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Abstract. We study the interplay between the dynamics of area-preserving surface
homeomorphisms homotopic to the identity and the topology of the surface. We define
fully essential dynamics and generalize the results previously obtained on strictly toral
dynamics to surfaces of higher genus. Non-fully essential dynamics are, in a way,
reducible to surfaces of lower genus, while in the fully essential case the dynamics is
decomposed into a disjoint union of periodic bounded disks and a complementary invariant
externally transitive continuum C . When the Misiurewicz–Ziemian rotation set has non-
empty interior the dynamics is fully essential, and the set C is (externally) sensitive on
initial conditions and realizes all of the rotational dynamics. As a fundamental tool we
introduce the notion of homotopically bounded sets and we prove a general boundedness
result for invariant open sets when the fixed point set is inessential.
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1. Introduction
An important aspect of the theory of dynamical systems on manifolds is the study of
the restrictions and unique characteristics that the topology and geometry of the ambient
space imposes on the dynamics of homeomorphisms and diffeomorphisms of the manifold.
Given a homeomorphism f of a topological manifold M , there are several ways to try
and understand this interplay between the dynamical features of f and the topology, and
the foremost instrument is the study of the actions induced by f on the homotopy and
homology groups of M . In the case of two-dimensional dynamics, this sole instrument
can provide a great wealth of information, as is the case where the dynamics is in the
homotopy class of a pseudo-Anosov map. The study of these induced actions, however,
is a blunt instrument as it cannot differentiate between homotopic homeomorphisms.
In particular, for the relevant case of dynamics homotopic to the identity, this study
provides no information (although studying homotopy relative to fixed point sets has been
productive, for example [Han90, LM91]).

For one- and two-dimensional manifolds, rotation theory has provided comprehension
of the role of the ambient space by means of the notions of rotation vectors and rotation
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sets. The classical case of the Poincaré rotation number for homeomorphisms of the circle
and its importance is now well known, and the study of rotation theory for oriented two-
dimensional manifolds has drawn increased attention in the last decades, with significant
progress (see, for example, [MZ89, Fra89, LM91, Han90, Pol92, Fra96, AZ02, Dáv13]),
although most of this progress is restricted to maps of the torus or the annulus. In this
work, we intend to further develop the work started in [KT14c] and study the relationship,
usually under some sort of conservative or non-wandering hypothesis, between dynamics
and topology from yet a different view, that of the dynamically essential and fully essential
points. We use this notion in an attempt to identify, for a given closed oriented surface S
of genus g, what are the homeomorphisms homotopic to the identity that interact with the
whole homology of S, in which case we say that the map has fully essential dynamics, and
we are interested in the special phenomena that must always be present for these maps.

In [KT14c], the authors introduced the notion of strictly toral homeomorphism, which
loosely speaking are maps whose dynamics cannot be understood in terms of the dynamics
of a planar or annular homeomorphism; in other words the dynamics ‘uses’ all of the
topology of T2. Concrete examples of strictly toral dynamics are homeomorphisms which
have a rotation set with non-empty interior. It turns out that strictly toral homeomorphisms
have many interesting properties, described in terms of a set Ine( f ) which is a union of
homotopically bounded periodic disks (‘periodic islands’) and a complementary compact
invariant set C( f ) (‘chaotic region’) which is connected, externally transitive, and contains
all of the interesting rotational dynamics. This description improved considerably one
previously studied by Jäger [Jäg11]. The proofs of these properties rely heavily on a
boundedness result for invariant open topological disks, a fundamental lemma that has
seen other interesting applications [GKT14, KT14b, GKT15]. To better understand this
boundedness result, let us introduce some concepts.

Let S be a closed orientable surface endowed with a Riemannian metric and π : Ŝ→ S
its universal covering map. If U is an open topological disk, we denote by D(U ) its
covering diameter, defined as the diameter in Ŝ of any connected component of π−1(U ).
We say U is homotopically bounded if D(U ) <∞. It was the question, motivated by an
example [KT14a], of when an area-preserving homeomorphism can exhibit homotopically
unbounded invariant topological disks that led to the fundamental lemma of [KT14c].

In this article, we extend the results from [KT14c] to surfaces of higher genus, and
we also improve the results for the case of the torus. As before, an important step is to
understand when homotopically unbounded invariant topological disks can arise. Our first
result addresses this question under general hypotheses. An inessential open subset U ⊂ S
is one such that every loop in U is homotopic to a point in S. A general set is inessential
if it has an inessential neighborhood (see §2.2 for more details). A cross-cut of an open
topological disk U ⊂ S is a simple arc contained in U joining two points of ∂ U (and
if these points are equal, one assumes that the two open sets bounded by the closure of
this arc intersect ∂ U ); see §2.5 for a more precise definition. A set X is wandering if
f n(X) ∩ X = ∅ for all n > 0.

THEOREM A. For any homomorphism f : S→ S homotopic to the identity with an
inessential set of fixed points there exists M > 0 such that any open f -invariant topological
disk without wandering cross-cuts has covering diameter at most M.
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This is a generalization of [KT14c, Theorem B] in several aspects. First, it applies to
higher genus surfaces; second, it assumes a weaker non-wandering-type condition; and,
finally, for the case of T2 it removes a ‘non-annular’ hypothesis that was present in the
previous result. Theorem A also holds for surfaces with boundary; see Theorem 4.9.

It is clear that the hypothesis on Fix( f ) cannot be removed, the identity map providing
a trivial counter-example (see [KT14a] for a more interesting one). The hypothesis of
having no wandering cross-cuts is a weak form of non-wandering condition. It will always
hold if f is area-preserving, or even if f is non-wandering in U . The theorem does not hold
if one removes this condition; for instance, the flow on the torus obtained by suspension
of a Denjoy example on the circle (with a single wandering interval) has a homotopically
unbounded invariant topological disk (namely, the orbit of the wandering interval by the
flow) and has no singularities; so its time-1 map provides an example where the conclusion
of Theorem A fails (but, of course, this example has wandering cross-cuts).

If U is connected but not necessarily simply connected, we define a notion of covering
diameter D(U ) which measures how much the set ‘deviates’ from a surface with boundary
of similar type, and we say that U is homotopically bounded if D(U ) is finite. The
precise definition of D(U ) is given in §2.3, but for the moment we may avoid these
details by mentioning that U being homotopically bounded is equivalent to saying that
there exists a compact surface with (rectifiable) boundary S0 ⊂U such that if Û is a
connected component of π−1(U ) and Ŝ0 is the component of π−1(S0) contained in Û ,
then the distance of any point of Û to Ŝ0 is bounded by a uniform constant. For instance
Figure 8 illustrates an homotopically unbounded set.

THEOREM B. Let f : S→ S be an area-preserving homeomorphism homotopic to the
identity such that Fix( f ) is inessential. Then any connected open f -invariant set is
homotopically bounded.

In the Cr -generic area-preserving setting, a similar (but finer) description was given in
[KLCN15]; Theorem B indicates that this generic description is not too distant from the
general case (except when the fixed point set is too large).

Theorem B is also the main tool that allows us to generalize to surfaces of higher genus
virtually all of the results of [KT14c] for area-preserving maps. This is done through the
notion of dynamically essential and inessential points introduced in that work, which we
develop further in this paper.

Given a homeomorphism f : S→ S, a point x ∈ S is said to be dynamically inessential
if there is a neighborhood V of x such that O f (V ) :=

⋃
n∈Z f n(V ) is an inessential subset

of S. The set of all such points is denoted Ine( f ). Any x ∈ Ess( f ) := S\ Ine( f ) is
called a dynamically essential point. A fully essential set is one whose complement is
inessential. We say that x is dynamically fully essential if O f (V ) is a fully essential set
for every neighborhood V of x . We denote the set of all dynamically fully essential points
by C( f ).

If f : S→ S is homotopic to the identity, we say that f has uniformly bounded
displacement if there exists M > 0 such that some lift f̂ : Ŝ→ Ŝ of f satisfies
d( f̂ n(z), z)≤ M for all z ∈ Ŝ and n ∈ Z.
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Finally, an invariant set K ⊂ S is externally transitive if for any U, V neighborhoods
(in S) of points of K there exists n ∈ Z such that f n(U ) ∩ V 6= ∅. If the set of all n ∈ Z
with this property has bounded gaps, K is called externally syndetically transitive.

THEOREM C. If f : S→ S is an area-preserving homeomorphism homotopic to the
identity of a hyperbolic surface, then one of the following properties hold:
(1) there is n > 0 such that Fix( f n) is essential;
(2) the map f has uniformly bounded displacement;
(3) there is a homotopically bounded invariant open connected set U ⊂ S which is

essential but not fully essential;
(4) the set C( f ) is fully essential, connected, and externally syndetically transitive;

moreover, Ess( f )= C( f ), and Ine( f ) is the union of a family of pairwise disjoint
homotopically bounded periodic open topological disks.

We say that f has fully essential dynamics when none of the cases (1), (2) or (3) from
Theorem C holds (note that these three cases may overlap). Also as a consequence of
Theorem A we obtain a slightly improved version of [KT14c, Theorem A], providing a
statement similar to the theorem above for the case of T2 (see Theorem 6.3).

Non-fully essential dynamics may be thought as ‘reducible’ dynamics in some sense.
Specifically, case (1) of Theorem C is a degenerate situation where the set of non-fixed
points of f n , where the dynamics is non-trivial, is an open (possibly disconnected) surface
of lower genus. Case (2) implies that there is a finite-to-one map from an open set in the
plane onto S which semiconjugates the dynamics of a planar homeomorphism with that
of f (indeed, in this case there exists a bounded open topological disk in the universal
cover of S which is invariant by a lift of f and contains a fundamental domain). Finally, in
case (3) one may consider a compact surface with boundary S0 which is a neighborhood
of S\U . Any orbit of f either remains entirely in U (which can be thought as a subset of
a surface of lower genus) or in one connected component of S0 (which again is a surface
of lower genus, although not necessarily invariant).

Let us now relate the concept of fully essential dynamics to the rotation theory
viewpoint. Generalizing the notion of Poincaré rotation number, homological rotation
sets can be defined in several ways for surfaces of positive genus as a subset of the
first homology group H1(S, R); see for instance [Pol92, Fra96]. For the case of the
torus, the most widely adopted definition is due to Misiurewicz and Ziemian [MZ89].
In [KT14c, Theorem C] it was shown that an area preserving homeomorphism of T2

whose rotation set has nonempty interior has fully essential dynamics. We discuss the
definitions of rotation vectors of points and invariant measures as well as rotation sets in
§7, where we also introduce the Misiurewicz–Ziemian rotation set ρmz( f )⊂ H1(S, R) for
surfaces of higher genus, which is the definition that most closely resembles the rotation
set of a toral homeomorphism. We also define the rotation set over a subset U ⊂ S,
denoted by ρmz( f,U ). Many of the dynamical consequences of the rotation set for toral
homeomorphisms fail to hold on surfaces of higher genus due to the fact that, being a
homological object, the rotation set misses information when the fundamental group is
no longer abelian (for example, a rotation along an essential homologically trivial loop is
undetected by the rotation set). Nonetheless, we are able to fully generalize the results
from [KT14c].

https://doi.org/10.1017/etds.2016.110 Published online by Cambridge University Press

https://doi.org/10.1017/etds.2016.110


1796 A. Koropecki and F. A. Tal

We say that an f -invariant set K ⊂ S is externally sensitive on initial conditions if there
is a constant c > 0 such that, for any x ∈ K and any neighborhood U ⊂ S of x there is
n > 0 such that diam( f n(U ))≥ c. A rational subspace of H1(S, R) is a subspace
generated by elements of H1(S, Z). The next theorem says that unless the rotation set
is considerably small, the dynamics will be fully essential. We note that the hypothesis for
the rotation set automatically holds if the rotation set has non-empty interior.

THEOREM D. If S is hyperbolic and f : S→ S is an area-preserving homeomorphism
homotopic to the identity. Suppose that ρmz( f ) is not contained in a union of g + 1
rational proper subspaces of H1(S, R). Then:
(1) C( f )= Ess( f ), which is a fully essential continuum, and Ine( f ) is a disjoint union

of periodic bounded disks;
(2) C( f ) is externally syndetically transitive and sensitive on initial conditions;
(3) if U is any neighborhood of x ∈ C( f ), then ρmz( f,U )= ρmz( f ); moreover, there is

a constant c > 0 depending only on ρmz( f ) such that

lim inf
n→∞

D( f n(U ))/n ≥ c.

In particular, f has fully essential dynamics.

In fact, part (3), which essentially says that the ‘local’ rotation set near any point of C( f )
is equal to the rotation set of f , holds in general, even when ρmz( f ) has empty interior,
and in a stronger ‘uniform’ way; see Lemma 7.6. The constant c in part (3) is in fact the
diameter of ρmz( f ) under the stable norm on the first homology group of S (see §7).

When the dynamics is fully essential, there is an important connection between the
set of fully essential points and the realization of rotation vectors by periodic orbits and
ergodic measures (again, see §7 for definitions).

THEOREM E. If S is hyperbolic and f : S→ S be an area-preserving homeomorphism
homotopic to the identity with fully essential dynamics.
(1) For each periodic point p of f , there is a periodic point of f in C( f ) with the same

rotation vector. Moreover, there exists a periodic point in C( f ) which is Nielsen
equivalent to p.

(2) Every ergodic probability measure with a non-rational rotation vector is supported
in C( f ).

As a final application, we give a characterization of transitivity.

COROLLARY F. Suppose that f : S→ S is an area-preserving homeomorphism
homotopic to the identity and assume that f has fully essential dynamics. Then f is
transitive if and only if there are no homotopically bounded periodic disks, and moreover
in that case f is syndetically transitive.

As in [KT14c], we expect the bound on the covering diameter of periodic disks
in Theorem D(1) to be uniform, although even in the case of the torus we are only
able to obtain a bound that depends on the period of the disks. However, for C1+α-
diffeomorphisms of T2, a theorem of Addas-Zanata provides a uniform bound [Add15].
We note that, if f is area-preserving, the sole hypothesis that Fix( f n) is inessential for
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every n > 0 already implies that all periodic topological disks are homotopically bounded
(due to Theorem B), but this bound may fail to be independent of the periods of the disks
without additional hypotheses. We present an example of this fact in §8.

Let us say a few words about the proofs, along with an outline of the article. In §2 we
introduce the preliminary notation and terminology, along with some useful lemmas. In
particular, a key concept in this work is the covering diameter which is defined in §2.3.
An important tool in our proofs is the equivariant Brouwer theory developed by Le Calvez
[LC05]. Section 3 introduces the main results about Brouwer–Le Calvez foliations, along
with the notion of Linking of open topological disks, which plays a central role in the proof
of Theorem A. We prove two Linking Lemmas which are similar but improved versions of
results already used in [KT14c, KT14b].

Section 4 is devoted to the proof of Theorem A. The proof is composed of three
main parts. The first part is a reduction to the case where the fixed point set is totally
disconnected. This is necessary in order to have a convenient setting to apply the Brouwer–
Le Calvez theory and linking lemmas. The main idea is to fill in and collapse the
components of Fix( f ), but a careful analysis is needed to maintain the hypotheses after
this process. This is done in §4.2. The second part, in §4.3, considers the case where the
invariant disk U lifts to a disk invariant by the ‘natural’ lift of f to the universal covering
(obtained by lifting a given isotopy from the identity). We call this the contractible case.
The proof of this part relies on the tools introduced in §3. The third and final part of the
proof concerns the case where U is not invariant by the natural lift. This case is only
relevant for the case where S is a hyperbolic surface, and to deal with it we reduce it to a
problem on the torus by considering the quotient of the universal cover D→ S by some
adequate deck transformation (which leads to an annulus), compactifying this annulus with
two boundary circles and then ‘gluing’ those two circles. Then we may apply the results
from the previous sections to conclude the proof. In §4.9 we prove a version of Theorem A
for surfaces with boundary, which will be helpful in the following section.

Section 5 contains the proof of Theorem B, which is done by means of a suitable
‘surgery’, which involves modifying f at a neighborhood of each topological end of U to
obtain an invariant circle, then ‘cutting’ along those circles and collapsing them to obtain
one invariant topological disk for each topological end of U . Applying Theorem A to these
disks and translating the results, we conclude that U is homotopically bounded.

Section 6 studies the key notion of dynamically essential and inessential points and
their consequences. In particular, it includes the proof of Theorem C, a version of the
same theorem for the torus (Theorem 6.3), and a proof of Corollary F.

Section 7 introduces the notion of rotation vectors and rotation sets for points and for
invariant measures. We adopt a definition in the vein of Misiurewicz and Ziemian [MZ89],
modifying the definition of pointwise rotation set given by Franks in [Fra96]. In §7.3, we
study the restrictions imposed to the rotation set by the existence of essential but not fully
essential invariant open sets, among other properties. In §7.4 we obtain a useful general
result that shows that for any neighborhood U of a point of C( f ), the rotational behavior
(in homology) of any orbit of f is accompanied by orbits of U . This is the main result
required to show that the local rotation set at points of C( f ) is equal to the global rotation
set. We also show that the linear growth of D( f n(U )) is bounded below by the diameter of
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the rotation set. With these results, the proof of Theorem D is done in a few lines. Finally,
in §7.6 we deal with the realization of rotation vectors by periodic orbits and invariant
measures in C( f ), proving Theorem E.

