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SPECIFICATION TEST FOR MISSING
FUNCTIONAL DATA

FEDERICO A. BUGNI
Duke University

Economic data are frequently generated by stochastic processes that can be modeled
as realizations of random functions (functional data). This paper adapts the specifi-
cation test for functional data developed by Bugni, Hall, Horowitz, and Neumann
(2009, Econometrics Journal 12, S1-S18) to the presence of missing observations.
By using a worst case scenario approach, our method is able to extract the infor-
mation available in the observed portion of the data while being agnostic about the
nature of the missing observations. The presence of missing data implies that our
test will not only result in the rejection or lack of rejection of the null hypothesis,
but it may also be inconclusive.

Under the null hypothesis, our specification test will reject the null hypothesis
with a probability that, in the limit, does not exceed the significance level of the test.
Moreover, the power of the test converges to one whenever the distribution of the
observations conveys that the null hypothesis is false.

Monte Carlo evidence shows that the test may produce informative results (ei-
ther rejection or lack of rejection of the null hypothesis) even under the presence of
significant amounts of missing data. The procedure is illustrated by testing whether
the Burdett—Mortensen labor market model is the correct framework for wage paths
constructed from the National Longitudinal Survery of Youth, 1979 survey.

1. INTRODUCTION

Economic data are frequently generated by stochastic processes that can be mod-
eled as occurring in continuous time. The data may then be treated as realizations
of random functions (functional data). Examples include wage paths, asset prices,
and returns. In this case, economic theory may provide a parametric model for
the data, i.e., a stochastic process that is known up to a finite-dimensional pa-
rameter that constitutes a candidate for the true process that generated the data.
In such cases, a natural research question is whether the parametric model is the
right model for the data, i.e., whether there is a parameter value for which the
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model is the data generating process. This type of hypothesis test is referred to as
a specification test.

In a recent paper, Bugni, Hall, Horowitz, and Neumann (2009) (hereafter
BHHN) developed the first method for carrying out a specification test for func-
tional data.! Their contribution constitutes the generalization of the Cramér—von
Mises? specification test to the distribution of random functions that depend on
an unknown finite-dimensional parameter vector. Their procedure contributes to
the literature by introducing functional data approaches to specification testing
in econometrics and by developing parametric bootstrap methods that enable its
implementation.

The specification test in BHHN does not allow for the existence of missing
observations. Both the theoretical results and the empirical implementation of the
test require the researcher to observe a sample of independent and identically
distributed (i.i.d.) functions. This not only forbids functions to be missing, but it
also forbids functions from being unobserved in certain sections of its domain.
Unfortunately, this is a strong restriction: missing data are a pervasive problem in
most data samples, and functional data samples are no exception. The particular
feature of functional data is that observations can present missing sections, rather
than being completely unobserved.

One might wonder if the specification test developed by BHHN can still be
applied to a functional data sample with missing observations by eliminating ob-
servations that present missing sections. There are two reasons why this procedure
should be avoided. First, the results of this test cannot be extrapolated to the dis-
tribution of the data unless we assume that the observed data are a representative
sample of the general data, i.e., unless missing data are missing ar random.> If
this assumption fails, our test results would be invalid due to sample selection
bias. Second, in the specific case of functional data, eliminating observations that
have some missing sections would eliminate valuable information contained in
their nonmissing sections.

The objective of this paper is to provide a specification test that can be applied
to functional data that have missing observations. To deal with the missing data
problem, we adopt a worst case scenario approach in the spirit of Manski (1989),
which is able to extract information about the observed data and still be agnostic
about the nature of the unobserved data.

Instead of developing a new hypothesis testing procedure for missing functional
data, one could consider applying the hypothesis testing procedure of BHHN to
the subset of the data that has no missing sections. When compared to this pro-
cedure, the hypothesis test developed in this paper presents two clear advantages.
First, by avoiding untestable assumptions about the nature of the missing data,
our hypothesis test produces conclusions that are valid regardless of the (unob-
served) features of the distribution of the missing data. Second, in the presence of
functional data where functions in the data have missing sections and nonmissing
sections (i.e., the functions are partly unobserved), our hypothesis testing proce-
dure is able to extract all of the information contained in the nonmissing sections
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while still being agnostic about the nature of the missing sections. Although the
first advantage is common to every inferential procedure that adopts the worst case
scenario approach to missing data, the second advantage is exclusive to functional
data analysis.

Unfortunately, our hypothesis testing procedure has an unavoidable cost. With-
out assumptions about the nature of the missing data, the test statistic is partially
or set identified; i.e., it can only be restricted to an interval, even asymptotically.
This implies that the resulting hypothesis test may be inconclusive; i.e., one of the
outcomes of the hypothesis test is that one cannot decide whether or not to reject
the null hypothesis.

Even though the present paper focuses on adapting a relatively specific hypoth-
esis testing problem to the presence of missing data, one could envision that the
ideas and techniques developed in this paper could be applied to other settings
that are also partially identified.* In this sense, we believe that this paper consti-
tutes our first contribution in a research agenda regarding specification testing in
partially identified models.

