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Abstract. We consider random perturbations of discrete-time dynamical systems. We
give sufficient conditions for the stochastic stability of certain classes of maps, in a strong
sense. This improves the main result in Alves and Aradjo [Random perturbations of non-
uniformly expanding maps. Astérisque 286 (2003), 25—62], where the stochastic stability
in the weak™ topology was proved. Here, under slightly weaker assumptions on the random
perturbations, we obtain a stronger version of stochastic stability: convergence of the
density of the stationary measure to the density of the Sinai—Ruelle-Bowen (SRB) measure
of the unperturbed system in the L'-norm. As an application of our results, we obtain
strong stochastic stability for two classes of non-uniformly expanding maps. The first one
is an open class of local diffeomorphisms introduced in Alves, Bonatti and Viana [SRB
measures for partially hyperbolic systems whose central direction is mostly expanding.
Invent. Math. 140 (2000), 351-398] and the second one is the class of Viana maps.
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1. Introduction

Two of the major goals of dynamical systems theory are to study the asymptotic behavior
of typical orbits as time goes to infinity, and to understand how stable that behavior is,
that is, how the behavior changes when the system is slightly modified or when it is
exposed to perturbations during time evolution. Despite the deterministic formulation of
dynamical systems, it is easy to find examples whose evolution law is extremely simple
and whose dynamics has a high level of complexity and sensitivity to perturbations. This
work concerns the stability of systems, in a sense that we will define precisely later, in a
broad class of discrete-time dynamical systems—non-uniformly expanding maps—when
some random noise is introduced in the deterministic dynamics.

A successful approach to the study of dynamical systems with complex behavior is
given by ergodic theory, which aims at probabilistic descriptions of orbits in a measurable
phase space. The existence of an invariant measure for a given dynamics is an important
fact in this context, especially if we recall Birkhoff’s ergodic theorem, which describes
time averages of observable phenomena for typical points with respect to that measure.
However, it may happen that an invariant measure lacks physical meaning. Sinai—
Ruelle-Bowen (SRB) measures play a particularly important role in this context since
they provide information about the statistics of orbits for a large set of initial states.
These are invariant measures which are somewhat compatible with the reference volume
measure, when this is not preserved. For some classes of systems they can be obtained
as ergodic invariant measures which are absolutely continuous with respect to the volume
measure. SRB measures were introduced in the 1970s by Sinai [Si72], Ruelle [Ru76] and
Bowen [Bo75, BR75] for Anosov and Axiom A attractors, in both discrete and continuous
time systems; see also [KS69] for uniformly expanding maps. The definition of SRB
measures has been formulated in several ways, essentially motivated by the development
of the theory of dynamical systems and the appearance of new examples and subjects
of interest, causing some ambiguity in definitions in different contemporary works; for
example, see [Y002] for a compilation of related results and historical background, and
references therein. The classes of systems studied by Sinai, Ruelle and Bowen exhibit
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uniform expansion/contraction behavior in invariant sub-bundles of the tangent bundle
of a Riemannian manifold, and the statistical properties of dynamical systems with
these properties were systematically addressed in subsequent work by many different
authors. Systems exhibiting expansion only in asymptotic terms were considered in [Ja81],
where the existence of physical measures for many quadratic transformations of the
interval was established; see also [BeC85, BeY92, CE80]. Related to [BeC85] is the
work [BeC91] on Hénon maps exhibiting strange attractors. Results for multidimensional
non-uniformly expanding systems appear in [Al00, Vi97], and, motivated by these results,
general conclusions for systems exhibiting non-uniformly expanding behavior are drawn
in [ABV00].

The introduction of random perturbations in dynamical systems has been addressed in
several works by slightly different means. One possible approach is to consider at each
iterate a map f; close to an original map f, chosen independently according to some
probabilistic law 6., where € > 0 is the noise level (for instance, in an e-neighborhood of
the original map). We say that p¢ is a stationary measure if

// @(fi(x)) djre(x) dQe(t)=/<pdue,

for every continuous function ¢ : M — R. We say that u is a physical measure if, for a
set with positive Lebesgue measure of initial states x € M, we have

1 n—1
Jim — ;O P((fiy 00 fi) (X)) = / ¢ dpe,
for every continuous ¢ : M — R and almost all sequences (g, 1, . . .) with respect to the
product measure 9;\‘. Physical measures for random perturbations play an equivalent role
to that of SRB measures in the deterministic context. In order to distinguish these measures
in the deterministic and random perturbation contexts, we will refer to physical measures
only in the random perturbation setting and to SRB measures in the deterministic setting.

Stochastic stability is a rather vague notion depending on the nature of the systems
under consideration, but it tries to reflect that the introduction of small random noise
only slightly affects the statistical description of the dynamical system. We call a
system stochastically stable if the stationary physical measures converge in the weak™*
topology to some SRB measure as € goes to zero, and strongly stochastically stable
if the convergence is with respect to the densities (if they exist) in the L'-norm. We
can also formulate random perturbations and stochastic stability in terms of Markov
chains. We refer to [Ki86, Ki88] for background and treatment of the topic. For
stochastic stability results, see [Ba97, BaY93, BKS96, Yo86] for uniformly hyperbolic
systems, [BaV96, BeY92, KKS86, Me00] for non-uniformly expanding interval
maps, [BeV06] for Hénon-like maps and [AAV07] for partially hyperbolic attractors. For
related topics see [CYO05], for example, for an analysis of SRB measures as zero-noise
limits, and [Ara00] for an important contribution to the stochastic part of a conjecture by
Palis [Pa00].

Stochastic stability was established in [AA03] for a general class of multidimensional
non-uniformly expanding maps in the weak sense. The main goal of the present work
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is to improve the result in [AA03] to strong stochastic stability, and for this to hold in a
more general framework. In particular, no non-degeneracy conditions, as in [AA03, §3],
are imposed. Our main result is stated in Theorem A, and we discuss whether the result
itself or the ideas of proof are quite general and provide useful tools and strategies for
the analysis of stochastic stability for dynamical systems with non-uniform expanding
behavior.

Overview. This work is organized in the following way. In the remainder of this
introduction we formally present the main definitions and results on strong stochastic
stability for non-uniformly expanding maps, allowing the presence of critical sets.
Sections 2 and 3 are devoted to proving Theorem A. In §2, we initially follow some
ideas from [BBMO02] (and [BBM10]) on a random version of Young towers to construct
an absolutely continuous stationary probability measure and prove that this stationary
measure is ergodic and therefore unique. This approach is based on Theorem 2.9, where
we obtain random induced schemes for the stochastic perturbations under consideration.
This theorem is a stochastic version of the main result in [A104]. The proof of Theorem 2.9
is given in §4 and it extends ideas from [ABV00, ALP05] on deterministic non-uniformly
expanding maps to the present situation. It also uses previous material from [AA03]
which, on its own, extends results from [ABV00] to the random situation. In §3, we prove
strong stochastic stability, inspired by the approach of [AV02], where strong statistical
stability is achieved. In §5, we present applications of our main result to two classes of
examples which fit our assumptions and for which we obtain strong stochastic stability.
The first example is an open class of local diffeomorphisms, introduced in [ABV00], and
the second is Viana maps, an open class of maps with critical sets, introduced in [Vi97].
This improves the weaker form of stochastic stability proved in [AA03] for both examples.

1.1.  Non-uniformly expanding maps. Let M be a compact boundaryless manifold
endowed with a normalized volume measure m, which we call a Lebesgue measure. Let
f: M — M be a C? local diffeomorphism in the whole manifold except, possibly, in a
set C C M of critical/singular points. This set C may be taken as a set of points where the
derivative of f is not an isomorphism or simply does not exist.

Definition 1.1. We say that a critical/singular set C is non-degenerate if it has zero
Lebesgue measure and the following conditions hold.
(1) There are constants B > 1 and 8 > 0 such that for every x € M\C,

1 D
@) st 0)F < ”’”0% < Bdistr. ) forallve T M.
v
(2) Forevery x, y € M\C with dist(x, y) < dist(x, C)/2, we have

B

(c2) llog [|1Df ()~ | = log IDF () M| < e OF dist(x, y); and
B

(c3) [log |[det Df (x)| — log |det Df (y)|| < W dist(x, y).

The first condition says that f behaves like a power of the distance to C and the last
two conditions say that the functions log |det Df| and log | Df —1) are locally Lipschitz
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in M\C, with the Lipschitz constant depending on the distance to C. Given § >0
and x € M\C, we define the §-truncated distance from x to C as

1 if dist(x, C) > 8,

dist(x, C) otherwise.

dists (x, C) = I

Definition 1.2. Let f: M — M be a C? local diffeomorphism outside a non-degenerate
critical set C. We say that f is non-uniformly expanding on a set H C M if the following
conditions hold.
(1) There is ag > 0 such that for each x € H
1 n—1 ) 1

limsup — " log D (f(x))” || < —ao. (1)

n—+oo N =0
(2) Forevery by > 0, there exists § > 0 such that for each x € H,

1 n—1 )
limsup — » "~ —log dist;(f/(x), C) < bo.
j=0

n—+oo N %
We will refer to the second condition above by saying that the orbits of points in H have
slow recurrence to C. The case C = may also be considered, and in such cases the
definition reduces to the first condition. A map is said to be non-uniformly expanding if it
is non-uniformly expanding on a set of full Lebesgue measure.

1.2.  Random perturbations. The idea of random perturbations is to replace the original
deterministic orbits by random orbits generated by an independent and identically
distributed random choice of map at each iteration. To be more precise, given a dynamical
system f : M — M, consider a family F of maps from M to M endowed with some metric,
a metric space T and a continuous map

o:T — F
t— o) = f;
such that f = fi+ for some t* € T. Moreover, let (6¢)¢~q be a family of Borel probability

measures on 7. We consider the product space 7™ and product probability measure OFI on
TN. We will refer to such a pair {®, (6c)e=0} as a random perturbation of f.

For a realization w = (wg, w1, ...) € T™ and n > 0, we define
n X if n =0,
fo(x)= .
(fw,_1 00 fo, © fuy)(x) ifn>0.

Given x € M and w € TN, we call the sequence (f,(x))neN a random orbit of x.

Definition 1.3. A measure p. on the Borel sets of M is called a stationary measure for
{®, (Be)e>0} if

f/((/) o f)(x) dpre(x) dOe(1) =/<0(X) dpre(x),
for all ¢ : M — R continuous.

If there is no confusion we will refer to such a measure 1, as a stationary measure for f.
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1.3.  Non-uniform expansion on random orbits. Consider a random perturbation
{®, (6c)e=0} of a non-uniformly expanding map f such that

supp(e) — {t*} ase — 0.

Because of the presence of the critical set, we will restrict the class of perturbations we are
going to consider for maps with critical sets: we take all the maps f; with the same critical
set C by imposing that

Dfi(x)=Df(x) foreveryxe M\CandteT. 2)

This may be implemented, for instance, in parallelizable manifolds (with an additive group
structure, e.g., tori T (or cylinders Td—k x RK), by considering T = {r € RY: |I7]| < €0}
for some €y > 0, and taking f; = f + , that is, adding at each step a random noise to the
unperturbed dynamics.

Definition 1.4. We say that f is non-uniformly expanding on random orbits if the
following conditions hold, at least for small € > 0.
(1) There is ag > 0 such that for 0;\1 x m almost every (w, x) € TN x M,

1 n—1 i
limsup ~ > " log || Df (£ (x) ™'l < —ao. 3)
=0

n “
n— 400 j=

(2) Given any small by > 0, there is § > 0 such that for 6’§ x m almost every (w, x) €
TN x M,

1 n—1 )
lim sup — Z —log dists (f;] (x), C) < bo. 4)
n—>+oo N =0
When C = {3, we naturally disregard the second condition in the definition above. In
this case, we can remove assumption (2) and replace (3) by the following condition: there
is ag > 0 such that for GGN x m almost every (w, x) € TN x M,

n—1

. 1 o
lim sup 3 1og | D 0 (/) || < —a. )
j=0

n——+00

Condition (3) implies that for 9€N almost every w € T™, the expansion time function
1 n—1 )
E,(x) =min{N >1: - Z log ||Df(fa{(x))_1|| < —ay, for all n > N}
n “
J=0

is defined and finite Lebesgue almost everywhere in M (if C = @, the definition of &,
follows from condition (5)).

According to Remark 4.5, condition (4) is not needed in all its strength. Actually, it is
enough that it holds for suitable by > 0 and § > 0, chosen in such a way that the proof of
Proposition 4.4 works. In view of this, we consider by > 0 such that for 9§ almost every
w € TV, we can define the recurrence time function Lebesgue almost everywhere in M:

1 n—1 )

Reo(x) =min{N >1:- Z —log dists (f) (x), C) < bg, foralln > N}.

n 4
j=0
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We introduce the tail set (at time n):

I ={x:&(x) >norRy(x) > n}. (6)
This is the set of points in M whose random orbit at time n has not yet achieved either the
uniform exponential growth of a derivative or the slow recurrence given by conditions (3)
and (4). If the critical set is empty, we simply ignore the recurrence time function and
consider only the expansion time function in the definition of I'},.

