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Abstract

We consider the Brown measure of a + ¢, where « lies in a commutative tracial von Neumann algebra 3 and c¢ is
a B-valued circular element. Under certain regularity conditions on a and the covariance of ¢ this Brown measure
has a density with respect to the Lebesgue measure on the complex plane which is real analytic apart from jump
discontinuities at the boundary of its support. With the exception of finitely many singularities this one-dimensional
spectral edge is real analytic. We provide a full description of all possible edge singularities as well as all points
in the interior, where the density vanishes. The edge singularities are classified in terms of their local edge shape
while internal zeros of the density are classified in terms of the shape of the density locally around these points.
We also show that each of these countably infinitely many singularity types occurs for an appropriate choice of a
when ¢ is a standard circular element. The Brown measure of a + ¢ arises as the empirical spectral distribution of a
diagonally deformed non-Hermitian random matrix with independent entries when its dimension tends to infinity.
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1. Introduction

The empirical spectral distribution of a non-Hermitian random matrix typically converges to a nonran-
dom probability distribution o, the limiting spectral measure, on the complex plane as its dimension
tends to infinity. The most prominent instance of this phenomenon is the circular law, stating that the
empirical eigenvalue distributions of a suitably normalised sequence of matrices X;, € C"*" with cen-
tred i.i.d. entries converge to the uniform distribution on the complex unit disk D in the limit n — oo
[35, 12] (see [57] for optimal moment conditions and [19] for a review).

For the purpose of identifying the limiting spectral measure and computing mixed moments of X,
and X, as n — oo, according to free probability theory the limit of the sequence X,, is appropriately
described by a circular element ¢. This ¢ is an infinite-dimensional operator in a W*-probability space
A with faithful, tracial state (-) and satisfies lim,,_,c %Tr p(X,, X)) = (p(c,c*)) for all polynomials
p in two noncommutative variables. In agreement with the circular law, the uniform distribution on D,
is the Brown measure of ¢, where the Brown measure is a generalisation of the spectral measure to
non-normal operators [22, 36]. When a deterministic deformation matrix A = A, is added to X = X,,,
the associated spectral distribution of the random matrix A + X is asymptotically close to the Brown
measure o4+ of the sum of an embedding of A into the W*-probability space and a circular element
¢ that is =-free from A [52]. In this case, the support of 044 coincides with the closure §A, where
Sq:={{eC: ((a- )" Na* = )™")) > 1}. This observation goes back to [42].

That S, is the support of the Brown measure of a + ¢ for a deformation a € A, which is *-free
from ¢, was shown in [18] for normal deformations and extended to general deformations in [17, 64].
Subsequently, the regularity of o4 has been analysed. The measure is absolutely continuous with
respect to the Lebesgue measure on C [13] and the density is strictly positive and real analytic on
S [64, 39]. In [32] it has been shown that at the edge of S,, the density typically possesses a jump
discontinuity and that around its zeros within its support S, it grows at most quadratically with a
corresponding quadratic lower bound either on a two-sided cone or in a whole neighbourhood.

In the present work, we refine the distinction between these three possibilities by establishing a full
classification of the points of vanishing density within S,. The edge singularities, that is, the zeros of
the density in Bga are classified in terms of the local shape of 6§a, while zeros in the interior of §a are
classified in terms of the local growth of the density. For both cases countably infinite singularity types
are possible. Finally, we prove that each case of these possible singularity types does exist in the Brown
measure o, for a suitable choice of a.

In addition to providing a clear picture of the regularity of the Brown measure this full classification
of the singularity types is important because of their potential to distinguish the universality classes of
the local eigenvalue point processes near these singularities. To that end, it is insightful to review some
known results in the analogous Hermitian model, the deformed Wigner matrices A + H, where A is a
deterministic real diagonal deformation to a sequence of n X n-Wigner matrices H with i.i.d. entries,
up to Hermitian symmetry constraints. The spectral density for such matrices is well approximated for
large dimensions by the spectral measure of A + s, where s is a semicircular element, *-free of A. This
follows from [60] and [61] if H has Gaussian entries and for a general Wigner matrix from [29]. The
spectral measure of A + s has a density p with respect to the Lebesgue measure on the real line which
is real analytic wherever it is positive. Under some regularity assumptions on the deformation, the
singularities of p, that form when the density vanishes, can only be of algebraic degree two or three [2].
More precisely, they exhibit a one-sided square root growth at the spectral edge and a two-sided cubic
root growth for singularities in the interior of the support of p. These singularity types determine
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the corresponding universality classes of the local spectral statistics that are associated with the Airy
[43] and Pearcey process [34, 25], respectively. For Gaussian entries this correspondence between the
singularity type of the density and the local statistics had already been established for regular square
root edges without deformation in [58, 59] and subsequently with deformation in [24], as well as for
the cubic root cusp in [20, 21, 1, 24].

Allowing the entries in the randomness H = (h,-j)l.’szl to have differing distributions, introduces
an additional structure designed to model systems with nontrivial underlying geometry. For the de-
formed Wigner type matrices A + H the asymptotic spectral density p depends on the variance profile

= (E|h;;|? )” . To define the limiting object that replaces the semicircular element from the i.i.d.
case in this settmg, the additional structure of a conditional expectation E : A — B with values in the
commutative subalgebra 5 = C" c A with entrywise multiplication is introduced on the W*-probability
space. This is the setup of B-valued free probability theory [62] and the operator s, for which p is now
the spectral density of A + s, is a B-valued circular element whose covariance encodes the variance
profile R through the identity Rb = E[sbs] for b € B. The classification of singularities of p in terms of
the edge - cusp - dichotomy, as well as the associated appearance of the Airy - and Pearcey - universality
classes, persists in this more general model [8, 34, 25].

Introducing variance profiles in the non-Hermitian setup requires the same extension to a
B-valued probability space (A, B, E) with B = C". The empirical spectral measure of a random ma-
trix X = (x; j)[.’szl with centred independent entries of variances s;; = E|x; j|2 is well approximated
by the Brown measure of a non-normal operator ¢ that is a C"-valued circular element and covariance
S = (s J')z{?j:l [10]. Many entries may have variance zero, which is of particular interest when studying
non-Hermitian band matrices [40, 41]. Here the Brown measure is supported on a disk, radially sym-
metric and its density has a jump at the edge, but is nonconstant on its support in general [27, 5]. Adding
a diagonal deformation A = (a;0;; )l jo1 tO X,, breaks the asymptotic radial symmetry of the Brown
measure of A + ¢ and the spectrum concentrates on an area in the complex plane that is contained in
the asymptotic pseudospectrum, whose outer boundary was identified in [7]. In the companion paper
[10] we show that the spectrum asymptotically fills the entire area enclosed by this boundary, that is, for
deformed random matrices with variance profile the support of the limiting spectral measure and the
asymptotic pseudospectrum coincide.

Recently, it has been shown that for non-Hermitian matrices A + X, where X € C"™" has i.i.d. entries
and A is deterministic, the local universality classes correspond to the local shape of the limiting spectral
density o as well in two cases. In the bulk, that is when o is positive, the local eigenvalue statistics
coincides with the Ginibre bulk statistics. For Gaussian X this was shown in [63] and for non-Gaussian
entries and A = 0 under the four moment matching assumption in [56] and without this assumption in
[45, 48, 28]. At spectral edge points with a jump discontinuity of o, the Ginibre edge statistic emerges,
which has been proved first for Gaussian matrices in [44] and then for non-Gaussian entries in [26] for
A = 0 and in [23] for nonzero deformations. This phenomenon is expected to generalise to matrices
X with variance profile. In contrast to the Hermitian setting the class of singularities that emerge as
points where the limiting spectral density vanishes, or equivalently the zeros of the density of the Brown
measure of A + ¢ with a C"-valued circular element ¢ inside its support, is much more rich. As we show
in this work, it contains an infinite family of such possible singularity types both at the spectral edge
as well as in the interior of the support. We conjecture that each local singularity type corresponds to a
specific universality class for the local statistics of the corresponding random matrix ensemble.

Generalising from the setting of finite dimensional B = C", in this work we consider the general
framework of deformed B-valued circular elements a +¢, where a € B is the deformation, ¢ the B-valued
circular element, B C A is a commutative subalgebra of a W*-probability space A and E: A — B is
a conditional expectation. The covariance S: B — B of ¢ is defined through S[b] = E[cbc¢*] for all
b € Band E[chc] = 0. Higher order B-valued free cumulants of ¢ and ¢* vanish, making it a generalized
circular element as introduced in [53]. B-valued circular elements were previously analysed in [30] under
the name B-circular elements and were introduced in [31]. For the Brown measure o of ¢ +a we provide
a classification in terms of the solution to a nonlinear equation on . Furthermore, we determine the
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regularity properties of this measure and describe its singularities. We show that under some regularity
assumptions on the variance profile the Brown measure o admits a bounded probability density on
the complex plane, which is real analytic and strictly positive on an open domain S := {f < 0} c C
with boundary dS = {8 = 0}, where 8 : C — R is a continuous function that is real analytic in a
neighbourhood of dS. From this we obtain that dS is a real analytic variety of dimension at most 1. The
density of the Brown measure, also denoted by o, vanishes outside the closure of S and typically has a
jump discontinuity at the spectral edge dS, except at critical points of 8, where it vanishes continuously.
Consequently, we have generalised the previously known results [64, 13, 32] about the density o4,
when ¢ is a standard circular element, that is, S = () is the trace of the argument multiplied by the unit
in B. In this case our choice of 8 simplifies to () = {|a — ¢|~2), which coincides with the analogous
quantity in [42].

Near the zeros or singularities of the density, we prove the following behaviour. A zero { lies either
at the boundary of the support S, of the Brown measure, that is, at the spectral edge, or in the interior of
S4. In the first case we analyse the local behaviour of the level sets of 8 around ¢ to identify the shape of
the edge dS in a neighbourhood of £. In appropriately chosen coordinates (x, y) of the plane this shape
is of the form x> = y**!, forming an edge singularity of order k € N. In the latter case we classify the
singularities in terms of the local shape of the density around its zero {. At these internal singularities
the density has the form x? + y? with order k € N in appropriately chosen coordinates (x, y).

Proof ideas:

All properties of the Brown measure o and its relationship to 8 established in this paper in the general
setup are ultimately obtained by our analysis of a -dependent system of two coupled 5-valued equations,
called Dyson equation. Tt describes the diagonal entries vy () and v5(¢) of the matrix in B2*? obtained
by applying the conditional expectation E entrywise to the resolvent of the Hermitisation of @ + ¢. In the
random matrix setup, the Hermitisation idea goes back to [35]. See, for example, [14] for its use in the
analysis of Brown measures. More explicitly, there are two unique' positive functions vy, v, : S — B,
which satisfy

I ¢ —al? L ¢ —al?
no O wo SO e

for each ¢ € S. As ¢ approaches dS the solution (v{(¢),v2(Z)) vanishes. If ¢ is a standard circular
element, then the B-valued system (1.1) simplifies to a scalar-valued equation. In either case, from v,
the probability density o inside S is derived through

V1(§)(a—§)>
nSvi(¢) |

Taking the derivative in (1.2) yields a quadratic form of a nonsymmetric operator. The main idea for the
proof of strict positivity of o in the bulk regime, that is, on S, is to transform the formula for o into the
quadratic form of a strictly positive operator. Near the spectral edge dS, the behaviour of o is governed
by the quantity 8 from the definition of S. In fact, 8({) coincides locally around the spectral edge with
the isolated eigenvalue of the nonsymmetric operator B that is closest to zero, where By : B — B
is defined through B/ f = |a - { |> f — Sf. A consequence that we derive from this insight is that the
jump height of the edge discontinuity of o at the spectral edge is proportional to |9, BI*. This requires
a careful singular expansion of vy, v, at the spectral edge, where the Dyson equation (1.1) is unstable.
A signature of this instability is that B is singular for £ € dS and the main contributions to v and v,
near dS point into the singular eigendirections of B;. Owing to the dependence of v, v, and § on S,
treating nonconstant S and a is a recurring challenge for the analysis in both regimes.

(1.1

o(Q) = -ag< (1.2)

IThe existence and uniqueness of v; and v, in (1.1) are proved in Corollary 5.17 below.
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Finally, we employ an iterative scheme to show that for each k£ € N a finite-dimensional commutative
subalgebra 5 c A and a deformation a € B exist, such that the Brown measure of the deformed standard
circular element a + ¢ exhibits an edge or internal singularity of order k. To perform an iteration step
within this scheme, we increase the dimension of 13 and add a small carefully chosen perturbation /4 to a
deformation a within the additional dimensions, where a generated a singularity in the Brown measure
of a + ¢ at the origin. Then by tuning the parameters that determine a and changing it to @ ~ a we ensure
that @ + h now generates a singularity at the origin with a higher order than the one generated by a.

2. Main results

We consider an operator-valued probability space (A, E, B). That is, A is a unital von Neumann algebra,
B c A is a von Neumann subalgebra with the same unit and E: A — B is a positive conditional
expectation, that is, E[b] = b for all b € B, E[byab;]| = b1E[a]b, for all a € A and by, by € B as
well as E[a] is positive for all positive a € .A. We also assume that 53 is equipped with a faithful tracial
state (-) such that (A, (E[ -])) is a tracial W*-probability space. We call an element ¢ € A a B-valued
circular element if it is centred, that is, E[¢] = 0, all mixed free B-cumulants? of ¢ and ¢* of any order
larger than 2 vanish and if the second order cumulants satisfy

E[cbc] =0, E[¢"bc*] =0 2.1)
for all b € B. Define the operators S: 5 — 5 and §*: B — B through
Sb := E[chc™], S*b := E[¢"bc] 2.2)

for all b € B. Note that S*b = (S(b*))* for all b € B. We call a + ¢ with some a € B a deformed
B-valued circular element with deformation a and covariance S.

For a € A the Brown measure o, of a is the unique compactly supported probability measure on C
with

/C log|¢  £]o (d€) = log D(a - ¢) 2.3)

for all £ € C. Here, D(a — {) denotes the Fuglede-Kadison determinant of a — {. The Fuglede-Kadison
determinant of an arbitrary b € A is defined by

D(b) := n% exp((E[log(b*b + £)'/2])) € [0, o). (2.4)

Originally introduced in [22], the Brown measure was revived in [36]. An introduction to the Brown
measure and the Fuglede-Kadison determinant can be found for example in [47, Chapter 11].

In the following we will consider the case when B is commutative. Therefore we may assume that
B = L*(X,Z, u) is the space of u-almost everywhere bounded functions with respect to a probability
measure ¢ on (X, X) and (b) = fae bdy is the trace of b € B [55, Chapter III, Theorem 1.18].

We study the Brown measure of a deformed B-valued circular element. To that end, fix a € B and
let ¢ € A be a B-valued circular element that satisfies (2.1) and (2.2). Throughout this work we will
assume that S and S* from (2.2) are represented by an integral kernel, that is, that there is a measurable
function s: X X X — [0, co0) such that

(Su)(x) = /x supdy),  (S'u)) = /3E s u(y)u(dy) 25)

2For the definition of the mixed free B-cumulants, we refer to [47, Definition 7, Chapter 9].
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for x € X and u € B. Since S and S* are positive operators and therefore, bounded, after possibly
changing s on a u ® u-nullset, we assume

sup / $Cra ) u(dy) < oo, sup / $(ra ) (dx) < oo, 2.6)

xeX JX yeX JX

Under the following regularity assumptions on a and s, we prove detailed information about the Brown
measure 0 = 044 Of the deformed B-valued circular operator a + ¢. From here on and throughout the
paper, we will impose some of the following assumptions.

A1 Block-primitivity of S: There is a constant C > 0, a primitive matrix Z = (Zij)in=1 € {0, 1}KxK

with z;; = 1 for each i and a measurable partition (Ii)ili , of X with min; u(/;) > é such that

K
1
ES(X’ y) < i;l ZijLixr; (x,y) < Cs(x,y)

forallx, y € X.

We recall that a matrix Z € [0, c0)X*K with nonnegative entries is called primitive if there is an
L € N such that all entries of the power Z% are strictly positive. For a and s as above, we define the
function I', s : (0, 00) — (0, o0) similarly to [6, Section 9] as
1 1/2

Fas (D)= (CSS wies [ T o ae @) @7

where dg(x,y) := (/x(|s(x, q) — s, @) +1s(q.x) - s(q,y)|2),u(dq))l/2. Note that I', ¢ is strictly
monotonically increasing.

A2 Data regularity: The data a and s satisfy the regularity assumption
1im Ty,y(7) = co.
Remark 2.1. The following list provides simple conditions that imply our assumptions A1 or A2.
(i) The condition A1 is for example satisfied if S is bounded from below, that is, when
l <s(x,y) <C
C

for some constant C > 0 and for all x, y € X.

(i) If X is a finite set then A2 holds for any a and s.

(iii) In the case X = [0, 1] and u the Lebesgue-measure on [0, 1], Assumption A2 holds, for example,
when s and a are Holder-continuous with Holder-exponent %

(iv) In fact it suffices that Holder-continuity of a and s holds piecewise. Let I, ..., Ix be disjoint
intervals in [0, 1] such that I U ... U Igx = [0,1]. If s: [0,1] x [0,1] — [0,0), a: [0,1] —» C
are such that s|z,»s, and a|;, are %-Hélder—continuous for every [, k € {1,2,...,K} then A2 is

satisfied. In particular, if s satisfies Al in addition, then A1 and A2 both hold.

To classify the support of o we introduce the operator B = B, : B — B given by

Bé‘ = D|a_gv|2—S, (28)
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where D, : B — B,x — ux denotes the multiplication operator on B with u € B. Since B maps
real-valued functions to real-valued functions, we obtain a function §: C — R defined through

B(¢) := inf sup M

2.9)
x€Biyep, {(X,y)

for ¢ € C, where the infimum and supremum are taken over B, := {x € B : x > 0} and (uy, up) = (ujus)
for all uy, up € B. The definition of 8 is motivated by the Birkhoft-Varga formula for the spectral radius
of a matrix with positive entries [16]. In terms of 8 we define the set

S:={¢eC: B() <0}, (2.10)

whose closure coincides with supp o, as stated in the next theorem. We will see in Proposition 5.16
(i) that B is a continuous function and therefore S is an open set. Moreover, 8 is real analytic in a
neighbourhood of dS, see Corollary 5.20 below.

Theorem 2.2 (Properties of o). Let a € B = L®(X, X, u) and ¢ be a B-valued circular element such
that S and S* from (2.2) satisfy (2.5) with s fulfilling A1 and A2.