The remainder of the paper is organized as follows. Section 2 describes the hy-
pothesis test when there are no missing observations. Section 3 studies the identi-
fication problem posed by missing data, which is the basis of our hypothesis test.
In Section 4, we introduce our hypothesis test and analyze its theoretical prop-
erties. Section 5 presents Monte Carlo evidence about the performance of our
test. In Section 6, we use our methodology to test whether a random sample of
wage paths constructed from the National Longitudinal Survey of Youth, 1979
(NLSY79) data is distributed according to the Burdett—Mortensen labor market
model. Finally, Section 7 concludes the paper. All of the proofs of the paper are
collected in the Appendix.

2. SPECIFICATION TEST WITHOUT MISSING FUNCTIONAL DATA

We begin by describing the nature of the specification test when there are no
missing observations. Even though this will not be the setup we are ultimately
interested in, it constitutes an adequate starting point to introduce the elements of
our specification test.

The following notation will be used throughout the paper. Let Z denote an arbi-
trary bounded subset in the real line, which will constitute the (common) domain
of the random functions in our specific application.” Let RZ denote the space of
all functions that map Z on R, let L; (Z) denote the space of square integrable
functions that map Z on R, let C (Z) denote the space of continuous functions that
map Z on R, and let C’ (Z) denote the space of functions that map Z on R that
are continuous except for a countable subset of Z. Finally, the probability space is
denoted by (Q2, B, P), and it is assumed to be complete.

The formal structure of the specification test is as follows. Our data are a ran-
dom sample of size n of functions, denoted by &, = {Xy,..., X,}, which are
distributed according to a separable® stochastic process in Lj (Z), almost surely
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(a.s.), denoted by X : Q — L>(Z). An econometric model conjectures that the
data generating process behaves according to a certain separable stochastic pro-
cess in Ly (Z), a.s., denoted by Yy : Q — L, (Z), which is known up to a finite-
dimensional parameter 6 that belongs to a parameter space ® C R? (p < 00). The
objective of our hypothesis test is to decide whether or not the model {Yy : 0 € ®}
is a correct specification for X; i.e.,

Hp:30 € ® such that X and Yy are equally distributed,
H; : A0 € ® such that X and Yy are equally distributed. 2.1)

We now describe the BHHN specification test to implement the hypothesis
test in equation (2.1), as it constitutes the basis of the specification test devel-
oped in this paper. To develop a hypothesis testing procedure, BHHN compare
the cumulative distribution function (cdf) of the data and the model. Formally, if
Z :Q — Lo (Z) is a stochastic process in (2, 3, P), the cdf of Z evaluated at any
(nonstochastic) x € RZ is defined as follows:

Fz(x)=P" (weQ:{Z(w,t) <x(t), Vt eI}, 2.2)

where P* is the outer probability’ associated to the measure P. Notice that the
only difference between equation (2.2) and the traditional definition of cdf for a
random vector is that we need to take into account the measurability issues due
to the fact that Z is possibly an uncountable set. For every x € RZ and 6 € ©, we
use Fy (x|0) to denote the cdf of Yy (rather than Fy, (x)).

To conduct the hypothesis test in equation (2.1), BHHN utilize the following
idea. Under the null hypothesis, there exists a parameter value 6 € ® such that
Fx (x) = Fy (x|0) for all x € L, (Z), and under the alternative hypothesis no such
parameter value exists.® Let 4 be a nondegenerate probability measure on L (Z).’
BHHN measure distance between the distributions of X and Yy with a functional-
data analogue of the Cramér—von Mises two-sample (population) statistic, given
by

7o) = [ (Fx ()= Fy (610)) e ). 2.3)

We assume that there is a unique parameter value that minimizes T (X, Yp), de-
noted by 0. The key insight of the BHHN test is that the minimized value of
the test statistic, T’ (X R Ygo), can then be used to distinguish between the null and
alternative hypotheses, namely:

Ho: T (X,Yy,) =0,

2.4
Hy: T (X,Yy,) > 0. @4

The hypothesis test developed by BHHN is implemented by estimating the
parameter 0, replacing cdfs by their sample analogues and computing integrals
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by using Monte Carlo integration methods. The asymptotic distribution of the
test statistic is approximated using the bootstrap. Formally, the test involves the
following sequence of steps.

1. Use the data sample, &}, to

a. Estimate the parameter 6 root-n-consistently and denote the estimator
by é().

b. Estimate Fy by sample analogue estimation; i.e., for every x € Ly (Z):
Fy()=13"  1(X: (1) < x (1), V1 € D).

2. Use g to construct an i.i.d. sample of size m of Y@O, denoted by yéo m=
{Y@,O Jit. Use yéo ,, L0 estimate Fy (-|90) by sample analogue estimation;
i.e., for every x € Lo (Z):

Fy (x100) = 3 Z7L, 1Y, (1) < x (1), Vi € I).

3. Compute the test statistic
T(x.%,) =¥ 3 (Fx () = Fr (2)100)).

where Zy = {Z; }]“/=1 is an i.i.d. sample of x and I:“X and ﬁy (~|90) are as in
steps 1.b and 2, respectively.
4. Repeat the following process many times:
a. Construct a bootstrap sample of size n of Y@O and denote it by X =
X7y
b. Use X as in step 1; i.e., estimate the parameter 6 root-n-consistently,

denote the estimator by @8, and estimate Fx+ by sample analogue esti-
mation.

