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Abstract. We establish a generalized thermodynamic formalism for certain nonhyperbolic
maps with countably many preimages. We study existence and uniqueness of conformal
measures and statistical properties of the equilibrium states absolutely continuous with
respect to the conformal measures. We will see that such measures are not Gibbs but
satisfy a version of Gibbs property (weak Gibbs measure). We apply our results to a
one-parameter family of one-dimensional maps and a two-dimensional nonconformal map
related to number theory. Both of them admit indifferent periodic points.

1. Introduction
In this paper, we shall study thermodynamic formalism for noninvertible discontinuous
mapsT defined on a subsetX of a compact metric space(X̄, d). We assume that there
exists a countable (Borel) measurable partitionQ = {Xa}a∈I such thatT restricted on
each atomXa of Q is a homeomorphism fromXa to T Xa . Given a functionf : X → R,
we define the Perron–Frobenius operatorLf by

Lf g(x) =
∑

y∈T−1x

expf (y)g(y) (g ∈ C(X̄)).

In the case whenT satisfies a regular condition corresponding to hyperbolicity, Walters
[15] established the existence and uniqueness of the equilibrium state forf ∈
C(
⋃

a∈I int Xa) under some condition (see §3). Further, the equilibrium state is absolutely
continuous with respect to the exp(P (f ) − f ) conformal measure, whereP(f ) is the
measure theoretical pressure forf . On the other hand, in the case whenT is a finite-to-
one continuous map of a compact metric space, similar results were established in [1] and
also in [8], without hyperbolicity but assumingP(f ) > supf . In this paper, we study
these problems for infinite-to-one mapsT and piecewise H¨older potentialsf satisfying
P(f ) ≥ supf in a nonhyperbolic situation. More precisely, in §2 we study the existence
and uniqueness problem of conformal measuresν for intermittent Bernoulli maps, i.e.
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maps admitting indifferent periodic points such thatT (int Xa) = int X ∀Xa ∈ Q. We
remark that the property (iii) introduced by Walters (property (iii) in [15]) fails for such
nonhyperbolic maps and for piecewise H¨older potentials (see §5). Further, we discuss
a relation between the radius of convergence of Zeta functions and the pressure off

through a generalized Gibbs measure. In §3, we study the existence of aT -invariant
ergodic measureµ which is equivalent to the conformal measureν without both uniform
boundedness and equi-continuity of iterated Perron–Frobenius operators. To do this, we
first construct a derived systemT ∗ which expands distances and we establish a weak
Hölder-type property of the potentialf ∗ associated toT ∗. Then we show the existence
of an ergodicT ∗-invariant measure equivalent toν. In §4, we establish the variational
principle for the pressureP(f ) and we will see that theµ is an equilibrium state forf
with P(f ) ≥ supf . Our method uses the variational principle for the derived systems
(T ∗, f ∗) (see §4). We remark that the Bernoulli property ofQ is needed only for the
existence of conformal measures in §2 and for no other results in §3 and §4. Further if we
consider the existence problem of conformal measures only for symbolic dynamics (with
respect toQ), a weaker condition than the Bernoulli one can be found in [9]. Note that the
thermodynamic formalism of symbolic dynamics associated to H¨older potentials may not
apply to nonhyperbolic maps since conjugacy maps from shift spaces toX do not preserve
Hölder continuity of potentials.

2. On the existence of conformal measures for intermittent Bernoulli maps
Let (X, d) be a bounded metric space,F theσ -algebra of Borel sets ofX andQ = {Xa}a∈I
a disjoint partition ofX with Xa ∈ F . We assume that there exists a compact metric
space(X̄, d) with X̄ ⊇ X such that cl(int X) = X andX0 = ⋃

Xa∈Q int Xa is an open
dense subset of̄X. Let T : X → X̄ be a piecewise invertible map with the Bernoulli
structure, i.e.Q is a generating partition,T |Xa : Xa → T Xa is a homeomorphism and
T (int Xa) = int X ∀Xa ∈ Q. We denote(T |Xa )

−1 by ψa and assume thatψa extends to a
homeomorphism from̄X onto clXa . For the existence of conformal measures, we further
assume Lipshitz continuity of the local inverse{ψa}a∈I .

(C1) ∃0 < La < ∞ such thatd(ψax,ψay) ≤ Lad(x, y) (∀a ∈ I) and supLa < ∞,
a ∈ I .

Let f : X→ R be a piecewise H¨older continuous function with exponentθ , i.e.

(C2) ∃0 < Lf <∞ such that|f (x)− f (y)| ≤ Lf d(x, y)θ (∀x, y ∈ Xa,∀Xa ∈ Q).

