the restriction of a global Killing field defined on X. In other words, X €
Rill(X, Lx) — [X]x € Ei[[lg}c((x) is a Lie algebra isomorphism.

Proof. (1) If v is trivial in the neighbourhood of x, then for any t € R, eV acts trivially
on an open neighbourhood of x. But the action of G on X is analytic: if g and h in G
have the same action on some non-empty open subset of X, then g = h (because the linear
subspace generated by the pre-image in R3 of a non-empty open subset of RP? is equal
to R3). Therefore, e'” = id for any € R and v = 0. The application v > [v'] is thus
injective, and as dim Ei[[]g( (x) < dim sl3 according to the third assertion of Lemma 2.12,
it is an isomorphism. Finally, v > v’ is known to be an anti-morphism of Lie algebras.
(2) Any local Killing field at x is the restriction of v' for some v € sl3 according to the
first assertion and extends therefore to a Killing field defined on X. O

2.4.2. Total curvature map of an enhanced Lagrangian contact structure. Let (C, ¢) =
M, o, @) be the normal Cartan geometry of a three-dimensional enhanced Lagrangian
contact structure (M, S). With K : M — Wk as the curvature map of C, we define the
curvature map

K= (K,p): M > Wi =Wk xV

of the enhanced Lagrangian contact structure (M, S), which is Ppj-equivariant for the
right diagonal action of Ppi, on Wic.

If W is any manifold endowed with a right action of Pp,, we define B(W) =
{(w,]) | we W,I € End(sl3, T, W)} (this is a vector bundle over W), which we endow
with the right Ppyjy-action (w,!)-p = (w- p,DyRy, ol oAd(p)). For any smooth
Ppin-equivariant map v : M — W, we define a Ppjp-equivariant map D! {1/ M — B(W)
encoding the differential of v as follows: D'y () = (Y (%), D; ¥ o wf_l). We also define
inductively B¥*!'(W) = B(B¥(W)) and D**'y = D(D*y): M — B**'(W) for any
k € N (with B9 (W) = W and D% = ¢).

Denoting m = dim sl3 = 8, we define Wt := B (Wx) and the rotal curvature

K= D" KC: M — Wi

of the enhanced Lagrangian contact structure S. The total curvature K is Ppip-equivariant
and preserved by local automorphisms of S (that is, for any such local automorphism f
we have K o f = K'°). We also define for k € N* the space of Killing generators of
order k by Killk (X) = w; (Ker(D; D*=1K0)) C sl3, and the space of Killing generators of
total order by Kill''() = Kill"t1(%) = w; (Ker(D; K) C sls.
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2.4.3. Gromov’s theory. The integrability locus of M is defined as the set MM of
those points £ € M such that for any v € Kill'®!(£), there exists a local Killing field
X of S defined around 7 (x) such that w)g(f( +) = v. It is easy to check that MMt g a
Pin-equivariant set, and we define the integrability locus of M as M int — n(M inty

THEOREM 2.15. (Integrability theorem) Let (M, S) be a three-dimensional enhanced
Lagrangian contact structure of total curvature K™, and let M be its normal Cartan
bundle. Then, the integrability locus Mint of M is equal to the set of points X € M where
the rank of DK™ is locally constant. In particular, Mt s open and dense, and so is the
integrability locus M™ of M.

Gromov investigates in [Gro88] the integration of ‘jets’” of Killing fields for very general
rigid geometric structures, and proves results related to the above theorem. In the case of
three-dimensional enhanced Lagrangian contact structures, the equivalence with normal
generalized Cartan geometries allows one to avoid the notion of jets of Killing fields, which
is replaced by the one of Killing generators of total order. In this setting, Theorem 2.15 is
a consequence of [Pecl6, Theorem 4.19]. We use here a modification of the statement
of Pecastaing proved by Frances in [Fral6, Theorem 2.2]. The proof of the statement of
Frances for generalized Cartan geometries is straightforward, following the lines of the
proof he provides for Cartan geometries, and using [Pec16, Lemmas 4.20 and 4.9].

3. Quasi-homogeneity and flatness of the structure

From now until §8.2, we are under the hypotheses of Theorem B and we adopt

its notation. M is thus a three-dimensional compact connected and orientable mani-

fold, S = (E%, EP, E€) is an enhanced Lagrangian contact structure on M, and we

denote by £ = (E%, E) its underlying Lagrangian contact structure. Finally, f is an

orientation-preserving automorphism of (M, S) such that:

e cach of the distributions E% and E” is weakly contracted by f (see Definition 1.3);
and

e f has a dense orbit.

In particular, the non-wandering set NW (f) = NW(f~!) equals M. We recall that in this

case, the set Rec(f) (respectively Rec( f —1)) of recurrent points of f (respectively f )

is a dense Gs-subset of M. Therefore, Rec(f) NRec(f 1) is dense in M as well.

3.1. Quasi-homogeneity of the enhanced Lagrangian contact structure. At a point
x € M, we introduce the subalgebra

i512°(x) = X € HIlC ()X (x) =0 3.1

of local Killing fields vanishing at x, which we call the isotropy subalgebra of S.

Definition 3.1. The Kill'-orbit for S (respectively £) of a point x € M is the set of
points that can be reached from x by flowing along finitely many local Killing fields
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of S (respectively £). An enhanced Lagrangian contact structure (M, S) (respectively a
Lagrangian contact structure (M, £)) is locally homogeneous if any connected component
of M is a Kill'®-orbit.

The first claim of the following proposition is a consequence of Gromov’s ‘open-dense
orbit theorem’, and the second one is a reformulation in the context of enhanced
Lagrangian contact structures of work by Frances in [Fral6, Proposition 5.1] for
pseudo-Riemannian structures.

PROPOSITION 3.2. There exists an open and dense subset Q2 of M, such that the enhanced
Lagrangian contact structure S is locally homogeneous in restriction to Q2. Moreover, for
any x € , the isotropy subalgebra 1sl°° (x) is non-trivial.

Proof. Since S has an automorphism f with a dense orbit, Gromov’s dense orbit theorem
directly implies the first claim (see [Gro88, Corollary 3.3.A] and [Pec16, Theorem 4.13]
for a proof in the case of generalized Cartan geometries). Since the integrability locus
Mg open and dense (see Theorem 2.15), and Rec(f) N Rec(f —1) is dense in M, there
finally exists a point x € 2N M™ N Rec(f) NRec(f~'). We show now that tﬁloc (x) is
non-zero.

Let us denote by (M , w, ¢) the normal generalized Cartan geometry of S (see Definition
2.11), and choose a lift £ € 7~ (x) in the Cartan bundle. Possibly replacing f by f~!
have lim,,_, 4 o0 ||Dx f"| g« || = 0, and by hypothesis on x, there exists a strictly increasing
sequence ny of integers such that f*(x) converges to x, implying the existence of a
sequence pg € Puin such that f "k (X) - pk converges to x. We claim that the sequence
f "k (x) has to leave every compact subset of M, 1mply1ng that py also leaves every compact
subset of Py, In fact, if not, some subsequence ( f i (x)) would converge in M, 1mply1ng
that (f "k) converges to some diffeomorphism of M for the C*°-topology, because f
preserves the parallelism defined by w (see [Kob95, Theorem 1.3.2]). Therefore, ( f”i')
would also converge for the C*°-topology to some diffeomorphism of M, contradicting
limg—s 40 ||Dx f m |g« || = 0. The remainder of the proof of [Fral6, Proposition 5.1] will
enable us to conclude this proof, using the total curvature X' : M — Wit of the general-
ized Cartan geometry associated with S (see §2.4.3). By Ppin-equivariance of the total cur-
vature and its invariance by automorphisms, pg - K©'(%) = K©OH(f (%) - p,:]) converges
to K'°'(£). The manifold Wyt has a canonical structure of algebraic variety for which the
action of Py, is algebraic (because its actions on the space Wk of normal curvatures and
on the algebraic variety V C P(sl3/p,;,) are algebraic; see [Pec16, Remark 4.16] for more
details). Therefore, the orbits of the action of Pp,;, on Wyt are locally closed and are thus
imbedded submanifolds. In particular, there exists a sequence ¢ € Ppiy converging to the
identity such that p; - K®U(%) = g - K°(X), that is, such that s,:l Pk € Stabp_ (K''(X)).
As e ! Dk leaves every compact subset of Py, Stabp, (K™'(£)) < Ppin is non-compact.
But Stabp,_, (K'°'(%)) is an algebraic subgroup of P, and therefore has a finite num-
ber of connected components, finally implying that its identity component is also
non-compact.

Thus there exists a non-zero vector v € p,;, in the Lie algebra of Stabp, . (KC©H(R)).
For any t € R we have by hypothesis K% - exp(tv)) = K°(X) - exp(tv) = K°(%),
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and deriving this equality at r =0 we obtain D;CIC‘Ot(a);l (v)) =0, that is, v €
w; (Ker(D: K'Y)) = Kill®!(£). As £ is in the integrability locus M™ of M, there exists
a local Killing field X € Ei[[}é’c(x) such that w; ()A( +) = v # 0, implying in particular that
X #0and X(x) = 0, that s, that X € isfgc(x) \ {0}.

As the isotropy subalgebra at any point y € €2 is linearly isomorphic to the one at x,
because 2 is an Aut'°-orbit, iﬁlgc (y) is finally non-zero at any point y € 2. This completes

the proof of the corollary. O

3.2. Flatness of the Lagrangian contact structure. In particular, the underlying
Lagrangian contact structure £ = (E%, EP) is also locally homogeneous with non-zero
isotropy in restriction to the open and dense subset €2. The following result due to Tresse
[Tre96] (see also [KT17, §4.5.2]) implies that L|g is flat.

THEOREM 3.3. (Tresse) [Tre96] Any three-dimensional locally homogeneous connected
Lagrangian contact structure with non-zero isotropy is flat.

By density of € and continuity of the curvature, the Lagrangian contact structure
(M, L) is therefore flat, and according to §2.3.2, we obtain the following.

COROLLARY 3.4. The Lagrangian contact structure L is described by a (G, X)-structure
on M.

A self-contained proof (written in English) of Theorem 3.3 can be found in [MM20),
Ch. 5, §5.3.2].

4. Local model of the enhanced Lagrangian contact structure

In the previous section, we proved that the Lagrangian contact structure L is locally
isomorphic to the homogeneous model space (X, Lx) and thus described by a
(G, X)-structure on M. The classical strategy is then to reduce the possibilities
for the images of the developing map 8: M — M and of the holonomy morphism
po: w1 (M) — G of this structure.

In the case studied by Ghys in [Ghy87] of an Anosov flow preserving the struc-
ture, the holonomy group p(w1(M)) C G is centralized by a one-parameter subgroup
of G, which reduces dramatically the possibilities for p(r1(M)). But in the case of
discrete-time dynamics, we do not have any relevant algebraic restriction of this kind on
p (1 (M)).