2. Preliminaries
In this article, S will always denote (unless stated otherwise) a connected orientable
surface of non-positive Euler characteristic χ(S)≤ 0 (in most cases, closed), and
π : Ŝ→ S denotes its universal covering map. We assume that S is endowed with a
Riemannian metric, and Ŝ is endowed with the lifted metric, so that the group of covering
transformations deck(π) consists of isometries. Note that Ŝ is homeomorphic to R since
χ(S)≤ 0. The notation d(·, ·) will be used for the distance in Ŝ and also for the induced
distance in S (with a small abuse of notation).

An arc in S is a continuous map σ : I → S, where I is an interval (often assumed
to be [0, 1]). When no ambiguity is likely, we abuse the notation and denote its image
{σ(t) : t ∈ I } by σ as well. A loop is an arc γ : [0, 1] → S such that γ (0)= γ (1). A
simple arc is an injective arc, and a simple loop is a loop which is injective except at the
endpoints of its domain.

Let Homeo(S) be the space of homeomorphisms of S. An isotopy I = ( ft )t∈[0,1] from
f0 to f1 is a continuous arc in Homeo(S) joining f0 to f1. We denote by Homeo0(S)
the connected component of the identity in Homeo(S), i.e., the homeomorphisms isotopic
to the identity. By [Ham66], if S is hyperbolic (i.e., χ(S) < 0) the space Homeo0(S)
is homotopically trivial. Thus, if I and I ′ are two isotopies from the identity to a
homeomorphism f , then there is a homotopy with fixed endpoints in Homeo0(S) from
I to I ′. We remark that this is no longer true if S is a torus.

The isotopy Î = ( f̂t )t∈[0,1] obtained by lifting I with basepoint f̂0 = Id is called the
natural lift of I. The map f̂ = f̂1 is called the natural lift of f associated to the isotopy I.
Natural lifts of a homeomorphism are characterized by the property of commuting with all
deck transformations.

If S = T2, the natural lift f̂ depends on the chosen isotopy from the identity to f .
However, if S is hyperbolic (i.e., χ(S) < 0), it depends only on f and not on the chosen
isotopy, so we call f̂ the natural lift of f .

2.1. Topological ends or ideal boundary. We briefly describe the compactification
by topological ends of an open connected set U ⊂ S, following [Ric63]. A boundary
representative of U is a sequence P1 ⊃ P2 ⊃ · · · of connected unbounded (i.e., not
relatively compact in U ) open subsets of U such that ∂U Pn is compact for each n and for
any compact set K ⊂U , there is n0 > 0 such that Pn ∩ K = ∅ if n > n0 (here we denote
by ∂U Pn the boundary of Pn in U ). Note that the last condition is equivalent to saying
that

⋂
n∈N clU Pn = ∅. Two boundary representatives (Pi )i∈N and (P ′i )i∈N are said to be

equivalent if for any n > 0 there is m > 0 such that Pm ⊂ P ′n , and vice versa. The ideal
boundary E of U is defined as the set of all equivalence classes of boundary representatives,
which are called topological ends of U or ideal boundary points. The space U∗ =U ∪ E
may be endowed with the topology generated by open sets in U together with sets of the
form V ∪ V ′, where V is an open set in U such that ∂U V is compact, and V ′ denotes the
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set of elements of E which have some boundary representative (Pi )i∈N such that Pi ⊂ V
for all i ∈ N. Defined in this way, U∗ is a compact space called the ends compactification
or ideal completion of U .

The fact that U ⊂ S which is a closed orientable surface implies that U∗ is a closed
orientable surface as well (of genus at most equal to the genus of S). Any homeomorphism
f : U →U extends to a homeomorphism f∗ : U∗→U∗, which preserves orientation if f
does. The set E ⊂U∗ is always compact and totally disconnected.

A regular topological end is an isolated element of E . For such an end e one can always
find a topological disk D bounded by a simple loop γ such that D ∩ E = {e}. An annulus
A = D\{e} ⊂U obtained in this form is called a collar of the topological end e in U .

We may always find an increasing sequence of compact surfaces with boundary Kn ⊂U
such that

⋃
n Kn =U . If the number of connected components of U\Kn is finite (and so

eventually constant equal to some number m), then U has exactly m topological ends and
each component of U\Kn is (if n is large enough) a collar of some topological end.

2.2. Essential, inessential and filled sets. Assume S is closed (and χ(S)≤ 0). If U ⊂ S
is an open set, we say that U is inessential if every loop contained in U is homotopically
trivial in S. This is equivalent to saying that the inclusion map U → S is homotopic to
a constant, or that U is contained in a disjoint union of open topological disks. If E ⊂ S
is an arbitrary set, we say that E is inessential if some open neighborhood U of E is
inessential. An essential set is one that is not inessential, and a fully essential set is a set
whose complement is inessential. An essential open or closed set always has an essential
connected component, and if the set is fully essential this component is unique. We note,
however, that the notion of being essential for arbitrary sets is more subtle; for instance, it is
not difficult to construct an essential set whose every connected component is inessential.

Given a set E ⊂ S, its filling is the set Fill(E) consisting of the union of E with all
connected components of S\E which are inessential. A filled set is one that is equal to its
own filling. Some basic properties of the filling are:
• Fill(Fill(E))= Fill(E);
• if E is connected, then so is Fill(E);
• if E is inessential, then so is Fill(E);
• if E is fully essential, then Fill(E)= S;
• if E is f -invariant by a homeomorphism f : S→ S, then so is Fill(E).

Whenever one has a filled compact set which is inessential, one may collapse its
connected components to obtain a totally disconnected set (see Proposition 4.3). This
will be useful to simplify the fixed point set in our proofs.

If S = R2, we define Fill(E) as the union of E with all bounded connected components
of its complement. In this setting, it is also true that Fill(Fill(E))= Fill(E), and if E is
invariant by a given homeomorphism then so is Fill(E). Note that a compact filled set in
R2 is a non-separating planar continuum.

Remark 2.1. We will often make use of the following fact: if U ⊂ S is open and fully
essential, given any bounded open topological disk D ⊂ Ŝ, there exists a topological disk
Q bounded by a simple loop γ such that π(γ )⊂U and D ⊂ Q. One way of doing this is as
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follows: being open and fully essential, U contains a fully essential subset γ0 which is the
image of a loop, which we may assume (by choosing it polygonal, for instance) is locally
simple and has finitely many self-intersections. This implies that S\γ0 has finitely many
connected components, each of which is a topological disk bounded by a loop contained
in γ0. As a consequence, the set C consisting of closures of connected components of
Ŝ\π−1(γ0) covers Ŝ and is locally finite. Since D is bounded, D is covered by finitely
many elements V1, . . . , Vm of C. Then we may choose Q to be the connected component
of the interior of Fill(

⋃m
i=1 Vm) containing D.

PROPOSITION 2.2. If g ≥ 1 is the genus of S and U ⊂ S is a filled connected essential
open set, then U has at most 2g topological ends and S\U has at most g connected
components. In addition, if f : S→ S is homotopic† to the identity and f (U )=U, then
each topological end of U is fixed.

Proof. Given any filled essential surface with boundary U0 ⊂U , if b is the number of
boundary components of U0 and g0 is its genus, then one has 2− 2g0 − b = χ(U0)≥

χ(S)= 2− 2g, so b ≤ 2g − 2g0 ≤ 2g. In addition, since U0 is filled, if V is a connected
component of S\U0 with genus zero, then V has at least two boundary components and
therefore S\V has genus strictly smaller than S. Hence, each connected component of
S\U0 contributes at least one to the genus of S, and we deduce that there are at most
g connected components in S\U0. Since U can be written as an increasing union of
filled surfaces with boundary (Uk), each with at most 2g boundary components, the first
claim follows. In addition, since S\U is obtained by a decreasing intersection of the
corresponding components of S\Uk , which are at most g for each k, it follows that S\U
has at most g components.

If m ≤ 2g is the number of topological ends of U , the surface U0 may be chosen
such that U\U0 is a disjoint union of m topological annuli (one collar of each end
of U ). Let U∗ =U t {e1, . . . , em} denote the ends compactification of U , which is a
closed orientable surface. Each connected component of U∗\U0 is a closed topological
disk Di containing exactly one end ei . The map f extends to an orientation-preserving
homeomorphism f∗ permuting the topological ends of U . Suppose that some end is
not fixed, for instance f∗(e1)= e2. Then there exists a positively oriented simple loop
γ contained in D1 and bounding a disk D′1 ⊂ D1 such that f∗(D′1)⊂ D2. Since γ and
f (γ ) are isotopic in S and disjoint, they bound some topological annulus A ⊂ S such
that they are isotopic in A. Since ∂ A ⊂U , either A ⊂U or S\A ⊂U . If A ⊂U , then
U has exactly two ends which are permuted by f∗ and γ is isotopic to f (γ ) in U ,
so these two loops bound disjoint disks D1 and f∗(D1) in U∗. This implies that the
loops γ and f (γ ) have reversed orientation in U∗ ' S2, a contradiction. If, on the other
hand, S\U ⊂ A, then some essential connected component of ∂ U separates A, and so
D1\{e1} and f (D1)\{e2} are contained in A, and by a similar argument this contradicts the
preservation of orientation of f∗ (since D1 is on the right-hand side of γ and f (D1) is on
the left-hand side of f (γ ), or vice versa). �

† Recall that in a closed orientable surface, two homeomorphisms are homotopic if and only if they are isotopic
[Eps66].
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2.3. Covering distance. In this section we assume that S is a compact surface with or
without boundary, endowed with a Riemannian metric. No assumption on χ(S) is made.
Let W ⊂ S be an arcwise connected set. The covering distance dW (x, y) between two
points x, y ∈W is the smallest possible length of a rectifiable arc in S joining x to y and
homotopic with fixed endpoints (in S) to some arc contained in W . Note that if W ⊂W ′,
then dW (x, y)≥ dW ′(x, y) for any x, y ∈W .

An alternative but equivalent definition of this distance is as follows: if Ŵ is a connected
component of π−1(W ), then π |Ŵ : Ŵ →W is a covering map. The covering distance is
precisely the distance induced in W by projecting the distance from the covering; in other
words

dW (x, y)= inf
{
d (̂x, ŷ) : x̂ ∈ π−1(x) ∩ Ŵ , ŷ ∈ π−1(y) ∩ Ŵ

}
.

Note that the infimum is always attained, and it is independent of the chosen connected
component Ŵ , as any other component is mapped to Ŵ by a deck transformation (which
is an isometry of Ŝ).

We denote by diamD(X) the diameter of a set X with respect to a metric D. The
covering diameter of W is D(W )= diamdW (W ), i.e.,

D(W )= sup{dW (x, y) : x, y ∈W }.

We will say that W is homotopically bounded if D(W ) is finite. Note that D(W ) depends
on the underlying surface S (and its metric). If it is necessary to avoid ambiguity we use
the notation DS(W ) to emphasize this. In the case that W is inessential, D(W ) is the
same as the diameter in Ŝ of any connected component of π−1(W ). Note that the covering
diameter of any compact surface with rectifiable boundary is finite.

Remark 2.3. The covering distance depends on the underlying metric of S; however, since
S is compact, any two Riemannian metrics are equivalent and thus the covering distances
and diameters are equivalent. In other words, there is a constant c ≥ 1 such that if d ′W
denotes the covering metric on W induced by a different underlying metric on S, then
c−1dW (x, y)≤ d ′W (x, y)≤ cdW (x, y) for all x, y ∈W . In particular, if D′(W ) denotes
the covering diameter in the new metric, then c−1D′(W )≤D(W )≤ cD(W ).

PROPOSITION 2.4. If W1, . . . , Wk are arcwise connected sets and W =
⋃k

i=1 Wi is
arcwise connected, then D(W )≤

∑k
i=1 D(Wi ).

Proof. The definition of covering distance easily implies that dW (x, y)≤ dWi (x, y) if
x, y ∈Wi . Thus, the diameter of Wi using the dW metric is bounded above by its diameter
using the dWi metric, which is D(Wi ), and the claim follows directly from this fact. �

PROPOSITION 2.5. If U ⊂ S is an open connected set and χ(S)≤ 0, then

D(Fill(U ))≥D(U ).

Proof. It follows from the fact that any arc contained in Fill(U ) is homotopic with fixed
endpoints in S, to an arc contained in U . �
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The next proposition follows easily from the definitions.

PROPOSITION 2.6. If S′ ⊂ S is a compact surface with boundary, then for any arcwise
connected set W ⊂ S′, DS′(W )≥DS(W ).

In the opposite direction we have the following.

PROPOSITION 2.7. If U ⊂ S is an open homotopically bounded topological disk, and
D ⊂U is a closed topological disk with rectifiable boundary, then U\D is homotopically
bounded in S\ int D.

Proof. If S is a sphere the claim is obvious, so we may assume that Ŝ is homeomorphic to
a subset of R2.

Let U0 be a connected component of π−1(U ), which is bounded by our hypothesis,
and let D0 be the connected component of π−1(D) in U0. Note that since U is an open
topological disk, for any deck transformation T 6= Id one has T U0 ∩U0 = ∅. Moreover, if
K = Fill(U0), then T U0 ∩ K = ∅, since otherwise T U0 would be contained in the union
of all bounded connected components of Ŝ\U0, which would imply T K = Fill(T U0)⊂ K
contradicting the boundedness of K . In particular, K is disjoint from π−1(D)\D0,
and since K is filled there exists a closed topological disk W , which may be chosen
with rectifiable boundary, such that K ⊂W and W is disjoint from π−1(D)\D0. Since
W\ int D0 is an annulus bounded by two rectifiable loops, there is a constant M > 0 such
that any pair of points of W can be joined by an arc in W of length at most M . Given
x, y ∈U\D, choose the corresponding lifts x̂, ŷ ∈U0\D0, and let γ be an arc in W joining
x̂ to ŷ of length at most M . We claim that there exists an arc γ ′ in U0\D0 joining x̂ to ŷ
and homotopic with fixed endpoints in W to γ . Indeed, U0\D0 is a topological annulus
which is essential in W , so if σ is any arc in U0\D0 joining ŷ to x̂ , then the loop γ ∗ σ
is homotopic to some loop η contained in U0\D0 with basepoint x̂ . This implies that
γ ′ = η ∗ σ−1 is homotopic with fixed endpoints in W to γ . Since π(W )⊂ S\ int D, this
implies that the covering diameter in S\ int D of U\D is at most M , as claimed. �

2.4. Some properties of hyperbolic surfaces. In this subsection we state some technical
lemmas about isotopies on hyperbolic surfaces that will be useful ahead; but first we recall
some general facts about hyperbolic surfaces that we will need. For details, see [CB88] or
[FM12].

Given an essential loop γ : [0, 1] → S, an extended lift of γ is an arc 0 : R→ D
obtained by concatenation of the arcs γ̂ n , where γ̂ : [0, 1] → D̂ is any lift of γ .

Suppose that S is a hyperbolic closed surface (i.e., χ(S) < 0). Then we may identify its
universal covering Ŝ with the Poincaré disk D endowed with the hyperbolic metric. Any
non-trivial deck transformation T ∈ deck(π) is a hyperbolic isometry, and extends to the
‘boundary at infinity’ ∂ D to a map which has exactly two fixed points. These fixed points
are the endpoints of some T -invariant geodesic 0T of D. For any z ∈ D, the sequence
T n(z) converges to one endpoint of 0T as n→−∞ and to the other one as n→∞. Any
subarc of 0 joining a point z to T z projects into S to an essential loop γT which is the
unique geodesic in its free isotopy class. If γ is a loop in S freely homotopic to γT , then
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any extended lift 0 remains a bounded distance away from 0T (as a subset of D), and
therefore it has the same endpoints in ∂ D as 0T .

These facts imply that two extended lifts of an essential loop coincide if and only if
they share the same endpoints in ∂ D. In addition, if R ∈ deck(π) is a deck transformation
that commutes with T , then 0R = 0T , and the group of all deck transformations fixing the
same two points of ∂ D is cyclic (generated by T if we assume that γT is in the homotopy
class of a simple loop).

If f̂ is the natural lift of a homeomorphism f : S→ S isotopic to the identity, then f̂
extends continuously to D fixing every point of ∂ D.

LEMMA 2.8. Suppose that S is closed and hyperbolic, and f : S→ S is a homeomorphism
isotopic to the identity. If A ⊂ S is a topological annulus such that A contains an essential
simple loop γ and its image by f , then any connected component Â of π−1(A) contains a
connected component of π−1(γ ) and its image by the natural lift of f .

