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Abstract We establish a generalized thermodynamic formalism for certain nonhyperbolic
maps with countably many preimages. We study existence and uniqueness of conformal
measures and statistical properties of the equilibrium states absolutely continuous with
respect to the conformal measures. We will see that such measures are not Gibbs but
satisfy a version of Gibbs propertyvéak Gibbs measure We apply our results to a
one-parameter family of one-dimensional maps and a two-dimensional nonconformal map
related to number theory. Both of them admit indifferent periodic points.

1. Introduction

In this paper, we shall study thermodynamic formalism for noninvertible discontinuous
mapsT defined on a subset of a compact metric spadeX, d). We assume that there
exists a countable (Borel) measurable partit@®n= {X,}.c; such thatT restricted on
each atomX, of Q is a homeomorphism from, to T X,. Given a functionf : X — R,

we define the Perron—Frobenius operaigrby

Lrgx)= Y expf(»g(y) (g€ CX)).

yeT1x

In the case whefl satisfies a regular condition corresponding to hyperbolicity, Walters
[15 established the existence and uniqueness of the equilibrium statef foe

C (U, intX,) under some condition (see §3). Further, the equilibrium state is absolutely
continuous with respect to the e f) — f) conformal measure, wherR(f) is the
measure theoretical pressure for On the other hand, in the case whEns a finite-to-

one continuous map of a compact metric space, similar results were establishiand |
also in 8], without hyperbolicity but assuming(f) > supf. In this paper, we study
these problems for infinite-to-one mapsand piecewise Blder potentialsf satisfying
P(f) = supf in a nonhyperbolic situation. More precisely, in §2 we study the existence
and unigueness problem of conformal measurder intermittent Bernoulli maps, i.e.
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maps admitting indifferent periodic points such thgint X,) = intX VX, € 0. We
remark that the property (iii) introduced by Walters (property (iii) 5] fails for such
nonhyperbolic maps and for piecewiselHér potentials (see 85). Further, we discuss

a relation between the radius of convergence of Zeta functions and the pressfire of
through a generalized Gibbs measure. In 83, we study the existencd afiariant
ergodic measurg which is equivalent to the conformal measuwreithout both uniform
boundedness and equi-continuity of iterated Perron—Frobenius operators. To do this, we
first construct a derived systeffi* which expands distances and we establish a weak
Holder-type property of the potentigl* associated t@*. Then we show the existence

of an ergodicT *-invariant measure equivalent to In 84, we establish the variational
principle for the pressur@(f) and we will see that the is an equilibrium state for

with P(f) > supf. Our method uses the variational principle for the derived systems
(T*, f*) (see 84). We remark that the Bernoulli property @fis needed only for the
existence of conformal measures in 82 and for no other results in 83 and 84. Further if we
consider the existence problem of conformal measures only for symbolic dynamics (with
respect taQ), a weaker condition than the Bernoulli one can be foun®jnNlote that the
thermodynamic formalism of symbolic dynamics associateddtuét potentials may not
apply to nonhyperbolic maps since conjugacy maps from shift spacéslitonot preserve
Holder continuity of potentials.

2. On the existence of conformal measures for intermittent Bernoulli maps

Let (X, d) be abounded metric spacEthec-algebra of Borel sets of andQ = {X,}aer

a disjoint partition ofX with X, € F. We assume that there exists a compact metric
space(X, d) with X D X such that alint X) = X andXo = Uy, int X, is an open
dense subset of. LetT : X — X be a piecewise invertible map with the Bernoulli
structure, i.eQ is a generating partitiorf|x, : X, — T X, is a homeomorphism and
T(intX, =intXVX, € Q. We denote{T|xa)*l by ¥, and assume that, extends to a
homeomorphism fronX onto clX,. For the existence of conformal measures, we further
assume Lipshitz continuity of the local invergg,} <.

(C1) 30 < L, < oo such thatd(yx, ¥,y) < Lgd(x,y) (Va € I) and sup., < oo,
aecl.

Let f : X — R be a piecewise blder continuous function with exponefti.e.
(C2) 0 < Ly < oo suchthat f(x) — f(y)| < Lyd(x,y)? (Vx,y € X4, VX, € Q).