1.4. Strong stochastic stability. Tt is known that a non-uniformly expanding map f
admits a finite number of absolutely continuous ergodic invariant probability measures
(SRB measures); see [ABV00]. Moreover, if f is also topologically transitive, then
it has a unique SRB probability measure (i r; see [Al03]. We now state our main
result, which asserts the existence of a unique absolutely continuous ergodic stationary
probability measure and strong stochastic stability for non-uniformly expanding maps,
meaning convergence in the L'-norm of the density of the stationary measure to the density
of the unique SRB probability measure.

THEOREM A. Let f be a transitive non-uniformly expanding map and non-uniformly

expanding on random orbits, for which p > 1 and C > 0 exist such that m(I'}) < Cn™?

for GF almost every w € TN, Then:

(1) if € is small enough, f admits a unique absolutely continuous ergodic stationary
probability measure jie; and

(2)  f is strongly stochastically stable:

due duy

=0,
dm dm

lim
e—>0

1

where g is the unique SRB probability measure for f.

This theorem improves the main result in [AA03], where stochastic stability was
established in the weak sense (convergence of j. to wy in the weak™ topology).
Furthermore, our arguments for the strong stochastic stability can be carried out with no
extra assumptions on the probabilities 6, such as the assumptions in [AA03, §3].

2. Measures on random perturbations

In this section, we prove the first item of Theorem A. Our strategy includes extension
to a two-sided random perturbation setting, which we introduce in §2.1, together with
known results related to both one-sided and two-sided random perturbations. In §2.2, we
use this two-sided setting to construct random induced Gibbs—Markov structures. In §2.3,
we construct suitable induced measures and use them to obtain an absolutely continuous
stationary probability measure, which we prove to be ergodic and unique in §2.4.

2.1.  Generalities on stationary measures. We introduce two-sided random perturba-

tions, considering also the past of the realizations. Similarly to the one-sided case, we
consider the product space T? and the probability product measures OEZ . We define the
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two-sided skew-product map as

S:TZxM—TZx M
(@,2) > (0(w), fu,(2),

where o : T% — T7 is the left-shift map. It is well known that a Borel probability measure
w* in T% x M, invariant under S (in the usual deterministic sense), is characterized by an
essentially unique disintegration du*(w, x) = d iy (x) dQEZ (w), given by a family {uy}e
of sample measures on M with the following properties.

(1) For each Borel set B C M, w +— u,(B) is measurable.

(2) For 9€Z almost every o, B — L4, (B) is a Borel probability measure in M.

(3) For 962 almost every o, fu lho = Lo (w)-

The relation between ©* and the family of sample measures can be expressed as

wH(A) = f to(Ay) dOF(w),

where A is a Borel subset of 7% x M and A, = {x € M : (w, x) € A}. Given a realization
w=(..,0_1,wy o],...) €T we define the future of  as w™ = (wg, w1, . ..) and
the past of w as w™ = (..., w—p, w—_1). We say that a Borel measure u* on TZ x M is
a Markov measure if for QEZ almost every w € TN, the corresponding sample measure fi,,
depends only on the past ™ of w. Consider the projection map

7:T2xM—>TNxM

(@, x) = (0F, x).

PROPOSITION 2.1. The stationary probabilities (e for {®, (0c)e=0} are in a one-to-one
correspondence with the S-invariant Markov probabilities ™ through

W e = / Mo dGEZ(w) and e~ p*:= lim S;’(GeZ X [he).
n——+00
Moreover, given a stationary probability measure [ic, the corresponding (* is the unique
S-invariant probability measure such that w,u* = 9§ X e
Proof. See [Arn98]. O

From now on, we refer to ue and p* as the corresponding stationary and Markov
probability measures, respectively. We define the one-sided skew-product map by

St:TNx X — TN x X
(@,2) > (0 (@0F), fuy(2)),
where o7 : TN — TN is the one-sided left-shift map. It is easy to see that ST or =7 0 S.

PROPOSITION 2.2. The following conditions are equivalent.
(1) e is a stationary probability measure.

(i) w* is S-invariant.

(iii) 9?‘ X e is St-invariant.

Proof. See [Oh83] for the equivalence between (i) and (iii). O
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Definition 2.3. A set A C M is random invariant if for e almost every x € M, we have:
(i) xe€eA= fi(x) € A for 6 almost every ¢; and
(i) x € M\A = f;(x) € M\A for 6, almost every z.

Definition 2.4. A stationary measure [, is ergodic if for every random invariant set A we
have e (A) =0 or pe(A) = pe (M).

PROPOSITION 2.5. The following conditions are equivalent.
(1) e is ergodic.

(i) O x e is ST-ergodic.

(iii) wu* is S-ergodic.

Proof. See [Ki86] for the equivalence between (i) and (ii), and [LQ95] for the equivalence
between (ii) and (iii). O

2.2.  Random inducing schemes. From now on, we will consider the two-sided random
perturbations scheme. We define non-uniform expansion in random orbits similarly to
the previous one-sided definition, just considering two-sided realizations in conditions (3)
(or (5) if C =) and (4). Analogously, we define the functions &, R, and the tail set
I} for w e T% and n > 0. It is easy to see that if we assume the hypotheses of the main
theorem with respect to the one-sided random perturbations, they still hold in the two-sided
environment.

We set Q2 as the 962 full measure subset of realizations w € T% for which conditions 3)
(or (5) if C=¢) and (4) are satisfied for all o¥(w), k € Z, and for Lebesgue almost
every x € M. Note that if f is itself a non-uniformly expanding map, then w* =
(.., t%, 1%, t*, ...) belongs to Q.

Definition 2.6. We say that w € T induces a piecewise expanding Gibbs—Markov map F,,
in a ball A C M if there is a countable partition P, of a full Lebesgue measure subset D
of A, and a return time function R,, : D — N, constant in each U,, € P,,, such that the map
F,(x)= f(f“’(x)(x) : A — A verifies the following.

(1) Markov: F,isa C? diffeomorphism from each U, € P, onto A.

(2)  Expansion: there is 0 < x,, < 1 such that for x in the interior of U, € P,

IDFy(x) ™ < k.

(3) Bounded distortion: there is some constant K, > 0 such that for every U,, € P, and
xa y e Uw,
det DF,(x)

g m < K, dist(F,(x), F,()).

For simplicity of notation we will write {R,, > n} for the set {x € A : R, (x) > n}.

THEOREM 2.7. Let f: M — M be a transitive non-uniformly expanding map. The
realization w™*, associated with the deterministic dynamics f, induces a piecewise
expanding Gibbs—Markov map F : A — A for some ball A C M.

Proof. See [ALPOS]. O
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Remark 2.8. 1t is well known that a Gibbs—Markov map F admits a unique absolutely
continuous ergodic invariant probability measure u r; see [Y099], for example. From this
fact, one easily deduces that the measure

+oo
ip= f/.urliR > j}
j=0

is absolutely continuous ergodic and invariant under the map f. The integrability of the
return time function R with respect to m implies that the measure ji ;s is finite. In such
cases, we denote the normalization of i s by 1 r.

In what follows, A is a ball given by Theorem 2.7. The next theorem ensures that almost
all realizations induce a piecewise expanding Gibbs—Markov map with some uniformity on
the constants. Most of the auxiliary results we use to prove Theorem 2.9 can be obtained
by mimicking the deterministic ones in [ALP05], as some of them have already been
extended to random perturbations in [AA03]. Nevertheless, in §4, we describe their proofs
in detail in order to easily track the extension to random perturbations and monitor a certain
uniformity on random orbits; this is essential for our purposes.

THEOREM 2.9. Let f: M — M be a transitive non-uniformly expanding map and non-

uniformly expanding on random orbits. If € > 0 is small enough, then:

(1) every w € Q¢ induces a piecewise expanding Gibbs—Markov map F, in A C M;

(2)  if there exist p >0, C > 0 such that m(I')) < Cn™? for every w € Q2¢, then there
exists C' > 0 such that for every w € S, the return time function satisfies

m({Ry, >n}) <C'n"7?. (7

As we will see later, the proof of this theorem also gives that the following uniformity
conditions hold.
(U1) Given aninteger N > 1 and y > 0, if € > 0 is sufficiently small, then

M{Ry—j (@) = S} Ry—j(ry =D <y foralw, T € Qe,

for j=1,2,..., N, where A stands for the symmetric difference of two sets.

(U2) If € > 0 is sufficiently small, the constants K, and «, for the induced piecewise
expanding Gibbs—Markov maps can be chosen uniformly over w. We will refer to
them as K > 0 and « > 0, respectively.

(U3) For w, T € Q with the same past, the sets {R,-j(, = Jj} and {R,-j) = j}, for
Jj =1, are exactly the same.

From now on, we assume the hypothesis of Theorem A and we consider € > 0
sufficiently small for Theorem 2.9 and conditions (U1)—(U3) to hold.

2.3. Sample and stationary measures. We start by defining a random induced
dynamical system. The main motivation for the introduction of the two-sided random
perturbations comes from this construction. Let us consider disjoint copies A, of A,
associated with w € ¢, and their partitions P,,. For x € A, we define F,(x) = flf w(®) (x)
and the dynamics consists in hopping from x € A, to F,(x) € Ay Ro) (o) However, we
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also can continue to regard this as a dynamical system in A. We refine recursively P, on
A, with the partitions associated with the images of each element of P,,:

k
P =\ V E) Por.
J=0 neLl
where
LI ={neNy: Fi(Ayp) N Agnw) # B},
and set

PO = pE N (FFY" (Agn(y)) forneN.

Note that if U e Pg‘)’", then F,,’i(U) = Agn(w)-

Our aim now is to prove that for each w € Q¢ there is an absolutely continuous measure
vy defined on A with some suitable invariance property. Moreover, the density of v,, with
respect to the Lebesgue measure will belong to a Lipschitz-type space:

H={p:A—=>R[3Ky >0, lpx) —e()| =K, d(x, y)Vx, y € A}.
Given A C A, set

(FH,(A) = |_|{x € Ag—n(y) : Ro—n(p)(x) =n and Fy-n(,)(x) € A},

neN
and define [(F/)~ '], (A) by induction. Moreover, given a family {v-»(4)}neN Of measures
on | |,eny As—n(w)» We set
(Fo' (Von@lnen(A) = Y von(oy[(F) ™ Nu(A) N Agne)).
neN

Here we use * superscript to distinguish this push-forward from the one for deterministic
systems, whose notation is usually * subscript.

THEOREM 2.10. For every w € Q, there is an absolutely continuous finite measure vy,
on A such that (F)o*{Vo—n(w)lneN = Vo and py, = dv,/dm € H. Moreover, there is a
constant K| > 0 such that K1~ < Po < K1 for all w € Q..