Proof. Since A is an annulus, every extended lift of an essential loop in A has the same
pair of endpoints in ∂ D. Let 0 ⊂ Â be the extended lift of γ in Â. Since f (γ )⊂ A,
there is an extended lift 0′ of f (γ ) in Â, and 0′ = T f̂ (0) for some deck transformation
T . Since f̂ extends to ∂ D fixing every point, it follows that T f̂ (0) and f̂ (0) are two
extended lifts of the same loop sharing the same endpoints, therefore they coincide. �

LEMMA 2.9. Suppose that S is closed and hyperbolic and let ( ft )t∈[0,1] be an isotopy from
the identity to f = f1. Let U ⊂ S be a connected open set, and suppose that U0 ⊂U is a
filled connected open set such that f (U0)⊂U and some essential loop in U0 is homotopic
in U0 to its own image. Then for every x ∈U0 the arc ( ft (x))x∈[0,1] is isotopic with fixed
endpoints in S to an arc contained in U.

Proof. If γ is an essential loop in U0 and f (γ ) is homotopic to γ in U0, then there is a
topological annulus A ⊂U0 containing both γ and f (γ ). Let Û be a connected component
of π−1(U ). Then by Lemma 2.8, any connected component Û0 of π−1(U0) contained in
Û intersects f̂ (Û0), where f̂ is the natural lift of f . Since f̂ (Û0) is contained in some
connected component of π−1(U ), it follows that f̂ (Û0)⊂ Û . Thus, if x ∈U0, the lift of
( ft (x))t∈[0,1] with basepoint x̂ ∈ Û is homotopic to an arc contained in Û connecting x̂ to
f̂ (x), and the result follows by projecting this homotopy. �

LEMMA 2.10. Suppose that S is closed and hyperbolic, f : S→ S is a homeomorphism
isotopic to the identity, and U ⊂ S a connected essential open set such that f n(U )=U
for some n > 0. Then f (U ) ∩U 6= ∅. Moreover, every connected component of π−1(U )
intersects its own image by the natural lift of f .

Proof. It suffices to consider the case where U is filled. Applying Lemma 2.8 to f n , we
see that if Û is a connected component of π−1(U ) and f̂ is the natural lift of f , then f̂ n(Û )
intersects Û , so f̂ n(Û )= Û . Suppose that f̂ (Û ) ∩ Û = ∅. If 0 ⊂ Û is an extended lift
of some simple loop in U which is essential in S, then f̂ (0) is disjoint from 0 and they
connect the same two points of ∂ D. From the fact that f̂ preserves orientation and (its
extension) fixes ∂ D, we see that one connected component W of D\0 satisfies f̂ (W )⊂

W ⊂ f̂ −1(W ) (see Figure 1). This implies that Û is contained in the topological disk
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FIGURE 1. Proof of Lemma 2.10.

D = f̂ −1(W )\ f̂ (W ) bounded by f̂ (0) and f̂ −1(0). However, f̂ n(Û )⊂ Û ⊂ D whereas,
if n > 1, f̂ n(D)⊂ f̂ (W ) which is disjoint from Û . Thus f̂ (Û ) ∩ Û 6= ∅. �

2.5. Cross-cuts and cross-sections. Let U ⊂ S be an open topological disk. A cross-
cut of U is an arc σ : (0, 1)→U such that limt→0+ σ(t) ∈ ∂ U and limt→1− σ(t) ∈ ∂ U
with the additional property that both connected components of U\σ have more than one
boundary point in ∂ U (this condition amounts to excluding the possibility of σ being a
closed loop bounding a disk entirely contained in U ). For instance, any arc in U joining
two distinct points of ∂ U (not including the endpoints) is a cross-cut. A cross-section of
U is any one of the two connected components of U\σ .

Note that the notion of cross-cut depends on the ambient surface: σ is a cross-cut of
U as a subset of S, but it is no longer a cross-cut of U in the surface S\{p, q}, where
p, q are the endpoints of σ . We will often make use of the following simple observation:
if U ⊂ S is an open topological disk and Û ⊂ Ŝ is a connected component of π−1(U ),
then any cross-cut of Û projects to a cross-cut of U . In particular, if U is invariant by a
homeomorphism f : S→ S and has no wandering cross-cuts, and if f̂ is a lift that leaves
Û invariant, then Û has no wandering cross-cuts by f̂ .

Note that any cross-section contains cross-cuts, and so whenever there is a wandering
cross-section there is also a wandering cross-cut. We state the following partial converse
of that fact for future reference.

PROPOSITION 2.11. Let f : S→ S be an orientation-preserving homeomorphism with an
invariant open topological disk U. If there exists a wandering cross-cut of U which has a
non-periodic endpoint, then there exists a wandering cross-section.

Proof. Let α be a wandering cross-cut with some non-periodic endpoint, and let D be
the component of U\α (cross-section) which contains f (α), so that f (D) ∩ D 6= ∅, and
let D′ be the remaining component. If D′ is wandering, we are done. Otherwise, let
k > 0 be the smallest integer such that f k(D′) ∩ D′ 6= ∅. Since f k(∂U D′) is disjoint
from ∂U D′, it follows that either D′ ⊂ f k(D′), or f k(D′)⊂ D′, or D ⊂ f k(D′). The
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FIGURE 2. Proof of Proposition 2.11.

latter case is not possible: if D ⊂ f k(D′), then since f (D) ∩ D 6= ∅ we have f k(D′) ∩
f ( f k(D′)) 6= ∅, and therefore D′ ∩ f (D′) 6= ∅. This implies that k = 1; but then D ⊂
f (D′), and so f (α)= ∂U f (D′) is disjoint from D, contradicting our assumption. Thus,
the only possibilities are f k(D′)⊂ D′ or D′ ⊂ f k(D′). Assume that f k(D′)⊂ D′ (the
other case is analogous). Then W = D′\ f k(D′) is a wandering open set, and if x ∈ ∂ U is
an endpoint of α which is not periodic, a small enough disk B around x intersects W and
is disjoint from f k(D′), from which it is easy to construct a cross-section D′′ contained in
W (see Figure 2, or see [KLCN15] for more details). �

2.6. A lemma from Brouwer theory. We will use the following classical result from
Brouwer theory; see, for instance, [Bro85, Fra88].

LEMMA 2.12. If f : R2
→ R2 is an orientation-preserving homeomorphism without fixed

points and γ is a compact arc such that f (γ ) ∩ γ = ∅, then f n(γ ) ∩ γ = ∅ for all n 6= 0.

3. Linking lemmas
In this section we recall some facts about dynamically transverse foliations introduced by
Le Calvez [LC05] and a result of Jaulent [Jau14] which allows us to apply those results
in our setting. Then we define linking numbers of open invariant disks with respect to
singularities of the foliation and show a linking lemma which plays a key role in the proof
of our main result. Similar results were used in [KT14c] and [KT14b], but we need more
refined versions here.

3.1. Oriented foliations and limit sets. If 0 is a regular orbit of a topological flow on S2,
the filled ω-limit of 0 is the set ω(0) consisting of the union of ω(0) with all connected
components of the complement of ω(0) which are disjoint from 0. Note that ω(0) is
always compact and invariant by the flow. The filled α-limit α(0) is defined analogously,
replacing ω by α in the definition. The filled α- and ω-limits are always connected and
non-separating.
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An oriented foliation F with singularities on S consists of a closed set X ⊂ S together
with a non-singular oriented foliation on S\X . Any such foliation coincides with the orbits
of a topological flow on S whose singularities are precisely the elements of X (see, for
instance, [Whi33]). Thus, we may define the ω- and α-limit sets of leaves of the foliation
and their filled versions using the corresponding flow.

If 0 is an orbit of a topological flow on R2, we may define its ω- and α-limit sets and
their filled counterparts by considering the flow induced on the one-point compactification
R2
t {∞} ' S2 and removing the point ∞ from the corresponding sets. Note that, in

this case, the filled α- or ω-limit sets may fail to be non-separating (in the case that they
contain∞ after the compactification), but if either of the sets is compact, then it will be
non-separating as well.

An arc γ is positively transverse to an orbit 0 of a topological flow (or a leaf of an
oriented foliation) if t 7→ γ (t) locally crosses 0 from left to right. If γ is topologically
transverse to every orbit of the flow (or every leaf of the foliation) that it intersects, we say
that γ is positively transverse to the flow (or foliation).

3.2. Brouwer–Le Calvez Foliations. Let S be an orientable surface (not necessarily
compact), and π : Ŝ→ S the universal covering of S. Let I = ( ft )t∈[0,1] be an isotopy
from f0 = IdS to some homeomorphism f1 = f . The natural lift of I is the isotopy
Î = ( f̂t )t∈[0,1] obtained by lifting the isotopy I starting with f̂0 = IdŜ . The map f̂ = f̂1

is a lift of f̂ which commutes with every deck transformation. Any such map is called a
natural lift of f .

Let X = Fix(I) := {x ∈ S : ft (x)= x for all t ∈ [0, 1]} be the fixed point set of the
isotopy, and assume F is an oriented foliation of S with singularities at X . We say that
the isotopy I is dynamically transverse to F if for each x ∈ S, the arc ( ft (x))x∈[0,1] is
homotopic with fixed endpoints in S\X , to an arc that is positively transverse to F . In this
case, it is also said that F is dynamically transverse to I, and we call (I, F) a Brouwer–Le
Calvez pair for f . For further details see [LC05].

If X̂ = π−1(X), then the isotopy Î fixes X̂ pointwise. If F is dynamically transverse to
I, then the lifted foliation F̂ (with singularities in X̂ ) of Ŝ is also dynamically transverse
to Î. Thus, (Î, F̂) is a Brouwer–Le Calvez pair for f̂ , which we call the natural lift of
(I, F) to the universal covering of S.

When S\ Fix(I) is connected, the dynamically transverse foliation F has the property
that if F̃ is its lift to the universal covering of S\ Fix(I) and ( f̃t )t∈[0,1] is the natural lift of
the isotopy I|S\ Fix(I) then F̃ is a foliation by Brouwer lines for f̃ = f̃1. This means that
each leaf 0̃ of F̃ is a properly embedded line which separates the covering space into two
connected components: the left side, which contains f̃ −1(0), and the right side, which
contains f̃ (0). Note that f̃ is a Brouwer homeomorphism, i.e., it preserves orientation and
has no fixed points.

We will use the following result from [Jau14] (stated in a more general way there).

PROPOSITION 3.1. If S is an orientable surface (not necessarily compact) and f : S→ S
is a homeomorphism isotopic to the identity and f̂ : Ŝ→ Ŝ is a natural lift of f , then
there exists a closed set X∗ ⊂ Fix( f ) and a Brouwer–Le Calvez pair (( f ∗t )t∈[0,1], F∗)
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FIGURE 3. Proof of Proposition 3.3.

associated to f |S\X∗ in S\X∗ such that F∗ has no singularities, and for each z ∈ S\X∗
the lift of ( f ∗t (z))t∈[0,1] with basepoint ẑ has endpoint f̂ (̂z).

Remark 3.2. It would be useful if the isotopy fixed X∗ pointwise, so it would provide
a Brouwer–Le Calvez pair for f ; this is possible using a recently announced result by
Béguin, Crovisier and Le Roux which improves Jaulent’s result, but we will not make use
of that fact, since we will ensure that X∗ is totally disconnected (in which case the isotopy
extends naturally). Note also that the last part of Proposition 3.1 implies that the Brouwer–
Le Calvez pair may be lifted to a Brouwer–Le Calvez pair in Ŝ\π−1(X∗) associated to
f̂ |Ŝ\π−1(X∗).

We will need the following technical fact, which says that in a Brouwer–Le Calvez pair,
if a point x is close enough to some leaf of the foliation, then the arc obtained by following
the isotopy from the preimage of x to the image of x necessarily crosses the given leaf.

PROPOSITION 3.3. If S is an orientable surface and (I, F) is a Brouwer–Le Calvez pair
with I = ( ft )t∈[0,1] and f = f1, then every leaf 0 of F has a neighborhood V0 with the
property that if z ∈ V0 and γ is any arc joining f −1(z) to f (z) homotopic with fixed
endpoints in S\ Fix(I) to the concatenation of ( ft ( f −1(z)))t∈[0,1] with ( ft (z))t∈[0,1], then
γ intersects 0.

Proof. Let X = Fix(I). It suffices to prove the proposition when N = S\X is connected,
since otherwise we may work with the connected component of S\X containing 0. Let
τ : Ñ → N be the universal covering of N . Then as we noted earlier, the natural lift
(( f̃t )t∈[0,1], F̃) of the Brouwer–Le Calvez pair restricted to N has the property that every
leaf of F̃ is a Brouwer line. In particular, if 0̃ is a lift of 0, then 0̃ separates f̃1(0̃)

from f̃ −1
1 (0̃). This implies that there exists a neighborhood Ṽ0̃ of 0̃ such that f̃1(Ṽ0̃)

and f̃ −1
1 (Ṽ0̃) are separated by 0̃. See Figure 3. Letting V0 = τ(Ṽ0̃), if z ∈ V0 and γ is

an arc as in the statement of the proposition, then γ lifts to some arc γ̃ joining a point
f̃ −1(̃z) ∈ f̃ −1(Ṽ0̃) to f̃ (̃z) ∈ f̃ (Ṽ0̃), so γ̃ must intersect 0̃. This implies that γ intersects
τ(0̃)= 0 as required. �

3.3. Linking numbers. If γ is a loop in R2 and p is a point in the complement of γ , we
write W(γ, p) for the winding number of γ around p. If γ is a loop in S2 and p, q are
points in its complement, we write W(γ, p, q) for the winding number of γ around p in
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the plane S2
\{q}, or equivalently, the algebraic intersection number σ ∧ γ , where σ is any

arc joining p to q. Note that W(γ, p, p)= 0, and if r ∈ S2 is in the complement of γ ,
then W(γ, p, q)=W(γ, p, r)+W(γ, r, q).

We state the following lemma for future reference. The proof is straightforward (see,
for instance, [Tal15, Proposition 9]).

LEMMA 3.4. If γ is a loop positively transverse to an orbit 0 of a topological flow of
S2 intersecting the orbit at least once, then ω(0) and α(0) belong to different connected
components of S2

\γ . Moreover, there is k 6= 0 such that W(γ, p, q)= k for each p ∈
ω(0) and q ∈ α(0).

For the remainder of this section, fix a Brouwer–Le Calvez pair (I, F) of an orientation-
preserving homeomorphism f of the sphere S2, where I = ( ft )t∈[0,1] and let X = Fix(I).

If p, q ∈ X and z ∈ Fix( f )\{p, q}, we define the linking number LI(z, p, q)=
W(γz, p, q)where γz is the loop ( ft (z))t∈[0,1]. More generally, if U ⊂ S2 is an f -invariant
open topological disk and p, q ∈ X\U , we define the linking number LI(U, p, q) as
follows: choose any z ∈U , any arc σ in U joining f (z) to z, and let γ be the loop obtained
by concatenation of the arc ( ft (z))t∈[0,1] with σ . Then set

LI(U, p, q)=W(γ, p, q).

It is easy to see that this number does not depend on the choice of either z or σ (see
[KT14c, §5.3]).

If r /∈U is another point of X , the properties of winding number lead to

LI(U, p, q)= LI(U, p, r)+ LI(U, r, q).

We may also define the linking for fixed points as follows: if r ∈ Fix( f ), then
LI(r, p, q)=W(γ, p, q), where γ = ( ft (r))t∈[0,1]. Clearly, if r ∈U , then LI(r, p, q)=
LI(U, p, q). In particular, we note that if U ∩ X 6= ∅, then LI(U, p, q)= 0.

Another useful property that follows from the definition is that if In is the isotopy from
Id to f n obtained by successive concatenation of I, then LIn (U, p, q)= nLI(U, p, q).

Note that for any leaf 0 of F each set α(0) and ω(0) contains at least one point of X
due to the Poincaré–Bendixson theorem.

LEMMA 3.5. (Linking lemma) Let 0 be a leaf of F , and assume that V0 is a neighborhood
of 0 as in the statement of Proposition 3.3. Then, for any f -invariant open topological
disk U ⊂ S2 intersecting V0 , one of the following properties hold:
(1) α(0) ∩ X ⊂U;
(2) ω(0) ∩ X ⊂U;
(3) we have

(a) α(0) ∩ X and ω(0) ∩ X are disjoint from U and there is k 6= 0 such that
L(U, p, q)= k for all p ∈ α(0) ∩ X and q ∈ ω(0) ∩ X or

(b) 0 ∩U 6= ∅, and each connected component of U ∩ 0 is wandering.

Whenever property (3a) above holds we say that U is linked to 0. Thus, either all
singularities in the filledω-limit set of 0 are in U , or a similar property holds for the α-limit
set, or 0 intersects U and all connected components of this intersection are wandering, or
U is linked to 0.
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Proof. Assume that neither property (1) nor property (2) hold, so that there exist
p ∈ α(0) ∩ X\U and q ∈ ω(0) ∩ X\U . For z ∈ S\X , let γz denote the arc ( ft (z))t∈[0,1],
and let γ̃z denote an arc positively transverse to the foliation F and homotopic with fixed
endpoints in S\X to γz . Given z ∈U ∩ V0 , we know from the property of V0 that the arc
γ̃ f −1(z) ∗ γ̃z intersects 0 (see Proposition 3.3). Suppose first that 0 does not intersect U .
Then we may choose an arbitrary arc σ in U connecting f (z) to f −1(z) and we have that
β = γ̃ f −1(z) ∗ γ̃z ∗ σ is a loop positively transverse to 0 and has at least one intersection
with 0. From Lemma 3.4 we conclude that W(β, p, q) := k′ 6= 0. But β is homotopic
to γ f −1(z) ∗ γz ∗ σ in S2

\X , and therefore LI2(U, p, q)=W(γ f −1(z) ∗ γz ∗ σ, p, q)=
W(β, p, q)= k′ 6= 0. Thus, LI(U, p, q)= k′/2 := k 6= 0. This also implies that no
element of X can be in U , as that would mean that LI(U, p, q)= 0. Since the number k′

is independent on the choice of p and q , and we showed that no element of X may be in
U , we conclude that property (3a) holds.

