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Quantitative laws of large numbers in
noncommutative probability

Junming Cao, Yong Jiao, Sijie Luo, and Dejian Zhou

Abstract. In this article, we investigate the quantitative law of large numbers for noncommutative
random variables. Firstly, we establish a Baum-Katz theorem for noncommutative successively
independent random variables, which resolves an open problem posed by Stoica [48]. Our approach
differs from the classical treatment but relies on the theory of asymmetric maximal inequality
for noncommutative martingales. Additionally, we derive a moderate deviation inequality for
noncommutative successively independent sequences, and extend this result together with the
Baum-Katz theorem to noncommutative martingales. Finally, we conclude the article by applying
our results to derive a noncommutative Marcinkiewicz-Zygmund-type strong laws of large numbers
theorem, which extends the result of Luczak [37] in some aspects.

1 Introduction

The convergence rate of the law of large numbers plays an essential role in probability
theory, which is closely related to the large deviation theory (see [4, 29, 39, 45, 46]),
concentration of measure phenomenon (see [34]), Markov chains (see [5, 32, 41, 44]),
and related areas (see [9, 30]). One of the most fundamental results in this area, known
as the Baum-Katz theorem, which is stated as follows.

Theorem 1.1 (Buam-Katz-Chow) Let {X,X,,n >1} be a sequence of i.i.d. random
variables and S, = Y.j_| Xy for n>1. For r>1, p>0, and r/p > 1/2, the following
statements are equivalent:

(1) E[X]? < oo;

2 > n"ZJP’{|Sn - nb| > 8n’/1’} < oo, forall e > 0;

(3) Yoy n" P {maXicmen |Sm — mb| > en"/?} < oo, foralle > 0,

whereb =0ifr/p>landb=E[X]ifl/2<r/p<1.

The equivalence between (1) and (2) was proved by Baum and Katz [2], and that
between (1) and (3) was by Chow [8]. Since then, a great deal of effort has been devoted
to generalizing the Baum-Katz theorem to general sequences and sharpening the
parameters in the theorem. We refer to [14, 18, 33, 36, 50] for more details. Notably,
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2 J. Cao et al.

if there are no independence assumptions on the sequence {X, }52,, condition (3) is
strictly stronger than (2). Hence, in the sequel, we will only investigate the equivalence
between (1) and (3) in the noncommutative framework.

Motivated by the study of operator algebras and noncommutative analysis, numer-
ous significant probability inequalities in the noncommutative case have been devel-
oped in the past decades. One of the most critical developments in this area is
the Burkholder-Gundy inequality for noncommutative martingales established by
Pisier and Xu [40]. Since then, fundamental martingale inequalities, such as the
Doob maximal inequality [24] and the Burkholder/Rosenthal inequality [25, 26], have
been well developed in the noncommutative setting, leading the noncommutative
martingale theory into an attractive area in probability theory. We refer to [6, 3, 16,
20, 21, 42] for more information. In the present article, we aim to continue the fruitful
line of investigating noncommutative deviation inequalities.

In 2009, Stoica [48, Theorem 1] adapted the method of Katz [27, Theorem 2(a)] and
provided a noncommutative extension of Theorem 1.1 for successively i.i.d. sequence
with 1/2 < r/p < 1. However, it was stated by Stoica that his approach cannot tackle
the case for r/p > 1 (see [48, p. 321]), leaving it as an open problem. In the present
article, we apply the weak-type asymmetric maximal inequality for noncommutative
martingales to establish a noncommutative Baum-Katz theorem for r/p > 1, settling
the problem of Stoica.

To state our results precisely, we begin with recalling basic concepts and notations
from noncommutative analysis. By a noncommutative probability space (M, 1), we
mean that (M, 7) is a tracial von Neumann algebra equipped with a normal faithful
tracial state 7. Let Lo (M) be the *-algebra of all 7-measurable operators with respect
to (M, 7). The noncommutative counterpart of the maximal column tail probability
introduced in [28] is stated as follows, which is closely related to the almost uniform
convergence in Lo(M). For a sequence (x,)ns1 € Lo(M) and ¢ > 0, define

Prob; {sup|xn| > t} = inf {r(1-e):||xne|, <tforalln>1},
n>1 eeMy

where M, stands for the lattice of projections in M. Our noncommutative Baum-

Katz theorem for successively independent sequence (see the definition in Section 2)

is stated as follows.

Theorem 1.2 Suppose that {xy } k1 is a sequence of successively independent random
variables in Lo(), which have the same distribution of x € Lo(M). Let S, = Y f_; Xk
be the partial sum. Forr > Land p > O with r/p > 1/2, let w : R* — R* be a continuous
increasing function with y(t) = O(t"""*"/P) for each t > 0 such that {y(n)/n"/?},
forms an increasing sequence and

(L1)

gk

1" [e(y(n),00) (1])] < 0.
1

=
Il

Then, we have

gk

(1.2) n’_zr[e(sw(,,),oo)(\Sn - I’lb|)] <oo, Vex>0,

=
Il
—
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and

1<m<n

(13) > n'zProbi{ sup |S,, — mb| > 51//(;1)} <oo, Ve>0,
n=1

whereb =0ifr/p>landb=1(x)ifl/2<r/p<1l.

From [23, Remark 3.4], we see that (1.3) implies (1.2). It is worthwhile to mention
that Theorem 1.2 is a noncommutative Baum-Katz theorem under a more general
integrability condition, which enables one to deal with y with n'/? < y(n) < n"*"/p
for sufficiently large » > 1. In particular, if y(n) = n"/?, (1.1) goes back to Theorem
1.1 (1). Thanks to the noncommutative Borel-Cantelli lemma, we get the following
noncommutative strong law of large numbers by Luczak [37, Theorem 3.6] by applying
Theorem 1.2.

Corollary 1.3 Let 0< p <2 and {xi}is1 € Lp(M) be a successively independent
identically distributed sequence. Then,

n
nY/p > (xx - b1) 250 as n— o,
k=1

whereb =0forO0< p<landb=1(x)forl<p<2.

Note here that, for the case y(n)=(nlogn)"/?, the Baum-Katz theorem
holds only for r>1 in the commutative setting. For the case r =1, the estimate
P{|S4| > e(nlogn)'/?} is called the moderate deviation, which was first studied by
Davis [11] and later generalized by Rohatgi [43]. Hence, the second main result of the
present article is the noncommutative moderate deviation inequality stated as follows.