Ak . . . . .
c. Use 0 as in step 2; i.e., use it to construct yé* m and use it to estimate
0>

Fy (-|9;) by sample analogue estimation.

d. Compute the test statistic from the bootstrapped data as in step 3 and
denote it by T (X ™, Yég)'

5. Denote by tg (1—a) the (1 —a) quantile of the simulated statistics
0
nT (X", YAS) in step 4.

6. Decide the outcome of the test in the following way:

Outcome Decision

i (1—a) < nT (X, Y;,) Reject Hy

9

nT (X, Yéo) < tg (1—a) Do not reject Hy
0
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3. IDENTIFICATION ANALYSIS WITH MISSING FUNCTIONAL DATA

We now consider how missing data in the functional data sample affect the BHHN
specification test. This occurs in two ways. First, missing data may affect our
ability to consistently estimate the parameter 6 (step 1.a). This will certainly be
the case if our estimator is obtained by the maximum likelihood method based
on the value of all the observations in the interval Z. If we cannot compute the
estimate, we cannot estimate the cdf according to the model (step 2), we cannot
compute the test statistic (step 3), and we will also be unable to simulate the
critical value (step 4). Second, missing data will prevent us from identifying and,
hence, estimating the distribution of the data, denoted by Fy (step 1.b).

The first problem may be avoided if we manage to estimate the parameter root-
n-consistently in spite of the missing data problem. For example, suppose that
our sample consists of observations of sample paths of an economic phenomenon
over 2 years and there are missing data only during the second year (sample attri-
tion). Then, it may be possible to estimate the parameter root-n-consistently using
exclusively the information of the first year, where the sample is completely ob-
served. In comparison, the second problem is unavoidable. If we are unwilling
to make assumptions about the nature of the missing data, any period of unob-
served data for functions in our sample implies that the distribution of the data is
not identified. For the remainder of the paper, we will assume that the first prob-
lem can be avoided; i.e., we will assume there is a root-n-consistent estimator of
6o (despite the missing data), and we will focus the analysis on dealing with the
second problem.'?

To conduct the identification analysis, we now provide structure to the miss-
ing data problem. We interpret each of our observations as being the realization
of a function over an interval of time, which we have denoted by Z. Before the
introduction of missing data, we assume that there is an i.i.d. random sample of
functions, referred to as the underlying sample and denoted by &, = {X;}!'_,,
each of them distributed according to Fy. This underlying sample is not di-
rectly observed. Instead, we observe a sample of data that is the result of an
unspecified missing data process affecting the underlying sample. Specifically,
for each observation i = 1,...,n, instead of observing the underlying function
Xi : Q — Ly (Z), the researcher observes the pair (0;, X]) : Q = Z x L1 (0;),
where the first component, O; : Q — Z, is the subset of the interval Z where the
underlying function is observed and the second component, X} : Q — L5 (0;),
is the value of the underlying stochastic process in the subset of the interval Z
where it is observed (i.e., X; (f) = X; (t) for all r € O;). The observed sample is
denoted by X, = { (Oi , X l/) }7: |- We further assume that the mapping between the
underlying sample, &, = {X;}/"_,, and the observed sample, X, = {(O;, X))}/,
is i.i.d. distributed across individuals and, thus, the resulting observed sample
X, ={(0i,X})}7_, is aniid. sample.'" It is important to point out that we are
being completely agnostic about how missing data affect each of the observations
of the underlying random sample other than the fact that the resulting sample is
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ii.d. In particular, the distribution of those functions that are fully observed is
allowed to be different from the distribution of the i.i.d. sample of the underlying
data; i.e., the data are not assumed to be missing at random.

We now impose one further assumption on the structure of missing data pat-
terns. Recall that we denoted by Z the interval of time where the functions are
defined. We assume that there is a partition12 of Z into J subintervals (J < 00),
denoted by {Z;} jjzl, that is fine enough so that for each function in the sample, a
function can only be completely observed or completely unobserved within each
of these J subintervals. In other words, none of the functions of the data should
be partly observed and partly unobserved in any of the subintervals. In our nota-
tion, foreveryi =1,...,nand j =1,..., J, only one of the following situations
occurs: Z; € O; or Z; € Z/0;. This assumption limits the richness of the missing
data process: it is restrictive in the sense that the subintervals are not allowed to
be random and their cardinality is finite and not allowed to be a function of the
sample size. For illustration purposes, we note that the restriction is satisfied in
our empirical application with NLSY79 data. In this application, Z is an interval
of time spanning several years, and the sample of wage functions can be miss-
ing or not at a weekly frequency; i.e., the set {Z;} jJ:] is composed of the subset
of intervals of weekly length in Z. As a consequence of this restriction on the
missing data process, there are (only) 2’ possible missing data patterns. We can
characterize each missing data pattern by the subset of Z where the functions are
observed; i.e., for j =1,..., 27 we denote by S; the subset of Z where functions
are observed in the jth missing data pattern. Without loss of generality, we define
the first missing data pattern to be the one without missing data, i.e., S| = Z.

The structure imposed so far is summarized in the following assumption.

Assumption 1. The data generating process is defined on a complete probabil-
ity space (Q, B, P), and it satisfies the following conditions:

(a) The underlying data, X, = {X;}?_,, are an i.i.d. sample distributed accord-
ing to a separable stochastic process in Ly (Z), a.s. A generic observation
of &, is denoted by X, and its cdf is denoted by Fy.