Now suppose that 0 intersects U , and assume that property (3b) does not hold, so
some component C of 0 ∩U is non-wandering. Thus, there is n > 0 and some point
z ∈ C such that f n(z) ∈ C . Let σ be the subarc of C connecting f n(z) to z, and define
β = γ̃z ∗ γ̃ f (z) ∗ · · · ∗ γ̃ f n−1(z) ∗ σ . The only part of β that is not positively transverse to F
is σ , which is contained in a leaf; but a small perturbation in a tubular neighborhood of F
around C leads to a loop β ′ which is homotopic to β in S2

\X , has the same basepoint
z ∈ C , and is positively transverse to F . Applying Lemma 3.4 we conclude that
W(β, p, q)= k 6= 0, and since β is homotopic to γz ∗ γ f (z) ∗ · · · ∗ γ f n−1(z) ∗ σ in
S2
\X , we deduce that LIn (U, p, q)=W(β, p, q) := k′ 6= 0. Thus, LI(U, p, q)= k :=

k′/n 6= 0, and as before this implies that U is disjoint from X ; since the number k′ is
independent on the choice of p, q , we conclude again that property (3a) holds. �

3.4. Linking in the plane. Assume now that f : R2
→ R2 is an orientation-preserving

homeomorphism and (I, F) is a Brouwer–Le Calvez pair for f , with X = Fix(I) totally
disconnected. We may consider the map f ′ : S2

= R2
t {∞}→ S2 induced by f in the

one-point compactification of R2 by fixing ∞, and the corresponding isotopy I ′ fixing
∞ pointwise. The foliation F ′ of S2 with singularities at X t {∞} is then dynamically
transverse, so that (I ′, F ′) is a Brouwer–Le Calvez pair.

If p ∈ X and z ∈ Fix( f )\p, we may define the linking number LI(z, p) as the
corresponding linking number LI ′(z, p,∞) on S2, and similarly if U ⊂ R2 is an open f -
invariant topological disk and p ∈ X\U , we define LI(U, p) as the corresponding linking
number LI ′(U, p,∞) on S2. In this setting we have the following.

LEMMA 3.6. (Linking lemma, planar version) Let 0 be a leaf of F and V0 a neighborhood
of 0 as in Proposition 3.3. Suppose that U ⊂ R2 is an f -invariant open topological disk
intersecting V0 . Then one of the following properties hold:

(1) α(0) is compact; and either
(a) ∅ 6= α(0) ∩ X ⊂U or
(b) α(0) ∩ X is disjoint from U, and there is k 6= 0 such that LI(U, p)= k for all

p ∈ α(0) ∩ X;
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FIGURE 4. Example with no wandering cross-cuts and no fixed points in the disk. The boundary of the disk is
fixed pointwise.

(2) ω(0) is compact; and either
(a) ∅ 6= ω(0) ∩ X ⊂U or
(b) ω(0) ∩ X is disjoint from U, and there is k 6= 0 such that LI(U, p)= k for all

p ∈ ω(0) ∩ X;
(3) 0 ∩U 6= ∅ and each of its connected components is wandering.

Proof. Applying Lemma 3.5 to the one-point compactification of R2, since ∞ does not
belong to U , if cases (1) or (2) from said proposition hold then cases (1a) or (2a) above
hold. If (3a) from Lemma 3.5 holds, noting that

0 6= k = LI ′(U, p, q)= LI ′(U, p,∞)+ LI ′(U,∞, q)

for any p ∈ α(0) ∩ X and q ∈ ω(0) ∩ X , we have that one of the two terms on the right-
hand side is non-zero. Assume, for instance, that LI ′(U, p,∞)= k′ 6= 0. Then replacing
p by a different point of α(0) ∩ X does not change this value, so that LI(U, p)= k′ for
all p ∈ α(0) ∩ X , and in particular∞ does not belong to that set (so the compactness of
α(0) follows at once). Hence, case (1b) holds.

In the case that LI ′(U,∞, q)= k′ 6= 0, we have LI(U, q)= LI ′(U, q,∞)=−k′ 6= 0
and this number does not depend on the choice of q ∈ ω(0), so case (2b) holds. �

4. Boundedness of invariant disks: proof of Theorem A
4.1. Fixed points in U. We begin by noting that the condition of having no wandering
cross-cuts implies that there is a fixed point in U .

PROPOSITION 4.1. Let f : S→ S be an orientation-preserving homeomorphism of an
orientable surface S (not necessarily closed), and let U ⊂ S be an f -invariant open
topological disk without wandering cross-cuts such that ∂ U\ Fix( f ) 6= ∅. Then f has
a fixed point in U.

Remark 4.2. The example in Figure 4 shows that the condition that ∂ U has at least one
non-fixed point is necessary.
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Proof. Intersecting U with a small circle around a non-fixed point z ∈ ∂ U , we may find
a cross-cut C of U such that f (C) ∩ C = ∅. From our hypothesis, C must be non-
wandering, so there is a smallest n > 1 such that f n(C) ∩ C 6= ∅. Choosing a compact
subset C ′ of C such that f n(C ′) ∩ C ′ 6= ∅ and choosing an appropriate neighborhood D
of C ′ (contained in U ) we obtain a free disk D such that f n(D) ∩ D 6= ∅. This implies
that f |U has a fixed point due to a classical lemma of Franks (see [Fra88, Proposition
1.3]). �

4.2. A bound on the fixed points in U. In this section, S will always denote a closed
orientable surface with χ(S)≤ 0.

To prove Theorem A, we will need to guarantee that a certain set of fixed points is
totally disconnected. If the set in question is compact and inessential, we may do that by
‘collapsing’ the filling of the given set, with the aid of the next proposition, which is stated
in [KT14c, Proposition 2.6] for the case S = T2, but the exact same proof applies for an
arbitrary surface.

PROPOSITION 4.3. Let K be a compact inessential filled set and f : S→ S a
homeomorphism such that f (K )= K . Then there is a continuous surjection h : S→ S
and a homeomorphism f ′ : S→ S such that:
• h is homotopic to the identity;
• h f = f ′h;
• K ′ = h(K ) is totally disconnected;
• h|S\K : S\K → S\K ′ is a homeomorphism.

In general, if f has arbitrarily large invariant open topological disks, we expect that the
same would be true for f ′; but this could fail to be the case if the set K separates those
disks into many uniformly bounded ones. The next proposition will allow us to address
this issue in the proof of Theorem A.

PROPOSITION 4.4. For any orientation-preserving homeomorphism f : S→ S with an
inessential set of fixed points, there exists a constant M0 such that if U is any open f -
invariant topological disk without wandering cross-cuts, then we have the following.
• The covering distance in U of any pair of fixed points is bounded by M0. In

other words, if Û is a connected component of π−1(U ), then π−1(Fix( f )) ∩ Û has
diameter at most M0.

• If M > 2M0 is such that D(U ) > M, then there exists a (necessarily invariant)
connected component U0 of U\ Fix( f ) such that D(U0) > M/2− M0.

Proof. The fact that Fix( f ) is inessential implies that we can find a closed topological
disk Q0 ⊂ Ŝ such that π(Q0)= S and ∂ Q0 is the image of a simple rectifiable loop
γ̂ such that γ := π(γ̂ ) is disjoint from Fix( f ) (see Remark 2.1). Using Q0, we can
obtain a sequence (Qn)n∈N of open topological disks such that Qn is contained in the
interior of Qn+1, π(∂ Qn)⊂ γ , and

⋃
n∈Z Qn = Ŝ. Indeed, one may, for instance, define

recursively Qn+1 as the filling of the union of all sets of the form T Q0 which intersect
the neighborhood of size 1 of Qn (since Qn is compact, there are finitely many such
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FIGURE 5. The cross-cuts α̂i .

sets). Each point in the boundary of Qn+1 is contained in T γ̂ for some T ∈ deck(π), so
π(∂ Qn+1)⊂ γ .

Note that if C ⊂U is the image of a cross-cut which separates two fixed points of f in
U , then f (C) intersects C . Indeed, suppose that f (C) is disjoint from C . The set U\C
has two connected components D1, D2, and we assume D1 is the component containing
f (C). Note that f (D1) intersects D1 and does not contain D2 (because there is a fixed
point in D2). This means that f (D1) is disjoint from D2, since otherwise the boundary of
f (D1) in U (which is f (C)) would contain a point in D2. Thus f (D1 ∪ C)⊂ D1. This is
a contradiction, as it implies that C is a wandering cross-cut.

Since γ has finite length and no point of γ is fixed by f , there exists a constant
c > 0 (independent of U ) such that every sub-arc of γ with diameter smaller than c is free
(disjoint from its own image). By our previous observation, this implies that any cross-cut
of U contained in γ and separating the set of fixed points of f in U has length at least c.
In particular, there cannot be more than N = length(γ )/c pairwise disjoint cross-cuts of U
contained in γ , each separating the fixed point set of f in U (note that N is independent
of U as well).

If U contains no fixed points, there is nothing to be done. Now assume U has a fixed
point, and let Û be a connected component of π−1(U ) such that Û ∩ Q0 contains some
element z0 ∈ π

−1(Fix( f )). We claim that π−1(Fix( f )) ∩ Û ⊂ QN+1. Indeed, for a given
n ∈ N, suppose there is z1 ∈ Û\Qn such that π(z1) is fixed by f . For each i ∈ {0, . . . , n −
1}, The fact that z0 ∈ Qi and z1 /∈ Qi implies that there is a cross-cut α̂i of Û contained
in ∂ Qi which separates z0 from z1 (see Figure 5). Since π |Û is injective, it follows
that αi = π(̂αi ) is a cross-cut of U contained in γ and separating the fixed point π(z0)

from π(z1). Moreover, since the α̂i ’s are pairwise disjoint and contained in Û , the set
{αi : 0≤ i ≤ n − 1} is a family of n pairwise disjoint cross-cuts of U contained in γ , each
of which separates the fixed point set of f in U . By our choice of N , this implies that
n ≤ N . Thus, π−1(Fix( f )) ∩ Û ⊂ QN+1 as claimed.

Note that this implies that diam(π−1(Fix( f )) ∩ Û )≤ M0 := diam(QN+1), a number
independent of U . This proves the first claim.
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If D(U ) > M > 2M0, there is a point z ∈ Û such that d(z, z0) > M/2, and so d(z, x)≥
M/2− M0 for any x ∈ QN+1. Thus, the connected component Û0 of z in Û\π−1(Fix( f ))
has diameter at least M/2− M0. Note that Û0 projects to a connected component U0 of
U\ Fix( f ), so the second claim follows (the fact that U0 is invariant follows, for instance,
from [BK84]). �

COROLLARY 4.5. Let f : S→ S be an orientation-preserving homeomorphism with
an inessential set of fixed points, K0 ⊂ Fix( f ) a compact set, and h and f ′ be the
corresponding maps from Proposition 4.3 applied to K = Fill(K0). Then there is a
constant M1 such that, if there is an open f -invariant topological disk U without
wandering cross-cuts and D(U ) > M > M1, then there is also an open f ′-invariant
topological disk U ′ such that D(U ′) > (M − M1)/2 and any cross-cut of U ′ with
endpoints in ∂ U ′\h(K ) is non-wandering. Moreover, U ′ is the filling of the image by
h of some connected component of U\K .

Proof. Let h be the map from Proposition 4.3, and M0 the constant from Proposition 4.4.
Since h is homotopic to the identity, there is a constant M2 and a lift ĥ of h to the universal
covering Ŝ such that d (̂h(z), z) < M2 for all z ∈ Ŝ.

Let M1 = 2M0 + 4M2, and suppose U is an f -invariant open topological disk without
wandering cross-cuts and D(U ) > M > 2M1. Let U0 be the corresponding connected
component of U\ Fix( f ) obtained from Proposition 4.4, so that D(U0) > M/2− M0.
From our choice of M2, it is easy to verify that U ′0 := h(U0) satisfies D(U0)

′
≥D(U0)−

2M2 > M/2− M0 − 2M2 > 0. The fact that U ′0 has positive diameter implies that U0 is
disjoint from K , since it is already disjoint from Fix( f )⊃ K0 and it cannot be contained
in an inessential connected component of S\K0, as that would imply that h(U0)=U ′0 is a
point.

Let U1 be the connected component of U\K containing U0, and U ′1 = h(U1). Since
h|S\K is a homeomorphism, U ′1 is open, inessential and f ′-invariant. Thus, the set U ′ =
Fill(U ′1) is an f ′-invariant open topological disk with

D(U ′)=D(U ′1)≥D(U ′0) > M/2− M0 − 2M2 ≥ (M − M1)/2.

Finally, suppose for a contradiction that there exists a wandering cross-cut α′ of U ′

whose endpoints are not in h(K ). Then α′ must be contained U ′1, and its endpoints are
points of ∂ U ′1\h(K ). Since h maps homeomorphically S\K onto S\h(K ) conjugating
the restrictions of f and f ′ to those sets, it follows that α := h−1(α′) is a wandering
arc in U1 with endpoints in ∂ U1\K . Since U1 is a connected component of U\K (so
∂ U1 ⊂ ∂ U ∪ K ), this means that α is contained in U and has endpoints in ∂ U , so it is a
wandering cross-cut for f in U , contradicting our hypothesis. �

4.3. Contractible case. We begin with a simple observation.

PROPOSITION 4.6. Let I = ( ft )t∈[0,1] be an isotopy from the identity to f : S→ S,
and Î = ( f̂t )t∈[0,1] its natural lift from the identity to f̂ in the universal covering. If
K ⊂ Fix(Î) is a compact set, then the set K ′ = {z ∈ Fix( f̂ ) : L Î(z, z′) 6= 0 for some
z′ ∈ K } is relatively compact.
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In other words, the set of fixed points of f̂ linking a given compact set K is relatively
compact.

Proof. Due to the compactness of S and the equivariance of the isotopy Î, there exists
M > 0 such that for any z ∈ Ŝ, the arc ( f̂t (z))t∈[0,1] has diameter at most M , so if z′ ∈ K
and z ∈ Fix( f̂ ) is such that d(z, z′) > M , then L Î(z, z′)= 0. �

PROPOSITION 4.7. Let S be a closed orientable surface, and f : S→ S a
homeomorphism homotopic to the identity such that Fix( f ) is inessential. Then there
exists M > 0 such that if f̂ : Ŝ→ Ŝ a natural lift of f and U ⊂ Ŝ is any open f̂ -invariant
topological disk which projects injectively into an f -invariant disk without wandering
cross-cuts, then diam(U )≤ M.

Proof. We begin by noting that it suffices to find a bound M for a specific lift f̂ . Indeed,
if S has genus g > 1, then there is a unique natural lift (see, for instance, [Eps66, Lemma
4.3]); whereas if S is the torus there are at most finitely many lifts which have a fixed point,
and Proposition 4.1 implies that any f̂ admitting an invariant disk U as in the statement
must have a fixed point.

We will prove the following.

CLAIM 1. If f has a Brouwer–Le Calvez pair (I, F) with totally disconnected set of
singularities X whose natural lift corresponds to a Brouwer–Le Calvez pair (Î, F̂)
associated to f̂ , then there exists M ′ > 0 such that the following property holds: if U
is a f̂ -invariant topological disk which projects injectively to an f -invariant disk π(U ),
and every wandering cross-cut of π(U ) has an endpoint in X, then diam(U )≤ M ′.

Before moving to the proof of the claim, we show how the proposition follows from it.

Proof of Proposition 4.7 assuming Claim 1. Under the assumptions of the proposition, let
I = ( ft )t∈[0,1] be the isotopy from the identity to f which lifts to an isotopy Î from the
identity to f̂ . By Proposition 3.1 there exists a closed set X∗ ⊂ Fix( f ) and a Brouwer–Le
Calvez pair (( f ∗t )t∈[0,1], F∗) associated to f |S\X∗ with the additional property that for any
z ∈ S\X∗ the path ( f ∗t (z))t∈[0,1] lifts to a path connecting z to f̂ (z). Let h : S→ S and
f ′ be the maps given by Proposition 4.3 applied to K = Fill(X∗), and let X ′ = h(K ), so
X ′ is totally disconnected. The isotopy (( f ∗t )t∈[0,1]) restricted to S\K lifts to an isotopy
( f̂ ∗t )t∈[0,1] in Ŝ\π−1(K ) from the identity to f̂ Ŝ\π−1(K ), and the foliation F∗ lifts to a
dynamically transverse foliation F̂∗ without singularities in Ŝ\π−1(K ).

