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We consider the method of moments estimation of a structural equation in a panel
dynamic simultaneous equations model under different sample size combinations
of cross-sectional dimension, N, and time series dimension, 7. Two types of lin-
ear transformation to remove the individual-specific effects from the model, first
difference and forward orthogonal demeaning, are considered. We show that the
Alvarez and Arellano (2003) type GMM estimator under both transformations is
consistent only if % — 0 as (N, T) — oo. However, it is asymptotically biased if
TW} — k#0 <00 as (N,T) — oo. Since the validity of statistical inference de-
pends critically on whether an estimator is asymptotically unbiased, we suggest a
jackknife bias reduction method and derive its limiting distribution. Monte Carlo
studies are conducted to demonstrate the importance of using an asymptotically un-
biased estimator to obtain valid statistical inference.

1. INTRODUCTION

Cognitive inertia in human behavior, as well as institutional and technological
rigidities have led many to believe that, “all interesting economic behavior is in-
herently dynamic, dynamic models are the only relevant models” (Nerlove, 2000).
However, the presence of time-invariant unobservable individual-specific effects
in panel dynamic models creates correlations between all current, past and future
jointly dependent variables. For a linear regression model, the individual-specific
effects impact the outcomes linearly, and they can be removed from the speci-
fication by taking linear differences of individual time series observations (e.g.,
Anderson and Hsiao, 1981, 1982; Arellano and Bond, 1991; Arellano and Bover,
1995). How this linear transformation is conducted does not affect the asymptotic
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distribution of an estimator if the regressors are strictly exogenous with respect
to the idiosyncratic time-varying equation errors (e.g., Hsiao, 2014). But for a
dynamic model, different forms of linear transformations create different forms
of correlations between the transformed lag-dependent variables and the trans-
formed individual time-varying errors of the equation. How this correlation af-
fects the asymptotic distribution of a panel dynamic model estimator depends on
the relative size of the cross-sectional dimension N and the time series dimen-
sion T (e.g., Phillips and Moon, 1999; Hahn and Kuersteiner, 2002; Alvarez and
Arellano, 2003; Hahn and Newey, 2004; Akashi and Kunitomo, 2012).

For panel dynamic simultaneous equations models, there is another source of
correlation, namely the correlation between the regressors in a behavioral equa-
tion with the error of the equation due to joint dependence (e.g., Hood and
Koopmans, 1953). The asymptotic bias of the conventional method of moments
estimators arising from the correlations between the contemporary regressors and
contemporary errors is not easily removed by using the lagged variables as instru-
ment variables (IVs). For example, Akashi and Kunitomo (2012) have shown that
if T increases with N and % — c#0as (N,T)— oo, then the GMM estimator
for the panel dynamic simultaneous equations model is not even consistent.

Although consistency is one of the most important and desirable properties
for an estimator, whether an estimator is asymptotically unbiased also plays a
critical role in obtaining valid statistical inference (e.g., Hsiao and Zhang, 2015;
Hsiao and Zhou, 2015). In this paper, we first consider the asymptotic properties
of GMM estimation for a structural equation in a panel dynamic simultaneous
equations model. We show that for a GMM estimator to be consistent, we will

need N much larger than 7 in the sense % — 0 as (N,T) » oo. However, as

long as %3 - Kk#0<ooas (N, T)— oo, the GMM estimator is still asymptoti-
cally biased and the bias is of order \/x. Since the validity of statistical inference
depends critically on whether an estimator is asymptotically unbiased or not, we
suggest a jackknife procedure (e.g., Phillips and Hale, 1977; Angrist, Imbens, and
Krueger, 1999; Chao, Swanson, Hausman, Newey, and Woutersen, 2012) to cor-
rect the bias of GMM. We show that under the assumption that (N, 7)) — oo with
%3 — Kk #0 < 00, the JIVE is asymptotically normal without asymptotic bias.

The paper is organized as follows. In Section 2 we introduce a simple panel dy-
namic simultaneous equations model and two transformations that are often used
to eliminate the individual-specific effects in the dynamic simultaneous equations
model, and discuss their valid instrumental variables (IVs). Section 3 investigates
the asymptotics of the GMM estimator based on the IVs in Section 2. In Section 4
we propose JIVE and derive its asymptotic properties. Finite sample properties of
the GMM estimator and JIVE using Monte Carlo simulations are investigated in
Section 5. Section 6 concludes the paper. All mathematical proofs and derivations
are presented in the appendix.

Throughout this paper, we use (N, 7)) — oo to denote that both N and 7 jointly
go to infinity, “—,” and “— 4 to denote convergence in probability and in dis-
tribution, respectively.
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2. MODEL

We consider the statistical properties of the GMM estimator of a parametrically
identified equation in a panel dynamic simultaneous equations model. Since it
is the joint dependence of a G x 1 vector y;; and the dependence between y;;
and y;s (f # s) that impact the asymptotic distribution of an estimator, not the
fixed dimension strictly exogenous explanatory variables, x;;,2 there is no loss of
generality to consider the following two equations system (G = 2)3

Y1it =YV1,ir—1+ By2,ic + o1 +uy i, 1@
Yo2,it = V21V1,it—1 FY22Y2,it—1 Qi +uz i, i =1,...,N,t =1,...,T.

For ease of notation, we also assume y;o = (yl,io, y2,i0)/ are observable. Follow-
ing the limited information approach of Anderson and Rubin (1949), there is no
loss of generality to consider the estimation of the first equation in system (1),
5 and 7.

The reduced form of (1) is

Yie =y 1+ & +vir, 2)

where y;; = (y1,it,y2,it)/, Yit—1 = (yl,it—l,y2,it—l)/ and

B— (1_B>,H= (anz) =B_1( v 0 ): (7+5721 ﬁ%z)’ 3)
01 Tl 722 Y21 V22 Y21 Y22
Cpel .m0 o=l ol (Ui \ _ Ui+ Ui
& =B"'a; =B (%),v,,_B u; =B (uz’”)_< o i > )]
with
E (Vi) =0,E (vitv},) = Q =B7'E (w;u},) B~ =B, B (5)

For model (1), we assume
Assumption 1. {u;,} are i.i.d. over i and ¢, and are independent of «; and y;o.
2
ag (o) . .
We also assume that E (u;;) =0, E (u,-,u:-,) =Q, = u,1 u2,12 with finite
Ou21 0y
eighth moment.

Assumption 2. All eigenvalues of II are within the unit circle.

Assumption 3. The initial values y;o = (I2 —1'[)_1 g +wipfori=1,...,N,
where w;g = Y72 II°v; _ is independent of &;.

Assumption 4. o; (or ;) are independent of u;; for all i, j,t and with finite
fourth moment.

Assumption 1 is made to simplify the derivation. It can be replaced by het-
eroskedastic u;; or u;; following a finite order autoregressive process without
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affecting the general conclusions of the asymptotic distribution of the Alvarez
and Arellano (2003) type GMM estimator to be discussed later. Assumption 2 is
a stationarity assumption on the VAR model (2). Assumption 3 actually follows
from Assumptions 1 and 2 through continuous substitution of (2). It is explic-
itly stated here for ease of exposition in later sections, as in Alvarez and Arellano
(2003, p. 1126) and Akashi and Kunitomo (2012, p. 169). Assumption 4 makes no
distinction between the fixed or random effects specification because we consider
estimators that remove o; (or ;).

For model (1), as discussed by Hsiao (2014) and Moon, Perron, and Phillips
(2015), the presence of individual-specific effects «; raises the issue of inciden-
tal parameters for dynamic systems, and certain linear transformations have to be
used to remove the individual-specific effects. We consider two transformations
that are most frequently used in applications: (i) the forward orthogonal demean-
ing (FOD) in Arellano and Bover (1995), Alvarez and Arellano (2003), etc. and
(i1) the first difference as in Anderson and Hsiao (1981, 1982), Arellano and Bond

(1991), etc.

The FOD transformation is defined as, for r = 1,...,7 — 1, let yi]: =
¢ (yit - ﬁZST:,Hyis), yif,_l =c (yiz—l —ﬁzzz,+1yis—1), and uzft =
¢ (uit — ﬁstth uis) , where ¢? = Tit_frl . Then, for the first equation of (1),
we have

f f f oo A
Yiit = VVir—1 +6y2,it+u1,it, i=1,...,N;t=1,...,T—1. (6)

The FOD transformation creates errors that satisfy
f 12 2
E (”1,;’:) =0, E (”1,;’:) =Ou,1>
E(u{itulfis) =0ifr #s;E(ulfitu{js) =0ifi #j,

as shown by Alvarez and Bover (1995) (also see Alvarez and Arellano, 2003 or
Hsiao and Zhou, 2017).
Notice that although u{ ;s is i.i.d. over i and ¢, it is correlated with the trans-

formed regressors, yzfl-t and ylfi ,_1- However, for 0 < s <t —1, we have
E (yiisul,) =0, E (vaisul ) =0.
Let
/
Zii—1 = (¥1,i0, Y2,i0, -, YLit—1, Y2,it—1) » )

then z; ;— are orthogonal to the transformed error u{ ;; in (6). Also, under As-

sumption 2, z; ;1 are correlated with the transformed regressors yzf, ;; and ylfi, 1

As aresult, we consider z; ;1 in (7) as IVs for model (6).
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An alternative transformation widely used in practice is to take the first time dif-
ference (FD) (e.g., Anderson and Hsiao, 1981, 1982; Arellano and Bond, 1991).
Denote A to be the first difference of time series, such that Ay;; = yi; — yis—1.
Then, the first equation of (1) becomes

Ayl,if Z'YAyl,it—l+6A)’2,it+Aul,ita l: 1""9N9t :25"'5T' (8)

The transformed error, Auy j;, follows a first order moving average process. How-
ever, for 0 < s <t —2, we have

E (y1,isAurit) =0, E (y2,isAuiir) =0.

From this, we choose

/
Zii—2 = (V1,05 Y2,i0, - -5 Y1,it—2, Y2,it—2) » )]

as legitimate IVs for model (8).

The difference between FOD and FD is that the error in (6) is i.i.d over i
and ¢, but the error in (8) follows a first order moving average process. Fur-
thermore, (6) uses (yl,,-o,yz,,-o, ... ,yl,,-,_l,yz,,-,_l) as instruments and (8) uses
(¥1,i05 ¥2,05 - - -» Y1,i1—2, ¥2,i1—2) as instruments.

We will show that the Alvarez and Arellano (2003) type GMM estimator using
the FOD or FD transformation is inconsistent if % —c#0as N > oo. Itis

consistent if % — 0as (N, T) — oo. However, it is asymptotically biased if*
T3
W—>n7é0<ooas(N,T)—>oo. (10)

We will also propose a JIVE that is asymptotically unbiased under condition (10).