Let UC(int X) be the space of uniformly continuous functions onXntLet £, be the
generalized Perron—Frobenius operator which is defined by

Lo = Y. expf(g() =Y expfHax)gWax)

yeT1x ael

(Vg € UC(int X), Vx € int X).
LEmMMA 2.1. (Cf. [L5]) Suppose that (C1), (C2) and
(C3) 30 < K < cosuchthatl s1(x) = > ,; expf(Yax) < K (Vx € X)
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are satisfied. Thedy : UC(intX) — UC(intX) and Ly can be extended to a positive
continuous linear operator of (X). Furthermore,£% (-)/ L% ()1 : M(X) > M(X) is
continuous, whergM(X) is the set of all probability measures on thealgebra of Borel
setsF of X and L% is the dual ofZ .

Proof. First we note the following fact:
|[Lrl(x) — Lf1(y)| - Oasd(x,y) — 0.
Indeed, we see that

£ £100) — L1(0)]
< 1expf (Wax) — expf (Way)| <Ly Y expf (Yax)d(Yax. Yiay)’

ael ael

0

< anK<supLa) d(x, y)e (A0 < n < 0).
aecl

The above observations and (C3) allow us to make the first assertion.. 8in&e comes

equipped with the wedktopology, the second assertion is obvious. ]

The next result is immediate from Lemma 2 i5].

LEMMA 2.2. Suppose that (C1)—(C3) are satisfied. Then there exists a real nymber
and a probability measure on F such thatﬁ*}v = pvandp = ﬁ*}v(l). v is the
exp(log p — f)-conformal measure faf, i.e.

d(vT)lx,

7 =explogp — f) (VX. € Q).
V|x,

We shall consider sufficient conditions for the uniquenegsarfidv. Let. A4, denote the
set of all admissible sequences of lengthe. (a; .. .a,) € A, iffint (XalmTflxazm. ..N
T=-=VX,) # 0. For(a1...a,) € Ay, we denoteX,, N T~1X,, N-.-.Nn T~ Dx,
by Xay...a, @nd(T"|x,, )" BY Yay..a,- We suppose that(int X) = 1, which will be
proved in 83 (Corollary 3.2).

(C4) Weak bounded variation (cf2]]). There exists a sequence of positive humbers
{Cp}n>0 satisfying lim,—, oo (1/n) logC, = 0 and

exp( 10 /(7))
sup sup <C
(ay...an)€An x,y€Xay..an exp(z:;:—(i)l. f(Tiy))

Condition (C4) is weaker than Walters’ corresponding assumption (assumption (iii) in
[15]) (i.e. 31 < C < oo such thatC, < C for n > 1). For piecewiseCl-maps admitting
indifferent periodic pointsT9xg = xp and|detDTY(xg)| = 1), (C4) is typically satisfied
for f = —log|detDT| though (iii) in [15 is not satisfied.

PROPOSITION2.1. Suppose that the conditions (C1)—(C4) are satisfieat?hﬁl = p1v1
andﬁ}vz = pov2, thenpy = po.
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Proof. Sincev; (i = 1, 2) are exglog p; — f)-conformal measures, we have the following
inequalities:
n—1

0 (T" Xy ) = /X exp<(|og pon =Y fT"(x)) dvi ()
aj...an i=0

n—1
=< p?cnvi (Xal...an) eXp( - Z le (x)> (Vx € Xal...an)~
i=0

n—1
Vi(T" Xay..a) = P} Cy vi(Xay..a,) exp( -y fT’(x)> (Vx € Xay..a,)-
i=0

Combining the above inequalities gives

X 2logC
0< v1( al...an) §expn<logﬂ+ g n)
VZ(Xal...an) D2 n
Suppose thapy < po. Sincev; (T" Xy, ..q4,) = vi(X) = 1 and sov; (Xg,..q,) > 0 we have
a contradiction. This implies that; = po. O

The next result gives a characterization of the(fogpp — f)-conformal measure.

PROPOSITION2.2. Suppose that (C1)—(C4) are satisfied. Any solution of the equation
E?v = pv is a weak Gibbs measure fgf with a constant—log p, i.e. there exists a
sequence of positive numbég¥s, },,-o satisfyinglim, ... 1/nlogK,, = O andv-a.e.x

k1< V(Xq;..a,(x))
" exp(—nlogp) + Y155 f(Tix))
whereX,, 4, (x) denotes the cylinder containing
(Cf. [21].)