Let UC(int X) be the space of uniformly continuous functions on intX. Let Lf be the
generalized Perron–Frobenius operator which is defined by

Lf (g)(x) =
∑

y∈T−1x

expf (y)g(y) =
∑
a∈I

expf (ψax)g(ψax)

(∀g ∈ UC(int X),∀x ∈ int X).

LEMMA 2.1. (Cf. [15]) Suppose that (C1), (C2) and

(C3) ∃0 < K <∞ such thatLf 1(x) =∑a∈I expf (ψax) ≤ K (∀x ∈ X)
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are satisfied. ThenLf : UC(int X) → UC(int X) andLf can be extended to a positive
continuous linear operator ofC(X̄). Furthermore,L∗f (·)/L∗f (·)1 : M(X̄) → M(X̄) is

continuous, whereM(X̄) is the set of all probability measures on theσ -algebra of Borel
setsF̄ of X̄ andL∗f is the dual ofLf .

Proof. First we note the following fact:

|Lf 1(x)− Lf 1(y)| → 0 asd(x, y)→ 0.

Indeed, we see that

|Lf 1(x)− Lf 1(y)|
≤
∑
a∈I
| expf (ψax)− expf (ψay)| ≤ ηLf

∑
a∈I

expf (ψax)d(ψax,ψay)θ

≤ ηLf K

(
sup
a∈I

La

)θ

d(x, y)θ (∃0 < η <∞).

The above observations and (C3) allow us to make the first assertion. SinceM(X̄) comes
equipped with the weak∗-topology, the second assertion is obvious. 2

The next result is immediate from Lemma 2 in [15].

LEMMA 2.2. Suppose that (C1)–(C3) are satisfied. Then there exists a real numberp > 0
and a probability measureν on F̄ such thatL∗f ν = pν and p = L∗f ν(1). ν is the
exp(logp − f )-conformal measure forT , i.e.

d(νT )|Xa

dν|Xa

= exp(logp − f ) (∀Xa ∈ Q).

We shall consider sufficient conditions for the uniqueness ofp andν. LetAn denote the
set of all admissible sequences of lengthn, i.e.(a1 . . . an) ∈ An iff int (Xa1∩T −1Xa2∩. . .∩
T −(n−1)Xan) 6= ∅. For (a1 . . . an) ∈ An, we denoteXa1 ∩ T −1Xa2 ∩ · · · ∩ T −(n−1)Xan

by Xa1...an and(T n|Xa1...an
)−1 by ψa1...an . We suppose thatν(int X) = 1, which will be

proved in §3 (Corollary 3.2).

(C4) Weak bounded variation (cf. [21]). There exists a sequence of positive numbers
{Cn}n>0 satisfying limn→∞(1/n) logCn = 0 and

sup
(a1...an)∈An

sup
x,y∈Xa1...an

exp
(∑n−1

i=0 f (T ix)
)

exp
(∑n−1

i=0 f (T iy)
) ≤ Cn.

Condition (C4) is weaker than Walters’ corresponding assumption (assumption (iii) in
[15]) (i.e. ∃1 ≤ C < ∞ such thatCn ≤ C for n ≥ 1). For piecewiseC1-maps admitting
indifferent periodic points (T qx0 = x0 and|detDT q(x0)| = 1), (C4) is typically satisfied
for f = − log |detDT | though (iii) in [15] is not satisfied.

PROPOSITION2.1. Suppose that the conditions (C1)–(C4) are satisfied. IfL∗f ν1 = p1ν1

andL∗f ν2 = p2ν2, thenp1 = p2.

https://doi.org/10.1017/S0143385799141695 Published online by Cambridge University Press

https://doi.org/10.1017/S0143385799141695


1368 M. Yuri

Proof. Sinceνi (i = 1, 2) are exp(logpi −f )-conformal measures, we have the following
inequalities:

νi(T
nXa1...an) =

∫
Xa1...an

exp

(
(logpi)n−

n−1∑
i=0

f T i(x)

)
dνi(x)

≤ pn
i Cnνi(Xa1...an) exp

(
−

n−1∑
i=0

f T i(x)

)
(∀x ∈ Xa1...an).

νi (T
nXa1...an) ≥ pn

i C−1
n νi(Xa1...an) exp

(
−

n−1∑
i=0

f T i(x)

)
(∀x ∈ Xa1...an).

Combining the above inequalities gives

0 <
ν1(Xa1...an)

ν2(Xa1...an)
≤ expn

(
log

p1

p2
+ 2 logCn

n

)
.

Suppose thatp1 < p2. Sinceνi(T
nXa1...an) = νi(X) = 1 and soνi(Xa1...an) > 0 we have

a contradiction. This implies thatp1 = p2. 2

The next result gives a characterization of the exp(logp − f )-conformal measure.