3. GMM ESTIMATORS AND THEIR ASYMPTOTICS

Based on the instrument sets (7) and (9), we consider two types of GMM estima-
tors for the first equation of model (1). The first one is the GMM estimator based
on the FOD of model (6) (Alvarez and Arellano, 2003; Akashi and Kunitomo,
2012)

T-1
~FOD 7 f
Ocmm = (Z Y., tPf—lYt—Lt) 2 Yt 1. Pi— 1y1 e 1)

t=1

1

where 6 = (v,8), Y/, = (ylf, 1,yzt) andPt =2 (Z,_Zi—1) Z,_,

with Z;—1 = (¥1,0,¥2,0,---»¥1,i=1,Y2,1—1) an

f f f bof f Y
Yii—1= (yl,lt—l""’yl,Nt—l) Y2 = (y2,lt"“’y2,Nt) )

Yii—-1= (yl,lt—l» o ;yl,Nt—l)/»yZ,t—l = (y2,lt—1» o ,yz,Nt—l)/-
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The asymptotic distribution of the GMM based on the FD in model (8) is dif-
ficult to derive because it involves the inverse of a (T — 1) x (T — 1) covariance
matrix of a first order moving average process. Therefore, instead of considering
the Arellano-Bond type GMM estimator for the FD model (8), we consider the
Alvarez and Arellano (2003) “crude GMM estimator”,

T

—1

~FD r

OGMM = <2 AY;_L[PI—ZAYI—LI Z AY;_l.IPt—2Ay1,t, 12)
t=2 t=2

-1
where AY,_1, = (Ayi,-1,Ay2;) and Py = Z, 2 (Z,_,Z, ) Z]_,
with Z;_> = (¥1,0,¥2,0, .-, ¥1,1—2,¥2,1—2) and

Ayii—1 = (Ayiii-1,.. -,Ayl,Nt—l)/,
Ayt = Ayt Ayine)  Ayae = (Ayaie s Ayawe)

3.1. Asymptotics for GMM Estimator Based on FOD

Although (11) is of the same form as the single equation GMM estimator of
Alvarez and Arellano (2003), there is a fundamental difference between the two.
The single equation dynamic panel data model assumes all the regressors are ei-
ther predetermined or strictly exogenous (with respect to u;,). On the other hand,
the regressor for the single equation GMM estimator of (1) could also consist
of other joint dependent variables that are correlated with the error in the equa-
tion (here, y; ;; and uy ;). When T is fixed and N is large, both types of GMM
estimators are consistent and asymptotically normally distributed. When T is also
large, while % - c#0 <00 as (N,T) > oo, the single equation GMM es-
timator remains consistent but asymptotically biased of order /c (Alvarez and
Arellano, 2003). However, for the GMM estimator of panel dynamic simultane-
ous equations models, it is not even consistent if % —>c#0<o0as(N,T)— oo.
We need N to be much larger than 7 to obtain consistency for this GMM
estimator.

For the GMM estimator based on FOD (11), Section A.2 in the appendix shows
that

THEOREM 1. Under Assumptions 1-4 and the condition (10), the GMM esti-
mator (11) is consistent and asymptotically distributed as

INT (853 = 0) —a N (b, 02, (DTeD) ™), (13)
where

I _ _(p -1 0
b] = — (D'TyD) (%12) Jr, (14)
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denotes the asymptotic bias and

15722 = sp—1 1—1yys/
D={, ,Lo= )Y II'B~'Q,B 'Y,
22 s=0

with I1 and B are given in (3) and k is given in (10).

Remark 1. It follows from Theorem 1 that if x = 0, the FOD GMM estimator
~FOD ~FOD
01 18 asymptotically unbiased. However, if & # 0, the 8;,,,, is asymptoti-

cally biased of order % as given by (14). The order of bias is the same as in

that of Akashi and Kunitomo (2012). If % —c#0as (N,T) > oo, the GMM
estimator (11) is inconsistent, i.e.,

~FOD —1 0 T T
OGMM—OZ—(D/FOD) < )N+op(1):0p (ﬁ)

Ou,12

3.2. Asymptotics for Crude GMM Estimator Based on FD

For the crude GMM estimator (12), it is shown in Section A.3 of the appendix
that

THEOREM 2. Under Assumptions 1-4 and the restriction (10), the crude
GMM estimator (12) is asymptotically distributed as

INT (O —0) —>a N (b, 02, D! (b —11) "

x [rgl (I, =T+ (I, - 1T rgl} (I, —11)~! D“) :

15)
where b3 = [/ (I, — ) Ty (I — 1) D] ' by,
_ 2
bo:_[D/(ou,ﬁﬂou,lz)_( 0 )}ﬁ (16)
Ou21 204,21

and D, 11, and Ty are defined in Theorem 1.

Remark 2. As in the FOD case, the crude GMM estimator (12) is inconsis-
3
tent when . — ¢ #0. Evenif & — 0as (N, T) — oo with L= - £ #£0, itis

. . 3
asymptotically biased of order TW
Remark 3. We are not able to compare the asymptotic mean square error of the
estimator (11) based on FOD and the estimator (12) based on FD, because neither
do they have identical asymptotic bias, nor is the comparison of their asymptotic
variance-covariance matrix easily derivable. However, we note that both (11) and

(12) use an identical number of moment conditions and almost identical IVs, but
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the estimator (11) is a GMM while the estimator (12) is not. We expect the dif-
ference of the asymptotic covariance matrix of (11) and that of (12) to be a non-
positive definite matrix. The simulations reported in Section 5 also show that the
iqr (inter-quantile range) of GMM based on FOD is much smaller than that of the
crude GMM based on FD. Thus, for models of the form (1), we conjecture that
the GMM based on FOD is more efficient than the crude GMM based on FD.

Remark 4. As noted by a referee, the GMM estimator of the reduced form
parameters, I1, is consistent if % —->c#0< % as N — oo by a straightforward
generalization of Alvarez and Arellano (2003). However, the structural form pa-
rameters could be ratios of the reduced form parameters (e.g., here g = Z;)
Moreover, if a structural equation is over-identified, there is an issue of account-
ing for the complicated nonlinear restrictions in obtaining efficient estimators of
structural form parameters (e.g., Intriligator, Bodkin, and Hsiao, 1996). These is-

sues are complicated and deserve an independent study.

4. JIVE AND ITS ASYMPTOTICS

We note that the GMM estimator (11) or (12) can also be viewed as finding
optimal instruments W;; or Wi, that satisfy E (Witu{ ’i,) = 0 and

E (Wl-,Auljit) = 0. In sample analogue, we have

1 T—1 N 7
_— W; . =0 17
N(T— 1) t; lgl ltul,lf ) ( )
or

1 N

=0 18

N(T_l)tgzlgl it ul,zt P (18)
where

Mz

—1
Wi =2, (Z;_,Z,) [ Zji— lyjfz 1]

I
-

J

Mz

< -1
Wi =2}, (Z)_174—2) [ zZji—2AY;

J

with y/1_ = (v mio 9L, ) and AY) = (Avii-1, Ay ,-,)

Under the assumption that u;; are i.i.d over i, and ¢, so are u/ therefore,

it

N :
< 2 ij—lyjf,;—1> ulf,it] =E (zit_lyl{;—lulf,it) #0, 19)

j=1
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or

N
E [( Z th—2A}’},;_1> Auy i

j=1

=E (Zit—zA}’;,;_lAul,it) #0. (20)

Equation (19) or (20) is the source of asymptotic bias for the GMM estima-
tor (11) or (12). However, if we remove the ith individual’s observation in the
construction of W;; or W;;, so

N
* -1 fr
Wi :z;t—l (Z;_1Z,_1) lzzjf—lyj,t—ll >

i

~ —1 N

Wi =2, 5 (Z; 2Zi2)" | X 2128, |, (21)
i

then

E(W;‘,u{“) —0orE (Vv;;Aul,it) = 0. 22)

Thus, using W7, or W;‘, as I'V removes the source of asymptotic bias. That is how
JIVE corrects the asymptotic bias of GMM estimator.

4.1. JIVE Based on FOD
The JIVE for (11) is defined as

FOD T—1[ N i » ; -1
BJIVE = <Z lz z (yi,t—l~tz;t—l) (Z;—IZI—I) zjt—l)’jjt-].t])

1 Lj=ti#j

T

M=

-1
X l Z (yi]:t/—l-tzét—l) (Z;—lzf—l) ij—ly{,jt‘| , (23)
1 | j=li#j

1 J

f f f f f f
where Yit—14= (yl,iz—l»yz,iz) and Yit—14= (yl,jt—l’yZ,jt)'

Remark 5. When T — 1 = 1, the above JIVE (23) is identical to the JIVE2
proposed in Angrist et al. (1999, p. 61) for cross-sectional models.

For this JIVE (23), Section A.4 of the appendix establishes the following re-
sults.

THEOREM 3. Under Assumptions 1—4 and the restriction (10), the JIVE (23)
is asymptotically distributed as

VNT (éf,ov[; ~6) >4 N (0,02, D7'T5'D 1), (24)

where D, 11, and Ty are defined in Theorem 1.
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Remark 6. As can be seen from (24), JIVE of (1) using FOD is asymptotically
unbiased. Additionally, JIVE is as efficient as the original GMM estimator (11),
i.e., there is no efficiency loss for JIVE.®

Remark 7. As pointed out by a referee, the purpose of JIVE here is to construct
an instrument for observation (i, ¢) which does not involve any observation depen-
dent on the same (i, t) . If there is spatial-temporal dependence in the observation,
then the bias reduction property of JIVE would vanish or diminish.”

Remark 8. As noted by a referee, one of the advantages of JIVE is its ability
to handle heteroskedastic disturbance. This is indeed the case because the con-
struction of JIVE for the (i,7) observation excludes the use of i-th individual
observations. However, the asymptotic covariance matrix of the JIVE estimator
no longer possesses the neat form as in (24).8

Standard Error Computation

Under Assumption 1 of homoskedasticity, given that JIVE estimators are con-
sistent and asymptotically unbiased, a consistent estimator for the variance of
~FOD .
0, vE= (6“VE,7“VE) can be obtained by replacing ou 1» D and T'g in (24)

by their estimates 62 D and 'y, respectively. Let

u,l°

)

o 1= (’21 z) >

! NT = /5 l

, | T=1 N F 2 | T=1 N P

au,z_ﬁ Z(u2 ) and &y, 12—N—22 ith2,ir>
h t=1i=1

s Af S AFOD f ~FOD . f ~f _ f 2 f
with Uy e = Vit = BIIVEYaie = VIIVELji— and i3 5 = 35 ;0 =215 5y —

A2 y{ ir—1 given the estimators of 21 and 722, we have

b <1511v5'yzz> ﬁ:<ﬁ11ﬁ12) <7510‘/%+5]1v57215wz)

0  Ax 1 722 Y21 Y22

A L N S PN VA
B= < HVE> o= I'B~'Q,B~'ITY,

by using the above estimators &3, 15 &5,2, and &y, 12.