(i) With respect to the Lebesgue measure, the Brown measure o of a + ¢ has a bounded density on C,

which we also denote by o, that is, o-(d0) = o ()d*¢.

(ii) The density { v o ({) is strictly positive on S and admits a real analytic extension to an open
neighbourhood of S.

(iii) suppo = S and this set is bounded. Furthermore Spec(D,) C S.

(iv) 0S ={¢ € C: B(¢) = 0} and it is a real analytic variety of (real) dimension at most 1.

(v) The unique continuous extension o: S — [0,00) of the density o|s to S satisfies o () =
g(§)|a¢ﬁ(g)|2 for all { € 8S, where g : S — (0,00) is a strictly positive function that can
be extended to a real analytic function on a neighbourhood of 0S.

The proof of Theorem 2.2 is given at the end of Section 6 below.

Our next results describe in detail the edge behaviour of o~ at points {y € dS. Typically we observe
a sharp drop of the density o at the edge dS. In fact, by Theorem 2.2 (v) this is the case if and only if
0z B({o) does not vanish.

Definition 2.3 (Regular edge and singular points). Let {o € dS such that 9,8({p) # 0. Then we say
that ¢y is a regular edge point. We denote the set of these points by Reg and its complement by
Sing := dS \ Reg, which is called the set of singular points for o .

To give a short statement of the classification of the singular points for o we introduce the following
notion.

Definition 2.4 (Singularity types). Let @ : U — C be a real analytic function on an open set U c C
and £y € U. We say that « is of singularity type p(x,y) at £y for a polynomial p : R*> — C if there
is a real analytic diffeomorphism @ : V — Uy from an open neighbourhood V of 0 € C to an open
neighbourhood Uy of ¢y = ®(0), such that

a(D(x +iy)) = p(x,y), x+iyeV.

In the sense above S is of singularity type x at any regular edge point. By Theorem 2.2 the edge
0 supp o is locally analytically diffeomorphic to a line and o has a jump discontinuity along this line.

Theorem 2.5 (Classification of edge and internal singularities). Let a € BB and s satisfy Al and A2. The
set of singular points for o admits a partition

Sing = U (Singi™ U Sing{**) U Sing™ . (2.11)
k=1
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Here Sing \ Sing, is a finite set, while Sing,, is either empty or a finite disjoint union of closed

real analytic paths without self-intersections. The different singularity types are characterised by the

following properties:

1) Internal singularities of order k: Any { € Singilzlt is an isolated point of C\ S and o is of singularity
type X2+ y2k at .

2) Edge singularities of order k: Any { € Sing']:(dge lies in 8S and B is of singularity type y'** —x2 ar ¢.

3) Internal singularities of order co: Any [ € Sing™ lies in the interior 0f§ and o is of singularity type
x? at .

The proof of Theorem 2.5 is presented at the end of Section 6 below.

Remark 2.6. The internal singularities Sing}™ U Sing!2' are classified by their local behaviour of the

(o)

density o. The edge singularities SingiClge are equivalently characterised by the local shape of the

spectral edge o supp o, namely for / € Singzdge there is a local analytic diffeomorphism ¥: U — V
from an open neighbourhood V of ¢y to an open U c C with ¥({p) = 0 such that

Y(suppo NU) = {x+iyeC:x>*—y** >0} nV

Finally we show that all singularities allowed by the classification in Theorem 2.5 do occur in the
simple case when ¢ is a standard circular element and X = [0, 1] with the Lebesgue measure. A standard
circular element satisfies E[c*bc] = E[cbc*] = (b) for all b € B.

Theorem 2.7 (Existence of all singularity types). For each of the sets Singi,;“, Singzjlge with k € N and
Sing™, there is a choice a € L*|0, 1] such that for the Brown measure of a + ¢, with ¢ a standard
circular element, this set is not empty. With the exception of Sing™, the deformation a can be chosen to
have finite image.

The proof of Theorem 2.7 can be found just before Section 7.1.

Remark 2.8 (Circular element with general deformation). Although not directly covered by our results
stated above, the classification of singularities from Theorem 2.5 also holds for the Brown measure of
a+c¢, where a is a general operator in a tracial von Neumann algebra and ¢ is a standard circular element,
which is *-free from a. We note that a can be non-normal in general. We define S = {¢ € C: f({) > 1}
with

. 1
AR 171‘33<<a—4>(a—4>*+n2>

for £ € C. Then the support of the Brown measure o is S [64] and the measure has a density on C [13],
which is real analytic and strictly positive inside S [64]. Under the additional assumption

Spec(a) C S, (2.12)

the dichotomy between regular edge points, at which the density has a jump discontinuity, and singular
points of o was established in [32]. The singular points { € Sing are called quadratic edges in [32]
and are classified by satisfying f({) = 1 and 9, f({) = 0, while regular edge points { € Reg satisfy
f(&) =1and d; f(£) # 0. Here we provide a classification of the singular points € Sing by showing
that Sing is a disjoint union of the sets Singikm, Singzdge with k € N and Sing™ as in (2.11), where

these sets are defined as in Theorem 2.5 with 8 := 1 — f. We provide the proof for this classification in
Section § below.
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2.1. Notations

We now introduce some notations used throughout. We write [n] := {1,...,n} for n € N. For
r > 0, we denote by D, := {z € C: |z] < r} the disk of radius r around the origin in C and by
dist(x, A) := inf{|x — y|: y € A} the Euclidean distance of a point x € C fromaset A C C.

We use the convention that ¢ and C denote generic constants that may depend on the model parameters,
but are otherwise uniform in all other parameters, for example, n, ¢, etc.. For two real scalars f and g
we write f < gand g > fif f < Cg for such a constant C > 0. In case f < g and f > g both hold,
we write f ~ g. If the constant C depends on a parameter ¢ that is not a model parameter, we write
<s, 26 and ~, respectively. The notation for inequality up to constant is also used for self-adjoint
matrices/operators f and g, where f < Cg is interpreted in the sense of quadratic forms. For complex f
and g > 0 we write f = O(g) in case | f| < g. Analogously f = Os(g) expresses the fact | f| <s g.

In addition to L®, we introduce the usual L? spaces on (X, .4, u). We denote them by LP :=
LP (X, A, p) and the corresponding norms by | -||,,. For functions u1, uy € L?, we define their scalar
product as

(uy,uz) == (uuy) .

3. Examples

In this section, we present several examples that illustrate some of the different singularity types
appearing in Theorem 2.5. Throughout this section, we choose X = [0, 1], u the Lebesgue-measure
on [0, 1] and s constant on [0, 1]. If s = ¢ is constant on [0, 1]? then it is easy to see that () =

% - fol —dx __ forall { € C and therefore, as has already been derived in [42, 57, 18],

la(x)-¢ |
1 dx 1
S = C: —_— ), 3.1
{“ /o|a<x>—4|2>t} G-

Example 3.1 (Simplest edge singularity of dS). We choose s = 1 and a: [0,1] — C with a(x;) =1
and a(x;) = —1 for all x; € [0,1/2) and x, € [1/2, 1]. In that case, we obtain from (3.1) that

S={ceC: 1=+ 1+]%>>1}.
As we will see in Lemma 7.3 (a) below, this yields an edge singularity of order 1, that is, in Sing‘;dge

at zero. The boundary of S and the eigenvalues of a sampled corresponding random matrix model are
depicted in Figure la. This example also appeared in [15, Example 5.2].

Example 3.2 (Simplest internal singularity of o-). With the choices s = 1/4 and a: [0,1] — C with
a(x;) = (1+1)/V2, a(xy) = (1 —1)/V2, a(x3) = (=1 +1i)/V2 and a(xs) = —(1 +i)/V2 for all
x1 €[0,1/4),x2 € [1/4,1/2),x3 € [1/2,3/4) and x4 € [3/4,1], (3.1) yields

S={eCi |l - (1+D)/V2[2+1Z = (1= )/V2I2 + ¢+ (1 =) /V2| 2+ [ + (1 +0)/V2[7% > 1}

Lemma 7.3 (a) below will demonstrate that this gives rise to an internal singularity of order 1, that is,
in Sing‘2nt at zero. Figure 1b shows the boundary of S and the eigenvalues of a sampled corresponding

random matrix model. We note that a similar example was given in [32, Example 3.1(d)].
Example 3.3 (One-sided edge cusp of 9S). Let s = ¢ := %(20 — 7V7) be constant on [0, 1]2, § =

(=17+7V7)/8and a: [0,1] — C witha(x;) = 1, a(x2) = —1 and a(x3) = iforall x; € [0,1/(2+6)),
x2 € [1/(246),2/(2+6)) and x3 € [2/(2 + ), 1]. We note that (3.1) yields

i i 2
s:{gec: 0 +‘5}

+ + >
1= 1+¢)> 1¢-il? t
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0.8 1
0.6 0.8
0.6

0.4
0.4
02 0.2
0 0
—0.2 —-0.2
—0.4

—-0.4
—0.6
—0.6 —0.8
—08 -1

—9 2 -1 -08 -06 -04 -0.2 0 02 04 06 0.8
(a) Example 3.1 (b) Example 3.2

Figure 1. The solid black lines in subfigures (1a) and (1b) show the boundary of S from Examples 3.1 and
3.2, respectively. The black dots are the eigenvalues of a sample of A+ X /+/n, where X is an n X n matrix
with i.i.d. N(0, 1) standard real normal distributed entries, n = 10000 and A = (diag(a(i/n))d;;)
is a diagonal matrix and a is chosen as in Examples 3.1 and 3.2, respectively.

n
i,j=1

1

1.5

1

0.5
o
k|

0

-0.5

-1

—9 —1 0 1 2 -3 -2 -1 0 1 2
Re( Re(
(a) Example 3.3 (b) Example 3.4

Figure 2. The solid black lines in subfigures (2a) and (2b) show the boundary of S from Examples 3.3 and
3.4, respectively. The black dots are the eigenvalues of a sample of A+ X //n, where X is an n X n matrix
with i.i.d. N(0, 1) standard real normal distributed entries, n = 10000 and A = (diag(a(i/n))(iij)i’fj:l
is a diagonal matrix and a is chosen as in Examples 3.3 and 3.4, respectively.

With yo = (V7 — 2)/3, a simple calculation shows that 3 is of singularity type x + y* at iy and, thus,
iyo is an edge singularity of order 2. For this example, a plot analogous to the previous examples is
presented in Figure 2a.

Example 3.4 (Two-sided edge cusp). We set s = ¢ := 4 to be constant on [0,1]% and a: [0,1] — C,
with a(x1) = V3 +1i, a(x2) = V3 -1, a(x3) = —V3 +1iand a(xs) = —V3 —i for all x; € [0,1/4),
xy € [1/4,1/2),x3 € [1/2,3/4) and x4 € [3/4, 1]. We conclude from (3.1) that

= +
|_

1 1 1 1
S=4l€C: + + > 1.
{g V3+i-¢P V3-i-¢P |=V3+i-¢P [-V3-i-¢P }
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Figure 3. The solid lines in this figure show the boundary of S from Example 3.5. The black dots show
the eigenvalues of a sample of A + X /\/n, where X is an n X n matrix with i.i.d. N(0, 1) standard real
normal distributed entries, n = 10000 and A = (diag(a(i/n))d;;) is a diagonal matrix and a is

n
! i,j=1
chosen as in Example 3.5.

Using Lemma 7.2 below, —f and hence the boundary of S has a singularity of type x> — y* at zero,
making this an edge singularity of order 2. Figure 2b shows a plot of this example analogous to the
previous figures.

We refer to [7, Example 2.6 and Figure 1] for more examples in the spirit of the previous examples.

Example 3.5 (Internal singularity of type Sing™). We choose s = 1 on [0, 1] and

(oS

V2et7ix if x e [0,1/2],

a:[0,1] - C, X
0 ifx e (1/2,1].

As will be proved in Section 7.3 below, in this setup
S={¢eC:0<|¢P<lorl <L < (B3+V5)/2} (3.2)

and each point of 9D belongs to Sing'™. Moreover, it is shown in Section 7.3 that, for each / € C,

1 2 1
o(l)=—(1- 1+ —=||1(C €S), (3.3)
P g 2+x+ 52— x2
(2x-1)
where x = x(|Z|?) € (0, ) is the unique positive solution of % + ——L— = 2. The boundary

VI1+4x+x2-8|¢ 243

of S and the sampled eigenvalues are depicted in Figure 3.

4. Brown measure, Hermitisation and Dyson equation

In this section, we derive the Dyson equation for the Cauchy transform of the Hermitisation of the
deformed operator-valued circular element a + ¢. This Hermitisation itself is a family of operator-valued
semicircular elements indexed by the spectral parameter { € C and the associated Dyson equation is
our main tool for analysing the Brown measure of a + ¢.
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Throughout the following, let (A, E,B) be an operator-valued probability space with positive
conditional expectation E: A — B3 such that (A, (E[-])) is a tracial W*-probability space. We as-
sume that B ¢ A is a commutative von Neumann subalgebra with trace (-) containing the unit of .A.
We will also work on the operator-valued probability space (A>*2,id ® E, B*?), for which we employ
the identifications A**? = C>? ® A and B>? = C**? @ B.

For any ¢ € A, a € Band { € C, we hermitise ¢ + a — ¢ and apply id ® E to the resolvent of the
Hermitisation at w € C with Imw > 0. We define

( -w c+a—§)_1]. @1

Ml w)=id®E (cta-0) —w

Here, w and ¢ are interpreted as the constant functions on X with the respective value. Note that the

inverse is well defined as Imw > 0 and the operator whose inverse is taken in (4.1) is self-adjoint for

w = 0. Furthermore, the imaginary part Im M ({,w) = %(M({, w) — M(Z,w)") is positive definite.
For the next lemma, we define X: B>? — B2*? through

ISTRAT) Srap 0
s - ) 42
(rzl 1’22)] ( 0 S 7’11) “4-2)

for all 711, r12, 121, ¥22 € B, where S and S* are as in (2.2).

Lemma 4.1. Let ¢ € A be a B-valued circular element satisfying (2.1) and (2.2). Then (g (c)) is an

operator-valued semicircular element in (.AZXZ, id® E, Bzxz) with covariance X from (4.2). Moreover,
M (Z,w) from (4.1) with such ¢ satisfies

w (-a

e ) +S[M(Zw)] 4.3)

foranya € B,w e Cwithlmw > 0and { € C.

_M({’W)71 = (

The identity (4.3) is called Dyson equation. Under the constraint that Im M (£, w) is positive definite,
the Dyson equation has a unique solution [38, Theorem 2.1]. In particular, M ({, w) from (4.1) coincides
with this solution. For constant function s the identity (4.3) has appeared in [ 18] and its analog for elliptic
operators in [64].

Proof. An easy computation using the properties of the operator-valued circular element ¢, in particular,

(2.1) and (2.2), yields the required B*?-valued free cumulants of 5 = (2 c) and shows that s is an

0
B>2_valued semicircular element, see, for example, [47, Definition 10 2) in Chapter 9].

Owing to (2.1) and (2.2), the covariance of s satisfies E[sbs] = X[b] for all b € B>*? with T from
(4.2). Since the R-transform of an operator-valued semicircular element coincides with its covariance,
see, for example, [47, Theorem 11. 4) in Chapter 9], M (Z, w) as defined in (4.1) satisfies (4.3) with
from (4.2) by [47, Theorem 11. 1) in Chapter 9]. m|

We now express the Brown measure of ¢ + a through M from (4.1) or, equivalently, the solution to
(4.3). To that end, it suffices to consider w = in with € (0, c0) and we see that the Dyson equation can
be simplified in this case. We consider two coupled equations for functions v, v, € B with v{ > 0 and
vy > 0, namely

1 1{ —al?

—=n+Sv2+ , 4.4
2 eV n+S*v (4.42)
1 & —al?

—=ng+S'v + , 4.4b
V2 g Y n+Svy ( )
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for all 7 > 0 and ¢ € C. We also call (4.4) Dyson equation. Given v and v, from (4.4), we introduce y
defined by

_vi@-9 _w@-9
Y= n+S*vi  n+Svy @.5)

where the second step follows from
va(n+S*vy) =vi(n+Sv). (4.6)

Indeed, for the proof of the last identity, we multiply (4.4a) by viva(n+S*v) and (4.4b) by viva(n+Sv))
and conclude (4.6) from the resulting relations.

The next lemma relates the solutions to (4.4) and (4.3) and implies existence and uniqueness to the
one of (4.4).

Lemma 4.2. For any { € C and n > 0, the following holds.

() Let (vi,v2) € B? be a solution of (4.4) with vi > 0 and vo > 0. Set

M= (”1 J ) e B¥2 (4.7)
y w3

with y as in (4.5). Then M solves (4.3) with w = in and Im M is positive definite.
(i) Let M = M(Z,in) be the solution of (4.3) such that Im M is positive definite. Then there are vy,
vy € B such that vy > 0, vy > 0, M satisfies (4.7) with y as in (4.5) and (v, v2) satisfy (4.4).

In particular, there are unique vy, vy € B such that vi > 0 and v, > 0 and (4.4) holds.

Proof. The proofs of (i) and (ii) are easy computations. Therefore, the existence and uniqueness of the
solution to (4.4) follows from the existence and uniqueness of the solution to (4.3), which is a special
case of the general existence and uniqueness result [38, Theorem 2.1]. [

When evaluated on the imaginary axis at w = in with > 0, the representation (4.1) of the solution
to the Dyson equation (4.3) with positive definite imaginary part implies the trivial bound

M il <" (4.8)

Indeed, we note that the argument of id ® E in (4.1) with w = i is bounded in norm by n~! as the
resolvent of a self-adjoint operator. Therefore, ||M (£, in)|| < 7! follows from ||E|| = [|[E(1)|| = 1 due
to the positivity of E and E(1) = 1. This completes the proof of (4.8).

Using the solution to (4.4) we characterise the Brown measure in the following proposition as the
Laplacian on C of the function —ﬁW defined through

W) = /0 (<v1(§,n)>—ﬁ dy 4.9)

for each ¢ € C, where v is the first function in the solution pair (v, v2) of the Dyson equation (4.4).
If A1 holds then the integral in (4.9) exists in the Lebesgue sense, which follows from Lemma 6.1 below.
The proposition below therefore connects the Brown measure of a + ¢ to v;.