For this reason, we have to look not only at the local homogeneity of £ on €2 but at the
local homogeneity of the whole enhanced Lagrangian contact structure S = (E%, EP, E°)
on this open dense subset. In this section, we will show that in restriction to €2, S is locally
isomorphic to an infinitesimal homogeneous model that preserves a distribution transverse
to the contact plane.

4.1. Two algebraic models. We begin by describing these models in an algebraic
way.
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4.1.1. Left-invariant structure on SLy(R). We will use the following basis for the Lie
algebra sl of SLy(R):

0 1 0 0 1 0
E:(O 0), F:(1 o>’ andH:<0 _1>. A.1)

The Lie bracket relation [E, F] = H between these three vectors shows that they define
a left-invariant enhanced Lagrangian contact structure Ssi,®) = (RE,RF,RH) on
SL,(R). Moreover, the right action of the one-parameter subgroup A generated by H
preserves Ssi,r). We endow the universal cover §I:2(R) of SL,(R) with the pullback
of Ssi,(r), so that the right action of the one-parameter subgroup A of SL, (R) generated
by H preserves Sgi ) g)-

Let 'y be a cocompact lattice of §I:2(R) and u: I'p —> A a morphism whose
graph-group I' = {(y, u(y)) | y € '} acts freely, properly, and cocompactly on §I:2(R),
via the action (g, a) - x = gxa (these morphisms are called admissible by Salein and
studied in detail in his thesis [Sal99]). Then the standard structure of §]:2(R) is
preserved by I', and F\ﬁz(R) is endowed with the induced enhanced Lagrangian contact
structure S, whose distributions are exactly the invariant distributions of the algebraic
contact-Anosov flow (R,) on I \§]:2(R).

4.1.2. Left-invariant structure on Heis(3). We will use the following basis for the Lie
algebra heis(3) of Heis(3):

—_

010 0 00 0 0
X=|0 0 0), Y=10 0 1), Z=1]0 O
0 0 0 0 00 0 0

==

According to the Lie bracket relation [X,Y]=Z, Sheis3) = (RX' ,RY, RZ) is a
left-invariant enhanced Lagrangian contact structure on Heis(3). The subgroup

A={giu| O p) € R¥)

of automorphisms introduced in the Introduction (see (1.1)) is exactly the subgroup of
Aut(Heis(3)) preserving Sxeis(3)-

Any cocompact lattice I' of Heis(3) preserves Sheis(3), and the quotient I'"\Heis(3)
will always be endowed with the induced enhanced Lagrangian contact structure S. The
invariant distributions of a partially hyperbolic affine automorphism L, o ¢ of I"'\Heis(3),
with g € Heis(3) and ¢ € A, are precisely given by S.

4.2. Two homogeneous open subsets of X. The left-invariant structures of SL,(R) and
Heis(3) can be geometrically imbedded in X as homogeneous open subsets, which will be
the local models of the enhanced Lagrangian contact structure S in restriction to 2.
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4.2.1. Some specific surfaces of X and one affine chart. For D a projective line of RP?,
we define the 8 — o surface

SpaD) =7 ' (D)= | ) c*),
yeCP(D)

and for m € RP?, the analogous o — B surface

Sapm)=ny (LeRPImeL)y= | .
yeCe(m)

The open subset
Q, =X\ Sgaller, e2])

of X, composed by pointed projective lines (m, D) for which m ¢ [eq, e2], will be
identified with the set X,, of pointed affine lines of R? as follows:

G (m,D) e Qy— (mNP,DNP)eX,, 4.2)

where Vect(eq, e2) + (0, 0, 1) is identified with R? by translation. The diffeomorphism ¢,
is moreover equivariant for the canonical identification

[g ﬂ € Stabg () — A + X € Aff(R?) (4.3)
of Stabg (£2,) with the group of affine transformations of RZ,
4.2.2. The open subset Y;. We will embed SL;(R) in G as follows:

i: g € SLy(R) > [f) (1)] €G.

The resulting copy Sp of SL> (R) acts simply transitively at oy = ([1, 0, 1], [(1, 0, 1), e2]) =
o, 1 (e1 + Rep) € Q,, and its orbit Yy = Sy - o¢ can be described as

Yo = Q04 \ Saples] = o ' (Im + L |m € R*\ {(0,0)}, L € RP'\ {Rm}}).

The left-invariant structure of SL;(R) induces on Y; a Sp-invariant enhanced Lagrangian
contact structure

St = (B0 0 V+SsLy(R)> (4.4)

which is compatible with Ly in the sense that its a- and B-distributions coincide with those
of Lx, and whose central distribution is entirely described by its value at oy:

1 0 0
E (o) =RH] (o) where Hy= |0 —1 0]. 4.5)
0 0 0

We denote by AT the subgroup of SL,(R) composed by diagonal matrices. The right
action of AT preserves Ssi,(R), and the direct product SL;(R) x AT acts on SL>(R) by
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(g, a) - h = gha. The isomorphism from SL;(RR) to (¥}, St) given by the orbital map at o¢
is equivariant for the identification

<g, (g /\01>) € SLy(R) x AT > g € GLy(R).

In particular,

He e [GLé (R) (1)]

is contained in the automorphism group of (Yy, S¢).

4.2.3. The open subset Y,. The action of Heis(3) atoa = ([e3], [e3, e2]) = qba_l((O, 0) +
Rej) € , is simply transitive, and its orbit ¥, = Heis(3) - 0, can be described as

Ya=Q\ Sepleil = ¢, (m+L|meR? L cRP\ (Rep)).
We endow Y, with the Heis(3)-invariant enhanced Lagrangian contact structure
Sa = (00, |Heis(3)) «SHeis(3)» (4.6)
which is compatible with £x and whose central distribution is entirely determined by
ES(0a) = RZT(0a). (4.7)

Let us recall that A is the subgroup of automorphisms of Heis(3) that moreover
preserve SHeis(3) (see §4.1.2). The group of affine automorphisms L o ¢ of Heis(3), where
g € Heis(3) and ¢ € A, will be seen as a semi-direct subgroup Heis(3) x A. With this
notation, the isomorphism from (Y, Sp) to Heis(3) given by the orbital map at o, is
equivariant for the identification

A X z 1 aux pl'z
0 2™ yle€Punr> [0 1 uly]. @212 | €Heis(3) x A,
0 0 w 0 0 1

(4.8)
and in particular, H, := Py, is contained in the automorphism group of (Ya, Sa).

4.3. From the infinitesimal model to the local model. We take back the notation of
Theorem B. We recall that 7y : M — M denotes the universal cover of M and that Q is
a dense and open subset of M where S is locally homogeneous (see Proposition 3.2). We
will denote S = TS = (E”‘, EP, E"), Q= n;ll(Q), ands: M — X a developing map
of the (G, X)-structure of M describing the Lagrangian contact structure £ (see Corollary
3.4 and §2.3.2). We finally choose for this whole section a connected component O of €,
that is, an open Kill'-orbit of S.
Our goal in this section is to describe the local model of S in restriction to O.

4.3.1. Infinitesimal model. At any point of X, we will identify the Lie algebra of local

Killing fields of L£x with sl3 through the fundamental vector fields of the action of G (see
Lemma 2.14). Since the developing map § is a local isomorphism from L to Ly, it induces
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at each point x € M an isomorphism
§*:veslh = wﬂg;(a(x)) > 8*v € wtlgC(x) (4.9)

of Lie algebras, whose inverse will be denoted by 8, : Ei[[lgC (x) = sl3. For X € Ei[[lgc (x)
and ¢t € R for which <p§( (x) exists, denoting v = 6,[X]x € sl3, we have

S(p(x)) =€V - §(x). (4.10)
LEMMA 4.1. There exists a subalgebra Yy of sl3 such that

Rill(0, 8l0) = (*h)lo= {(*V)|o| v € b).
Moreover, any local Killing field of S on O extends to the whole Kill'®-orbit O.

Proof. Tt suffices to show that the subalgebra h(x) = S*Ei[lg’c (x) is locally constant on O.
This will in fact imply by connexity of O that f(x) is constant equal to some Lie subalgebra
h on O, and then (8*h)|oC Rill(0, S|o). But for x € 0, dim h = dim Ei[[gc(x) >
fill(0, S |o) (see Lemma 2.12), and this inclusion is thus an equality.

For any x € O there exists an open connected neighbourhood U of x such that any local
Killing field of S at x extends to a Killing field defined on U (see Remark 2.13), and for
any y € U we thus have h(x) C h(y). But h(x) and h(y) have the same dimension since x
and y are in the same Kill'-orbit of S, and this inclusion is thus an equality. This shows
that f(x) is locally constant and completes the proof. O

We denote from now on by H the connected Lie subgroup of G of subalgebra b. It is not
necessarily closed in G, but the action of H on X is smooth for the structure of immersed
submanifold of H.

LEMMA 4.2. All the points of 6(O) are in the same orbit Y under the action of H. In
particular, Y is open.

Proof. We consider x and y in O, and we want to find 4 € H such that 6(y) = h - 6 (x).
By hypothesis, as x and y are in the same Kill'°®-orbit of S, there exists a finite number of
points x| = x, . .., x, = y such that for any i < n — 1 there exists a local Killing field X;
of S satisfying xj 41 = ¢ }(i (x;). According to Lemma 4.1, there exists for each i an element
v; € b such that X; = §*v;, and we have 8(x;11) = €' §(x;) according to the equation
(4.10), implying 6 (y) = e"n-1 - - - e1xg € H - §(x). O

We choose from now on a point x € O, we denote xo = §(x) € Y, and we consider the
isotropy subalgebra

i = stabp(xp) = {v € h | v(xp) =0} 4.11)

of b at xq, characterized by §*i = isgc(x). Since the orbit ¥ of xo under H is open,
dim fh —dimi =3, and i is non-trivial according to Proposition 3.2. We also denote
EC(x0) = DS(EC(x)), and h/i = D* @ DP @ D¢ the splitting sent to Ty =(E®
EP @ £°)(x0) by the isomorphism D,0y, induced by the orbital map at xo.
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LEMMA 4.3.

(1)  The adjoint representation ad: i — End(h/i) preserves the line D€ in b/i, that is,
for any v € i we have ad(v)(D€) C D¢.

(2)  There exists in the neighbourhood of xo an unique H-invariant germ of a smooth
one-dimensional distribution E¢ that extends £ (xg) on a neighbourhood of xo, and
this distribution is everywhere transverse to £ @ EP.

(3) The developing map § is an isomorphism between the enhanced Lagrangian contact
structures S and Sy = (%, EF, £°), from a neighbourhood of x to a neighbourhood
of xp.

4 h= wt}g; (x0) and i = 1sl°c (x0).

5) If I =Staby(xg) is a connected subgroup of H, then there exists an unique
H-invariant smooth one-dimensional distribution E° that extends £¢(xg) on the
whole open orbit Y, and E€ is transverse to E¢ @ EB. Furthermore, 8lo is a local
isomorphism from (O, S|0) to (Y, Sy).

