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SUMMARY

This paper is to investigate inherent oscillations problems of
Potential Field Methods (PFMs) for nonholonomic robots
in dynamic environments. In prior work, we proposed a
modification of Newton’s method to eliminate oscillations
for omnidirectional robots in static environment. In this
paper, we develop control laws for nonholonomic robots in
dynamic environment using modifications of Newton’s
method. We have validated this technique in a multirobot
search-and-forage task. We found that the use of the
modifications of Newton’s method, which applies anywhere
C, continuous navigation functions are defined, can greatly
reduce oscillations and speed up robot’s movement, when
compared to the standard gradient approaches.

KEYWORDS: Potential field methods;
constraints; mobile robotics.
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1. Introduction

The potential field method is widely used in mobile
robot navigation for its simplicity and elegance.'” In the
potential field method (PFM), a scalar field is constructed
of artificial “hills” and “valleys” that represent attractive
and repulsive locations in the workspace. Control laws are
then usually generated along gradient directions of this scalar
field. However, this approach has some significant inherent
limitations.

Koren et al.* identified the problem of oscillations that
can occur in potential fields that can result in oscillations
(unstable motion) when the discrete system becomes
unstable. As a result, solutions tend to exhibit oscillation,
especially in proximity to obstacles or in narrow passages.
To achieve stability, in practice, this phenomenon means that
either step sizes (controller sampling rates) must be small or
robot speeds must be slow. Also, gradient descent methods
tend to complete their tasks slowly, as many “unnecessary”
controls are generated. In our prior work,> we further
investigated the sources of oscillations and showed that even
when the discrete system is stable, oscillations can result from
the oscillatory trajectory generated by the gradient descent
method, and in fact roughly correspond to “oscillations”
defined in the optimization theory. It is well known in
optimization theory® that the gradient method exhibits
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oscillation and slow convergence in the neighborhood of
the optimal point. This phenomenon results from the fact
that the objective function is often a complex nonlinear
function and the gradient method, which contains only
linear information, cannot achieve a good approximation
to the objective function. Similarly, in potential field based
navigation, whenever the potential field is severely deformed
and takes on a strongly noncircular shape due to a complex
configuration of targets and obstacles, especially when
robots enter narrow passages, the navigation function in
that neighborhood becomes a complex nonlinear function.
The use of standard gradient method will result in poor
performance and oscillating steps.

In our prior work, we proposed a modification of
Newton’s method to overcome this oscillation problems for
omnidirectional robots in planar and static environments.’
Modified Newton’s method (MNM), which contains both
first and second derivative information, can greatly alleviate
oscillation by approximating the navigation function as a
quadratic form. This method retains all the merits of the
potential-field approach, while at the same time eliminating
oscillating, achieving faster task completion and allowing a
bigger step size (faster speed).

In this paper, we extend the MNM and investigate its use
in two situations that can complicate the use of potential
field methods: robots that move subject to the non-slip
constraint and dynamic environments that include moving
obstacles.

The word ‘“nonholonomic refers in general to
nonintegrable constraints on robot motion that constrain
the velocity of the system, but not its position. The most
typical nonholonomic constraint encountered in mobile
robotics is the nonslip constraint that forbids wheeled
systems from making translations “sideways” (in directions
perpendicular to the robot’s heading). One common example
of a wheeled mobile robot subject to the nonslip constraint is
the Hilare mobile robot created at Laboratorie d’ Automatique
et d’Analyse des Systemes (LAAS), located in Toulouse,
France.’ This robot has two parallel wheels which can
be controlled independently. By commanding the same
velocity to both wheels, the robot moves in a straight line.
By commanding velocities with the same magnitude but
opposite directions, the robot pivots about its axis. Strictly
speaking, the gradient descent approach for potential fields
cannot be used with a wheeled robot, because the gradient
descent direction in general, will not be parallel to the

7,8


https://doi.org/10.1017/S026357470700389X

286

robot’s heading direction, and will therefore be forbidden
by the constraint. Tanner and Kyriakopoulos!® introduced
the dipolar inverse navigation function to allow the use of
gradient descent methods for wheeled mobile robots. In
this paper, we develop a corresponding control law using
MNM and show that the MNM can reduce oscillations when
compared to Tanner’s approach.