Proposition 4.3 (Characterisation of Brown measure). Let o be the Brown measure of the deformed
B-valued circular element a+ ¢ with a € B, (2.1) and (2.2). Furthermore, let vi, v, > 0 be the solutions
of (4.4). If S and s satisfy (2.5) and A1, respectively, then the following holds.
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(i) The Brown measure o is the unique probability measure on C such that
1
[r@ow =5 [ar@owre @.10)
cC T Jc

forall f € Cg(C), where d>¢ denotes the Lebesgue measure on C.
(ii) The measure o is also uniquely defined by the identity

o) (a—§>> y @i

o1
/c f(Qo(dg) =lim /Cﬁ.:f(f><m !

forall f € CL(C).

The proof of Proposition 4.3 is presented at the end of Section 6.1 below. We conclude this section
with a short overview of the contents of the remaining paper. The next section provides a detailed analysis
of the solution (v, v;) of the Dyson equation as well as a characterisation of S from (2.10). Section 6
is devoted to the translation of these insights to the analysis of the Brown measure. We establish the
existence of all singularity types in Section 7.

5. The Dyson equation and its solution

In this section we analyse the solution v{,v; to the Dyson equation (4.4). We begin by establishing
bounds on the solution. Then we determine stability and regularity properties. Finally we use these
insights to characterise the set S from (2.10) and expand v; and v, around edge points {p € JS. We start
with some useful identities and a priori estimates.

As S and S* both act on B = L®(X, ) as integral operators in the form (2.5), the identity (4.6)
implies (v2S*v{) = (v Sv,) and thus

(vi) ={(v2). 5.D

We conclude from (4.4) and (4.5) that

visn ™, vy, Pl<la=-¢In? (5.2)

for all £ € C and 7 > 0. Furthermore, we have the identity

00 L ey = —— - T2 (53)
- a-{ y

n+S*v a

for any £ € C\ Spec(D,). Here, Spec(D,) denotes the spectrum of D, considered as multiplication
operator B — B, which coincides with the essential range of a.
Throughout the remainder of this section, we assume that s satisfies Al. This implies

K K
]l][SWN]l[[ZZij<W11j>, ]L]iS*W’V ]l[iZZji<W]L]j> (54)

J=1 Jj=1

forallw € Bwithw > 0andalli € [K].

5.1. Bounds on the solution

This subsection contains bounds on v; and v, under varying assumptions on s and a.

Lower bound on v; and v,
We start with some preliminary bounds that require a € B and the boundedness of the function s.
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Lemma 5.1 (Preliminary bounds on vy and v,). If for some constant C > 0, s(x,y) < C forallx, y € X
then

n 1
T T 5.5
e Iy ©-)

uniformly foralli= 1,2, € Candn > 0.

Proof. The positivity of v; and 1 in (4.4) imply 1/v; > 1. Hence, the upper bounds in (5.5) follow.
As s(x,y) < C forall x, y € X, we conclude from (4.4) and the upper bound v, < 7! that

1 _ -
oSO 2(llalle + 1),
which implies the missing lower bound in (5.5). O

We continue by showing that v and v, are bounded from below by their average.
Lemma 5.2. If s satisfies Al then

vi 2 {v1), V2 2 (v2) (5.6)

uniformly for all { € C andn > 0. As a consequence S* and S act averaging on v and v,, respectively,
that is,

S vy~ (v1), Svy ~(v2). (5.7)

The following proof is based on identifying (v, v2) as solution to a variational problem. In a similar
context, such a strategy was also used in [2, Section 6.2 and Appendix A.4] and [4, Lemmas 3.11 and
3.17].

Proof. For the proof we rephrase (4.4) as a variational problem. This will help us to make use of the
assumption Al. For n > 0, we define J;;: By x By — R U {+c0}, a functional which is minimised by

(vl’VZ)’ by
Jn(x1,x2) = (x18x2) +n{x1 +x2) — <(1 —ly) 10gx1> - <(1 —ly) logx2> s
where

Cla-¢Pvi la=¢Pvs

T+ StV p+Sn

by (4.6). Note that 1 — u,, = vi (7 + Sv2) € B, by (4.4).
Next, we prove that (x1,x2) = (v1(17), v2(n)) is a minimiser for J,,. Indeed, the functional J,, satisfies
the lower bounds

Jn(x1,x2) 2 (nxy = [luylloL(xr 2 1) logxi) + (nx2 = |luylle1(x2 > 1) logxz)
— (1 = [luplle) (log x1) + (log x2))

> [luyllooB (n% ~log %) + (1= [l lloo) (1) = (log 1))
+ IIMUIIm,Bz(n% ~log %) + (1= [l lloo) ({2} — (logx2))

with a@; := (x;1(x; = 1)) and B; := (1(x; = 1)). Here, in the second step, we applied Jensen’s
inequality with the expectation f ﬁ[.‘l(ll(x,- > 1)f), that is, (1(x; > 1)logx;) < B;loga;/B;.
Since (logx;) < log(x;) by Jensen’s inequality, the functional J,, is bounded from below for any
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n > 0. Therefore, ¢, = inf(y, x,)eB,xB, J5(X1,Xx2) > —co. Moreover, (v1, v2) satisfies the corresponding
Euler-Lagrange equations and J;, is strlctly convex due to 1 —u,; = vi(n+ Svz) and (5.5). Hence,
Jn(vi,v2) = 1.

In the regime 7 > 1, that is, there is a constant 79 > 0 depending only on the model parameters such
that for all > 19, we deduce from (4.4) and the bound v; < 1/5 in Lemma 5.1 that

_n
£ +n%

Vi~
which implies v; ~ (v;). Thus, we restrictton < 1. Incase n < 1 and || > 1 we get

Vi~

i/

11>

and therefore v; ~ (v;). Hence, we restrict ton < 1 and |{| < 1 in the following. As (v{,v;) is a
minimiser of J,,, the value J,,(v1, v2) is bounded by

Jn(Vl,Vz) S JI](19 1) = 277+ (Sl> :

With the notations ¢; := u(I;), (x); := Cil_(xlli) and z;; := 1(s|xs; # 0), we see by Jensen’s inequality
that

12 Jn(vla v2)

=(v1Svy) —ch<(1 —u)logm ch (1 —-u) logvz> +n{vi +v7)

J J
- (1 = .
> Zzij<vl>i<vz>,- = et —uyytog 4 ”)zfjiy 2l
i, J J
> cZz,,w (va)j = D cj{l = uyjlog ((vi);(vad;) +2 D cj(1 = u); log(l - ),
J J

>Z¢](Xj _ZL_]?

where in the last step we used z;; = 1 for all j € [ K] and defined

Xxj =), oi(x)i=cx —c;j1(x < 1)(1 =(u);)logxy —1(x > 1)log x

forall j € [K] and x € (0, ). For all j € [ K], we infer y; < 1 and

c C
vz (- = ) -

for some positive constant C ~ 1. We rewrite the Dyson equation (4.4) in the form

’ n+S*v; ’ n+Svy (5.9)
1= > 2= . .
la = Z12+ (n+ 8 vi)(n+ Sv2) la = ¢12+ (n+ S8 vi) (1 + Sv2)
Now we set x := (7 + S*vy) (57 + Sv2). In particular, we have
1px ~ 1y, (772 + Z ZijZki<V1>k(V2)j) ~ 1 {x);i (5.10)

J.k
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due to (5.4). Suppose now that (x); > 1 for an i € [K]. Then by taking the (-);-average of (5.9),
multiplying the two equations and using (5.4) and (5.10) as well as (x); > 1 we get

On the other hand by multiplying the first equation in (5.9) with  + Sv, we find

(vi(n+Sva2)); ~ 1

as (x); > 1. This contradicts (5.8) and y; < 1 and we conclude (x); < 1 for all i € [K]. With (5.9)
and (5.10), this implies

vi 2 S, v 2 Sva.

Iterating these inequalities yields vi 2 (vi) and vo 2 (v»), thatis, (5.6), since (z;;);,; is primitive by Al.
Since z;; = 1 for all i € [K], we have S1 > 1 and S*1 > 1. This implies Sv, > (v2) and S*v| = (v1),
respectively. The upper bounds on Sv, and S*v; in (5.7) follow from the upper bound on s in Al. O

Bound in L?-norm:
Now we show a bound with respect to the norm on L?.

Lemma 5.3. If s satisfies Al then
O+ )+ () s 1 (5.11)

uniformly for all { € C and n > 0.

Proof. We multiply the first relation in (4.4a) by v? and estimate vi > v2Sv, 2 vi(v2) = vi(v) due
to (5.7) and (5.1). Averaging this estimate and using (v{) > 0 yields (v%) < 1. The bound (v%) < lis
proved analogously. From (4.5), we conclude

e lamdP vla-gP A v 512
(m+Sv)2 ™ (g +Sv)? n+S*v n+Sv’ ’
where we used (4.4) in the last step. Hence, (5.7) implies
(v1)
(1) < < o
TS o
Corollary 5.4. Let a € B and s satisfy Al. Then
LW < i < ! , i = 1’2_
L+n?+ g n+(vi)

Proof. We only consider the case i = 1. The case i = 2 follows analogously. For the lower bound, we
start from (4.4) and get

_ n+S'; S n+{v1) S n+{v1)
m+SvD)(+Sv) +1¢—al> = 2+ )2+ LR+ lal2 ~ 1+n?+ 21

Vi

using (vi) = (vy) by (5.1), (5.11) and (5.7). For the upper bound, (4.4), (v{) = (v2) and (5.7) imply

1 1
< ~ )
n+Svy  n+(vi)

Vi
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Bound in supremum norm:
Under stronger assumptions on s and a, we can also get a bound on v; in the L*-norm. Let I', 5 be as
defined in (2.7).

Lemma 5.5. Assuming the upper bound max{||v1||2, ||vz||2} < A for some A > 1 and 4N*> <
lim; e Iy s (7), then we have the bound

ol (4A%)

— A

We remark that if s satisfies Al, then by Lemma 5.3 a A > 1 with A ~ 1 exists such that
max {||v1 Il2, ||vz||2} < A holds uniformly for all > O and ¢ € C.

max {[[ville, [V2lle} <

Proof. We specialise the proof of [6, Lemma 9.1] to our setting. O

Corollary 5.6. Let a € B. If s and a satisfy Al and A2 then
villo + V2l < 1

uniformly for all { € C and n > 0.
Scaling relations
Lemma 5.7. Let a € B and s satisfy Al and A2. Then the following holds.
(i) Uniformly for all { € C and nn > 0, we have
vi~ (v) = (v2) ~va, Iyl < 1.
(ii) For any sufficiently small positive constant ¢ ~ 1 the inequalities n + (v1(£,n)) < cand |{| < 1/c
imply | —a| ~ 1 and |y| ~ 1.

Before going into the proof of Lemma 5.7, we remark that if a € B and s satisfies Al then

Ivi(Zm) = (L+p) 7' s (L + 12Dy 2 (5.13)

uniformly for » > 0 and ¢ € C. Indeed, for € (0, 1], (5.13) is a trivial consequence of (5.2). Forn > 1,
(5.13) follows by inverting (4.4a), subtracting (1+7)~! on both sides and estimating the right hand side
using (5.7) and Lemma 5.3.

Proof. We first prove that vi ~ (v{) = (v3) ~ v,. As s satisfies A1, equation (4.4), vi, v, > 0 and (5.7)
imply

Vi~V (5.14)

Hence, it suffices to show v ~ (v{) due to (5.1).

From (5.13), we conclude that vi ~ (1+7)~" and (v{) ~ (1 +7)~! uniformly forp > 1 and || < 1.
This proves Lemma 5.7 in that regime. If, on the other hand, || > ||a||~ + 1 then | — a| ~ |£|. Hence,
for such ¢, we conclude from (4.4a) and (5.7) that

As the right hand side is a constant function on X, we obtain v| ~ (v) if || > ||a||c + 1.
Hence, it remains to consider || < 1 and < 1. In particular, |{ —a| < 1 as a € B. Thus, (4.4a),
(5.7) and (5.1) imply

n+ 1) ~vi((+ ) +1¢ - al). (5.15)
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Together with Lemma 5.3, this yields  + (v{) < vi. We conclude v; > (v{) and v| > 7 as well as
1) 2 n.If | —a| = cforany ¢ ~ 1 then vi < i+ (v) ~ (v1) by (5.15). Therefore we conclude
vi ~ (vy) if | — a| = c¢. What remains is the case | — a| < ¢ and 7 < ¢ for some cor;stant c~1.As
17§+<€1|>’
case, (5.15) implies (vi) < n+ (v1) ~ vi(| —al* + | = a|?). Using |{ — a| < c, choosing ¢ ~ 1
sufficiently small and averaging (v{) < vi(|{ —a|*+|{ — a|?) yield a contradiction as (v;) > 0. Hence,
(v1) 2 1 and, thus, (v{) ~ 1 by Lemma 5.3 as well as 1 > v| by (5.15) as < ¢ for some small enough
¢ ~ 1. Since v; < 1 by Lemma 5.5, this completes the proof of v; ~ (v;) uniformly for { € C and
n > 0. This completes the proof of (i).

For the proof of (ii), from v; ~ (v1), (5.7) and (5.12), we conclude |y| < 1 uniformly for ¢ € C and
n > 0.0wingto (5.15)and vi ~ (v), we have n+(v1) ~ (v1)(+ (V)2 + (V)| —al®. Asp+{v]) < c,
by choosing ¢ ~ 1 sufficiently small, we can incorporate (v)(n + (v{))? into the left-hand side and
obtain (v1) < | —a|*(v;). Hence, 1 < |¢ —al as (v;) > 0 for > 0. The bound |y| ~ 1 follows from
(5.3). This proves the additional statement and completes the proof of Lemma 5.7. m}

vi < 1 by A2 and Lemma 5.5, we conclude from (5.15) that 1 > n+ (vi)or 1 2 In the second

5.2. A relation between the derivatives of M

In this subsection, we restrict the Dyson equation (4.3) to the imaginary axis w = in for n > 0, that is,
we consider the solution M = M (¢, in) of

_M—I:(;Tna §1:7a)+2[M]' (5.16)

We take derivatives of M with respect to 17, ¢ and /. We establish a useful relation between these
derivatives in the next lemma. Here, we use the notation

(RY = 2 ((ri) + (). R= (”‘ ”2) e B>,
2 1 122

Lemma 5.8. In the setup of Lemma 4.1 we have
(0 Ma1 (¢, i) = 2i(0, M (. in)), (OyM12(¢,in)) = 2i(0; M (¢, in)) (5.17)
for every € C and n > 0, where we decomposed

M(Z,in) = (Mn(g,m) Mlz(f,in))'

M1 ({,in) Mxn(L,in)

Here, the derivatives of M are taken entrywise. Before proving Lemma 5.8, we note that the Schur
complement formula implies

—-w D -1 ~ W(bb* _ W2)—l b(b*b _ Wz)_l

for any » € A and any w € C with Imw > 0.

Proof of Lemma 5.8. Throughout the following, we set [d| = Vd*d for any b € A. Let n € (0, o0) and
£ € C. Owing to (2.4) and the invertibility of |a + ¢ — £|*> + %, we have

log D(la+¢—¢I> +1°) = (E[log(la + ¢ = £ > +1*)]).
In particular, the right-hand side is infinitely often differentiable with respect to ¢, £ and 5 if n > 0.
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Differentiating with respect to £, £ and 7 yield

dslogD(la+c— PP +n*) = —(E[(la+c— P +7) (a+c= )] = ~(Mar({,m)),  (5.19)
dzlogD(la+c— P +n7) =—(E[(la+c— P +nP) (a+c =]y = —~(Mi2(L.m)),  (5.19b)
dplogD(la+c— ¢ +n%) =20(E[(Jla + ¢ — 1P +7P)7']) = =2i(Ma (L, m)). (5.19¢)

Here, we used in the third steps that, for all 7 > O and ¢ € C, (4.1) and (5.18) imply

_ (InEL[(dd* +77)7'] E[d(d*d +7)7"]

M (g, in) = - (E[(b*b+n2)“b*] nE[(>d+7°)7"]

M (4,in) Mypn(L,in)

withd =a+c¢— . As (M) = (va) = (v1) = (My1) by (5.1), Lemma 5.8 follows from (5.19) due to
the exchangebility of the derivatives. O

My(¢.in) Mip(¢, in))

Let £ be the stability operator of (5.16), defined as
L: B> - B>, R L[R] =M'RM™'-X[R)]. (5.20)

This operator is invertible for any ¢ € C and 7 > 0 due to Lemma B.1 below. Therefore, the implicit
function theorem applied to (5.16) and simple computations show that

OM=L"Epl, 0;M=L""[Ey], 0,M=iL""[E,] (5.21)

for all > 0 and ¢ € C, where we used the notations Ej,, E>; and E, for the elements of B*2 defined

through
01 00 10
b)) w0 e 52

5.3. Stability of Dyson equation and analyticity of its solution

In this section we show how the solution vy, v, of (4.4) can be extended to 7 = 0. The characterisation of
the Brown measure in Proposition 4.3 in combination with Lemma 4.2 shows how the Brown measure o
relates to the solution of (4.4) at the origin, that is, at = 0. Now we introduce a deterministic analog of
the e-pseudospectrum. For this purpose we note that the map w +— (M (Z, w)) is the Stieltjes transform
of a probability measure on R. Indeed, [6, Proposition 2.1 and Definition 2.2] show that

d
(M(L,w)) = /R pff :V) (5.23)

holds for all w € C with Imw > 0 and a unique probability measure p, whose support satisfies
1/2 12
supp pz C (Spec(Dja-z|) U Spec(=Dia—¢))) + [=211S 1%, 21IS 1],

Definition 5.9. Let p, be the unique probability measure on R for which (5.23) holds. Through p, we
define

Se:={¢ € C:dist(0,suppp;) < &} (5.24)

for any £ > 0.

Remark 5.10. The sets S ; defined in (5.24) are monotonously nondecreasingin & > 0, thatis, S;, C S,
if &1 < &,. Moreover, they are bounded, in fact, S, € {¢ € C : |] < &+ ||alleo + 2(]|S]leo)/?} for all
& > 0 as a consequence of [0, Proposition 2.1]. Here, ||S||« denotes the operator norm of S viewed as
an operator from 5 to B.
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If we stay away from S, then the solution is extended to n = O by setting v; = O by the following
lemma.

Lemma 5.11. Let £ > 0. Let { € (C\ Sz) N Dy, Then vi({,n) ~g nforalln € (0,1] andi =1,2. In
particular, v; is continuously extended to { € C\ Sy and = 0 by setting v;(£,0) := 0.