Proof. (1) For v €1i, denoting X = §*v € iﬁgc(x), equation (4.10) implies £¢(xg) =
D,, eV (E¢(xp)) for any ¢ € R, and thus D¢ = Ad(e'V) - D¢ = exp(tad(v)) - D°. Deriving
this last equality at r = 0, we obtain ad(v) - D¢ C DF.

(2) The group I = Staby (xo) and its identity component I are closed in H for
its topology of immersed submanifold, and the orbital map at xg induces a local
diffeomorphism G_XO : H/I° — Y, equivariant for the action of H. We saw previously that
Ad(exp(i)) preserves D¢, implying that the subgroup {i € I° | Ad(i) - D¢ = D¢} is equal
to I° by connexity, that is, that /% preserves D¢. Therefore, H/I® supports an unique
H-invariant smooth one-dimensional distribution extending D¢, which can be pushed
by G_XO: H/I° — Y, to a H-invariant distribution extending £¢(x() on a neighbourhood
of xp. Conversely, the pullback of any H-invariant distribution extending £¢(xp) on a
neighbourhood of xq is H-invariant on H/I°, which proves the unicity of the germ of
£°. As it is preserved by H, it must remain transverse to £% @ EF.

(3) For y sufficiently close to x, there exists X € Rill(O, SIO) such that y = (p)l( (x).
Denoting yo = 8(y) and v € hsuchthat§*v = X, wehave Dy e’ o D, W8(ES(y)) =Dyd o

Dyoy (E‘(y)) = &%(xp), implying D 6(E°(y)) = &% (yp) by H-invariance of £°.

(4) This is a direct consequence of §*h = El[[?c (x), 8" = lsgc (x), and the fact that § is
a local isomorphism from Sto Sy atx.

(5) Concerning the first assertion, the orbital map at xg induces a H-equivariant
diffeomorphism from H/I to Y, and we saw in the proof of the second assertion that
H/I° = H/I supports an unique H-invariant distribution extending D¢ on H/I°, which
stays transverse to the contact plane.

The set £ of points y € O such that § is a local isomorphism in the neighbourhood
of y is open and non-empty, and we only have to prove that £ is closed to conclude the
proof by connexity of O. Let z € O be an adherent point of £, and let us denote zg = §(z).
There exists a point y € £ sufficiently close to z such that for some Killing field X of S,
= <pX(y) Denoting v € h such that X = §*v, we have D;je " oD 8(E~C(z)) =D,do

D,y YE¢(2) = E¢(yo), implying D S(Ec(z)) = £°(z¢) by H-invariance of £¢. By local
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homogeneity of S|p, we can reach all the points of some neighbourhood U of z in O by a
Killing field, and the same computation as before shows that §|y is a local isomorphism,
that is, that z € £. O]

4.3.2. Local model of an open Kill'®-orbit. We will call
k:(m,D)eX— (D, mY) eX (4.12)

the flip diffeomorphism of the homogeneous model space. This involution switches the
distributions £% and £ of the standard Lagrangian contact structure, and is moreover
equivariant for the Lie group morphism kg: g — ‘g~ of G. Consequently, switching
the distributions E% and Ef of the Lagrangian contact structure of M is equivalent to
composing the developing map § with k. At the level of the subalgebra § introduced in
the previous paragraph, it is equivalent to apply the Lie algebra morphism D.«xG = k51, :
A —TA.

Denoting

A0
b= {<0 - tr(A)> ’ Ae 9[2}’ (4.13)

ba = Pmin»
we will prove in the next section the following proposition.
PROPOSITION 4.4. Up to conjugacy in G or image by ksi; = — '+, by is equal to b, or b,.

To deduce local information about S |o from this infinitesimal classification, it only
remains to look at the action of the connected Lie subgroups H? := GL;(R) and Hf =
P;;in of G, of respective Lie algebras b and b,.

PROPOSITION 4.5.

(1)  Yi (respectively Y, ) is the only open orbit of Ht0 (respectively of H[? )Jon X.

(2) & (respectively Sg) is the only Hto-invariant (respectively Ht?-invariant) enhanced
Lagrangian contact structure of Yy (respectively Y, ) that is compatible with Ly.

Proof. (1) Both of these groups are contained in Stabglej,e2] ={[a5]]| A€
GL,(R), X € ]Rz}, which preserves the surface Sg[e1, e2], and whose only open orbit is
thus Q, = X'\ Sg«le1, e2]. Any open orbit of one these groups is therefore contained in
Q,. Since Ht0 preserves the surface Sy gles], any open orbit of Ht0 is contained in Y; =
X\ (Sguler, e2] U Sy gles]) = HtO - 0¢. In the same way, since HaO preserves Sy gle1], any
open orbit of H;) is contained in ¥, = X'\ (Sgole1, e2] U Sy gler]) = H:? - 03.

(2) We start with Y3, and we denote

a 0 0
it = Lie(Statho (o) = 0 —2a 0]}, ackR,
0 0 a
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and
01 0 0 0 O 1 0 O
E=10 0 0), F={|1 0 0}, H=|0 -1 O
0 0 O 0 0 0 0O 0 O

The standard Lagrangian contact structure of X satisfies RE T(o1) = £E%(0¢) and
RFT (o) = &b (01), and for a € R, the adjoint action of the diagonal element [a, —2a, a]
of i¢ has the following diagonal matrix in the basis (E, F, H) of b/i:

Mat ; 7 ) (ad(la, —2a, a])) = [3a, —3a, 0].

Any line D€ of b, /it that is transverse to Vect(E, F) has projective coordinates [x, y, 1] in
the basis (E, F, H) for some (x, y) € R2, and ad([a, —2a, a])(D°) is therefore generated
by the vector of coordinates (3ax, —3ay, 0). The only transverse line stabilized by ﬁ(it)
is therefore RH, and & is the only Hto -invariant distribution of Y; transverse to £x.

Let us denote

a 0 0
ia = Lie(Stabyo(02)) = { [0 —a—b 0] ¢, (a,b) € R?,
0 0 b
and
01 0 000 0 0 1
x=|0 0 0], y=(0o o 1], z=|0 o ol. (4.14)
000 0 00 000

We have RXT(0a) = £%(0a) and RY T (0,) = P (0a), and for (a, b) € R?, the adjoint
action of the diagonal element [a, —a — b, b] of i, has the following diagonal matrix in
the basis (X, Y, Z) of p,yi,/ia:

Mat g 7 7 (ad([a, —a — b, b])) = [2a + b, —a — 2b, a — b]. (4.15)

Any line D€ of p,,i,/ia that is transverse to Vect(X, Y) has projective coordinates of the
form [x, y, 1] in the basis ()_(, Y, Z) for some (x, y) € R2, and ﬁ([a, —a — b, b])(D)
is therefore generated by the vector of coordinates ((2a + b)x, (—a — 2b)y,a — b). The
only transverse line stabilized by ad(i,) is therefore RZ, and &, is the only Hg -invariant
distribution of Y, transverse to Lx. ]

We can finally describe the local geometry of O, which is a connected component of
Q= ().

COROLLARY 4.6. Up to inversion of the distributions E* and EP, the restriction §|o of
the developing map to O is a local isomorphism from (O, S|o) to (Yy, S¢), or to (Yg, Sq).

Proof. The inversion of the distributions E* and E* is equivalent to applying Ksi, to b,
and the conjugation of h by g € G is equivalent to replacing the developing map § by
g o & (which describes the same (G, X)-structure on M). According to Proposition 4.4, we
can thus assume that § is equal to h; or b,, and the open orbit Y is therefore equal to Y
(respectively Y,) according to Proposition 4.5. Since the isotropy subgroups Stab HY (o1)
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and Stab HO (0a) are connected, there exists a Hto-invariant (respectively Hg-invariant)
enhanced Lagrangian contact structure Sy on Y that is compatible with Lx, such that
8lo is a local isomorphism from (O, §|0) to (Y, Sy) (see Lemma 4.3). According to
Proposition 4.5, Sy is equal to S (respectively Sy). O

5. Classification of the infinitesimal model

The goal of this section is to prove Proposition 4.4. Let us recall that the Lie subal-
gebras i C b of sl3 are characterized by (8*h)|o= Rill(0, S|p) and [§*i], = isigc(x)
(see Lemma 4.1 and (4.11)).

5.1. Algebraic reduction. We first prove some purely algebraic restrictions on .
LEMMA 5.1. The dimension of  is either four or five.

Proof. Possibly translating the developing map by an element of G, we can assume that
x0 = o0 = ([e1], [e1, e2]) € X, and since the adjoint action of Py, on the lines of sl3/pin
transverse to Vect(ey, eg) is transitive (see (2.9)), we can moreover assume that D¢ =
D.6,(Rep) with

0 0 0

ep=1]0 0 O
1 00
di

As a consequence, i = h N P, 1S contained in
a 0 Z
0={v € pmn | ad(v)(Rep) C Rep} = 0 —a—b 0)|@bz)eR;. (1)
0 0 b

Denoting
0 0 1
=100 0]eo,
0 00

we now prove that i N Re® = {0}, implying dim i < 2 and completing the proof of the
Lemma, since i is non-zero and dim fj — dim i = 3.

Let us assume by contradiction that ¢® € i. As b + p,,;, = sl3 (because the orbit of o
under H is open), there exists v € h and w € p,,;, such that

0 0 0
eg=|1 0 O] =v+w.
0 0 O

But [v, ¢°] € b, and [w, €] € Re® C isince w € pyy,., finally implying that

0 0 0
0 0 1)=lepe1=Tv,e’1+[w, e’ 1 € hNppn =i Co,
0 0 0
which contradicts the description of o in (5.1). O]
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Let

h =5 [>(¢ Tt (52)
be the Levi decomposition of f, where s is a semi-simple subalgebra of b (or is trivial
if b is solvable), v is the solvable radical of h (an ideal of h), and ¢ is the restriction
of the adjoint representation ad: ) — Der h (¢: s — Der v describes the bracket in h) by
[v, w] = ¢d(v)(w) for v € s and w € t).
A proper semi-simple subalgebra of sl3 of dimension less than five is three-dimensional
and is thus isomorphic to sl or to so(3). Moreover, up to conjugacy in SL3(R), the only
embedding of so(3) in sl3 is the inclusion, and the only embeddings of s, in sl3 are

50 = {(g 8) ‘ A 65[2} and so(l,2). (5.3)

If b is not solvable, s is thus equal to sq, s0(1, 2), or s0(3) up to conjugacy in SL3(R). The
centralizers of these subalgebras in sl3 are

Csiy(s0(1, 2)) = Cq13(s0(3)) = {0},

x 0 0
(5.4)
Csi(50) =110 x 0 xeR
0 0 —2x
LEMMA 5.2. Up to conjugacy in SL3(R) or image by ksi; = — '+, we have the following
results.
(1) Ifb is not solvable, then
(a) s isequal to so; and
(b) bisequalto b, orto
b1=R2N5[2={<13 ﬁ) ‘Aeslz,XeRz}. (5.5)
(2) Ifbis solvable, then by is either contained in b, = P, or equal to
2 . 2 A X . 2 2
h, = R x sim(R°) = 0 —trA A € sim(R“), X € R°}, (5.6)

where sim(R?) = {( 4, %) | (a, b) € R?}.