Proof. From Lemma 2.2 (conformality of), we can easily see that

= K,

n—1
| =] exp( S (T = 1109 p) Vg (x))) dv ().
X T"Xay..an =

aj...an

The weak bounded variation (WBV) property férallows us to have
ct< V(Xq;..a,(x))
exp(Zf’;& fTi(x)—nlog p)

< Cy. a

Let Z,(X. ) = Y erixn.x) ©XP( X025 fTP(x)). Then the formal power series
tx, (1) = exp( Yo (t"/n)Zu(X, f)) is calledArtin-Mazur-Ruellezeta function and
the radius of convergence ¢k ¢ is py = exp(—limsup,_, . (1/n)logZ,(X, f)). We
shall associate witp ; the constanp.

THEOREM2.1. Suppose that (C1)—(C4) are satisfied. Then

lim (1/n)logZ,(X, f) =logp and p;=p 1
n—0o0
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Proof. In [21], a result similar to Theorem 2.1 was established for maps with finite range
structure (FRS) in the case when the Lebesgue measure is a weak Gibbs meagsuiigfor

a constant-p and log|/detDT| is of weak bounded variation (C4). Since all cylinders are
full cylinders (i.e.T(int X,) = int X, VX, € Q) and (C4) is valid, the result follows from
Theorem 5.1 in21] immediately. ]

COROLLARY 2.1. If there exists a weak Gibbs measure fomwith a constant-log p,
thengx ¢(¢) converges fofz| < p L.

PROPOSITION2.3. Suppose that

(C5) o(n) = supy diamXg, 4, — 0asn — oo.

aj...an

Then for every nonempty open ggtve havev(0) > 0.

Proof. Since
n—1 )
U(Xal...an) = / eXp( Z(le —n IOQ p)(l”al...a,,x)> dv(x),
T”Xal...an i=0

we havev(Xy,..q,) > 0VXy,. a, € \/7;& T~/ Q. Then the result follows from (C5) which
implieso (\/i2, T Q) = F. m
PrROPOSITION2.4. (Uniqueness of) Suppose Proposition 2.1. If (i = 1,2) are
ergodic andv1 < vy, thenvy = vs.

Proof. Sincedvy/dvs € L1(1), we have

Vl(Tn (Xal...an)) = /X 1Xal,_a,, (I/fal...anx)(dVl/dVZ)(Tnl/fal...an (x)) d(VZTn)(T/fal...anx)

n—1

= /X (dv1/dv)T" (y) exp(n logp -y fT%y)) dva().
ay...an 1

i=0
On the other hand, we have

n—1

exp(n logp— > /T’ (x)) (dv1/dv2) (x) dvo(x).
aj...an

i=0

Vl(Tn (Xal...an)) = /

X
Combining the above equalities and by ergodicity, we have v,. |
By applying Walters’ idea in]5] we have the following.

THEOREM2.2. Let v be a weak Gibbs measure fgrwith a constant-log p. If there
exists ar -invariant ergodic probability measure equivalent tov with H,,(Q) < oo and

f e LY(w), thenlogp = h,(T) + [ fdu.
(Cf.[19, 2Q.)

LEMMA 2.3. Either of the following conditions (a) or (b) is sufficient 8y, (Q) < +oo:
(@ Y e v(Xo)infx, f > —oo;
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(b) 30 < W1 < W2 < cosuchthadu/dv > Wy andlw, = {a € I : supy, du/dv >
Wo} is a finite set.

Proof. (a) From Proposition 2.2, we see that foe X,

K~ Yexp(f(x) —logp) < v(X,) < K1exp(f(x) — logp).

The above inequalities allow us to have that

H,(Q) <Y v(Xa)(log Ky +log p + sup— f)) < logK1 +logp — > v(Xy) inf f.

aecl a ael

(b) We see that

Hu(Q) < — ) (X)) logu(Xa) + Wa(H,(Q) — log Wh).

a€1W2
The above inequality completes the proof. a

In the next section, we will give sufficient conditions for ergodicityofand the
existence of an ergodiE invariant measurg equivalent tov.

3. Invariant measures for derived systems which expand distances
We suppose that (C1)—(C4) are satisfied. Assume further that

(C1}* Va € 1,3L, < 1.

GivenL < 1,wedefinedB1 = {X; : Lp < L}, D1 ={Xy4:Lq > L},
and inductively define

By, = {Xpy..b, : Xby..by_q € Dn—1, Lp, <L},
Dy ={Xay..d,  Xay..a; €D (i=1...n=1),Lg, > L}.