Proof. Let my be the probability measure (m|A)/m(A) on A. For every E C

: ().n . :
|_|neN Ag-n(y), With E € P(r_” (@)’ for some n € Nand j < n, we define on A, the function

. d .
JE J
loa]) - dm() (Fg—n(w))*(m()'E)

Let x, y € A, be arbitrary points, and let x’,y" € E C Ay-n(, be such that x"e
[(FH)~1,(x) and vy e [(Fj)_l]w(y). For the decreasing sequencen =ng > --->n; =0
given by
i =ni-1 = Ryt ) (Fy iy @), 1=1,.... ],
we find that Fé—n(w) ), Fé—n(w) (') lies in the same element U, -, Of Py-n(,). By
Theorem 2.9 (recall the first and second items in Definition 2.6 and also condition (U2)),
i\ E J i j—1 l /
p‘{) (y) _ lo |det DFU,,,(w)(x )| _ J log det DF(TfVLI (w)(Fo_,n(w)(x ))
— = . = ;
pis” (x) det DF]_,,, 0N =5 1det DFgon () (Fyon,) ()
< Codist(x, y),
with Cp = K(1/(1 — k)), which is uniform in w, j and E.
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We claim that given an inverse branch G : A, — Ag-n (g, of there is K1 > 0

such that for any any A1, Ay C A,

L mo(Ay) _ mo(G(AD) _ . mo(Ar)
K1 mo(Ay) ~ mo(G(Ap) —  'mo(Ag)’

k
Forwy

3
Indeed, observe that

k
mo(AD)  Joa, 1det DF [ dmo
mo(Az) fG(Az) |det DF(I:—"(w)| dmy

Fixing z € G(A,), we have

Joia ldet DFX_, | dmy
(A o ()
Jcian ldet DFX_, | dmg

(A2) o7 (w)

k k k
_ |det DFy_, ()] Joa, 1det DF} () /det DF}_, (2)] dmo(x)
|det DF_ ) @I [a,) 1det DFy_y, (0)/det DFL_, , (2)ldmo(x)

mo(G(AD)
mo(G(A2))”

Using the same arguments for the other inequality gives (8). Now, for j > 1, we define on
A, the measures

<exp(2Cy diam(A))

J
AT k
= Y, (molU),
k=1 gy ept).j

o) (w)
and set Gg = my. Considering A> = A, in (8), we have, for any measurable set A C A,

, j
DA <D DY Kimo(Amo(U)
k=1 g7 ep®.j
o] (w)

< Kimo(A),

so K1~ <db),/dm < K. Consider now

and p’ = dv/dm. We have K;~! < p” < K and, since p is a linear combination of
terms as pL{,’E, one has p} (x) < exp(Co dist(x, y))p (y) forall x, y in A, and

o (x)
PR (y)

o (x)
B ()

—1

< Kjconst.|log <Cd(x, y).

lo0 (x) — pr D < 1ol lloo

By the Ascoli-Arzela theorem, the sequence (o)), is relatively compact in L*°(A, my)

n¢ . .
and has some subsequence (p, ); converging to some p,. By the construction
process, we have K]’] < pw < K and p, € H, so the measure v, = p, dm is finite.
By a diagonalization argument, we can now choose a suitable sequence (n;); and a
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family {v,i(,)}iez of such finite measures such that dvg:,,)/dm is the limit of ,0 ! (w), as
i — 4-00. Moreover, this family of finite measures satisfies the quasi-invariance property
(F)w*{vn—”(a))}neN(A) =v,(A), for A C Ay:

(F)o™{Vo=n(w) Inen(A)

+00
=Y Von() (Fyn(w) " (A))

n=1
ni—1
= 1 Fooni) YA
Zz—}?@o n; Z 7"(&))(( [ ((D)) ( ))
[
= ] —_ N A
o Py (; v, (A)
ni—1 J
+ Z Z Z Z F(]r( I (@) (m0|U)((an(w))_l(A)))
n=1 j= ("’l_n)+ k=1 Uep(l‘)/
o=/ (w)
=v,(A),
where (n; —n)T = max{0, n; — n}. .

For each w € Q,, the Lipschitz constant K, for p,, € H will depend only on K and «,
given by Theorem 2.9. By (U2), considering € small enough, the constants K, can be
taken to be the same for all w € Q2,, which we will refer to as K, > 0.

We define the family {fi,}weq, of finite Borel measures on M by

/JLa) - Z( ,(w)) (vo' J(w)|{Ro' J((,_)) > .]})

where the measures v, -, are given by Theorem 2.10. Since

+00 +00
o) =" Vi) (Roity > i1 < K1 D m{Ry=i(y > J},
=0 j=0

the hypothesis on the decay of m(I'})) and Theorem 2.9 imply that they are finite measures.
The absolute continuity of the measures {v,,},cq, implies that the measures of the family
{w}weq, are absolutely continuous, and the quasi-invariance property for {vy}eeq.
implies that f,,, iy = flo(w)-

Remark 2.11. By construction, all the measures in the family {v;-n(,)}nen depend only
onthe past w™ = (..., w_3, w_1) of w. Moreover, by (U3), for w, T € TZ with the same
past, the sets {R,—j(,) = j} and {R,-j ) = j}, for j > 1, are exactly the same (as subsets

of A C M). The measures [i,, involve sums of the type (f;__,-w))*(vafj(w)|{R07,-(w) > i},

and since )
J
m{Ry—iwy > j}) =m<A\{U{RJj(w) = k}}),
k=1

and v, -j,,) < m, the measures /i, depend only on the past ™ of w.
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LEMMA 2.12. The measure
fie = f flo dOZ (@)
is an absolutely continuous stationary finite measure.

Proof. Since {fiy}wecq, almost surely depend only on the past, then fi. = f J dQGZ(a)) is
a stationary measure. Actually, for every continuous map ¢ : M — R, we have

[ o diicen = [[ o diiot) aoZw)
= / f 0 (x) dfio(w) (x) dOF ()
~ [[[[ @ )0 it a7 @) d(em) doZ @)
= [[ o o) ditcto) (e,

Moreover, [i, is absolutely continuous because of the absolute continuity of the measures
{ftw)}weq, - For the finiteness of [i., we have, by Theorem 2.9,

+00
) = [ fo00) d82(@) = [ 3 vy 1Ry sy = ) @)

n=0

+00
SKIZC’n*p<oo. O
n=0
We now normalize fi. and define an absolutely continuous stationary probability
measure e = fic/fle(M), and set he = due/dm. Next we prove that p is the unique
absolutely continuous ergodic stationary probability measure.

2.4. Ergodicity and uniqueness. We say that A C M is a random forward invariant set
if, for p. almost every x € A, we have f;(x) € A for 6, almost every ¢.

PROPOSITION 2.13. There is 61 > 0 such that given any random forward invariant set
A C M with ue(A) > 0, there is a ball B of radius 81/4 such that m(B\A) = 0.

The proof is given in §4.

PROPOSITION 2.14. The stationary measure ¢ is the unique absolutely continuous
ergodic stationary probability measure.

Proof. We prove first that there is a finite partition Hy, . . ., H, of a full Lebesgue measure
set in M such that the normalized restrictions of u to each H;,i =1, ..., n, are ergodic.
Then we use the topological transitivity of f to ensure the uniqueness.

Suppose e is not ergodic. Then we may decompose M into two disjoint random
invariant sets H; and H, (=M\H), both with positive p.-measure. In particular, both
Hjp and H; have positive Lebesgue measure. Let Mé and ,ug be the normalized restrictions
of ue to Hy and Hj, respectively. They are also absolutely continuous stationary measures.
If they are not ergodic, we continue decomposing them, in the same way as we did for ..
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On the other hand, by Proposition 2.13, each one of the random invariant sets we find in
this decomposition has full Lebesgue measure in some disk with fixed radius. Since these
disks must be disjoint, and M is compact, there can only be finitely many of them. So, the
decomposition must stop after a finite number of steps, giving that e can be written as

e = Z{;l /Le(Hi)ui, where Hy, ..., Hp is a partition of M into random invariant sets
with positive measure and each i = (je|H;)/ e (H;) is an ergodic stationary probability
measure.

For the uniqueness, assume that there are two distinct ergodic absolutely continuous
invariant measures /,Lé and u? Since B(/Li) and B(,uz) are random forward invariant sets,
then, by Proposition 2.13, there are disks A| = B(py1, 81/4) and Ay = B(p»>, 81/4) such
that m(A;\B(ul)) =0 for i = 1, 2. The topological transitivity of f, the continuity of
® and the random invariance of B(u1) and B(u,) imply that, if € is small enough, then
m(B(,ué) N B(Mg)) > 0. Consider any point x in this intersection. For every continuous
function ¢: M — R and a GGZ full subset of TZ, (1/n) Z;’»;(l) (p(fa{ (x)) converges to
[ du!l as n goes to infinity and, similarly, to [ d,uz. The uniqueness of the limit
implies [ ¢ dul = [ ¢ du, so ul = uZ.

If we consider any stationary probability measure [t on M, we can perform the
same procedure as before, and get a finite decomposition of [i. in ergodic components,
containing (Lebesgue mod 0) disks of a fixed radius. As we saw, by the topological
transitivity of f, one should have i = te. O

This finishes the proof of the first item of Theorem A.

3. Strong stochastic stability

We now prove the convergence of the density of the unique absolutely continuous ergodic
stationary probability measure ., for {®, (6¢)e~0}, to the density of the unique f-
invariant absolutely continuous probability measure (i ¢, in the L'-norm. The strategy is to
get an absolutely continuous Borel measure ve on A, with density pe, by averaging over the
previously constructed induced random measures v, on A. The family of densities {p¢ }¢=0
has an accumulation point ps in L'(A), as € goes to 0, which give us a measure vy, on
A. We can project this measure to a probability measure @, on M, using the dynamics
of f, in such a way that we can compare the densities of the measures e and (oo on M,
showing their convergence in the L!-norm. To conclude, we prove in Proposition 3.3 that
Moo is f-invariant and is actually equal to w s as a result of the uniqueness of the SRB
measure.

We start by defining an absolutely continuous measure v, on A, with density pc, as

Ve :/vw d@ez(a)) and pez/pw dQGZ(a)).

Consider any sequence (€,)n, with €, >0 and €, — 0, as n — 4+o0o. The family
{pe, }n 1s uniformly bounded and equicontinuous. Indeed, K 17] < pe, < K1 and, for
x,y €A, we have |pc, (x) — pe, (¥)| < Kad(x, y). By the Ascoli—Arzela theorem, this
implies that (p¢, ), has a converging subsequence (pe;l)n to some p in the L'-norm,
with K -1 < Poo < K1. Without loss of generality, we will assume that the whole sequence
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converges; see Remark 3.4. This means that given y > 0, there exists § > 0 such that,
if ¢, < §, then

loe, — Pollt < v. 9

Let vo be the Borel measure on A with density poo, and define an absolutely continuous
Borel measure jiy in M by

fioo =Y (fD)s(vool{R > j}),

j=0

and set ioo = dfioo/dm. Since f is non-uniformly expanding, the decay of the return time
together with the upper bound for ps, imply that fi, is finite. We normalize it to obtain an
absolutely continuous probability measure (o, with density fso.

We introduce the transfer operator acting on L!(A) by

pw= Y O
)’:(fzi)fl(X) |det wa(y)|

and, to simplify the notation, we write £/¢(x) for [,i)*go(x). Standard results on transfer
operators give that

f(cg;@vf dm =/<p<w o 1) dm,

whenever these integrals make sense, and the operator does not expand:
f |1LLp (0] dm < f Ll g dm = / ol dm,

for every ¢ € L'(A).

LEMMA 3.1. Given y > 0 and j €N, there is aj > 0 such that if € < aj, then for every
w, T € Q¢, we have

/ ILL0(x) — Lip@) dm < y[¢llos,
for every ¢ in H.

Proof. Let ¢ € ‘H. Our assumptions on the critical set imply that the critical set C intersects
A in a zero Lebesgue measure set. Given any y; > 0, define C(y1) as the y;-neighborhood
of this intersection. For every w € Q2,, we have m( faj) (C(y1))) < constm(C(yy)) for some
constant which may be taken uniform over w if € < o; for some small o;.
By the continuity of fci with respect to w, we may fix y; = y1(j) small enough so that
ife <aj <y, then
14

; . 1
m((f)~' (L C) < §<§), (10)

for every w, T in Q..

‘We decompose A\C(y1) into a finite collection D(w) of domains of injectivity for
fa],_. We may define a corresponding collection D(t) of domains of injectivity for
f,] in A\C(y1), and there is a natural bijection associating each D, € D(w) with a
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unique Dy € D(7) such that the Lebesgue measure of D:AD,, is small, where D AD,,
denotes the symmetric difference of the two sets D; and D,. Observe that JEART

supported in

fwy=ricomnu | b,

D.€D(7)

and analogously for C({). So,

/. (Ll + Ll dm
NAED ST

> [ i~ Cleldn
Do eD(w) ¥ Joo(Dw)NfZ (D2)

+ [, e+ iceb dm.
Do eD(w) ¥ Joo (D) B [ (De)

Y

(12)

13)

where D; always denotes the element of D(7) associated with each D, € D(w). Let us
now estimate the expressions on the right-hand side of this inequality. We start with (11).

For notational simplicity, we write £ = fw Ch))u fr (C(y1)). Then

/ |£{<p|dm5/xE(Eilwl)dm=/(XE°frj)|‘ﬂ|d’"~
E

It follows from Holder’s inequality and (10) that

/(xE o gl dm < m((FD) ' Bl = gl

The case associated with fci gives a similar bound for the second term in (11). So,

/. . (ILL@| + L1 pl) dm < —||<p||oo
faCymurco

Making the change of variables y = fci (x) in (12), we may rewrite this as

— ¥ owh et - —2

— | |det DfJ| dm,
b, |det DfY| |det Df|

where

= (DN fI (Do) N (D) = Dy 0 ((FDH 7" o £I)(Dy).