4.2. JIVE Based on FD
For model (8) based on FD, we can define JIVE as

-1
~FD _
O1vE= (Z > DAYt (2274 2) 1th—ZAYj,t—l-t>

t=2j=1li#j

T N
X Z 2 Z Ayg,t—wz;t—z (Z;—zzt—Z)_l Zj1—2AY1, 1, (25)
(=2j=1i#j
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where Ay;—1.c = (Ay1,ir—1, Ayzir) and Ayj 1.0 = (Ayi ji—1, Aya,ji) -
For JIVE (25), the following result is shown in Section A.5 of the
appendix.

THEOREM 4. Under Assumptions 1-4 and the restriction (10), JIVE (25) is
asymptotically distributed as

INT (8)1y5—6) »a N (0,02, D! (b —11) "
x 105" (b =M+ (L -10) 15" | (L=~ D7),
(26)
where D, 11, and T are defined in Theorem 1.

Remark 9. As can be seen from (26), JIVE (25) indeed corrects the asymptotic
bias of the crude GMM estimator of (1) using FD, as long as T3/N < oo as
(N, T) — oo despite the number of instruments increasing with 7.

Standard Error Computation

The standard error computation for JIVE based on FD is similar to the case
where FOD is used. The only difference is in the estimation of 05’1, 0552 and
0,12, which relies on the residuals from the JIVE using FD. For instance, we

: 2 A2 1 1 T N ~ 2 -
can estimate o, | by 65 | = 3577 X/, XL (Adrir)” where Adiy i = Ay i —
551DVEA)’2,:‘1 — 'AyfIDVEAyl,,-,_l. Similar formulae apply for the estimation of 05,2
and o,,,12, and estimation of the remaining terms in (26).

5. MONTE CARLO SIMULATIONS

In this section, we study the finite sample properties of the GMM and JIVE esti-
mators discussed above. The data generating process (DGP) is

Y1it =YV1,ir—1+ By2,ir + 1 +u i,
V2.it =V21Y1,it—1 +Y22Y1,ir—1 + Q2. + U2, i,
withy=0.5, 6=0.5, 71 =02, y0 = 0.6.2 For the individual-specific effects,

we assume «,; ~ [IDN (0,1) and o, ~ IIDN (0,2) fori =1,2,...,N. For
the error terms, we assume that

ui,it 1 0.5
| ~IIDN (0, ,
(i) =110v (0[5
. / I .
fori =1,...,N,t =1,...,T. Also, (041,,-,042,,-) and (ul,,-,,uz,,-,) are inde-
pendent over i and . We consider different combinations of N,T by letting
N =1,000, 2,000 and 5,000, and T = 10, 25 and 50. We generate T + 100 obser-

vations, and the first 100 observations are discarded. The number of replications
is set at 1,000 times.
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We consider the GMM as well as JIVE proposed in the paper to estimate ~y
and 3 in the above DGP. For comparison, we also consider the LIML by Akashi
and Kunitomo (2012),'° and the regularized JIVE (RJIVE) suggested by Hansen
and Kozbur (2014)."" Because our simulated model is exactly identified, unique
estimates of 3 and « can be obtained from § = :—;2 and 4 = w1 — Bm1. We
also consider a referee’s suggestion by first estimating II by the GMM estima-
tion based on the reduced form using all available instruments, and then solving
for 8 and 7.12 To eliminate «;, we use both FOD and FD transformations. We
calculate the mean and bias of the estimates, iqr (inter-quantile range), and size
for tests based on these estimators. The estimation results are summarized in the
Tables 1-4.

Several interesting findings were observed from the simulation results. First,
we note that there is significant bias for GMM estimators of both v and 3 using
either FOD or FD transformation to eliminate the individual effects. Moreover,
the size is severely distorted for GMM estimators. On the other hand, for the
GMM based on the reduced form of the simultaneous equations models, the
GMM based on reduced form FOD appears to perform better in the exactly
identified case and has smaller size distortion than the GMM based on FOD or
FD (Tables 1-2). However, the GMM estimator based on the reduced form FD
still shows significant bias and distorted size (Tables 3—4). Second, for JIVE of
both v and (3, the bias is almost negligible in both FOD and FD cases, which
suggests that JIVE indeed corrects the bias of GMM estimators as desired.
Moreover, the actual test sizes for JIVE are very close to the nominal value
of 5% for both v and 3. In addition, it is apparent that the iqr (inter quantile
range) of JIVE estimators is quite close to the GMM estimators for large N. For
example, when N = 5,000 the iqr of JIVE for both v and [ are quite close to
the igr of GMM estimators in the simulation, which is evident from the fact that
JIVE does not inflate the variance as shown in the paper. Alternatively, for JIVE,
one can consider the regularized JIVE by Hansen and Kozbur (2014), which
is also found to be asymptotically unbiased and has correct size.'? Finally, for
the LIML suggested by Akashi and Kunitomo (2012), as shown in the tables,
it is indeed asymptotically unbiased for both v and 3 using either FOD or FD
transformation, and has correct size. This is because the LIML is asymptotically

biased of order 4/ %, while in our simulation, we have % — 0, which in turn
leads LIML to be asymptotically unbiased.'*

In sum, for comparison, we draw the empirical densities of «/NT ('Ay—'y)
and «/NT (B - ﬁ) in Figures 1 and 2, respectively, of the GMM estimators and

the JIVE using FOD and FD transformation for the DGP when N = 2,000 and
T = 25. It is clear that the empirical densities of JIVE and LIML estimators are
centered at zero and are normally distributed, while the empirical densities of
GMM estimators are not centered at zero. On the whole, the findings from the
simulation confirm our theoretical findings in the paper.
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TABLE 1. Simulation results of estimation of ~ based on FOD

N

1,000

2,000

5,000

JIVE LIML RIIVE

GMMR GMM

JIVE LIML RIIVE

GMMR GMM

LIML

GMMR

mean
10 bias
iqr
size

0.4569 0.5001
—0.0431 0.0001
0.0329 0.0389

0.4968 0.5001
—0.0032 0.0001
0.0368 0.0390

49%  5.3%

0.4775 0.5006
—0.0103 —0.0225 0.0006
0.0226  0.0253

0.4988 0.5006

—0.0012 0.0006

0.0240 0.0253
5% 5.4%

0.4911 0.5007
—0.0049 —0.0089 0.0007
0.0242  0.0166 0.0173

0.5000

0.0000

0.0167
4.3%

0.4984
—0.0016
0.0165
4.5%

mean

25 Bias
iqr

Size

0.4436  0.5004
—0.0564 0.0004 —0.0021 0.0004
0.0147 0.0188

0.4979 0.5004

0.0182 0.0188

55%  5.4%

0.4690 0.5002
—0.0052 —0.0310 0.0002
0.0169 0.0116 0.0130

0.4990 0.5002
—0.0010 0.0002

0.0130 0.0130

5.6% 5.7%

0.4868 0.5000
—0.0027 —0.0132 0.0000 —0.0005
0.0124  0.0070 0.0075

0.4995

0.0071
4.9%

0.4989
—0.0011
0.0072
5.3%

mean

50 Bias
iqr

size

0.4195 0.5001
—0.0805 0.0001
0.0082 0.0123

0.4980 0.5001
—0.0020 0.0001
0.0114 0.0123

54%  5.4%

0.4538 0.5001
—0.0042 —0.0462 0.0001
0.0102  0.0067 0.0080

0.4991 0.5001
—0.0009 0.0001

0.0079 0.0080

54%  4.7%

0.4980 0.4797 0.5000
—0.0020 —0.0203 0.0000 —0.0004
0.0076  0.0043 0.0047

0.4996

0.0047
4.9%

0.4992
—0.0008
0.0045
6%

Notes: 1. “mean”, “bias” and “iqr” refers to mean of estimates, mean bias of estimates and inter quantile range (75-25% quantile), respectively.

2. “GMM?” refers to GMM estimation, “JIVE” refers to jackknife instrumental variable estimation, “LIML” refers to the limited information
likelihood estimation of Akashi and Kunitomo (2012), “RJIVE” refers to the regularized JIVE of Hansen and Kozbur (2014), and “GMMR” refers
to GMM estimation based on the reduced form (2) using all available instruments.
3. size is calculated for Hy : v=0.5.
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TABLE 2. Simulation results of estimation of 3 based on FOD

N 1,000 2,000 5,000
T GMM JIVE LIML RIJIVE GMMR GMM JIVE LIML RIVE GMMR GMM JIVE LIML RIJIVE GMMR
mean 0.5823 0.4955 0.4961 0.4955 0.4759 0.5450 0.4982 0.4989 0.4982 0.4881 0.5189 0.4993 0.4995 0.4993 0.4950

10 bias 0.0823 —0.0045 —0.0039 —0.0045 —0.0241 0.0450 —0.0018 —0.0011 —0.0018 —0.0119 0.0189 —0.0007 —0.0005 —0.0007 —0.0050
igr 0.0645 0.0847 0.0869 0.0848 0.0793 0.0500 0.0567 0.0557 0.0568 0.0533 0.0296 0.0318 0.0318 0.0318 0.0296

size  39%

53% 51% 47%  6.7%

4.4%

46% 44%  58% 13.1%

5.3%

47%  53%  5.8%

mean 0.5975 0.4983 0.4984 0.4983 0.4934 0.5543 0.4995 0.4995 0.4995 0.4969 0.5231 0.4996 0.4997 0.4996 0.4985
25 bias 0.0975 —0.0017 —0.0016 —0.0017 —0.0066 0.0543 —0.0005 —0.0005 —0.0005 —0.0031 0.0231 —0.0004 —0.0003 —0.0004 —0.0015

igr 0.0240 0.0320 0.0320 0.0319 0.0286 0.0190 0.0224 0.0216 0.0223 0.0210 0.0124 0.0130 0.0130 0.0131

size 100%

48%  44%  4.7% 6.5%

4.5%

48%  45%  51% T13.4%

4.1%

0.0130
38  41%  4.6%

mean 0.6336 0.4999 0.5000 0.4999 0.4987 0.5771 0.4998 0.4997 0.4998 0.4988 0.5342 0.5001
50 bias 0.1336 —0.0001 0.0000 —0.0001 —0.0013 0.0771 —0.0002 —0.0003 —0.0002 —0.0012 0.0342 0.0001

0.5001
0.0001

0.5001 0.4997
0.0001 —0.0003

igr 0.0134 0.0198 0.0179 0.0199 0.0164 0.0103 0.0128 0.0124 0.0129 0.0116 0.0071 0.0078 0.0078 0.0078 0.0073

size 100%

4.7% 6.1% 48%  4.8%

4.8%

49%  48%  59% 100%

4.8%

5% 4.8% 5%

Notes: size is calculated for H : 5= 0.5. Also see notes of Table 1.
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TABLE 3. Simulation results of estimation of v based on FD