(b) The observed data, X, = {(0;, X I’ )}'_,, are an i.i.d. sample and are the re-
sult of missingness affecting X;,. Forevery i =1, ..., n, we observe the pair
(0;, X l’ ), where the first component, O;, is the subset of Z where the un-
derlying stochastic process X; is observed and the second component, X,
is the realization of the underlying stochastic process X; on O;. A generic
observation of X}, is denoted by (O, X’).

(c) There exists a partition of Z into J subintervals (J < 00), {Z; }‘/.J: 1» o that
foreveryi=1,...,nand j =1,...,J,eitherZ; C O; or Z; CZ/0;.

The derivation of the test proceeds as follows. The first step is to derive the
identified set of the cdf of X, Fy, in the presence of missing functional data.
The second step is to use this set to derive worst case scenario bounds for the
population test statistic, T (X , Ygo). In these two steps, we assume that we know
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the population from where the observed data are sampled (of course, missing data
are still unobserved) and, as a consequence, we compute the population version
of these worst case scenario bounds (WCSBs). In the third and final step, we use
sample analogue estimation and Monte Carlo integration to estimate the WCSBs,
which allows us to implement our specification test.

3.1. Identified Set for the cdf

The objective of this section is to characterize the identified set of Fx under the
presence of missing data, which we denote by H (Fy).

Our first result illustrates the nature of the identification problem generated by
the missing data. Specifically, the result provides an expression for Fx (x) for any
xeC' (7).

LEMMA 3.1. Assume that Assumption 1 holds. For any x € C' (Z):

P({Xx’ NteZln{o=S
Fx(x):{ ({X' (1) <x(),vreZ}n{ 1) }

+32L, P({X' @) <x (0.9 € ;30 {X @) <x (). % € T/S;}n{0 = 5;})

3.1
Moreover, for every j =2, ...,27, one of the following situations occurs:
o IfP({X' (1) <x(1),V1€S;}N{0 =5;}) =0, then
P({X'(t) <x(),VieS}n{X () <x(),VieZ/S;}n{0=S;})=0.

o IfP({X'(t) <x(1),VteS;}n{O=S;}) >0, then
P{X' () <x@).vre$n{X () <x@),veL/s;}n{0=5})

B P{X@0)<x(®),VteZ/Si}{X () <x@),VieS;}n{0=S;})
| xP({X ) <sx@).vies;}{o=S5})P(0=5) ‘

Lemma 3.1 expresses Fy (x) as the sum of finitely many terms that, in
general, are not point identified. In particular, the distribution of observ-
ables allows us to identify the frequency of each missing data pattern (i.e.,
P(O:Sj) for j = 1,...,27) and the distribution of the random func-
tions where these are observed (ie., P ({X'(t) <x(1),Vte S;}|0=S;) for
j=1,...,27), but it is completely silent about the (conditional) distribu-
tion of the random functions where these functions are unobserved (i.e.,
P{Xx@w)<x(),vieZ/Si}{0o=8}n{X' ) <x(),VieS;}) for j =
2,...,27). We obtain bounds for the distribution of the data by imposing logi-
cal bounds to all the expressions that are not identified.

Our next result establishes WCSBs for Fy (x) for any x € RZ, which constitute
the basic building block to characterize H (Fx).
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LEMMA 3.2. Assume that Assumption 1 holds. Define the functions F)% :
RT - R and F}? : RT — R as follows. For every x € RL:

Fy(x)=P*({X' () <x(),VteI}N{0 =1}),

=Y Pr({XO<x0).vies}n{o=5}). (3.2)
For any x € RL, Fx (x) satisfies the following WCSBs:
Fx (x) € [Fx (x), F{ (x)]. (3.3)

Moreover, for x € C' (Z), these bounds are sharp; i.e., Fx (x) cannot be restricted
any further.

The bounds described in Lemma 3.2 are “pointwise” bounds in the sense
that they are established by conducting a worst case scenario analysis for Fy
evaluated at x € RZ. Notice that when the data are completely observed (i.e.,
P({O=7I})=1),then F }Ig =F )I('I and, as expected, Fy is point identified. Finally,
notice that measurability is not necessary to establish (informative) WCSBs; i.e.,
we can provide (informative) bounds on Fx (x) in terms of outer probability mea-
sure P*. Nevertheless, restricting attention to x € C’ (Z) implies that the events
under consideration are measurable, and this in turn is instrumental in establishing
that the WCSBs are sharp.

The following step is to use the previous findings to characterize H (Fx). By
definition, this set is composed of all the functions that are logically possible
candidates for the cdf of X according to the observed data. As we now argue,
providing an exact characterization of this set is a computationally complicated
problem. We now explain why.

Notice that Fy needs to satisfy the restrictions imposed by the fact that it is
the cdf of a separable stochastic process in L; (Z). Denote by I the space of cdfs
for separable stochastic processes in Ly (Z); i.e., for any G € I, there exists a
separable stochastic process Y : Q — L (Z) such that

G(x)=P (weQ:{Y(w,t)<x(t), Vt €T}), forallx e RL.