(14)

For notational simplicity, we introduce g = (f¢)~' o fa{. The previous expression is

bounded by

det DfJ | det DfJ |
fA (|<pog—so|-—jf“+|<p|- —— 2 1) dm.
D, |[det Df; |o g |det DfY|og

Choosing o > 0 sufficiently small, the assumption € < «; implies

|det DfY |

‘ |det Df7|
_ andso ———— <
|det DfY|o g

|det Dff|og

https://doi.org/10.1017/50143385712000077 Published online by Cambridge University Press


https://doi.org/10.1017/S0143385712000077

664 J. E. Alves and H. Vilarinho

on A\C(y1) (which contains Bw). Hence, since ¢ belongs to H,

S y
L, (i = Choldm <2 [ loog—glam+ % [ iplam
w ll)m'f T w

. 14
< 2K, [ g = idalodm+ %ol
Dy

Reducing o; > 0, we can make ||g — ida |lo smaller than y [|¢|loc/16K,m(A), so

i i 14
[, it cleldm < Kol as)

fa (D) L (D)

We est1mate the terms in (13) in much the same way as we did for (11). For each D), let E

now be fa, (D) A f (Dy). The properties of the operator, followed by Holder’s inequality,
yield

/Ew{m dm < /(xE o fHlpldm <m((fH ™ E)|¢llso.

Fix y2 > 0 such that #D(w)4y, < y. Taking « sufficiently small, we may ensure that the
Lebesgue measure of all the sets

(FHTE= DT I Do)AFL (D)
is small enough that
m(fH7'E) < .

In this way we get

[, el +icieh dm <2l (16)

fa(D)A fZ (De)

(the second term on the left is estimated in the same way as the first one). Putting (14), (15)
and (16) together, we obtain

/Iﬁjw Ll dm < ( +#D(0))2V2)”(P”oo <Vlelloos

which concludes the proof. O

PROPOSITION 3.2. Let (€,), be a sequence such that €, > 0 and €, — 0, asn — o0o. The
density he, converges to he in the L'-norm.

Proof. For simplicity, we prove that ||l’~le,, — hooll1 converges to zero as €, goes to zero,
where h¢, = d[ic, /dm, which implies the desired result. For a given y > 0, we are looking
for o > O such thatif €, < , then [|he, — holl1 < y. By (7), there is an integer N > 1 for

which
+00

3 MR, iy > i) < 1 forallwe Q. (17)
. 4K,
j=N+1

We split the sums

N N
fioo=Y &o+nl and ji,=> & +nl.
Jj=0

j=0
where, for every j =0, 1,2, ..., N, we have
=Dl iR 3D &= [ e s Ry s > 1) d0% @),
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and the remaining sums are

+00
=Y (f)eul{R > j}),

j=N+1

+00 ,
W= 3 s o sl R sy > 3D dOE @)
j=N+1
Recall that the realization w*, which reproduces the original deterministic dynamical
system, belongs to Q,. By (17), we have

+00
NS M) = Y ()R> jH(M)
j=N+1
“+00
Ki ) m{R>j)

j=N-+1

IA

IA

Y
T
Similarly,

oo
00 = [ 3 ()G tolRe sy = D) 6

j=N+1
+00
<K / S (R, > ) d6E
j=N+1
<7
— 4
Hence, we have
dnévo dnév N N Y
_ n < M M) < =—. 18
‘dm dn || S 10D + e, (M) < 5 (18)
By (9), there is some oo > O such that €, < g implies
d&d  dgl, Y
L == = — =. 19
dm dm 1 ‘Pen pool<4 (19)
On the other hand, forevery j =1,2,..., N,
d&l,  dgd, j z
H_dm ~ 1= //Jafj(w)(Pg—/(w)X{Ra,j(w)>j})dQEn — L) (poo X(R>j}) 1
< Aj + Bj + Cj,
where

s

. ' i
A] - H/ L:[]T_j(w) (/ngj(w) X{Rt'f_j(w)>j}) o El ('OU*J' (a))X{R()'_j(ll))>j}) deén

)

j z
Bj = ”/ L (Po—i (@) X(R,—j 0y >} ~ Poi () X(R>j}) b,

Cj= H/ »Cj(Pg*j(w)X{R>j}) deGZn — L7 (poo X{R=j})

1
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Lemma 3.1 implies that there exists some «; > 0 such that if €, < o, then

' j z
Aj = // 1L 5y Poi@) KR, =) — L (o) KR, > i) dm dOg,

j j Z
< X
~ 12N
We also consider o; small enough that, by condition (U1), if €, < «, then
14
m({R,-jy =A{R=1}) < 2iNK,’
forl=1,2,..., jand w € Q,. Since

J J
MRy > JYAMR > j)) = m((A\ (R = l})A(A\ Utr= l}))
=1 =1

m({Ry-j ) = AR =1})

M\

-
I

1

y __ 7
12jNK; 12NK;’

M)~

=1

we have

Bj = // Iﬁj(Pg—f(w)(X{Ra,,-(w)>j} — x(r=j))| dm d6Z

5/ 1P =i @) I X(R, =i} = X(R=j}| dm dor

IA

K / M((Rys 0y > /AR > J}) d6Z
r

12N’

If o is small enough, for €, < a9, we also have

/ L (pgiw)) dbe, — L (poo>'

= L7 (pe,) — L (P

< llpe, = Poolln

v

12N’

Altogether, considering €, < minje(o,1,...n} {@}, we get Aj + B; + C; <y /4N, for1 <
J < N. The sum over all these js added to the superior limit at (19) is less than y /2. The
estimate (18) completes the proof. a

<

ij

1

A

=

PROPOSITION 3.3. The measure |L is f-invariant.
Proof. Take any continuous map ¢ : M — R. Since

/¢dﬂfn_/¢dﬂw

<llellsollhe, — holli
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and ||\he, — hooll1 = 0, as €, — 0, then 1, converges to (o in the weak™ sense and
/ ¢ dpe, — f @ dtoo.
However, since (i, is a stationary measure, we have
/ @(x) dpe, (x) = / (¢ o fs)(x) d e, (x) dbe,(s).
It then suffices to prove that
[[wo s do, ~ [@or ans.
So,

V (0o ) e, b, —/((ﬂOf)d,uoo‘

/ / (9o f,) due, dbe, — / (9o f)du,

+V(¢Of)dusn—/(<p0f)duoo

=

For €, sufficiently small, (¢ o f; — ¢ o f) is uniformly close to O for every s € supp 6, .
The second term is smaller than ||@|co|l/2e, — hooll1, Which is close to zero if €, is small
enough. |

Remark 3.4. The uniqueness of an SRB measure s for f ensures that in the previous
arguments we can consider the whole sequence ¢, instead of just a subsequence of it. To
see this, for every subsequence of ¢,, we can repeat the previous process and obtain a
new subsequence ¢, for which the corresponding sequence of densities (k¢ ), has the limit
hl, and ,u/f = hl, dm is also an f-invariant SRB measure (thus equal to 1 7). On the
other hand, one knows that if all subsequences of a given sequence admit a subsequence
converging to the same limit, then the whole sequence converges to that limit.

This finishes the proof of Theorem A.

4. Induced Gibbs—Markov maps

4.1. Hyperbolic times and bounded distortion. Hyperbolic times were introduced
in [Al00] for deterministic systems and extended in [AA03] to a random context. Here
we recall the definition and the main properties. For the next definition we fix B > 1 and
B > 0 as in Definition 1.1, and take a constant » > 0 such that 2b < min{1, ~'}.

Definition 4.1. Given 0 < A < 1 and § > 0, we say that n € N is a (X, §)-hyperbolic time
for (w, x) € TZ x M if, for every 1 <k <n,

n—1

[T 1Dficw(F5@N ™ I <Ak and  dists (£ *(x). C) = A% (20)
j=n—k

In the case of C =, the definition of (A, §)-hyperbolic time reduces to the first condition
in (20), and we simply call it a A-hyperbolic time.
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We define, for w € TZ and n > 1, the set
H! ={x e M: nisa (), §)-hyperbolic time for (v, x)}.

It follows from the definition that if n is a (A, §)-hyperbolic time for (@, x) € TZ x M,
then (n — j) is a (&, 8)-hyperbolic time for (07 (w), faj, (x)),with1 < j <n.

LEMMA 4.2. (Pliss) Given 0 <c < A, let { =c/A. Assume that ay, ..., ayn are real
numbers satisfying aj <A, for every 1 <j <N, and Z?’:l aj>cN. Then there are
£>¢N and 1 <ny <---<ng <N such that Z;’,":naj >0 for every 1 <n <n; and
1<i<d

Proof. See [ABV00, Lemma 3.1]. O

Definition 4.3. We say that the frequency of (A, 8)-hyperbolic times for (w, x) € T2 x M
is larger than ¢ > 0 if, for large n € N, there are £ > ¢n and integers 1 <nj; <np <--- <
ng < n which are (A, §)-hyperbolic times for (w, x).

PROPOSITION 4.4. Assume that f is non-uniformly expanding on random orbits. Then
there are 0 <A <1, 6 > 0 and ¢ > 0 (depending only on ag in (1) and on the map f)
such that for all w € Q¢ and Lebesgue almost every point x € M, the frequency of (A, §)-
hyperbolic times for (w, x) is larger than ¢.

Proof. The proof follows from using Lemma 4.2 twice: first for the sequence given by
aj =—log | Dfw;_, (f,,f_l()c))_1 || (up to a cut off which makes it bounded from above in

the presence of a critical set), and then with a; = log dists( f(,f _l(x), C) for a convenient
choice of § > 0. We prove that there exist many times n; for which the conclusion of
Lemma 4.2 holds simultaneously for both sequences. Then we check that any such n; is a
(1, 8)-hyperbolic time for (w, x).

Assuming that (5) and (4) hold for (w, x), then, for large N, we have

N

> —log 1Dfu,  (fi7 )7l = aoN.

j=1
If C =, we just use Lemma 4.2 for the sequence

a; =—log [ Dfu,, (7 )"l =
with ¢ = ap/2 and

A= max max{—log | Df;(x)”"|| — ao/2}.
tesupp(be) xeM

and we obtain the result for ¢ =ag/(2A) and A = e~9%/2 (§ is not required in this case).
If C is not empty, we recall assumption (2). Take B, 8 > 0 given by Definition 1.1.
Condition (c1) implies that for large p > 0,

log [|Df (x)~" ||| < pllog dist(x, C), ey
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for every x € M\C. Fix a1 > 0, so that pa; < ap/2. The condition (4) of slow recurrence
to C ensures that we may choose r1 > 0, so that for large N,

Z log dist,, (f/~1(x), C) = —a;N. (22)
Fix any open neighborhood V of C and take Q > p |log r;| large enough that it is also an
upper bound for —log || Df || on M\ V. Then let

J={1<j=N:=IDF(fI~ N~ > 0}
Note that if j € J, then fa{_l(x) € V. Moreover, for each j € J,
pllogri] < @ < ~log [IDf (£~ ) ™'l < pllog dist(f2~" (x). O)I,
which shows that dist( fa{ _l(x), C) < ry forevery j € J. In particular,
dist,, (£ (x), €) = dist(f~'(x),C) <r; forall j e J.

Therefore, by (21) and (22),

Y- —log IDF(FL 0T I = 0 Y llogdist(£)~ (). Ol < parN < TN.

jeJ jeJ

Define

y. [ Flog IDr (AT e it j g,
o if jeJ.

By definition, b; < Q foreach 1 < j < N. As a consequence,

N N
> b= —log IDF(£I )Nl = Y- —log IDF (£ )~ I = TN,

Defining a; = b; — ap/4, we have
N
2 a = N
= — 4
Thus, we may apply Lemma 4.2 to a1, ..., ay, with c = ap/4 and A = Q. The lemma

provides {1 > 0 and €1 > ¢ N times 1 < py < --- < pg; < N such that for every 0 <n <
pi—land 1 <i </,

Di - . Di Di ao ao
Y —logIDf(f N = Y b= ) (a,-+—)zz(pi—n>. (23)

j=n+1 Jj=n+1 Jj=n+1 4

Now fix oy > 0 small enough that oy < ¢1bag/4, and let r» > 0 be such that

N
> logdist, (f) 7' (x), C) = —aaN.
j=1

https://doi.org/10.1017/50143385712000077 Published online by Cambridge University Press


https://doi.org/10.1017/S0143385712000077

670 J. F. Alves and H. Vilarinho
Defining
a; = logdist., (fJ 7' (x), C) + bap/4,

we have
N b
ap
E aj > <— —a2>N.
- 4
j=1

Applying Lemma 4.2 to ay, ..., ay with ¢ = bag/4 — o and A = bay/4, we conclude
that there are [ > N times 1 < g1 < --- < gy, < N such that for every 0 <n <¢q; — 1
and 1 <i < ¥y,

qi . bCl
D logdisty, (7' (6).0) 2 === (gi —n). 24)
j=n+1
Moreover,
_c _q 4oy
2= A bay’

Finally, our condition on a» means that {1 + ¢ > 1. Let £ =¢1 + ¢ — 1. Then there
existl{ =1 +4€;— N)>¢Ntimes 1 <nj; <---<ny <N at which (23) and (24) occur

simultaneously:
n;—1 ; » ao
> —log IDF (LN~ = - (ni = n)
j=n
and
n,-—l . bao
2 logdisty, (f(x). €)= === (n; — ).
j=n

forevery 0<n<n; —1land 1 <i <. Letting A = e~%/4

we easily obtain

, from the inequalities above

ni—1

[T 12r(rian™ =2k and  dist, (£2 7 (x), €) = A%%,
j=ni—k
forevery 1 <i <€ and 1 <k <n;. In other words, all these n; are (A, §)-hyperbolic times
for (w, x), with 6 = r». |

Remark 4.5. In the presence of a critical set, one can see that condition (4) is not needed
in all its strength. Actually, it is enough that (4) holds for some sufficiently small by > 0
and some convenient § > 0 (e.g., bp = min{a1, oz} and § = max{ry, r»} in the proof of
Proposition 4.4).