N

1,000

2,000

5,000

T GMM JIVE

LIML

RIIVE

GMMR

GMM JIVE LIML RJIVE GMMR GMM

JIVE

LIML

RIIVE

GMMR

mean 0.3863 0.5035
10 bias —0.1137 0.0035
igr  0.0409 0.0625
size  95% 5.1%

0.5006

0.0006

0.0515
4.8%

0.5035

0.0035

0.0626
5.4%

0.4151

—0.0849 —0.0632 0.0018 0.0002 0.0018 —0.0454 —0.0270
0.0480 0.0342 0.0425 0.0361 0.0424 0.0368

63.9%

0.4368 0.5018 0.5002 0.5018 0.4546 0.4730

B% 53% 5% 5.4%

43.1%

0.0216
38.1%

0.5007

0.0007

0.0239
5%

0.5004

0.0004

0.0219
5.3%

0.5007

0.0007

0.0239
5%

0.4812
—0.0188
0.0217
21.7%

mean 0.3087 0.5022
25 bias —0.1913 0.0022
igr - 0.0222 0.0433

size  100% 4.6%

0.5001

0.0001

0.0308
5.8%

0.5022

0.0022

0.0437
4.5%

0.3642 0.3855 0.5010 0.5003 0.5010 0.4246 0.4475

—0.1358 —0.1145 0.0010 0.0003 0.0010 —0.0754 —0.0525

0.0254 0.0168 0.0249 0.0201 0.0249 0.0193 0.0109

100%

100% 42% 43% 4.2%

100%

100%

0.5003

0.0003

0.0128
52%

0.5003

0.0003

0.0118
5.4%

0.5003

0.0003

0.0128
52%

0.4677
—0.0323
0.0116
95.8%

mean 0.2239 0.5008

50 bias —0.2761 0.0008
iqr  0.0127 0.0341
size  100% 5.6%

0.4999

0.5008

—0.0001 0.0008
0.0220 0.0342

5.2%

5.5%

0.2979 0.3208 0.5001 0.5002 0.5001 0.3822 0.4110

—0.2021 —0.1792 0.0001 0.0002 0.0001 —0.1178 —0.0890 —0.0001 —0.0001 —0.0001

0.4999

0.0169 0.0104 0.0188 0.0147 0.0001 0.0127 0.0070 0.0083

100%

100% 49% 4.4% 4.9%

100%

100%

5.5%

0.4999

0.0083
5.6%

0.4999

0.0083
5.5%

0.4476
—0.0524
0.0075
100%

Notes: size is calculated for Hy : y=0.5. Also see notes of Table 1.
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TABLE 4. Simulation results of estimation of 3 based on FD

N 1,000 2,000 5,000

T GMM JIVE LIML RIJIVE GMMR GMM JIVE LIML RIVE GMMR GMM JIVE LIML RIJIVE GMMR

mean 0.6839 0.4856 0.4919 0.4855 0.2719 0.6135 0.4931 0.4965 0.4931 0.3803 0.5551 0.4999 0.5005 0.4999 0.4523
10 bias 0.1839 —0.0144 —0.0081 —0.0145 —0.2281 0.1135 —0.0069 —0.0035 —0.0069 —0.1197 0.0551 —0.0001 0.0005 —0.0001 —0.0477
igr 0.0924 0.1731 0.1615 0.1732 0.1614 0.0700 0.1033 0.0907 0.1040 0.0924 0.0425 0.0503 0.0493 0.0503 0.0521
size 74% 54%  56% 52% 419% 579% 4.5% 48%  45% 385% 402% 45% 53% 45% 242%

mean 0.7597 0.4948 0.4987 0.4948 0.2174 0.6784 0.4978 0.4992 0.4978 0.3453 0.5918 0.4997 0.4998 0.4997 0.4337
25 bias 0.2597 —0.0052 —0.0013 —0.0052 —0.2826 0.1784 —0.0022 —0.0008 —0.0022 —0.1547 0.0918 —0.0003 —0.0002 —0.0003 —0.0663
igr 0.0389 0.1017 0.0876 0.1023 0.0918 0.0305 0.0539 0.0470 0.0541 0.0505 0.0212 0.0280 0.0260 0.0279 0.0247
size 100% 53% 59%  53% 99.7% 100% 5% 58%  51% 998% 100% 51%  4.9% 5% 96.5%

mean 0.8254 0.4985 0.5000 0.4986 0.1482 0.7484 0.4992 0.4990 0.4992 0.2941 0.6428 0.5003 0.5002 0.5003 0.4083
50 bias 0.3254 —0.0015 0.0000 —0.0014 —0.3518 0.2484 —0.0008 —0.0010 —0.0008 —0.2059 0.1428 0.0003 0.0002 0.0003 —0.0917
igr 0.0236 0.0877 0.0661 0.0879 0.0710 0.0179 0.0423 0.0378 0.0424 0.0360 0.0127 0.0207 0.0182 0.0208 0.0171
size 100% 51% 47%  51% 100% 100% 55%  53% 55% 100% 100% 53% 45%  53% 100%

Notes: size is calculated for Hjy : f= 0.5. Also see notes of Table 1.
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FIGURE 1. Empirical densities of GMM and JIVE estimators for ~/NT (‘y—fy) when
N =2,000 and T = 25.
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FIGURE 2. Empirical densities of GMM and JIVE estimators for ~/NT (B - 6) when
N =2,000 and T = 25.

https://doi.org/10.1017/50266466617000421 Published online by Cambridge University Press


https://doi.org/10.1017/S0266466617000421

1342 CHENG HSIAO AND QIANKUN ZHOU

6. CONCLUSION

In this paper we investigate the statistical properties of method of moments es-
timation for linear panel dynamic simultaneous equations models. When 7T is
fixed and N — oo, the GMM estimator is consistent and asymptotically nor-

mally distributed centering at the true value. However, when (N, T) — oo and

. . o T3
% — ¢ # 0 < 00, the GMM is inconsistent. Furthermore, if TW —> Kk#0<o0as

(N,T) — oo, then GMM is consistent, but it is asymptotically biased. To reduce
the bias of the GMM estimator, we consider JIVE and establish its asymptotics.
Monte Carlo simulations show that JIVE can successfully eliminate the asymp-
totic bias, hence allowing us to obtain valid statistical inference. It would be very
interesting to extend the above JIVE procedure to models with heteroskedastic
errors, as in Chao et al. (2012); and to models with spatio-temporal dependence,
as in Lee and Yu (2014). We leave these topics for future research.

NOTES

3
1. Taking expansion of TW — k#0 <ooas (N,T)— oo, which is alternative to the asymptotics

% — c#0 <o0as (N,T)— oo considered by Alvarez and Arellano (2003), was introduced Lee,

Moon, and Zhou (2017).

2. Whatever transformation on the fixed dimension strictly exogenous variables X;; is conducted,
the transformed x;; remains uncorrelated with the transformed idiosyncratic time-varying errors of the
equation.

3. Exclusion restriction is required for the identification of the first equation. For discussion of the
identification of an equation in a general panel dynamic system, see Hsiao (1982), Hsiao and Zhou
(2015). Akashi and Kunitomo (2012) consider a special case when v,1 = 0.

4. A similar restriction has also been imposed by Akashi and Kunitomo (2012) and Lee et al.
(2017).

5. Note that the crude GMM is not the Arellano-Bond type GMM (Arellano and Bond, 1991)
which takes into account the first order dependence of transformed errors (e.g., Hsiao and Zhang,
2015).

6. In a different context, Hahn and Newey (2004) have also established that jackknife correction
does not affect the asymptotic variance.

7. When uy j; is serially correlated, FOD loses its attraction. It does not yield i.i.d errors. Also,
unless the pattern of serial correlation is known, lagged variables may not be legitimate IVs. Neither is
(11) a GMM estimator. For the application of JIVE in a simple univariate dynamic panel model with
errors following a first order moving average process, see Lee et al. (2017).

. . . . . 3
8. Under certain assumptions, one can show that the GMM is asymptotically biased of order TW

However, the exact bias is complicated and depends on o, 12; where o, 12; = Cov (u]ﬂ,-,,uzﬂ,-,)
(i=1,...,N).

9. Under this specification, we have II = B! <ny WO ) = <8g 82) , whose eigenvalues are
21 722 & U

given by 0.8449 and 0.3551, so Assumption 2 is satisfied.
10. As shown by Akashi and Kunitomo (2012, p. 170), the LIML estimation of model (1) is asymp-

totically biased of order 4/ %

11. We follow Hansen and Kozbur (2014, p. 297) to choose the penalty matrix in the RJIVE, i.e.,
we set the penalty to /K where K is the number of instruments used in the estimation.

12. By following Alvarez and Arellano (2003), it can be shown that the GMM using FOD is con-
sistent and asymptotically normal as long as % — ¢ as (N,T) — oo, but the GMM using FD is
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inconsistent if % — ¢ and asymptotically biased of order \/? . See Remark 4 for more discussion
on GMM based on reduced form.

13. It should be noted that even if regularized JIVE behaves similarly to the JIVE proposed in this
paper, it is quite computationally extensive, and it becomes more computationally demanding if 7" is
large. For example, for the simulation when N = 1,000 and 7" = 25 with 1,000 replications, the cpu
time for the JIVE and regularized JIVE are 17491s and 28293s, respectively. When 7" = 50, it takes
days for regularized JIVE to finish.

14. Even if the LIML behaves similarly to JIVE in our designs, JIVE is relatively easy to implement,
while LIML requires extra work to obtain the estimators, such as solving the characteristic function to
get the smallest root (Akashi and Kunitomo, 2012, p. 169).
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APPENDIX A: Mathematical Proofs

This appendix includes the mathematical proofs that are omitted in the main paper. In
what follows, we let [|A|| = {/tr (AA’) denote the Frobenius norm, [|Allg = Amax (A),
where Amax (A) and Ay (A) denote the maximum and minimum eigenvalues of A, re-

spectively. We also let C denote a generic finite constant, whose exact value may vary case
by case.

A.1. Useful Lemmas

Before we introduce the lemmas, we notice that for the reduced form (2), we have

Yir =1yir—1 +&; +Vir,

then

Yir = (=)™ & + (L ~T1L)~ vir,

where L denotes the lag operator. Consequently, we can decompose y;; as

Vie = (L —=ID7 €& +wy, (A1)
where
Wi = (wl,it,wZ,it)/ =TIw;_1 +v;; (A.2)

and w;; is a stationary VAR(1) process under Assumption 2.
As a result, the forward demeaning transformation for (A.1) is given by

f f

_ _ f S
i =Wy = 1wy v, (A.3)
where
T
f 1 _
Wi =¢Ct | Wir — T—; z Wis | = Wit —CtWi 417>
s=t+1
with
1 T
Wit+1T = T—: z Wis-

s=t+1
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Similarly, the first difference transformation for (A.1) is given by
Ayit = AW“ = HAwit—l +Avit . (A4d)

The following Lemmas A.1 to A.4 are used to derive the results of Lemmas A.5 to A.8,
and the latter are used to establish the theorems in the paper.