Proof. (1a) Let us assume for a contradiction that s is conjugated to so(1, 2) or s0(3),
implying that Cg4(, 5 = {0} according to (5.4). Since s is simple, if the Lie algebra
morphism ¢ is not injective then it is trivial, implying v C Cs1, 5 = {0} and thus dim h =
dim s = 3, which contradicts Lemma 5.1. Our hypothesis on s implies therefore that ¢ is
injective, and in particular that dim Der ¢ > dim s = 3.

Since dim s = 3, the solvable radical ¢ is of dimension one or two according to Lemma
5.1 and is thus isomorphic to R, aff(R), or R?. But if t is isomorphic to R or aff(R),
then Der v is of dimension one or two, which contradicts the injectivity of ¢, and v is
thus isomorphic to R2. Since s0(3) has no non-zero two-dimensional representation, this
implies that s is conjugated to so(1, 2). The connected Lie subgroup H of SL3(R) of
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Lie algebra b then contains SO°(1, 2), and its adjoint action thus induces by restriction
a two-dimensional representation ¢ of S0°(1, 2) on t (because t is an ideal of h). Since
SOO(l, 2) is isomorphic to PSLy(R), ¢ is trivial, implying that ¢ is trivial as well, which
contradicts the injectivity of ¢. Finally, s is conjugated to sg.

(1b) Let us assume by contradiction that v is isomorphic to aff(R). Then Der v is
two-dimensional and ¢ is thus non-injective, that is, trivial by simplicity of so. But ¢
is then contained in the centralizer of sg, which is one-dimensional according to (5.4),
contradicting the original hypothesis. Therefore, t is isomorphic to R? or R.

We first assume that ¢ is isomorphic to R?, implying that ¢ is injective (otherwise t C
Cs1; 50, which is one-dimensional). We use the linear mapping eve,|c: M € v+ M(e3) €
R3 and discuss according to the dimension of its image t(e3). We emphasize that t is
normalized by the connected Lie subgroup Sp of SL3(R) of Lie algebra sg, and that t(e3)
is thus preserved by Sp. If v(e3) is a plane then t(e3) = Vect(ey, e2) since it is preserved
by So, and ev,, |, is moreover injective. There exists v € t such that ev,, (v) = ey, and with
A= ((1) _01 ) eslandu = ( ‘8 8) € 50 we have eve, ([u, v]) = e; = ev,, (v). This implies
[u, v] = v by injectivity of ev,, |, and, finally,

0 0 1
v=|0 0 O
0 x O

for some x € R. The same reasoning with w € v such thatev,,(w) = e; and A = ( _01 (1)

sl implies that

) €

S O O

0 0
w=1|0 1

y 0
for some y € R. Since t is abelian we have [v, w] =0, which implies x =y =0
and proves that v = (8]%2 ), that is, that h = R? x slp. If t(e3) = {0}, then p|. is
injective, implying p(t) = RZ. Therefore, dim(«g(, (t))(e3) = 2, which brings us back to
the first case, and «4(,(h) = R? x sly. Finally, dim t(e3) = 1 is impossible. Otherwise,
v/ = ker ev, Nt is one-dimensional, and since p: (gg) et> X eR? is injective
(because t N s = {0}), p(v') is a line of R%. But for w € v and v = (4§ J) € 50 we have
p([v, w]) = —p(w)A, that is, p(t') is preserved by sl, and cannot be a line.

We now assume that ¢ is isomorphic to R. Then ¢ is non-injective and thus trivial,
implying v C Csy; 50. This inclusion is an equality by equality of dimensions, proving
b = by.

(2) As b is solvable, it preserves a complex line in C> according to Levi’s theorem.
More precisely, either b preserves a real line, or it preserves a plane on which it acts
by similarities. The second case implies h C R? x sim(R?) = b, up to conjugacy in
SL3(R). In the first case we can assume that b preserves Req, and if the representation
(3 4) €b— A e gl, also preserves a real line, then b C p.;, = b, up to conjugacy. If
not, then k41, (h) C {( ’%A 2 )| A € sim(R?), X € R%}, according to the same remark as
before. As this last subalgebra is conjugated to R? x sim(R?) = b,, this concludes the
proof of the lemma. O
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5.2. Two further properties of the infinitesimal model. We now prove two further
properties of the infinitesimal model (b, 1), in order to eliminate the ‘exotic’ cases b; and
b, that appeared in the algebraic classification of Lemma 5.2.

LEMMA 5.3. Let | be a subalgebra of sl3 containing b, let j = stab(xg) be the isotropy at
xo0, and let D€ be the line of |/j sent to £ (xg) by the orbital map at xo. If ad(§)(D) C D¢,
then | = b.

Proof. Let us denote by L the connected subgroup of G of Lie algebra [, and by J the
identity component of J = Staby (xg). As ﬁ(j) preserves D¢, A_d(exp(j)) preserves D€,
and the subgroup of elements j € J° such that Ad(j) preserves D€ is thus equal to J°
by connexity. The construction made in the second assertion of Lemma 4.3 is thus valid
for L/J° and proves the existence of an unique L-invariant enhanced Lagrangian contact
structure S}, extending (£ (xo), EP(x0), £°(xp)) in the neighbourhood of xo. As b C [,
H C L, and S}, is thus H-invariant, implying S}, = Sy by the unicity of such a structure.
Therefore, [ C Ei[[{g; (xp) = b, which concludes the proof. ]

LEMMA 5.4. Let us assume that i is one-dimensional, and let v be a non-zero element of i.
Then the eigenvalues of ad(v) € End(h/i) with respect to the eigenlines D* and DP are
non-zero.

Proof. We already know that ad(i) is diagonalizable with eigenlines DY, DP, and D¢
(see Lemma 4.3). The proof is the same for the eigenvalues of both eigenlines D%
and DP, and so we only show it for D*. By density of Rec(f) N Rec(f~1) in M (see
the introduction of §3), there exists x € O such that ¥ = 7y (x) € Rec(f) NRec(f~1),
and possibly replacing f by f~!, we have lim;, 4 oo 1Dz f"|Ee )l = O for a given
Riemannian metric that we fix on M.

By hypothesis on X, there exists a sequence (yx) in w1 (M) and a strictly increas-
ing sequence (ny) of integers such that yi e (x) converges to x, and we can more-
over assume up to extraction that x; € O for any k, implying that y; f"* preserves
O. Endowing M with the pullback fij of the Riemannian metric of M, we have
limg s 4 0 [|Dx (Y f”k)lﬁ(,(x) |z, = O (since 71 (M) acts by isometries).

Liouville’s Theorem 2.9 for the homogeneous model space (X, Lx) implies the
existence of a unique sequence (g¢) in G satisfying

Soyf™ =grod onaneighbourhood of x. (5.7)

Denoting xg = 6(x), gk - X0 = 8§ o Yk f”k (x) € Y = H - xp converges to xg, and there thus
exists a sequence /1y € H converging to the identity in G such that &g - xo = gi - xo. Since
§ is a local isomorphism from S |o to Sy on a neighbourhood of x, equation (5.7) defining
gk shows that g preserves Sy on a neighbourhood of xg. By H-invariance of Sy, iy =
hk_lgk also preserves Sy, and ik is thus contained in the closed subgroup

I == {i € Stabg(xg) | i preserves Sy on a neighbourhood of xq}

of G. The Lie algebra of I is equal to i because isg}f (x0) = i (see Lemma 4.3).
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FACT. I = {i € Stabg(xo) | Ad(i) - h = b and Ad(i) - D¢ = D). In particular I is alge-
braic and has a finite number of connected components.

Proof. Fori € I and v € b, the relation Dy,i o D6y, = D.0y, o Ad(i) implies i~ =
(Ad() - v)T. Since i is a local automorphism of Sy and via Killing field of Sy, (Ad(i) -
v)Tis also a Killing field of Sy, implying Ad(i) - v € b since Et[[loc (x0) = hT (see Lemma
4.3). Moreover, Dy,i (£ ) = 1mp11es Ad(i) - D¢ = D°.

Let us conversely assume that i € Stabg(xo) satisfies Ad(i) - h = b§ and A_d(i ). D¢ =
D¢. We consider v € b sufficiently close to 0, such that with h =¢” € H and y =
h-xo €Y, Sy is defined at y. Since Ad(i) - D¢ = D¢, Dy,L;(E(x0)) = E°(x0), and
W =ihi~!' =MDV ¢ H because Ad(i)-h =bh. By H-invariance of £, we obtain
D,i(E°(y)) = Dyyh’ 0 Dyi (E€(x0)) = E°(i - y), proving that i € I. O

We can thus assume up to extraction that (i) lies in a given connected component of
I, and there then exists g € I such that jz = giy is contained in the identity component
1°. We endow X with a Riemannian metric 158 and denote by jfix = §*ux its pullback on
M. Since (v f™ (x)) is relatively compact in M, the metrics fiy and jix are equivalent in
restriction to (v f fk (x)), and the limit stated above for i is thus valid for jix, implying
1im|[ D gkl ge (xg) lux = O- As jk = ghy ' gk with (gh; ') relatively compact in G, we also
have lim|| Dy ji|ge (xo) llix = O-

As 19 is connected and one-dimensional, there exists a non-zero v € i and a sequence
t; € R such that iy = exp(#;v), implying that Dy, jx is conjugated by the orbital map to
exp(tkﬁ(v)), and thus lim||exp(tkﬁ(v)) |pe || = 0. Denoting by X, the eigenvalue of ad(v)
with respect to D%, exp(tkﬁ(v))ba: exp(rqyty) idpe then implies Ay 7~ O. O

5.3. End of the classification. We now put into our analysis the geometrical and
dynamical properties of fj proved above.

LEMMA 5.5. b = R? x sl; does not satisfy the geometrical conditions of Lemma 4.3.

Proof. The only open orbit of the connected Lie subgroup H; of G of Lie algebra
b, is the open subset 2, defined in §4.2.1. If Hy - x¢ is open for some point xy € X,
we can thus assume that xo = ([e3], [e3, e1]) € 2, up to conjugacy in Hj, implying
that i; = Lie(Stabg, (x0)) = {(§ 2,)}, a, b € R%. Denoting v, = () and vg = (}) €
by, we have Rva(xo) = &% xp) and Rvﬂ(xo) = EP(x0), and defining v, = ((1)) and
i = (31)) €1y, the matrix of ad(i) in the basis (¥a, Ug, ¥c) of by /i; is

0 0 0
Mat(g, 555 ad@) = [0 0 1
0 0 0

Any line of b /i; that is transverse to Vect(vy, vg) has projective coordinates [a, b, 1]
in the basis (vy, vg, v¢) for some (a,b) € R?, and ad(i)(D¢) thus has coordinates
[0, 1, 0]. This proves that ad(i)(D€) ¢ D¢, that is, that b, does not satisfy the geometrical
conditions of Lemma 4.3. O
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LEMMA 5.6. IfY is a four-dimensional subalgebra of b, = ppin 07 is equal to h, = R? x
sim(R?), then b does not respect both the geometrical conditions of Lemma 4.3 and the
dynamical condition of Lemma 5.4.