Theorem 1.4 Let {xi } k1 € L, (M) be a sequence of successively independent random
variables with the same distribution of x € L,(M). Let S, = Y.;_ xx for each n > 1.
Then, for any € > 0, we have

(1) forp=2,
> logn
Z g T(e(s(nlogn)l/z,oo) (|Sfl - I’lT(X)D) < 00,
n=1 N
(2) forl<p<2,
> 1
> OgnProbi{ sup |S,, — mr(x)| > £(nlogn)1/1’} < oo.
n=1 N 1<m<n

It is worthwhile to mention that for the case p = 2, we apply the noncommutative
Fuk-Nagaev inequality in the proof of Theorem 1.4, rather than the symmetrization
method used in Davis’ original approach [11]. Moreover, motivated by the law of the
iterated logarithm [12], we adapt the proof of Theorem 1.4 (1) to obtain a corresponding
result for P'{|S,| > e(nloglog n)l/z} in Corollary 3.11.

Remark 1.5 The original proof of the equivalence between (1) and (2) in Theorem 1.1
relies on the Levy inequality. However, the noncommutative version of the Levy
inequality is not yet to be well-developed, which is one of the main obstructions in
our approach of proving the noncommutative analog of Theorem 1.1 in full generality.
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Motivated by the recent development of noncommutative martingale theory, we
also extend the Baum-Katz theorem to the noncommutative martingale framework.
In the commutative setting, it has been pointed out by Lesigne and Volny [35] that
P (|S4| > en) = O (n7P/?) if sup;,, E|Xk| P < oo with p > 2, and the exponent p/2 is
optimal, even for strictly stationary and ergodic sequences of martingale differences.
Thus, for the martingale case, the Baum-Katz theorem does not hold without addi-
tional assumptions.

Following Chung [10], we consider a non-decreasing function f : [0,00) - R*
such that

8

1
1f(2")

Specifically, if f(¢) = (logJr |t|)1+€, t€[0,00), and € > 0, it is easy to see that f fulfills
(1.4). Hence, the following results contain several important examples in studying the
law of large numbers. Suppose that { X} 72, is a sequence of random variables fulfilling
the uniform moment condition: supjzlE[|Xj|Pf(\Xj|)] < oo. Chung [10, Corollary 1]
derived the Marcinkiewicz-Zygmund strong law of large numbers for independent
random variables { X}, satisfying the uniform moment condition. Later, under the
same condition, Chung’s result was further extended by Stout [49] and Balka et al. [1]
in related areas. The following two theorems extend results in [1] to noncommutative
martingales.

(1.4)

< 00,
n

Theorem 1.6 (Noncommutative martingales withl < p<2) For 1<p<2 and
r>1 or r=p=1, let {dx;},, be a martingale difference sequence satisfying
sup;; 7 (|dxi| P f (|dxi|)) < oo, where f fulfills (1.4). Then, the following holds:

k
de,'

i=1

M8

n""*Prob¢ { sup

1<k<n

>£nr/p} <oo, VYe>0.

n=1

Theorem 1.7 (Noncommutative martingales withp >2) For p >2 and r[p >1/2, let
q=2p(r-1)/(2r - p) and {dx;},,, be a martingale difference sequence satisfying
sup;»; 7 (|dx;| 91 f (|dxi])) < oo, where f fulfills (1.4). The following holds:

oo k
> n"~*Prob; { sup |> dx;
n=1

1<k<n |i=1

>en’/p}<oo, Ve > 0.

Remark 1.8 It was pointed out in [10] implicitly that the uniform moment condition
mentioned in the previous theorems is necessary even for commutative martingales.
More precisely, the series in Theorems 1.6 and 1.7 diverge whenever (1.4) fails.

A direct consequence of Theorem 1.6 is the following law of large numbers for
noncommutative martingales, which extends the result of Luczak [37, Theorem 3.6]
(see also Corollary 1.3) at some points.

Corollary1.9 Let1< p <2and{x,},,., in Lo(M) be a martingale difference sequence
such that sup,, T (x| 2 f (|xa])) < 00, where f fulfills (1.4). Then,

n
(1.5) Zxk/nl/‘” 250 as n— .
k=1
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Recently, it has been shown by Ricard and Hong [17] that the noncommuta-
tive L, martingales need not be convergent uniformly whenever 1< p < 2. Thus,
Corollary 1.9 is of independent interest in studying the convergence theorem for
noncommutative martingales.

Inspired by the recent work on noncommutative large deviation inequalities of
Jiao et al. [19], we obtain the following result on moderate deviation, extending
[47, Theorem 1] of Stoica to the noncommutative martingales.

Theorem 1.10  Let p > 4 and {dx;} ;s be an L,-bounded noncommutative martingale
difference sequence. Then,

S~ logn c L 1/2
> Prob; { sup | dx;|>e(nlogn)'/?} < oo, Ve>O0.
n=1 N 1<ksn |i=1

For the case 1< p <4, it has been pointed out by Miao, Yang, and Stoica in
[38, Theorem 2.4] that Theorem 1.10 fails in general. Furthermore, by applying more
specific calculations in the proof of Theorem 1.10, we obtain a slight variant of
Theorem 1.10 in Corollary 4.9.

Our article is organized as follows. In Section 2, we collect necessary materials from
noncommutative analysis, such as noncommutative Lebesgue spaces, the noncom-
mutative independence, and noncommutative martingales. In Section 3, we provide
detailed proofs of the noncommutative Baum-Katz-type theorem and the noncom-
mutative moderate deviation inequality for successively independent sequences. In
Section 4, we extend results obtained in the previous section from the successively
independent case to the noncommutative martingales case. In Section 5, as an appli-
cation of our result, we conclude the article with a noncommutative Marcinkiewicz—
Zygmund-type strong laws of large numbers.

Throughout the article, let (M, 7) be a fixed noncommutative probability space.
We write A S, B to mean that A < C,B with a positive constant C,, depending only
on the parameter p, and we ignore the subscript when the constant is universal.