Remark 4.6. Observe that the proof of Proposition 4.4 gives more precisely that if for some
(w,x)€T% x Mand N €N,

N—1 N—1
> —10g 1D yi (@ (fL () I = aoN and > logdists (f1(x). C) > —boN
j=0 j=0

(where by and § are chosen according to Remark 4.5), then there exist integers 0 < n; <
---<n; <N with [ > ¢N such that n; is a (&, §)-hyperbolic time for (w, x), for each
1<i<l
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The next result gives us property (m1) in §4.5.2, and is needed to ensure some metric
estimates on the algorithm for the random induced partition.

LEMMA 4.7. Let A C M be a set with positive Lebesgue measure, for whose points x we
have (w, x) with a frequency of (A, 8)-hyperbolic times greater than { > 0, for all w € Q..
Then there is ng € N such that for n > ny,

1 m(Ame)
Z m(A)

Proof. Since we are assuming that points (w, x) for which x is in A have a frequency of
(&, 8)-hyperbolic times greater than ¢ > 0, there is ng € N such that for every x € A and
n > no, there are (A, 6)-hyperbolic times 0 <n; <np <--- <ny <n for x with £ > ¢n.

Take n > ng and let &, be the measure on I, = {1, ..., n} defined by &,(J) =#J/n for
each J C I,. Then, putting x(x,i) =1ifx € Hc’;), and x (x, i) = 0 otherwise, by Fubini’s
theorem,

! Z m(ANH)) = /(/ x(x, i) dm(x)) d&, (i)
n = A

=L</X(x,i)d§n(i)> dm(x).

Since for every x € A and n > ng there are 0 < nj; <ny < --- <ng <n with £ > ¢n such
that x € H for 1 <i < ¢, then the integral with respect to d&, is larger than { > 0 and the
last expression in the formula above is bounded from below by ¢m(A). O

LEMMA 4.8. Given 0 <A <1 and § >0, there is §1 > 0 such that if n is a (A, §)-
hyperbolic time for (w, x) € T x M, then

IDfo) M <27 21D,
for any point y in the ball of radius §;\"/* around x.

Proof. 1f C =@, and since f,, is a local diffeomorphism, for each x € M, there is a radius
8y > 0 such that f, sends a neighborhood of x diffeomorphically onto B( f,(x), ), the
ball of radius §, around f,(x). By compactness of M, we may choose a uniform radius
81 > 0. We choose §; > 0 small enough that

IDfo) ™ < 27V IDfu ()7,

whenever y € B(x, §;A1/?) and w € supp(@ez).
In the case C # 0, if n is a (A, §)-hyperbolic time for (@, x), then

dists (x, C) > A",
According to the definition of the truncated distance, this means that
dist(x, C) = dists(x, C) > AP orelse dist(x, C) > 4.

In either case, considering 28 < &, we have for any point y in the ball of radius §;1"/?
around x,
dist(y, x) < 1 dist(x, C),
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because we haven chosen b < 1/2 and 61 < 6/2 < 1/2. Therefore, we may use (c) to

conclude that
IIDf(y)_lll< dist(y, x) _ s/

CUDreo-1 = T distxr, 0F = U min(abBn, 5B}
Since § > 0,0 < A < 1 and we have taken bf < 1/2, the term on the right-hand side is
bounded by B8;8#. Choosing 8; > 0 small, so that B§;8~# <log A=/, we get the
conclusion. O

We assume that given (A, §) as before, we fix §; small, so that Lemma 4.8 holds. We
further require §; small, so that the exponential map is an isometry onto its image in the
ball of radius §;. This in particular implies that any point in the boundary of a ball of
radius §; can be joined to the center of the ball through a smooth curve of minimal length
(a geodesic arc).

PROPOSITION 4.9. Ifn is a (7, §)-hyperbolic time for (w, x) € TZ x M, then there is a
neighborhood V) (x) of x in M such that:

(1) f2 maps V) (x) diffeomorphically onto B(f}}(x), 61);

(2) foreveryye V) (x)and1 <k <n, we have ||Df:n_k(w)
(3) foreveryy,zeV)(x)and1 <k <n,

dist(f" 7 (y), 17K (2)) <22 dist(f(y), £1(2)).

Proof. We will prove the first two items by induction on n. Let n =1 be a (X, §)-
hyperbolic time for (w, x) € T% x M. It follows from Lemma 4.8 and from the definition
of hyperbolic times that for any y in the ball B(x, 8;1'/%) ¢ M of radius ;A'/% around x,

IDf) 7 < A7V IDf, 07 < A V2, (25)

(2%~ < AK2; and

This means that f,, is a A~1/2-dilation in the ball B(x, §;A!/?). Then there exists some
neighborhood Vaﬁ (x) of x contained in B(x, 8;A'/%) which is mapped diffeomorphically
onto the ball B( f,(x), §1), and for y € Va{ (x), condition (25) ensures the second property
IDfu ()~ < A2,

Assume now that the conclusion holds for n > 1. Let n + 1 be a (A, §)-hyperbolic
time for (w, x) € T% x M. Take any z € 8B(f£+1(x), 81), and let y: [0, 1] > M be a
smooth curve of minimal length joining z to fa’}“ (x). The curve y necessarily lies inside
B( fa’)”rl (x), 81) by the choice of §;. Consider y,, and y,,+1 smooth curves which are lifts
of y starting at f,,(x) and x, respectively. This means that

1
7/=f(f(w)03/n and V=f£+ O Yn+1,

at least in the domains where the lifts make sense. Since n is a (A, §)-hyperbolic time for

(0 (w), fu(x)), by the induction hypothesis, there is a neighborhood V(f(w)( fo(x)) which

is sent diffeomorphically by f;‘(w) onto the ball of radius §; around fa’j“(x) with the
additional second condition property. One has that y,, lies inside V;’(w) (fo(x)).

Moreover, n — j is a (A, 8)-hyperbolic time for (o/1! (w), fj“(x)) and f oj (w)(V(f(w)

: ; —Jj j+1 Lo i

(f»(x))) is a neighborhood V;’j 2 @ ©f 27 (x) which is mapped by f:j M .

diffeomorphically onto B( fa')"“l(x), 81) and also satisfies the second condition property,

forl <j<n.
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CLAIM. The curve yy41 lies inside the ball of radius §;A\""*V/? around x.

Assume, by contradiction, that y,4 hits the boundary of B(x, s At/ 2) before the
end time. Let 0 <#y < 1 be the first moment in such conditions. One necessarily has
that y,41][0, 7] is a curve inside the ball B(x, 81A(”+1)/2) joining x to a point in the
boundary of that ball. Sincen + 1 — j is a (A, §)-hyperbolic time for (o7 (), fa{+l x)),
by Lemma 4.8, foreach0 <t <fpand 0 < j <n,

1D @) £ Gt O <A Y2ID S 0y (FL )T

and £} (yuz1 ([0, to])) € V"7 (£ (x)), which yields

ol (w)

DAL Gar ) < T T IS i oy jr @) 7l
j=0

n—1
= 1D fo Y1t @)1 T T 1D L nmi @y 1 )7

j=0

n—1
< 27D Lo @) [T A7 20D ) (S5 07
j=0
< A_l/2kk_n/2kn
— mtD/2 (26)

Hence,
In) 1o
fOIIV/(t)IIdt=/O IDFI (Vg1 () - v (D dt

1o
> /0 A= ) di
= 4.

This gives a contradiction since 7y < 1, thus proving the claim.

Let us now finish the proof of the first two items. We simply consider the lifts by fa’j“
of the geodesics joining f£+1 (x) to the points in the boundary of B( fa’j+1 (x), 81). This
defines a neighborhood V£+1 (x) of x which, by (26), has the required properties.

For the third item, let  be a curve of minimal length connecting £} (z) to f}(y). This
curve y must obviously be contained in B(f}} (x), 81). For 1 <k < n, let y; be the (unique)
curve in f27*(V(x)) joining f27*(z) to f27¥(y) such that f¥,_, (@ (Vi) =y. We have
foreveryn > 1,

fengthy) = [ 17/
= / DSk 0y () - ¥ @] dt

> A~ /2 / ly{ @)l dt

= A~ &2 length(yx).
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Asa consequence,

dist( £ (), £77*(2)) <length(yx) < A*/? length(y) = AF/2 dist(f" (v), f"(z)). O

COROLLARY 4.10. (Bounded distortion) There exists Co > O such that if n is a (A, §)-
hyperbolic time for (w, x) € T% x M, then for every y, z € VI(x),

|det Df} ()] .

———C == < Codist(f2(y), f2(2)).

det D1l = 0 ist(f, (), fo(2))
Proof. 1If C =, since f, € C2(M, M), then there is C(/) > 0 such that for all z, ye M
and w € supp(6,), we have |log |det Df,,(z)| — log |det Df,,(y)|| < C; dist(z, y), and for
all z, y € V,;(x), we have

et Df” ()] :"2110 \det Df., i, (f4 (2)]
det DfSOII =5 [det Df () (f )

n—1
< Y chdist(f£] @), f1())
j=0

n—1
< oA dist(£3(2), f5 ()
j=0

It is then enough to take

o
Co= exp(Z C(/))»k>.

k=0

If C is not empty, then let n be a (A, §)-hyperbolic time for (w, x) € TZ x M with the
associated V. By Proposition 4.9, we have for each y, z € V! andeach0 <k <n — 1,

dist(fX (), f5(2)) < 82007072,

On the other hand, since # is a hyperbolic time for (w, x),

dist(fX (y), €) = dist(f (x), €) — dist(fX(x), fX(»))
)“b(n—k) _ 81)\.(”_]()/2

14 b(n—k)
S

v

v

28, 2.(=R/2, (27

A%

as long as §1 < 1/4; recall that b < 1/2. Thus we have

dist(fX(v), fX @) < Ldist(fE (), ©),

and so we may use (c3) to obtain

og 19 DI LSO _
det DF (FE@)I ~ dist(FE(), O)F

dist(£X(y)., fX@)).

https://doi.org/10.1017/50143385712000077 Published online by Cambridge University Press


https://doi.org/10.1017/S0143385712000077

Strong stochastic stability 675

Hence, by (27) and Proposition 4.9,

og 19t DIs )1 _ i log 19¢t 2F (o )]
ldet Df2(z)| 4=~ Idet Df(fX(2))]

Ll g AR
o ,

It suffices to take

Jio B iy (1/2—bB)k
Co > 20 BAM /AT ;
k=1

recall that bB < 1/2. a

The sets V/; are often referred to as as hyperbolic preballs and their images f; (V) are
referred to as hyperbolic balls. Notice that the latter are indeed balls of radius §; > 0.

At many points in this paper it will be useful to have the following weaker forms of the
previous corollary.

COROLLARY 4.11. There is a constant C1 > 0 such that if n is a (A, §)-hyperbolic time
for (w,x)e T x Mandy, z € V2 (x), then

n
1 _ldet DAL _
Ci ~ det D2 ()|

Proof. By Corollary 4.10, we just have to consider C; = exp(Cod1).- O

COROLLARY 4.12. There is a constant Co > 0 such that for any hyperbolic preball V} (x)
and any A1, Ay C V] (x),

1m(A) _m(faA)) _ ., m(An)
Cam(Ay) ~ m(fi(A2) ~ “m(Ay)

Proof. By the change of variable formula for f}, we may write

m(f2(AD) _ [a, 1det Df5(2)] dm(z)

m(f2(A2) [y, |det Df2(2)] dm(z)
_|det Df3(z1)] [, |det Df;}(2)/det D3 (z1)| dm(2)
~|det Df2(z2)] [y, Idet Df(z)/det D2 (z2) dm(z)”

with z; and z, chosen arbitrarily in A; and A,, respectively. From Corollary 4.11, we get
the desired bounds. a

We are now in a position to prove Proposition 2.13.