Proof. From (4.42), we conclude v (| — al® + (7 + Sv2) (n + S*vy)) =+ S*v; > 5. Thus, [¢] < &71,
aeB,n<1,(57)and Lemma 5.3 imply v| >, nforall g € (0, 1]. Similarly, v, >, nforallnp € (0, 1].
On the other hand, as £ € C\ S, the statement (v) of [6, Lemma D.1] holds for 7 = 0. Hence, [6, Lemma
D.1 (i)] implies max{v{({,n),v2({,n)} < [ImM (£, in))|| < n for all n € (0, ¢] for some sufficiently
small ¢ ~, 1.If 7 € (c, 1] then the upper bound in Corollary 5.4 yields v; < ™! ~ n forall 5 € (c, 1].
This completes the proof. O

The next proposition states that if (v{) = (v,) remains bounded away from zero as n | 0, then the
solution has an analytic extension to n = 0.

Proposition 5.12 (Analyticity in the bulk). Ler s satisfy Al and { € C with limsup,,|,(vi({,n)) > 0.
Then vy,vy : CX(0,00) — (0, 00) has an extension to a neighbourhood of (£, 0) in C X R which is real
analytic in all variables.

To prove this proposition, we show that the Dyson equation (4.4) is stable even for n = 0. However, the
equation does not have a unique solution on 32 for n = 0 without the additional constraint (v{) = (v5).
Therefore, we have to reformulate the equation to incorporate this constraint. Proposition 5.12 is proved
at the end of this subsection.

We recall that B, := {w € B : w > 0} and set

e.=(1,-1)eB>=BaoB, et :={h=(h,h) e B*:(h) = ()}

Forn > 0and ¢ € C,wedefine J = J; ,: etnNB? — et (wi,wy) = (J1(wi, w), 2 (w1, ws)) through

r]+S*w1
Ji(wi,wa) = (TI+SW2)(W1 - )
(n+S*w1)(+Swa) +|a — ¢
" 77+SW2
Jo(wi,wa) = (n+S Wl)(Wz - ) .
(n+S*w1)(+ Swa) +|a - {|?

Then (4.4) takes the form J(v) = 0 with v = (vy, ;) € B2.
On 32, we introduce a tracial state and a scalar product defined through

<(i;)> = %((JC]) + (XZ>)’ <(j§;) , (i;)> = %(()_Clyﬁ + ()_Czy2>) (5.25)

for x1, x2, y1, y2 € B.For x € B2, we write ||x|| := /(x, x). We also interpret B as an algebra equipped
with the componentwise multiplication (x1x2)(y1, y2) = (X1y1,X2Y2)-

For the rest of this section we will assume that s satisfies Al. Until the proof of Proposition 5.12,
we fix { € C such that limsup,, o(vi({,77)) > ¢ for some 6 > 0. Under these conditions, J remains
well defined on e+ N B2 even for = 0 and we set Jy := J¢ »=0. We now pick candidates for v{({,0)
and v, (¢, 0) by choosing weakly convergent subsequences in the limit | 0. By Lemma 5.3, there are
vo € (L?)? := L*®L? and a monotonically decreasing sequence 17, | 0in (0, 1] such that v("™ = v(Z,5,,)
is weakly convergent to vo in (L), that is, for any & € (L?)2, (h,v™ —vy) — 0 in the limit n — oo.
We recall that L2 = L2(¥X, A, u).

Lemma 5.13. Ler vy = lim,_,eo v\ be a weak limit as above. Then v € Bﬁ Netand§d S vy < %.
Furthermore, v satisfies (4.4) for n = 0, that is, Jo(vg) = 0.
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For the following arguments, we introduce the operators S, and Sz on 3> defined through

0s S$*0
S"'_(S*O)’ Sd.—(o S)' (5.26)

Owing to the upper bound in A1, S, and Sy can be extended naturally to operators on (L?)2.

Proof. Since v"™ — v, weakly and (e_v(™) = 0, we conclude v L e_. Furthermore, for any 4 € Bf
we get (hvg) = lim,,_e(hv™) 2 §(h) because of Corollary 5.4 and lim SUP, 00 (v(MY > §. From this
we conclude vy > 6. Similarly, Corollary 5.4 implies vy < % and thus v € 2.

The natural extensions of S and S* to operators on L’ are Hilbert-Schmidt operators because
s€ L*(Xx X, ® u) due to the upper bound in Al. In particular, S and S* are compact operators
on L? and, thus, S,v™ — S,vo and S;v"™ — Syvo in (L?)2. The bounds § < v < 6! then imply
that J; 5, (v — Jo(vo) weakly in (L?)2. Consequently, Jo(vo) = 0. O

For the formulation of the next lemma, we note that ||T'||, denotes the operator norm of an operator
T: B> — B? and, analogously, ||T||, is the operator norm if T: (L?)?> — (L?).

Lemma 5.14. Let v be a weak limit of a sequence v™ = v(Z,n,) as above. Then
1(VIolw=vo) ™ 2 + 11(VIolw=ve) " lleo <5 1.

Proof of Lemma 5.14. Within this proof we will make use of the auxiliary Lemma 5.15 below whose
proof relies on ideas from [5]. Therefore we introduce notations that match the ones from [5], namely

= (¢ —al’ 1 - al) (5.27)
and recall the definitions of S, and S4 from (5.26). Using the notations (5.26) and (5.27), we write J in
the form

TOw) = (7 + S,w) 1
w) = wlw—- ——|.
n ¢ n+ S(,W + m

Now we take the directional derivative V;,J of J in the direction /& € B2 with & L e_, that is, (he_) =0,
and evaluate at the solution v = (v, v2). Thus, we find

V2T

Vidlwey = (0 + Sov)| B +v2Syh — ————
nJ| (n V)( v TS

Sdh) = (n+S,v)ZLh, (5.28)

where we used J(v) = 0 and introduced the linear operator & = &, ,,(v): B> - B?as

V2T

Phi=h+v*Soh— ————S,h
PR T s

(5.29)

to guarantee the last equality. Here, v = (v2,v3) since the algebra B? is naturally equipped with
entrywise multiplication. We now restrict our analysis to n = 0 and use the following lemma that
provides a resolvent estimate for %y = £, 0(vo), the operator evaluated on the weak limit vo.

Lemma 5.15. There is €, ~s 1 such that for any € € (0, &.) we have the bound

sup {I[(% — @) fls - @ € Do U (14 D12e) \ Do)} S0 1 (5:30)
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fJor#=2,00. Here, D contains the single isolated eigenvalue 0 of %y with corresponding right and left
eigenvectors v_ := e_vy and S,v_, that is,

D, N Spec(Z) = {0}, keri”o2 = Span(v_), Zov- =0, ZySov-=0.

Here, & is the adjoint of & with respect to the L?-scalar product introduced in (5.25).

The proof of Lemma 5.15 follows a strategy similar to the one used to prove stability of the Dyson
equation in [5], where the case a = 0 was treated. For completeness we present the proof, adjusted to
our setup with nontrivial a, in Appendix B below. Using Lemma 5.15 we now show that

1L Hisgv el 61, #=2,00, (5.31)

from which the claim of Lemma 5.14 immediately follows due to (5.28), Al and vg 2 6. To see (5.31),
we apply Lemma B.4 to A := C% for some appropriately large positive constant C ~s 1. We now
check the assumptions of the lemma. Note that %) maps et to (S,v_)*. By Lemma 5.15 the right
and left eigenvectors of & corresponding to the eigenvalue O are v_ and S, v_, respectively. Moreover,
(v_,e_) zs L asvy 2 6, [{e-,w)| < ||w|l# and that ||Lw]|l# =s ||w|ls for any w L S,v_ due to
Lemma 5.15. By Lemma B.4 with the choices @ :=0,x :=v_and y := %e, we get || Lowlls 26 [[Wlls
for any w L e_. Thus, (5.31) is shown. ]

Now we use the stability at 7 = 0 to finish the proof of the main result of this subsection.

Proof of Proposition 5.12. Let {y € C be such that limsup,, |,(vi({o,7)) > 0. Let n,, | O such that
v = v(Zo,m,) is weakly convergent in (L?)2. This is possible, because the family v(o,7) with
n € (0, 1] is bounded in (L?)? due to Lemma 5.3. By Lemma 5.13 the weak limit vo = lim,,_, v
satisfies the Dyson equation, J; o(vo) = 0, and by Lemma 5.14 the Dyson equation is stable at v = v and
n = 0. By the implicit function theorem we find a real analytic function v, defined on a neighbourhood
U of (£p,0) in C x R, such that v(£,n) solves (4.4) and v({y,0) = vp. Since vg = & according to
Lemma 5.13, v(Z,n) > 0 on U if the neighbourhood U is chosen sufficiently small. By uniqueness of
the solution to the Dyson equation we conclude v({,n) = v({,n) for all (£,n) € U. O

5.4. Characterisation of S

Throughout this section we assume that a € B and s satisfies Al and A2. To generalize (2.8), (2.9) and
(2.10) to the setup introduced in Section 5, we define an operator B, : B — B, a function §: C — R
and a subset S c C through

B(&) == inf sup —(x,B{y)

xeBiyep, (X,V) By =Djayrp =S, S={{eC:p() <0} (532

We also set
L.
pz(0) := =1lim(vi(<,n)) . (5.33)
T nl0

This limit exists, because either lim sup,,_,o{vi(£,7)) > 0, in which case v can be analytically extended
to n = 0 by Proposition 5.12, or limsup,_,o(v1(£,7)) = 0 in which case the limit equals zero as well.
The definition in (5.33) is motivated by the fact that the measure p; from Definition 5.9 can be shown to
have a density on R and the value of this density at zero would be given by the right hand side in (5.33).

In the following we will denote by App(7’) the spectral radius of a compact and positivity preserving
operator 7. By the Krein-Rutman theorem Apg(7') is an eigenvalue of 7 with a positive eigenvector.
We also refer to this eigenvalue as the Perron-Frobenius eigenvalue of 7. In particular the operators S
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and S* are compact as mentioned in the proof of Lemma 5.13 and therefore so are DSD, and D, S*D,,
for x, y € B. We use this fact in the statement of the following proposition.

Proposition 5.16. Let a € B and s satisfy Al and A2. The following relations between 3, S, S and p;
apply.

(i) The function C 3 { v B({) is continuous and satisfies lim; o (L) = +oo. In particular, S is
bounded.
(ii) The spectrum of D lies inside S, that is,

Spec(D,) C S. (5.34)

(iii) The sign of B satisfies

sign B(Z) = sign(l - APF(SD;;“)) ., [eC. (5.35)

(iv) Forany { € Cwith B({) > Othe operator B is invertible. Furthermore, all such { are characterised
by

{{€C:B() >0} ={f € C:dist(0,suppp;) >0} =C\ Sp. (5.36)
(v) The set S is characterised by having a positive singular value density at the origin, that is,
S={¢€C:ps(0)>0}. (5.37)

Before proving Proposition 5.16, we state a corollary, which follows directly from Proposition 5.12
and Proposition 5.16 (v).

Corollary 5.17 (Existence and uniqueness for (1.1)). Let a € B and s satisfy Al and A2. Then for each
l €S, the relations (1.1) have a unique solution (vi,v;) € By X B,.

Proof. Proof of (i): The continuity of { — B({) = § with B = B is a consequence of the bound

,(B+D,, x,D

inf sup u —B| < sup sup M < |wlleo
x€B: yep, (X,y> xeB; yeB, (x,y>

for any real valued w € B since B — Bs1, = Dy, withw =a — {|* — la = { + w|? and ||w]l — O for

w € C with |w| — 0. This bound follows from

(x,(B+D,)y) _(x,By) x,Dwy) _ (x,By)
o oy aR P TES T S

+[Iwlleo

for every x,y € B,, as well as

<x7(B+DW)y> > <X,By> — sup sup <';CV’D|W\37> > <)C,By> _
<x’y> - <x’y> xeB, yeB: <f’37> a <x’y>

(W lleo.

and then taking the supremum over y € B, and the infimum over x € B, in both inequalities. The
statement B(¢) — +oo as { — oo is obvious.

Before we start with the proof of other individual statements of the proposition, we show that S can
be classified in terms of the Perron-Frobenius eigenvalue of S D‘_az_ 2| in the sense that

S={eC:A¢) > 1}, (5.38)
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where we introduced A : C — [0, co] as the limit of a strictly increasing sequence via
A =mAe(@), Ae(£) 1= Aer(S(e+ Dygogp) ).

We recall that App(T’) denotes the Perron-Frobenius eigenvalue of T and refer to the comments before
the statement of the proposition for its definition.

To show (5.38) let e € (0,1), D := D|;s_4p2, de = A:({) and C > O such that 1 + [{ — al> < C. For
¢ € Cwith () > 0 we get

x,(e+B x,S(e+D -1
B+e< Cxlélf+yS;lZ£)+ ﬁ C|1 _f;l}%yl?zg % =C(1-1s),

where we used & + |{ — a|? < C in the first inequality, and conclude

B<C(1-2) ifg>0. (5.39)
For ¢ € C with B(¢) < 0 we use

e up g S

for sufficiently small £ > 0 and find analogously that

B=C(1-2) if 3<0. (5.40)
From (5.39) and (5.40) we conclude (5.38).

We also show that
Spec(D,) c {¢ € C: B({) < 0}. (5.41)

We will improve this to (5.34) below. Let { € Spec(D,). Then ess inf|{ — a| = 0. Thus, for any £ > 0
we find x € B\ {0} with x > 0 such that [ - a|>x < ex. In the definition of 8 from (5.32) we can take
the supremum over all x € B,, Thus, we get

B o, 8y)
Ase-Il Gy =

Since € > 0 was arbitrarily small, we conclude 8 < 0.

Proof of (iv): Let £ € C such that 8() = B > 0. Then (5.39) implies Apr(SD~') < 1 with
D = D\;_,p-Here, Disinvertible because ess inf|{—a| > O due to (5.41). In particular, B = (1-SD~HYD
is invertible.

Now we show dist(0, supp o) > 0 to see one inclusion in the characterisation (5.36). The Dyson
equation in the matrix representation, (4.3) is solved by

— 0 (a-07"
Mo.—((a_()_l o ) (5.42)

at w = 0. Furthermore, the associated stability operator (cf. (5.20))

la = ¢|°ran — Srn (a—0)?rn

ol e 5.43
(@a=0%1n  la—Prn - S (543)

Lo: B - B, R My'RMy' - XR = (
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is invertible because B, is invertible and ess inf|a — {| > 0. Therefore (4.3) can be uniquely solved for
sufficiently small w as an analytic function w +— M (£, w) with M (£,0) = My and we get

Lo[dwM (L, w)lw=0] =1 and 8,M({,in)|,=0 = iﬁal [1]

In particular, Im M (£, in) is positive definite for sufficiently small 7 > 0 because £ I is positivity
preserving, as can be seen from a Neumann series expansion using that /lpp(SD‘l) < 1. Therefore
M (¢, in) is the unique solution of (4.3) with m1(Z,in) = ivi({,n) and myy(£,in) = iva(L,n). Since
mi1ly=0 = man|y=0 = 0 we conclude that p,(0) = (v1({,0)) = 0. The invertibility of Lo also implies
analyticity of M({,w) in w in a small neighbourhood of zero. Thus, p;([-¢,€]) = 0 for & > 0
sufficiently small and dist(0, supp ps) > 0.

To see the other inclusion in (5.36), let { € C be such that dist(0, supp o) > ¢ for some ¢ > 0.
From [6, Lemma D.1 (iv)] we know that M = M(Z, in) is locally a real analytic function of n with an
expansion M = My +in My + O(n?), where My = M. Taking the imaginary part of (4.3) at w = in,
dividing both sides by 7 shows that

(M) 'K,M™' =1+2[K,], (5.44)

where K, = 7—17 Im M = Re M +O(n). In particular, Ky := lim,; o K;; exists and since Im M (£, in) ~s
by Lemma 5.11 we get Ky ~s 1. Evaluating (5.44) at n = 0 yields

Mo(ZKo)Mo = Ko — 1. (5.45)

Taking the scalar product of (5.45) with the left Perron-Frobenius eigenvector of R — My(XR)M, and
using Koy ~5 1 we see that Apr(R — My(XZR)M,) < 1. This is equivalent to A := App(SD~!) < 1 with
D :=D\,_spp-Nowletu € B, be the Perron-Frobenius eigenvector of SD~!. Since & := ess infla—¢| > 0
we get with yg := D~y that

(D=8)yo=(1-2)Dyo>0.
Thus,

B B
B = inf sup {x. By) > inf {x. Byo) > (

1-2)&*>0.
x>0y50 (x,y) x>0 (x,yo)

This finishes the proof of (5.36), that is, of (iv).

Proof of (iii): We have now collected enough information to improve (5.38) to (5.35). Indeed, by
(5.39) and (5.40) it remains to show that A < 1 implies 8 > 0. Due to (5.38) we already know 8 > 0 in
case 4 < 1. Now let 8 = 0 and 4 < 1. Then we show that A = 1. Indeed by the characterisation (5.36)
we have 0 € supp p,. Now we consider the identity

Byva=n—va(n+Svi)(n+Sv2)
which follows from (4.4b). For some &£ > 0 we add v, to both sides and apply the inverse of € + D with
D = D,,_;2- Then we take the scalar product with the right Perron-Frobenius eigenvector x. € B of

S*(g + D)~! corresponding to its Perron-Frobenius eigenvalue A, > 0. Note that the Perron-Frobenius
eigenvalues of S*(¢ + D)™!, (¢ + D)~'S and S(¢ + D)~! all coincide. Thus we get

(1= 2e)(xeva) = n{(s + D) ') = (xe(e + D) (va(n + S'vi) (7 + Sv2) = &v2)) . (5.46)
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From [6, Corollary D.2] and (v;) ~ v; by Lemma 5.7 (i) we see that n/(v;) — 0 for | 0. Thus,
dividing (5.46) by (v;), taking the limit 7 | O and using (5.7) reveals

(1= 25)(xe) ~ (1 = Ap)(xok) = exo(e + D) 'k) ~ e(xs(e+ D)7'S1) = &(S* (e + D) 'xs) = £ds(xs)

where k := limsup,,|, ‘v’—§> ~ 1. Letting € | 0 shows A = 1. Thus, (5.35) is proven.