2 Preliminaries
2.1 Noncommutative L ,-spaces

Let Lo(M) denote the topological *-algebra of measurable operators with respect
to (M, 7). Equipping Lo(M) with the topology induced by the convergence in
measure makes Lo(M) a topological vector space, and the elements in Lo(M) are
called (noncommutative) random variables. In the sequel, all random variables are
noncommutative if no confusions arise. Given 0 < p < oo, the noncommutative L,
space is defined by

L,(M) = {x e Lo(M) : 7 (|x[?)? < oo},

equipped with (quasi-) norm x|, = T(|X|P)% for x € L,(M). As usual, we let
Loo(M) =M and | - | is the operator norm on M.
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6 J. Cao et al.
For x € Lo(M), its distribution function is defined by
A(x) = (), Vs> o,

where e; (|x[) = e(;,0) (|]) is the spectral projection of |x| associated with the interval
(s,00). Foranys, t > 0and x, y € Lo(M), their distribution functions satisfy that

1) Asee(lx + y1) < As(Ix]) + Ae(|y])-

For x € L,(M) with 0 < p < oo, we have the Chebyshev inequality

p
B4
sp’

(2.2) As(x) < Vs> 0.
The concept of almost uniform convergence was introduced by Lance [31], which can
be viewed as a noncommutative substitution of the almost everywhere convergence in

Lo(M).

Definition 2.1 A sequence {x,}n>1 S Lo(M) is said to converge almost uniformly
(a.u. in short) to x € Lo(M), if for any ¢ > 0, there is a projection e € M such that

7(l-e)<e and lim |(x,-x)e|, =0.
n—oo

Moreover, {x, }n1 is said to converge bilaterally almost uniformly (b.a.u. in short) to
x if for any € > 0, there is a projection e € M such that

t(l1-e)<e and lim |e(x,-x)e|, =0.
n—oo

It is obvious that the a.u.convergence implies the b.a.u. convergence. When (M, 1)
is commutative, the Egorov theorem entails that the a.u. convergence coincides with
the a.e. convergence in Lo (M).

We conclude this section by introducing the column weak space A oo (M;C5,),
which is deeply connected with the probability of Prob’ (supn21|xn| > t). The space
Ap oo (M;£5,) is defined as the sequences (x,),,., satisfying that

[Gdual, . cree ) = 5P imf {A((1- )7 : |xuq]., <A forall n 21} < oo,

where M, is the lattice of projections in M. One can also define the row space by
taking adjoints.

2.2 Noncommutative Orlicz spaces

Let @ be an Orlicz function on [0, co). We say O satisfies the A,-condition if ®(2t) <
CO(t) for all ¢ > 0 and some C > 0. It is not hard to check that @ satisfies the A,-
condition if and only if for any « > 0, there is a constant C, > 0 such that ®(at) <
Co®(t) for all £> 0. For 1< p < g < oo, we say that ® is p-convex if the function
t—> @ (tl/ P ) is convex, and is g-concave if the function t — @ (tl/ q) is concave. In
addition, @ satisfies the A,-condition if and only if it is g-concave for some g < co.
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For x € Ly(M), we have (see, e.g., [13, Corollary 2.8])

(23) (@) = [ @ (e,
where 7(e;) = T(e(_co,r) (%)) is the spectral measure. For (x;):_, c Lo(M,7),

Ai€(0,1) with Y7y A; <1, we have the following Jensen’s inequality (see, e.g.,
[13, Theorem 4.4]):

(2.4) T[CD(:O ; )] ZA (@ (i) -

The noncommutative Orlicz space Lg (M) is defined by

Lq,(J\/[):{xeLO(J\/[):T[(D(' |)]<m forsomec>0}

equipped with the norm
[x|o =inf{c>0: 7(D(|x|/c)) <1}.
2.3 Noncommutative martingales

The following materials on noncommutative martingales are standard. Let {M,} .,
be an increasing sequence of von Neumann subalgebras of M such that the union of
the M, is w*-dense in M. For every n > 0, let £,, be the conditional expectation from
M onto M, satisfying:

(1) En(xy) =En(x)y, En(yx) = yEn(x),n 20,and y € M,;
2) E.8m=E, form>n;
(3) t(&n(x)) =1(x),n>0.

The noncommutative martingale is a sequence x = {x,},»1 in L;(M) satisfying
En (Xns1) = xp, for all n > 1. The martingale differences sequence (dxy )., is defined
by dx; = x; and dxi = xx — xx; with k> 1. Given a martingale x in L,(M), its
L, norm is given by |x|, = sup,.; [xa[ . If |x], < 0o, x is called an L,-bounded
martingale. More generally, given an Orlicz function @, we say that x = (X, )1 is an
Lo-bounded martingale if || x| = sup,,.q [|%4] o < oo.

Now, we introduce an important noncommutative weak-type asymmetric maximal
inequality taken from [15, Theorem A(ii)].

Theorem 2.1 For every n >0, let £, be the conditional expectation defined as above.

For1< p <2, we have
1/2
(Z|dxn| )

>

Ly (M)

”(8 x))n>1|| Ap,oo (ML)

where c, > 0 is a constant depending only on p.
2.4 Noncommutative independence

Recall the noncommutative independences of Junge and Xu (see [26]) as follows.
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Definition 2.2 Assume that {)Vj } ;>0 are von Neumann subalgebras in M.

(1) We say that {Mj }x»o are independent with respect to 7, if T(xy) = 7(x)7(y)
holds for each x € My and y belongs to the von Neumann algebra generated by
{Mj} j#k:

(2) We say that {Mj}rs»o are successively independent with respect to 7, if
vN (Mo, ...,My_;) and vN (My) are independent for each k >1, where
YN (My...,Mk_;) denotes the von Neumann subalgebra generated by
Mo, ..o Mgy

(3) We say that the random variables sequence {xy } x> is independent or successively
independent, if for each k > 0, the unital von Neumann subalgebras M generated
by x are independent or successively independent with respect to 7.

Remark 2.2 Assume that {My } 1o are von Neumann subalgebras in M.

(1) Let {My } x>0 be independent with respect to 7. Then, {Mj } ko are successively
independent with respect to 7 (see [26, Lemma 1.2]).

(2) Let (My ), be successively independent with respect to 7. Then, for each k > 0,
[26, Remark 1.1] yields that

EVN (Mo M) (x)=7(x), xeMj, j>k,

where €, (2\,,...,:,) is the conditional expectation from M to vN (M, ..., My).
Therefore, if xi € L, (My) with 7 (x¢) = 0, then {x }x>¢ is a martingale differ-
ence sequence with respect to the filtration (vN (Mo, ..., Mk)) 50

We say {x, } > is identically distributed if the distribution functions 7 (e; (|x,|))
are identical for all n € N.

We conclude the preliminaries section with the noncommutative Rosenthal
inequality established by Junge and Xu [26, Theorem 2.1], which is one of the key
ingredients in our proof of Theorem 1.2.