Let ĥ be the natural lift of h (obtained by lifting the homotopy from the identity to h).
Then f̂ ′t = ĥ f̂t ĥ−1 defines an isotopy Î ′ from the identity to some map f̂ ′ in Ŝ\X̂ ′, where
X̂ ′ = ĥ(π−1(K ))= π−1(h(K )). Since X̂ ′ is closed and totally disconnected, the isotopy
Î ′ (and the map f̂ ′) may be extended to Ŝ by fixing X̂ ′ pointwise. The foliation F̂∗ also
induces a foliation without singularities F̂ ′ = {h(0) : 0 ∈ F̂∗} of Ŝ\X̂ ′, and if we regard it
as a foliation with singularities of Ŝ\X̂ ′ it is easy to verify that it is dynamically transverse
to f̂ ′. Thus, we have a Brouwer–Le Calvez pair for f̂ ′, which projects to a Brouwer–Le
Calvez pair for f ′ with singularities exactly at X ′.
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Let M1 be the constant from Corollary 4.5, and suppose that the proposition does
not hold, so for any M we may find an f̂ -invariant open topological disk Û which
projects to an f -invariant disk U without wandering cross-cuts and D(U ) > M . Assume
M > M1 + 2M ′ (where M ′ comes from Claim 1), and let U ′ be the f ′-invariant disk given
by Corollary 4.5, which is the filling of some connected component U1 of the image by h of
U\K and satisfies D(U ′) > (M − M1)/2> M ′. Clearly Û1 is f̂ -invariant, so if Û ′ is the
connected component of π−1(U ′) containing Û1 it must also be f̂ -invariant. Furthermore,
every cross-cut C of U ′ with endpoints in S′\X ′ is the image by h of a cross-cut of U and
therefore is non-wandering (note that this may not be the case if C has endpoints in X ′).

Summarizing, we have found a new map f ′ with a Brouwer–Le Calvez pair with
singularities at a totally disconnected set X ′, and a corresponding lift f̂ ′ with an
invariant open topological disk Û ′ such that U ′ = π(Û ′) has no wandering cross-cuts with
endpoints in S′\X ′ and diam(Û ′) > M ′. This contradicts Claim 1, completing the proof
Proposition 4.7. �

It remains to prove Claim 1. We may thus assume that there is a Brouwer–Le Calvez
pair (I, F) for f with singularities at the totally disconnected set X , and its natural lift
(Î, F̂) for f̂ with singularities at X̂ = Fix(Î).

Since X̂ is totally disconnected (hence, inessential), we may find a topological disk
Q ⊂ Ŝ bounded by a loop γ disjoint from X̂ such that π(Q)= S (see Remark 2.1). We
will show that the number of elements T ∈ deck(π) such that U ∩ T Q 6= ∅ is bounded by
a constant independent of U .

For each leaf 0 of F̂ , let V0 be the neighborhood given by Proposition 3.3 applied
to (Î, F̂). Since ∂ Q is compact and disjoint from X̂ , we may find finitely many leaves
01, . . . , 0m of F̂ such that ∂ Q ⊂

⋃m
i=1 V0i . Let E be the union of all sets of the form

ω(0i ) ∩ X̂ or α(0i ) ∩ X̂ which are compact (note that a priori we do not know that all
such sets are compact, but we only take the union of the compact ones). If E ′ is the set
consisting of all points z ∈ Fix( f̂ ) such that L Î(z, z′) 6= 0 for some z′ ∈ E , it follows from
Proposition 4.6 that E ′ is relatively compact. In particular, there is an upper bound N0 > 0
on the number of deck transformations T ∈ deck(π) such that T (E ′) ∩ E ′ 6= ∅.

We need to note that there exists some fixed point z0 ∈U . Indeed, since U has no
wandering cross-cuts with endpoints in Ŝ\X̂ , it has no wandering cross-cuts at all if seen
as a subset of the surface given by the connected component of (Ŝ\ Fix( f̂ )) ∪U which
contains U , so Proposition 4.1 tells us that f̂ |U has a fixed point.

Let K be the closure of the set of all p ∈ X̂ such that L Î(z0, p) 6= 0. The set K is
compact, since it is contained in the union of all bounded connected components of the
loop ( f̂t (z0))t∈[0,1] (but it could be empty, for instance if z0 ∈ X̂ ). Since z0 ∈U , we have
from the definition of linking that L Î(U, p)= 0 for all p ∈ X̂\(K ∪U ).

Let 6i ⊂ deck(π) be the set of all deck transformations T such that T U ∩ V0i 6= ∅.
Recall that the sets {T U }T∈deck(π) are pairwise disjoint since U is a disk and so is π(U ).
For each T ∈6i we apply Lemma 3.6 to T U and study the possible cases. Let us denote
by 6′i the set of all T ∈6i for which one of cases (1a), (2a) or (3) hold in Lemma 3.6
applied to T U . In other words, if T ∈6′i then one of the following properties holds:
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(1a) ∅ 6= α(0i ) ∩ X ⊂ T U ;
(2a) ∅ 6= ω(0i ) ∩ X ⊂ T U ;
(3) 0 ∩ T U 6= ∅ and each of its connected components is wandering.
We claim that6′i has at most two elements. To see this, first note that (1a) and (2a) can only
hold for one value of T each, since the sets {T U }T∈deck(π) are pairwise disjoint. Moreover,
if (2a) holds, then 0(t) intersects T U for arbitrarily large values of t ∈ R, and similarly
if case (1a) holds, then 0(−t) intersects T U for arbitrarily large values of t ∈ R. On the
other hand, if case (3) holds, then each component of T U ∩ 0i is wandering. Moreover,
either T U ∩ 0i = 0i , or every component C of T U ∩ 0i is a cross-cut of T U . By our
hypothesis, the latter implies that one of the endpoints of C is a point p ∈ X̂ ∩ ∂ U . Since
0i is disjoint from X , it follows that {p} is either the ω-limit or the α-limit of 0i . In any
case, there exists t0 such that 0(t) ∈ T U holds either for all t > t0 or for all t < t0. Each
of these two cases can only hold for one value of T , and moreover if the first case holds,
then (2a) cannot hold for any T , and similarly if the second case holds, then (1a) cannot
hold for any T . This implies that 6′i has at most two elements, as claimed.

Now suppose that T ∈6i\6
′

i , so case (1b) or (2b) holds for T U . Assume that case
(1b) holds, so α(0i ) ∩ X̂ is compact, non-empty, and for each p ∈ α(0i ) ∩ X̂ we have
L Î(T U, p) 6= 0. This implies that L Î(T z0, p) 6= 0, and since p ∈ E , the definition of E ′

implies that T z0 ∈ E ′. An analogous argument shows that if case (2b) holds, then again
T z0 ∈ E ′. Therefore, T z0 ∈ E ′ for each T ∈6i\6

′

i . But recalling that there is a bound N0

on the number of T ∈ deck(π) such that T E ′ ∩ E ′ 6= ∅, we conclude that 6i has at most
N0 + 2 elements, for i ∈ {1, . . . , m}.

If for some T ∈ deck(π) we have that T U ∩ Q 6= ∅, then either T U ⊂ Q or T U ∩
∂ Q 6= ∅. The first case may only happen for at most N1 choices of T , where N1 is the
number of elements of {T ∈ deck(π) : T Q ∩ Q 6= ∅}, which is finite and independent of
U . On the other hand, the second case implies T ∈6i for some i , and this can only happen
for at most m(N0 + 2) different choices of T . Therefore, we have bounded the number of
elements of T := {T ∈ deck(π) :U ∩ T Q 6= ∅} by N = N1 + m(N0 + 2).

Finally, U ⊂
⋃

T∈T T Q and so diam(U )≤ N diam(Q) := M ′, concluding the proof of
the claim. �

4.4. Non-contractible case.

PROPOSITION 4.8. If S is a closed hyperbolic surface and f : S→ S is isotopic to the
identity and f̂ is its natural lift to Ŝ, then for each deck transformation T there exists a
constant MT > 0 such that if U ⊂ Ŝ is an open topological disk such that f̂ (U )= T U
and U projects injectively to an f -invariant disk without wandering cross-cuts, then
diam(U ) < MT .

Proof. For notational convenience, we will prove the statement for T−1 instead of T . The
case T = Id was already considered in Proposition 4.7, so we assume T 6= Id. Identifying
Ŝ with the Poincaré disk D (see §2.4), since f̂ is a natural lift it extends to D fixing the unit
circle pointwise (we keep the notation f̂ for this extension). The deck transformation T
also extends to D, having two distinct fixed points p, q ∈ ∂ D. Consider the map g = T f̂ .
Note that g commutes with T and coincides with T in ∂ D. Let1= ∂ D\{p, q}, denote by
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FIGURE 6. The map τ : D→ T̃2
\1̃.

Ã the closed annulus D ∪1/〈T 2
〉, and let τ : (D\{p, q})→ Ã be the projection. Let g̃ be

the homeomorphism induced by g on Ã and T̃ the map induced by T (which is conjugate
to a rotation by 1/2). Note that g̃ coincides with T̃ on the boundary ∂ Ã= τ(1). Consider
a torus T̃2 obtained by identifying the two boundary circles in a way that if z′ is identified
with z, then T̃ z is identified with T̃ z′. Then T̃ and g̃ induce homeomorphisms T̃ ′ and g̃′

on T̃2 where T̃ ′ is a rotation by 1/2 on the identified circle 1̃ and g̃′ coincides with T̃ ′ on
1̃ (see Figure 6).

We note that g̃′ is isotopic to the identity in T̃ ′: indeed, extending each ft so that it
fixes ∂ D pointwise, if gt = T f̂t , then (gt )t∈[0,1] defines an isotopy between T and g on
D ∪1, and each gt commutes with T 2 so it also induces an isotopy (g̃t ) from T̃ to g̃ on
Ã such that g̃t coincides with T̃ on ∂ Ã. The latter condition implies that g̃t respects the
identification of the boundary circles and so it induces a map g̃′t on T̃2 which provides an
isotopy from T̃ ′ to g̃′. But T̃ ′ is clearly isotopic to the identity, hence so is g̃′, as claimed.

We also observe that Fix(g̃′) is inessential. Indeed, since no point of 1̃ is fixed,
Fix(g̃′)⊂ T̃2

\1̃= Ã\ ∂ Ã and then

π(τ−1(Fix(g̃′)))= π(Fix(ĝ))= π(Fix(T f̂ ))⊂ Fix( f ).

From the fact that Fix( f ) is inessential, there is an inessential open set W ⊂ S containing
Fix( f ), and it is easy to verify that τ(π−1(W )) is inessential in Ã (and contains Fix(g̃′),
so Fix(g̃′) is inessential as claimed).

Thus, the map g̃′ satisfies the hypotheses of Proposition 4.7, which means that there
exists M ′ > 0 such that any g̃′-invariant open topological disk Ũ without wandering
cross-cuts must satisfy D′(Ũ )≤ M ′, where D′ denotes the covering diameter using an
appropriate metric on the torus T̃2.

Note that g̃′|1̃ is conjugate to a rotation by 1/2 (mod Z). A straightforward argument
implies that there is a neighborhood of V of 1̃ with the property that if γ is any simple
arc joining a fixed point of g̃′ to a point of V , then some iterate of γ by g̃′ lifts to the
universal covering to an arc of diameter greater than M . In particular, since any g̃′-
invariant open topological disk Ũ without wandering cross-cuts must contain a fixed point
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(by Proposition 4.1), it follows that any such disk must be disjoint from V . We may thus
find a closed annulus A0 ⊂ T̃2

\1̃ with the property that any such disk must be contained
in A0.

Since A0 compact and disjoint from 1̃, the metric on D projects by τ to a Riemannian
metric on A0 under which D(Ũ )= diam(U ) whenever Ũ ⊂ A0 is a topological disk and
U is a connected component of τ−1(U ). Due to the compactness of A0, this metric must
be equivalent to the metric of A0 regarded as a subset of T̃2. Hence, there is a constant
c > 0 such that D(Ũ )≤ cD′(Ũ ).

Finally, suppose that U is an open topological disk such that f̂ (U )= T−1(U ) and
projects to an f -invariant topological disk without wandering cross-cuts. Then U is g-
invariant and has no wandering cross-cuts for g, and so Ũ = τ(U ) is a g̃-invariant open
topological disk. The fact that Ũ has no wandering cross-cuts needs some care and will be
shown below; but assuming that fact, it follows from the previous comments that Ũ ⊂ A0

and D′(Ũ )≤ M ′, hence D(Ũ )≤ M := cM ′ as we wanted.
We finish the proof showing that Ũ has no wandering cross-cuts: if C is a cross-cut of Ũ

with endpoints in Ã\ ∂ Ã, then π(τ−1(C)) is a cross-cut of U (hence, non-wandering for
f ), and it follows easily that C is non-wandering for g̃. But we also need to consider the
case where one of the endpoints of C is in ∂ Ã. Suppose that some such C is wandering.
Then the connected component Ĉ of τ−1(C) contained in U is a wandering for g, and
since C has an endpoint in ∂ Ã, Ĉ has an endpoint in 1. Since g coincides with T on
1, the endpoint of Ĉ in 1 is not periodic by g, and therefore Proposition 2.11 implies
that there is a wandering cross-section W of U for g. We claim that ∂ W contains some
point of ∂D U . Indeed if this were not the case then W would be a cross-section of D, but
since π |W is injective this would be a contradiction: since S is compact, any neighborhood
of a point of ∂ D projects onto S. Thus ∂ W contains some boundary point of U in D,
and intersecting W with a small disk around this point we may produce a cross-cut Ĉ ′ of
U contained in W with endpoints in D. But then π(Ĉ ′) is a wandering cross-cut for f ,
contradicting our hypothesis. �

4.5. Proof of Theorem A. Recall that S is a closed orientable surface, f : S→ S is a
homeomorphism homotopic to the identity, and Fix( f ) is inessential. Let U be an open
f -invariant topological disk without wandering cross-cuts. We want to show that D(U ) is
bounded by a constant independent of U . If S = T2, then there always exists a natural lift
f̂ of f such that any connected component of π−1(U ) is f̂ -invariant, so the claim of the
theorem follows immediately from Proposition 4.7.

Now suppose that S is a hyperbolic surface, and let f̂ be a natural lift of f . Then
there is a constant N > 0 such that d(z, f̂ (z))≤ N for all z ∈ Ŝ, and so if T−1 f̂ has a
fixed point for some T ∈ deck(π) then there exists z such that d(z, f̂ (z))= d(z, T z)≤ N .
Since S is compact, only finitely many such T ’s may exist, so the set 6 = {T ∈ deck(π) :
Fix(T−1 f̂ ) 6= ∅} is finite. We know from Proposition 4.1 that there is a fixed point
z0 ∈U . If ẑ0 ∈ π

−1(z0), then f̂ (̂z0)= T ẑ0 for some T ∈ deck(π), and so T ∈6. If
Û is the connected component of π−1(U ) containing ẑ0, then f̂ (Û )= T Û and so by
Proposition 4.8 it follows that D(U )≤ MT ≤ M :=maxT∈6 MT . �
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4.6. A version for surfaces with boundary. For a compact surface with boundary S, we
say that a compact subset K ⊂ S is inessential if K is contained in some closed topological
disk in S. This coincides with the definition for closed surfaces given in §2.2, but we
remark that some properties stated earlier for inessential sets may fail to hold if S has
non-empty boundary (for instance, the complement of an inessential set may be simply
connected). Nevertheless, Theorem A remains valid.

THEOREM 4.9. If S is a compact surface with boundary and f : S→ S a homeomorphism
such that Fix( f ) is inessential, then there is a constant M > 0 such that any open
f -invariant topological disk U without wandering cross-cuts has covering diameter at
most M.

Proof. We assume that χ(S)≤ 0, otherwise the theorem is trivial. Consider the surface
S′ obtained by ‘doubling’ S, that is, S′ is obtained from S and a copy S0 of S by joining
each boundary component of S to the corresponding boundary component of S0 in an
appropriate way so that S′ is an orientable surface. We note that S ⊂ S′ is a filled subset
of S′, since S′\S consists of a unique component homeomorphic to the interior of S
(which is not a topological disk because χ(S)≤ 0). We may extend f arbitrarily to a
homeomorphism f ′ : S′→ S′ such that f ′|S = f and f ′ has finitely many fixed points in
S′\S. This implies that Fix( f ′) is inessential in S′, so Theorem A applies to f ′, that is,
there exists M ′ > 0 such that any open f ′-invariant topological disk without wandering
cross-cuts has covering diameter at most M ′ in S′.