PROPOSITION2.2. Suppose that (C1)–(C4) are satisfied. Any solution of the equation
L∗f ν = pν is a weak Gibbs measure forf with a constant− logp, i.e. there exists a
sequence of positive numbers{Kn}n>0 satisfyinglimn→∞ 1/n logKn = 0 andν-a.e.x

K−1
n ≤

ν(Xa1...an(x))

exp
(
−n(logp)+∑n−1

i=0 f (T ix)
) ≤ Kn,

whereXa1...an(x) denotes the cylinder containingx.

(Cf. [21].)

Proof. From Lemma 2.2 (conformality ofν), we can easily see that∫
Xa1...an

dν(x) =
∫

T nXa1...an

exp

( n−1∑
i=0

(f T i − n logp)(ψa1...an(x))

)
dν(x).

The weak bounded variation (WBV) property forf allows us to have

C−1
n ≤

ν(Xa1...an(x))

exp
(∑n−1

i=0 f T i(x)− n logp
) ≤ Cn. 2

Let Zn(X, f ) = ∑
x∈Fix(T n,X) exp

(∑n−1
i=0 f T i(x)

)
. Then the formal power series

ζX,f (t) = exp
(∑∞

n=1(t
n/n)Zn(X, f )

)
is calledArtin–Mazur–Ruellezeta function and

the radius of convergence ofζX,f is ρf = exp(− lim supn→∞(1/n) logZn(X, f )). We
shall associate withρf the constantp.

THEOREM 2.1. Suppose that (C1)–(C4) are satisfied. Then

lim
n→∞(1/n) logZn(X, f ) = logp and ρf = p−1.
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Proof. In [21], a result similar to Theorem 2.1 was established for maps with finite range
structure (FRS) in the case when the Lebesgue measure is a weak Gibbs measure forf with
a constant−p and log|detDT | is of weak bounded variation (C4). Since all cylinders are
full cylinders (i.e.T (int Xa) = int X, ∀Xa ∈ Q) and (C4) is valid, the result follows from
Theorem 5.1 in [21] immediately. 2

COROLLARY 2.1. If there exists a weak Gibbs measure forf with a constant− logp,
thenζX,f (t) converges for|t| < p−1.

PROPOSITION2.3. Suppose that

(C5) σ(n) = supXa1...an
diamXa1...an → 0 asn→∞.

Then for every nonempty open setO we haveν(O) > 0.

Proof. Since

ν(Xa1...an) =
∫

T nXa1...an

exp

( n−1∑
i=0

(f T i − n logp)(ψa1...anx)

)
dν(x),

we haveν(Xa1...an) > 0∀Xa1...an ∈
∨n−1

i=0 T −iQ. Then the result follows from (C5) which
impliesσ

(∨∞
i=0 T −iQ

) = F . 2

PROPOSITION2.4. (Uniqueness ofν) Suppose Proposition 2.1. Ifνi (i = 1, 2) are
ergodic andν1 ≤ ν2, thenν1 = ν2.

Proof. Sincedν1/dν2 ∈ L1(ν2), we have

ν1(T
n(Xa1...an)) =

∫
X

1Xa1...an
(ψa1...anx)(dν1/dν2)(T

nψa1...an(x)) d(ν2T
n)(ψa1...anx)

=
∫

Xa1...an

(dν1/dν2)T
n(y) exp

(
n logp −

n−1∑
i=0

f T i(y)

)
dν2(y).

On the other hand, we have

ν1(T
n(Xa1...an)) =

∫
Xa1...an

exp

(
n logp −

n−1∑
i=0

f T i(x)

)
(dν1/dν2)(x) dν2(x).

Combining the above equalities and by ergodicity, we haveν1 = ν2. 2

By applying Walters’ idea in [15] we have the following.

THEOREM 2.2. Let ν be a weak Gibbs measure forf with a constant− logp. If there
exists aT -invariant ergodic probability measureµ equivalent toν with Hµ(Q) <∞ and
f ∈ L1(µ), thenlogp = hµ(T )+ ∫ f dµ.

(Cf. [19, 20].)

LEMMA 2.3. Either of the following conditions (a) or (b) is sufficient forHµ(Q) < +∞:
(a)

∑
a∈I ν(Xa) infXa f > −∞;
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(b) ∃0 < W1 < W2 < ∞ such thatdµ/dν ≥ W1 andIW2 = {a ∈ I : supXa
dµ/dν >

W2} is a finite set.

Proof. (a) From Proposition 2.2, we see that forx ∈ Xa,

K−1 exp(f (x)− logp) ≤ ν(Xa) ≤ K1 exp(f (x)− logp).