Theorem 2.3 (Junge-Xu) Let 2<p<oo, {xi}is1 € L, (M) with 7(x;)=0. If
{xk }rs1 is successively independent, then

1 1
? 2
Smax{(2|xk|§) ’(Z|xk|§) }32
’ k1 k1

where C is an absolute constant.

> Xk

k>1

> Xk

k>1

>

P

C
P

3 Noncommutative Baum-Katz theorem and moderate deviation
inequality

3.1 Noncommutative Baum-Katz theorem

This section is devoted to proving Theorem 1.2. We now begin with a sequence of
elementary lemmas on the estimate of the maximal tail probabilities. The first lemma
is the weak-type asymmetric maximal inequality associated with a convex function.
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Lemma 3.1 Let ¥V be a 2-convex, p-concave Orlicz function with 2 < p < co and x =
(x4 ) n>1 be an Ly-bounded martingale. Then, for any A > 0,

W¥(1)Prob; {sup || > A} <cpt (¥ (|x])) s
nx1

where c, is a constant depending only on p.

Proof By [21, Lemma 5.4], it follows that for a 1-convex, r-concave Orlicz function
@ with 1 < 7 < oo, there exists a projection g such that sup, |gx,q]|| < t for any ¢ > 0,
and

(€AY O(1)7(1-q) < crr(O(|x])).

On the other hand, we have

sup inf{‘l’(/l)r(l —e):sup|xqel,, < /1}
€ nx1

A>0

= sup inf {‘I’(Al/z)r(l —e):sup ||e|x,,|ze||°o < /1}
>0 € n>1

< supinf {‘I’(Al/z)r(l —e):sup |e€,(|x[)e|_ < /\},
>0 ¢ n>l

where we use €,(x)*E,(x) < &,(x*x) in the inequality (€, is the conditional
expectation from M to M,,). By (3.1), we deduce that for any A > 0,

W(A)Prob; {sup || > A} < CPT(‘I’ ((8,,(|x|2))1/2)) <cpt (Y (|x]))s
nx1
which completes the proof. [ ]

Lemma 3.2 Let (x,),,, and (y,)
t > 0, we have

>1 be sequences of random variables. Then, for any

(3.2) Prob; {sup [%n + yul > t} < Prob? {sup x| > t/2} + Prob? {sup |yn| > t/Z}.
n>1

n>1 n>1

Proof For projections p; and p; satisfying | x, p1|| < #/2and ||y, p2| < t/2foralln >
1, we set p = p; A p,. Then, the triangle inequality yields that

|+ yn)plloo < lxnplloo + | ynplloo = |Xnprplloo + [ynpaploo < t.

Hence, we have

Prob; {sup|xn + Ya| > t} <t(1-p1) +1(1- p2),

n>1

and the desired estimate follows by taking the infimum on the right-hand side of the
inequality. n
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Lemma 3.3 Let (x,),,, be a sequence of random variables. Assume that there exists a
projection q such that x,q = x,, holds for each n > 1. Then, we have

(3.3) Prob; {sup x| > t} <7(q) fort>o0.
n>1
Proof It suffices to observe that |x, (1-¢q)||., =0 < t. ]

The following four technical lemmas regarding the estimate of the distribution for
noncommutative random variables are essential in our proof of Theorem 1.2.

Lemma 3.4 Let r>1, p>0, and 1/2<r/p <1 Let x € Ly(M) and v :R* > R*
be a continuous increasing function with w(t) = O(t"*"/?) for each t > 0 such that
{w(n)/n"P}22, forms an increasing sequence and (1.1) holds. Then,

nT(xe(w(n),w)(\xD) J/w(n) >0, n— oo.
Proof Recall that the generalized inverse y ' is defined by
v (s) =inf{t>0:y(t) >s}, Vs>0,

with 1, 0y (¥ (1)) = Ly(n),e) () almost everywhere. Thus, by (L1),

lv (=D < inr_lT(e(n,o@(w_l (1x[))) < co.
By the functional calculus of ||, we have
|7 (xeyiny,oo) (XD)] < 7 (Jxeyiny,e) (XD)]) < 7 (Ixleqyay.ooy (121)) -
Since {y(n)/n"?} 5, is increasing,
1|7 (xe(y(ny.o0) (1K) [9(1) $ 1727 (|xle 00y (w7 ([%])))
<o (D) el (97 (151))
We claim that (y~1(£))' """ £ 5 (y7(£))" for each ¢ > 0. Indeed, this is equivalent to

that y (t7/(P7=P)) S tie, y(t) = O (¢7*/P) . Hence, by the fact [y~ (x|)| . < oo,
it follows that

1|7 (xeqy(ny,e0 (KD)| /() $ 7 ( (57 (KD) " €nooy (¥ () > 0, 1 > 00,
|

Lemma 3.5 Let r>1, p>0, and r/[p>1 Let x € Lo(M) and v :R* - R* be a
function such that {y(n)/n"/P}, forms an increasing sequence and (1.1) holds. Then,

nt (xe(o,y(m) (X)) [w(n) >0, n - oo.

Proof By the functional calculus of |x|, for any 1 < N < 1, we have
[ (xecopen (%D)] < 7 (xeco,ym(#D]) < 7 (Ixleqo,peny (1xD)

=7 (Ixleco.yon(KD) + 25 7 (Ixlecyqin.pen (D) -

i=N+1
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It is clear that {n/y(n)},»; is decreasing. Therefore,

y(n) "t (|xleqoyen (1) $n™"Pp(N) +y(n)'n Z ()7 (eqyiimnypeni (D)

i=N+1
n
<Py (N) + 3% it (ecyimnwen (W)
i=N+1
By (L1), i.e., 2525 T (eqy(ion,u(in] (X)) = 252 7((e(y(iy,00) (1X])) < 00, the desired
convergence follows from taking n - oo and N — oo. [ ]

Lemma 3.6 Forr>1land p>2,let x € Loy(M) and v : R* — R* be a function such
that {y(n)/n"P}° forms an increasing sequence and (1.1) holds. Then,

nt (|xPeqo w1 (Ix1)) /9 (n)? < Con®=27/P.