PutB, = Uxbl...hnEBn Xp,..b, @aNdD, = delmdnepn Xay..q,- (We putDg = X.) We
defineR = {X4;..4, : Xa, € B1}. The following properties will be important later for
establishing our theorems.

LEMMA 3.1.
(1) R satisfies the strong playback property, d&.qu)pn) € R If Xpi) € R (cf. [10Q)).
(2) By+1= Dy N T7"Bj.

Definel* = U2 {(a1...an) : Xay..a, € Ba}. ThenQ* = {X,}qer+ is a countable
disjoint partition ofl_Ji°, B;. Define amag@™* : | J72; B; — X by T*x = T'x forx € B;.
Then T*|x, is invertible and a local homeomorphism frok), to 7*X,. We denote
Vo = (T*x) 7t andyy, o = (T™1x,..,) " SinceX = U2 Bi U (NrZo D),
we assume that
(C6) lim,_ 00 v(Dy) =0.

Then we havé J72; B; = X (v mod 0.
Remark A.In 85, we will see that it (X) = 1 then (C6) is satisfied for all examples when
Mr2o D consists of only indifferent periodic points belongingts.
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PutX* = X\(Um—o T* " (=0 Dn)). Defineg(x) = inf{n € N : X4, 4,(x) € R}.
Then we have the following.

LEmMA 3.2. If v is anexpllogp — f) conformal measure with respect #©, thenv
is anexp(¢(x)logp — f*(x)) conformal measure with respect o, where f*(x) =
$(x)—1 i
o JT'(x).

From the above lemma we have the following fact.
LEMMA 3.3. X = X* (v mod 0.

Proof. We have

(2(0)e)
n=0
= Zv(w;;( ,,ﬁT*Xa>>
ael* n=0
o] =1 )
=y / exp( Y (T ) — af Iogmwgfx)) dv(x)

ael* Y Mneo DaNT*Xq i=0
=0.
Inductively we can show that(T**i(ﬂ,‘j‘;O D,)) = 0 which completes the proof. O
The next result is immediate from assumption (C1)
LEMMA 3.4. d(Yy, o, % Vay..a,¥) = L"d(x, y).

THEOREM3.1. Suppose that:

(C7) vy =sup,¢{supy, f —infx, f} < oo;
(C8) VXuy..ap € By,30 < Ly(az...a,) < oo such that

|f Way.anX) — [ Waga, )| < Lpaz...an)d(x, y)°

Vx,y € T"Xy,..a,, and

n
Ly(co) =sup  sup ZLf(Cli . ay) < 00.
n>0 X,,l_,anEBn i=1

Then{ﬁ’}*w |ogp1}n20 is equicontinuous and uniformly bounded.

COROLLARY 3.1. (Renyi's conditionThere exist& > 1 such thatvx, y € X*,

exp( 13 £ T (V.0
sup  sup

<cC.
n21 aned” exp(Liog £ T W3, 0, 0)
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Proof of Theorem 3.1We see easily that

exp(z;’;g v (w;fl_,.a,,x))

‘ ()
exp( X123 14T (W0, ))
n—1laiy1]—1
<I1] II {1+exp< sup fo— o inf f(x))
=0 =0 X ol el
(‘// /rll Olliifll (WZ%,_%X)> -f <w jill \al+1\(1//al+2 a,,y))‘}
n—1laiy1|—1
< H ]_[ (L +expy Ly} ..o =+ acx, y)?),
wherea; 11 .. lﬂll denotesy; 11 € I*. Then (2) and (C8) allow us to have an upper

bound of(x), 1 +d(x, y)? x (constant). Similarly we have a lower bound:-1 (x, y)? x
(constant) so th&C > 1, such that

exp(Z” 1 f*T*l(I/fSZl X )) .
1- 1 . <d(x,y)” x (constantix C
exp( 123 FATH Wiy 0 ¥)

for Xey. .- X%,y € T""Xey o, and forn > 0. From Lemma 3.2 and the above
observations, we see thaf’ > 1 such that

1L p10gp1¥) = Lo _p10gp 1]

n-1 n—1 *
< (constanti d(x, )’ 3" [ xp(r* Wi,y x0p” =0 Vitaner?

o1...0p (=0
< (constantx d(x, y)’C > f exp(Zf T (Y a,lx)) dv(x)p~ Xi-aleil
ar..an T Xy an
<C Y v(Xaya)d(x, ).
aq...0,
This completes the proof. ]

COROLLARY 3.2. There exists & *-invariant measurg:* ~ v andv(X*) = v(X) = L

Proof of Corollary 3.2.Since we have Renyi’s condition and Bernoulli property)df the
standard argument allows us to havE*ainvariant measurg™ ~ v with du* /dv bounded
away from zero and infinity. The last assertion follows from Lemma 4.8 [In fact, we
havev(Xg) = v(intX) = 1. O

THEOREM3.2. T*is ergodic with respect to and exact with respect to*.