Proof. Let 61 > 0 be given by Lemma 4.8. It is enough to prove that there exist disks of
radius 81 /4 where the relative measure of A is arbitrarily close to one. For n > 1, let A,
be the set of points x € A for which f;(x) € A for GGZ almost every w, and A= ﬂ:j Ap.
Since A is random forward invariant, then u. (A\A,) = 0 for all n, and thus . (A\A) =0.
We have e (A) = e (A) > 0, which implies m(A) > 0 since u. < m. Moreover, for
962 almost every w, we have f{ﬁ (A) C A, for all k € N. Since the set of points x € M
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for which for 9€Z almost every w there are infinitely many hyperbolic preballs V (x) is
random forward invariant, we may assume, without loss of generality, that every point in
A has infinitely many hyperbolic preballs V" (x) for GGZ almost every w. Recall that the
hyperbolic preballs V (x) are sent diffeomorphically by f,} onto hyperbolic balls with
radius 41, thatis, f(V])(x)) = B(fl(x), 1).

Let y > 0 be some small number. By the regularity of m, there is a compact set A. C A
and an open set A, D A such that

m(A,\A.) < ym(A). (28)

Assume that ng is large enough that, for every x € A, and 0€Z almost every w, any
hyperbolic preball V5 (x), associated with the (X, §)-hyperbolic time n for (@, x), with
n > no, is contained in A,. Let W/ (x) be the part of V! (x) which is sent diffeomorphically

by f. onto the ball B(f)(x), 51/4). By compactness, there are xi, ..., x, € A. and
n(xy), ..., n(x;) > ng such that
Ac C WIED (x ) U - U WD (x,), (29)

For the sake of notational simplicity, for each 1 <i <r, we will write
Vi=vred (), Wi=w'D(x) and n; =n(x).
Assume that

{ni,...,ny={n}, ..., 0¥}, withn] <nj <---<nj.

Let I; C N be a maximal subset of {1, ..., r} such that for each i € I} both n; =nj
and WC’;) N W({; = () for every j € I} with j #i. Inductively, we define I} for 2 <k <s
as follows: supposing that Iy, ..., Ix_1 have already been defined, let I; be a maximal
set of {1, ..., r} such that for each i € Iy both n; =n} and ch) N Wj; = for every
jehU---Ulwithi # j.

Define I =17 U - - - U ;. By construction, we have that {ch)},-e 7 is a family of pairwise
disjoint sets. We claim that {Va’;}iel is a covering of A.. To see this, recall that, by
construction, given any WL;’; with 1 < j <r, there is some i € I with n(x;) <n(x;) such
that W’ N W = ¢). Taking images by £, we have

F3S W) 0B (xi), 81/4) # 0.
It follows from Proposition 4.9 that

diam(£16) (W) < %A<n(xj>—n(xi>>/2 < %1

and so
AWy € B(fIOD (x), 81).

This gives that Wci C Vi. We have proved that given any WC{; with 1 < j <r, there is
i € I such that W, V(f). Taking into account equation (29), this means that {V(f)},'e Jisa
covering of A..
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By Corollary 4.12, one may find r > 0 such that
m(W.y=tm(Vl) foralliel.
Hence,

> mwh)

iel

Ty m(V))

iel

()

iel

()

iel

v

v

> tm(A.).

From (28), one easily deduces that m(Ac) > (1 — y)m(A). Noting that the constant T does
not depend on y, choosing y > 0 small enough, we may have

m(U W;;)) > Zm(A). (30)
iel 2
We are going to prove that
WiNA) 2
MmN 2V somei e 1. 31)
m(W)) T
This is enough for our purpose. First, since fcﬁ(x" )(A) C Aand f, i) g injective on WC’;,
we have
m(f3OD WINA) < m(f20D (WEN 200 (A))
= m(f " (W \A)).
Therefore, by Corollary 4.12, taking B = fa’f(xi) (W(i)) as a ball of radius 81 /4, we have
m(B\A) _ m(f"OWINA) _ | m(Wi\A) _ 2Cay
= - ; =02 : =
m(B) " m(fa" (W) m(W,,) 4

k]

which can obviously be made arbitrarily small, letting y — 0. From this, one easily
deduces that there are disks of radius §1 /4 where the relative measure of A is arbitrarily
close to one.

Finally, let us prove (31). Assume, by contradiction, that it does not hold. Then,

using (28) and (30),
ym(A) > m(A\Ac)
=n((Yr)\9)
iel
2 ,
()
T\
> ym(A~).
This gives a contradiction. O
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4.2.  Transitivity and growing to large scale. 'We do not need transitivity of f in all its
strength. Before we say what the weaker form of transitivity sufficient for our purposes is,
let us state that given § > 0, a subset A of M is said to be §-dense if any point in M is at
a distance smaller than § from A. For our purposes, it is enough that there is some point
p € M whose preorbit does not hit the critical set of f and is §-dense for some sufficiently
small § > 0 (depending on the radius §; of hyperbolic balls for f). As the lemma below
shows, in our setting of non-uniformly expanding maps, this is a consequence of the usual
transitivity of f.

LEMMA 4.13. Let f: M — M be a transitive non-uniformly expanding map. Given
8 > 0, there are p € M and Ny € N such that Uj'vio f~I{p)} is 8-dense in M and disjoint
from the critical set C.

Proof. See [ALPOS, Lemma 2.5]. O

Assuming that f is non-uniformly expanding and non-uniformly expanding on random
orbits, then, by Proposition 4.4, there are A, § and ¢ such that Lebesgue almost every x € M
has a frequency of (A, §)-hyperbolic times greater than ¢. We fix once and for all p e M
and Ny € N for which

No
U f/{p} 1is81/3-dense in M and disjoint from C,
j=0
where 8; > 0 is the radius of hyperbolic balls, as for Proposition 4.9. Take constants « > 0
and §p > 0 such that
2\/50 <6 and 0<a <.

LEMMA 4.14. There are constants K¢y, Dy > 0 depending only on f, A, 81 and the point
p such that, if € > 0 is sufficiently small, then for any ball B C M of radius 81 and every
w€E supp(GEZ), there are an open set A C B and an integer 0 < m < Ny for which:

(1)  f maps A diffeomorphically onto B(p, 2/80); and

(2) foreachx,y €A,

det Df™ (x)
et Drm(y)

Moreover, for each 0 < j < Ny, the j-preimages (fa{)_lB(p, 2V/80) are all disjoint from
C, and for x belonging to any such j-preimage, we have

< Do dist(f' (x), fo' ().

1 .
T = IDfe (Ol < Ko.
0

Proof. Since Uj.vio f~I{p} is 81/3-dense in M and disjoint from C, choosing 8y > 0
sufficiently small, we have that each connected component of the j-preimages
f~IB(p, 24/8¢), with j < Ny, is bounded away from the critical set C and contained in a
ball of radius 61 /3. Moreover, since we are dealing with a finite number of iterates, less
than N, and f; varies continuously with parameter 7, if € is sufficiently small, then for
every w € supp(GGZ), each connected component of the j-preimages ( fw])_lB (p, 2«/30),
with j < Ny, is uniformly (on j and w) bounded away from the critical set C and contained
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in a ball of radius §; /3. This immediately implies that for w € supp(OEZ), any ball BC M
of radius 81 contains an m-preimage A of B(p, 2+/8¢) which is mapped diffeomorphically
by f onto B(p, 2\/30) for some m < Ny. Since the number of iterations and the distance
to the critical region are uniformly bounded, the volume distortion is uniformly bounded
and, moreover, there is some constant Ky > 1 such that for every w € supp(OEZ),

1
X < ||Df¢:)n(x)|| < Ko,
0

for all 1 <m < Np and x belonging to an m-preimage of B(p, 2+/8¢) under I O

Next we prove a useful consequence of the existence of hyperbolic times, namely that
if we start with some fixed given o > 0, then there exists some N,, depending only on «,
such that for @ € ¢, any ball in M of radius @ has some subset which grows to a fixed
size with bounded distortion within N, iterates.

LEMMA 4.15. Given o > 0, there exists Ny > 0 such that if € is sufficiently small, then
for every w € Q, we have that any ball B C M of radius « contains a hyperbolic preball
V2 C B withn < N,.

Proof. Take any « > 0 and a ball B(z, «). By Proposition 4.9, we may choose n, € N
large enough that any hyperbolic preball V! associated with a hyperbolic time n > n, will
have a diameter not exceeding «/2. Notice that, by Proposition 4.4, for Lebesgue almost
every x € M, the point (w*, x) has an infinite number of hyperbolic times and therefore

n .
m(M\ U H&)—)O as n — +00.
J

=Ny

Hence, it is possible to choose N, € N such that

Ny .
m<M\ U H$*> <m(B(z, a/2)). (32)

J=Na

Observe that if n is a hyperbolic time for (w*, x) and € is small enough, then for every
o € Q2¢, the natural 7 is also a hyperbolic time for (w, x). Hence, if € is small enough, for
a given a > 0, we can take an integer N,, only depending on «, A and 81, such that (32)
holds for every w € €2 in place of w*. This ensures that for every w € Q, there is a point
X € B(z, a/2) with a hyperbolic time n < N, and associated hyperbolic preball V(x)
contained in B(z, «). O

4.3. The partitioning algorithm. We now describe the construction of the partition
Py (mod 0) of Ag= B(p, o) for every w € Q.. The basic intuition is that we wait
for some iterate f"j(Ao) to cover Ag completely, and then define the subset U C Ay,
for which falf :U — Ay is a diffeomorphism, as an element with return time k for the
partitions corresponding to all elements o’ € € with the same first k coordinates as w:
a)6 =wQ, ..., a)]/(_l = wk—1. After that, we continue to iterate the complement A\ U until
this complement again covers Ag and repeat the same procedure to define more elements
of the final partition with higher return times. Using the fact that small regions eventually
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become large as a result of the expansivity condition, it follows that this process can be
continued and that Lebesgue almost every point eventually belongs to some element of
the partition. Moreover, the return time function depends on the time which it takes small
regions to become large on average and this turns out to depend precisely on the measure
of the tail set. On the other hand, this process avoids undesirable randomness on the
choice of elements for distinct (but related) partitions of the induced regions. In particular,
for different realizations with similar initial non-negative coordinates, the elements in
corresponding partitions with return times lower than the number of similar entries are
the same, as subsets of Ao, providing condition (U3).
Now we introduce neighborhoods of p:

Ao=B(p.%). Ay=B(p.28), Aj=B(p,v8) and A}=B(p,2v50).
For 0 < A < 1 given by Proposition 4.4, let
I ={x € A} :80(1 +1/?) < dist(x, p) < 8o(1 +267D/2)), s>1,

be a partition (mod 0) into countably many rings of A(l)\Ao.

The construction of the partition P, of Ag is inductive and we give the initial and the
general step of the induction. For the sake of a better visualization of the process, and to
motivate the definitions, we start with the first step. Define

[ ={treQc:wo=10, ..., Wk—1 =Tk—1}.

The set Hf is the same for any 7 € [w]r and we will refer to this set as H[’Z)].

First step of the induction. Take R, some large integer to be determined in §4.4 (can
be taken independent of w); we ignore any dynamics occurring up to time Rp. For
w € Q¢, let k> Ry + 1 be the first time that Ag N H[’;] # . For j <k, we define
formally thf; objects AZU AL{,, A{;;a, whose meaning will become clear in what follows,
by Al = ALY = Al = Ao.

Let (U,i j) j be the connected components of Aﬁ)’l"" N ( ff})’l(Ag) contained in
hyperbolic preballs Vali_’", with k — No <m < k. Growth of these hyperbolic preballs
Va’ﬁ_’” in k—m iterates to a hyperbolic ball of radius §; which f (’;}C,m (@) Maps
diffeomorphically onto Ag. Now let

Ui ;=00 0 (fH71Ap,  i=0,1,2, where Af = A,
and set R, (x) =k for x € U,?’j. Take
AR = AKI\(R, = k).
We also define a function X : Ak — N by

Foy=1" if x € U} ; and f(x) € I for some j,
¢ 0 otherwise.

Let
k k .k k k .k
A,={xeA,:t,(x)=0}, B,={xeA} t,(x)>0}
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We also define

A=A U ) T BUEET 0, @)
xeAkNHEH!

For all 7 € [w]x and j <k, we define the objects Ai, B{, A’;, {R; =j}, and tf to be
the same as the corresponding ones, as before. Moreover, for 7 € [w]x+1, we also define
Ak t0 be the same as A%<,

General step of the induction. The general inductive step of the construction now follows
by repeating the arguments above with minor modifications. More precisely, we assume
that the sets A%, AL, Bl and {R, =i} and functions ! : AL — N are defined for all
i <n—1 and are exactly the same for every t € [w],—1. We also define Ai’“, for
i <n — 1 to be the same set for all T € [w],. Fori < Ry, we just let Aﬁo = Ai’)"‘ = A’;U =
Ao, Bfu ={R,=1i}=40, and t(’;) =0. Now let (U}? j)j be the connected components of
An=Le n (fm=1(Ag) contained in hyperbolic preballs V/, with n — Ny < r < n, which
are mapped onto AS by f7. Take
Uy =Us 07y, i=0,1,2,
and set R, (x) =n forx € U,?’j. Also take
A" = A""N\(R, =n).