The above inequalities allow us to have that

Hν(Q) ≤
∑
a∈I

ν(Xa)(logK1+ logp + sup
Xa

(−f )) ≤ logK1+ logp −
∑
a∈I

ν(Xa) inf
Xa

f.

(b) We see that

Hµ(Q) ≤ −
∑

a∈IW2

µ(Xa) logµ(Xa)+W2(Hν(Q)− logW1).

The above inequality completes the proof. 2

In the next section, we will give sufficient conditions for ergodicity ofν and the
existence of an ergodicT invariant measureµ equivalent toν.

3. Invariant measures for derived systems which expand distances
We suppose that (C1)–(C4) are satisfied. Assume further that

(C1)∗ ∀a ∈ I, ∃La ≤ 1.

GivenL < 1, we defineB1 = {Xb : Lb ≤ L},D1 = {Xd : Ld > L},
and inductively define

Bn = {Xb1...bn : Xb1...bn−1 ∈ Dn−1, Lbn ≤ L},
Dn = {Xd1...dn : Xd1...di ∈ Di (i = 1 . . . n− 1), Ldn > L}.

Put Bn = ⋃
Xb1...bn∈Bn

Xb1...bn andDn = ⋃
Xd1...dn∈Dn

Xd1...dn . (We putD0 = X.) We
defineR = {Xa1...an : Xan ∈ B1}. The following properties will be important later for
establishing our theorems.

LEMMA 3.1.
(1) R satisfies the strong playback property, i.e.Xa(m)b(n) ∈ R if Xb(n) ∈ R (cf. [10]).
(2) Bn+1 = Dn ∩ T −nB1.

DefineI∗ = ⋃∞
n=1{(a1 . . . an) : Xa1...an ∈ Bn}. ThenQ∗ = {Xα}α∈I ∗ is a countable

disjoint partition of
⋃∞

i=1 Bi . Define a mapT ∗ :⋃∞i=1 Bi → X̄ by T ∗x = T ix for x ∈ Bi .
Then T ∗|Xα is invertible and a local homeomorphism fromXα to T ∗Xα . We denote
ψ∗α = (T ∗|Xα )−1 andψ∗α1...αn

= (T ∗n|Xα1...αn
)−1. SinceX = ⋃∞

i=1 Bi ∪ (
⋂∞

n=0 Dn),
we assume that

(C6) limn→∞ ν(Dn) = 0.

Then we have
⋃∞

i=1 Bi = X(ν mod 0).

Remark A.In §5, we will see that ifν(X) = 1 then (C6) is satisfied for all examples when⋂∞
n=0 Dn consists of only indifferent periodic points belonging to∂X.
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PutX∗ = X\(⋃∞m=0 T ∗−m(
⋂∞

n=0 Dn)). Defineφ(x) = inf{n ∈ N : Xa1...an(x) ∈ R}.
Then we have the following.

LEMMA 3.2. If ν is an exp(logp − f ) conformal measure with respect toT , thenν

is an exp(φ(x) logp − f ∗(x)) conformal measure with respect toT ∗, wheref ∗(x) =∑φ(x)−1
i=0 f T i(x).

From the above lemma we have the following fact.

LEMMA 3.3. X = X∗ (ν mod 0).

Proof. We have

ν

(
(T ∗)−1

( ∞⋂
n=0

Dn

))

=
∑
α∈I ∗

ν

(
ψ∗α
( ∞⋂

n=0

Dn ∩ T ∗Xα

))

=
∑
α∈I ∗

∫
⋂∞

n=0 Dn∩T ∗Xα

exp

( |α|−1∑
i=0

(f T i(x)− |α| logp)(ψ∗αx)

)
dν(x)

= 0.

Inductively we can show thatν(T ∗−i(
⋂∞

n=0 Dn)) = 0 which completes the proof. 2

The next result is immediate from assumption (C1)∗.

LEMMA 3.4. d(ψ∗α1...αn
x, ψ∗α1...αn

y) ≤ Lnd(x, y).

THEOREM 3.1. Suppose that:

(C7) γ = supa∈I {supXa
f − infXa f } <∞;

(C8) ∀Xa1...an ∈ Bn, ∃0 < Lf (a1 . . . an) <∞ such that

|f (ψa1...anx)− f (ψa1...any)| ≤ Lf (a1 . . . an)d(x, y)θ

∀x, y ∈ T nXa1...an , and

Lf (∞) = sup
n>0

sup
Xa1...an∈Bn

n∑
i=1

Lf (ai . . . an) <∞.

Then{Ln
f ∗−φ logp1}n≥0 is equicontinuous and uniformly bounded.