Proof. We first assume that f is a four-dimensional subalgebra of p,,;,. Therefore, H C
Ppin, and if H - x is open then xo € Y, according to Proposition 4.5. We can thus assume
up to conjugacy in H that xo = 0a = ([e3], [e3, e2]) € Ya, implying that

a 0 0
i = staby(0a) Cia = staby  (0a) = 1|0 —a—b 0] |(a,b) eR?
0 0 b

Let D¢ C /i be a line preserved by ad(i), such that Deg,,a (D) is transverse to (E* @
EP)(0,). Since b is a proper subalgebra of p,,;,, Lemma 5.3 implies that ad(ia)(D°) ¢ D¢,
and thus that stab;, (D) = {v € i, | ad(v)(D€) C D¢} =i is one-dimensional. Any line
D€ of puin/ia Which is transverse to the contact plane has projective coordinates [x, y, 1]in
the basis (X, Y, Z) of p,i,/ia, for some (x, y) € R? (see Proposition 4.6), and according
to (4.15) we have:

e ifx =y =0, thatis, D° = RZ, then stab;, (RZ) = i,;

e if x=0 and y #0, that is, D= D(t) == R(Z+1tY) for some r € R, then

stab, (D;', (#)) is equal to the line iy generated by the diagonal matrix

1 0 O
[1L1,=-2]=10 1 O |;
00 -2

e if x#0 and y =0, that is, D= D$(t) :=R(Z +1X) for some ¢ € R, then
stab, (D% (1)) is equal to the line iy generated by the diagonal matrix

-2

0
[-2,1,1]= 1
0

—_ O O

0
0

e ifx #0andy # 0, then stab;, (D) = {0}.
The only transverse lines with a one-dimensional stabilizer being D (z) and Dj (z),
i is equal to ix or iy. But Matg; 7 ad([l, 1, —=2]) = [0,3,3] and Mat y 7 ad
([—2, 1, 1]) = [-3, 0, —3] according to (4.15), that is, the elements of ix and iy have
zero eigenvalue with respect to either the o or the B-direction, proving that h does not
satisfy the dynamical condition of Lemma 5.4.

In the same way, if ) = b5, then we can assume that xo = 0, € 2, up to conjugacy in
Hy = R? % Sim(R?), implying i = staby,(0a) = iy as defined above. We saw that the
elements of iy have zero eigenvalue with respect to the «-direction, proving that b, does
not satisfy the dynamical condition of Lemma 5.4. O

Proposition 4.4 now directly follows from Lemmas 5.2, 5.5, and 5.6.
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6. Global structure
From the local model that we determined for the enhanced Lagrangian contact structure
S, we will now deduce some global information.

6.1. Local homogeneity of the enhanced Lagrangian contact structure. ~ So far, we only
have information on a dense and open subset €2 of M (see Propositions 3.2 and 4.6). The
first step to obtain global information is to prove the following.

PROPOSITION 6.1. The open dense subset Q equals M, that is, S is locally homogeneous
on M.

We will denote in this subsection by (C, ¢) = (M , w, @) the normal generalized
Cartan geometry of the enhanced Lagrangian contact structure S= S of M, and
by IC‘Ot M — Wy its total curvature (see §§2.3.3 and 2.4.2). We recall that © =
Ty 1(Q) ¢ M, and that the projection of the Cartan bundle is denoted by 7 : M — M.

We also recall that the local homogeneity of S | means that the connected components
of Q are exactly its Kill'*®-orbits (see Definition 3.1). Since the rank of D/t is invariant
by the right action of Py, and by the flow of Killing fields, this shows that rk(DK®) is
constant over any connected component of 2.

We choose for this whole subsection a connected component O of Q (that is, a
Kill'®-orbit of &) such that tk(D;K'") for £ € 7~1(0) is maximal among rk(D; k!
for £ € 771 (Q). We will denote by (Y, Sy) the local model of S’lo, equal to (Y¢, S¢) or
(Ya, Sa), such that §|p : (O, 5|0) — (Y, Sy) is a local isomorphism (see Corollary 4.6).
We still denote by h the subalgebra of Killing fields of Sy, respectively equal to h; or b,
(see Proposition 4.4), and by H the corresponding Lie connected subgroup

GLT(@®R) 0
] R B

of G of Lie algebra b, preserving Sy.
We recall that §: M — X denotes the developing map of the (G, X)-structure of M
describing the flat Lagrangian contact structure £ (see Proposition 3.4).

LEMMA 6.2. The boundary of O is mapped to X \' Y by the developing map §(00) C
X\Y.

Proof. Let us assume by contradiction that there exists x € dO such that xo = 6(x) € Y.
The pullback f] = 38"h = {§*v | v € b} is a subalgebra of vector fields on M, such that
Rill(0, 5‘| 0) = 6|0 according to Lemma 4.1. As xo € Y, there exists an open and convex
neighbourhood Wy of 0 in b such that V = exp(Wy) - xo C Y is an open neighbourhood
of xp. Denoting W = §*Wy C 6, U= {(p;( (x) | X € W}is thus an open neighbourhood of
x, and possibly shrinking Wy, we can moreover assume that §|y is a diffeomorphism from
UtoV.Asx €00, there exist y € UN O and X € W such that x = <p}1((y), implying
that <p§((y) e U for any t € [0; 1], and thus S(ga;((y)) € V C Y. Denoting ty = inf{t €
[0;1]] ga%(y) € 00}, o > 0 because O is open, and (p?g(y) € 00 because 90 is closed.

https://doi.org/10.1017/etds.2021.54 Published online by Cambridge University Press


https://doi.org/10.1017/etds.2021.54

2614 M. Mion-Mouton

Replacing x by go’;() (y) and X by (X/f9) € W, we finally have y € O, x = <p)1((y) €90,
and for any # € [0 ; 1], (pg((y) € 0, with X|pe€ Kill(0, 3|0).

Choosing § € 7 ~!(y), the invariance of D' by local automorphisms and the fact
that ‘/’3( is a local automorphism of (C, ¢) on the neighbourhood of y for any 7 € [0; 1[
imply DK@} (§)) = DK ($) for any ¢ € [0 ; 1[. Denoting £ = @} (§), we obtain
D'KY(%) = D'K($) by continuity, that is, K°'(%) = K'°'(5) and DK o w; ' =
D);K:wt o a);l .

This implies £ € M™. In fact as the rank of DK™ can only increase locally, there
is an open neighbourhood U/ of X where the rank of DK is greater than rk(D;K').
Let us assume for a contradiction that the open subset of U where rk(DyK*') >
k(DK% is non-empty. Then, by density of 7 =1 (£2), there exists Z € 7~ ($2) such that
tk(D;K') > rk(D; K'Y, But tk(D; £ = rk(D;K') because D'L'(£) = D'K(H),
and thus rk(D;K'*") > rk(D;K'*") with § € 7~1(0), which contradicts our hypothesis of
maximality of rk(DK"!) on O. Therefore, tk(DK'®) is constant on the open neighbour-
hood U of X, proving that X € Mint according to the integrability theorem (Theorem 2.15).

As the Kill'"-orbit O of y is open, w;l(pmin) + Ker(D; K = T}wIl;I , and there-
fore a)gl (Prin) + Ker(D;K'©Y) = T; M because D; K o w}z_l = DKo a))—1 Since X €
M™, for any v € Ker(D;K'®") there is a local Killing field X of & defined in the
neighbourhood of x such that X; = v. But a);l(pmin) + Ker(D;K'°) = T; M, and we
thus have {X, | X € wrfgC(x)} =T, M, implying that the Kill'®-orbit of x is open.
Since x € 90, the Kill'®-orbit of x intersects thus the Kill'-orbit O, that is, x € O,
which contradicts our initial hypothesis. This contradiction concludes the proof of the
lemma. O

Lemma 6.2 allows us to reduce the study of the central direction EC on the boundary
of O to the study of the central direction £¢ on the boundary of Y. We first present some
geometrical remarks about the open subsets Y, and Y; of X, defined in §§4.2.2 and 4.2.3.

Let us recall that, denoting Do, = [e1, e2], m¢ = [e3], and m, = [e1], we have

Yi = X\ (Sga(Doo) U Sa,p(my)) and  Ya = X\ (Sga(Doo) U Spa(ma)).

In particular, for ¢ = a and t we have: X\ Yy = Y, = Sg o (Do) U Sy, (). We define
in both cases

Gi={xedY |C%x) ¢ dY or CP(x) ¢ a1}
It is easy to check that for ¢ = a and t, we have
Ge = 0Ye \ {CP (Do) UC*(me) U (Spa(Doo) N S p(me))}.

and that for any x € G, if C®(x) g dY fore = o or B,then C¥(x) \ {x} C Y.
We have Sgo(Doo) N So,g(ma) = CP(Doo) U C%(my), and Sg.a(Doo) N Se p(my) is
equal to the chain defined by (m;, D), denoted by C(m¢, Do) and defined as follows:

C(mt, Doo) = {(m, [m, m¢]) | m € Do}

Finally, we will use the following description of the respective orbits of H on G:
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(1) the orbits of Ht0 on G; are Qtl = Sq,p(my) \ (C%(m¢) U C(my, Do) where C*(x) \
{x) C Yt and G¢ = Sp.a(Doo) \ (CF (Do) U Cmy, Do) where CF (x) \ {x} C Y
(2) the orbits of HY on G, are Gl = Sy g(ma) \ (C*(ma) U CP(Dyo)) where C*(x) \
{x} C Yaand G2 = Sgo(Doo) \ (C¥(ma) U CP(Dog)) where CP(x) \ {x} C Ya.
We will now prove that the central direction £¢ degenerates along the «- and S-circles
when converging to a point of G.

LEMMA 6.3. Let y: [0; 1] — X be a smooth path such that y(10;1]) C Y, x = y(0) €
G, and y([0; 1)) is entirely contained in C*(x) or entirely contained in CP(x). Then
EC(y (1)) converges at t = 0 to a line contained in (£* & EP)(x).

Proof. As the action of H on Y preserves £, it will be sufficient to prove this result for
one point of each of the two orbits of H on G described above, in each of the two cases Y
and Y,. We thus have only four cases to handle, and we saw that in each case, either C* (x) \
{x} C Y and CP(x) C Y, or the contrary. We thus have only one possibility to consider for
y in each of these four cases, either that y ([0 ; 1]) C C%(x), or that ([0 ; 1]) C CP(x). To
clarify our strategy, let x be a point of QL for u =toraandi = 1 or 2, and let us consider
the following data:

e a one-parameter subgroup {g’};er of G such that, denoting x(t) = g’ - x, we have
{x@®) |t e R} =C%(x)\ {y}, with y e C5(x) NY, and ¢ = @ or 8 according to the
case considered;

e a one-parameter subgroup {h'};cgr of H such that g' - x = x(t) = B y forany ¢ €
R*;

e A in sl3 such that D.6,(RA) = £°(y), where 6y: G — X is the orbital map at y;
and

e g0 € G suchthat go - x = 0, where 0 = ([e1], [e1, e2]) is the usual base-point of X.