Proof of (v): By (5.36) we know that p,(0) > 0 implies 8({) < 0. Thus, it suffices to show that for
¢ € Cwith B(¢) < 0 we get () = 0if and only if p,(0) = 0. Now let 8 = () < 0. As above, we
consider the identity (5.46). First, suppose p,(0) > 0, that is, we can analytically extend v to = 0 by
Proposition 5.12 and have v|,—o > 0. Then in the limit # | 0 we find

(Ae = D{xeva) = (xc(e+ D)_I(VQ(S*VISVZ - &)))
Using vy ~ (v2) ~ pz(0) for small enough & > 0 the right hand side satisfies
(xe(e+ D) (na(SViSv2 = €))) ~ p (0)*(xo (e + D) 'ST) ~ Aep(0)*(xe).

Since (xov2) ~ pr(0)(xs) weinfer A, — 1 ~ Az ps (0)2. Thus, A > 1 and by (5.35) therefore 8 < 0.

Conversely, let v|,-o = 0. Then we know from Lemma 5.7 (ii) that 6 := ess infla — {| > 0. Since
B(£) < 0the characterisation (5.36) implies O € supp p, and by (5.35) we have A > 1. Since n/(v) — 0
for n | 0 by [6, Corollary D.2] we get, dividing (5.46) by (v;) and taking the limit r | 0, the scaling
behaviour

-2 ~eds.

This implies 1. < 1, thus A = 1, and completes the proof of (v).

Proof of (ii): Let £ € Spec(D,). By (5.41) we know B(¢) < 0. Suppose 8(¢) = 0. Then (5.37) would
imply p,(0) = 0. However, this contradicts { € Spec(D) because of Lemma 5.7 (ii) and the definition
of pz(0) in (5.33). This finishes the proof of the proposition. O

5.5. Edge expansion of v| and v,

In this section we expand the solution (v, v;) of (4.4) around any { € C with 8(&p) = 0. We will see
later in Lemma 6.6 below that the set of these points coincides with dS, which will turn out to be the
regular edge and singular points of the Brown measure o. Therefore we consider in this section a fixed
{o € C with B(&y) = 0. The expansion of v, v, around ¢ is based on analytic perturbation theory for
B. Throughout this section we will always assume | — {o| + 17 < ¢ for some sufficiently small positive
constant ¢ ~ 1, that is, we assume that (£, ) lies within a small neighbourhood of (£y, 0). We assume
Al and A2 throughout the remainder of this section.
To shorten notation, we denote v; = v;(£, n7). The identities

Byva=n—vam+Svi)(n+Sva),  Byvi=n-vi(n+Svi)(m+Sr2), (5.47)

which follow from (4.4a) and (4.4b), respectively, are used to expand v; and v, in a neighbourhood
of £p. We will see in Corollary 5.20 below that the function { — £({), used to define S in (5.32),
coincides locally around ¢y with the isolated nondegenerate eigenvalue of B, closest to zero. We denote
by b = by € By and ¢ = {; € B, the right and left eigenvectors of B = B, corresponding to the
eigenvalue 8 = B(¢{) with normalisation (b) = (£) = 1, that is,

Bb=pBb, Bl=pC. (5.48)

The existence and uniqueness of b and ¢ is a consequence of analytic perturbation theory and Lemma
5.19 below. This lemma also implies that { — b, and { + {; are real analytic functions. The main
result of this section is the following proposition.
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Proposition 5.18. Let s and a satisfy Al and A2. Furthermore, let {y € C such that B({y) = 0. Then
there is an open neighbourhood U c C x R? of (o, 0,0), an open neighbourhood V c C x R of (£, 0)
and real analytic functions wy,w,: U — B such that

Vi ({7 77) = ﬁ({v 77)54 + Wi(é” 1, ﬂ(f? 77)) s VZ(é” 77) = ﬂ(é” U)b( + Wi(é,’ 1, ﬁ(é” 77))
for (£,n) € Vandn > 0. Furthermore, 9 = 9({, n) satisfies
93 (Eb(S™E)(Sh)) + BI(ED) —n = g({,n, D), (5.49)

forall ({,n) € Vwherel={€;,b=0b;,B=p({)andg: U— R is areal analytic function, such that

g, x)=0(Inxl*+1xP),  (Lmx) eU.

The proof of Proposition 5.18 is the content of the remainder of this section and will be summarised
at its end. We remark that as a solution to the cubic equation (5.49) the quantity © and with it vy, v, are
not analytic at { = {p and = 0.

The following lemma collects spectral properties of B. These properties yield corresponding
properties of B, for sufficiently small |[{ — {o|, using analytic perturbation theory. We will use this idea
throughout the remainder of this section after the statement of Lemma 5.19.

Lemma 5.19 (Properties of B). Let o € C with 5({o) = 0 and By := B,. Then there is a constant
e > 0 with & ~ 1 such that

sup {I1(Bo = &)™ lls + 1(By = @)l 0 € Do \ D} 51 (5.50)
for # =2, 00. Here D, contains a single isolated nondegenerate eigenvalue 0 of By, that is,
D, N Spec(By) = {0}, dimkerB} = 1. (5.51)

Moreover, the right and left eigenvectors, by € B, and €y € By, corresponding to this eigenvalue with
normalisation (bo) = ({o) = 1 satisfy the bounds £y ~ by ~ 1. Furthermore, if

(lo-)
Py := by, Qo:=1-Py
(tobo)
denote the associated spectral projections then
185" Qolls + 11(Bg) ™' Qglle < 1. (5.52)

Proof. Here we present the proofs of the bounds (5.50) and (5.52) for By. The corresponding bounds
for B follow analogously. From Proposition 5.16 (ii) and since S is bounded we know that |a — {o| ~ 1.
Thus, by is the right eigenvector of D~'S with eigenvalue 1 and £, is the right eigenvector of D~!S*
with eigenvalue 1, where D := D la=2o2+ In particular, by, £y € B, by the Krein-Rutman theorem and the
geometric multiplicity of the eigenvalue O of By is 1. Furthermore, the nondegeneracy of the eigenvalue
0 is a consequence of by, £y € B,. Indeed, suppose we had dimkerB?> > 1. Then there would be a
generalised eigenvector x with Bx = by and (£ybg) = (£ Box) = 0 which contradicts ¢y > 0 and by > 0.
This proves (5.51), which together with (5.50) implies (5.52). The relation by ~ {y ~ 1 is a direct
consequence of |a — £y| ~ 1 and Assumption A1l.

We are left with proving (5.50). Instead of controlling the resolvent of By, it suffices to bound the
inverse of 1 — SD~! — wD~! because

1 1 1 ~ 1 ~

=— + Pul,
Bo-w D l—SD*I—wD*'Qw 1-SD-'—wD 1 “

(5.53)

https://doi.org/10.1017/fms.2026.10227 Published online by Cambridge University Press


https://doi.org/10.1017/fms.2026.10227

Forum of Mathematics, Sigma 29

where P, and Q w = 1-P,, arethe analytic spectral projections associated with SD~! —wD~! such that

= (b-)
o= Dbo)

Dby

Analytic perturbation theory can be applied to SD~! because of Lemma C.2, which shows that the
resolvent of the operator SD~! is bounded in annulus around its isolated eigenvalue 1. Consequently, the
first summand in (5.53) is bounded for sufficiently small |w]|. The second summand admits the expansion

1 = 1 = = (lbo) 2
I—SD_I—u)D_le_E(w)P“” Blw) = w(gon0>+0(|w|)

by standard analytic perturbation formulas, see, for example, [6, Lemma C.1]. Therefore the second
summand is bounded for w € C \ D, for sufficiently small ¢. )

Corollary 5.20. Let {o € C with B({o) = 0. Then 0 € Spec(Bg,), essinfla — {o| > 0 and
/lpF(SD‘ ot |2) = 1. Furthermore, there is € > 0 such that B(() is an isolated nondegenerate eigenvalue

of By for all ¢ € &y +Dg. In particular o+ D 3 ¢ v B(C) is real analytic and has the expansion

o (bobo(a - &o)) ——— (bo(a = £0)By' Qolbo(a — o)1) ]) o
B({) = —2Re by ({=d0)|+ ( 2Re[ Gobo) | = 2ol
Lo(a — £o)B:'Qo[bo(a - _
CoRe [( o(a—24o)By Qolbola — L)1) T otz - ab). 5:54)
(€obo)

which implies the formulas

<fob0(d o))
(tobo)

to(a — 20)B3'Qo[bo(a —
0:B(Lo) = (to(a = o0)B, Qolbo(a @)])] (5.55)

N ORRE 2Re[ b

for the derivatives of B at { = {p.

Proof. Let {y € C be such that 8({p) = 0. By Lemma 5. 19 we have 0 € Spec(By,) and by Proposition
5.16 (ii) we get ess infla — o] > 0. The fact that /lpF(SD |2) = 1 was shown in (5.35).

Now we show that B({) is an eigenvalue of B, for suﬁ‘imently small |{ — p|. Using analytic
perturbation theory, let b({) and £({) be the right and left eigenvectors of B, corresponding to the
isolated nondegenerate eigenvalue B(&) with B(£o) = 0 that depends real analytically on . As B(&) is
a real isolated eigenvalue and B, as well as By — B, are invariant under complex conjugation, B(O),
b({) and €({) are also real. Since €({o) ~ b({p) ~ 1 we have b((), £({) € B, for sufficiently small
|¢ = Lol|. Therefore

¢ & B:b(0) < B) < su (€().Bey)

N (0 0.y P9

B({) =

which proves ﬁ =p.

The expansion (5.54) is now a direct consequence of analytic perturbation theory, as we see
for example, by using [6, Lemma C.1] with B = Bop+ E and E = D,_sp — Djg_gp =
O

D\ gp-2re (@20) (¢ -00))"

Due to analytic perturbation theory with ¢ in a small neighbourhood of { and by Lemma 5.19 we
have b ~ £ ~ 1. We split v; and v, according to the spectral decompositions of B* and B, namely

Vi =ﬂ1€+71, 1%} Zﬂzb +T;2 (5.56)
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with the contributions ¢¥; = ¥;(£,n) to the eigendirections ¢ and b of B* and B as well as their
complements v; = v;({,n) given as

= <é2‘>> . = <évbz>> . W=0,  Ti=0vw,  Qi=1- %b NG
To quantify the error terms we introduce
@ = |Villeo + [[V2lleo -
Projecting the identities (5.47) with Q and Q*, respectively, leads to
B =0(m+a’), BV =0(n+a’). (5.58)

Using ||B™' Q|| < 1, a consequence of (5.52) and analytic perturbation theory, we find
Ptllo + 72l = O (7 + @) . (5.59)
Because of (v{) = (vp), that is, by (5.1), (5.56) and the normalisation (b) = (£) = 1, (5.59) implies
Hh=h+0n+a’). (5.60)
Inserting the decomposition (5.56) into (5.47) and using (5.59), as well as (5.60), leads to

B2b + BV, =15 — 9°b(Sh)(S*C) + O(na’® + ),
B+ BT = —93(Sb)(S*C) + O(na® + ),

where we set ¥ := %(ﬁl + ;). Now we average the first equation against ¢ and the second equation
against b, use (b) = (€) = 1 and then take the arithmetic mean of the resulting equations to find

9 (Lb(S*6)(Sh)) + BI(Eb) == O(na* + ). (5.61)

From this approximate cubic equation we conclude the scaling behaviours
@ ~ 9 ~ max{0, -} + m o Wil + W2lleo ~ 7+ max{0, -8}, (5.62)

in the regime of sufficiently small @, where we used ¢ > 0 and & > O for n > O to choose the correct
branch of the solution. The corresponding argument is summarised in Lemma C.1 in the appendix.

To apply this lemma we absorb the O(a?)-term on the right hand side of (5.61) into the cubic term
in 9 on the left hand side, that is, we write O(a>) = y 9> for some y = O(a?), which we absorb into
the coefficient of the ©3-term. Such rewriting is possible since @ = O(«) in the regime where a is
sufficiently small. This holds because @ 2 1 and @ = O(9 + 5 + &) by (5.56), (5.60) and (5.59). Now
we see that « is indeed small for (£, 7n) in a neighbourhood of (£, 0). Due to the characterisation of S
in (5.37) we have lim,, | a|;=z = 0. With 8({p) = 0 and because « is a continuous function of 7 when
n > 0, the scaling (5.62) implies a|s=z ~ n'/3. Since ¢ — B(¢) is continuous by Proposition 5.16 (i)
and « is a continuous function of ¢ for any 7 > 0 the behaviour (5.62) holds as long as n + |{ — o] is
sufficiently small.

We now summarise our insights by finishing the proof of Proposition 5.18.

Proof of Proposition 5.18. By following the computation leading to (5.58) we easily see that the right
hand side of these equations are real analytic functions of ¢, , £ and v;. By the implicit function theorem
and the invertibility of B on the range of Q the v; are real analytic functions of #, 7 and £. Similarly, the
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right hand side of (5.61) is a real analytic function of ¢, n and £. Together, we have proved Proposition
5.18 with

Vi(g’ 77) = 1:‘71("9({7 77)’ 1, g) .

6. Properties of the Brown measure o

In this section, we show our main results about the existence and properties of the Brown measure o,
Proposition 4.3, Theorem 2.2 and Theorem 2.5. We start by proving that the Brown measure has an
explicit construction as a distributional derivative of the function L defined in (4.9) through the solution
of the Dyson equation as stated in Proposition 4.3. The proof of Proposition 4.3 is presented in Subsection
6.1, and the proofs of Theorem 2.2 and Theorem 2.5 are given at the end of this section.

6.1. Characterisation of the Brown measure o

Here, we present the proof of Proposition 4.3. The main idea of this proof is to show that —L from
(4.9) is subharmonic and, therefore, the distribution —#AL is induced by a measure. Before we present
this proof, we establish a few necessary ingredients. The next lemma, in particular, implies that L is
well-defined.

Lemma 6.1 (Integrating (v ) with respect to ). Let a € B and s satisfy Al. Then, uniformly for { € C
andn > 0, we have

1
0<(igm) < oo (6.1)
+n
Furthermore, uniformly for any T > 0 and { € C, we have

T o0
/ dn < min {T, T+ |g|}, /
0 T

Proof. From (5.2) and Lemma 5.3, we immediately conclude (6.1). The bounds in (6.2) follow directly
from (6.1) and (5.13). m|

1 1
<V1(§,n)>—1+ndns +|§|. (6.2)

T

) - 1o

Proof of Proposition 4.3. We first note that each of the identities (4.10) and (4.11) uniquely characterises
a probability measure on C. We now show that (4.10) and (4.11) characterise the same probability
measure on C. Let f € Cg((C). By dominated convergence and (6.2), we obtain

24 1 - _L 2
/CAf(g)W(g)d 5‘12?8/0Af(§)/8 ((w(&n)) T+ dnd~¢
=2E%[ca§f(§)/s 0y (y(.m))dnd*¢
= 21 /@ 0c F(O (G )L,

Here, in the second step, we integrated by parts, exchanged differentiation and integration and used
0z (v1) = =0,(y)/2 due to (5.17), (5.1) and (4.7). To see that the d,-derivative and the integral in the
second step can be exchanged we use the bound [0z (v1)| < 172 that follows from (5.21) and Lemma B. 1.
The third step is a consequence of lim,, . (y({, 7)) = 0 for all £ € C, which follows from the definition
of y in (4.5) and the upper bound in (5.5). Owing to (4.5), this shows that the right-hand sides of (4.10)
and (4.11) coincide.

What remains is to prove that (4.11) characterises the Brown measure of a + ¢. From (2.3), we see
that the Brown measure o = 044 of a + ¢ coincides with %A log D(a + ¢ — ), where A denotes the
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distributional Laplacian with respect to . On the other hand, the properties of the Fuglede-Kadison
determinant from (2.4) imply

Da+c=¢)=D(la+c=4]) =lim(D(|a+c - P+
n
Hence, integration by parts, (5.192a) and (4.7) yield

2 _1; L av 2N12 4 _ 15 l _ 2
[ar@e@o=tm [ar@oeptare=cP e =tim= @ r@noemac.

Note that the Fuglede-Kadison determinant here is monotone in 7, justifying the exchange of limit and
integration. Thus, owing to (4.5), (4.11) characterises the Brown measure 0., which completes the
proof of Proposition 4.3. O

6.2. Strict positivity in the bulk

In this subsection we show that the Brown measure has strictly positive density in the bulk, that is, inside
S as defined in (5.32).

Proposition 6.2. Let a € B and s satisfy Al. Then there is C ~ 1 such that =9z(y({,n)) € (0,C] for
all{ eCandn > 0.

Differentiating the last identity in (5.19a) and a straightforward computation using (4.7) and
Y'Y +n2)7 'Y =1 -p>(YY* +n?)"  withY = a + ¢ — { yield

~0z(y(&,m) = El(la+c =P+ (la+ =12 +7)7'])
= (El(la+c—¢P+m) " P(la+c= R +n) (la+c= P+,

where we used the abbreviations |Y|?> = Y*Y and |Y|? = YY*. This implies
0 <=dz(y(&m) <72 (6.3)

The lower bound ~d7(y(¢, 7)) > 0 is equivalent to { + log D(|a + ¢ — {|* + ) being subharmonic,
which was observed in [37, Lemma 2.8].