COROLLARY 3.1. (Renyi’s condition)There existsC > 1 such that∀x, y ∈ X∗,

sup
n≥1

sup
(α1...αn)∈A∗

exp
(∑n−1

i=0 f ∗T ∗i (ψ∗α1...αn
x)
)

exp
(∑n−1

i=0 f ∗T ∗i (ψ∗α1...αn
y)
) ≤ C.
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Proof of Theorem 3.1.We see easily that

exp
(∑n−1

i=0 f ∗T ∗i (ψ∗α1...αn
x)
)

exp
(∑n−1

i=0 f ∗T ∗i (ψ∗α1...αn
y)
) (∗)

≤
n−1∏
i=0

|αi+1|−1∏
j=0

{
1+ exp

(
sup

x∈X
α
j+1
i+1 ...α

|αi+1|
i+1 αi+2...αn

f (x)− inf
x∈X

α
j+1
i+1 ...α

|αi+1|
i+1 αi+2...αn

f (x)

)

×
∣∣∣∣f (ψ

α
j+1
i+1 ...α

|αi+1|
i+1

(ψ∗αi+2...αn
x)

)
− f

(
ψ

α
j+1
i+1 ...α

|αi+1|
i+1

(ψ∗αi+2...αn
y)

)∣∣∣∣ }
≤

n−1∏
i=0

|αi+1|−1∏
j=0

(1+ expγLf (α
j+1
i+1 . . . α

|αi+1|
i+1 )Ln−(i+1)d(x, y)θ),

whereαi+1
1 . . . α

|αi+1|
i+1 denotesαi+1 ∈ I∗. Then (2) and (C8) allow us to have an upper

bound of(∗), 1+ d(x, y)θ× (constant). Similarly we have a lower bound; 1− d(x, y)θ×
(constant) so that∃C > 1, such that∣∣∣∣∣∣1−

exp
(∑n−1

i=0 f ∗T ∗i (ψ∗α1...αn
x)
)

exp
(∑n−1

i=0 f ∗T ∗i (ψ∗α1...αn
y)
)
∣∣∣∣∣∣ ≤ d(x, y)θ × (constant)≤ C

for Xα1...αn, x, y ∈ T ∗nXα1...αn , and for n > 0. From Lemma 3.2 and the above
observations, we see that∃C′ > 1 such that

|Ln
f ∗−φ logp1(x)− Ln

f ∗−φ logp1(y)|

≤ (constant)× d(x, y)θ
∑

α1...αn

n−1∏
i=0

exp(f ∗(ψ∗αi+1...αn
x))p

−∑n−1
i=0 φ(ψ∗αi+1...αn

x)

≤ (constant)× d(x, y)θC
∑

α1...αn

∫
T ∗nXα1...αn

exp

( n−1∑
i=0

f ∗T ∗i (ψ∗α1...αn
x)

)
dν(x)p−

∑n
i=1 |αi |

≤ C′
∑

α1...αn

ν(Xα1...αn)d(x, y)θ .

This completes the proof. 2

COROLLARY 3.2. There exists aT ∗-invariant measureµ∗ ∼ ν andν(X∗) = ν(X) = 1.

Proof of Corollary 3.2.Since we have Renyi’s condition and Bernoulli property ofQ∗, the
standard argument allows us to have aT ∗-invariant measureµ∗ ∼ ν with dµ∗/dν bounded
away from zero and infinity. The last assertion follows from Lemma 9 in [15]. In fact, we
haveν(X0) = ν(int X) = 1. 2

THEOREM 3.2. T ∗is ergodic with respect toν and exact with respect toµ∗.

Proof. Condition (C5) is valid because of Lemma 3.4. Again, Renyi’s condition, Bernoulli
property ofQ and conformality ofν lead us to apply the standard argument for establishing
ergodicity [10, 11, 16]. Exactness ofµ∗ follows from [17, 19]. 2
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We remark that the following formula [5, 10, 11] gives aT -invariantσ -finite measure:

µ(E) =
∞∑

n=0

µ∗(Dn ∩ T −nE). (F)

Then we see that Theorem 3.2 allows us to have ergodicity ofT with respect toµ.

Remark B.We will see in §5 that property (C1)∗ fails for Example 2, but we can define
Bn,Dn so that Lemma 3.1 is valid and∃n0 > 0 and∃0 < δ < 1 such that

d(ψ∗α1...αn
x, ψ∗α1...αn

y) ≤ constant× δnd(x, y) (∀n ≥ n0).

4. Variational principle
In this section, we suppose that

(C6)∗
∑∞

n=0 ν(Dn) <∞ which guaranteesµ(X) <∞.

Let TB1 be the induced transformation onB1. Let µ,µ∗ andµB1 be invariant probability
measures with respect toT , T ∗ andTB1 respectively. We assume (2) in Lemma 3.1. Then
we have the following.