LEMMA A.1. Let d; and dg be N x 1 vectors containing the diagonal elements of Py
and Py, respectively, so that tr(P;) = dj1y = 2t and tr(Ps) = dj1y = 2s, and d;ds <
2min (t,s), then under Assumptions 1-4, forl >r >t, p>q > sandt > s

Cov (u’(a)’lPIU(b),r,u’(a)ijSU(b),q)
m(3)+m(2)> 2s+m(0)E(d;ds) ifl=r=p=gq
E (M(za),,‘;”(b),it) E (d;PSu(b),q) ifl=r=p#q<t
m®)2s ifl=p#r=q
0 otherwise

12
and ‘E (d;Psu(b),q)’ <2 [stE (”%b),ir)} , and

2
m® = E [y} 11| om® = (E [ui@y,inuioy.ir])

3 2 2 0 2 3
m® =E [u(a),it} E [u(b),it} m @ =m® —2m @ — 3,

and (ll(a)’,, ll(b)jt) takes any pair of N x 1 vectors from random variables ug j; (g =1,2).
The proof can be found in Akashi and Kunitomo (2012).

LEMMA A.2. Under Assumptions 1-2, as well as the condition (10), the following hold
forallt=1,...,T —1.

- 2 2
(a) HBNt _BNIH = Op (ﬁ) 5
(6) Amin (BNt) >C>0;
(€) Amin (Byr) =2 C >1 0; N . Lo
where By, = N3N %%, By, = yXiE(zz,) with z;; =
I
(Y1105 2,105 - -» Y1,it> Y2,it) -
The proof can be found in Lemma A.4 of Lee et al. (2017).
LEMMA A.3. Under Assumptions 1-4, as (N, T) — oo, we have

1 T—1 1 T
— YW, _ P W= — > W,_ W,_+0p(1)
NT = NT =
—> pro,
where W,y = (Wis...,wyy) and T = E(w;w,) = I QI =
Z?i()HSB_IQuB/_IHS,-
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The proof can be found in Akashi and Kunitomo (2012).

LEMMA A.4. Under Assumptions 1-4 as well as the restriction (10), as (N, T) — oo,

we have

(a):

~

Y Au’l’tPt_zAuljt =0, (1),
=2

1
NT

the above results still hold if we replace wy ; by wp ;, v ; or vo ;.

(®):

\/—Zult t—1U —>p 0 ul\/—

similar results can be derived if we replace uy ; by Uy ¢, Vi ;, 07 V3 1.

Proof. (a) In order to show this, we first notice

: > i ! S ’ 1 T
NT & E(Au) P, Auy,) = NT Z‘zlr (E (A P rAuy,)) = WZ;
1 & LT
= ﬁlz‘z (ZV(P1 ZAUI‘AUII)) ﬁtgz

Ly 202, T

= W z (E (Pt 2E—1 (Au. ,Aul [))) — NuTI P

Il
\]I\)

[\
SN

2
g u

T
LS i (E(Pro2) = 2 E (tr (P;—2))

=2

NT
202
=T 2 t=hH=0 ( )

=
SiE

~

=o(l),

under restriction (10). Also, we have

1 T
Var | — 2 A Pr_2Au t)
(NT = ’

1 T
T N2 E (A“’l,rpf—ZA“I,tA“ﬁ,sPs—zﬁm,s)
s,1=2
T
/ /
N2T22 <AU1JP’_2A“1JAul,tPt—2Aul,t>

+—= N2 72 2 (Au’UPI_gAu]’,Aull,SPs_zAuljs) s

s<t
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where the first term can be shown
1 i < / / ) C ZT“ 2
5 2, E{Au] P oAu Au) P, sAu )= ——5 ) t“+o(1)
N2T2 & * ! N2T2 5

by using the results from Lemma A.1. Similarly, for the second term of (A.5), we have

C T
N2T2 2 (Au’UPI_gAu]’,Aull,SPs_zAuljs) = 7N2T2 Z t
s<t t=2
=o(1).

Consequently, we have

|
Var (Nthleul,tPt_zAul,,) =o(l),
as (N, T) — oo, which in turn gives
|
WE“ZAu]’,P,_ZAuL, =op (1),

as required.
(b) For this result, it is obvious that

T
\/——Z (“1 Py t)—Uu1«/_+0(1)

by following the above derivation. For its variance, we notice that

|
Var <«/W 2“/1,th1“1,;>
=1

1 T 2 T 2
=F (mtzlua’tptluu> \/7_ ; (ll/]’tPtfllll’,)
= L i E (u’l P_ju; ;ll/l P,_ju ,) + i ZE (u/1 P,y ;ll/l P,_ju ,) —04 1I~C+0(1)
NT = Jt RN s NT & Rk SO s u,
=o(l),
since

M~

/ /
E (ul,,Pt—lul,ruUPr—lul,t)

h.
Il

T

2 E (u’UP,_luU) E (u/l’,P,_lul,r)
=1

I
M=

1
/ /
Cov (ul’,P,_lul,,,ul’rP,_lul,r) + NT

h.
Il

M=
-
2‘_

3
M=

4oy (1=1)

~.
||
¥}
-
||
¥}

£ 3o 3~ -
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by using the results of Lemma A.1. Similarly,

2
— Y E (u} (Ps_juysu) Prjuy,) = NT Z E (u} (Py_juy  Eg (0] Pr_juy ;)

NT & b ’ =
B NT s<t
+o(1)
=3
_ 4
=0, 1k+o(1).
Consequently, we have
14 1 2 P -0
ar u u 8
m 1,0 1— 1491,1
as (N, T) — oo, which gives
\/W 2“1 Prour; —p op VR,
as required. |

The following two lemmas provide the theoretical results for GMM based on FOD and
FD.

LEMMA A.5. Under Assumptions 1-4, as well as the condition (10), for the FOD
transformed model (6), as (N, T) — oo, we have

(a)

2 Yt 1. tPf—lYt(pl-z —p D'ToD,
where Ty = 32, TB~1Q, B/ =11 and
D— (lﬂzl) _ (15722)'

072 0 722
()

1 T-1 0
T 21 Y P ul, 54 N (0,02 ,D'TD) — < ) JF.
=

Ou,12
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Proof. (a) We note that

1 — - -
2 Y, 1. ,Pt—lY,(plA, = N_ 2 rz(wt—Lr _Wt—IJ)/PI—l (Wr—l-t _Wr—l-t)
=1
1 T-1 1 T-1
Zﬁ ‘ ;1;Pr lwrlr NTZW;“PI lerr
t=
T

1 ‘&=
—ﬁ z W;_lA,Pt—IWr—l-t

1 T—1
ZW, 1 PoiWis1s 40, (1),

. / .
where W;_1, = (wl’,_l,wz,,) with w;; = (wj’l,,wjjzt,...,wj,N,) for j = 1,2,

X 1 T 1 T = = ;
W= (T——t—l-l Y=t Wit ﬁ25=,+1 W2,t> = (Wl,t—lTaWZ,tT) and wj, is defined
in (A.2).

It is obvious

W .= (Wl,t—laWZ,t) = (Wl,t—1a7r21w1,t—l +m02W2 1 +V2,z)

=W,_iD+(0,v,,), (A.6)
where
D— <17r21> _ <1ﬂW22>

07 092 )’
and

Wit = (Wi—17.Wo,r) = (Wi =17, T2 W1 —17 +T22W2 117 + V2,07
=W,_17D+(0,v2,7). (A7)

Then substituting (A.6) and (A.7) yields

ZW, lth—lwt 1.t

~
L

[D/W;_l + (0, V2,t)/] P, (W,_lTD-i- (0, VZ,IT))

| Tl
D'W;_ P, W,_ 1TD+N_ Z D'W;_ 1P, 1 (0.¥2,7)

~N o~

I
2‘_ 2‘_ 2 —_
S ~ '\]
™M

t=1
T— , _ 1 T-1 , ~
(0, V2,t) P (0, V2,IT) +ﬁ 2 (0, V2,t) Py (0, V2,tT)»
t=1 t=1

—_

!
NT

and each term can be shown to be o), (1) by using the results of part (a) of Lemma A.4, for
instance, the first term is given by
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1 1 T-1
D'W,_,P,_ W D=D|— W, _P,_iW, |D
NT Z —1Xt=1We—1T (N Ig _t+1 Szt —14t=1 )

T T
1
=D’ W,_,P Wi =" | D 1
(NTZ —1Pr—1 Wy [+lsz::t >+0p()
logT
=0p< T >=op(l),

as T — oo. Similarly, all other terms can be shown to be o), (1), which yields

1 T—1
NT Zwt 1,Pt 1Wt 11—0p(1)

Using the same argument, we can show that

1 Il
Ni 2 1.,Pt—1wt—1-t =0p(1),

NT Z Wz 1[Pt—lwt—l~t =0p M.

Combining the above results yields

-

P,y

fr
Y t—1-1

ﬁ t—1-1
1 T—1
Wt 1. Pr—1Wi—1.s +0p (1)

[DWi_y 4 (0.v2,0)| Py [Wemi D+ (0,%2,)] +0p (1)

3 ‘W’ = 2

‘ D'Wi_ P WD+ o 21 D'W;_ P, (0,v2,)
1= =

1 I T—1 )
NT 2 (0.v2,1) Py Wi D+ 5o 2 (0,v2,) Pr—1 (0,v2,0) +0p (1)
TNT NT

T—1

1
=NT 1 D'W;_ P, W;_D+op (1)

— ,D'TyD,

~
I

by using the result of Lemma A.3 and the fact that

ant 1P (0, VZt)—Op(l) 2 0.v2,) P, W,_ D=0, (1),
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which holds since, for example, E [ﬁ th=_ll D'W,_,P,_; (0, vz’,)} =0, and

E

| T=l | =1 !
D/W/ P 1 0 \P) )(— D/W/_ P_1 O,Vz, )1
(Nz 00 ) (g S oW 00
1

= 7 Y vE E (Wi Pio (0,v2,) (0,v2,5) Po—y W, ) D

s, t=1
1 T—1 ,
= W 2 D'E (W;_lpz—l (0, V2,r) (0, V2,r) Pz—lwt—l)D
t=1

C T-1 , , 1
S N2T2 t:§:1 D E (Wt_lpt_lwt_l) D == Op <ﬁ> .

A similar argument can be applied to all other remaining terms.