Let π ′ : Ŝ′→ S′ be the universal covering map of S′. If Ŝ is any connected component
of π ′−1(S), then Ŝ is simply connected (due to the fact that S is filled in S′) and covers
S. Thus, π = π ′|Ŝ is a universal covering map of S, and if U ⊂ S is an open f -invariant
topological disk without wandering cross-cuts, then it satisfies the same hypotheses for
f ′ in S′, so DS′(U )≤ M ′; in particular, any connected component Û of π−1(U ) satisfies
diam(Û )≤ M ′. Note that the distance d induced in Ŝ by the lifted Riemannian metric may
not coincide with the restriction to Ŝ of the distance d ′ induced by the lifted metric in Ŝ′;
however, since the metrics are equivariant, there exists M > 0 such that if x, y ∈ Ŝ and
d ′(x, y)≤ M ′, then d(x, y)≤ M , and therefore DS(U )≤ M . �

5. General open invariant sets: proof of Theorem B
Let S be a closed orientable surface, f : S→ S an area-preserving homeomorphism
such that Fix( f ) is inessential, and U an arbitrary connected f -invariant open set. In
order to show that D(U ) <∞, it suffices to consider the case where U is filled, due to
Proposition 2.5; hence, we assume that U = Fill(U ). This means that U has at most finitely
many topological ends, and we may find a surface with boundary U0 ⊂U such that each
connected component of U\U0 is a collar of some topological end. For each topological
end of U , we may choose a simple loop γ in U\U0 surrounding the corresponding end
close enough so that both γ and f (γ ) are in the same connected component of U\U0. If
A ⊂U\U0 is a closed annulus containing γ and f (γ ) in its interior, we may find an area-
preserving homeomorphism h : S→ S homotopic to the identity, which is the identity
outside A and maps f (γ ) back to γ (using an area-preserving variation of Schoenflies’
theorem; see, for instance, [BCLR06]). Thus, h f fixes the loop γ , preserves area,
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FIGURE 7. Construction in the proof of Theorem B.

and leaves U invariant. Furthermore, we may assume that Fix(h f ) is still inessential.
Repeating this on each topological end of U , if p1, . . . , pk denote these topological ends,
we obtain an area-preserving map g : S→ S homotopic to the identity with an inessential
set of fixed points, such that g(U )=U and for each i there is an invariant loop γi bounding
a collar Ai of pi in U . We may further assume that the collars A1, . . . , Ak are pairwise
disjoint.

For each i , choose a rectifiable essential loop γ ′i in Ai , so γ ′i bounds in U a smaller
collar A′i ⊂ Ai of pi , and choose another rectifiable loop γ ′′i ⊂ Ai\A

′

i bounding a collar
A′′i of pi . Denote by Vi the annulus Ai\A

′′

i , and let S′i denote the surface obtained from
the connected component of S\Vi which contains A′′i (which may be all of S\Vi if γ ′′i
is non-separating) by collapsing the boundary component γ ′′i to a point ei (see Figure 7).
Then Ui := ei ∪ A′′i is an open topological disk in S′i , and by Theorem 4.9 it follows that
DS′i

(Ui ) <∞. Moreover, if Di = ei ∪ (A′′i \A
′

i ), then Di is a closed topological disk in
S′i , so by Proposition 2.7 we have that DS′i\Di (A

′

i )=DS′i\Di (Ui\Di ) <∞. Since S′i\Di is
a surface with rectifiable boundary in S, it follows from Proposition 2.6 that DS(A′i )≤
DS′i\Di (A

′

i ) <∞. Finally, we note that U0 =U\
⋃k

i=1 A′i is a compact surface with

rectifiable boundary in S, so DS(U0) <∞, and U =U0 ∪
⋃k

i=1 A′i , so by Proposition 2.4

DS(U )≤DS(U0)+

k∑
i=1

DS(A′i ) <∞,

completing the proof of Theorem B. �

6. Essential and inessential dynamics
Let S be a closed orientable surface and f : S→ S a homeomorphism. A point x ∈ S is
said to be dynamically inessential if there is a neighborhood U of x such that O f (U )=⋃

n∈Z f n(U ) is an inessential subset of S. The set of all such points is denoted Ine( f ).
If x /∈ Ine( f ), that is, if O f (U ) is an essential set for every neighborhood U of x , then
we call x a dynamically essential point. We say that x is dynamically fully essential if
O f (U ) is a fully essential set for every neighborhood U of x . We denote the set of all
dynamically fully essential points by C( f ). Note that whenever x is a non-wandering
point, the connected component U0 of O f (U ) containing x is a periodic open set.
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PROPOSITION 6.1. The following properties hold:
(1) Ine( f ) is open and f -invariant;
(2) Ess( f ) and C( f ) are closed and f -invariant;
(3) C( f ) is externally syndetically transitive, that is, for any pair of neighborhoods (in S)

U, V of points of C( f ), the set {n ∈ Z : f n(U ) ∩ V } 6= ∅ has uniformly bounded
gaps.

Proof. Properties (1) and (2) follow directly from the definitions. For property (3), if U
and V are neighborhoods in S of points x, y ∈ C( f ), then O f (U ) and O f (V ) are fully
essential open sets, and by choosing an essential loop in each set and using a compactness
argument one may find N > 0 such that U ′ =

⋃N
n=−N f n(U ) and V ′ =

⋃N
n=−N f n(V )

are fully essential. Since any two fully essential open sets must intersect and for each
k ∈ Z the set f 2Nk(U ′) is fully essential, it intersects V ′. This implies that for some ik

with 2N (k − 1)≤ ik ≤ 2N (k + 1) one has f ik (U ) ∩ V 6= ∅, and |ik+1 − ik | ≤ 4N . �

As a direct consequence of Theorem A we have the following.

COROLLARY 6.2. Let f : S→ S be a non-wandering homeomorphism isotopic to the
identity, and assume that Fix( f n) is inessential for all n > 0. Then every x ∈ Ine( f ) is
contained in some periodic open topological disk which is homotopically bounded (by a
bound depending only on its period).

Proof. For each x ∈ Ine( f ) there exists some disk B containing x such that O f (B) is
inessential. If U0 is the connected component of O f (B) containing x , then from the fact
that O f (B) is invariant and f is non-wandering we deduce that f n(U0)=U0 for some
n > 0, and so if U = Fill(U0), we have that U is an open f n-invariant topological disk, so
D(U ) <∞ by Theorem A. �

6.1. Proof of Theorem C. Assume that cases (1)–(3) from the statement of Theorem C
do not hold. This implies that every open f -invariant set U is either inessential or fully
essential. Indeed, otherwise U has a connected component which is essential but not fully
essential, and since f preserves area U must be periodic, so Theorem B applied to f n

(where n is the period of U ) tells us that U is homotopically bounded, contradicting our
assumption that case (3) from the statement of Theorem C does not hold.

In particular, if z ∈ Ess( f ), then O f (U ) is fully essential for any neighborhood U of z,
so C( f )= Ess( f ). Moreover, being an open f -invariant set, Ine( f ) is either fully essential
or inessential.

We will show that Ine( f ) is inessential. Assume for a contradiction that Ine( f ) is fully
essential, so (Ine( f ) being open) we may find a loop γ ⊂ Ŝ bounding a region Q ⊂ Ŝ
such that π(Q)= S and π(γ )⊂ Ine( f ) (see Remark 2.1). By Corollary 6.2, the loop γ
may be covered by finitely many bounded disks U1, . . . ,Um such that for each i the set
π(Ui ) is f -periodic, and we assume that each Ui intersects γ . Choose n > 0 such that
f n(π(Ui ))= π(Ui ) for all i ∈ {1, . . . , m}, and let f̂ be the natural lift of f . Then, for
each i we may find Ti ∈ deck(π) such that f̂ n(Ui )= TiUi . We claim that if Ui ∩U j 6= ∅

then Ti = T j . Indeed, if Ui ∩U j 6= ∅, then f̂ kn(Ui ) ∩ f̂ kn(U j )= T k
i U j ∩ T k

j U j 6= ∅. But
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since both Ui and U j are bounded, taking any z ∈Ui ∩U j we have that d(T k
i z, T k

j z)
remains bounded for all k ∈ N. Since Ti and T j are hyperbolic isometries, this implies
Ti = T j .

For each x ∈ γ choose the smallest i such that x ∈Ui and let Tx = Ti . As we just
saw, the map x 7→ Tx is locally constant, and since γ is connected conclude that Tx is
constant. Since every set Ui intersects γ , this means that there exists T ∈ deck(π) such that
f̂ n(Ui )= T Ui for all i ∈ {1, . . . , m}. If W = Fill(

⋃m
i=1 Ui ) we see that f̂ n(W )= T W .

Since S is hyperbolic and f is homotopic to the identity, its natural lift f̂ has a fixed
point, and in particular it has a fixed point in Q ⊂W . Since W is bounded, we conclude
that T = Id, and therefore f̂ nk(Q)⊂W for all k ∈ Z, which implies that d( f̂ nk(z), z)≤
diam(W ) := M for all k ∈ Z and z ∈ Q. Since f̂ commutes with elements of deck(π),
the same property holds for all z ∈ Ŝ. Thus, f̂ n has uniformly bounded displacement, and
since f̂ is uniformly continuous we conclude that f̂ has uniformly bounded displacement
as well. But this contradicts our assumption that case (2) of the theorem does not hold.

Thus Ine( f ) is inessential, and therefore C( f )= Ess( f ) is fully essential. To show
that C( f ) is connected, note that if C is the fully essential connected component of C( f )
(which is necessarily unique, and therefore invariant) and U is a neighborhood of any
point z ∈ C( f ), then O f (U ) is a fully essential open set and therefore intersects C . But
since C is invariant, it follows that C ∩U 6= ∅, and since C is closed and U was an
arbitrary neighborhood of z ∈ C( f ) we conclude that z ∈ C . Thus C = C( f ) showing the
connectedness.

From the fact that C( f ) is connected and fully essential we also conclude that Ine( f )
is an union of topological disks, which must be periodic since they are permuted and f
preserves area. Moreover, by Theorem A these disks are homotopically bounded by a
bound that depends only on the periods of the disks. The fact that C( f ) is externally
syndetically transitive was already established in Proposition 6.1. Therefore, we conclude
that item (4) of Theorem C holds, completing the proof. �

6.2. The case of the torus. The following result is a version of Theorem C for the case
of the torus, which slightly improves the result in [KT14c, Theorem A].

THEOREM 6.3. If f : T2
→ T2 is a non-wandering homeomorphism homotopic to the

identity, then one of the following holds.
(1) There is k ∈ N such that Fix( f k) is fully essential.
(2) There is k ∈ N such that f k has uniformly bounded displacement.
(3) There is k ∈ N such that f k has an invariant essential open annulus.
(4) We have Ess( f )= C( f ) and is connected, fully essential, and externally transitive,

while Ine( f ) is the union of a family of pairwise disjoint periodic bounded disks (by
a bound that depends only on the period of the disks).

Proof. The proof is the same of [KT14c, Theorem A], except that we do not need to
assume that f is non-annular to apply Theorem A which allows us to unfold the first two
cases of [KT14c, Theorem A] into cases (1)–(3). We sketch the idea of the proof: if Fix( f )
is essential but not fully essential, then S\ Fix( f ) has an essential connected component
whose filling is an f -invariant essential annulus, so case (3) holds. Now suppose that
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Fix( f ) is inessential. If Ine( f ) is essential but not fully essential, then there is a periodic
topological annulus (namely the filling of an essential connected of Ine( f )) so case (3)
holds. If Ine( f ) is fully essential then the exact same argument used in the proof of
Theorem C (using the fact that each point of Ine( f ) belongs to a homotopically bounded
periodic disk) implies that f k has uniformly bounded displacement for some k, so case (2)
holds. Finally, if Ine( f ) is inessential and none of cases (1)–(3) holds, case (4) follows
exactly as in Theorem C. �

6.3. Proof of Corollary F. Assume that f has fully essential dynamics. If there are
no periodic homotopically bounded disks, then by Theorem B we have that Ess( f )=
C( f )= S and the fact that f is externally syndetically transitive in C( f ) implies that f is
syndetically transitive in the whole space S.

Conversely, suppose for a contradiction that f is transitive but Ine( f ) 6= ∅. If U is a
connected component of Ine( f ), then U is a periodic bounded disk and its orbit is dense
in S. Thus, there is k ∈ N such that

⋃k−1
i=0 f i (U )= S. If U is a connected component of

π−1(U ) and f̂ is the natural lift of f , then there is T ∈ deck(π) such that f̂ k(U)= T (U),
and for all z ∈ S the set π−1(z) intersects K =

⋃k−1
i=0 f̂ i (U). Since, being a natural lift,

f̂ has a fixed point, this means that there is a fixed point of f̂ in K . Noting that f̂ (K )=
T K and K is compact, it follows that T = Id, so f̂ k(U)= U and for any z ∈ K and n ∈
Z we have d( f̂ n(z), z)≤ M = diam(K ). Since f̂ commutes with deck transformations
and π(K )= S, the same property holds for arbitrary z ∈ Ŝ, so f has uniformly bounded
displacement contradicting our assumption that f has fully essential dynamics. �

7. Rotation sets and fully essential dynamics
Throughout this section we assume that S is a hyperbolic closed surface of genus
g > 1, and I = ( ft )t∈[0,1] is an isotopy from the identity to f = f1 : S→ S. We denote by
f̂ : Ŝ→ Ŝ the natural lift of f . Given a function 8 : S→ V , where V is a vector space,
we will abbreviate Birkhoff sums of 8 as

8n
f (x)=

n−1∑
k=0

8( f k(x)).

Given a loop α in S, we denote by [α] ∈ H1(S, Z)⊂ H1(S, R) its homology
class. Recall that H1(S, Z)' Z2g and H1(S, R)' R2g accordingly. For any deck
transformation T ∈ deck(π), an arc γ̂T joining any point x ∈ Ŝ to T x projects into a
loop γT = π(γ̂T ) whose free homotopy class (and, in particular, its homology class) is
determined only by T . We denote by [T ] := [γT ] this homology class. Recall that deck(π)
is isomorphic to the fundamental group π1(S). The kernel of T 7→ [T ] is precisely the
commutator group of deck(π), so we may regard T 7→ [T ] as the quotient map from π1(S)
to its abelianization.

We endow H1(S, R)with the stable norm ‖·‖ (see [Gro07, §4]), which has the property
that for any rectifiable loop γ

‖[γ ]‖ ≤ length(γ ).

We will frequently use this property in the following sections.
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7.1. Rotation vectors and rotation set. Denote by Ix the arc t 7→ ft (x) joining x to
f (x), and for n ∈ N define

In
x = Ix ∗ I f (x) ∗ · · · ∗ · · · I f n−1(x),

which is an arc joining x to f n(x).
Fix a basepoint b ∈ S and a family A= {γx : x ∈ S} of rectifiable arcs such that γx joins

b to x and the length of γx is bounded by a uniform constant CA. We note that the map
x 7→ γx may be chosen to be measurable (see [Fra96] for details).

For each x ∈ S, define αx = γx ∗ Ix ∗ γ
−1
f (x) and for n ∈ N, let αn

x = γx ∗ In
x ∗ γ

−1
f n(x)

which is a loop with basepoint b. We may then define the (discretized) homological
displacement function by 8 f (x)= [αx ]. Note that since αn

x is homotopic to αx ∗ α f (x) ∗

· · · ∗ α f n−1(x), one has

[αn
x ] =

n−1∑
k=0

[α f k (x)] =

n−1∑
k=0

8 f ( f k(x))=8n
f (x).

We remark that in these definitions, the arc In
x can be replaced by any arc joining x to

f n(x) and homotopic with fixed endpoints to In
x . This implies that8 f depends only on f

and on the choice of A, but not on the isotopy I, since we may replace In
x by the projection

of a geodesic segment in Ŝ joining x̂ to f̂ n (̂x) where x̂ ∈ π−1(x). This also shows that
‖8 f (x)‖ is bounded by 2CA + L , where L = sup{d(z, f̂ (z)) : z ∈ Ŝ}<∞.

Of course the map 8 f depends on the choices of the basepoint b and the arcs γx .
However, given a different basepoint b′ and a family A′ = {γ ′x : x ∈ S} of rectifiable arcs
whose lengths are uniformly bounded by C ′A such that γ ′x joins b′ to x , and defining α′nx
analogously one has

[α′nx ] = [γ
′
x ∗ In

x ∗ γ
′−1
f n(x)] = [α

n
x ∗ δ

n
x ] = [δ

n
x ] +8

n
f (x), (1)

where δn
x = γ f n(x) ∗ γ

′−1
f n(x) ∗ γ

′
x ∗ γ

−1
x . Indeed, the loop α′nx is freely homotopic to In

x ∗ δ
n
x .