Proof. Condition (C5) is valid because of Lemma 3.4. Again, Renyi’s condition, Bernoulli
property ofQ and conformality ob lead us to apply the standard argument for establishing
ergodicity [L0, 11, 16. Exactness oft* follows from [17, 19. |
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We remark that the following formul&[ 10, 1] gives aT -invarianto -finite measure:

w(E) = w* (D NTT"E). (F
n=0

Then we see that Theorem 3.2 allows us to have ergodicifywith respect tqu.

Remark B.We will see in 85 that property (Cl¥ails for Example 2, but we can define
B, D, sothat Lemma 3.1 is valid arithg > 0 and30 < § < 1 such that

AWy, a,% Vay. ., y) < CONstantc 8"d(x,y) (Yn > no).

«1...0p

4. Variational principle
In this section, we suppose that

(C6)* 302 g v(Dy) < oo which guaranteeg (X) < oc.

Let T, be the induced transformation @h. Let ., u* andu g, be invariant probability
measures with respect 1 7* andTp, respectively. We assume (2) in Lemma 3.1. Then
we have the following.

LEMMA 4.1. T|p, o T, = T* o T|,. Furthermore, we have
WHF) = g (Tlg) 'F)  (VF € F¥),
andforg: X* — R, u*(g) = up,(g o Tlpy)-
(Cf. [10, 11.) Let ¢, be the first return function t@#;. Put f*(x) = Z?:(’(‘))_l fTi(x)

and fp, (x) = ?:Bll(x) fTi(x). Then itis easy to see thelk € B, fB,(x) = f*T(x).

Furthermore, we have the following fact.

LEMMA 4.2, [\ f*(x) dp*(x) = [, fa, diip, (x).

Proof. We note that forx € Bj, ¢p,(x) = k implies¢(Tx) = k. We also have that
I8, T, (x) = f*T(Tp,x) = f*T*(T|p,x). Itis enough to use one of these facts. O

We can easily verify the next formula.
LEMMA 4.3. h,+(T*) = hMBl(TBl).

We shall suppose that* is ergodic so that both andu , are ergodic. Then combining
the above lemmas we have the following.

THEOREM4.1.
hys(T*) + ; ) dp*(x) = hyy (Tpy) + B fB,(x)dpp,(x)
* 1
_ (M) + [y f)du(x)
w(B1)

LEMMA 4.4, If a T-invariant probability measuren satisfiesm(B1) = 0, then
m((iZo Dn) = 1.
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Remark C.For all examples that we shall consider in §5,2, D, consists of only
indifferent fixed points. For such maps, with m(B1) = 0 is a T-invariant measure
supported on the fixed points.

Proof of Lemma 4.4Under assumption (2), we see that
o0 o0 . o0 .
m(U B,-) = Z m(D;_1NT- VB < Zm(T*(Z*DBl).
i=1 i=1 i=0
If m(B1) = 0, then fromT -invariance ofn we have

() = Fo2) o ;

i=1

We note thath* = du*/dv is bounded away from zero and infinity. Pgt =
(h*/h*T*) exp(f*—¢ log p). Applying Theorem 10 in15] gives the following variational
principle for the Pressurel,, denotes the conditional information &f with respect to
T-1F.

PROPOSITION4.1. For any T*-invariant probability measure:*:

() w*(Iyx +logg*) = m* (I~ +logg*).

The left-hand side of (3) is zero and fai # u*, 0 > m* (I, + logg™*).
In particular, if

(C9) Hu(Q¥) < oo,

then we have the follwing.

COROLLARY 4.1. (3) is equivalent to the following inequality:

@) s+ (f) = w(ByHog p = m* (L + f*) —m(By) "t log p,

wherem is theT-invariant measure arising fromx™ via the formula (F).