LEMMA 4.1. T |B1 ◦ TB1 = T ∗ ◦ T |B1. Furthermore, we have

µ∗(F ) = µB1((T |B1)
−1F) (∀F ∈ F∗),

and forg : X∗ → R, µ∗(g) = µB1(g ◦ T |B1).

(Cf. [10, 11].) Let φB1 be the first return function toB1. Putf ∗(x) = ∑φ(x)−1
i=0 f T i(x)

andfB1(x) = ∑φB1(x)

i=1 f T i(x). Then it is easy to see that∀x ∈ B1, fB1(x) = f ∗T (x).
Furthermore, we have the following fact.

LEMMA 4.2.
∫
X∗ f

∗(x) dµ∗(x) = ∫B1
fB1 dµB1(x).

Proof. We note that forx ∈ B1, φB1(x) = k implies φ(T x) = k. We also have that
fB1TB1(x) = f ∗T (TB1x) = f ∗T ∗(T |B1x). It is enough to use one of these facts. 2

We can easily verify the next formula.

LEMMA 4.3. hµ∗(T ∗) = hµB1
(TB1).

We shall suppose thatµ∗ is ergodic so that bothµ andµB1 are ergodic. Then combining
the above lemmas we have the following.

THEOREM 4.1.

hµ∗(T ∗)+
∫

X∗
f ∗(x) dµ∗(x) = hµB1

(TB1)+
∫

B1

fB1(x) dµB1(x)

= hµ(T )+ ∫X f (x) dµ(x)

µ(B1)
.

LEMMA 4.4. If a T -invariant probability measurem satisfies m(B1) = 0, then
m
(⋂∞

n=0 Dn

) = 1.
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Remark C.For all examples that we shall consider in §5,
⋂∞

n=0 Dn consists of only
indifferent fixed points. For such maps,m with m(B1) = 0 is a T -invariant measure
supported on the fixed points.

Proof of Lemma 4.4.Under assumption (2), we see that

m

( ∞⋃
i=1

Bi

)
=
∞∑
i=1

m(Di−1 ∩ T −(i−1)B1) ≤
∞∑
i=0

m(T −(i−1)B1).

If m(B1) = 0, then fromT -invariance ofm we have

m

( ∞⋃
i=1

Bi

)
= m

(
X\

∞⋂
n=0

Dn

)
= 0. 2

We note thath∗ = dµ∗/dν is bounded away from zero and infinity. Putg∗ =
(h∗/h∗T ∗) exp(f ∗−φ logp). Applying Theorem 10 in [15] gives the following variational
principle for the Pressure.Iµ denotes the conditional information ofF with respect to
T −1F .

PROPOSITION4.1. For anyT ∗-invariant probability measurem∗:

(3) µ∗(Iµ∗ + logg∗) ≥ m∗(Im∗ + logg∗).

The left-hand side of (3) is zero and form∗ 6= µ∗, 0 > m∗(Im∗ + logg∗).

In particular, if

(C9) Hν(Q
∗) <∞,

then we have the follwing.

COROLLARY 4.1. (3) is equivalent to the following inequality:

(4) hµ∗ + µ∗(f ∗)− µ(B1)
−1 logp ≥ m∗(Im∗ + f ∗)−m(B1)

−1 logp,

wherem is theT -invariant measure arising fromm∗ via the formula (F).

Proof. Sincem∗(φ) = mB1(φB1) = 1/m(B1) < ∞, the assertion is obtained by noting
thatdµ∗/dν is bounded away from zero and infinity. (See Corollary 3.2.) 2

We have a sufficient condition forHν(Q
∗) <∞ as follows.

LEMMA 4.5. If
∫
X∗(φ(x) logp − f ∗(x)) dν(x) <∞, thenHν(Q

∗) <∞.

Let E(X, T ) denote the set ofT -invariant ergodic probability measures onF . Applying
Theorem 4.1 we have the following.

THEOREM 4.2. Suppose that (C1)∗, (2), (C6)∗ and (C7)–(C9) are satisfied. Then we have:

(5) logp = hµ(T )+ µ(f ).
(6) logp > m(B1)m

∗(Im∗ + f ∗). In particular, ∀m ∈ E(X, T ) satisfyingm∗(f ∗) >

−∞ or m∗(Im∗) <∞, we havelogp > hm(T )+m(f ).
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Proof of Theorem 4.2.(5) and the first assertion of (6) are immediately verified. Suppose
thatm∗(f ∗) > −∞. Then it follows fromI∗m ≥ 0 and (4) thatf ∗ ∈ L1(m∗) and we have
thatm∗(Im∗ + f ∗) = m∗(Im∗)+m∗(f ∗). This equality allows us to have the desired strict
inequality form ∈ E(X, T ) arising fromT ∗-invariant ergodic measurem∗. Suppose that
m∗(f ∗) = −∞ andm∗(Im∗) < ∞. Then we havem∗(Im∗) + m∗(f ∗) = −∞ < logp.
The second assertion of (6) has just been proved. 2

Remark D.The collection of ergodicT -invariant measures arising fromT ∗-invariant
ergodic measures does not contain theT -invariant probability measures supported on the
periodic points belonging to

⋂
n≥∞Dn. For such a measurem, we havehm(T ) = 0.