Then for any ¢t € R* we have Dy((g0g )(E°(x(7))) = Debp(R Ad(gog”h’fl) - A).

Denoting by p: slz — sl3/p;, the canonical projection, let us assume that

pR Ad(gog_’h’_l) - A) converges at t =0 to a line contained in Vect(éy, eg). Then

D.6,(R Ad(gog_thfl) - A) C T,X converges to a line L C (£ & £P)(0), and as g’go_1

converges to g, "at r = 0, we deduce by continuity that £°(x(¢)) converges at t = 0 to

Doga1 (L), contained in (£% @ £P)(x), because gal preserves £ @ EF.

In conclusion, we only have to find, in each of the four cases u =toraand i =1
or 2, a point x € G', together with g, h’, A, and g satisfying the above conditions,
and to prove that p(R Ad(gog_’hl_l) - A) converges at t =0 to a line contained in
Vect(ey, €p).

We begin with Y;, for which we choose for both orbits Qtl and gf the point y 1= o¢ =
([1,0, 1], [(1,0, 1), ez]) € Y;. Let us recall that in this case,

1 0 O
A=10 -1 O
0O 0 O

satisfies £¢(o1) = D0y (RA) (see §4.2.2).
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e For gtl, choosing x = ([1, 0, 11, [(1, 0, 1), e1]) = ([1, 0, 1], [e1, e3]),

1 0 O
go=(1 0 —-1]1,
1 0
and the one-parameter subgroups
1 0 O
g=1t 1 —t
0 1
of G and
1 ¢t O
=01 0
0 0 1

of Ht0 such that g’ - x = [ o¢ € C%(x), we obtain

1 1 -2 =21
Ad(gog 'h" )-A=|1 -2 271},
—t t 1

and thus p(R Ad(gog’thﬁl) - A) converges at t = 0 to Reg.
e For G, choosing x = ([e2], [e2, (1,0, D)]),

01 0O
go=11 0 0],
1 0 -1
and the one-parameter subgroups
1 ¢+ 0
g =101 0
0 ¢ 1
of G and
1 00
=1t 1 0
0 1
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of H such that g’ - x = n o e CP (x), we obtain

y 1 2271 0
Ad(gog'h" )-A=[0 -1 o0},
t 1 0

and thus p(R Ad(gog_’htfl) - A) converges at t = 0 to Re,.

2617

We now consider the case of Y,, for which we choose for both orbits g; and gg the

point y := 04 = ([e3], [e3, e2]) € Ya, and we recall that in this case
0 0 1
A=10 0 O
0 0 O

satisfies the above condition £°(03) = D,.6,,(RA) (see §4.2.3).
e For Gl, choosing x = ([e3], [e3, e1]),

oo

S

|
O =
—_
oS O

and the one-parameter subgroups

1 00
g=1tr 10
0 1
of G and
1 ¢+ 0
=010
0 0 1

of HY such that g’ - x = B 04 € C%(x), we obtain
| 0 00
Ad(gog W )-A=|1 0 0],
-t 0 0
and thus p(R Ad(gog_’htfl) - A) converges at t = 0 to Reg.
e For gg, choosing x = ([e2], [e2, e3]),

oQ

(=)

Il
— o o
c o~
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and the one-parameter subgroups

1 00
g=10 10
0 r 1
of G and
1 00
=10 1
0 1

of HY such that g' - x = h' .0, € CP(x), we obtain

0
Ad(gog™'h' ) - A [0
t

— O O
(=l

and thus p(R Ad(gog”h’fl) - A) converges at t = 0 to Re,.

According to the discussion above, this concludes the proof of the lemma. O

We are now able to prove Proposition 6.1.

Proof of Proposition 6.1. Let us assume by contradiction that € #= M. We choose a
connected component O of  such that the rank of D; ™ for £ € 7~!(0) is maximal
among the ranks of D3 K for £ € 77 1(Q). As @ # O # M by hypothesis, there exists
x € 00, and as E* @ EP is contact, [Sus73, Theorem 4.1] implies the existence of a
piecewise smooth path y: [0; 1] — M constituted by a finite concatenation of segments
of a- and B-leaves, joining x = (1) to a point y = y(0) € O. Denoting ty = inf{t €
[0;1]] y(t) € 30}, top > 0 and y (f9) € 0. Replacing x by y (ty), keeping only the last
smooth arc of y, replacing y by the origin of this arc, and choosing a parametrization of this
arc by [0 ; 1], we finally end with a smooth path y: [0; 1] — M such that y(0; 1) C O,
x=y(1) € 30, and y ([0 ; 1]) is entirely contained in the same «- or S-leaf. The proof
being the same in the two cases, we assume that y ([0 ; 1]) C Fo (x) to fix the ideas.
Denoting xo = 8(x), xo € X\ Y according to Lemma 6.2, and §(y ([0 ; 1[)) C Y because
8(0) C Y (see Lemma 4.2). Finally, 6 (v ([0 ; 1[)) is an open interval of C¥(x¢) contained
in Y, and xg € X\ Y, that is, xg € G. Denoting yo(¢) = §(y(t)), Lemma 6.3 implies
therefore that £°(yp(¢)) converges to a line Dg C (E* ®EPY(xp) at t = 1. As 8o is
a local isomorphism between Slo and Sy, we have E(y()) = (DV(,)(S)’l(SC(yo(t)))
for any ¢ € [0 ; 1[, implying E°(x) = (DXS)_I(DS) by continuity. Since § is a local
isomorphism between the Lagrangian contact structures £ and Lx, this implies that
E(x) C (E% @ EP)(x), which contradicts the definition of the transverse distribution E°.
This contradiction concludes the proof of the proposition. [
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6.2. Reduction of the holonomy group. We first describe the global and local automor-
phisms of the models (Y, St) and (Ya, Sa).

PROPOSITION 6.4.

(1)  The following equalities hold:
Aut(Ys, S) = Hy = [GL2(R) 0}

0 1

and Aut(Y,, Sp) = Hy = Ppjin.

(2) Let (Y,Sy) be one of the two models (Yy, &) and (Y4, Sq). Then any local
isomorphism of Sy between two connected open subsets of Y is the restriction of
the action of a global automorphism of Aut(Y, Sy).

Proof. (1) The inclusions Hy C Aut(Yt, St) and H, C Aut(Y,, Sp) were explained in
§§4.2.2 and 4.2.3. Since the automorphism groups are contained in the stabilizers of the
open subsets, the equalities follow because Hy = Stabg (Y;) and Hy = Stabg (Ya).

(2) Let us emphasize that Aut(Y, Sy) is precisely the normalizer of h in G. Let ¢
be a local automorphism of Sy between two connected open subsets U and V of Y.
For any v € b, since v|y is a Killing field of Sy, ¢*(v|y) is a Killing field of Sy, and
therefore p*(v|y) = w|y for some w € h. But ¢ is in particular a local automorphism of
the Lagrangian contact structure Lx of X, and is thus the restriction to an open subset
U C Y of the left translation by an element g € G, according to Theorem 2.9. Therefore,
wly= ¢« (v|y) = (Ad(g) - v)|y, implying that Ad(g) - v = w € b since the action of G is
analytic (see Lemma 2.14). Consequently, g € Norg(h) = Aut(Y, Sy). O]

Let us recall that p: 71(M) — G denotes the holonomy morphism associated with
the developing map §: M — X of the (G, X)-structure of M (see Corollary 3.4 and
§2.3.2).

PROPOSITION 6.5. The holonomy group p(mw(M)) is contained in Aut(Y, Sy). Conse-
quently, M has either a (Hy, Yy)-structure or a (Hy, Yq)-structure, and its developing
map is a local isomorphism of enhanced Lagrangian contact structures from St
(respectively Sg).

Proof. According to Proposition 6.1, S is locally homogeneous, and we thus deduce from
Proposition 4.6 that up to interversion of the distributions E% and E#, the developing map
8 of the (G, X)-structure of M can be chosen to be a local isomorphism from (M, S) to one
of the two models (Y;, S) and (Ya, Sa). According to Proposition 6.4, proved for these two
models, the holonomy morphism has moreover values in the corresponding automorphism
group Hy (respectively Hj,) described in the same result, and M is finally endowed with
a (Hy, Yy)-structure (respectively (Hy, Ya)-structure). Concerning the interversion of E
and EP, it is easy to construct for both models, (Yt, St) and (Y,, Sa), a diffeomorphism
of Y interverting the distributions £% and £# and fixing the transverse distribution Ey.
In other words, for both these models, the structures (£, £, &y) and (&R, &, Ey) are
isomorphic, so that a posteriori, the order of the distributions E% and E? in the statement
of Proposition 6.5 does not matter. O
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7. Completeness of the structure

We will denote by (#, ) the local model of S, which is either (Hy, Yy) or (Ha, Ya), and
by 8: M — Y and p: (M) — H the developing map and holonomy morphism of the
(H, Y)-structure of M. The goal of this section is to prove the following.

PROPOSITION 7.1. The developing map § is a covering map from MiwY.

It is a known fact that a local diffeomorphism satisfying the path-lifting property is a
covering map (the reader can, for example, find a proof in [DC76, §5.6, Proposition 6,
p- 383]). According to the following statement, it will actually be sufficient to prove
the path-lifting property in the «, 8, and central directions to prove that § is a covering
map.

LEMMA 7.2. Let h: N — B be a local diffeomorphism between two smooth three-
dimensional manifolds, B being connected. We assume that there is a smooth splitting
E|® E>® E3 =TB of the tangent bundle of B into three one-dimensional smooth
distributions, such that for any i € {1, 2,3}, x € Im(h), and ¥ € h~'(x), any path tangent
to E; and starting from x entirely lifts through h to a path starting from x. Then h is a
covering map from N to B (and, in particular, h is surjective).

Proof. Since h is a local diffeomorphism, it suffices to prove that our hypothesis implies
the lift of any path. By compactness, it is sufficient to locally lift the paths in B, around
any point. We choose x € B and a sufficiently small open neighbourhood U of x, such
that there are three smooth vector fields X, Y, and Z generating E;, E;, and E3 on
U,and ¢ > Osuch that (¢, u, v) € |—¢ ; 8[3 — ¢, u,v) = (pS( o go? o go%(x) e U is well
defined and is a diffeomorphism (this exists according to the inverse mapping theorem).
Let us choose x € h_l(x). Then, denoting by X = h*X, Y = h*Y, and Z = h*Z the
pullbacks, the property of path-lifting in the directions E{, E;, and E3, from any point,
implies that ¢~3(t, u,v) = <p§( o (p’lf/ o (p”z(i) is well defined on 1—¢ ; [3. If y:[0;1]—-> U
is a continuous path starting from x and contained in U, there are three continuous maps ¢,
u, and v from [0 ; 1] to ]—¢ ; ¢[ such that y(s) = ¢((s), u(s), v(s)). Since h oq~5 =¢
by construction, y(s) = (]3(t (s), u(s), v(s)) is then a lift of y starting from x, which
completes the proof. O

Remark 7.3. In our case, proving that the paths in 8(M) in the a-direction (respectively
B or central direction) lift to M is equivalent to proving that for any x € §(M) and x €
8~ 1(x), we have the following equality:

S(F(F)) = C*(x) N 8(M)

(respectively the same equality for S-leaves and circles, or for central leaves).