It is well known that the space of cdfs of random variables in finite-dimensional
euclidean spaces can be characterized by a set of defining properties.'* It is pos-
sible to extend these results for separable stochastic processes in Lj (Z).!> Our
analysis reveals that these restrictions are computationally hard to impose, which
implies that I' is a relatively hard space to work with. To complicate things even
further, Fy also needs to satisfy “pointwise” bounds derived in Lemma 3.2. From
our arguments, it follows that

H(Fy) C {m{c L FE(x) < G(x) < FH (x) vx GRI}}.

We show in the Appendix that the reverse inclusion does not hold in general (see
Lemma A.4). Intuitively speaking, the restrictions imposed by I' and the restric-
tions imposed by “pointwise” bounds derived in Lemma 3.2 interact with each
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other to restrict the space of functions by more than their intersection. Because
the restrictions imposed by I' are already relatively hard to work with, this makes
H (Fx) a computationally hard set to characterize. This is unfortunate because, as
we reveal next, 7 (Fy) is instrumental in characterizing the WCSBs of the object
we are ultimately interested in, namely, the population version of the test statistic.
The next section develops these WCSBs and provides a feasible way to deal with
these complications.

3.2. Bounds for the Population Test Statistic

The objective of this section is to develop WCSBs for the population version of the
test statistic. The following result characterizes the sharp version of the WCSBs.

LEMMA 3.3. Assume that Assumption 1 holds. Let T (X R Ygo) and
Ty (X, Ygo) be defined as follows:

TL(X¥p) = it [ G- Fr w1602 dn ),

T (X.¥a) = sup (G- Fr w100 dpe (o). (3.4)

Then, the population test statistic satisfies the following WCSBs:
Ty (X, Ys,) < T (X.Yg,) < T (X, Ye,) - (3.5)

Furthermore, without additional information, these WCSBs are sharp; i.e., the
population test statistic cannot be restricted any further.

The presence of missing data opens a gap between the worst case scenario
lower and upper bounds for the population test statistic. Lemma 3.3 provides an
implicit characterization, a sharp version of these bounds, and thus represents
the best we can offer with the available information. The computation of these
bounds requires solving an infinite-dimensional constrained optimization problem
where the constraint set is H (Fx). As we have already explained, H (Fx) is a
complex space to work on, and, as a consequence, this makes the computation of
the sharp WCSBs intractable to compute or estimate. To circumvent this problem,
we consider alternative ways of imposing bounds that are informative about the
population test statistic but are amenable to compute and estimate. These bounds
will be referred to as alternative WCSBs.

Our strategy to obtain an alternative WCSB is to replace the constraint set
H (Fy) in the optimization problems of equation (3.4) by a superset of H (Fy),
generically denoted by H’ (Fyx), which produces a tractable optimization prob-
lem. This replacement is expected to result in loss of information; i.e., the
alternative WCSBs might not be as restrictive as the sharp WCSBs. Neverthe-
less, given the computational complexity of the sharp WCSBs, we consider these
alternative WCSBs to be our only feasible option. The following result formalizes
the concept of alternative WCSBs and describes their main property.
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LEMMA 3.4. Assume that Assumption 1 holds. Let Ti (X s Ygo) and
Ty (X , Ygo) be defined as follows:

(X Yo)) = it (G @)= Fy (160) du o).

Th (X.Yo) = s [(G0)=Fy (xl60)du (), (3.6)
GeH/ (Fy)

where H' (Fx) is such that H (Fx) C H' (Fx). Then, the population test statistic

satisfies the following WCSBs:

T; (X, Ys,) < T (X, Yg,) < Tj (X, Ye,) - 3.7
These bounds are referred to as alternative WCSBs.

The choice of the constraint set H’ (Fy) in equation (3.6) generates a trade-
off between informational content of the bounds and their tractability. Choosing
a smaller constraint set produces more informative (i.e., tighter) bounds but also
typically makes the computation of these bounds harder. As we have already ex-
plained, choosing H’ (Fx) = H (Fx) implies that the associated bounds are not
computationally feasible. In practice, we found that an adequate solution to this
trade-off is achieved by adopting the following constraint set:

H (Fyx) = {G L FE(x) < G(x) < FH (x) Vx € RI}. 3.8)

Henceforth, for the remainder of this paper, we exclusively refer to alternative
WCSBs as those that correspond to the constraint set in equation (3.8). In this
case, these alternative WCSBs have the following closed form solution:

L L _ 2
(X 0) =] {1 [Fr (x100) < Ff ()] (F{ () = Fy (x100)) 2} .
+1[Fy (x100) > F (0] (FY () = Fy (x100)

Ty (X, Yo,) = [ max{(F;% (1) = Fy x100)) ., (F (0) = Fy (XIGO))Z}dﬂ (x)
3.9

and are therefore straightforward to compute. Furthermore, our formal results in
later sections reveal that these WCSBs are straightforward to estimate consis-
tently. (The estimator is given in equation (4.2) and its consistency is formally
proved in Lemma A.6.) The computational simplicity of the proposed alternative
WCSBs comes at a cost of a potential lack of sharpness. In fact, we verify in the
Appendix that it is possible that neither the lower alternative WCSB nor the up-
per alternative WCSB is sharp (see Lemma A.5). In light of these findings, the
reader might wonder whether the proposed bounds are too wide to be of practi-
cal relevance. We verify through Monte Carlo simulations and with our empirical
application that the alternative WCSBs can still be quite informative about the
specification of the data generating process.
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4. SPECIFICATION TEST WITH MISSING FUNCTIONAL DATA

This section utilizes the identification analysis of Section 3 to develop our
specification test described in equation (2.1) under the presence of missing func-
tional data. We begin by introducing several assumptions that are also assumed in
BHHN.