Definition. A periodic pointx0 with periodq is said to beindifferentwith respect toν if

d(νT q)

dν
(x0)

(
= exp

(
q logp −

q−1∑
i=0

f T i(x0)

))
= 1.

In particular, for piecewiseC1 mapsT and for the Lebesgue measureν, the definition
coincides with the usual one (i.e. det|DT q(x0)| = 1).

COROLLARY 4.2. Suppose that (C1)∗, (2), (C6) and (C7)–(C9) are satisfied. Assume
further that

⋂
n≥0 Dn consists of periodic points. IfsupX f ≤ logp, then µ is an

equilibrium state forf in the following sense:

hµ(T )+ µ(f ) ≥ sup{hm(T )+m(f ) : m ∈ E(X, T ),m(f ) > −∞ or m(Im) <∞}.
If supX f < logp, thenµ is a unique equilibrium state forf . If

⋂
n≥0 Dn consists of

indifferent periodic points with respect toν, then the equilibrium state forf is not unique.

Proof of Corollary 4.2.By Theorem 4.2, we have logp > hm(T )+m(f ) for m ∈ E(X, T )

which arises from somem∗ ∈ E(X∗, T ∗). If m is a probability measure supported on a
periodic orbit contained in

⋂
n≥∞Dn, we havehm(T )+m(f ) = m(f ) ≤ supX f ≤ logp.

If supX f < logp, then the strict inequality is obtained. Letx0 be an indifferent periodic
point with periodq. Then form = (1/q)

∑q−1
i=0 δT ix0

we havehm(T )+m(f ) = m(f ) =
logp. 2

5. Examples

Example 1. A one-parameter family of maps on the interval[0, 1]. For β with 0 < β we
define a mapTβ of X = [0, 1] by

Tβ(x) =


x

(1− xβ)1/β
onX0 = [0, (1/2)1/β)

x

(1/2)1/β − 1
+ 1

1− (1/2)1/β
onX1 = [(1/2)1/β, 1].

The mapTβ admits an indifferent fixed point zero. We can easily see that (C1)∗ and (C1)
are satisfied. In fact,L0 = 1 andL1 = 1− (1/2)1/β. SinceQ is a finite partition, (C3)
and (C7) are automatically satisfied. (C5) and (C4) forf = − log |T ′β | were established in
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[17]. Combining these observations we can apply results in §2 toTβ , i.e. forf satisfying
(C2) and (C4), we have Propositions 2.1–2.4 and Theorems 2.1 and 2.2. In particular for
f = − log |T ′β | and the Lebesgue measureν, we have Proposition 2.2 and Theorems 2.1
and 2.2. By usingL ≡ L1 we can define inductively,

Bn = {X0 . . . 01︸ ︷︷ ︸
n

}, Dn = {X0 . . . 0︸ ︷︷ ︸
n

}.

The exact formula [17, 18]

ψ ′0 . . . 0︸ ︷︷ ︸
n

(x) = 1

(1+ nxβ)1+1/β

allows us to verify (C8) forf satisfying (C2). We can take

Lf (1− (1/2)1/β)21+1/β
∞∑
i=1

(2+ i)−(1+1/β)θ

asLf (∞) and ifθ > β/(β+1) then we haveLf (∞) <∞. Hence we can apply results in
§3 toTβ with 0 < β and tof satisfying (C2) and (C4) withθ > β/(β + 1). In particular,
for f = − log |T ′β | and for the Lebesgue measureν, (C8) is valid∀β > 0. On the other
hand, (C9) is valid for 0< β < 1 and it fails forβ ≥ 1. Further statistical properties ofTβ

were established in [17, 18, 20, 22, 23].

Example 2. Brun’s map.(Cf. [6, 11, 12, 18].) Let X = {(x1, x2) ∈ R2 : 0 ≤ x2 ≤ x1 ≤ 1},
and let

Xi = {(x1, x2) ∈ X : xi + x1 ≥ 1 ≥ xi+1+ x1}
for i = 0, 1, 2 where we putx0 = 1 andx3 = 0. T is defined by

T (x1, x2) =
(

x1

1− x1
,

x2

1− x1

)
onX0,

T (x1, x2) =
(

1

x1
− 1,

x2

x1

)
onX1,

T (x1, x2) =
(

x2

x1
,

1

x1
− 1

)
onX2.