We start by proving that the image of any « (respectively g) leaf in M misses exactly
one point in the associated a-circle (respectively S-circle). We recall that 0Y = X'\ Y, as
explained before Lemma 6.3.
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LEMMA 7.4. For any X € M, denoting x = 8(%), there exists x* € CB(x)N Y such
that §(FP (X)) = CP(x) \ {x*} = CP(x) N Y. The same happens for a-leaves and their
associated «-circles.

Proof. We will only present the proof for S-leaves and S-circles as in the statement, the
case of the a-direction being the same. Denoting X = ) (x), and possibly replacing f by
f~1, we have lim,,_, ; oo | Dz f" |E« )l = O for some fixed Riemannian metric on M.

The description of the open subsets Y; and Y, in §§4.2.2 and 4.2.3 easily shows that
in both these cases, the intersection of any B-circle (respectively a-circle) with ¥ misses
exactly one point of the circle. In other words, the intersection C#(x) N aY is a single
point {x*} and, as a consequence, S(FP(%)) c CP(x) \ {x*} =CP(x)NY. To complete
the proof of the lemma, we only have to prove that 5(]? (%)) cannot miss more than one
point of C#(x). To achieve this, we assume by contradiction that there exists x~ # xt €
CP(x) \ {x, x*} such that

SFPE) =1 s xS CPo)\ (x*). (7.1)

where ]x~ ; x*[ is the connected component of CP(x) \ {x~, x*} that contains x.

Since M is compact, there exists a strictly increasing sequence (ny) of positive integers
such that, denoting x = mp;(X), X = f"*(x) converges to a point Xo, € M, and as M =
(M )\M , there furthermore exists a sequence y; € mw1(M) such that x = yx - f”" x)
converges to a lift Xoo Of Xoo. AS i f "k is an automorphism of the Lagrangian contact
structure E, and § is a local isomorphism from L to Lx, Theorem 2.9 implies the existence
of a unique sequence g; € G satisfying

Sy - [ (X)) = gk - 8(X).

We denote xg = 6(Xx) = g (x), which converges to xo = §(Xo0). Denoting x,” = g (x™)
and x,j = g(x"), xx, X, and x,j are three distinct points of CP(xy) for any k. By
compactness of X, we can assume up to extraction that x, and x,j respectively converge
to points x3, and x;LO of CP (xo), and the hypothesis (7.1) allows us to obtain the following
crucial statement.

FACT 7.5. Xoo # X5, and Xeo # XJ..

Proof. Let us assume for a contradiction that x_; = xoc. Considering a neighbourhood U
of X such that §|y is injective, we can choose Yo, € (]i' P(%s0) NU) \ {Xoo}. There exists
a sequence yi € FP (&) converging to Y, and possibly changing y~,, we can moreover
assume that §(yx) € Jx;” ; x¢[, implying that §(¥oo) € [x5 ; Xoo] by continuity. But as
Xoo = Xoo» [X5g s Xoo] = {Xo}, and therefore 8(Yoo) = Xoo = 8(Xoo), iIMplying Yoo = Xoo
by injectivity of §|y7, which contradicts our hypothesis on Y. In the same way, we obtain
Xoo # XK. O

The subgroup SO(3) of G acts transitively on X, and we can thus choose ¢ € SO(3) and
a sequence (¢x) in SO(3), satisfying ¢ (x) = o and ¢ (xx) = o for any k (we recall that
o = ([e1], [e1, e2])). Since Stabso)(CP(0)) = [SOO(2) ?] acts transitively on C#(0), we
can moreover assume that ¢ (x ) = o and ¢ (x;") = o™, where 0 = ([e2], [e1, e2]) €
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CP(0). For any k, ¢ o gr o ¢~ is an element of Stabg (0) N Stabg (o), that is, it is of the

form
1 0 x
0 A vy
0 0
But
1 0 %
0 1 =x
0 0
acts trivially in restriction to C# (0), and
1 0 0
Ak =10 )\k 0
0 0 1

therefore satisfies

-1
gk|cﬂ(x)= ¢k oAgo ¢|cﬂ(x)-
The following commutative diagram summarizes the situation.

CP(0) ¢—5— CP) ¢—— FF () —= F(D)

lAk lgk l)/k 7 lf "k (72)

CP(0) +5— CPlu) 45— FP(a) — FP@)

The action of A; € G on CP(0) is conjugated to the action of the projective trans-
formations [(1) Aok ] € PGL,(R) on RP', that is, to the action of the homotheties of ratio
Ax on R U {oo}. By this conjugation, o corresponds to 0, 0% corresponds to oo, and
0" =¢(x7) eCPo)\ {0, 0"} corresponds to a non-zero point of R. Fact 7.5 implies that
Ap(07) =i (x; ) € CP (o) stays bounded away from o (since ¢y € SO(3)), and therefore
that Ax is bounded away from 0.

On the other hand, endowing M with the pullback of the Riemannian metric of M,
diagram (7.2) implies limkﬂ+oo||D);(ykf~”k)|Eﬂ(i)||A~4 = 0 (since (M) acts by isome-
tries). Fixing any Riemannian metric on X, as (%) is relatively compact we also have
lim||Dy gk | g (x)Ix = 0, and since (¢x) and (xx) are relatively compact as well, we finally
obtain lim||Dy Ax|gs () Ix = 0.

This contradicts the fact that Ay is bounded away from 0, and this contradiction
concludes the proof of the lemma. O

Lemma 7.4 allows us to easily infer the path-lifting property in the «- and S-directions.

COROLLARY 7.6.
(1) Foranyx € (M), C*(x) N8(M) =C%(x)NY and CB(x) N (M) =CP(x)NY.
(2)  The paths in 8(M) in the a- and B-directions lift to M from any point.

Proof. We only present proofs of the statements for the «-direction, the case of the
B-direction being formally the same.
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(1) Foranyx e M, denoting 8 (X) = x, we know that 3Y N C*(x) is equal to a single point
{x*} that satisfies C%(x) \ {x*} = C*(x) NY. Furthermore, S(FY(X)) = C¥(x) \
{x*} = C¥(x) N Y according to Lemma 7.4. As C%(x) N §(M) C Uggs-15)8 (F(¥))
= C%(x) N'Y, we finally obtain C*(x) N §(M) = C*(x) N Y.

(2) Together with Lemma 7.4, we finally have § (F(X)) = C*(x) N §(M), for any x €
8(M) and ¥ € 5~ '(x). According to Remark 7.3, this proves that any path starting
from x in the a-direction lifts to M from X. O

The accessibility property of Lagrangian contact structures allows us to deduce the
following.

COROLLARY 7.7. The developing map is surjective: (M) =Y.

Proof. Let x be a point of the non-empty subset § (M), and let y be any point in Y.
Restricting the Lagrangian contact structure £x = (£%, £F) of X to the connected open
subset Y, [Sus73, Theorem 4.1] implies the existence of a finite number x = x1, ..., x, =
y of points of ¥ such that foranyi =1,...,n— 1,xj4+1 € C*(x;) NY orx;1| € CP(xp) N
Y. Applying the first statement of Corollary 7.6, we deduce by a direct finite recurrence
that for any i, x; € 8(M), sothatyeS(M). O

We finally prove that the central paths also lift, by a specific method for each model.

LEMMA 7.8. In the case of Yy, any central path starting at any point x € Yy lifts in M from
any point ¥ € §~(x).

Proof. Let us recall that Hy = [ 2™ 9] = Aut(¥1, S) and of = ([1,0, 1], [(1, 0, 1),
er]) € Y;. Since

1 0 O

Z=10 1 0

0 0 -2
is central in by, the Killing field Z" of S; associated with Z is H-invariant. As &l (o) =
RZT (o) (see §4.2.2) and £ is Hg-invariant as well, ZT actually generates the transverse
distribution on Y;. At any point x € Y;, we thus have .7-"f (x) =exp(RZ) - x. Now, as the
holonomy group o (mr1(M)) is contained in Hy according to Proposition 6.5, it leaves
Z" invariant, and the pullback X := §*Z7 is thus preserved by the fundamental group
71 (M). This allows us to push X down on M, to a Killing field X generating the central
direction E€. As M is compact, X is a complete vector field, and as my;: M — M is
a covering map, the pullback 75, X = X is also complete, implying that for any ¥ € M,
the central leaf at ¥ is simply the integral curve of X = §*Z" at . For any x € ¥; and
% € 871 (x) (which is non-empty because S(M) =Y, according to Corollary 7.7) we thus
have §(F¢(¥)) = {S(go%(i)) |t € R} =exp(RZ) - x = F{(x). This completes the proof
of the lemma according to Remark 7.3. O

LEMMA 7.9. In the case of Y4, any central path starting at any point x € Y, lifts in M
from any point ¥ € 81 (x).
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Proof. Let us first emphasize that the argument used in the previous lemma for the case
of Y; does not work here, because the centre of b, is trivial.

We identify Y, with R3 through (x, v, z) € R3 — ([x, v, 11, [(x, y, 1), (z, 1, 0)]) € Ya,
and we consider the following vector fields of ¥, in these global coordinates:

Xx,y,2)=e3, XP(x,y,2)=(21,0), X°(x,y,2) =e;.

These vector fields are complete and generate the enhanced Lagrangian contact structure
Sa = (%, EP, &) on Y, (see §4.2.3). Since the paths tangent to the «- and S-distributions
entirely lift to M according to Corollary 7.6, we deduce that the pullbacks X% = §* X
and X# = §*X# are complete as well. We can furthermore realize the flow of the central
vector field X¢ by o — B curves through the following equalities:

— — 2
{")xé © $xi © Py © Yo (¥) = X + 1701 = pie(x),

¢l 0 0t 0 93} 0 Pl (1) = x — 12e1 = o1 (x).

The same equalities are thus true for the pullbacks X @, X B, and X¢ =8*X ¢ and since
the flows of X% and X? are defined for all times, these equalities show that X¢ is also
complete. The completeness of X¢ allows us to lift any central path of Y, from any point
of M, and concludes the proof of the lemma. O

End of the proof of Proposition 7.1. According to Corollary 7.6 and Lemmas 7.8 and 7.9,
the local diffeomorphism § satisfies the path-lifting property on Y in the «, §, and central
directions, and is thus a covering map from M to Y according to Lemma 7.2. O

8. Conclusion

8.1. End of the proof of Theorem B. The work that has been done so far tells us that for
one of two models, (H, 7Y, Sy) = (Hy, Y, St) or (Ha, Ya, Sa), M is a (H, Y)-manifold
whose developing map §: M—Yisa covering map satisfying §*Sy = S. With this
information, we will complete the proof of Theorem B. We will use the link between the
geometrical and algebraic point of views on the models (Yt, S¢) and (Ya, Sa), explained in
§8§4.1 and 4.2.