Assumption 2. The parameter space is denoted by ® C R” for some p < oo.
Moreover:

(a) O is uniquely defined as follows: 6y = argmingee{T (X, Yp)}.
(b) 90 is an estimator for 6 that is exclusively a function of A, 16 and has the
following asymptotic representation:

n' 200 —00) =n='2 31 A(Xi) +o0p (1),

where A is a p-dimensional function such that E (A (X)) =0, cov (A (X))
is nonsingular, and [ A (x)" A (x)du (x) < oco.

Assumption 3. 6 Fy (-]6) /00 exists for all 8 in an open set O that contains .

Moreover:
sup aFgng) aF’%(axle)d,u (x) < 0,
0O

lim 2 sup
e=0J; 2T p l0—6oli<e

{0Fygiclﬁ) _ aFYa(’ﬂ'HO)MaFééflg) _ aFya(;/w())] ‘ du (x) =0.

Assumption 4. u is the measure induced by the following process:
Z(t) =372, piNig; (1), 4.1)

where {N;};°, is a sequence of i.i.d. standard normal random variables and there

are constants C > 0 and d > 1 such that 0 < }pl| <Cl @ and ¢, (1) = V2sin(Ixt)
forall/ e N.

Assumption 5. The test is implemented using the following approximations:

(a) For any § € © and x € RZ, Fy (x|0) is approximated with its sample ana-
logue; i.e.,

Fy(x10) = L3m  1(Yp, (1) <x (1), Vt € I),

where Yy n = {Yp,;}i", is an i.i.d. sample of size m distributed according
to Yp.

(b) Integrals with respect to measure u are approximated by Monte Carlo inte-
gration. In other words, for any function Y : Ly (Z) > R, [T (x)du (x) is
approximated by %Z};l T (Zj), where Zy = {Z; }}/:1 is an i.i.d. sample
of size V distributed according to the measure .

(c) Forevery 0 € ©, &, Yy m, and Zy are independent samples.
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We note that these assumptions are slight variations of conditions required by
BHHN. Assumption 2(a) indicates that @ is the unique minimizer of the popu-
lation test statistic 7' (X, Yp). Due to the missing data problem, T (X, Yp) is not
point identified and it is not clear from Assumption 2(a) whether 8¢ is identi-
fied or whether it can be root-n-consistently estimated. Nevertheless, Assumption
2(b) indicates that missing data do not preclude our ability to estimate the param-
eter 6 root-n-consistently, which implicitly assumes that this parameter is point
identified. As we have already explained, this is a reasonable assumption when
the sample is fully observed during a certain period, as this information can be
sufficient to estimate the parameter 6 root-n-consistently.

The NLSY79 survey used in our empirical application is a perfect example of
a situation where this assumption is satisfied. In this survey, a sample of n in-
dividuals are randomly selected from the population and are asked to describe
their wage path during the previous year (among numerous other questions). To
complete the evolution of the wage path over, say, 10 years, the same n individ-
uals are revisited in the following years. Unfortunately, during these subsequent
years, some of these individuals are unavailable because of sample attrition. As
a consequence, the n observations are fully observed during the first year, but
a subset of them is affected by missing sections starting from year 2 onward.
However, in certain models, such as the Burdett—Mortensen labor market model,
1 year of data for the n observations in the sample is enough to estimate the
parameter vector in a root-n-consistent fashion using any standard extremum es-
timation method, such as maximum likelihood.!” As a consequence, the presence
of missing data does not preclude our ability to estimate the parameter vector
root-n-consistently.

Assumption 3 requires the model to be sufficiently smooth with respect to the
parameter value. Assumption 4 defines the bounded and nondegenerate mea-
sure u on Ly (Z) used to measure the distance between the cdf of the model
and the cdf of the data. The measure is constructed using a sequence of sine
functions as a basis of the functional space, but it is possible to use different
measures by changing the class of basis functions.'® Assumption 5 describes
the methodology that will be used to approximate the cdf of the model and the
integrals with respect to the measure u. The methodology is based on sample
analogue estimation and is implicitly assumed in BHHN. The value of making
this assumption explicit is to reveal that the performance of the hypothesis test
depends on the parameters that control the quality of the approximation, m
and V, in addition to the sample size, n. As we explain in Section 4.2, our
analysis is based on asymptotic arguments, and it requires n,m, and V to di-
verge to infinity. We defer comments regarding the choice of m and V to that
section.

To conclude the section, we note that simulating from the measure u is unfea-
sible in practice, as equation (4.1) expresses that it is the measure induced by an
infinite sum of random variables. To circumvent this issue, BHHN propose replac-
ing the measure ¢ with a finite-dimensional approximation; i.e., for some M € N,
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replace u with u,,, which is the measure induced by Z () = Zf‘il piNig; (1),
where {Nl}lﬂil, {pl}lﬂil, and {¢51}1Ai1 are as in Assumption 4. Section 3.3 in BHHN
shows that this replacement has no effect on the asymptotic behavior of the test
provided that M — oo. These arguments can also be applied to the hypothesis
test considered in this paper.