In particular, if 8′f (x)= [α
′
x ], we have that

‖8′nf (x)−8
n
f (x)‖ = ‖δ

n
x‖ ≤ M := 2CA + 2CA′ . (2)

If the limit
ρ( f, x)= lim

n→∞

1
n
8n

f (x) ∈ H1(S, R)

exists, we say that x has a well-defined (homological) rotation vector. In [Fra96], Franks
defines the rotation set of f as the set of all rotation vectors of this kind. A more general
definition given by Pollicott [Pol92] considers all accumulation points of the sequence
1/n8n

f (x). We will give an even more general definition, similar to the Misiurewicz–
Ziemian rotation set of a toral homeomorphism [MZ89]: the (Misiurewicz–Ziemian)
rotation set of f over a set E ⊂ S is defined as the set ρmz( f, E) consisting of all limits of
the form

v = lim
k→∞

1
nk
8

nk
f (xk) ∈ H1(S, R), (3)

where xk ∈ E and nk→∞. The rotation set of f is then defined as ρmz( f )= ρmz( f, S).
By (2), the rotation set depends only on f , but not on the choice of the isotopy, the
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basepoint b or the arcs γx . Note that our definition coincides with

ρmz( f, E)=
⋂
m≥0

⋃
n≥m

{8n
f (x)/n : x ∈ E}

which shows that the rotation set is compact and bounded (since 8 f is bounded).
Note that, using a computation similar to (1), if one chooses a rectifiable arc β joining

f n(x) to x one has

[In
x ∗ β] = [γ

−1
x ∗ α

n
x ∗ γ f n(x) ∗ β] =8

n
f (x)+ [γ f n(x) ∗ β ∗ γ

−1
x ]. (4)

Thus, ‖[In
x ∗ β] −8

n
f (x)‖ ≤ 2CA + length(β). As a consequence, an alternate but

equivalent definition of rotation vectors and rotation sets is obtained by considering all
limits of the form

v = lim
k→∞

1
nk
[Ink

xk
∗ βk]

where xk ∈ S, nk→∞ and βk are rectifiable arcs joining f nk (xk) to xk such that
supk length(βk) <∞.

We remark that the same definition applied to S = T2 is also meaningful, but the
resulting rotation set depends on the choice of the isotopy I = ( ft )t∈[0,1]. However, the
rotation set thus obtained is essentially the Misiurewicz–Ziemian rotation set of the natural
lift f̂ of f associated to I. More precisely, there is an isomorphism R2

→ H1(T2, R)
which maps the basis {(1, 0), (0, 1)} to the homology classes corresponding to the two
deck transformations z 7→ z + (1, 0) and z 7→ z + (0, 1), and this isomorphism maps the
classical Misiurewicz–Ziemian rotation set to the set ρmz( f ) as defined above (using the
isotopy I). In the case of T2, it is known that this rotation set is convex [MZ89]. This is
no longer the case when S is hyperbolic.

The following properties follow easily from the definitions:
• ρmz( f ) is compact;
• ρmz( f n)= n · ρmz( f );
• if S =

⋃m
i=1 Ei , then ρmz( f )=

⋃m
i=1 ρmz( f, Ei );

• 0 ∈ ρmz( f );
the latter being due to the fact that f is homotopic to the identity and S is hyperbolic, so
there exists a contractible fixed point (i.e., a fixed point x such that Ix is a homotopically
trivial loop).

7.2. Mean rotation vectors. If the arcs γx in the definition of8 f are chosen adequately,
one may guarantee that x 7→8 f (x) is not only bounded but also Borel measurable (see
[Fra96]). Denote by M( f ) the set of invariant Borel probability measures. We may define
the mean rotation vector associated to µ ∈M( f ) by

ρm( f, µ)=
∫
8 f d µ ∈ H1(S, R).

Since rotation vectors are calculated as limits of Birkhoff averages of 8 f , the Birkhoff
ergodic theorem guarantees that µ-almost every point has a well-defined rotation vector
ρ( f, x), and ρm( f, µ)=

∫
ρ( f, x) dµ(x), and if µ is ergodic, then ρ( f, x)= ρm( f, µ)

for µ-almost every x . Due to these facts and (2), the mean rotation vector is independent of
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any choices made in the definitions. Denote by ρm( f ) the set of all mean rotation vectors
of elements of M( f ) and ρerg( f ) the corresponding set for ergodic measures. The proof
of [MZ89, Theorem 2.4], without requiring any modifications, implies that

ρm( f )= Conv(ρerg( f ))= Conv(ρmz( f )).

In particular, every extremal point of the convex hull of ρmz( f ) is the rotation vector of
some ergodic measure (and, therefore, it is the rotation vector of some recurrent point).

7.3. Homotopically bounded sets and bounded homological displacement. If U0 ⊂ S
is a connected surface with boundary, we denote by H(U0)⊂ H1(S, R) the image of
the map H1(U0, R)→ H1(S, R) induced by the inclusion U0→ S. Note that H(U0)

is a vector subspace of H1(S, R) and H(Fill(U0))=H(U0). Moreover, if U0 is not
fully essential, then H(U0) is a proper subspace of H1(S, R). If U1, . . . ,Um are the
connected components of S\U0, we let V(U0)=

⋃m
i=0 H(Ui ). If U0 is essential but not

fully essential, then V(U0) is a union of proper subspaces of H1(S, R).
If U ⊂ S is a filled connected open set, we may find a surface with boundary U0 ⊂U

such that U\U0 is a finite union of topological annuli which are essential in S (see §2.1
and Proposition 2.2). We then define V(U )= V(U0), which is independent of the choice
of U0. Finally, for an arbitrary connected open set, define V(U )= V(Fill(U )). Note that
by Proposition 2.2, the set S\U0 has at most g connected components (where g is the
genus of S). Therefore, V(U ) is the union of at most g + 1 proper subspaces of H1(S, R)
(which are, in fact, generated by elements of H1(S, Z)).

For a set E ⊂ H1(S, R) and r > 0 denote by Br (E)=
⋃
v∈E {w ∈ H1(S, R) :

‖v − w‖< r} the r -neighborhood of E . We begin with a general lemma.

LEMMA 7.1. If there exists an open invariant homotopically bounded set U which is
essential but not fully essential, then there is a constant r > 0 such that8n

f (x) ∈ Br (V(U ))
for all x ∈ S and n ∈ N. In particular, ρmz( f )⊂ V(U ).

Proof. We may assume that U is filled, replacing it by Fill(U ) if necessary. Since U is
homotopically bounded, for each x ∈U and n ∈ N there exists a rectifiable arc β joining
f n(x) to x of length at most D(U ) such that β is homotopic with fixed endpoints to an
arc contained in U . This implies by (4) that ‖[In

x ∗ β] −8
n
f (x)‖ ≤ M0 = 2CA +D(U ).

Since U is invariant and essential, by Lemma 2.9 the arc In
x is homotopic with fixed

endpoints to an arc contained in U . Thus, In
x ∗ β is homotopic to a loop in U , and8n

f (x) ∈
BM0(H(U )).

Let U0 be a filled essential connected compact surface with boundary such that U\U0 is
a union of topological annuli. Increasing U0 we may find U ′0 with the same properties such
that U0 ⊂U ′0 and f (U0)⊂U ′0. Let W1, . . . , Wm be the connected components of S\U0,
and W ′1, . . . , W ′m the corresponding components of U ′0 such that W ′i ⊂Wi . The fact that
the topological ends of U are fixed by f (see Proposition 2.2) implies that W ′i contains an
essential loop homotopic in W ′i to its own image. In particular, W ′i intersects f (W ′i ) and so
f (W ′i )⊂Wi as well. By Lemma 2.9, for each x ∈W ′i the arc Ix is homotopic with fixed
endpoints to an arc contained in Wi . If x ∈ (S\U ) ∩W ′i , then f n(x) ∈Wi for all n so In

x
is homotopic with fixed endpoints to an arc in Wi , and we may choose an arc β of length
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FIGURE 8. Here ρmz( f ) contains a segment joining [b1] to [b2].

at most D(Wi ) connecting f n(x) to x and homotopic with fixed endpoints to an arc in Wi .
This implies that 8n

f (x) ∈ Bri (H(Wi )), where ri = 2CA +D(Wi ). Thus, the statements
of the lemma hold setting r =max{r1, . . . , rm, M0}. �

The previous lemma does not hold if one drops the condition that U be homotopically
bounded, as the example in Figure 8 shows. In the example, the map f is a full rotation
along each circle b1 and b2, and there exists an orbit with α-limit on b1 and ω-limit on b2.
It is easy to show that ρmz( f ) contains the line segment {t[b1] + (1− t)[b2] : t ∈ [0, 1]},
which is not contained in V(U ). However, the claim about ρmz( f ) holds in the special
case that ∂ U is fixed pointwise.

LEMMA 7.2. If U is an essential but not fully essential f -invariant open connected set
and ∂ U ⊂ Fix( f ), then ρmz( f )⊂ V(U ).

Proof. As usual it suffices to consider the case where U is filled. By Proposition 2.2, the
boundary of U has at most 2g connected components, where g is the genus of U . Let
K1, . . . , Kl be the connected components of ∂ U .

Since ∂ U ⊂ Fix( f ), for each x ∈ ∂ U the isotopy arc Ix is a loop. The map
∂ U → H1(S, Z) defined by x 7→ [Ix ] is continuous and therefore constant on each
connected component of ∂ U . For 1≤ i ≤ l, let vi be the value of [Ix ] on each set Ki .

Fix ε > 0 such that the ε-neighborhoods of the sets Ki are pairwise disjoint. Let
0< δ < ε/2 be such that d( f (x), f (y)) < ε/2 whenever d(x, y) < δ. Let Uδ ⊂U be a
compact connected filled manifold with boundary such that S\Uδ is contained in the δ-
neighborhood of S\U and U\Uδ is a union of topological annuli. Note that d( f (x), x) < ε
for all x ∈U\Uδ due to our choice of δ and the fact that ∂ U ⊂ Fix( f ).

We claim that {v1, . . . , vl} ⊂H(U ). Indeed, fix i ∈ {1, . . . , l} and choose a simple arc
σ joining a point of U\Uδ to some point of y0 ∈ Ki such that σ\{y0} ⊂U\Uδ . Let A be
the connected component of U\Uδ containing σ\{y0} (so A is a collar of some topological
end of U ). Since the ends of U are fixed, A contains some smaller collar A′ ⊂ A of the
same topological end such that f (A′)⊂ A. By Lemma 2.9, for any x ∈ A′ the arc Ix

is isotopic with fixed endpoints in S to a an arc contained in A. This implies that, if Â
is a connected component of π−1(A) and Â′ is the component of π−1(A′) in A, then
f̂ ( Â′)⊂ Â. Replacing A′ by a smaller annulus we may further assume that f̂ 2( Â′)⊂ Â.
We will also assume σ ⊂ A′, by reducing σ if necessary. Let σ̂ be a lift of σ with initial
point in Â′, and let y ∈ π−1(y0) be the endpoint of σ̂ . Then σ̂\{y} ⊂ Â′, and since
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FIGURE 9. Construction of the arc η.

π(y)= y0 ∈ Ki , we have that f̂ (y)= Ry for some deck transformation R. Note that
f̂ 2(σ )\{R2 y} is an arc in Â. Let α be an arc in Â joining the initial point x of σ̂ to f̂ 2(x),
and let η = σ̂−1

∗ α ∗ f̂ 2(̂σ ). See Figure 9. Since η joins y to R2 y, by Lemma 2.12
we have η ∩ Rη 6= ∅, but since the endpoints of η and Rη are disjoint it follows that the
arcs η and Rη with their endpoints removed intersect. Since η lies in Â except for its
endpoints, this implies that Â ∩ R Â 6= ∅, so Â = R Â. This means that [R] ∈H(A) (using
the notation introduced at the beginning of §7). Since Iy0 lifts to an arc joining y to Ry, it
follows that vi = [Iy0 ] = [R] ∈H(A)⊂H(U ).

Now fix m ∈ N. Reducing δ (and increasing Uδ accordingly), we may assume that
d( f i (x), f i (y))≤ ε/2 whenever d(x, y) < δ and 0≤ i ≤ m. If x ∈U\Uδ , we may find
y ∈ ∂ U such that d(x, y) < δ. Since y ∈ Fix( f ), this implies that d( f m(x), x) < ε. Let
i ∈ {1, . . . , l} be such that y ∈ Ki . If βx is the geodesic arc joining f m(x) to x and t 7→
σ(t) is the geodesic arc joining x to y (hence, contained in the δ-ball around y), then
Im
σ(t) ∗ βσ(t) is a free homotopy between Im

x ∗ βx and the loop Im
y . Hence, [Im

x ∗ βx ] =

[Im
y ] = m[vi ], which means by (4) that, assuming ε < 1,

‖8m
f (x)− m[vi ]‖ ≤ M ′ := 2CA + 1.

Suppose that x ∈U is such that f k(x) ∈U\Uδ for 0≤ k ≤ n. Recall that we chose ε
such that the ε-neighborhoods of the sets Ki are pairwise disjoint, so by our choice of δ this
implies that there exists i ∈ {1, . . . , l} such that d( f k(x), Ki ) < δ for 0≤ k ≤ n. Writing
n = mj + r with 0≤ r < m and k ≥ 0, recalling that x 7→ ‖8 f (x)‖ is bounded, we have
that

8n
f (x)− nvi =8

r
f (x)− rvi +

j−1∑
i=0

8m
f ( f mi (x))− mvi ,

which has a norm bounded by Cm + M ′ j ≤ Cm + M ′n/m, where

Cm = sup{‖8r
f (x)− rvi‖ : x ∈ S, 1≤ i ≤ l, 0≤ r ≤ m}<∞.

Since vi ∈H(U ) for each i , we have that 8n
f (x) ∈ BCm+M ′n/m(H(U )).

Now suppose that x ∈U is such that x ∈Uδ and f n(x) ∈Uδ . Then by Lemma 2.9 the
arc In

x is homotopic with fixed endpoints to an arc contained in U , and we may find an arc
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β of length at most D(Uδ) joining f n(x) to x and isotopic with fixed endpoints to an arc
in U . Thus In

x ∗ β is homotopic to an arc in U and again by (4),

‖8n
f (x)− In

x ∗ β‖ ≤ Mm := 2CA +D(Uδ),

which means that 8n
f (x) ∈ BMm (H(U )) (we write Mm to emphasize the dependence of δ

on m).
For an arbitrary x ∈U , let a and b be the smallest and largest positive integers such that

f a(x) ∈Uδ and f b(x) ∈Uδ , respectively. Then applying the previous estimations,

8n
f (x)=8

a
f (x)+8

b−a
f ( f a(x))+8n−b

f ( f b(x)) ∈ Brm (H(U )),

where

rm = Cm + a
M ′

m
+ Mm + Cm + (n − b)

M ′

m
≤ 2Cm + Mm + M ′

n
m
.

It follows that ρmz( f,U )⊂ BM ′/m(H(U )), and since this holds for any m ∈ N, we
conclude that ρmz( f,U )⊂H(U )⊂ V(U ). On the other hand, for x ∈ S\U , the argument
used in the last paragraph of the proof of Lemma 7.1 applies exactly in the same way,
implying that there exists r such that 8n

f (x) ∈ Br (V(U )) for all n ∈ N, and therefore
ρmz( f, S\U )⊂ V(U ). Thus, ρmz( f, S)= ρmz( f, S\U ) ∪ ρmz(S,U )⊂ V(U ). �

Finally we consider the case where Fix( f ) is fully essential.

LEMMA 7.3. If Fix( f ) is fully essential, then ρmz( f )= {0}.

Proof. For each T ∈ deck(π) let KT = π(Fix(T−1 f̂ )). These sets partition Fix( f ) into
finitely many compact sets, which are the Nielsen classes of f̂ (see [JM06]). If Fix( f ) is
fully essential, then some connected component K of Fix( f ) is fully essential, and since
it is connected K ⊂ K R for some R. We claim that R = Id. Suppose, on the contrary, that
R 6= Id. Since f̂ is a natural lift, it has a fixed point z0. Let U be the connected component
of Ŝ\π−1(K ) containing z0. Let σ be an arc joining z0 to a point z ∈ ∂ U such that σ lies
entirely in U except for its endpoint z. Then there is a deck transformation T 6= Id such
that f̂ (z)= T z, so f̂ 2(σ ) is an arc joining z0 to T 2z, and since f̂ (U )=U the arc f̂ 2(σ )

is also in U except for its endpoint. Let α = σ−1
∗ f̂ 2(σ ), which is a compact arc joining

z to T 2z, and denote by α the arc α with its endpoints removed, so α ⊂U . Since T 2α

intersects α (at T 2z), it follows from classical Brouwer theory (see Lemma 2.12) that Tα
intersects α as well. But the endpoints of Tα are disjoint from the endpoints of α, so α
intersects Tα. Hence, U ∩ T U 6= ∅, which implies that U = T U and so π(U ) is essential,
contradicting the fact that K is fully essential and disjoint from π(U ).

Thus, K = π(Fix( f̂ )), and this implies that π−1(K )⊂ Fix( f̂ ), and every connected
component of Ŝ\π−1(K ) is invariant (see [BK84]). Since any such component projects
injectively to a topological disk, it follows that for any recurrent point x of f , every x̂ ∈
π−1(x) is recurrent for f̂ .

Since Conv(ρmz( f ))= Conv(ρm( f )) (see §7.2), to conclude that ρmz( f )= {0} it
suffices to show that ρm( f, µ)= 0 for any ergodic measure µ. But for any ergodic
measure, µ-almost every point (in particular, some point x ∈ S) is recurrent and has a
well-defined rotation vector ρ( f, x)= ρm( f, µ). If x̂ ∈ π−1(x), then x̂ is recurrent for f̂ ,
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so we may find nk→∞ such that f̂ nk (̂x)→ x̂ . Letting β be the geodesic segment joining
f n(x) to x we see that [Ink

x ∗ β] = 0 for large enough k, and it follows from (4) that
ρ( f, x)= 0, as we wanted to show. �

Finally, we have the following result.