Consequently, as (N, T) — oo, we obtain

T-1
1 Yf/

(€))
NT ‘ t—1- IPI_lY
=

V) =, DD, (A.8)

as required.
(b) From (A.6) and (A.7), we obtain

Z Y P,

x/_ =1t
[ Sy f
= ﬁ 21 Wt¥1~tPt—1u1,t
1=
1 T—1 _ ,
= ﬁ Z [Wz—1D+ (O,Vz,z) —W,_irD— (03{72,1‘7‘)} P, (lll,t _l_ll,tT) +o,(1)
=1
1 T-1
=— > D'W,_|P_ju;,— (0,v2,) Pr_jur; +op (1), (A9)
m P t—1 \/— 2 14

where the last identity holds since all remaining terms can be shown to be op (1). For
instance, for the term ﬁ ZIT:_ll D/W;_ITP,_lul,,, we have

IS
ﬁ z D’W;_ITPt—lul,t

tl T—it+1

Z

W;P[_]Vt

0
()
B((l))+op(1)
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B (?) +o,(1)

1 T—1 T
s A=
t=

T (logT)?
=0\ —x |

which will be 0, (1) under joint asymptotics (10). Similarly, we can show all other remain-
ing terms are op (1).

For (A.9), it is obvious that the first term will contribute to the limiting distribution as
(N,T) —> o0, ie.,

1
T 2 ZDWI P 1u1,%dN(O,J D’FOD)

and the second term will contribute to the asymptotic bias under (10) with

1 T-1 , 1 T-1 0 1 T-1 0
— 0,v P_ju, = — = —
JNT ,:Zl (0.v2.) Prctu, JNT ,:Zl <V'z,tPt—lul,r> AT & ( 5 )

uz’rPt—lu],t
0
- VE
b (Uu,lz ’

by using the results from part (b) of Lemma A.4.
Combining these results yields

>

LS oy f 2 ( 0 )
Y P,_ju/ >, ,N (0,02 ,DTyD) — K
/—NT t; t—1.18t—1 1.t d ( u,1 0 ) Juj]z \/—

as (N, T) — oo under the joint asymptotics (10). |

LEMMA A.6. Under Assumptions 1-4, as well as the condition (10), for the FD trans-
formed model (8), as (N, T) — oo, we have

(a)

2 AY,_ P 2AY, 1, =, D (L —IDTy (L —1')D,

where D,11 and Iy are defined in Lemma A.5.
(b)

\/ﬁ 2 AYt 1. Pi—2Auy =>4 N <f)0,0’5,1D/ (I, —1I)

x [(L—ID)To+Ty (L —1')] (I, —1I') D),
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Proof. (a) To show this, we first notice that

AY,_1, =AW, = (Awl,r—l, AW2,T) = (Awl,t—hﬂZlAWl,t—l +mAW +AV2J)
= (Awl,t—la AWz’t_l) D+ (0; AVZ,T)
=AW,_ D+ (0,Av,),

where D is defined in Lemma A.5. Then

NT 2 AYl‘ 1 tPt—2AYt—1»t

1 T
= S (W, =W, ) P (W, =W, 5)D
=2
LS (Wi =W, ) P2 (0.8v2,)
1= -2 ) 2,
NTI =t 1= 1-2) Pr- ¢
1 i ( |
AVQ P_z W—I_W _ D
NT = t) 1t t t
1 i ( )
AVZ P -2 0, Asz
NT = t) t
1 L, )
~NT 2D (Wit = W) Py (Wi =W, 2) Dt o, (1), (A.10)
1=2
with
| T e Ve 0 A .
NT an(, v2,1) Pr2(0,Avy ;) = %erzzAvlz,sz—ZAV;; ,

where it can be shown that
LS 0,Avs ) P, (0,A =0, (1
ﬁ;=2( s Vz,z) t—2( 5 Vz,z) —Op( ),

by using the results from Lemma A.4, and

NT Z(Wt 1= W 2) Py (Wi—1 =W, )

1

NTZW 1Pt 2Wi— I—N—ZW 1Pt 2Wi— Z—N—ZW, th 2Wi—g

1 T
+o Y W, P oW,

=2
1 z 4 ! 4 1 L ! !
= 37 & (W2 Vi) s (Wiall 4 Vict) = 3 (W, 04+ Vi) P Wiy

1 1
Ni 2 1—2Pr2 (W,_ZH’ +Vi1)+ NT 2 W; P, oW,
=2 =2
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T

1
:ﬁ HW, P oW, ZH/—i—N—ZHW, P2V 1+NT Zv; (P oW, oI
+W EV; P2V I_WZHW; 2P oW, z—ﬁzV;_lPt—zwr—z
T
NTZW 2Pt 2W,— ZH —72 2Pt 2Vi- 1+NT2W 2Pt 2Wi—

1 1 I 1
ﬁ HW; 2Pt 2Wt 2H Niz W; 2Pr 2Wt 2_W W; 2Pr 2Wt 2H/

7T Z W;_2Pt—2wt—2 +o0p (])
=2

= HF()H/ —1IIly —F()H/+F0+Op (1)
=(L-I)To (L —1I') +0, (1),

since
W1 =W, Il +V,_y,
from (A.2) and by using the results from Lemma A .4.
Substituting the above back to (A.10), as (N, T) — oo, we have

2 AY,_ P 2AY, 1, =, D' (L —1IDT (L —1I')D,

as required.
(b) To show this, we note that

\/W 2 AY,_; P_rAuy,

1
—WZD/AWt (P 2Au1,+\/_2(0 Avy,) Pi_yAuy
=
! in’w’ P, oA ! ZD’W’ P, oA
—— — u i — u
INT & R T R A 2L

T
Z (0, AVZ,!)/Pt—ZAul,t

«/_
T
:\/__Z (IT—L)W;_,P,_ zAult—i—\/_ ZD’VI_IPI_QAul’,
=2
T
\/—_ 2 (0,Ava ) P _pAuy (A.11)
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where the first term will contribute to the limiting distribution and the last two terms will
contribute to the bias.
For the second term of (A.11), we have

1 T /
WZ{:ZVIJ_]P!—ZAUI,I

T
WZ“ZD,V;_lpt_ZAuLt:D, ﬁZITzzvé,;_lpt—zAul,z
where
1 - y
\/ﬁ 2"1; 1Pr2Auy ; = _ﬁtgz 1i—1Pr—2ur—1+0p (1)
1 L/, ,
= _WZ'Q (111,;_1+ﬁ“2,;_1)Pt—2“1,t—1+0p (D,
—p— ( ,3 + Boy, 12) \/—
and
1 L, 1L,
ﬁt;"z,,qpt—zA“l,t = _ﬁtg'zvz’t_lpt_zul’t_l+Op(1)
L,
= _ﬁ,;zuz’t_lpt_zul’t_l +op (1),

—p _O'u,21«/E,

by using the results of part (b) of Lemma A.4, then

1 T 2
ZD/V;_1Pt—2Au1,t_>p _D/(Ju,l‘i'ﬂgu,lz)ﬁ

A NT =2 Uu,21
Similarly, we can show that
T , T 0
\/—_ g (0, sz,t) P[_2Au1,t = g 0 Auzt P[ 2Au1 t %P <20_u’21 ) «/E
As aresult, we have
LEDV’ P, ,Au +L§(0Au ) Pr2Auy =, b
m : t—1%r=2 1,t \/WIZZ 5 2.t t—2 1,t p PO
where BO denotes the asymptotic bias term and is given by
N 2
boz_{n’(”u,ﬁﬁ"“’lz)—(z 0 )}\/E (A.12)
Oy,21 Ou,21
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which in turn yields

1 & -
AY,_ P sy, = i > D' (11— L)W, _,P,_2Auy +bo+0,(1).

3-
Pﬂ
I

(A.13)

For the first term of (A.13), it is obvious that

T
2 ( ;2PI—2Aul,t):0,

T\

nd

&

JNT 5
1
T NT

1 T
( 2 ; P2 A r) NT “ ZE[ 2Pr—2Aul,rAull,_;Ps—ZWs—z}
)

E[ f— 2Pt—2Au1,tAu/1,tPI—2wt—2}
=2

—_— 2 E [W;_th_gAul’tAu/l’,_lP;_3W,_3]
t=3
1 T
NT ZE W/ _3P3Auy - lAul )‘Pf 2W, 2]

N

— Y E[W,_,P, oW, 2] =0y | — Y E[(ITW,_3+V,_,) P,_3W,_3]

T
> E[W;_3P_3 (W, sll'+V, )]
=3

OuiNT
1z 1
zzailﬁ > E[W;_,P, oW, 5] N— 2 [1IW, _;P,_3W,_3]
=2 t=3
T
1o 3 E (WP 3 W, 31T
T t=3

=20, To—o; 1ITg — oy  Toll' +0(1)
=07, ((L=MTo+To (L -1I)).

Consequently, we have
! P, oAUy g N (o 02 (=T +To (I —H’))) , (A.14)

FZW

by following Akashi and Kunitomo (2012).
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Substituting (A.14) into (A.13) yields

1 T
!
Y AY;_, P Auy,

VNT (5
—a N (Bo,ag,ln’ (I =T0) [(l, =T T +Tg (I =11')] (I, —11') D) , (A.15)

as required.
The last two lemmas provide the theoretical results for JIVE based on FOD and FD.

LEMMA A.7. Under Assumptions 1-4, as well as the condition (10), then for JIVE
based on FOD, we have

(a).
o T—1 »
Z yz =1t zt 1 (Z;—IZI—I) zit—lyl{t_l.; =op(1).
(D).
T—1 N / » ; 0
INT 21 Zlyzz 121 (21 Zy—1) Zip—1U1 iy —p <0_M 12)«/5
t=11= 5

Proof. (a) We notice that

N

_ T—
NT 2 |:2 Yii—142 n 1 ; 1Z’_])_11it_lyij:t_l't:| NT 2

—1 f N / / -1 f
< i= 1y1 n 1Zn 1 (Z_12,-1) Zit—]y_l,ir—lzi:lyl,i_t—lzit—l (Zi_\Zi-) Zit—1Y2,is
)

-1 f N f -1 f
1 1y2n -1 (Z - Zf—l) Zit—1 V] i1 Zie Y- (Z;—IZT—I) Zit—1Y),i¢
(A.16)

then we need to show that each element of (A.16) has zero probability limit. To this end,
we first notice that for the (1,1)-th element of (A.16), we have

L 1 f
N7 2 2 VL%t (B Zi1) T Ty
t=1i=1
1 SHY 7 / -1 f
=NT Z Z Wy ir—1%ir—1 (Zz—lzt—l) Zit—1W 41
t=1i=1
| T=IN i ), i i »
=NT > > (i1 —®1iT—1) %y <<BNt—1_BNt—1)+BNt—1) Zit—1,

~
I
I

where By,_] = %Z}vzl zjt—lz}t—l and By;_| = %ZJNZI <zj, 1z jt 1), A similar
strategy has also been used by Lee et al. (2017).
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—1
. A A 51 -1
Since  ((Byi—2=Byi—2) +Byi—a) = By s + JoByly (VN (Byi—a-