In their simulations, BHHN implement their hypothesis test for relatively low
values of M (e.g., M = 4), and obtain excellent finite-sample results in terms
of size and power. While they do not formally analyze the asymptotic properties
of their test implemented with measure u,, for a fixed M, it is not hard to con-
jecture what these properties are. First, their hypothesis test implemented with
the measure u,, (instead of u) is asymptotically size correct. This is because
the critical value of the test is computed with the bootstrap, which provides size
correctedness regardless of the measure employed to compute the test statistic.
Second, it is not hard to see that the test implemented with measure x,; will be
consistent against fixed alternative hypotheses that belong to a certain set. Fur-
thermore, it is clear that this set of alternative hypotheses is a subset of the cor-
responding set for the test implemented with measure x . We now explain why.
The BHHN hypothesis test considers the cdf of the data and the cdf of the model
to be equal if and only if they coincide for every function in the measure used to
implement the test. As the support of the measure u,, is a subset of the support
of the measure yu, the test implemented with measure u is able to detect devia-
tions from the null hypothesis that go undetected for the test implemented with
measure u ;. However, if a given alternative hypothesis can be detected by the
measure ,,, then the corresponding BHHN test will be consistent.!” This ex-
plains why the Monte Carlo evidence in BHHN reveals that the hypothesis test
can have excellent performance for relatively low values of M. The Monte Carlo
evidence presented in Section 5 reveals that our hypothesis test is in line with these
findings.

4.1. Implementation of the Test
Our specification test for missing functional data is given by the following steps:

1. Use the data sample, &, to make the following estimates.

a. Estimate 6 using an estimation procedure that is root-n-consistent
under the presence of missing data (recall that this is possible accord-
ing to Assumption 2(b)). Denote this estimator by 8.

b. Estimate the upper and lower bounds for Fy, denoted by F )% and F f ,
respectively. For every x € RZ, these are given by

FE ()= P*({X'(r) < x(1),V1 € 0}N{0 =T}),

=32, P* ({X’(t) <x(@),vres;}n{o :S,}).
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For every x € RT and j = L,...,J, P*({X'() < x(),
Vi € S;}N{0 = S;}) is the sample analogue estimator, given by
Pr{X (1) <x(@),vres}n{o=58}) =130 1(X/ @) <x(1),vr € 5)1(0; = ).
2. Use @0 to construct an i.i.d. sample of size m of Yéo’ denoted by yéo m =

{Yé0 it Use 3}@0 , to estimate Fy (-|90) by sample analogue estimation;
i.e., for every x € Lo (Z):

Fy(x|00) =31 Yy, () <x (@), Vi eI).
3. Compute the alternative WCSBs for the test statistic
(XY)=VZ,~V=1{1FYZ|90 < FE(Z)](FE (2)) = Fr (25]00))° }
+1[Fy(2)]00) > F{ (2)))(FY (2) = Fv (21]00))°

T (X.%p,) = ¥ 2 max { (F] (2)) = v (2)100))*. (F (2)) - v (2]00))*

4.2)
where Zy ={Z; } _;isani.i.d. sample of x, FX and FX are as in step 1.b,
and Fy( 18o) is as in step 2.

4. Repeat the following process many times:
a. Construct a bootstrap sample of size n of Y@O and denote it by X =
Xihis
b. Use X} to
i. Estimate the parameter 6y root-n-consistently as in step l.a.

Denote this estimate by 98
ii. Estimate Fy+ by sample analogue estimation; i.e., for every x €

Ly (D):
Fxs () =131 1(XF (1) <x (1), Vt € T).
c. Use 98 asin step 2 (i.e., use it to construct yég m) and use this to estimate

Fy (~|¢§8) by sample analogue estimation.
d. Compute the test statistic from the bootstrapped data as follows:

T(x". %)=y 3 (Fx (2)) = Fr (2;]05))"

where Zy = {Z; } _ is an i.i.d. sample of x and Fy+ and Fy( |90) are
as in steps 4.b and 4.c, respectively.

5. Denote by tg (1—a) the (1 —a) quantile of the simulated statistics
0
nT (X", YA(»;) in step 4.
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6. Decide the outcome of the test in the following way:

Outcome Decision

7 (1=a) < nT](X,Y, ) <nlp (X, %) Reject Hy

nf"L’(X, Y@O) < nf"l’{(X, Y@O) < 15 (1—a) Do not reject Hy
A A~ 0 .
nT] (X, Y@O) < tgo (I1—a) <nTj(X, Yg)o) Inconclusive

As we have shown in Section 3.2, the presence of missing data opens a gap
between the population lower and upper bounds for the population test statistic.
The gap at a population level gets mapped into its sample analogue, and thus the
hypothesis test can be inconclusive. This is an undesired but unavoidable con-
sequence of having missing data and imposing no assumptions regarding their
distribution.??