The second problem we consider is the problem of
dynamic environments that include moving and unmodeled
obstacles. As was the case for the wheeled robot subject to
the non-slip constraint, the presence of an obstacle that is
not modeled in the potential field will forbid the mobile
robot to choose the gradient descent direction. Esposito
and Kumar'! proposed a method of “feasible directions”
based on a solution to an optimization problem to select a
motion direction for the robot that would follow the gradient
direction as closely as possible while avoiding the moving
obstacles. In this paper, we adapt Esposito’s technique to
illustrate the use of the MNM for moving obstacles.

This paper is organized as follows: In Section 2, we review
Tanner and Kyriakopoulos!® approach for wheeled robots
and present an extension of the MNM for nonholonomic
robots. In Section 3, we review Esposito and Kumar!!
approach for unmodelled obstacles and show how we extend
this approach using the MNM. We also investigate the
performance of MNM with changes in different parameters.
Then, in Section 4, we present a new technique, based on
geometric transformations in the plane, in which we use the
MNM to determine control laws for mobile robots that must
contend simultaneously with the nonslip constraint and the
presence of unmodeled obstacles. In Section 5, we compare
the performance of MNM method and the gradient method in
a search-and-rescue task. Finally, in Section 6, we conclude
the paper and suggest some future research directions.

2. Applying the Modified Newton’s Method to Robots
with Nonslip Constraints

For the purposes of development in this paper, we represent
the configuration of planar mobile robots with the position
vector g = (x, y) of the center of the robot and the orientation
angle 6. We also associate a direction vector d with the
robot’s orientation. Since the Hilare system is kinematically
constrained, it can be fully controlled by specifying the
angular and linear velocities of the robot, so we can treat
it as a kinematic control problem.

In this section, we consider the dipolar inverse navigation
function proposed by Tanner et al.'®!>!3 We will develop
a corresponding MNM control law and compare the
performance of the two control laws. Dipolar functions
behave like reciprocal of the conventional function, it tends to
infinity at the goal and is zero at obstacles, accordingly it uses
gradient direction instead of negative gradient direction for
motion generation. In this paper, in order to be consistent with
other part of the paper, we choose to use negative gradient
direction and changed formula and derivations accordingly.
Note that all changes made are changes in notation and do
not affect the results.

In ref. [12], the navigation function is defined as,
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where z=(x,y,0) and ||z]|> =x? + y> + A02, B(z) is the
product of distance from the robot to obstacles and A and k
are positive constants.

For this development, we define the negative gradi-

av A T A . T
Tz T [dngxs Angy, dngo]” . dp = [cos @, sinf]",

A
= T
dngxy - [dngxa dngy] and

ent dy, =

X=vcos6
y=wvsinf 2)
b=w

The control law generates the linear velocity as

v:—kusgn(d@Tdngxy)(Cl'2 + d> +d5g9)||2||4 €))

ngx ngy

and the angular velocity as

ifw(z) >0

ko(0q — 6)
= { if o (2) < 0 ®

—0(d] dugry)
where kg and k, are constants and
@ (2) = —vdy dygxy — kodgo (O — 6) &)

and the desired orientation is calculated by
04 = arctan 2(sgn (x)dygy, SN(X)dygx) (6)

while the sign function is defined as

1, ifx>0
sgn (x) = {—1, ifx <0 @
In plain language, this approach drives the robot either
forward or backwards, depending on which of these two
directions has a positive projection on the gradient direction,
then generates a change in orientation to align the robot’s
orientation with the gradient direction.