It is easy to see thatT Xi = X (i = 0, 1, 2), i.e. Q = {Xi}2i=0 is a Bernoulli partition.
(0, 0) is an indifferent fixed point andT is a continuous and piecewiseC2-map. SinceQ
is a finite partition, (C1), (C3) and (C7) are automatically satisfied. (C5), (C6) and (C2),
(C4) for f = − log |detDT | were verified in [18] (cf. [6, 12]). From these observations
we can apply Propositions 2.1–2.4 and Theorems 2.1 and 2.2 toT andf satisfying (C2),
(C4) (e.g.f = − log |detDT |). The next facts are useful to verify (C1)∗.

(7) for i = 0, 1 ∃0 < δ < 3
160(5 +

√
5) such that‖ψi(x1, x2) − ψi(x

′
1, x
′
2)‖

≤ (1+ x1)
−δ‖(x1, x2)− (x ′1, x

′
2)‖ (x1 ≤ x ′1).

(8) ‖ψ2(x1, x2) − ψ2(x
′
1, x
′
2)‖ ≤ max

√ 1+ x2
1

(1+ x2)2
,

√
1+ x2

1 + (1+ x ′2)2

(1+ x2)4

 ‖(x1, x2)

− (x ′1, x ′2)‖ (x1 ≥ x ′1).
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From the above facts, we see thatLi ≤ 1 (i = 0, 1) butL2 > 1. To see this it is enough to
take points(1, 0), (1, ε) with ε <

√
2− 1. Then we have

‖ψ2(1, 0)− ψ2(1, ε)‖
‖(1, 0)− (1, ε)‖ > 1.

As we mentioned in Remark B, even ifL2 > 1 so that (C1)∗ fails, the definitions

Dn = {X0 . . .0︸ ︷︷ ︸
n

}, Bn = {X0 . . . 0i︸ ︷︷ ︸
n

} (i = 1, 2)

still allow us to have Lemma 3.1 and the version of Lemma 3.4 which is enough to establish
Theorem 3.1. In fact, we can show that∃0 < θ∗ < 1, ∃0 < 1 <∞ and∃n0 > 0 such that
∀(x1, x2), (x

′
1, x
′
2) ∈ X

‖ψ∗α1...αn
(x1, x2)− ψ∗α1...αn

(x ′1, x ′2)‖ ≤ 1θ∗n‖(x1, x2)− (x ′1, x ′2)‖
∀(α1 . . . αn) ∈ I∗n and∀n ≥ n0. For example, ifαi = 2 (i = 1, . . . , n) then we can take
θ∗ = 15/16. We shall omit the details for other cases (cf. [18]). For f satisfying (C2), it
follows from (7) that fori = 1, 2,

|f ψ0 . . . 0︸ ︷︷ ︸
n

i(x1, x2)− f ψ0 . . . 0︸ ︷︷ ︸
n

i(x
′
1, x
′
2)|

≤ Lf (1+ 1/n)−δθ‖ψ0 . . . 0︸ ︷︷ ︸
n−1

i (x1, x2)− ψ0 . . .0︸ ︷︷ ︸
n−1

i (x
′
1, x
′
2)‖θ

. . . ≤ Lf

(
n

n+ 1

)δθ (
n− 1

n

)δθ

. . .

(
1

2

)δθ

‖(x1, x2)− (x ′1, x
′
2)‖θ

= Lf

(
1

n+ 1

)δθ

‖(x1, x2)− (x ′1, x ′2)‖θ .

We see that (C8) is automatically satisfied forδθ > 1. Let p1 be the natural projection
(x1, x2) → x1 and letf be a piecewise H¨older continuous function onp1X with respect
to {p1Xi}i=0,1,2 with exponentδθ > 1/2. Then the functionf defined byf = f p1 is
also a piecewise H¨older continuous function with exponentθ > 1/2 and satisfies (C8).
We can apply results in §3 toT and to such anf satisfying (C4). In particular, for
f = − log |detDT | we can verify directly equi-Lipschitz continuity of{f ∗ ◦ ψ∗α}α∈I ∗
so that Theorem 3.1 holds. (C9) is easily checked in the case whenν is the Lebesgue
measure. In fact, we have

Hν(Q
∗) ≤

∞∑
k=1

]BkO(k−3) logO(k−3) ≤ 2
∞∑

k=1

O(k−3) logO(k−3)

(cf. [18]) and we can apply results in §4 tof = − log |detDT |.
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