Proof Put y(0) = 0 and we have

M:

7 (IxPeco,ym (X)) = 20 7 (IxPecyr-ny,po (Ix1))

=~
|

1

I M3

W(k) 7 (eqyk-nype (X)) -

For the positive increasing sequence {l/f(n)n_’/ ? }n>1, it follows that

y(k)/y(n) < (k/n)""?

for any 1 < k < n. Therefore,

n
nt (|xeqo,p(ny (11)) [y (n)? < 022 5 k2P 1 (e gy oy, piiy (21) -
k=1

It follows from p > 2 that

M:

kz_:l K21 (ey iy po1 (1K) < KT (eqyeay.piin (X))

=~
Il
—_

MS

[(k+1)' K] (eqy )00 (1)

=
I

<1+7271 Z krilT(E(w(k)’oo)ﬂxD) =C, < oo,
k=1

which yields the desired result. ]

Lemma 3.7 Forr>1,p>0,ands > p,letx € Ly(M) and y : R* - R* be a function
such that {y(n)/n"1?}2, forms an increasing sequence and (1.1) holds. Then,

S 0 (15 eonp oy (1)) fy(n)* < oo.

n=1
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Proof Observe that

n n
7 ([xFeco,pimil*l) = 20 7 (IxF eyrn,peon (X)) < 25w (k)* 7 (equee-nypm1 (IxD) -
k=1

i1

Hence,
o ([ eqoymnlxl) fw(n)* = 3w (k) T (eqyaeny. w1 (X)) 20 ' fy(n)?
n=1 k=1 k

<Y KT (eyikeny i (%)) o n P
k=1 n=k

Sraps 20 KT (eqye-) i1 (1)
k=1

Srpos LHI27 S K (ey(k),00) (X)) < 00,
Pt

where the first inequality is due to the fact w(k)/y(n) < (k/n)"/? foranyn>k. m
Now, we are ready to prove Theorem 1.2.

Proof of Theorem 1.2 It suffices to show that (1.1) implies (1.3). By Lemmas 3.4 and
3.5, (1.3) is equivalent to

o0

r=2 c
> n"?Prob;{ sup
n=1 1<m<n

Thanks to (3.2), it follows that

Prob;{ sup Z (xk - T(xke(O,w(n)](|xk|)))
k=1

m

> (o = 7 (xkeqo,p(mlxxl))

k=1

> 81//(}’1)} <oo, Ve>0.

> 81//(11)} <A, +B,,

1<m<n
where
m
A, = Prob; {Ksug Z (xke(w(n),oo)(|xk|)) > (5/2)‘/’(”)}’
<msn k=1
and
m
B, = Probi{lsup > (xkeqo.ymnlel = 7 (xreqoymnlxil))| > (8/2)‘/’(”)}-
<m<n (k=1

Applying Lemma 3.3, we get

n n
An < T(}}/e<w<n>,oo>(|xk|)) < 7 (eyn,eo) (12])) -
=1 k=1

From (1.1), it is immediate that 302, n""2A, < co. It now remains to show that
o2, n" 2B, < oo. For any s > 2, it follows from Remark 2.2 (2) and Lemma 3.1 with
¥(t) = t° forall t > 0 that

s

B, Ss.e lV(n)_s

- (xkeqo,p(m el = 7 (xieqo,p(mlxxl))
k=1

s
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Note here that {xke(o,y(n)]1%k| = T (xk€(0,y(n)]|%k|) } k21 is a mean zero sequence, then
it follows from Theorem 2.3 that

n s

- (xkeqo,pemlxil = 7 (xkeqo,y(mlxxl))

k=1

S

n n s/2
S oGS bo{ SRR
k=1 k=1

Soe 17 (12l e oy (e)) + (17 (1xPeqoye (i) 77

Therefore, the following inequality holds:

M8

n" By < Y 0" y(n) T (1x e o,y (ny (1xk]))
1 n=1

=
1

+y 0 2y(n)~ (nT (|x\ze(0,w(n)](|xk|)))3/2
n=1
=1+ I,.

For p>2,lets> (p-p/r)/(1-p/2r) (ie, r—2—sr/p+s/2 < -1). Then, it follows
from Lemma 3.6 that

y(n)™ (nr (Peqoyom (i)

s/2

y(n) % nt (Ix[Peco,y(m (1))

< n—sr/p+s/2

Thus, I, § 252, n'=271/P*/2 < oo, Note that s > (p — p/r)/(1- p/2r) > p. Then, it
follows from Lemma 3.7 that I; < co. For 0 < p <2, let s =2 and note that I; = I, in
this case. Hence, Lemma 3.7 implies that I; = I < co, which completes our proof in
full generality. [ ]

Moderate deviation inequality

In this section, we provide a proof of Theorem 1.4, and the following two lemmas are
needed in our approach. Lemma 3.9 is a noncommutative analog of [11, Lemma 1].

Lemma 3.8 Let1< p < ooandx € L,(M). Then,
nl’l/l’(logn)fl/pr(xe[(nlogn)l/p’oo)(|x|)) -0, n-oo.
Proof Since n'"?(logn)™"/? < (nlogn)'~"/? for n > 3, we have
nl_l/p(logn)_l/P |T (xe[(nlogn)l/l’,oe) (|x|))| < (nlogn)l_l/pT (|x| e[(nlogn)l/l’,oe)(|x|))
<T (|X| pe[(nlogn)l/l’,oo)(|x|)) :
The desired result follows from the assumption x € L, (M). ]

Lemma 3.9 Let1< p < ooandxeL,(M). Then,

Nk

nP(logn)?t (e(nlogn,oo)(|x|)) < o0,

=
Il
—_
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Proof It is clear that the function ¢ — tlogt is an increasing convex function on
[1,00), and let ¢ be its inverse function, that is, ¢(tlogt) =t for all £ > 1. For y =
o(]x|), we have

Nk

Z np_l(logn)PT (e(nlogn,oo)(|x|)) =

n=1

np_l(log n)PT (e(n,w)(y))

S
Il
—

A
NgE:

k
T (ekks11 (7)) Y nP ' (log n)?
n=1

=~
I

3

$ Y (klogk)?1 ek ki1 (1))

1

>~
Il

p

ylogylh =l (5 = x5,

which completes the proof. ]
Now, we give the proof of Theorem 1.4 for 1 < p < 2.

Proof of Theorem 1.4 (2) Leta, = nlogn for n > 1. By Lemma 3.8, it suffices to prove

that
& logn c L 1/p
> Prob; { sup Z(xk—r(xke(o l/p)(|xk|))) >ealt p<oo, Ve>0.
n=1 N 1<msn |1 A

It follows from (3.2) and Lemma 3.3 that

m

> (i~ 7 (e g (b5al)))

1<ms<n | k=1

Prob;, { sup

> sai,/p} < nr(e[aw oo)(\xk|)) +Cy,
where

Cy = Probi{ sup

1<m<n

82 (st ) = (s, ()

> (¢/2) a}/f’} .