2.1. Improving the performance with MNMs
In this section, we revise the above control law using MNM,
the modified Newton direction is defined as,

dn = Bdngxy - (dnxa dny) (8)

where B = (¢ — H)™!, & > 0.° Note that this dipolar inverse
navigation function corresponds to a maximization problem,
so we use negative Hessian matrix (—H) of the navigation
function V(z). Other parts of derivation are the same as in
the previous section. In this case, the desired orientation is
calculated based on modified Newton direction d,, instead of
negative gradient direction d,,,

04 = arctan2(sgn (x)dpy, sgn (x)d,) )]

Theorem 1: Consider a system of the form (2) and
assume the existence of a dipolar inverse Lyapunov function
(DILF)-generted potential field. Then the control law
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Fig. 1. (a) MNM and (b) gradient method.
Table I. Parameters. Table II. Parameters.
ky ko start x start y start ky ko start x start y start 6
1 26 26 0.6 90° 1 26 26 0.01 90°

(Egs. (3)-(5),(9)) guarantees obstacle avoidance and global
asymptotic convergence for the system.

Proof: See the Appendix.

In Fig. 1, we show the performance of gradient method
and Newton’s method in a typical obstacle avoidance task.
To facilitate the discussion, here and elsewhere in this paper,
we adopt the notion “stepsize” from optimization theory® and
define it as the product of the speed and the sampling interval.
The solid dark line represents the trajectory of the robot, the
target is represented by the symbol @ and the obstacle is
represented by the symbol #. This figure illustrates that the
MNM can achieve a much faster progress in presence of
obstacles. MNM almost reached the goal after 150 steps,
while the gradient method hardly made any progress. The
parameters we used for this comparison is listed in Table I.

It is well-known? that when the starting point, the obstacle
and the target are perfectly aligned, it will create a saddle
point on the side of the obstacle away from the target.
Perfect alignment rarely occurs in practice, however, rough
alignments happen frequently and are the main cause of
oscillations. By comparing the performance of gradient
method and MMN with a rough alignment starting point,

Fig. 2. (a) MNM and (b)gradient method.
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we show in Fig. 2 that MNM is more robust to starting
conditions and can maintain much better performance. In the
case shown, the performance of MNM is not affected much
by moving the starting point, however, the performance of
gradient method deteriorates substantially. The parameters
we used for this comparison is listed in Table II.

Because it is more reasonable for mobile robots to
have limit on linear velocity, we will use Tanner’s method
but put a upper limit to the velocity and stepsize in the
following discussions. Note that the benefit of using NMN is
independent of the choice of fixed or changing or saturated
linear velocity.’

In PFM applications, oscillations occur independent of
obstacle shapes. The results derived in this paper can be
applied to obstacles of arbitrary shapes. To illustrate this, in
this section, we compare the two methods in a task of passing
through a passage. In Fig. 3(a), (b), we set the width of the
passage to be 1.5m, we can see that both the gradient and
MNM move fast and the trajectories are smooth. When we
narrow the passage down to 0.5 m, MNM in Fig. 3(d) can still
maintain a fast and smooth movement. The gradient method,
however, exhibits a large amount of oscillation which is
shown in Fig. 3(c). We have magnified Fig. 3(c), (d) and
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Fig. 3. (a) and (c): Performance of the gradient method in wide and narrow passages, respectively, (b) and (d): Corresponding trajectories
for MNM in the same scenarios, and (e) and (f): Parts of the enlarged version of (c) and (d). Totally 150 steps.

Table III. Parameters.

ko width stepsize

1 26 1.5(wide)/0.5(narrow) 0.05

shown parts of the enlarged versions in Fig. 3(e), (f). The
parameters we used for this comparison is listed in Table III.

3. MNM for Robots in a Dynamic Environment

In this section, we first recall an optimization-based gradient
method which treats the moving obstacles as dynamic
constraints.!! Then, we show how to formulate our modified
Newton’s method into an optimization problem and solve the
motion planning problem in dynamic environments. Once
again, we show that the MNM can also greatly improve the
performance in dynamic environments.

https://doi.org/10.1017/5026357470700389X Published online by Cambridge University Press

3.1. Model of moving obstacles

In the approach defined in ref. [11], the movements of the
moving obstacles are assumed to be unpredictable. When
moving obstacles are far away from robots, they are ignored
by the planning algorithm. However, when the robot moves
within a protective distance Dgps of a detected obstacle, we
associate with the obstacle a dynamic constraint of the form:

gi(@)=lq — P;I> — D}, (10)

where P; is the position of the moving obstacle j. These
constraints will be used in our control law to generate feasible
directions of motion which move the robot away from the
obstacle while still making progress towards the goal.