Proof. Sincem™*(¢) = mp,(¢p,) = 1/m(B1) < oo, the assertion is obtained by noting
thatdu*/dv is bounded away from zero and infinity. (See Corollary 3.2.) |

We have a sufficient condition fat, (Q*) < oo as follows.
LEMMA 4.5, If fx*(q)(x) logp — f*(x))dv(x) < oo, thenH,(Q*) < oo.

Let E(X, T) denote the set df -invariant ergodic probability measures B Applying
Theorem 4.1 we have the following.

THEOREM4.2. Suppose that (C1)(2), (C6) and (C7)—(C9) are satisfied. Then we have:

(5) logp = hu(T) + u(f).
(6) logp > m(By)m*(I,+ + f*). In particular, Vvim € E(X, T) satisfyingm™(f*) >
—oo or m*(I;+) < oo, we havdog p > h,, (T) + m(f).
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Proof of Theorem 4.2(5) and the first assertion of (6) are immediately verified. Suppose
thatm*(f*) > —oc. Then it follows fromI* > 0 and (4) thatf* € L'(m*) and we have
thatm™ (I« + f*) = m*(I,+) + m*(f*). This equality allows us to have the desired strict
inequality form € E(X, T) arising fromT*-invariant ergodic measure*. Suppose that
m*(f*) = —oo andm™*(I,+) < oo. Then we haven™(I,«) + m*(f*) = —oo < logp.

The second assertion of (6) has just been proved. |

Remark D.The collection of ergodicT-invariant measures arising frorfi*-invariant
ergodic measures does not contain Thévariant probability measures supported on the
periodic points belonging tp) D,. For such a measure, we haven,,(T) = 0.

n>00

Definition. A periodic pointxg with periodg is said to bendifferentwith respect ta if

d(vT? -t
(v )(xo)(zexp<q |ng_Zth(x0)>> -1

dv =

In particular, for piecewis&! mapsT and for the Lebesgue measurgthe definition
coincides with the usual one (i.e. d&7TY(xg)| = 1).

COROLLARY 4.2. Suppose that (C1) (2), (C6) and (C7)—(C9) are satisfied. Assume
further that(,.o D» consists of periodic points. Bupy f < logp, thenu is an
equilibrium state forf in the following sense:

hu(T) 4+ pu(f) = suph,(T) +m(f) :m e E(X,T),m(f) > —oo or m(I,) < oo}.

If supy f < logp, thenu is a unique equilibrium state fof'. If (.o D» consists of
indifferent periodic points with respect tq then the equilibrium state fof is not unique.

Proof of Corollary 4.2.By Theorem 4.2, we have lqg> h,,(T)+m(f)form € E(X, T)
which arises from soma* € E(X*, T*). If m is a probability measure supported on a
periodic orbit contained ifi),,. o, Dn, We haver,, (T)+m(f) = m(f) < supy f < logp.

If supy f < logp, then the strict inequality is obtained. Lef be an indifferent periodic
point with periodg. Then form = (1/q) Z?:’()lémo we haveh,,(T) + m(f) = m(f) =

log p. ]

5. Examples

Example 1. A one-parameter family of maps on the intel@gl]. For 8 with 0 < 8 we
define a mafgy of X = [0, 1] by

X

Tp(x) = X

WGoF—1 1o M= [(1/2#,1].

The mapTs admits an indifferent fixed point zero. We can easily see that(@dg (C1)
are satisfied. In facto = 1 andL; = 1 — (1/2)¥#. SinceQ is a finite partition, (C3)
and (C7) are automatically satisfied. (C5) and (C4)ffoe — log |Té| were established in
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[17]. Combining these observations we can apply results in 82ta.e. for f satisfying
(C2) and (C4), we have Propositions 2.1-2.4 and Theorems 2.1 and 2.2. In particular for
f =—log |Té| and the Lebesgue measurewe have Proposition 2.2 and Theorems 2.1
and 2.2. By usind. = L1 we can define inductively,
B, =1{Xo. . .01}, Dn=1{Xg. . o}
—_— —_——

n n

The exact formulal7, 1§
1

Yo...0W = g s e

——

n

allows us to verify (C8) forf satisfying (C2). We can take

(.¢]
L= (1/YP) 2PN (24 iy AP0

i=1
asL y(co) andifé > B/(B+1) then we have ;(c0) < oo. Hence we can apply results in
83 toTp with 0 < g and to f satisfying (C2) and (C4) with > 8/(8 + 1). In particular,
for f = — Iog|T/§| and for the Lebesgue measurg(C8) is validvg > 0. On the other
hand, (C9) is valid for 0< 8 < 1 and it fails forg > 1. Further statistical properties @
were established irl[7, 18, 20, 22, 23