Proof of Proposition 6.2. The main work in this proof is to represent —6z(y({ ,1)) as the quadratic

form of a self-adjoint operator, which we show to be positive and bounded. For 5 > 0 and / € C, we
start from the second identity in (5.21) and compute

07(E2, M) = <E21 , 5_1521> = <C;§4E21 , E21> + <C;§4E21 , (1 -XCp) ' ECm En >

where Cyy R := MRM and Cj;, = Cp-. Note that 1 — XCyy is invertible since 1 — ZCp = LCpy, Cp s
invertible and £ is invertible by Lemma B.1. With

_(iS(y) 0 _(-iviy VP
ZCME21—( 0 iS*(vy) ]’ Cum+Er = I

and the action of £Cj; on diagonal matrices in 32*? given by

ri 0\ _ [(SUylPri = vira) 0
ZCM( 0 Vz) ‘( 0 §*(=v2ry + |yPr2)
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this simplifies to

_ | ny 1 S(2y)
~07(Ear, M) = Z(viva) + <(v;y) L (1-Y) ‘(S*(jﬁ) )> (6:4)

where the scalar product on B2 is the one from (5.25) and Y : B2 — B2 is defined as

2 2
v[1) = S(Iyl?r1 = vara) _ SD% =SD3, \ (ry _
r S*(—v%rl + |y|2r2) —S*Dv1 S*Dlzy‘ r

Now we introduce a symmetrisation of Y. For this purpose we define v € B via

Vi= A+ Sva) = V(i + S*vi) (63

where the second identity is due to (4.6), and V, F, T € B> as

52 2Vvivy A%
2 Ja—¢| T) =0 -
T = v S Ve n |, F=VSV 6.6
|a—{|2 ‘19\2’2 _VZ 0 L o ( )

analogous to [5, (3.27)]. Note that |a — £|> 32 = % by the definition of y in (4.5). Then VFTV~! =Y
and represented in terms of F and 7T the formula (6.4) reads
y
~ 1), 6.7
3 )> (6.7

i =((55) (3 = )5

where we introduced

X =

52
(P 0 ) ©5)
0 D(F5IP)

In particular, (6.4) is the quadratic form of a self-adjoint operator, evaluated on a vector in the
subspace of 32 with identical entries in the first and second component. With the orthogonal projection
onto this subspace represented by

._1 11 2%2
E'_E(II)EB ,
we have TE = ET, XE = EX and

T=-14+2XE. (6.9)

The representation (6.9) of T holds because of

=2
P v
1=+ m|y|2, (6.10)

which follows directly from (4.4), (4.5) and the definition of V' in (6.5).
Inserting (6.9) into (6.7), we see that proving positivity of the right hand side of (6.7) reduces to
proving that the operator
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1 2 1 2 ~\ 1
E }'FWF)E:E—(]‘F = — E)—E
+F- VX\  1+FL-2FE X
=E ! (1+ ! 2 ~E) ! E
N7 2 = =1 Nea (6.11)
vx\ o1 T FE1+Fx X
—El(l 2 fE)_llE—El ! 1E
VX 1+FL VX VX 1-K+x

on B2 is positive definite on the image of E, where we introduced

F:=VXFVX  and K:=E FE = E\/?T«/?E (6.12)

1+F

in the calculation and used E2 = E as well as EX = XE. Combining (6.7), (6.9), (6.8) and (6.11) yields

ev\Viva 1 ey\Viva
—20-E>, M) = (|2 , —— |2 , 6.13
cenoan = {25 e ) o
where e, := ﬁ € B. We now split the self-adjoint operator F' = F, — F_ into its positive and negative
parts and estimate
2F, 2F_ 2F, )
VX - VX < VX VX <1-Dz, 6.14
(1+F+ 1—F) h (1+F+) - v 619

where we used ||F|| < 1 for the first inequality. To see this, from the definitions of F in (6.6) and v

in (6.5) we read off
v _ v Vl/f)
#[e)-(5) o)

Since F is a positivity preserving compact operator, there is a positive eigenvector f = (fi, f») with
Ff =||F||f. Taking the scalar product with f yields

IF|l = 1 _n<f1V1/V> + /v
(fiv) +(f2v)
The final inequality in (6.14) follows from 12+F1;+ < 1 because 0 < F, < ||F|| < 1 and (6.10). Hence,

1 - K > 0, which implies -z (y({, 1)) > 0. Moreover, we plug (6.14) into (6.13) and use (6.5) as well
as (5.7) to obtain V

V2
—20-(E»,M) < <1
§< 21 > <T]+SV2>

which proves the upper bound on =8z (y(£,7)). This completes the proof of Proposition 6.2. O

The next corollary follows from Proposition 4.3 and the upper bound in Proposition 6.2. We recall
the definition of S, from (5.24).

Corollary 6.3. Let a € B, s satisfy Al and o be the measure from Proposition 4.3. Then supp o C Sy
and the measure o satisfies the identity

1
o({) = —grlr(};az(y(_f,n» (6.15)
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in the sense of distributions on C, where y is the (2,1) component of M from (4.7). Moreover, o is
absolutely continuous with respect to the Lebesgue measure on C and its density is bounded.

Owing to (6.13) and (6.15), we see that the Brown measure admits the representation

ez 1 (e
=lm{| 2 | Tk | 2 6.16
i rﬁl(}<(€y Vlvz) I—K(ey\/v1v2)> ( )

in a distributional sense, where K is defined in (6.12).

Proposition 6.4 (Strict positivity of Brown measure on S). Let a € B and s satisfy Al and A2. Then the
density of the Brown measure o (cf. Corollary 6.3) is strictly positive and real analytic on S.

For the proof of Proposition 6.4 we compute the Brown measure through the formula (6.15), that
is, the distributional identity 7o~ = —21im,, o 0/ (E21, M). First we will see that the right hand side in
(6.15) is nonnegative and is in fact positive when evaluated at > 0, that is, we prove Proposition 6.2.
After that we will see that under assumption A2 the right hand side can be continuously extended to
n = 0 away from dS and remains a bounded function of ¢, that is, o has a density.

Proof of Proposition 6.4. For the proof of analyticity of o, we recall the definition of y from (4.5).
We conclude from Proposition 5.16 (v), (5.33) and Proposition 5.12 that S — C, ¢ — y(Z,0) is real
analytic. Therefore, (6.15) implies that o is real analytic on S.

To prove a lower bound on o, we use (6.16) and see that 1 — K remains bounded on the image of E
as 77 | 0. Indeed by the identity in (6.14) the only contribution to K that may potentially be unbounded
is the one associated with F_. However, EF_E|,;—o < 1 — & for some & > 0 because of the spectral gap
of F above —1 in Lemma B.2 and the fact that (v, —V), the eigenvector corresponding to eigenvalue —1,
is mapped to zero by E. o

6.3. Edge behaviour of the Brown measure

Here we show that o can be continuously extended to the boundary of S and compute its boundary
values. Throughout this subsection we assume Al and A2.

Proposition 6.5 (Boundary values of o). There exists a real analytic extension of o |s to a neighbourhood
of S. The extension satisfies

_ 1K@ =20)tbo) _ (€obo)?10; B(Lo)I?
) = PR = wlia = o 5 6.17)

for any (o € 0S, where b := {|y=z, and by := bls—y,. Furthermore, for {y € Sing a singular boundary
point the extension satisfies 0y 0 ({o) = 0 and

32|(€o(a — £0)By' [bo(a — L0)1)I* + (Lobo)* (AB(L0))?

6.18
2nla - LI GHY) ©19

Ao (o) =

Proof. We use the identity (6.15) to compute o at some ¢ in a sufficiently small neighbourhood of
{o € 0S in terms of y. We expand y in terms of vy, v, with the help of (5.3) and expand v1, v, in terms
of 8. In this proof we set n = 0 and by shifting the spectrum we assume without loss of generality that
{o = 0. In this case, instead of the decomposition (5.56), it is more convenient to write

V] = 191 (f - 9W1), Vy) = 192 (b - 9W2) (6.19)

where we introduced 6 := 91, and where due to (5.59) the vectors w; and w, remain bounded, that
is, [[Wille + |lw2lle < 1. We already know a ~ ) ~ ¢, due to (5.62) and (5.60) and that J; are real
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analytic functions of { for { € S by Proposition 5.18 even for = 0. Furthermore, ¢ = 0 at = 0 for
{ € C\ S.For ¢ € S and n = 0, the first equation in (5.47) becomes

BED) + 0{L(b — Owr)S™ (£ — Ow1)S(b — Own)) =0, (6.20)
after projecting onto the left eigenvector £ = {; of B = B, and

wi = (B™)*Q*[(£ = 6w1)S* (€ — Ow1)S(b — Owy)],

g ! 6.21)
wa =B Q[(b—0w2)S" (£ - Ow1)S(b —6wr)],

after projecting (5.47) onto the complement of the left and right eigendirections, where we recall the
projection Q from (5.57). Owing to the implicit function theorem, we see from the structure of the
equations (6.20) and (6.21) that 8, w; and w; are locally analytic function of 6 for fixed B, and therefore
fixed b, £, Q. Furthermore, as ||[w1||c + [[W2]lee < 1, (6.20) shows

B{LDY + 0(Cb(S*E)(Sh)) = 0(6?). (6.22)

Combining (5.3) with (6.15) we get the formula
1
o ={——07(viSvy)). (6.23)
a—-/{ ¢

Since v{Sv, = 0£Sb + O(#?) is an analytic function of 6 for fixed B, by the relation (6.22) between 6
and B3, as well as the fact that g is locally real analytic around {y = 0 due to Corollary 5.20, we see that
o is the /-derivative of an analytic function of 3 for fixed B. Since B also analytically depends on £, we
conclude that the right hand side of (6.23) can be analytically extended to { in a neighbourhood of 0.
We denote this extension again by o. Furthermore, we have

Oz(v1Sv2) = (£Sb) 370 + 07(¢Sb) + O(|6z016 + 6°). (6.24)
Evaluating at = 0 yields

(tobo)

1
=0 ={ = (€Sbo) 376\ ,=0 ) = —(atob
nols=0 <a( 0Sbo) 97, o> (atobo) (@03l

97Blz=0

where we used (6.22) and B(*;é’o =0 = Bgby. With (5.55) the claim (6.17) follows.

Now we assume {p = 0 € Sing is a singular boundary point. Since g is locally analytic in a
neighbourhood of 0 and 523(0) =0, we have 8 = O(|£|*) and afﬁ = 0(|Z]). Thus, using (6.24), (6.22)
and Bb = Bb we get ‘ ‘

Oz (viSv2) =1L — al*th 870 + 6037(¢Sh) + O(I¢[) - (6.25)

Since 823 =Dy 4, B({)=0,0;,6({) =0and £, b € B,, we have

Ozblz=0 = Orble=o = By'labo),  0zllr=0 = O lle=o = (By) ' [ako], (6.26)

where all quantities with index O are evaluated at £ = ¢y = 0 and we used (afybg) = 0 because
07 B(0) = 0 (cf. (5.55)) to guarantee the inverses of By and Bg can be applied. Furthermore,

((a = 0)tb) = =L{lobo) +2(aRe[L; (£b)|s=0]) + O(ICI7)

° - . L ) (6.27)
= —{{lobo) +2(aRe[{loBy [abo] + {bo(By) ™~ [alo]]) + O(|Z])
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where we used (alybo) = 0 again. Inserting (6.25) into (6.23) and using (6.26), (6.22) and (6.27) we find

=((a—¢ )€b>&9+< (')L(fsza)>9+0(|§| )

_ _(tobo)
(G2b3lal*y

(L ((5p0)(BE) [ato] + toSB5 [abo]) 1B + 012
a

(@) - 2@relee B vl + cootBy) @lDNog6 (628)

In particular, d; o |s=0 = 0. By (5.54) the derivative of § satisfies

Z+o3zP).

62,8:(1—2R [(5003 [boa]>]) (€oaBy "' [boal) —

(tobo) (€o bo)
Using this, Bgbo = 0 and the expansion of 8 from (5.54) in (6.28), we conclude
n{l2b2lal*
MAO‘I(:O =2[R[a.a]l* + (1 - R[a.a] - R[a@.a])* = 2|R[a,a]* + (3;07B(0))*,
8(tobo)? ' ¢9%

where we introduced

(€oxBy' [boy])
(loboy

With (5.55) this proves (6.18). m]

Rx,y] = x,y €{a,a}.

Lemma 6.6. Let { € C such that $({) = 0 and 0;8({) = 0. Then AB({) < 0. In particular,
0S={eC:B() =0} (6.29)

Proof. Let { € Cwith §({) = 0and d;8({) = 0. From (5.55) we read off

[<€(a - {)B'b(a—{))

5 , (6.30)

(€ba=0))=0.  op=

where we evaluated the expressions in (5.55) at {y = ¢ and omitted the projection Q¢ in the formula for
agé#ﬁ since ({b(a — ¢)) = 0 implies Qo[b(a — )] = b(a - ).
We write 0, &,8 in terms of

(Ia —Z%)SD(|aj/_ZVZ)’ te %%

and arrive at

B EF1-K)'v] 1 1 1
octgs =1 -2%e | SR -l k0 ).

Here we used that (1 — K)~'x is well-defined since x L k due to (6.30), where k := |a — | Vb is the
right and left Perron-Frobenius eigenvector of K, that is, (1 — K)k =0 = (1 — K*)k due to (5.48) with
B = 0. Furthermore, (1 - K*K)k = 0 implies that k is the Perron-Frobenius eigenvector of K*K and thus
1 — K*K is strictly positive definite on k*, implying A3 < 0. Since 3 is real analytic in a neighbourhood
of ¢ with 8({) = 0z B({) = 0 according to Corollary 5.20 and such £ cannot be a local minimum of
due to AB(¢) < 0 we infer (6.29). O
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As a consequence of Lemma 6.6, the definition of S in (5.32) and Proposition 5.16 (iv) yield

So =S. (6.31)
We now have all ingredients to prove Theorems 2.2 and 2.5.

Proof of Theorem 2.2. Ttems (i) and (ii) are proved in Propositions 6.4 and 6.5. For the proof of (iii),
we conclude supp o C Sg = S from Corollary 6.3 and (6.31). Moreover, S C supp o follows from (ii),
which completes the proof of (iii) due to Proposition 5.16 (ii). Note that dS is a real analytic variety
due to (6.29) and Corollary 5.20. The dimension of S is at most one as AB({) # 0 if 0 B(¢) = 0 by
Lemma 6.6. This shows (iv). Part (v) follows from Proposition 6.5 and the fact that £, and bg and, thus,
g are real analytic by Corollary 5.20. O

Proof of Theorem 2.5. Let { € Sing be a singular point of o, that is, 8({) = 0 and d,8({) = 0. By
Lemma 6.6 we have AB({) < 0and by (6.18) also Ao ({) > 0. Now we apply the following lemma about
critical points of real analytic functions in two dimensions with positive Laplacian, which simplifies to
the well-known Morse lemma (see, for example, [46, Lemma 2.2]) if the critical point is nondegenerate.

Lemma 6.7 (Higher order Morse lemma). Let f : U — R be a real analytic function on an open
set U ¢ Cand {o € U. Suppose that 0 f({o) = 0 and A f({o) > 0. Then there is a real analytic
diffeomorphism ® : V. — Uy from an open neighbourhood V. C C of zero to an open neighbourhood
Uyp Cc U of &y = ©(0), a natural number K > 2 and v € {0, =1}, such that

fo®(z) = f({)+ (Rez)* +7(Ima)®,  forallzeV.

The proof of Lemma 6.7 is given in Appendix A. Since —f satisfies the assumptions of Lemma 6.7 at
£ and B(¢) = 0 we conclude that - is of singularity type x>+ 7yX at £, where we used the terminology
from Definition 2.4. If r = -1 or 7 = 1 and odd K, then { € S =4 supp 0. In this case { € Sing?ﬁ.

Otherwise, that is, if 7 = 0 or 7 = 1 and even K, ¢ lies in the interior of S. In this case o satisfies
the conditions of Lemma 6.7 at £ with o({) = 0, as d;0°({) = 0 because of Proposition 6.5. Thus,
o is either of singularity type x> + y** for some n € N or of singularity type x> at £. We note that
the singularity types x? — y" and x* + y>™*! are not possible since o is a real analytic function in a
neighbourhood of ¢ by Proposition 6.5, which is nonnegative at { as ¢ lies in the interior of S. In case
o is of singularity type x> + y**, we have { € Singiznrt and ¢ is an isolated point of C \ S. If o is of
singularity type x?, then ¢ € Sing'™. In this case the fact that o is a restriction of a real analytic function
on an open neighbourhood of S by Theorem 2.2 (ii) implies that the connected component of Sing™
containing ¢ is a closed analytic path without self-intersections. O

7. Existence of singularity types

In this section we provide examples that show that all possible singularity types that are allowed by Theo-
rem 2.5 appear in the Brown measures of suitably chosen deformations of standard circular elements, that
is, we prove Theorem 2.7. The proof of the theorem is summarised before Subsection 7.1. We work with
the case B = L*[0, 1] and such that ¢ is a standard circular element, that is, E[c*x¢] = E[exc*] = (x)
for x € B. We fix a € B. Hence, a and ¢ are ordinary =-free in (A, (-)) and a is automatically normal.
In this setup Byx = |a — ¢ [>x — (x) for all x € B and the Dyson equation (4.4) simplifies to

K K
k=n+{—"—"7"—1, V== ————, 7.1
" <K2+|4—a|2> R} D
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where « = x(£,n) =n+ (vi({,n)) = 0. To apply our theory, we will choose a: [0, 1] — C such that

o / dy
€SS 1 0,1 _ =
O o1 la(x) = a(y)P?

For £ € S we have ko = «({,0) > 0 and get

2
B(¢) = inf sup —(x, (B +K0)y> -

2
XEB+y€B+ <X,y> 0

K Z—K(z)

for 8 from (2.9), by choosing for y the function b := (ja — ¢|* + K%)‘l, for which (B, + K%)b =0due to
(7.1) and np = 0. Similarly, we get 8({) < —K(Z) by choosing x = b. Thus, () = —«(¢£,0)? for £ € S and

1
<|a myoe —B(§)> =1 72

In particular,

1 {-a >
SR S P S Sl A 73
<(|a—§|2—ﬁ)2> P <(|a—{|2—,8)2 73

Thus, we express the Brown measure o on S in terms of S, using (6.23), (7.2) and (7.3), through

1 B
o= <a—§0?|a—4|2—ﬁ>

- -B (1 1 B
() <a—é(|a—§|2—ﬂ+(|a—g|2—ﬂ>2)>5?ﬁ 79

1
) <m>(‘ﬁ +10:p1%) .

The previous formulas have been derived earlier, see, for example, [13, 18, 42, 64]. From (7.2) and
(2.10), we see that S is given by the equation S = {{ € C: f({) > 1}, where

B v(dw) 1
f(©) = |§—w|2‘<|4—a|2> 73

and v is the spectral measure of g, that is, v is the unique measure on C for which f rk Zl v(d?) = (a* a ).
We interpret () = oo for { € supp v. We note that

Af@):<|a—44|4>>0

for all £ ¢ supp v.

In the following we consider deformations a such that v is symmetric with respect to the imaginary
axis. In this case f, 8 and o inherit this symmetry from v. In particular, f(£) = f(=¢) forall / € C. We
will make use of the following corollary of Lemma 6.7, which is proven at the end of Appendix A.