The definition of the function ¢} : A” — N is slightly different in the general case:

s ifx € U;,j\U,?’j and f(x) € I, for some j,
"(x)=10 ifxeAr"\U,; U,
ol -1 ifxe B\ U Un{j.
Finally, let
Al ={xe Al :t)(x)=0}, B!={xeAl 1 (x)>0},

and
Agr=nyn o Gty T BUST @),

+1
x€ALNH,

Once more, for all t € [w],, we define the objects A7, B}, A, {R; =n} and ] to be,
respectively, A”?, B, A", {R, =n} and ¢}, and for T € [w],+1 we also define A}* as

w?’
n,o
A%

Remark 4.16. Associated with each component U)?_k of {R, =n — k}, for some k > 0,
we have a collar Unlf k\U;?—k around it; knowing that the new components of {R,, = n} do
not intersect Unlfk\U,?f « too much’ is important for preventing overlaps on sets of the
partition. By [Al04, Lemma 4.5], it is enough to consider

a < Ky 'aNo2g, (a2 — 1,

so that U! N {#"~! > 1} = ¢ for each component U\
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4.4. Expansion, bounded distortion and uniformity. The inductive construction we
detailed before provides a family of topological balls contained in Ay which, as we will
see, define a Lebesgue modulo zero partition P, of Ag. We start, however, by checking
conditions (1)—(3) in the definition of the induced piecewise expanding Gibbs—Markov
map in order to prove Theorem 2.9.

Recall that, by construction, the return time R, for an element U of the partition P,
of Ag is formed by a certain number n of iterations given by the hyperbolic time of a
hyperbolic preball V! D U, and a certain number m < Ny of additional iterates, which is
the time it takes to go from f/(V"), which could be anywhere in M, to £+ (V") which
covers Ag completely. The map F,, = Ko . A Aisindeed a C? diffeomorphism from
each component U onto A.

It follows from Proposition 4.9 and Lemma 4.14 that

D n+m(x)—1 S D ”ﬁl ( n(x))—l . D n(x)—l <K0)\.n/2§K0)\.(RO_NO)/2.
%) a(w)\Jw w

By taking Ry sufficiently large, we can make this last expression smaller than some «,,
with 0 < k, < 1. Since Ko and Ny are independent of w, then Ry (and hence k,,) can be
the same for all w € Q, proving part of condition (U2).

For the bounded distortion estimate, we need to show that there exists a constant K, > 0
such that for any x, y belonging to an element U,, € P, with return time R,,, we have

det Df.Re(x)

——| < Ko dist(f,5 (x), £ ().
det Df,“ ()

By the chain rule,

det Df R (x)
det D5 (y)

det Df"(x)
det Df ;3 (y)

det Df " (f2(x)) ‘
det DS (f2())

For the first term in this last sum, we observe that, by Lemma 4.14, we have

det Df M (f2(x))
*laet DrRe ()
For the second term in the sum above, we may apply Corollary 4.10 and obtain
det Df} (x)
det Df7(y)

Also, by Lemma 4.14, we may write

dist(£7(x), () < Ko dist(fXe (x), fRo(y)).

We just have to take K, = Do + CoKy, which, clearly, can be uniformly chosen on w,
which completes condition (U2).

For the uniformity condition (U1), given N > 1 and ¢ > 0, we define, for every w € 2,
the sets {R, = j}, A‘]‘? and B;”, with j < N, as described in §4.3. The process which
leads to the construction of these sets is based on the fact that small domains in Ag
become large (in balls of radius 41) under falf, for some 0 < k < N,, and then under f [’T K(w)?

lo

‘ < Dy dist(fR(x), fRy)).

=< Co dist(f, (x), fi ().
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with 0 <i < Ny, they cover the ball B(p, 24/80) D Ao completely. Hence, just by the
continuity of &, associated with the random perturbation {®, {6.}c~0}, we can guarantee
that, for any two realizations w, o' in Q, the Lebesgue measure of the symmetric
difference of respective sets {R, = j}, Al and B j, for j < N, is smaller than g, as long as
we take e sufficiently small. In particular, this holds for {R,-j,, = j} and {R,-j . = j},
forevery j=1,2,..., N.

4.5. Metric estimates. We now compute some estimates to show that the previous
algorithm indeed produces a partition (Lebesgue mod 0) of Ag.

4.5.1. Estimates obtained from the construction. In this first part, we obtain some
estimates relating the Lebesgue measure of the sets A}, B and {R,, > n}, with the help of
specific information extracted from the inductive construction we performed in §4.3.

LEMMA 4.17. There exists a constant co > 0 (not depending on &) such that for every
w€Qcandn>1,
m(BY' N A%) > com(BET.
Proof. Tt is enough to see that this holds for each connected component of BZ)’I at a time.
Let C be a component of Bg’l and Q be its outer ring corresponding to tc’f)’l = 1. Observe
that, by Remark 4.16, we have Q C C N Al]. Moreover, there must be some k < n and a
component U,? of {Ry, = k} such that fa'j maps C diffeomorphically onto Uf;olf I; and Q
onto I, both with distortion bounded by C; and ePoD where D is the diameter of M see
Corollary 4.11 and Lemma 4.14. Thus, it is sufficient to compare the Lebesgue measures
of % I; and Iy. We have
my 8o+ 2TV — [So(L+ A1
mUi 1) T B+ akhad —sd T '

Clearly, this proportion depends on neither §p nor w. O

LEMMA 4.18. There exist dy, ro > 0 with dy + ro < 1 such that for every w € Q¢ and
n > 1 we have:

(1) m(AS'N B <dom(A%™Y); and

2) m(AL N {R, =n}) <rom(AL).

Moreover dy — 0 and rg — 0 as 59 — 0.

Proof. 1t is enough to prove these estimates for each neighborhood of a component U,?
of {R,=n}. Observe that by construction we have U7 C A~1% which means that
U2 c A1, because o < 8y < +/8¢. Using the distortion bounds of f” on U] given by
Corollary 4.12 and Lemma 4.14, we obtain
mUNUD) _ m(AJ\Ag) 88
IN7iE e A S an <L
mUA\U,)  m(AG\Ap) 3
which gives the first estimate. Moreover,
mWU) om0 8
mUZ\UD — m(A2\A)) ’

542
and this gives the second one. O

0
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We state a lemma useful in proving the following proposition.

LEMMA 4.19. There exists L, depending only on the manifold M, such that for every
finite Borel measure ¥ and every measurable subset G C M with compact closure, there
is a finite subset I C G such that the balls B(z, 81/4) around the points z € I are pairwise

disjoint, and
b
) ﬁ(B (z, Zl> N G> > LY (G).

zel

Proof. See [Al104, Lemma 4.9]. O

The next proposition asserts that a fixed proportion of A”~!' N H" gives rise to new
elements of the partition within a finite number of steps (not depending on n). We first
state an auxiliary result.

PROPOSITION 4.20. There exist so > 0 and a positive integer N = N («) such that for
every w € Q¢ andn > 1,

N
m(U{Rw =n+ i}) > som(A%"1 N HD).
i=0

Proof. We use Lemma 4.19 with G = fa’)’(AZ)’1 N H) and ¥ = (f).m, thus obtaining
a finite subset I of points z € f7(A%~! N H) for which the conclusion of the lemma in
particular implies

> m(((f;})‘B(z, %‘)) NnA N H;j) > Lm(AY"' N HD). (33)
zel

Fix z € I. Consider {C;};, the set of connected components of ( fa’})’lB(z, 81/4),
which intersect A”~! N H”. Note that each C; is contained in a hyperbolic preball V" (x)
associated with some point x; € ((fa’j)’1 B(z, 81/4) N AZ)’] N H as in Proposition 4.9.
In what follows, given A C B(zj, 61/4), we will simply denote (f£|vﬁ(xj))’l(A) by
(fa’)‘)JTI(A). Note that the sets {(fa’});lB(z, 81/4)}; are pairwise disjoint as long as §;
is sufficiently small (only depending on the manifold). In fact, f)! sends each of them onto
B(z, §1/4) and f}} is a diffeomorphism restricted to each one of them. In particular, their
union does not contain points of C.

CLAIM 1. There is 0<k; <Ny + Ny such that t:f,+kj is not identically 0 in
(f2);' Bz, @),

Assume by contradiction that t:)+ =0 for all 0 <k; < Ny + Ng. This

kj
)
implies that (f;)l);lB(Z’ o) C Az)+kj’a for all 0 <k; < Ny + No. Using Lemma 4.15,

we may find a hyperbolic preball V., @ C B(z, @) C AZ+kj with m < N,. Now, since

on () (Van(y) is a ball of radius &y, it follows from Lemma 4.14 that there is some

VvV C ffn(w)(V;'Z,(w)) and m’ < Ny with f™ (V) = A. Thus, taking k; =m +m’, we

Jn+m(w)
have that 0 < k; < Ny + Np and (f;)');l (V;’Z,(w)) contains an element of {R, =n +k;}
inside ( fg);lB(z, «). This contradicts the fact that tfr )= 0 for all 0 <

kj < Ny + No.

kj
(7 By
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CLAIM 2. (fa’});1 B(z, 81/4) contains a component {Ry, =n +k;}, with0 <k; < Ny + No.

Let k; be the smallest integer 0 < k; < Ny + No for which t:)+kj is not identically
Zero in (f” B(z «). Since (f)) 1B(z a) C AL L - {th~ ' <1}, there must be some
element Un+k of {R, =n + k;} f0r which ((f”)_ B(z, ®)) N U1+k # (). Recall that by
definition fa’f ' sends U! ek diffeomorphically onto A , the ball of radius 2§y around p.
From time 7 to n + k;, we may have some final ‘bad’ perlod of length at most Ny where
the derivative of f may contract, but being bounded from below by 1/K( in each step.
Thus, the diameter of f! (Ul+k ) is at most 459K Mo Since B(z, ) intersects f} (U1+k )
and o < 8y < 50K0 , we have (f”) 'B(z, 81/4) DU
enough, so that

n+k , as long as we take §o > 0 small

580K0 < éi:l

Thus, we have shown that (fa’)’);lB(z, d1/4) contains some component of {R, =n + k;}

with 0 < k; < Ny + Ny, and proved the claim.
Since n is a hyperbolic time for each x;, we have, by the distortion control given by

Corollary 4.12,

m((f)7" B(z, 81/4)) - ¢, m(BG 3/
m(U%k ) T Tm(fAU )
From time n to time n + k;, we have at most k; =m + m; iterates with m; <
Ny, my < Ng and fo’j(U’9+kj) containing some point y; € Ha”(w) By the definition of
(A, 8)-hyperbolic time, we have dists (f;n(w) x),0) > A20Ne for every 0 <i <m, which
implies that there is some constant D = Dj(«) > 0 such that |det (D f;,,(w) (x))| < D

(34)

for 0<i <mp and x € f (U k ). On the other hand, since the first Ny preimages
of Ao are uniformly bounded away from C, we also have some D, > 0 such that
|det (D fénml © (x))| < Dy, for every 0 <i <my and x belonging to an i-preimage
i -1
(fa"“‘j”' (w)) Ap of Ag. Hence,
1
m(fy Uy ) = Doy (B0
which, combined with (34), gives

m((f3); 'B(zj. 81/4)) < Dm(U, +k )s
with D only depending on C3, D1, D3, 8o and §1. Moreover, if € is small enough, D and
D, can be taken to be uniform over w.
We are now able to compare the Lebesgue measures of U,N=0{Rw =n+i}and A% N
H};. Using (33), we get
m(AL O HY) < LY m((£)7 By, 81/4) N AL N HY)
zel

< L7 m((£)7 Bz, 81/4)

zel

<DL Y mUL)-

zel j

https://doi.org/10.1017/50143385712000077 Published online by Cambridge University Press


https://doi.org/10.1017/S0143385712000077

686 J. E. Alves and H. Vilarinho

One should mention that the sets U ,? vy also depend on z € I. They are disjoint for different
values of z € I. Hence, putting N = Ny + N,, we have

N
m(A"" ' H") < DL]m<U{Rw =n+ i}).
i=0

To finish the proof, we only have to take so = DL, O

Remark 4.21. 1t follows from the choice of the constants Dy, D, and D that the constant
so depends only on the constants A, b, Ny, Ng, C2, 8o and §1. Recall that L is an absolute
constant depending only on M.