From Lemma 3.9, x|, < co implies that }°7°  log nt (e[ul/p oo)(|x|)) < oo. It remains

to show that .°°, (logn/n) C, < co. Applying Lemma 3.1 with ¥(-) = (-)? and the
orthogonality of martingale differences yields that

o 5 (@)™ 3 e agn (56D, < (o) 71 g D)

Therefore,

[e35) [ele) n
S8 S P (logn) S Pt (e oy (121 7))
i=2

n=2 N n=2
= 3@t (e (K]7)) 3 1 log n)' 2P
i=2 n=i

$ 3 ai7 (efaran (K1) < oo

where the last inequality follows from |x||, < co. Hence, we complete the proof. m
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For the case p =2, Davis’ symmetrization method heavily relying on the Levy
inequality, which is not yet well developed in the noncommutative setting. Instead, our
approach relies on the following modified noncommutative Fuk-Nagaev inequality.

Lemma 3.10 Let {xy}xs1 S Lo(M) be a sequence of successively independent self-
adjoint random variables, which have the same distribution of x € L,(M) such that
7(x) = 0. Let S, = Y., Xk for each n > 1. Then, for any t1,t, > 0,

enlx[3 )/

n|x|3+ tit

enlx[3)""
it '

(e (1521)) < 17 (etnomy (15])) + z(

< n‘r(e[tz,oo)(\x|)) +2 (
Proof By the proof of [7, Theorem 2], it is clear that

T(e[tl,oo)(Sn)) < nT(e[tz,oo)(x))
2
+ exp{t1 - [1 (t1 - nT(xe(O,tz](|x|))) + n|§|2:|log( t1t22 + 1)}
ta ta 5 ”2

nlx

Since x is a self-adjoint element in L, (M) and 7(x) = 0, we get that

[7(xeqo,1(1X))] = [T(xe(t,00) (IX1)] < 627100y (x))? < x5/ 82,

where we used the Cauchy-Schwarz inequality in the first inequality and the Cheby-
shev inequality 7(e(s,,0) (|x[)) < ||x[3/3 in the last inequality. Therefore, we have

1 n|x |
L (1 (e () + 2 5 0,
2 2
and
=3 \""
f 2
7 (€fn,00) (Sn)) < 17 (e[1y,00) (%)) + € /:Z(W) '
By replacing x with —x and xj with —xy, the desired result follows. [ ]

Now, we give the proof of Theorem 1.4 for the case p = 2.

Proof of Theorem 1.4 (1)  For the case {xy } ¢ are self-adjoint, we apply Lemma 3.10

with parameters t; = ey/nlogn and t, = ¢/nlogn/3 to get that
logn
> = (efeyrtagne (S5~ n7()D) 8 Ezlog”f(e[em/w('x - 7))
nz

n>2

1
+y —0.
nz2 n(logn)?
Note that the fact x € L, (M) implies the convergence of the series. For general random
variables, it suffices to split the sequence into the complex combination of two self-

adjoint sequences and apply the triangle inequality of the distribution function (2.1)
to conclude the proof. ]
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It is easy to derive the convergence rate for the law of the iterated logarithm as
follows.

Corollary 3.11 Let {xy }xs1 € L2(M) be a sequence of successively independent self-
adjoint random variables, which have the same distribution of x € L,(M). Let S, =
ko1 Xk for each n > 1. Then, for any € > 0, we have

ad 1

riogn” (CCetntogiognyizes) (1Sn = n7(x)])) < oo.
n=3

Proof Leta, = nloglogn for n > 3. Applying Lemma 3.10 with #; = ¢\/a, and t; =

&\/a, /2 yields that

1

Sn - S a o -
% iogn™ a2 = m1CD) & 3 o (e (b~ ()
1
" ,; nlogn(loglogn)?’
Observe that
1
T (e[ am.00)(|x = T(x)])) = ( )Te ) (x = T()P)
2 iogn” (ervame(l D=2 2 jogn ) 7 (Clamann ")
< Z akT(e[a,,,a,,+1)(|x - T(x)|2)) N qui .
k>3

Hence, we complete the proof. ]

4 Baum-Katz theorem and moderate deviation inequality for
noncommutative martingales

4.1 Baum-Katz theorem for noncommutative martingales

This section is devoted to establishing a Baum-Katz-type theorem for noncommuta-
tive martingales. We begin with recalling the following technical fact from Balka and
Témacs [1].

Fact 4.1 Suppose that f is a positive non-decreasing function defined on [0, c0) with
Yo ﬁ < oo for some c > 0. Then, the following holds:

(1) X2, 1/ (nf (n)) < oo for some ¢ > 0;
(2) X1/ (nf (enf)) < oo forall e, c > 0.

Remark 4.2 In what follows, we may assume that lim,_., f(2"")/f(2") =1 if
p f(z") < o0. Indeed, if f satisfies > 7, f(z,,) < 00, then by [1, Corollary 3.2] there

exists a positive non-decreasing function g defined on [0, c0) such that Y ;7, ﬁ

oo, limsup, . g(t)/f(t) <1, and lim, . g(2""")/g(2") =1 It now suffices to
replace f by g in the proof.

<

Lemma 4.3 [1] Suppose that fis a positive non-decreasing function defined on [0, 00)
with Y00, f(zn < oo. Then, the following holds:
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(1) forall p > 0, thereisa c, > 0 such that the function h,(x) = x7? f (c,x) is decreas-
ing for x > 1;

(2) forall q > 1, there is a convex increasing function fq : [0, 00) — R* and N, > 0 such
that f, is affine on [0, N, | and fy(x) = x1f(\/x) for x > N,.

The following lemma is elementary and we omit its proof.

Lemma 4.4 Let {x,},,, be a sequence of random variables in Lo(M). Let ¢,p:
[0, 00) — R*be non-decreasing functions such that limsup,_, _ p(t)/¢(t) < co. Then,
sup,,5; 7 (¢ (|xa|)) < oo implies that sup,,., T (p (|xa|)) < co.

Before showing the proof of Theorem 1.6, we need the following weak-type asym-
metric maximal inequality, which can be viewed as a suitable substitute of the weak-
type (1,1) Doob inequality.