Example 2. Brun’s map(Cf. [6, 11, 12, 18) Let X = {(x1,x2) € R?: 0 < x2 < x1 < 1},
and let
Xi={(x1,x2) € X :x; +x1>1> xj11+ x1}

fori =0, 1, 2 where we pukg = 1 andx3z = 0. T is defined by

X1 X2
T (x1,x2) = (1_x1, 1_x1) on Xo,

1
T (x1,x2) = (— -1, E) onXiq,

X1 X1
x2 1
T(x1,x2) = il 1) onXo.

Itis easy to see thdfX; = X (i = 0,1,2),i.e.0 = {X,~}i2:0 is a Bernoulli partition.

(0, 0) is an indifferent fixed point an@ is a continuous and piecewis&-map. SinceQ

is a finite partition, (C1), (C3) and (C7) are automatically satisfied. (C5), (C6) and (C2),
(C4) for f = —log|detDT| were verified in 18] (cf. [6, 17). From these observations
we can apply Propositions 2.1-2.4 and Theorems 2.1 and Z'2atal f satisfying (C2),
(C4) (e.g.f = —log|detDT|). The next facts are useful to verify (C1)

(7) fori = 0,130 < § < 1—%0(5 + +/5) such that||y; (x1, x2) — Vi (xq, x5)||
< L+ x1) 7 (x1, x2) — (xp, xH) || (x1 < x)).

14+xf  [14+xf+1+x)?
(8) lIW2(x1, x2) — Wa(xi, x| fmaX(\/ ! \/ X+ 4+ x)) )n(xl,xz)

(1+x2)%’ (1+xp)*

— (x1, xp)|I (x1 > x7).
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From the above facts, we see tliat< 1 (i = 0, 1) but L, > 1. To see this it is enough to
take pointg(1, 0), (1, €) with € < +/2 — 1. Then we have

[¥2(1,0) — ya(1, €|
11,0 — (1, &)l

As we mentioned in Remark B, evenlib > 1 so that (C1) fails, the definitions

Dy ={Xp. o} Bu=1{Xg. o0} (=12

n n

still allow us to have Lemma 3.1 and the version of Lemma 3.4 which is enough to establish
Theorem 3.1. In fact, we can show thifX < 6* < 1,30 < A < oo and3ng > 0 such that
V(x1, x2), (x1,x5) € X

Wy (X1, X2) = Wi g (X1, X0) | < A [[(x1, x2) — (xq, X))l

V(a1...o,) € I andVn > no. For example, ity, =2 (i = 1, ..., n) then we can take
0* = 15/16. We shall omit the details for other cases (&B]]. For f satisfying (C2), it
follows from (7) that fori = 1, 2,
|fYo. . 0;(x1.x2) — f¥g. . 0;(x1, X5)]
—— ——

n n

<LrA+1/n) %y ;1. x2) — Vo 0; x5 217
—— N —
n—1 n—1

80 80 80
n n—1 1 TN
...<Ly (n+1) ( . ) <§> l[(x1, x2) — (x3, x) I

8§60
=Ly 1 ll(x1, x2) — (x7, X1,
n+1

We see that (C8) is automatically satisfied 86r > 1. Let p1 be the natural projection
(x1, x2) — x1 and letf be a piecewise blder continuous function op; X with respect
to {p1X;}i—0,1.2 With exponentd > 1/2. Then the functiory defined byf = fpi is
also a piecewise dlder continuous function with exponefit> 1/2 and satisfies (C8).
We can apply results in 83 t& and to such anf satisfying (C4). In particular, for
f = —log|detDT| we can verify directly equi-Lipschitz continuity dff* o ¥} }qeci+
so that Theorem 3.1 holds. (C9) is easily checked in the case wiethe Lebesgue
measure. In fact, we have

Hy(Q*) < ) 1803 log 0k %) <2 "0k 3)log 0k
k=1 k=1

(cf. [18]) and we can apply results in 84 o= — log|detDT|.
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