> 0.

3.2. Definition of feasible motion direction

The basic idea of motion planning in ref. [11] is to choose
a best direction from all feasible directions. In the context
of moving obstacles avoidance, feasible motion directions
are the directions that can stabilize the system and also move
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robots away from the activated constraints caused by moving
obstacles. ‘

We use dg, = % to represent the gradient of the activated
constraint g;. A feasible motion direction d is defined as
the direction that satisfies the following conditions:

djdyg >0 )
didg, >0, j=1,2,...m (12)

In Eq. (11), we require any control which can stabilize the
system to have a positive projection on d,,. In Eq. (12)
we require any control which can move robot away from
the activated obstacle to have a positive projection on d,; N
Feasible directions must satisfy both conditions at once.

3.3. Optimization method using gradient method
If we denote navigation function as V(g), the control law
Z(q) defined by Esposito'! is as follows:

— %avw) — . [V
Z<q>=—(1— ﬂ?) ——+) B [—}

1

13)
subject to
n—1
Y op<1 (14)
i=1
1
where %;q) is the gradient direction and [%;q) is a

direction that is perpendicular to the gradient. In ref. [11],
One solution of Eq. (13) can be obtained by solving the
optimization problem defined as follows:

n—1

1 2
in — . 15
LRI 1s)

subject to dg, Z(q) > 0. The resulting control is the optimal
B =(B1, B2, - - -, Bu—1) such that optimized feasible direction
is a direction which is in the feasible set and is closest to the
gradient direction.
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3.4. Optimization method using MNM

In this section, we propose a new optimization method
based on the MNM. From Eq. (13), we solve the optimal
solution of the following optimization problem for g,

maxy--1 ﬁiz<l{—Z(q)B(q)%;")T} subject to a”’a#;q)Z(q) >
0,j=1,2,...,m, where m is the number of active
constraints for the robot.

In this way, we can find the optimal §; so that the
optimized feasible direction Z(g) is the modified Newton’s
direction (—B(q)%—g) when the modified Newton’s direction
is a feasible direction and is closest to the modified Newton’s
direction otherwise.

‘We define the modified control law for the robots as:

Z(q)
1Z(@)

(16)

=«

where « is the rate of the robot.

In plain language, if both the gradient direction and
Newton direction are in the feasible set, Eq. (15) will move
the robot along gradient direction and Eq. (16) will move the
robot along Newton method. If neither gradient nor Newton
directions are in the feasible set, Eq. (15) will move in a
direction that is in the feasible set and closest to the gradient
method. Eq. (16) will move the robot in a direction that is in
the feasible set and closest to the Newton method.

In Fig. 4, we compare the two algorithms for moving
obstacle avoidance in a simple scenario with one moving
obstacle. The moving obstacle is activated at every step with
random angle with respect to the robot. As we have seen in
previous comparisons, the path generated by the modified
Newton’s method planner has reduced oscillation and the
target is reached in fewer steps.

3.5. Performance comparison in passing a randomly
generated obstacle area

In this section, we use randomly generated obstacles in an
area to compare the performance of the two algorithms.
The robot starts from (0, 0) and is required to reach the
target, which is at (60, 69), by passing an obstacle-filled
area which is 60 m by 70 m. The obstacle area is randomly
packed with obstacles of different sizes and a minimum
passage width between the obstacles is specified. In each

R92
eor @<—— Target

% «—— Moving obstacle |

40l #<——Obstacle

Newtor—>

201 Start q

(b)

Fig. 4. Performance comparison with moving obstacles. R149, R92 represent that robot moved 149 steps and 92 steps, respectively.
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570 steps

Fig. 5. A randomly generated setup.

run, more than 5000 obstacles of random locations are
generated: they are added to the obstacle area if they
satisfy the required minimum passage among obstacles and
are discarded otherwise. In this way, our testbed (Fig. 5)
represents a complex, unknown, random environment. We
introduced moving obstacles into the playing field. It was
assumed that the moving obstacle would move randomly, but
be constrained to stay close (within the protective distance)
of the robot at all times.