Corollary 7.1 (Higher order Morse lemma with symmetry). Let f : U — R be a real analytic function
on an open set U C C with 0 € U. Suppose that d; f(0) = 0 and A f(0) > 0. Assume furthermore,

that f is symmetric with respect to the imaginary axis, that is, f({) = f (=) for all ¢ € U such that
- eU. If@ée(f(O) > 0, then the diffeomorphism ® from Lemma 6.7 with ®(0) = 0 can be chosen
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such that D®(0) is positive definite and diagonal. Furthermore, the exponent K > 2 and the sign T in
the statement of Lemma 6.7 are

ion 0K _£(0) if K < oo,
Ki=l+sup{k eN: 6l f(0)=0 foralll <k}, =4 ime f(O) If K <oo
; 0 if K=o0.

The following lemma connects the singularity types of f, 8 and o in this case. It shows that in order
to prove Theorem 2.7, it suffices to show that v from (7.5) can be chosen such that f — 1 has a given
singularity type of the form x> + 7yX with 7 € {0, +1} and K € N with K > 2 at 0.

Lemma 7.2. Let f be defined as in (7.5), assume that f(0) = f(=¢) for all ¢ € C, that Géc(f(()) >0
and that f(0) = 1. Then 0 € S and the singularity types of f — 1 and —f3 agree at 0. If 0 € Sing and
—B is of singularity type x> + y** at 0 for some n € N, then o is also of singularity type x> + y**.

Proof. For f(0) =1 we have 0 € 9S by definition of S. Then (7.3) implies

1

Evaluating at £ = 0 shows that 6,6 = 0 if and only if d; f = 0, proving that the singularity types of
f — 1 and —p agree for a regular edge point 0 € Reg. We now denote x = Re{ and y = Im{ and
assume 0 € Sing. Then f and —f satisty the assumptions in Corollary 7.1. By applying the derivative d,
repeatedly to (7.3) and evaluating at = 0, we see that the exponent K and the sign 7 from Corollary 7.1
for f and —p3 agree.

Finally, we show that the singularity types of o and —f at 0 agree. From (7.4) we see that

6,00 =0,  G2o(0)= %(—6@/3(0) v LB, @)

where w = x, y since 3 is an even function of x and £(0) = 1. In particular Ac-(0) > 0 and 925-(0) > 0
because —028(0) = 62f(0) > 0 by (7.3). We conclude that o also satisfies the assumptions of
Corollary 7.1. Suppose —f3 has singularity type x> + y? at 0, then 630'(0) > 0 by (7.7). Now suppose
—pB has singularity type x> + y>" at 0 for some n > 2. By repeated application of the derivative dy on
(7.4) and evaluating at { = 0 we see that

1
05 (0) = ——85B(0) , k=3,...,2n,
T

which implies that o is of singularity type x> + y>" at 0. O

To construct singularity types of f at 0 of the form x? + yX with a finite K > 2, we will choose v with

finite support, that is, supp v = {ay, . . ., an } with distinct nonzero a; € C and v; = v({a;}). In this case
N .
Q=) —-7" (7.8)
; £ —ail?

To guarantee symmetry of f with respect to the imaginary axis we write f as a sum of functions of the
form

1 1 1
gald) = 5(|§+1/a|2 - 1/a|2)’ 79
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witha € C. := {z € C: Rez > 0,Imz > 0} a complex number in the first quadrant. For even K we
can even restrict to f being a sum of functions of the form

(ga(0) +8a(0)) (7.10)

(S

f&({);:

with a € C... With these definitions any convex combination of functions of the form g, and f, are of
the form (7.8).

In the following subsections we construct an example for each singularity type that is allowed by
Theorem 2.5. The result of these constructions is summarised in the following lemma.

Lemma 7.3. The following examples exist.

(a) Quadratic singularity types: With the choice v = %(6 | +6-1) the function f — 1, where f is from
(7.5), has singularity type x> — y* at 0. The function f — 1 with f({) = f.({) and a := %(1 +1)

has singularity type x* + y* at 0.
(b) Singularity types of even y-power: Let n € N withn > 2 and v € {+1}. There are cy,...,c, >0
with Z;’zl c; = 1 and distinct ay, . . ., a, € Cs, such that the function f — 1 with

n

FQ) =D cifa ()

i=1

has singularity type x* + ty** at 0.
(¢) Singularity types of odd y-power: Let n € N. There are cy,...,Cona > 0 with Z%;‘fz ci =1 and
distinct ay, . . ., a4a € Cs, such that the function f — 1 with

2n+2

£ = €iga(0)

i=1

has singularity type x* + y*"*! ar 0.

(d) Singularity types of infinite order: There is a choice r > 0 and a > 0 such that for v = %vc + %610,
where v, is the uniform distribution on the circle ia +r S', and f from (7.5) the function f — 1 has
singularity type x* at 0.

Lemma 7.3 (a) is easily verified by a simple calculation. The other parts of Lemma 7.3 are proven in
each of the following subsections, that is, we prove Part (b) in Subsection 7.1, Part (c) in Subsection 7.2
and Part (d) in Subsection 7.3. With these ingredients we now prove our main result about the existence
of all singularity types.

Proof of Theorem 2.7. Since all examples from Lemma 7.3 have v which is symmetric with respect
to the imaginary axis, we can apply Lemma 7.2 in each of these examples. To see the existence of a
int

singularity of the type Sing}", we take the example with f({) := f4({) and a := \/% (1+1i) from Lemma
7.3 (a). By Lemma 7.2 the singularity type of f — 1 coincides with the singularity type of —f and also

with the singularity type of o, showing 0 € Singilm. To see an example with 0 € Singi,;lt and order k£ > 2,
we consider Lemma 7.3 (b) with 7 = +1. Again by Lemma 7.2 the singularity type of f — 1 coincides
with the singularity type of o.

Now we show that SingiGlge with order k € N is not empty for some example. For the case k = 1 the

example is taken from Lemma 7.3 (a) with the choice v = %((5 1 +6_1), forodd k > 1 from Lemma 7.3
(b) with 7 = —1 and for even k > 1 from Lemma 7.3 (c). In each case the singularity types of f — 1 and
—f at 0 coincide due to Lemma 7.2.

Finally 0 € Sing™ for the example from Lemma 7.3 (d) since here the singularity types of f — 1 and
o coincide by Lemma 7.2. O
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7.1. Singularity types of even y-power

Here we prove Lemma 7.3 (b). Since f..,(0) = ¢ f,(0) for f, defined as in (7.10) and ¢ > 0, it suffices
to show that f — £(0) has singularity type x> + 7y*" at 0, that is, we can drop the condition f(0) = 1.
Furthermore, we can consider f of the form

10 3= Y et fu@).

i=1

with a; € Cs, ¢; > 0 and show that this f has singularity type x> + 7y>" at 0. This is sufficient
since such f can be transformed into a convex combination of the f;, by dividing by >\\", ¢; II{;TZ" and
without changing the singularity type. Properties of the function f, are summarised in Lemma C.3. The
symmetries of f, (see (C.2)) in particular imply that its Hessian at { = 0 is diagonal. Furthermore, f
satisfies 8;°*! £(0) = 0 for all k € Ny due to (C.1), where £ = x +iy. It remains to show that a; and ¢;
can be chosen such that Byzkf(O) =0forallk =1,...,n—1andsign ayz"f(O) =t foragivent € {+1}.

Together with the symmetry of f({) = (=) around the imaginary axis and since A f(0) > 0 this is
enough to guarantee the local behaviour because of Corollary 7.1. By the formula (C.1) for 63" fa(0)
the choices a; and c; defining f have to be made such that

n

n
sign((—l)"ReZc[a%"“):T, ReZcia,-Zk“:O, k=1,...,.n—-1.

i=1

i=1

That such a choice exists is ensured by the following lemma, where we replaced 7 by (—1)"7 to avoid
tracking the additional sign.

Lemma 7.4 (Discrete truncated moment problem for even case). For each n € N and T € {1} there
are positive numbers cy, . . ., c, > 0 and distinct complex numbers z1, . . ., z, € Cs such that

n n

ReZciz?””:T, ReZciz%k”:O, forall k=1,...,n—1.
i=1 i=1

Proof. We perform the proof by induction over n. For n = 1 we choose z; € CwithImz; > 0,Rez; >0

and Re z? = 7. Then we set c¢; := 1. Now suppose for n € N with n > 2 we have positive numbers
C1,...,cn € (0, 00) and distinct complex numbers 71, . .., Z,—1 € Cs such that
n—1 n—1
Re D cig" =+,  Re) c@*'=0, k=1,...n-2, (7.11)

i=1 i=1

The construction works for either choice of sign in the induction hypothesis. We will cover both choices
simultaneously. Since we can always normalise the coefficients, it suffices to show that there are ¢,, > 0
and z; € C. in the first quadrant such that

n n
signReZcizf"“ -7, ReZciz%k” =0, k=1.....n—-1. (7.12)
i=1 i=1
To see that this is possible we pick w € C with |w| = 1,Re w > 0 and Im w > 0 such that sign Re w?*~! =
¥1 and sign Re w?**! = 7. Then we set

r2n—1

w
Zn(r) = 7 cn(r) = W
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for r > 0, as well as

n-1 - ok WK
Fr(w):= ) ciwi™™, Gr(w,r) = Fe(w) +r o5 ——
K (W) Z i k(w,r) = Fie(w) Reom ]
forw = (w1,...,wn_1), k € [n—1] and r > 0. In particular, G (w,r) := Fx(w) + ¢, (r)z, (r)***! for

r > 0. For small enough r > 0 we now solve the system
Gk(W,r)sz(E,O), ke[[n_l]]

for w = z(r). Since 0y, Gk (w) = 0y, Fix(w) this system is locally uniquely solvable by the implicit
function theorem due to

det(y, Fr (W)L, = det((2k + Desw?)el, = ]_[(Zk +1) ]_[ ciw? l_[(w

i<j

which does not vanish for w = 7, because by assumption the z; are distinct. With z; = z;(r) the system
of equations (7.12) is now satisfied. Indeed, Re Gy (w,r) = Re F(z,0) = 0 for k € [n—2] by (7.11),
as well as Re G,,_ (w,r) = Re G,,_1(Z,0) = 0 by (7.11) and the choice of the sign of Re w**~!. Finally

n

signRe Z cizi(r)! = signRe (O(l) +—

1 Rew2n+1
) .
i=1

72 |Re w21

by the choice of the sign of Re w?"*! and for sufficiently small » > 0. For small » > 0 the z;(r) with

i € [n] are also distinct. |

7.2. Singularity types of odd y-power

Now we prove prove Lemma 7.3 (c). As in the treatment of singularity types of even order, it suffices to
show that f — f(0) with f of the form

2n+2

Re a; 1
= 7.13
1) Z et Ot e (7.13)
where ay,...,a2,42 € Cs and ¢, ..., Cons2 > 0 has singularity type x> — y>**! at 0. The function g,

is defined in (7.9) and its properties are summarised in Lemma C.3.
To construct such singularity type we choose f such that it satisfies

RO <0, AfO=0, k=1,...2n 719

and apply Corollary 7.1. The symmetry f () = f(=¢) follows from our ansatz (7.13) and A £(0) > 0
because Ag,(0) = 4|a|]* by Lemma C.3 and A|z +i|7?|,=0 = 4. With

2k-1 1

1
=-(2k)!,  oF
Yz +i (2k)

Yz +if?

= (2k+ 1),

as well as the formulas for the derivatives of g, from (C.3) the conditions (7.14) on our ansatz (7.13)
translate to

n n n
(—1)"Ichia?(n+l) <2m+1), (=1 Imzc,-a%k =2k, (-1 ReZc[a%k“ =2k +1
i=1 i=1 i=1

for all k € [[n]). Such a choice of ¢; and a; exists due to the following lemma.
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Lemma 7.5 (Discrete truncated moment problem for odd case). For each n € N there are positive
numbers cy, . .., cansa > 0 and distinct complex numbers 71, . . ., Zon+2 € Cs such that

2n+2 2n+2
“D)*'m Y ;2% =2k, —1)*1Re 2 =2k 41, k=1,...,n, (7.15)
1
= i=1
as well as

2n+2
(-1)" Im Z iz <2(n+1). (7.16)
i=1
Proof. We perform an induction over n. For the case n = 1 we first find z € C. and ¢ > 0 such that
cImz2:2, cRez3:3, —cImz* < 4.

The choice z = %\/Eei”/ 2 and ¢ = % satisfies these conditions. Now we set ¢; := ¢ and fix three
additional complex numbers z3, z3, z4 € C. in the first quadrant that are all distinct and distinct from z;.
We also set ¢; := ¢ fori = 2,3,4, where 6 > 0 is chosen sufficiently small. Then the relations

4 4
2 _ 3 _ 4
Im ciz; =2, Re c;z; =3, —Im ciz; <4
i=1 i=1

with z; = z1(6) are satisfied for § = 0 with z;(0) = z and by the implicit function theorem can also be
satisfied for small § > 0. In fact the two identities have the form ¢ Im z2 1 =2+0(6)and cRe zl 3+0(6)
and the map z — (Imz2,Re z°) = (2xy, x> — xy?) with z = x + iy has the nonvanishing Jacobian

2_)7 Zx _ 2 2
det(3x2 Z3y2 —6xy) = —6x(x“ +y“).
For the induction step we assume that ¢y, ...,c2, > 0and 71, ...,7Z2, € Cs are given such that
2n

(1)k+11m2 =2k, (DM Re) ¢z =2k 41, (1)"IImZ 2 <20 (7.07)

i=1
for all k = 2,...,n — 1. With the short hand notation w = (wy, ..., wy,) we define

2n

Fr(w) :=Zc,-wf-‘, k

i=1

2,...,2n+2.

We now construct an additional c2u+1(r) = @(r)r® > 0 and 22,41 (r) = 1€ with functions
¢ =@(r) € (0,7/2) and @ = a(r) > 0 for r > 0 that we choose appropriately such that

(=1)™!(Im Fy,, () + a sin(2ng)) =2n,  (=1)"! (Re Fons1 (2 + % cos((2n + 1)¢)) o+,
(7.18)

as well as

(—1)"(im Fansa (D) + % sin((2n + 2)<p)) <2+l (7.19)

are satisfied for sufficiently small » > 0. To do so we define ¢, := 7 — 2n+1 5. Then cos((2n+1)g,) =
and sin(2ne,) = sin((2n + 2)p.) because 2n@. + (2n + 2)p, = 7r(2n — 1) is an odd multiple of .
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Furthermore, we have the inequality (—1)"*! sin(2n¢,) = sin (23121 ) > 0. Now let

o :=sign ((=1)"'Re F2,41(2) — 2n+ 1)) .
We set ¢(r) := @, + 0 B(r)r for some appropriately chosen B(r) > 0 that is bounded and bounded away
from zero. In particular, we have the expansion (—1)"*! cos((2n+ 1)¢(r)) = —o-(2n+1)r + O(r?). The

identities (7.18) become

_ 2= (1) Im P (9)

= 7.20
)= T sin(2ng () 720
and
0 ifo=0,
(=)™ Re Fyp11(2) = 2n+1) = (2n+ 1)B(r)a(r) = {O(r) o0 (7.21)
For o = 0 there is no need to choose S since ¢(r) = ¢, and we set a(r) := a, > 0, satisfying
2n—(-1)"'ImF

(=1)"*+ sin(2ng,)

in this case. That a. is positive follows from the choice of ¢. and (7.17). For o= # 0 we solve the system
(7.20) and (7.21). By the definition of -, ¢, and (7.17) there is a solution @ (0) = @, > 0and 8(0) = B, >
0 for r = 0. In fact, . is determined by (7.22) and S, then by evaluating (7.21) on r = 0. By the implicit
function theorem this solution can be extended to sufficiently small » > 0. Thus, (7.18) is satisfied for
our choice of a(r) and ¢(r). Since a(0) = @, > 0and (—1)" sin((2n+2)¢(0)) = (-1)" sin(2ng,) <0,
by the choice of ¢., the inequality (7.19) is also satisfied for sufficiently small > 0.

Now we define

Gr(w,r) = Fe(W) + one1 (1) zans1 ()5, k=2,....2n+2

for sufficiently small » > 0. By the choices of the functions ¢ and a above, we can analytically extend
G (w,r) to a neighbourhood of r = 0 for k =2, ...,2n + 1. By construction we have

(D™ Gy (Zr) =20,  (-D)™'ReGou1(Zr) =2n+1,  (=1)"ImGru2(T,r) <2n+1

and Gyy1(w,0) = Fiyp(w) for k € [2n — 2]. Now we solve the system of equations G 41 (z(r),r) =
Fi41(2) for k € [2n — 2] together with G, (z(r), ) = G2,(Z,0) and Gopt1 (2(r), 7) = Gany1 (3, 0) for
a solution z = (z1, . . ., z2n) With z(0) = Z. This is possible in a neighbourhood of r = 0 by the implicit
function theorem since

2n 2n
det(y, Freat (W)i_y = det((k + De;w)_ = ]_[(k +1) ﬂ Ciw; ﬂ(wj —wi), (7.23)
k=1 i=1

i<j

which does not vanish when evaluated at w = 7.

Altogether we have found distinct zy,...,z2,+1 € Cs and cp,41 > 0 such that (7.15) and (7.16)
are satisfied with c,42 = 0. Finally we add 27,42 € C. distinct from all zy, ..., zon+1. We set z, :=
(21 ..., 22n) and ¢2,42 = 6 and find a choice z(§) € C2* for § > 0 with z(0) = z. such that this choice
also satisfies (7.15) and (7.16). The choice of ¢,4+1 and zp,+1 remains independent of 6. That such
choice exists follows again from (7.23) and the implicit function theorem. m}
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7.3. Singularity types of infinite order

In this subsection we prove Lemma 7.3 (d). As before it suffices to show that f — f(0) is of singularity
type x2, that is, we drop the condition f(0) = 1. Furthermore, by shifting v we can place the singularity
ati € Sing'™. We follow Example 3.5 and choose a as in that example. A short computation using (7.2)
reveals that S satisfies (3.2). Thus, since dD; NS =  while points on both sides of dD; belong to S, we
conclude from the analyticity of 8 that d;5(¢) = dzB({) = 0 for all { € ID;. Hence, dD; C Sing!™,
Furthermore, using (4.4) and (6.15), we find that o is given by (3.3) in this example. We refer to Example
3.5 for more explanations and to Figure 3 for a plot of the boundary of S and some sampled eigenvalues.