LEMMA 7.4. For any x ∈ Ŝ and n ∈ N,

‖8n
f (π(x))‖ ≤ 2CA + d( f̂ n(x), x).

In particular, if f has uniformly bounded displacement then ρmz( f )= {0}.

Proof. It follows immediately from the fact that the arc In
π(x) is homotopic with fixed

endpoints to a rectifiable arc of length d( f̂ n(x), x), since f̂ is a natural lift. �

THEOREM 7.5. Suppose that f is area-preserving. Then either f has a fully essential
dynamics, or ρmz( f ) is contained in a union of at most g + 1 proper rational subspaces
of H1(S, R).

Proof. If f does not have fully essential dynamics, then one of items (1)–(3) from
Theorem C holds. In case (1), i.e., if Fix( f n) is essential, then either some connected
component U of S\ Fix( f n) is essential but not fully essential, or Fix( f n) is fully essential.
Since ρmz( f n)= nρmz( f ), by Lemmas 7.2 and 7.3, either ρmz = {0} or ρmz( f )⊂ V(U ),
which implies the claims of the theorem. For case (2), that is, f has uniformly bounded
displacement, then Lemma 7.4 implies that ρmz( f )= {0}. For case (3), that is, there is
homotopically bounded invariant open connected set U which is essential but not fully
essential, Lemma 7.1 implies that ρmz( f )⊂ V(U ) and again our claims hold. �

7.4. A uniform property of displacement of fully essential points.

LEMMA 7.6. If z ∈ C( f ), then for any neighborhood U of z there exists r > 0 such that

{8n
f (x) : x ∈ S} ⊂ Br ({8

n
f (y) : y ∈U }),

for all n ∈ N. In particular, ρmz( f,U )= ρmz( f ).

Proof. Reducing U if necessary, we may assume that U is a small topological disk. Since
z ∈ C( f ), there exists m such that W =

⋃m
i=−m f i (U ) is fully essential. This implies (see

Remark 2.1) that there is a loop γ ⊂ Ŝ bounding a closed topological disk Q such that
π(γ )⊂W and π(Q)= S. Let f̂ be the natural lift of f . Since the natural lift is a bounded
distance away from the identity, there exists a constant L > 0 such that d( f̂ (w), w) < L
and d( f̂ −1(w), w) < L for all w ∈ Ŝ.

Given any x ∈ S and n ∈ N, choose x̂ ∈ π−1(Q) and let T ∈ deck(π) be such that
f̂ n(x) ∈ T Q. Since f̂ n(Q) ∩ T Q 6= ∅, there are two possibilities: either ∂ f̂ n(Q) ∩
T Q 6= ∅ or f̂ n(Q)⊃ T Q. We claim that in both cases there exists ŷ ∈ π−1(U )
such that d( f̂ n(ŷ), T ŷ) < 2mL + diam(Q). Assume first that ∂ f̂ n(Q) ∩ T Q 6=
∅. Then there is ŷ0 ∈ ∂ Q such that f̂ n(ŷ0) ∈ T Q, and since ∂ Q ⊂ π−1(W ) we
have that ŷ := f̂ i (ŷ0) ∈ π

−1(U ) for some i with |i | ≤ m. Since f̂ n(ŷ0) ∈ T Q, it
follows that d( f̂ n−i (ŷ), T ŷ0)≤ diam(T Q)= diam(Q), and since |i | ≤ m it follows
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that d( f̂ n(ŷ), T ŷ0) < mL + diam(Q). Moreover, for a similar reason d(T ŷ0, T ŷ)=
d(ŷ0, ŷ)≤ mL , so we conclude that d( f̂ n(ŷ), T ŷ)≤ 2mL + diam(Q) as claimed.

Now assume that f̂ n(Q)⊃ T Q. Since π(T Q)= S we know that there is some
w ∈ π−1( f n(U )) ∩ T Q ⊂ f̂ n(Q), so ŷ = f̂ −n(w) is a point of π−1(U ) ∩ Q such that
f̂ n(ŷ) ∈ T Q. Thus, d( f̂ n(ŷ), T ŷ)≤ diam(Q)≤ 2mL + diam(Q) as claimed.

Hence, in any case there exists ŷ ∈ π−1(Û ) such that d( f̂ n(ŷ), T ŷ) < 2mL +
diam(Q). To complete the proof, let y = π(ŷ) ∈U and note that the arc In

y lifts to an
arc În

y joining ŷ to f̂ n(ŷ). If βy denotes the projection of the geodesic segment joining
f̂ n(ŷ) to T ŷ, we see that [In

y ∗ βy] = [T ] and the length of βy is at most diam(Q)+ 2mL .
Similarly if βx is the projection of the geodesic segment joining f̂ n (̂x) to T x̂ we have
[In

x ∗ βx ] = [T ], and since x̂ ∈ Q and f̂ n (̂x) ∈ T Q the length of βx is at most diam(Q).
By (4) we have

‖[T ] −8n
f (y)‖ = ‖[I

n
y ∗ βy] −8

n
f (y)‖ ≤ 2CA + length(βy)≤ 2CA + diam(Q)+ 2mL ,

and a similar property holds with x in place of y, so setting r = 2(2CA + diam(Q)+
2mL) we have

‖8n
f (y)−8

n
f (x)‖< r.

Since the choice of r does not depend on x , this completes the proof. �

LEMMA 7.7. If U ⊂ S is a topological disk containing x ∈ C( f ), then

lim inf
n→∞

D( f n(U ))/n ≥ diam(ρmz( f )).

Proof. We begin with an observation which follows from (4): if M =D(S)+ 2CA,
then for every x̂ ∈ Ŝ and n ∈ N there exists T ∈ deck(π) such that [T ] =8n

f (x) and
d( f̂ n (̂x), T x̂) < M .

We will assume that D(U ) < M , by reducing U if necessary. We may further assume
that ρmz( f ) 6= {0}, since otherwise there is nothing to be done. Since ρmz( f ) is compact
and bounded, the diameter of ρmz( f ) is realized as the distance of two extremal points
v1 6= v2 of its convex hull. As explained in §7.2, such extremal points are realized by
ergodic measures, and in particular by points. Hence, there exist x1, x2 ∈ S such that
ρ( f, xi )= vi . By Lemma 7.6, for each n ∈ N we may find y1, y2 ∈U such that 8n

f (yi ) ∈

Br (8
n
f (xi )). Fix a connected component Û of π−1(U ), and let ŷi be the lift of yi in Û .

By the observation at the beginning of the proof, there exist deck transformations Ti such
that [Ti ] =8

n
f (yi ) and d( f̂ n(ŷi ), Ti ŷi )≤ M . Thus,

d(T−1
1 T2 ŷ2, ŷ1)= d(T2 ŷ2, T1 ŷ1)≤ d( f̂ n(ŷ2), f̂ n(ŷ1))+ 2M ≤ diam( f̂ n(Û ))+ 2M.

Since d(ŷ1, ŷ2) < diam(Û )=D(U ) < M , this means that

d(T−1
1 T2 ŷ2, ŷ2)≤ diam( f̂ n(Û ))+ 3M.

Let ηn be the projection into S of the geodesic segment joining a point ŷ2 to T2T−1
1 ŷ2 in Ŝ.

Then
D( f n(U ))= diam( f̂ n(Û ))≥ length(ηn)− 3M.
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In addition,

[ηn] = [T2T−1
1 ] = [T2] − [T1] =8

n
f (y2)−8

n
f (y1) ∈ B2r (8

n
f (x2)−8

n
f (x1)).

Thus,
lim

n→∞
‖[ηn]‖/n = ‖ρ( f, x2)− ρ( f, x1)‖ = diam(ρmz( f )) > 0. (5)

Since we are using the stable norm and ηn is the shortest rectifiable loop with basepoint y2

in its homology class (and ‖[ηn]‖→∞),

lim
n→∞

‖[ηn]‖/ length(ηn)= 1 (6)

(see [Gro07, Lemma 4.20 (1/2)bis+], noting that changing the basepoint amounts to
adding a uniform constant to the loop length). Thus, we conclude that

D( f n(U ))
n

≥
length(ηn)− 3M

n
=

length(ηn)

‖[ηn]‖
·
‖[ηn]‖

n
−

3M
n

which, using (5) and (6), implies our claim. �

7.5. Proof of Theorem D. For the sake of clarity we restate the theorem here, with some
additional detail. Recall that throughout this section S is a closed hyperbolic surface and
f : S→ S is a homeomorphism homotopic to the identity.

THEOREM 7.8. If f is area-preserving and the rotation set of f is not contained in the
union of g + 1 rational proper subspaces of H1(S, R), then f has fully essential dynamics
and in addition:
(1) C( f )= Ess( f ), which is a fully essential continuum, and Ine( f ) is a disjoint union

of periodic bounded disks;
(2) C( f ) is externally syndetically transitive and sensitive on initial conditions;
(3) if U is any neighborhood of x ∈ C( f ), then ρmz( f,U )= ρmz( f ) and

lim inf
n→∞

D( f n(U ))/n ≥ diam(ρmz( f )) > 0.

Proof. That f has fully essential dynamics follows from Theorem 7.5. Part (1) and the
first claim of part (2) follow from Theorem C. Part (3) follows from Lemmas 7.6 and 7.7.
Note that diam(ρmz( f )) > 0 because, S being hyperbolic, ρmz( f ) contains 0 and by our
assumptions it contains some non-zero vector as well. It remains to prove the sensitive
dependence on initial conditions, but this follows from part (3), noting that diameter of U
in S coincides with D(U ) whenever U is a sufficiently small topological disk. �

7.6. Periodic points and measures: proof of Theorem E. For a fixed point f (z)= z, the
rotation vector ρ( f, z) exists and is an integer vector, meaning that ρ( f, z) ∈ H1(S, Z)⊂
H1(S, R). If f n(z)= z is a periodic point, then ρ( f, z) also exists and is rational, that is,
ρ( f, z) ∈ H1(S,Q)⊂ H1(S, R).

A periodic point z of f of is of type (n, T ) for n ∈ N and T ∈ deck(π) if some
ẑ ∈ π−1(z) satisfies f̂ n (̂z)= T ẑ. The set of all periodic points of type (n, T ) is a Nielsen
class for f n . Two points in the same Nielsen class are said to be Nielsen equivalent. It is
easy to see from the definitions that if z is a periodic point of type (n, T ), then ρ( f, z)=
[T ]/n. We omit the proof of the following lemma, which is equally straightforward.
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LEMMA 7.9. If U ⊂ S is a homotopically bounded invariant topological disk, then
ρmz( f,U ) consists of a single element of H1(S, Z).

Proof of Theorem E. For part (2) note that from the observations from §7.2, for an ergodic
measure µ we have that µ-almost every point z is recurrent and has a well-defined rotation
vector ρ( f, z) equal to ρm( f, µ), so if the support of µ intersects Ine( f ) (which is a
union of periodic disks), Lemma 7.9 implies that ρm( f n, µ) ∈ H1(S, Z) for some n, so
ρm( f, µ)= ρm( f n, µ)/n ∈ H1(S,Q).

For part (1), it suffices to show that for any T ∈ deck(π) such that there is a periodic
point of type (n, T ), there exists a periodic point of type (n, T ) in C( f ). Suppose for
a contradiction that there is at least one periodic point of type (n, T ), but no such point
lies in C( f ). Then ET = π(Fix(T−1 f̂ n)) is disjoint from Ess( f ), hence it is contained
in Ine( f ). Let g = f n and ĝ = f̂ n . Since Ine( f ) is g-invariant and ET ⊂ Fix(g), each
z ∈ ET belongs to some g-invariant open topological disk D, which is the connected
component of Ine( f ) containing z. Since ET is compact, there exist finitely many invariant
connected components D1, . . . , Dm of Ine( f ) such that ET ⊂ D1 ∪ · · · ∪ Dm and each
Di intersects ET . For each i , let D̂i be a lift of Di intersecting Fix(T−1ĝ), so G(D̂i )= D̂i

where G = T−1ĝ. Then ∂ D̂i ⊂ π
−1(Ess( f )), so by our assumption there are no fixed

points of G in ∂ D̂i . Since g|Di is area-preserving and π |D̂i
is injective, G|D̂i

is non-
wandering. Moreover, D̂i is bounded and has no fixed points of G in its boundary, so by
[Kor10, Lemma 4.2] the fixed point index of G in D̂i is 1. This implies that the fixed point
index of g in Di is 1 for each i ∈ {1, . . . , m}, which in turn means that the Nielsen class
ET of g has index m > 0.

But since g is isotopic to the identity, by the Lefschetz–Nielsen theory the index of the
Nielsen class ET is zero except when T = Id, in which case it is the Euler characteristic
χ(S)≤ 0 (see for instance [JM06, Chapter 4]). In either case, we arrive to a contradiction,
completing the proof of the first claim. �

8. A final example
Given a non-wandering homeomorphism f : S→ S such that Fix( f n) is inessential for
all n ∈ N, it follows from Theorem A that for every periodic open topological disk U is
such that D(U ) is bounded by a constant depending on the period of U . Let us describe an
example to show that in general one may not expect this bound to be independent of the
period of U . To obtain such an example, it suffices to prove the following claim.

CLAIM. If α is an irrational number and M > 0 is given, there exists an area-preserving
diffeomorphism f : T1

× [0, 1] → T1
× [0, 1] arbitrarily C1-close to the rigid rotation

Rα : (x, y) 7→ (x + α, y) such that f coincides with Rα on the two boundary circles,
the fixed point set of f n is inessential for each n ∈ N, and there is an f -periodic open
topological disk U in the interior of the annulus such that D(U ) > M.

Indeed, one may obtain an example with arbitrarily large periodic disks by fixing an
irrational number α and defining on each annulus An = T1

× [1/n, 1/(n + 1)] a map as
in the claim above, using M = n and choosing the map 1/n-close to the identity. This
defines a homeomorphism on T1

× (0, 1] which extends to the circle T1
× {0} as the rigid
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rotation by α, and which has the required properties (to get an example on any surface we
may do the above construction on some essential annulus and extend outside the annulus
to a map with finitely many fixed points of each period).

Before proving the claim, we state a lemma which can be obtained by a straightforward
adaptation of the proof of Proposition 2.2 from [BCW08].

LEMMA 8.1. For every ε > 0 there exists δ > 0 such that, if g : T1
→ T1 is a

diffeomorphism of the circle which is δ-close to the identity in the C1-topology, there
exists an area-preserving diffeomorphism f : T1

× [0, 1] → T1
× [0, 1] which is ε-close

to the identity in the C1-topology satisfying f (x, 1)= (g(x), 1) and f (x, 0)= (x, 0) for
all x ∈ T1.

Remark 8.2. If g is δ-close to some rigid rotation Rθ of T1, then applying the above
lemma to R−1

θ g one concludes that there exists an area-preserving diffeomorphism f of the
annulus which is ε-close to the rotation by θ such that f (x, 1)= (g(x), 1) and f (x, 0)=
(Rθ (x), 0) for all x ∈ T1.

To prove the claim, let (φt )t∈R denote a topological flow on the closed annulus, lifting
to a flow (φ̂t )t∈R of R× [0, 1] such that:
• φt is area-preserving for each t ;
• the unit square Û0 = (0, 1)2 is φ̂t -invariant;
• there are finitely many singularities and no essential closed orbit.

Let Ai = T1
× [i, i + 1] and, given ε > 0, let δ < ε/2 be as in Remark 8.2. Fix a

rational number p/q such that |α − p/q|< δ/2 and consider

H(x, y)= (x/q, y)+ ((M + 1) sin(2πy), 0).

The projection of the topological disk Û = H(Û0) onto the first coordinate has diameter
greater than M , so in particular diam(Û ) > M . Consider the maps T : (x, y) 7→ (x + 1, y)
and R̂p/q : (x, y) 7→ (x + p/q, y). Note that Rp/q H = H T . Letting

f̂t = Rp/q H φ̂t H−1
= H T φ̂t H−1.

it is easy to verify that f̂ q
t = T p f̂qt , so f̂ q

t (Û )= T pÛ . Denote by ft the map induced by
f̂t on T1

× R, and by U the projection of Û . Note that U is ft -periodic.
Define f on A0 as f = ft , where t is chosen small enough so as to guarantee that ft is

δ/2-close to the rotation by p/q on A0 in the C1 topology. This implies that the restrictions
of f to the two boundary circles of A0 are δ-close to the rotation by α in the C1-topology,
so using Remark 8.2 on the annuli A−1 and A1 we may extend f to an area-preserving C1-
diffeomorphism of T1

× [−1, 2] which is ε-close to the rotation by α and which coincides
with that rotation on the two boundary circles T1

× {−1} and T1
× {2}. Moreover, inside

the annulus A0 the set of fixed points of f n is inessential for each n > 0, and there is an
open periodic topological disk U which lifts to a disk of diameter at least M . After a small
perturbation of f supported on the interior of the complement of A0 we may assume that
the set of fixed points of f n outside of A0 is totally disconnected for each n, so rescaling
the annulus vertically we obtain a map which satisfies the conditions of the claim. �
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