4.5.2. Independent metric estimates. We have taken a disk Ag of radius §p > 0 around
a point p € M with certain properties and, for every w € Q2¢, we defined inductively the
subsets A]l, B), {R, = n} and A}, which are related in the following way:
A! = Ao\{R, <n} = Al UB).
Since we are dealing with a non-uniformly expanding on random orbits system, for each
w € Q¢ and each n € N, we have also defined the set H? C M of points which have n as a
(A, 8)-hyperbolic time, and the tail set I')! as in (6). From the definition of I',, Remark 4.6
and Lemma 4.7 we deduce that:
(mj) there is ¢ > 0 such that for every w € Q¢, n>1 and every A C M\I'), with
m(A) >0, '

1 X”: m(AN HJ) .

n m(A) -
Moreover, Lemmas 4.17 and 4.18 and Proposition 4.20 give us a random version of the
metric relations (mj)—(my4) in [Al04, §4.5.2]. In the inductive process of construction of
the sets A”?, B!, {R,, = n} and A]}, we have fixed some large integer Ry, this being the first
step at which the construction began. Recall that A? = All = Ag and B, ={R, =n} =0
for n < Rg. We will assume that

Ro > max{2(N + 1), 12/¢}.

Note that since N and ¢{ do not depend on Ry, this is always possible, so we can
follow [Al04, §4.5.2] to conclude that for every w € €2, this process indeed produces a
partition P, = {R,, = n}, of Ag. Moreover, it also follows that if there exist C, p >0
such that for every w € Q¢ we have m(I') < Cn™P, then there exists C ” such that for
every w € €2, the return time function satisfies

m(Ry, >n) <C'n™P.
It is possible to check that the constant C” depends ultimately on the constants B, 8 and by

associated with the non-uniform expanding condition in Definition 1.4. This implies that
C’ can be considered the same for every w € €. This ends the proof of Theorem 2.9.

5. Applications
5.1. Local diffeomorphisms. One example of a transformation which fits our hypothesis
was introduced in [ABVO00] and consists of robust (C! open) classes of local
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diffeomorphisms (with no critical sets) which are non-uniformly expanding. The existence
and uniqueness of SRB probability measures for this map was proved in [ABV00, A103].
Random perturbations for this map were considered in [AA03], where it was proved to be
a weak form of stochastic stability—the convergence in the weak™* topology of the density
of the unique stationary probability measure to the density of the unique SRB probability
measure. Here we improve it to the strong version of stochastic stability. We follow closely
the constructions and results in [ABV00, AA03] and introduce some extras to give the
required transitivity.

This class of maps and can be obtained through deformation of a uniformly expanding
map by isotopy inside some small region. In general, these maps are not uniformly
expanding: deformation can be made in such a way that the new map has periodic saddles.

Let M be the d-dimensional torus T¢, for some d >2, and m the normalized
Riemannian volume form. Let fy: M — M be a uniformly expanding map and V C M be
a small neighborhood of a fixed point p of fy, so that the restriction of fj to V is injective.
Consider a C'-neighborhood U of fy sufficiently small that any map f € U satisfies the
following.

(i)  f is expanding outside V: there exists Ao < 1 such that

||Df(x)_1|| <Ag forevery x € M\V.
(i)  f is volume expanding everywhere: there exists A1 > 1 such that
|det Df (x)| > A1 forevery x € M.
(iii)  f is not too contracting on V' there is some small y > 0 such that
||Df(x)71|| <14y foreveryxeV.

Moreover, the constants Ag, A1 and y are the same for all f € U. For f € U, we introduce
random perturbations {®, (6¢)¢~0}. In particular, we consider a continuous map

O: T —U
t —> fi,

where T is a metric space and f = f;« for some r* € T. Consider a family (6¢)¢>o of
probability measures on 7 such that their supports are non-empty and satisfy supp(6¢) —
{t*}, when € — 0. We can choose appropriately the constants Ag, A1 and y, so that every
map f €U is non-uniformly expanding on all random orbits with uniform exponential
decay of the Lebesgue measure of the tail sets I'}) given by (6), naturally ignoring the
recurrence time function.

PROPOSITION 5.1. Consider fo, U, f el and {D, (Oc)e=0} as before. There exists
ao > 0 such that for every o € supp(9§ ) and Lebesgue almost every x € M,

) 1 n—1 ) ~
lim sup = Y " 1og 1D, s ) (£ () 1| < —ao.
Jj=0

n——+00

Moreover; there is 0 < v < 1 such that m(I')) < t", forn > 1 and w € supp(@EN).

https://doi.org/10.1017/50143385712000077 Published online by Cambridge University Press


https://doi.org/10.1017/S0143385712000077

688 J. E. Alves and H. Vilarinho

Proof. See [AA03]. O

We now show that by performing the construction a bit more carefully we have maps
which are also transitive, which in particular implies that each map has a unique SRB
probability measure. We will actually prove that these maps are topologically mixing. We
start by considering amap f: M — M (in the boundary of the set of uniformly expanding
maps) which satisfies (i), (ii) and (iii) as the Cartesian product of one-dimensional maps
@1 X -+ X @g,withgy, ..., ps—1 uniformly expanding in S', and ¢4 the intermittent map
in S': it can be written as

o

a(x) =x +x'% forsome0<a <1,

in a neighborhood of 0 and ¢/, (x) > 1 for every x € S \{0}. One already has that any f
in a sufficiently small C 1—neighborhood U of f satisfies (i), (i) and (iii) for convenient
choice of constants Ag, A1, ¥, and neighborhood V of the fixed point p =0 € T9. The next
lemma ensures that f is topologically mixing, and thus topologically transitive. We show
moreover that if { is sufficiently small, then all the maps in { are topologically mixing.

LEMMA 5.2. Given a > 0, there is Ny, > 1 such that fN“(Ba(x)) = Tdfor any x € M.

Proof. This is an immediate consequence of the fact that a similar conclusion holds for the
maps @1, . . ., ¢q in S'. This is standard for the uniformly expanding maps ¢1, . . ., @4_1,
and also for the intermittent map ¢4, as it is topologically conjugate to a uniformly
expanding map of the same degree. a

Let us now obtain a similar conclusion for any map f in /. This cannot be done
by a simple continuity argument, since for smaller radii « > 0, in principle we need to
diminish the size of the C!-neighborhood. However, a continuity argument works if one
just needs to consider balls of some fixed radius. By Proposition 5.1, any map f €
is non-uniformly expanding and, if we consider a random perturbation of f as before,
then f is also non-uniformly expanding on (all) random orbits (naturally, for sufficiently
small noise level), with uniform exponential decay of the Lebesgue measure of the tail set.
By Propositions 5.1 and 4.4, Lebesgue almost every point x € M has infinitely many A-
hyperbolic times and, moreover, we may take A = ¢~%/2. Lemmas 4.8 and Proposition 4.9
imply that there exists §; > 0 (uniform for the maps in Zf) such that Lebesgue almost every
point in T¢ has arbitrarily small neighborhoods which are sent onto balls of radius §; > 0.
Taking o = 81/2 in Lemma 5.2, there is some positive integer N for which every ball of
radius 81 /2 is sent onto M by fV. Then, just by continuity, one has that any ball of radius
81 is sent onto M by fV for any f €, provided this C!-neighborhood is sufficiently
small. Then, in particular, each f € I{ is topologically transitive. The next theorem is now
a direct application of Theorem A.

THEOREM 5.3. Let f € U. Then:

(1) ifeissmall enough, then f admits a unique absolutely continuous ergodic stationary
probability measure; and

(2)  f if strongly stochastically stable.
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5.2. Viana maps. We now consider an important open class of non-uniformly
expanding maps with critical sets in higher dimensions introduced in [Vi97]. This example
features the hypothesis of Theorem A, resulting in the proof of their strong stochastic
stability. The existence of a unique absolutely continuous ergodic invariant probability
measure and strong statistical stability were proved in [AV02]. A weaker form of stochastic
stability (weak™ convergence of the stationary measure to 4 r) was established in [AA03].
In order to check the hypothesis of Theorem A, we use essentially the results in [AA03]
for non-uniform expansion, slow recurrence to the critical set and uniform decay of the
Lebesgue measure of the tail set, both for deterministic and random cases. Without loss of
generality, we discuss the two-dimensional case and we refer to [AA03, AV02, Vi97] for
details.

Let po € (1, 2) be such that the critical point x =0 is preperiodic for the quadratic
map Q(x) = po —x2. Let S' =R/Z and b : S! — R be a Morse function, for instance,
b(s) = sin(2ms). For fixed small @ > 0, consider the map

f: SIxR— S' xR
(s, x) > (&(s), 4 (s, X)),

where g is the uniformly expanding map of the circle defined by g(s) = ds (mod Z) for
some d > 16, and (s, x) = a(s) — x2 with a(s) = po + ab(s). As shown in [AA03], it is
not a restriction to assume that C = {(s, x) € S' x I: x = 0} is the critical set of f , and we
do so. If o > 0 is small enough, there is an interval I C (—2, 2) for which f(S1 x 1) is
contained in the interior of S' x I. Any map f sufficiently close to f in the C3 topology
has S! x I as a forward invariant region (in fact, here it suffices to be C I close). We
consider a small C3-neighborhood V of f as before, and will refer to maps in V as Viana
maps. Thus, any Viana map f €V has S! x I as a forward invariant region, and so an
attractor inside it, which is precisely

A=) 1" xn.

n>0

We introduce the random perturbations {®, (6¢).} for these maps. We set T C V to be
a C3 neighborhood of f consisting of maps f restricted to the forward invariant region
S x I for which Df (x) = Df(x) if x ¢ C, the map @ to be the identity map at 7" and
(fe¢)c a family of Borel measures on 7' such that their supports are non-empty and satisfy
supp(6e) — {f}, when € — 0, for f € T. Let h be the density of the unique absolutely
continuous invariant probability measure ¢ for f. We will show that such Viana maps
f € V satisfy the hypothesis of Theorem A so that we may conclude the following theorem.

THEOREM 5.4. Let f € V be a Viana map. Then:

(1) if € is small enough, f admits a unique absolutely continuous ergodic stationary
probability measure; and

(2)  f is strongly stochastically stable.

5.2.1. Deterministic estimates. The results in [Vi97] show that if V is sufficiently small
(in the C? topology), then f € V has two positive Lyapunov exponents almost everywhere:
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there is a constant n > 0 for which
1
lim inf —log | Df" (s, x)v| > 7
n—+oo n

for Lebesgue almost every (s, x) € S U'x I and every non-zero v € T(M)(S1 x I). This
does not necessarily imply that f is non-uniformly expanding. However, as was shown
in [AAOQ3], a slightly deeper use of Viana’s arguments enables us to prove non-uniform
expansion and slow recurrence to the critical set of any C? map f such that

If = flice <o

In particular, they proved that there exist C, ¢ > 0 such that for f, as before, and n > 1
there is a set ', C S! x I for which

m(Ty) < Ce ¢V,

and such that, for each (s, x) ¢ 'y,
(1) thereis ag > 0 such that

= ‘

z Z log | Df (f/ (s, )Y <—ap forallk >n; and

Jj=0
(2) for a given small by > O there is § > 0 such that
1 k—1 )
z Z —log dists(f7 (s, x), C) < by forall k >n.
j=0

Moreover, the constants ¢, ag and § only depend on the quadratic map Q and « > 0.
In [AV02], a topological mixing property was also proved.

THEOREM 5.5. Forevery f €V and every open set A C S' x I, there is some ny € N for
which f"4(A) = A.

Proof. See [AV02, Theorem C]. O

5.2.2. Estimates for random perturbations. Let f be close to f in the C3 topology
and fix a random perturbation {®, (6¢)c~0} as before. We want to show that if € >0
is small enough, then f is non-uniformly expanding on random orbits and I'}, decays
sufficiently fast and uniformly in w. The estimates in [AA03] for log dists(f/ (s, x), C)
and log || Df (f/(s, x))~!|| over the orbit of a given point (s, x) € S! x I can easily be
obtained by replacing the iterates f/(s, x) by random iterates f; (s, x). Briefly, these
estimates rely on a delicate decomposition of the orbit of the point (s, x), from time 0 until
time 7, into finite pieces according to its returns to the neighborhood S' x (— /&, /a)
of the critical set. The main tools for these estimates were from [Vi97, Lemma 2.4]
and [Vi97, Lemma 2.5], and the proofs may easily be mimicked for random orbits. Indeed,
the important fact in the proof of the lemmas referred to is that orbits of points in the central
direction stay close to orbits of the quadratic map Q for long periods, as long as o > 0 is
taken sufficiently small. Hence, such results can easily be obtained for random orbits as
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long as we take € > 0 satisfying € < «. It was also proved in [AA03] that C > Oand ¢ > 0
exist such that m(I') < Ce™¢ V7 for almost every o € supp(9§ ), which clearly is enough
for our purposes. Moreover, the constants for the estimates on the the tail set, non-uniform
expansion and slow recurrence depend only on the quadratic map Q and «. In particular,
they are uniform over w.
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