We performed 100 runs each for one, two and three
moving obstacles and presented the results in Figs. 6-8, we
compare two algorithms with two different inter-obstacle
spacings and two different stepsize. In these figures, data

]

5000 ’_\f’—vﬁ 4
4000 A[
3500
3000
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2000

1500

Fig. 6. Performance comparison with different number of moving
obstacles. Raw data are presented, the first 100 runs are with
one moving obstacle, the second 100 runs are with two moving
obstacles, and the last 100 runs are with three moving obstacles.
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50001
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20001

0 20 40 60 80 100 120 140 160 180 200

Fig. 7. Performance comparison with two different interrobot
spacing. Raw data are presented. The first 100 runs are
spacing = 0.63, the second 100 runs are spacing =0.7.
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Fig. 8. Performance comparison with two different stepsize. Raw

data are presented, the first 100 runs are stepsize = 0.2, the second
100 runs are stepsize =0.1.

Table IV. Performance comparison for average number of steps.

Model Gradient (steps)  Newton (steps)
Number of moving 1 2580 1542
obstacles

2 3428 2039

3 4861 3063
Spacing (m) 0.63 6703 3080

0.7 4861 3060
Stepsize (m) 0.2 4262 1806

0.1 4847 3063

are sorted in ascending order of the task completion time for
the gradient method (upper curve), with the corresponding
task completion time for the MNM plotted at the same point
on the x-axis (lower curve). We can see that the MNM-based
controller significantly outperforms the gradient descent
based controller for all scenarios.

We make the following general observations based on this
data:

e MNM has a better performance in all cases. Progress is
faster with less oscillation.

e As we saw in the case of the static environment, the
advantages of the MNM become more obvious with faster
speed (bigger stepsize) or narrower passages.

In summary, the use of MNM can improve the performance
(Table IV) in almost all cases. We also notice that as the
environment becomes more complex, the advantages of
MNM become more pronounced.

4. MNM for Nonholonomic Robots in Dynamics
Environment

In this section, we show that motion planning based on
MNM can achieve better performance when applied to
nonholonomic robots in dynamic environments. The methods
presented in Section 3 can be applied to N-dimensional
motion planning problems, however, it cannot be easily
incorporated into nonholonomic robot motion planning. In
this section, we adopt a geometric transformation method and
construct the feasible direction set using the gradients of the
navigation function and the activated constraints of moving
obstacles, which is proposed in ref. [14] and presented in
Appendix. Once the feasible direction set is obtained, the
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Fig. 9. (a) Configuration leading to forward motion and (b) Configuration leading to backward motion.

optimal motion direction can be found by projecting the
gradient direction d,, or MNM d,, to the closest feasible
direction. In our technique, if the gradient direction or
modified Newton direction is in the feasible space, we choose
them as the optimal feasible direction, otherwise, the optimal
feasible direction is defined as the projection of d,,, or d, to
the nearest edge of the feasible space with smallest rotation.

Once the optimal feasible direction has been chosen,
we allow the wheeled robot to travel either forwards or
backwards along its current heading based on whichever has
a positive projection on the negative gradient direction (and
therefore makes progress towards the goal). The heading
is simultaneously updated through a linear control law to
match the current heading to the optimal feasible direction.
The optimal feasible direction d,p can be expressed in a
vector form (dopy, , dopt,) and the corresponding orientation
angle 6, can be calculated as

Bopt = arctan(dop » a’opty) (17)

where —7 < Oy < 7.