- - 2
BN,_Z)) BA_/}_2 +0p ('ﬁ) , we have

-1
_ 2, ~ ~
(wl,it—l —01ir—1) ((BNt—l _BNt—1> +BNt—l) Zit—1

g-
HM|

N o~

i

- 2 n—1
(w1ir—1 = ®1iT—1) " Zh_ By _sZir—1

2\

=1 i=1
-1 N 2 1 . | N o
N2T z (w1ir—1 = W1irr—1)" 2 \/_NBIVt—Z («/ﬁ (BNt—Z - BN:—2)> By _sZit—1

2 -1 N
t _ 2
+0, ( ) Z N (-1 — 01,ir—1) " 21 Zi—1
t=1i=1
=hL+h+1,

For term /1,

c T=1 N ) >,
] < NZT P2 Z,l (w1,ir—1 = 01,57 —1)" Ziy_ Zir—1

c T=1N 5

< —- N || (w1 ir—1 = ®1,i7—1) Zir—1
vz 2 2 o)
( 1 T-1 2)

0, — S 2| =0,1), (A.17)

PANT & 4

A

N
1] < N2T 2 2

(wl,it—l —lle,itT—l) Z,_ IJ— By,_ I(W(Bm—l —BNt—l))E,Q,l_ﬂit—l

1
< Ng/zT ’ Ni— 2” HV (Bm 2= Bi- 2)“*2” W1it—1 — O1,iT—1) Zir— |H

C 1T_1 1 N 2 2 1 T-1 . 2
< VEANT 1=21 (ﬁg,l [|(w1,i1—1 = D1i7—1) 2Zis—1]| > T Z‘I HVN (BNt—Z_BNt—Z)H

Il
[
[

QS

=
7N
N =
M7

=

=
N———
_—

)

=
RS
N -
~ ~
N\

s}
N————

-0 (3 ) = (57)

=0,(1). (A.18)

By using the results of Lemma A.2. Similarly, we can show that

I3 =o0p(1).
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Combing these results gives us
1 T-1N , _q P
Z Zyl it—1 n I(Zt—lzt—l) Zit—1)1,it—1 = %p 1.
t=1i=1

as required.
Similarly, we can show that

1 & f / ’ -1 f
N7 2 Vi Zi—1 (ZiaZi1)” Zieyy g =0p (1),
i=1

! y fo / -1 f
T Z Y2.irtir—1 (Zt—lzt—l) Zit—1Y3 it = Op (1).
i=1

Combining the above results yields

1 ! / -1 fr
Zyzt 1-t zt I(Zt—lzt—l) Zit—1Y; 1—1.4 :Op(l)»

as required.

/
(b). We first note that yift—1~t = (ylfit—l , yzfit) , then

- -1
Z [Zy” 121 (Zi_yZy—1) zil—l”{,it]
i=l1

-1
_ N f / X f
LIS [ Zi 1% (Zz—lzt—l) Zit—111 iy

= -
VNT = N [ / ) f
=1\ X1 Yair%i—1 <Zz—1zt—1> Zit—1U7] i

(A.19)

For the first element of (A.19), we notice that, from the reduced form (2) and (A.3),

ylfl‘ = wf Hw,]; 1 +V£’ wip =w; 1+ Vi, (A.20)
we obtain

f _f _ S S f
Yit—1 =W 1 =T1WY T T12W) 5o 07 iy

=mi1¢ (wi,ir—1 = ©1,ir7) + 7120 (W2,i0—1 — 02,37 ) ¢ (V1it—1 —D1irT ) s

(A.21)
where w1 ;7 = %ZSTZ_II wi g and Wy i1 = 7= IZS , wy is, and since
O <7T11 m) _ <7+ﬂ721 ﬁmz)’
721 722 721 Y22
and
oLir =i+ Buy i = (1, Huyy, (A.22)
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because

_ i 18 Ui uy. i+ Bun
v, =B~} ”1,1t> _ ( > < ,lt) _ ( it it ) A23
" (Mz,it 01 u3,it u3,it ( )

Consequently, we have

~
|

™M
M=

f -1 S
Mit—1 zz I(Zz = 1) Zit—1U7

~N o~
[N
T

miet (w1i—1 — 01,07 ) Zy_y (Z;_]Zt—l)_] zir—1 (U1i — d1ir417)

.
M'; I

- 3-
- N ~

T2t (w1ir—1 — 01,07 ) Zy_y (Z;_]Zt—l)_] zir—1 (u1i — 1417 )

+

LM

'MZ

e (01,i—1 = Drir ) Zhy_ (Z;_lzt—l)_l zir—1 (U1,ir — 1417 )

+
3-3
~ ~

i
[

=1+ L+, say,

For the first term /|, we have

E()=E

7T116,2 (wl,it—l - tT)l,ftT) Z, (Z;—lzt—l)_l Zir—1 (ul,n —ﬁl,it+17)>

VRS

3~
NN

~ ~

I |

M=

_ -1 m
(wl,it—sz;t—l (Z;_IZ,_I) Zii—| (Ml,it —Ml,it+1T)> +o(1)

I
|
B} Bl
i
M=
o]

T—1 N - »
=— E (wiisu1,itZ_y (Zi_1Ze—1)" Zir—
VNT &
t=1i=1 s=t
T—1 N
T 1 -1
+m p2 Z,I T =17 x];zE (lUl,islul,ixZZ;[_| (Z,_12,-) Zi/—l) +o(1)
=1+ hi+o(l),
where
I T—1 N 1 T—1 ~1
I ——m Z Z T——l Z E <w1,i.§u1,ifzéf—1 (Z;_lzr—l) Zir—l)
t=1i=1 s=t—1
T T—1 1 N , , | T—1 , ,
= - T——IE ZZ” (Zr Y/ 1) Zit—| 2 (1,0)II''E (V,‘,V”) (1,0)
t=1 i=1 s=t

2
~ ~
~
L
ISe

under restriction (10). The above holds since for s > ¢, from (A.2) and (A.20),

Wis = I wy g v + vy 4+ I vy,
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then

E (wl,isul,it) = (190)E (wisv:'t) (15_5),
= (L) I E (vigviy) (1,=B)

and since the process is stationary by Assumption 2. Also, we have

N N
E (Z Z;t—l (Z;_IZl_l)_lzi,_1> =tr (E (Z Z;t—l (Z;_IZl_l)_l Zi,_1>>

i=1 i=1

:é“l E (tr ((Z;_th—l)_1 Zit—lzf't—l))
=tr (E ((Z;_IZ,_O—] (Z;_1Zr—1)))

=1tr(ly)
=2t.

For 11, we have

~
|

1
11

Iy =

1 -1
E (wl;v utisy 2y (Z)_ 2y z',_1>
] (T —1)2 S]zz‘,m 18] 152 %1 ( t ) l

g
M

1]
5
ﬂ
MT IMT I

11

1 N ~1 s
- NE( 2y (Z)_\Zi ) z,',_l) S (L0 (v,v),) (1,0)
- i=1

S1252

1 2t

3 (LOIF™2E (viv),) (1,0)

mle (T_t)z S1=8>1t
3 C T-1 2t
B ﬁ =1 ﬁ
=o(l).

Consequently, we have

E(I)=0(1).

For the variance of /1, we notice that

Var (1)

2 T-1 N »
= N—I}VW 2 z (w],it—l —Lbl,nr)z;,,l (Z;,IZx—l) Zir—| (Ml,n —ﬁl,it+17)

-1

_ , , _
W%I (whiltrl _lelflT)Ziltl—l (erlanl) Zin—1 (ul,im —ul,i1t|+lT)

= T E - 7 ’ -1 =
1.1211,0 x (w1,i,-1 — wl,izrzr)l,-z,z,l (Z,Z,llzrl) Ziyty—1 (U1iyty, — W1,y ty41T )

- ’ ’ _1 -
_ 7 %E (w1i1—1 —wl,izlr)l,-,l,l (Z,1,1Z1171> Zit 1 (wiin, — i1in417)
T :

-1
_ , , _
X (w1it—1 = W1ityT) Ziy 4 (Z,Z_Isz—l) Zity—1 (Ui, —H1,iny417)
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-1
Zij1—1 (ul,im _ul,im-HT)]

—1

2 E [(wl.im—l = ®LinT) % <Z§171Zr171>
tyr 2 X

t - J ! -
LRil#D % E { W1,iyrn—1 _wl,izrzT)z,'ztz_] (Z,Z_Isz—l) Ziyi—1 (U1isny —ul,izrz+17)}

_ 2 1 -1 -1 172 :
- c i P (w11 —Wuirr) 2, (ﬁ(Z;,Ithl) ) Zit—1 to)
= N3T _ 2 —1\ !
N T'=1 (wrir = @i )" 2y (%(Zﬁ—lzr—l) ) Zir—1
c X 2 _ 2 1/2 2
< Wzl z,: E (w11 = Wrinr) 2y Zi—1 (Ui — Hir17) Z;,,llizfl)} +o(1)
i=
c X 8 8 N2\ V8 :
< VT 2 2<{E {(U)l,it*l_lz)l,it,T) ]E{(ul,it_ﬁl,iH—IT) } (E(Z;,_]Z,-,,l) ) }) +o(1)
=1 |7
c 2
< —— >t 1
< N2TZ' +o(1)
=o(1),

since E [(wl’i,_l —u')ljitjr)g] and E [(ul’i, —121’1-,+1T)8] are finite under
Assumption 1.
As a result, we can conclude that

Similarly, we can show that

For I3, we notice that

1 T=IN ) | ]
= VNT 2E {(01,,-,71 = ovier) Zig—y (Zi1Ze-1) " ziv—1 (i _ul,it+1T)] +o(1)
=1 i=l
1 T—1 N 1 T—1 ) , B
T UNT 2‘] 21 T—1t ZIE [Ulﬂislulwifzitfl (Zi_1Zi—1) Zitfl]
t=11i= s1=
1 T—1 N ) ’ »
+ NT Z] 2 —t)2 2 [vl,islul,iszz,«,,l (Z,_1Z:-1) Zit—1]+0(l)
t=1i=I 51,
1 T=IN B
=T JNT I ﬁE [Ul,itul,itz;,,l (Z,_,Zi—) zi,_l]
=1 i=1
1 T=IN .
T UNT Z( T—1) [D”’”“’Z;H (Zi-1Zi-1) z,-,_l] +o(1)
=1 i=1
=o(l),

and we can also show that
Var (I3) =o(1),

by following the derivation above.
Combining the above results, we obtain

T-1 N

-1
Z Z yl Jit—1 zi 1 (Zi_1Zi—1) Ziz—lu{,,-, —p0, (A.26)
t—l i=1
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as (N, T) — oo.
For the second element of (A.19), we first notice that

fo_ . _ f S S
Y2it =W i =V20WY g V2205 5 TV

=161 (01 j1—1 — 01,57 ) + 7220 (W2,i0—1 —W2i¢7) + 1 (02,50 — V2,54 41T ) »

then we have

T-1 N
\/—_ rz §y21f it— 1 / IZf—l)_lzif—lu{,if
| ToIN R »
=7 Y167 (wiir—1 = Wit ) 2y (Zi_1Zi—1) " Zir—1 (wr,ie —iieg17)
VNT 25
=1 i=
| T-1N R ) / / . )
+W 2 27220, (wz,iz—l —wz,nr)l,-,_l (Z,_lzr—l) Zijt—| (Ml,iz—ul,it+lr)
=1 i=1
RSN »
INT N 7 (vair = 02irg17) 2y (Zi_Zi—1) ™ Zig—1 (urie — i1 i17)
=1i=1