8. Circular element with general deformation

In this section, we consider the Brown measure o of a + ¢, where ¢ is a standard circular element and a is
a general operator in a tracial von Neumann algebra that is *-free from ¢. We prove the classification of
singular points stated in Remark 2.8. Here we use the notation |x| and |x|. for the positive semidefinite
self-adjoint elements defined by |x|> = xx* and |x|? = x*x, where x is a general operator. The Brown
measure in this setup has a density which satisfies the identity

e M el e |
O\ rela— e \a-zreer] Nda-zprer )|

for all £ € S, which was derived earlier, see, for example, [42, equation (16)], [18, Section 4.4], [13,
Theorem 7.10] and [32, equation (4.25)]. Here « = x({) > 0 is determined by the well-known equation

1
=z - o

for £ € S, see, for example, [42, equation (17)], [64, Lemma 3.6] and [32, equation (4.19)]. We note
that | — al? > ||(a — £)"||7? in the sense of quadratic forms for all £ € C \ Spec(a).

The boundary of supp o is contained in S = {¢ € C: f(£) = 1} with £(¢) = (Ja — £|72), that
is, in this setup f({) — 1 plays the same role as —ﬁ(g") in our setup above. Since A f({) > 0 for any
¢ ¢ Spec(a), the classification of edge points { € asn Sing = U, Sing;, 42 from Remark 2.8 follows
from Lemma 6.7. In particular, for such £y the function f — 1 is of singularity type x> — y" at .

To see that a pomt o € 8S in the interior of S satisfies ¢ € Slng“lt USing™, that is, o is of singularity
type x> + y** or x? at ¢y, we realise that Ac-({y) > 0 at such ¢y and use Lemma 6.7 again. Indeed, as
¢ > k() is real analytic on S by [64, Lemma 3.6], differentiating (8.2) shows

1 2 1 s
<<|a—§|2+:<2)2>6‘“ ‘<<|a—4|2+K2)2(“ §)> 63
for € S.

By the implicit function theorem, we conclude from (8.2) and (2.12) that £ +— «({ )? can be extended
to a real analytic function in a neighbourhood of S. The nonnegativity of x> on S and x(p) = 0 imply
that x> has a local minimum at ¢, and, thus, 6§K2(§0) = 0. Hence, evaluating (8.3) at {p € S \ 9S
yields that the right hand side of (8.3) vanishes. Therefore, differentiating (8.3) with respect to ¢ shows

1 1 1
s
<|a 4|4>‘“~<“ O =\ e aP ez ar

and, thus, Ak*(£y) > 0. Moreover, differentiating (8.1) with respect to ¢ and £ and using Ak (o) =
0 = %({p), as well as (8.3) shows

8.1)
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1 2

_ 1 2 1 -
70¢ 077 (40) = <|a Gl ja- 4o|%>6-" Og o) + < ja - §|4>

1
‘94<(|a my I 5)>

{=4

Hence, Ao ({o) = 40,070 ({o) > 0 as Ak*(&p) > 0.

A. Proof of higher order Morse lemma

Proof of Lemma 6.7. Without loss of generality we assume ¢y = 0 and f(0) = 0. We denote x = Re ¢ and
y = Im £. Furthermore, by rotating the coordinates (x, y) so that they coincide with the eigendirections
of the Hessian Hess( f) of f, we may assume f (x, y) = ax?>+8y*+0(|x|3+|y|?), where 2a and 23 are the
eigenvalues of Hess( f). Here we used f(0) = 0, d f(0) = 0. Since A f(0) > 0, we may assume @ > 0
by potentially exchanging the roles of x and y. By rescaling we can also assume a = 1. In case 8 ¢ 0 we
use the Morse lemma (see, for example, [46, Lemma 2.2]) to bring f f o ® into the form f x> xy2.

For the remainder of the proof, we assume [ = 0 and tacitly shrink the neighbourhood of 0 whenever
necessary. In the case when 5 = 0 we see that

Fxy) =x*(1+xg(x,y) +yh(y)) + X377 (y) + Yk (y), (A.1)

where g, h, j, k are real analytic functions. Now we define a local real analytic diffeomorphism through
the ansatz @ (x, y) := (x+y%¢(y), y), where the real analytic function  will be chosen appropriately
below. Then f; := f o ®; has the form

filx,y) =x2(1+xg1(x,y) + Y () +xy2j1 () + k1 ()
with
g1(x,y) = g(x + Y 1 (), y) + 35201 (1) (018) VY1 (), ¥) + 3¥2 (W1 (0)x + 2y (1)) (97 8) Y01 (1), ¥) /2
+ (3y21 ()2 + 3y* 1 (3)2x + y0u () )3 (x, ),
hi(y) = h(y) + 3y (YY1 (), ¥) + 3y w1 ()2 (318) ¥ 1 (), ») + Y ¥ () (878) (Y *¥1 (1), ) /2,

1) = J() +1(0) (2 +29h(y) +3y* g (YW1 (0), W1 () + ¥y (0?01 (¥ (»). y))
ki(y) = k(y) + 01 ()G ) + i () (L + k() + Y871 (3), WY1 () s

where 9, denotes the partial derivative with respect to the first argument and g is defined through the
expansion

g+ (3),y) = g (3),y) +x(818) YW1 (3), y) + x*(878) (¥ (), ¥) /2 +x°g(x, ).

By the implicit function theorem, we find a real analytic function | (y) such that j; (y) = O for all small

enough y. In particular, ¢ (y) = (—% +0())Jj(y).
Hence, f simplifies to

Al y) =x*(1+xg1(x, ) + v () + Y ki (),

where k(y) = 1y¥ 3y (y) forsome v € {0, 1}, K > 3 and a real analytic function i, with 4/, (0) > 0.
We define the local real analytic diffeomorphism ®;(x, y) := (x, yy2(y)"/X). Then f> := f o @ s of
the form

Hxy) =x*(1+xg2(x,y) + yho (y)) +7y¥

for some real analytic functions g, and h;. Finally, we choose the local real analytic diffeomorphism
D3(x,y) = (x(1+xg2(x,y) + yha(y))'/%,y) such that f := f, o ®;! is of the form claimed in the
lemma. The diffeomorphism from the statement of the lemma is ® := ®; o @3 o ':I)gl. O
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Proof of Corollary 7.1. As in the proof of Lemma 6.7 the case 8 # 0 and « # 0 is clear, where 2 and
2 are the two eigenvalues of Hess(f). Thus, by rescaling it suffices to consider 8 =0 and @ = 1. As f
is symmetric with respect to the imaginary axis, we have the representation

) = £0) +x*p(x*,y) + Y’ k(y),

for real analytic functions p and k with p(0,0) = 1. In particular, j(y) = O in the representation
(A.1). Hence, from the proof of Lemma 6.7 we know that ¢, = 0 and k(y) = k;(y) = 7yK3yn(y)
with some real analytic ¢, such that ¥,(0) > 0. Choosing the diffeomorphism ®~'(x,y) :=

(xvVp(x2,y), y¥2(y)/K) shows the claim. O

B. Stability of Dyson equation
Let M be the solution of (5.16). The stability operator of (5.16) is given by (5.20).

Lemma B.1. Leta € B, s: XXX — [0, 00) a bounded measurable function and L defined as in (5.20).
Then L is invertible for any n > 0 and satisfies

1
Hﬂwmsﬁ. (B.1)

Proof. We write L as a directional derivative of M := Mg (¢, in), where

. -1
MR@szzEH(;fj;)—R) } Yi=a+c—C.

We note that for n > 0 the map R — Mg({,in) is differentiable in a neighbourhood of R = 0. Let
R € B?*? be arbitrary. Taking the directional derivative V 7 With respect to R in the direction R yields

. -1 . -1
s —in Y ~[—-in Y
VRM—E[( v —177) R( y* —177) .

On the other hand M satisfies a modified version of the Dyson equation (4.3), namely

1 (in {—a

-— =R+
M {—a in

(B.2)

)+Z[M].

Taking the directional derivative V of this equation shows LVzM = R. Since R was arbitrary, we

conclude that £ is invertible and £L™'R = V 7M. The bound (B.1) now follows from the representation
(B.2). O

Proof of Lemma 5.15. We recall that { € C is fixed such that lim sup,, ;o{vi({, 7)) > ¢ for some 6 > 0
and that v(") = v(Z,n,) — vo weakly in (L?)?, where vy ~5 1. First we use the identities

TV2

Ly_=—p————
T G s

L (e-(n+Sov)) =ne-

with v_ = ve_ and v = v(™ _ In the limit n 1 0 we see Zv- =0 and 36‘501)_ = (. Here we used that
v = vy satisfies the Dyson equation, (4.4) at = 0. For the rest of this proof we drop the 0-index from
our notation. We introduce 7, V, F : B> — B2 as in (6.6), evaluated at v = vg and n = 0. In terms of
T, F and V we obtain

Z=V'(1-TF)V. (B.3)
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We consider the natural extensions F: (L?)?> — (L?)>and T': (L*)?> — (L?). These operators are self-
adjoint and we use their spectral properties presented in Lemma B.2 below. The proof of this lemma is
postponed to after the proof of Lemma 5.15.

Lemma B.2 (Spectral properties of F and T). The Hermitian operator F: (L*)?> — (L?)? satisfies the
following properties:

(i) F has nondegenerate isolated eigenvalues at +1 and a spectral gap € ~ s 1, that is,
Spec(F) c {-1}U[-1+¢,1-¢e]U{l}. (B.4)
(ii) The eigenvectors corresponding to the eigenvalues +1 are
FVv=Vv, FVv_=-Vv_, (B.5)

where v = (vi,v2) and v_ = (vi, —v2).
The Hermitian operator T: (L*)?> — (L?)? satisfies the following properties:

(iii) The spectrum is bounded away from 1 by a gap of size € ~s 1, that is,
Spec(T) c [-1,1—-¢].

(iv) Forx € {(y,—y) : y € L*} we have Tx = —x.

We now prove Lemma 5.15 by tacitly using the properties of F and T from Lemma B.2. Since
f-=Vv_e{(y,-y) : y € B} we see that F and T both leave the subspace (f_)* invariant. Now, using
(B.3), we rewrite the resolvent of & as

1 1 1

— =V —V
L —-w 1-TF -w

The operator V and its inverse satisfy the bound ||V|l¢ + ||[V~!|l# <5 1 for # = 2, c0, where we used
0SSV s L from Lemma 5.13. Thus, it suffices to show (5.30) with & replaced by 1 — T'F. Furthermore,
we can restrict to the case # = 2, since [9, Lemma 4.5] is applicable because

ITFlloo + ITFlloo—2lITF |20 <6 1.

Here, ||TF||lw_> and ||TF|>— denote the operator norms of T'F viewed as operator B> — (L?)? and
(L?)? — B2, respectively.

Since ||TF||; < 1 we have the bound ||(1-=TF —w)7 ||, S¢.6 1 forany w ¢ 1+ Dy, and any & > 0.
Now we can decompose

1 1 1

——=(1-P)——(1-P)-—P, B.6
1-TF -w ( )1—TF—a)( ) w (B.6)
where P is the orthogonal projection onto the span of f_. Provided € > 0 is chosen sufficiently small,
the first summand in (B.6) is bounded for w € D,. Indeed 1 — TF has a bounded inverse on f* by
applying Lemma B.3 with H = (L?)2. Finally, the second summand in (B.6) is bounded on C \ D,.
Altogether the bound (5.30) is proven. The nondegeneracy of the eigenvector v_ of £ also follows from

the decomposition (B.6). m]

Proof of Lemma B.2. The identities (B.5) are verified by using the definitions of V and F from (6.6).
That the eigenvalues +1 are nondegenerate and the existence of the spectral gap in (B.4) are seen by
studying
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> (RR* 0 _
F._(O rr| R=DuSDu.

As we now show, both RR* and R*R have spectrum contained in [0,1 — €] U {1} for some & ~s 1,
where 1 is a nondegenerate eigenvalue. We show this for RR*. The argument for R*R is analogous. The
operator RR* : B — I3 has a kernel representation

(RR"u)(x) = L 1 Gy (dy)

with a symmetric non-negative kernel

vl(x) / z(q) vi(y)
t(x,y (x, s(y,q)p(dg) =
v(g)? v(y)
because of (2.5). Since v = vy ~s 1 in our regime due to Lemma 5.13, assumption A1 implies
K
1(x,y) ~s Z zitZjiLxr; (x,y) - (B.7)
i,j,1=1

Now let #; be the kernel of (RR*)X for any k € N. Since the matrix Z = (z; ])l =1 is primitive with

positive diagonal there is a k € N such that 74 (x, y) ~s 1 for u-almost all x, y € X. Indeed, by (B.7) we
have

K
1 (x,y) ~s Z((ZZ*)k)ijll,»xlj (x,¥),
ij

where the entries of (ZZ*)¥ are all positive for large enough k € N due to the primitivity of Z and its
positive diagonal. By [2, Lemma 5.7] with the necessary eigenfunction from (B.5), we conclude that
(RR*)* has a spectral gap ~5 1 and therefore so does RR*. A similar argument to the one presented
here has been used in [4, Lemma 3.3].

Now we show the spectral properties of T. The proof follows the strategy from [5, Lemma 3.6]. Since
the argument is short we present it here for the convenience of the reader. The property (iv) is obvious
from the definition of T in (6.6). It remains to see that Spec(7T) c [-1, 1 — &]. Since restricted to vectors
(y,—y), the operator T is —1 it suffices to consider the restriction of T to vectors (y, y). Here we find

T(y,y) = (Dpy, Dpy) with p := |a — £|* 52 — V2. Recalling the definition of ¥ in (6.5) we see that
_2
2E?£U2—1=p=1—2mym,
V2

where we used the Dyson equation (4.4) at 7 = 0. Since v; ~s 1 this shows the claim about the spectrum
of T. m]

Lemma B.3 (Contraction-Inversion Lemma). Let € > O and T, F be two bounded self-adjoint operators
on a Hilbert space H such that ||T|| < 1 and ||F|| < 1. Suppose that there are normalized vectors f. € H

satisfying
Ffo=IFlfe. Ffo=-lIFIf~ lIFx|l < (1-e)lx]l (B.8)

Jorall x € H such that x L span{f,, f_}.
Furthermore, assume that

(e, Tfy<1-e, Tf =-f. (B.9)
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Then 1 —TF maps [ into itself and its restriction to f= is invertible such that there is a constant ¢ > 0,
depending only on &, with

(1 =TF)x|| = cllx]|. (B.10)

forallx L f_.

Proof. First we see that TF maps f= into itself. Indeed, let z € H with ||h|| = 1 and & L f_. Then
(f-,TFh) = —=(f-,Fh) = 0 because of (B.9). Now we write h = SBf; + yx for some normalized
x L span{f,, f-} and B,y € C with |B|> + |y|*> = 1. From here on we follow the proof of [5, Lemma
3.7] with the notational identifications A <> T and B & F. O

Lemma B.4 (Twist lemma). Let H be a Hilbert space with a scalar product {- , -} and equipped with a
norm || - ||l# (not necessarily induced by the scalar product), € € (0, 1) and A a bounded linear operator

on (H,{-,-)) such that D, N Spec A = {a}. We assume that « is a nondegenerate eigenvalue of A and
Ax = ax for some x € H with ||x||s = 1. Let

1 d¢

i o, Ao O (B.11)

with some p € H be the corresponding spectral projection and y € H a vector such that
el =228, [(y.ow)] < lwlk, VYweH. (B.12)
Suppose that A has a bounded inverse on the range of 1 — P with respect to the norm || - ||s, that is,
AWz > [Iwll, Ywlp. (B.13)

Then A has a bounded inverse when restricted to y*, namely
&
[Awlle 2 S lwlle.  VwLy. (B.14)
Proof. The proof follows the one of [9, Lemma 4.6] line by line, replacing C¢ by H. ml

C. Auxiliary results

Lemma C.1. Let y > 0 be the unique solution to the equation y> + By = x for x > 0 and B € R. Then

X
Yy~ \/m + m .
Proof. First we consider the case 8 > 0. Then clearly
X
Sy

Now let 8 < 0, then we must have y = v=B(1 + &) for some & > 0 since y> + 8y > 0. For this & we get
the equation &> + 3g% + 2& = x|B|7/? . Thus, we have the scaling

. X xl/3
e m'“{|ﬁ|3/2’ |ﬁ|1/2}'
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Therefore we conclude

y= ||+mm{|;7|x1/3}~ 1Bl +

which is the claim of the lemma. i

X
2l 1]

Lemma C.2. Let S: B — B be an integral operator as in (2.5) with a kernel s : X*> — (0, c0) that
satisfies the bounds € < s(x,y) < % forall x, y € X and some constant € > 0 and such that the spectral
radius of S is normalised to 0(S) = 1. Then there are constants 6, C > 0, depending only on &, such that

sup {II(S = 2)7"b: 2 ¢ D1-s(O) UD, (1} < €

and Spec(S) N D s(1) = {1} is nondegenerate.
Proof. We follow line by line the arguments from the proof of [33, Lemma A.1], where the finite

dimensional case with |X| < co and u the counting measure is carried out. O

Lemma C.3 (Properties of f, and g,). Let a € C., as well as f,: C\ {1/a,1/a,-1/a,—1/a} — R
and g,: C\ {-1/a,1/a} — R be defined as in (7.10) and (7.9), respectively. Then f, and g, are real
analytic. Moreover, the Laplacian and derivatives of f, along the imaginary axis are

4 2k+1 2k k s Rea®!
Af,(0) =4lal”, 95 *£.00)=0, 05" fa(0) = (-1)"(2k)!|al “Rea (C.1)
for all k € Ny, where { = x +1iy. Furthermore, f, has the symmetries
fa(Q) = fa(=0) = fa(©) = fa(=0). (C2)
The Laplacian and derivatives of g, along the imaginary axis are
Re g2k+1
Aga(0)=4lal*, ;% 'ga(0)=(-1)** (2k - 1)!|a |2 , 035584 (0)=(=1)*(2k)!|a IZM—
(C.3)
and g, has the symmetry g,(&) = ga(=0).
Proof. To verify the formulas for the derivatives of f, and g, we first compute
e 1L (=Dkk!
WP 7o
From this we conclude
1 k
05 — = (i(0; - =i ()(— Do ol
vigp - |4|2 Z z |4|2
£ \k+1 —
T e SR A e L ST e s
- Zzl“évk PR e PR (+¢
1=0 z
where ¢ = x +iy. For the cases of odd and even numbers of derivatives we get
gt L _ _ Ly (2k +1)! Im £2+2 w1 _ (=D*2k)! Re 2
TP |¢[*++ Reg ’ YR |{|#+2 Re(
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for k € Ny. Now we use the definition of f, in (7.10) and of g, in (7.9), take the derivative and evaluate
at { = 0to get (C.1) and (C.3), respectively. O
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