Lemma 4.5 Let (xi),, be a noncommutative martingale in L;(M). Then, for any
positive integer n, the following holds:

=0

Prob;{ sup |xi| > t} <

1<k<n

n
> ldxil,, ve>o,
k=1

where C is an absolute constant.

Proof Applying Theorem 2.1 with p =1 and Minkowski inequality, it follows that
for each t>0 and any positive integer n, there exists a projection e such that

SUP)cn | Xk€] o < tand
1/2
(Z |d x| )

" 2111/2 n
<C Y [lldxl ], = €3 el
k=1 k=1

1/2
7(l-e)<C

1 1/2

We now provide the proof of Theorem 1.6.
Proof of Theorem 1.6 We assume that sup,,, 7 (|dx;|? f (|dx;])) = C < oo with x; =
Y ¥ dx; foreach1< k < nand n > 1. For each 1< i < n, we define
Vi = dxieqq ey (|dxil) = i1 (dxieq iy (|dxi]))
Zion = AXi€(yrip o0y (|dXi]) = Eiy (dx,-e(nr/,,,w)(|dx,-|)) .
Let A} = YK Vi and B}, =¥k zi,forall1<k<nandn>11Itis easy to see that

both {A% }1<k<n and {Bk}lgksn are martingales and x; = A} + B}. By Lemma 3.2, we
have

Probﬁ{ sup |xx| > sn'/p}

1<k<n

< Probc{ sup |A%] > (s/Z)nr/P} + Prob; { sup |By| > (8/2)117/1’}

1<k<n 1<k<n

=1, +11,.
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To estimate x, we apply Lemma 4.5 to obtain
@1 1,5 ((ef2)n?)” Z |Zinli S n7"1P Z (1dxileurio o0y (Idxi])) -

It follows from the Borel functional calculus for |dx;| that

 (ld] [dxil ' f (1) e ooy i)
T(|dxi|e(,,r/p,oo)(|dxi|)) < n(e=Vr/p f (nrlp)

4.2
( ) nr/p—r nr/p—r

- WT(|dxi|pf(|dxi|)) S D)

Combining (4.1), (4.2), and Fact 4.1(1) entails that
= r—ZH <
S 2 o) ¢
To estimate I,,, we apply Lemma 3.1 with W(t) = ¢ for all ¢ > 0 to get

L 5 (2n277) " £ (|a7) >= *““’Z (1y5.0*)

1

>or (|dxi|2€(o,nv/P](|dxi|)) :

i=1

(£2n2r/p)
Let g = (2 — p)r/p and it follows from (2.3) that
Zn” DN Z f £1 (g iy (£)d (1)
f > n 1% dr(e;)

n>max{1 tP/'}

8

LMg I

[}

Zf max{i, tp/r})_q_l dT(et)::Z(I}+I?+I?),

i=1 i=1

8

:r/p

1 i oo
I = f 271 dr(e,), I = f 217 dr(e,), I = [ T de(ey).
0 1 ir’p

Note here that 332, I} < 372, i797! < oo. It follows from Lemma 4.3 (1) that t#> f (¢, t)
is non-increasing for t > 1 and some c, > 0. Combining that t/"f(c,t) is non-

decreasing yields that

i/p -2

i tP t o0 tPI" f(cpt

I? < i1t f 12 o2 f(CP ) dT(et)) B < f tpip/erT(et).
1 i0-2rlp f (c,irlp) irlp if (cpirl?)

By Remark 4.2 and Lemma 4.4, we have

I #teptanten) = 5 (a5 ey i) < .
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Notice that Fact 4.1(2) implies 2.7 (12 + I3) < ¥52, C/ (if (cpi"’?)) < c0. Hence,

S a2, s S (14 P+ ) < oo,
n=1

L

I
—_

Finally,
> n’_zProb;{ sup |xg| > snr/P} <3 L+ Yy n I, < oo,
n=1 1<k<n n=1 n=1
which yields the desired conclusion. ]

To show the case for p > 2, we recall the following noncommutative Burkholder-
Gundy inequality for Orlicz norms [22, Theorem 7.2].

Theorem 4.6 Let @ be a 2-convex and q-concave Orlicz function for some 2 < g < oo
and (Xi ), be a sequence martingale differences that is bounded in Lo (M). Then,

(oflgo) (ol el )

Lemma 4.7 Let f be the function fulfilling (1.4). Then, for any q > 2, we can modify f
to obtain a 2-convex and s-concave function O, for some 2 < s < co.

PIEZ

k>0

Proof By Lemma 4.3 (2), there is an increasing convex function f,/, : [0, 00) —
(0, 00) and positive numbers N, such that f,/, is linear on [0, Ny ], and f,/,(¢) =
t4/2 f(\/t) for all t > N,. Define @, : [0, 00) — [0, 00) by setting ®4(t) = f,/2 (£*).
Obviously, @, is increasing and 2-convex. Clearly, ®,(0) = 0 and ®,(t) = ct* for t €

[0, /N, ] with some constant ¢ > 0. For t > /N, we have ®,(t) = t1f(t). It follows
from Remark 4.2 that @ satisfies the A,-condition. Hence, there exists an s € [2, )
such that @ is s-concave. [ ]

Now, we give the proof of Theorem 1.7.

Proof of Theorem 1.7 Assume without loss of generality that x; = Y dx; is self-
adjoint for each k € N*. Since g = %T_;) > 2, it follows from Lemmas 4.7 and 4.4 that
there exists a 2-convex and s-concave function @, for some 2 < s < oo with

sup (@ (1dxi))) 5 sup (|di] £ (Jdxi])) < oo.

Let K = supile(CDq (|dxi|)) and we apply Lemma 3.1 to the finite martingale
{xx/\/n}1cken to get that

)

P c r/p
robT{ sup |xx| > en o, (enr/p—l/Z)

1<k<n

It follows from Theorem 4.6 that

1

[, (beal/ )] $ r(cbq l(z |dxi|2/n)2]) o (S n)).
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Applying the Jensen inequality (2.4) to the convex function f, /, yields that

o (S as20n) ) < ) S5 s () = U 3 (0, () < K

i=1

For en"/P~1/2 > Ny, that is, n > (\ /Nq/s)ZP/(Zr_p) = 1y, we have

K
ProbS{ sup |xp|>en /Pt —
' {1£k£n| H } O, (en'/p-112)

K _ Kn'7

" eanaClo D f (entlp12)  gaf (entlp12)’

Hence, taking the sum over all n € N* and applying Fact 4.1(2) yield that

K
> n"zProbi{ sup |xx| > snr/p} DY

N <
nzng 1<k<n n>ng £qnf (gnf/p—l/Z)

For general martingales, it suffices to apply the Hermitian dilation technique to reduce
to the self-adjoint martingale case. ]

4.2 Moderate deviation inequality for martingale differences

Before showing the proof of Theorem 1.10, we need to recall the following deviation
inequality for noncommutative martingales taken from [19, Lemma 4.3].