We denote the angle between the current heading direction
d and the optimal feasible direction as 6, € [—m, 7] and
define it as follows:

Oopt — 0 if 1Oopt — Ol <7
Or= yOopt —0 =21 ifOy—6>m (18)
Oopt — 0 + 21 il Oppy — 0 < —7
70 T T T T T T @
il S Steps: 243 |
#
401 # B

30 R
#

Start.
Trajectory of moving obstacles

0
20 25 30 35 40 45 50 55 60 65 70

(a)

If |16, ]| < 7, the robot’s heading has a positive projection

on the optimal feasible direction, that is doTptd > 0. In this
case the robot will move forward, and we define the actual
direction d,, = d (Fig. 9(a)).

If |16, > %, the direction opposite to the robot’s heading
—d has a positive projection on negative gradient direction
dopt, that is dOTpt(—d) >0. In this case, the robot will
move backward, and we define the actual moving direction
d,, = —d (Fig. 9(b)).

The control law of linear velocity for the robot is then
given by:

. A
=k— 1
qg=k ] 19)
where k is a constant used to determine the robot’s speed.

The control law for angular velocity is a simple linear
control law intended to turn the robot as fast as possible
towards the desired heading. The desired angular velocity is
defined by:

0 =kqb, (20)

where ky is a constant.

In Fig. 10, we use a task of target reaching with obstacles
to illustrate the performance of Newton method and Gradient
method using the geometric transform. One moving obstacles
is activated at each step for this scenario. For the same task,
the Newton method reaches the goal in 113 control intervals
contrast to gradient method with 243 steps. The parameters
we used for this comparison is listed in Table V.

Steps:113

401

Trajectory of moving obstacles Start

Fig. 10. Comparison of (a) feasible gradient method and (b) Newton method in dynamic environment.

https://doi.org/10.1017/5026357470700389X Published online by Cambridge University Press


https://doi.org/10.1017/S026357470700389X

292

Table V. Parameters.
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Table VI. Parameters.

Obstsize 0

Obstsize start 0 stepsize

1 1 1 90°

0.5 90° 0.33

10 . B : : 4

Fig. 11. Before the task starts.

5. Application Examples: Search-and-Forage

In this example, we consider the application of MNM in a
search-and-forage task for a cooperating robot team.'> In this
task, a team of three robots is required to carry back the target
objects (@) to the goal while avoiding collisions with each
other and with the obstacles (#). Fig. 11 shows the workspace
before the task start.

The potential field of the obstacles and target are generated
by using generalized Gaussian function.!> Notice that using
the MNM, the amount of path oscillation in the presence of
obstacles is greatly reduced, when compared to a standard
gradient descent control. As shown in Fig. 12, the average
steps is 150/task for the gradient method and is 115/task
for MNM. The reason for this is the performance of the
two methods are similar when is far from the obstacle. The
advantage of MNM should be more evident when there are
more obstacles in the fields. The parameters we used for this
comparison is listed in Table VI.

Trajectory of robat 1

<«—Trajectory of robot 2 ]

ro@@t=T Retu[ned tgrgets\

0 L L
0 1 . regeT—, 8 9 10 11

(@)

6. Conclusions and Future Work

In this paper, we propose a general solution to the inherent
oscillation problem for nonholonomic robot motion planning
in dynamic environments using MNM. We studied the
performance of the MNM in various scenarios. The results
show that the proposed MNM can greatly improve system
performance with very modest computation efforts.

The proposed method can either be used to directly
generate robot’s motion in some cases, or in other cases, it
can be used to generate feasible path, the actually trajectory
is then generated by exploiting other control method such
as backstepping’ which will control the robot to track the
predefined path. In the future, we will investigate extensions
of MNM to robot manipulators with high degrees of freedom.

Appendix
Proof of Theorem 1: The proof borrows from its counterpart
in ref. 13. In order to prove this, we need to introduce
Lemma 1.

Lemma 1:' Let M', M? be two open and connected
subsets of R", such that M! UM?*=R"\{0}. Let f'

M — R",i=1, 2 be two vector fields, and assume there
exists a separating surface I' with 0 e I and T\ {0} C
M'" (M M?. Let C', C? be two connected subsets of R" \ T
such that C' ¢ M‘, and assume that f' on I' is pointing
toward the interior of C’ for i =1, 2. Finally, assume that
f1, f?are asymptotically stable on M, M?. Then, the vector
field f: R" — R" is defined as

flx) ifx e(@\{ophC!
f2(x) ifx eC?
0 ifx=0

fx)= (20

is globally asymptotically stable.