8.1.1. Case of (Yq, Sq). We first assume that (M, S) is locally isomorphic to (Ya, Sa).
Since Y, is simply connected (because it is homeomorphic to Heis(3)), the covering map
8: M — Y, is actually a diffeomorphism in this case. Since the developing map conjugates
the action of 7;(M) on M to the action of the holonomy group I' = p(1(M)) C H,
on Y,, we can assume without loss of generality that M is a compact quotient I'\Y,,
with I' a discrete subgroup of H, acting freely, properly, and cocompactly. Since f is an
automorphism of (M, S), we moreover deduce from Proposition 6.4 that f € Norg, (I').

We saw in §4.2.3 that the identification between Heis(3) and Y, given by the orbital map
at 0, conjugates the action of H, on Y, and the action of the semi-direct product Heis(3) x
A of affine automorphisms of Heis(3), preserving its left-invariant structure. We can thus
assume that M is a quotient I'\Heis(3), with I" a discrete subgroup of Heis(3) x A acting
freely, properly, and cocompactly on Heis(3), and that f € Norgeis3)x.4 ().
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Denoting

S = =
—_ < N

1
[x,y,z1=10
0

the identification [x, y, z] € Heis(3) — (x, y, z) € R3 of Heis(3) with R3 is equivariant
for the following injective morphism from Heis(3) x A to the affine transformations of

R3:
A0 0 X
O: ([x, y,zl, ¢ap) €HeisG) x A [0 0 |+ |y|eAff(R?).
0 ux Ap Z

M is thus diffeomorphic to the quotient A\R?, where A := ©(T") is a discrete subgroup
of affine transformations of R? contained in S := ® (Heis(3) x .A), acting freely, properly,
and cocompactly on R3. Since S is solvable (because Heis(3) x A ~ Py, is), the work
of Fried and Goldmann in [FG83] (more precisely, Theorem 1.4, Corollary 1.5, and §§3
and 4 of this paper) implies the existence of a so-called crystallographic hull C of A. This
group C is a closed subgroup of S containing A, whose identity component C satisfies
the following assumptions: A N C° has finite index in A and is cocompact in C%; C? acts
simply transitively on R?; and C? is isomorphic to R>, Heis(3), or Sol. One can easily
check that S does not contain any subgroup isomorphic to R3, that the subgroups of §
isomorphic to Sol do not act simply transitively on R3, and that ® (Heis(3)) is the only
subgroup of § isomorphic to Heis(3). Finally, CYis equal to ®(Heis(3)), and therefore
A N ®(Heis(3)) has finite index in A and is cocompact in ® (Heis(3)). As a consequence,
o := I' N Heis(3) has finite index in I" and is a cocompact lattice of Heis(3).

As morphism p: (g, ¢) € Heis(3) x A +— ¢ € A has a kernel equal to Heis(3), '/ Ty
is isomorphic to p(I') C A. But A is isomorphic to (R*)%, and a finite subgroup of
A is thus contained in the subgroup {¢+1+1} of cardinal four, implying that I'g is a
subgroup of I" of index at most four. As (g, ¢) € Norgeis3)x.4(I"), we have go(To)g™!
[o, and the affine automorphism x — g¢(x) therefore induces a diffeomorphism f
of M = I'p\Heis(3) through f(x[‘o) = g@(x)Ty. The canonical projection 7 : M =
I'o\Heis(3) - M = I'\Heis(3) is a covering of finite order equal to the index of ['p in
T, and we have % o f = f o 7.

It only remains to show that A < 1 and u > 1, or, on the contrary, to conclude that f is
a partially hyperbolic affine automorphism of Heis(3). Let us assume by contradiction
that A < 1 and p < 1. Choosing a left-invariant volume form v on Heis(3), we have
(De@)*v)e = Azuzve, and v induces a volume form 7 on M = I'op\Heis(3) such that
f *D = A%2u’D, because L ¢ preserves v. As f is a diffeomorphism of the compact manifold
M, we musthave [, b = [,; f*D = 2%u? [}; D, which is a contradiction because [}; D #
0 and 222 < 1. The same argument shows that we cannot have A > 1 and p > 1 either,
which completes the proof of Theorem B in the case of the local model (Y, Sa).

8.1.2. Case of (Y;, S). We now assume that S is locally isomorphic to (Yi, Sp).
Identifying Y; with SL; (R) as explained in §4.2.2, we can lift the developing map 6: M —
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Y; to a map §: M — §f,2 (R) through the universal cover morphism 7sy,(R): §I:2(R) —
SLy(R). As 8 is a covering map according to Proposition 7.1, & is a diffeomorphism
because §I:2(]R) is simply connected. As M is supposed to be orientable, mi(M)
preserves its orientation, implying that the holonomy group p(w1(M)) is contained in
the subgroup H;" = GL;(R) of elements of positive determinant. We saw in §4.2.2
that the diffeomorphism 6,, o ¢: SL»(R) — Y; conjugates the action of GL+(]R) on Y;
and the action of SLy(R) x A on SLy(R). As msi,(r) is equivariant for the prOJectlon
SLQ(R) x A — SLy(R) x A, we finally conclude that the d1ffe0m0rphlsm §: M —
SLZ(R) is equlvarlant for a morphlsm o:m (M) — SLZ(R) x A. We can thus assume
that M is a quotient F\SLQ(R), with T a discrete subgroup of SLy(R) x A acting freely,
properly, and cocompactly on SL, (R). Possibly replacing f by f2, we can assume that f
preserves the orientation of M, and Proposition 6.4 then implies that f = L, o Ry with
(g,a") € NorSLz(R)XA(F)

Denotmg by I SL, R) x A — SL, (R) the projection on the first factor, and with
I[o=r@)C SL2 (R), we now prove the following result.

FACT 8.1. T is a cocompact lattice of §I:2 (R), and T is the graph-group gr(ii, To) of a
morphismu: T — A.

Proof. Choosing a generator z of the centre Z of §I:2(R), the finiteness of the level
proved by Salein in [Sal99, Theorem 3.3.2.3] implies the existence of a non-zero
integer k € N* such that I' N (Z x {e}) = ((z¥, e)). We will denote by (g) the group
generated by an element g, and we introduce the group PSLgk) R) = éiz (R)/(z*) and
denote by pi: §]:2 R) — PSLgk) (R) its universal cover. Then, denoting Ay = pi (A) and
Iy = (pr X pk)(f“) < PSL;k)(R) X Ay, pi induces a diffeomorphism py : f‘\ﬁ,z(R) —
Fk\PSLgO (R) (because Ker py = (z¥) and (z, e) € T), implying in particular that I'y acts
freely, properly, and cocompactly on PSL(k) R).

We can now apply the work of Kulkarnl and Raymond in [KR85] to I'y. We denote
by m: SL2 (R) — PSL,(R) the universal cover morphism of PSL,(R) (of kernel Z) and
by my: PSLé )(R) — PSL,(R) the induced k-fold covering by PSL;k) (R). Then, with
I = (7 x 7)(I') and Ty = r1(I') < PSLa(R) the projection on the first factor, the form
[Thol4, Lemma 4.3.1] of Kulkarni and Raymond’s results proved by Tholozan implies
that I'g is a cocompact lattice of PSL;(R), and that 74 o r1|r, is injective.

The first assertion ensures that fo is discrete in §I:2(R) The second implies that

= gr(u, I'g) is the graph- group of a morphism u: ' > A = 7(A). Since rilp is
also mjectlve this implies that T" is the graph of a morphism ii: 'y — A, trivial on

F() nZz.
Since ZNTy = (z) is finite, the projection fo\ﬁz(R) — I'p\PSL>(R) has finite
fibres, implying that I is a cocompact lattice as T'o\PSL,(R) is compact. O

The projection I'g = 7(I"y) is a cocompact lattice of PSL,(R) according to the proof
of Fact 8.1, and I'g\ Norpsp,®)(I'o) is thus finite. Therefore, I'p\ Norﬁz(R)(Fo) is finite
as well, since the projection I'g\ NOrgiz(R)(Fo) — T'g\ Norpsp,®r)(I'g) has finite fibres
(Z’ N Ty = (ZX) is finite according to the finiteness of the level).
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Recall that f = Lg o Ry, where (g,a") € Norgy, L (R)x A(F) Therefore, g € Norgy ®
(T'o), and since Fo\ NorSL (R)(Fo) is finite, there exists n € N* such that y = g" € Io.
Denoting a := a"ii(y)~!, we have f" = L, o Ryn = Ry 0 (L o Ri(y)). But L, o Ry,
acts trivially on the quotient F\SLQ ®), and therefore f = R, is a non-zero time-map of
the algebraic contact-Anosov flow (R,/) on F\SLZ (R).

Let us underline that (R,+) is indeed Anosov, because the work of Zeghib in [Zeg96,
Proposition 4.2, p. 868] proves that (R,/) is quasi-Anosov with the definition of Maiié,
and Maiié proves in [Mafi77, Theorem A] that three-dimensional quasi-Anosov flows are
Anosov.

This concludes the proof of Theorem B in the case where S is locally isomorphic to
(Y, St), and thus concludes its whole proof.

8.2. Proof of Theorem A. Theorem B directly implies Theorem A stated in the
introduction thanks to an argument of Brin. More precisely, we obtain the following
refined version of Theorem A, where no domination is required on the central direc-
tion, and where the two remaining directions can a priori be both contracted or both
expanded.

COROLLARY 8.2. Let M be a closed, connected, and orientable three-dimensional
manifold, endowed with a smooth splitting TM = E® & EP @& E€ such that E* ® EP is
a contact distribution. Let f be a diffeomorphism of M that preserves this splitting, such
that:

e each of the distributions E* and EP is either uniformly contracted or uniformly

expanded by f; and

o« NW(f)=

Then the conclusions of Theorem A hold. In particular, f is a partially hyperbolic
diffeomorphism.

Proof. Since E® @ EP is contact and M is connected, any two points of M are linked
by the concatenation of a finite number of paths, tangent either to E* or to Ef (this is,
for example, a consequence of the work of Sussmann in [Sus73, Theorem 4.1]). In other
words, the pair (F*, FP) of foliations associated with (E%, E?) is topologically transitive
in the terminology of Brin in [Bri75]. Our hypothesis of uniform contraction or expansion
of the distributions E% and E# directly implies that ¢ and F# are uniformly contracted
or expanded in the terminology of [Bri75]. Since NW(f) = M by hypothesis, [Bri7s,
Theorem 1.1] implies that f is topologically transitive. In fact, although Brin states his
result assuming that one of the distributions is contracted and the other one expanded, it
is easy to see that his proof does in fact not use this assumption, and that the same proof
works if both distributions are expanded or both are contracted.

We are now under the hypotheses of Theorem B, and its conclusions hold. [
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