=4+ Is + I, say,
it can be shown by using the derivation above that
Iy =50, and I5 = 0, (A.27)

as (N, T) — oo.
Using a similar argument for /g, we obtain

ﬂ
L
z

Is (030 = 02.i0417) Zy—y (Zh_1Zy 1) " 2oy (w140 =it i g17)

N
I
LN

/ / -1
2,11 it 2 (Zi—1Zi—1) " Zig—1+0p (1)

d-3-9-
M7
M= M= ™M

~
|

/ / -1
U ir,itZir—q (Z;_1Zt—1) zjr—1+op (1)

|
~N o~
Ll

Ou,12

2 2t4o0p (1)

T =
- pau,IZ\/E,

by applying Lemma (A.4) and since vj ;; = up ;; from (A.23).
Consequently, we get

j

T—-1 N

-1
/_NT 241 Zyz it Zig—1 (Zi_1Z,-1) Zit—lu{,i; —p 012V, (A.28)
=1i=1

which in turn yields

1 T-1| N fr / (Z/ 7 )—l f 0 \/—
—mzl i;yi,t—l»tzit—l t—14—1)  Zi—1U3 i | =p Ou12 K,

as required. |
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LEMMA A.8. Under Assumptions 1-4, as well as the condition (10), then for JIVE
based on FD
(@).

1
NT

).

N
-1
DAY %o (2274 —2) zit—ZAyt',t—1~t:| =op ().
|

i=

11

/ / —1
yl 112 (L 224 2) " 2y Auy

u Mz

ATEES

) _
_|:D/(Uu,1+ﬁau,12)_( 0 ) Jr.
Tu,21 20u.21) |
Proof. (a) To show this result, we first notice that
1 T
NT
/ / -1 N / ’ -1
<Zi=1 Ayt (Z,_322) " zisa Ay1i—1 SN Ayii—12l,_5 (Z)_2Zi—2) Zn—szz,n>

—1 —1
SN Ayt 5 (Z)_32i2) " ziuaDyij—r SN Aozl o (Z)_5Zi—2) " 22Dy
(A.29)

Z AY” 11 Zi—2 (Z;—zzt%)il thfZAYz/‘,t—l-x =NT Z

As before, we need to show that each element of (A.29) has zero limit. For the (1,1)-th
element of (A.29), we have

2 2 Ay Jit— lzlt 2 (Z;_zzt—z)_l Zit—ZAYI,it—l

(wl,it—l - wl,ir—2)21§,_2 (Z;_zzt—z) - Zjt—2

i
M= EMZ

2 / / -1
w122 (Zi_Z1-2) " Zi—2

.‘
||
[\)
I

MZ_

1 I -1
WZ Wi js iy (Zi 2 %i-2)" 2ir—2
t

S}

=0

T
22212101 i—1W1 it 2%} _ 2(Z§_2Zz—2)_1ziz—2,
t 1=

by following the derivation of part (b) of Lemma A.7, we can show that

-1
NT 2 Z “’1 it—1Zi1—2 (Zi_2Zy—2) " 22 =0p (1),

t=2i=1
1 T N ) 1
/ / -
NT 2 2 Wi (Zi2Zi2) " #2=0p (1),
=2i=1

1 / / -1
NT 2wy jr—1w1 221 o (Zy_»Zs—2) " zis—p =0p (1),
21

M'ﬂ
M= =

t
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which gives

~

1 N
NT 1=2i=1

Similarly, we can show all other elements of (A.29) have zero probability limit, i.e.,

~
=

1
NT 1=2i=1

as required.

D X Avii—1Zp (2152, —2)~

Z Z Ay;',t—lJZ;t—Z (Zi_1Z,5)"

(b) In order to show this, we notice that

M~

N
[l
S

1

1-3- 3-
- N ~ ~
IM

I
M~

N
[l

M= 2
IN.—|
M=

=

>

c

[

+
3
ﬂ
I
38

N

21 AYi 1% (Zi 2% -2)

N
2 VAW 17y (21 o7i2)
=1

which holds since

(Awl,it—l) _
sz,it

(

Y
> (Awl,iz—l
Awy i

li=1

-1
) zi 5 (Z;_yZ-2) zit—2A“1,it]

it) 7o (Zi 57 2)”

Awy ji— )

m1Awy j—1 + 7AWy i1

0
=D'Aw;,_ —|—( ),
i,t—1 ADZ,it

by using (A.4).

For the first element of (A.30), as (N, T') — oo and under (10), we have

1 T

vN =2

1

«/_

1
-D——
~VNT

~

2

i=1

T

2
)y

t=2

~

ZDAWH 125 (Z;_yZ;)

i=1

[z Wit—1U1,it—1 Z;',_z (Z;_zzt—Z)

= -D'B~1Q, (1,0) \/_ 2 2(t—1)+0p (1)

-, =D'B71Q, (1,0 Vk,

1
Zit—2A”1,it

1
zji 2 Ay ir—1=0p (1).

1
Zit—ZAyz'jt_l.t =0p 1,

—1
Zit—2AM1,it:|

1
zji 2 Auy

()
AD2,it

-1
Zit—zAul,it]

szt 1th 2(Z;_QZI—Z)_lZit—2”1,it—1:|

—1
Zjt—2
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by following the derivation of (A.4) and because
E(Wi—tuti—1) = E (Vig—1u},_y) (1,0)
=B7LE (u;u,) (1,0

:B_IQM (1 O), = (0’5,1 +ﬁ0u,12) .

Ou,12

Similarly, for the second element of (A.30), as (N, T) — oo and under (10), we have

1 I[N 0 ) ) . N
T 2| 2 Avy ) 2 BraBum2) ™ 2B
=2 |li= 5

0
= -1
1
(mZthzle:] Auz,il‘Aul,itZ;t_z (Z;_Zzt—2> Zit—2>

0
= ©,HB~ o, 1,0/ 1
( 5 ) ( ) ( ]IVT 217"_22(1,_])>+0P()

- ,,( 0 )JE (A.32)

2014,21
since
E (Avp js Auy jr) =2E (vp ju1 it
=2(0,1) E (vjpu},) (1,0)
=2(0,)B™LE (w;;uf,) (1,0)
=2(0,1)B~'Q, (1,0)

= 20—14,21‘

Combining (A.31) and (A.32) yields

1 T N 1
INT 2 |:2Ay;,t—l~tzgt—2 (Zi2Zi-2) " zig—2Duy jy
=2 li=1
2
+ Boy 12 0
—>p — D/(UM:1 u, - N
P |: Ou,21 209,21
as required. |

A.2. Derivation of GMM Based on FOD

In order to show the results of Theorem 1, we notice that

—1
~FOD 1 T—-1 , 1 T—1 ,
\/NT(B —0): — vy p_ v/ — vy p_nul.
GMM NT I; =l t—=1 Y1 INT t;l =1 t—=181 ¢

(A.33)
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For the denominator, by using the results in part (a) of Lemma A.5, we obtain

T—1
Z Yt 1 tPf—lth—Lt Z Y1 P Yo +op (1)

- D’ I‘OD, (A.34)
where Tg = 379 I Qy IT” = $2° I'B~1 2, B'~ 11" and
D= (1 7"21) (1 Bm)_ (A.35)
0722 0 722
For the numerator of (A.33), by using the results in part (b) of Lemma A.5, we have

Z - ltPf u { \/— ZYI 1.P—1u1 +op (1)

S 4N (0 o 1DTOD) < 0 ) N (A.36)
Ou,12
where kK = % <ooas (N,T)— oo.
Substituting (A.34) and (A.36) into (A.33) yields the required result.
A.3. Derivation of GMM Based on FD

For the results of Theorem 2, we notice that

-1
~FD 1
VvNT <BGMM_0): (NT ZAY; 1. P2 AY, 1:) \/—ZAYI 1 Pr—2Auy

(A.37)
where Auy , = (Auy 17y, Aup )
Using the results of Lemma A.6, as (N, T) — oo, we obtain
2 AY,_ P 2AY,_1, >, D (L —IDTy (L —1')D, (A.38)
where D and II are defined in (A.35) and (2), respectively, and
2 AY,_ | P oAuy,
SN (bo, 02D/ (I, —1) [(I, = ID T+ T (I —11)] (I 1T D) , (A.39)
where
~ 2
boz—{D’(Jual—'—ﬁJ"’lZ)—( 0 )} V. (A.40)
Ou,21 20y 21

Substituting (A.38) and (A.39) into (A.37) yields the required result.
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A.4. Derivation of JIVE Based on FOD

In order to show the results of Theorem 3, we note that

_1
FOD _ ,
VN <9JIVE 9) (NT 2 LZ Zylt 1o Zi—1 (211 Zi-1) lzjt—lyf,z—uD

=li#j

1 R 1
X INT Z,l LZ PIRCHRIC AR /Ay Y zjl—lu{,jz} (a4

j=1i#]
For the denominator of (A.41), we have

lTlN

-1
Z Zzyzz 1t i,y Z;—IZY—l) Zjl—lyjj'iz—m
t=1j=1i#j
»n _ LSS LS
/ ! -

ZYI ltPf 1Yz l-t_NT 2 Zyi,t—l-zzit—l (Zt—lZf—l) Zit—1Yir—11

=1 |i=1

1 T—-1

z Yz ltPf 1Yz 1t+017 (1)
- pD FOD, (A42)

by using the result of part (a) from both Lemma A.5 and A.7.
For the numerator, we have
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by using the results of part (b) from both Lemmas A.5 and A.7.
As a result, combining equations (A.42) and (A.43), we obtain the result of Theorem 3
as required.

A.5. Derivation of JIVE Based on FD

For the results of Theorem 4, we note that
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For the denominator of (A.44), we have
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by using the result of part (a) from both Lemmas A.6 and A.8.
For the numerator of (A.44),
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by using the results of part (b) from both Lemmas A.6 and A.8.
Consequently, combining equations (A.45) and (A.46), we obtain the result of
Theorem 4 as required.
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