Lemma 4.8 Let1< p < oo, and (xi )y, in Lp(M) be a noncommutative martingale.
Suppose that sup, | dx|, < K for some K > 0. Then, there exists Cp, > 0 such that

max{2,p}
|xull, < Cpm wO K, Vn>l.

We now provide the proof of Theorem 1.10 as follows.

Proof of Theorem 1.10  For each 1 < i < n and some a > 0, we define

Ui = dxie(o,(lognye] (|dxi]) = Ei1 (dxie(o,(togmys (|dxi])) »
Vin = dx,-e((logn)a,oo)(|dx,-|) - 8,'_1 (dx,-e((logn)a,oo)(|dx,-|)) .
Let M} = Zle uj,, and Nj = Zle vin forall 1<k <m and n>1. It is easy to see

that both {M} }1<k<n and {N} }1<k<n are martingales. Denoted by xj = Zle dx; for
1< k < n, it follows that x; = M} + N;. By Lemma 3.2, we have

Probi{ sup |xk| > e(nlog n)l/z} < Probi{ sup |My|> (¢/2)(nlog n)l/z}

1<k<n 1<k<n

+ probﬁ{ sup |N7| > (s/2)(nlogn)1/2}

1<k<n

= I; +H:.
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Applying Lemma 3.1 with ¥(¢t) = t* for t > 0, it follows from the orthogonality of
martingale differences that

n n
S (nlogn)™ Y [viuls < (nlogn)™ 3 7 (dxiPe((tog mye,00) (Jdxi]) ) -
i=1 i=1

By the Holder inequality and Chebyshev inequality (2.2),
7 (|dxie(rog o) (1431))) < [ldxi [, ecognye,co) (xiD)] .y, S (ogn) @,

Hence, we have IT* < (logn)?2)%"1, For some q > 2, applying Lemma 4.8 to
(MZ)1<k<n with K = (logn)*?, it follows that

|M3], < n'(log n)°.
By Lemma 3.1, we obtain that
I 5 (nlogn)™42 | M} |7 5 (log n)®~9/2,
Therefore,

)

n=2 n=2

1
Z OgnProbc{ sup |xx| > e(nlogn)
n

n=2 1<k<n

1/2} 5 (o)™ 1t 5 (og)C 0
=

4(p

. 4
The series converges for the range p > 4, g > and 5 <a< q ]

Inspired by Zeng’s result [51], we study the convergence rate of the iterated loga-
rithm for noncommutative martingales.

Corollary 4.9 Let p > 2 and {dx;}i»1 be an L,-bounded noncommutative martingale
difference sequence. Then, for any € > 0, we have

nz:;nl

Proof By the same arguments used in the proof of Theorem 1.10, for some a > 0 and
q > 2, we have

Z dx;

i=1

Prob; { sup

1<k<n

> s(nloglogn)l/z} < oo,

k
dei

1
Prob; { sup

> ¢(nloglog n)l/z}

Z::3 n log n 1<k<n |i=1
<3 (loglogn)®1~9/2 Z (loglog n)(2-P)a-1
=, nlogn = nlogn '
The series converges by taking 0 < a < (¢ —2)/2q. -

It is worthwhile to mention that for 1< p < 2, there exists an L,-bounded mar-
tingale difference sequence such that the series in Corollary 4.9 diverges (see [38,
Theorem 2.4]).
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5 Marcinkiewicz-Zygmund strong law of large numbers

In 1947, Chung [10] proved the following extension of the Marcinkiewicz-Zygmund
strong law of large numbers for independent random variables.

Theorem 5.1 Let 1< p <2 and {X,},,, be a sequence of mean-zero independent
random variables such that sup ., E (| X,|? f (|X,|)) < oo, where f fulfills (1.4). Then,
limy, o0 Y5y Xi/n'? = 0 almost surely.

Stout later extended Theorem 5.1 to the cases of martingale differences (see [49,
Theorem 3.3.9 and Corollary 3.3.5]). In this section, we further extend Stout’s results
to the noncommutative framework. Recall the a.u convergence of sequences from
Definition 2.1, and the following lemma is a noncommutative analog of the Borel-

Cantelli lemma enabling one to derive an a.u. convergence result from the convergence
of specific series of tail probabilities.

Lemma 5.2 (Noncommutative Borel-Cantelli lemma [28]) Suppose {I,};>, is a
sequence of integers such that U2 1, = {k e N: k > ny} for some ng € N. Let (z,,) be
a sequence of random variables. If for any § > 0,

> Probi{sup |z | > 6} < o0,

n>ng mel,
then
a.u.
zy, —> 0 as n - oo.

It is worthwhile to mention that a slight modification in the proof of Lemma 5.2
ensures the validity of the conclusion if the following series

> Probi{sup (|2m/ (sup 1)%]) > 6}
n>ng mel,

converges for some a > 0.

Proof of Corollary 1.9 Let r = 1 in Theorem 1.6 and note that the series

It follows that there exists a positive constant C such that

C

Probi{ sup |Sp| > enl/P} <——, forallneN.,
1<m<n log n

Therefore, we obtain Y5, Prob {sup,_,,_y [Sm| > £22'/7} < co. By Lemma 5.2,

Y7, xx/n'/? converges to 0 almost uniformly. |

Remark 5.3 The proof of Corollary 1.3 is analogous to the proof of Corollary 1.9,
and we left the details for readers. In the commutative martingale setting, Chung [9]
pointed out that the uniform boundedness condition in our results is the best possible,

i.e,, (1.5) diverges whenever (1.4) diverges. In addition, if we take f() = (log” |t|)l+€
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for t > 0 and € > 0 in Corollary 1.9, we will see that the logarithmic factor compensates
for weakening the assumption concerning independence and identical distributions
compared to the classical Marcinkiewicz-Zygmund law.

Acknowledgements We are grateful to the referee’s constructive suggestions which
substantially improve the article.
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