<—Trajectory of robot 2

| Trajectory of robot 3—

£ (5] o
T T T
\T*
-
=
"
[}
(2]
9
o
<
o
o
>
o
o
‘ e
"

0 e 4= Returned-target: 1 1
5

(b)

Fig. 12. Comparison of the search-and-forage task for (a) the gradient descent method and (b) the MNM.
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We define the inverse Lyapunov function as follows:

x| B/

Vo= 22)
1zI? & x% + y2 + 262 23)

A X
2|y (24)

0

Vi) = ’ff;(z x>0

(25)

V()= -2~ " x <0

HzH

Consider the partition of the configuration space
0=C'@C>@PT induced by the navigation function
V(z)=V/(z) for z € C/, j =1, 2. Then the time derivative
Vi(z) of V(z)in C/ is

av/ dx v/ dy av/ do

Vi(z) = N — . — (26
@= oy ar T a0 ar %
v/ avi v/
= vcos@w+vsmeg +w¥ 27)
()Vf 8Vj
= v[cos O sinf] 3\// + a)w (28)
Ty
= —vd] dygry — ©dyg (29)
(30)
If w(z) > 0, then w =ky(6; — 6) and
Vj(z) = _[UdgTdngxy + k@(ed - e)dnge] (31)
=w(i) >0 (32)
If @ (z) < 0, then @ = —v[d] dygxy |,y and
VJ(Z) = _UdgTdngxy + vdgdngxydnggdn (33)
=0 (34)

Thus, V/(z) > 0. Now let § 2 {z € C/ (JT|Vi(z)=0}.
If there exists an invariant set 2 € S, then in Q, v=w=0.
From Eqgs. (3) and (4) it follows that v vanishes only
at the origin. By Lasalle’s principle for 1/V/(z) on
C/ |JT, asymptotic stability for the system is established on
Mi & ci T \ {0}. By Lemma 1, the system is globally;
asymptotically stable. QED.

Theorem 2: The feasible motion direction set can be
constructed only using the gradients of the navigation
function and the activated constraints of moving
obstacles.

Proof: We use dg; = %—‘:’ to represent the gradient of the
activated constraint g;. We denote the angle corresponding
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Fig. 13. Optimal feasible direction scheme. Filled area is the
resulting feasible area.

to the gradient of constraint g; to be 6, and define it as

follows:
0 0
6,, = arctan ( 8; %8 )

35
dy ’ dx (33)

where —m <6, <m.

To better illustrate our method, we represent all directions
in the form of rotation angles with respect to d,,. ©; is
defined as the angle between d,, and dg;. We define this
angle to be positive if a counterclockwise rotation takes d,,
to dg; and negative otherwise.

O =0y — by (36)

J

The resultant @’j falls in the interval [—2m, 27] and we
transform it to the interval [—s, 7] by the following formula:

@’j if—ﬂf@}f]‘[
0= @;.—27T if®;>7( 37
@’J-+27r if@’j<—n

Next we construct a feasible direction set [O j min, © j max] for
each of the activated moving obstacles (Fig. 13).

- |®;—n/2 ifO; >0

©jmin = —n/2 if®; <0 (38)
_|®;+m/2 if®; <0

Ojmax = 1/2 ifO; >0 (39)

Note that the feasible direction set [O;min, ©jmax] for
each activated moving obstacle constraint is a subset of
[—m/2, /2] because all feasible directions must lie in the
same half-tangent plane as d,,,.

Next, we find the intersection 0 =[Oy, Opmax] of the
feasible direction sets [®min, ®jmax] that works for all
activated moving obstacles.

®min = max {®lmin» ®2min’ cee

s ®m min} (40)
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By construction, we know that 6 is also a subset of
[—m/2, w/2]. QED.

®max = min {®l max s ®2maXy .- (41)
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