The third step of our procedure presents closed form solutions for the alter-
native WCSBs (equation (4.2)). These bounds are the sample analogues of the
population version of the alternative WCSBs in equation (3.9); i.e., they are the
direct result of constraining the cdf of the data to the sample analogue estimator
of H' (Fx). Recall from the discussion in Sections 3.1 and 3.2 that H' (Fx) is a
superset of the sharp identified set for the cdf of the data that was chosen for com-
putational simplicity. As we can see from our implementation, this choice actually
results in closed form solutions for the sample alternative WCSBs. In practice,
we could have estimated sharper (i.e., more informative) versions of alternative
WCSBs by incurring large computational costs.>! Nevertheless, our experience
from implementing our bounds in Monte Carlo simulations and in the empirical
application reveals that the WCSBs proposed in this paper are not only simple to
implement but are also extremely informative about the hypothesis of interest.

4.2. Properties of the Test

As in any other hypothesis test, the properties of the hypothesis test depend
on whether the null hypothesis is true or false, i.e., whether T (X , Ygo) =0or
T (X , Ygo) > (. Moreover, in the presence of missing data, the properties of the
hypothesis test depend on the associated identification problem. The following
table describes all the possibilities:

Hy is true Hy is false
(T (X.Y5,) =0) (T (X.Yy)>0)

T{ (X, Yp,) =0, T (X, Yp,) =0 Case 1 Impossible
T} (X, Yp,) =0, T} (X, Yp,) >0 Case 2 Case 3
T{ (X, Yp,) > 0, Tf (X,Yp,) >0  Impossible Case 4

https://doi.org/10.1017/50266466612000023 Published online by Cambridge University Press


https://doi.org/10.1017/S0266466612000023

SPECIFICATION TEST FOR MISSING FUNCTIONAL DATA 975

The columns of the table represent the unknown truth that we are interested in
learning, and the rows represent the information that can be identified from the
population affected by missing data. The first row (case 1) corresponds to the case
when the null hypothesis is true and this can be identified from the population.
The last row (case 4) corresponds to the case when the null hypothesis is false
and this can be identified from the population. Finally, the middle row (cases 2
and 3) represents the situation where we cannot decide if the null hypothesis is
true or not, even if we know the data generating process of the observed data.

‘We now provide results regarding the asymptotic performance of our test. From
Section 4.1, it is clear that the performance of the test depends on the sample size,
n, and on the quality of the approximation procedure described in Assumption 5,
controlled by m and V. Our analysis is asymptotic in the sense that all of these
parameters are required to diverge to infinity. Moreover, we consider the situation
when these parameters are assumed to diverge to infinity in turns; i.e., we study
the performance when V — 0o, m — 00, and then n — o0. It is not hard to show
that the order in which the three sequences are assumed to diverge to infinity is not
relevant, as long as they diverge to infinity in turns. Nevertheless, assuming that
V — oo and m — oo occur before n — oo occurs is not a controversial assump-
tion as the researcher is always in control of the simulation error (for any sample
size).?? Finally, given the assumptions in BHHN, we suspect that the sequential
application of limits is implicitly behind their results.??

THEOREM 4.1. Assume that Assumptions 1-5 hold. If T (X , Ygo) =0, then

limsuplimsup lim sup P (tgo (1—a) <nT} (X, Yéo) <nT} (X, Y90)> <a.
n—00 m—00 V00

Theorem 4.1 implies that the hypothesis test is asymptotically correct in level
but may result in conservative inference. From the identification analysis in Sec-
tion 3, we know that when there are no missing data, the upper and lower bounds
coincide and our hypothesis testing procedure coincides with the one in BHHN,
which results in nonconservative inference. Hence, our hypothesis test may be
conservative, but this is solely due to the presence of missing data.

THEOREM 4.2. Assume that Assumptions 1-5 hold. Suppose that for some
D >0, TI; (X, Ygo) =D>0andT (X, Ygo) =0; i.e., case 2 occurs. Then

. . . A ™~/ * _
nlggomh_)moo Vh_}mooP (nTL (X, Y@O) <nTy (X, Yéo) < téo (11— a)) =0.

Theorem 4.2 reveals that when the null hypothesis is true but the WCSBs do
not provide this information, then the probability of making the right decision
(not rejecting the null hypothesis) converges to zero. This is an undesirable but
inevitable result of undertaking an agnostic approach in the presence of missing

data, as we only learn features of the population through the information conveyed
by the WCSBs.

https://doi.org/10.1017/50266466612000023 Published online by Cambridge University Press


https://doi.org/10.1017/S0266466612000023

976 FEDERICO A. BUGNI

THEOREM 4.3. Assume that Assumptions 1-5 hold. Suppose that for some
D>0T (X, Ygo) >T/ (X, Ygo) =D > 0; i.e, case 4 occurs. Then

lim lim lim P <th(1 —a) <nf}(X,;) <nTh (X, Yéo)) =1,

n—oom—0o0V—oo

Theorem 4.3 shows that whenever the null hypothesis is false and the WCSBs
contain this information, then the probability of making the right decision
(rejecting the null hypothesis) converges to one. In other words, the test is consis-
tent against fixed alternative hypotheses, provided that this information is revealed
by the observed population.

To provide a full characterization of the properties of the hypothesis test for
fixed hypotheses, we should consider the situation in which for some D > 0,
T (X, Ygo) =D >0 and TL’ (X, Ygo) = 0; i.e., case 3 occurs. In this case, the
asymptotic behavior of the probability of making the correct decision (i.e., re-
jecting the null hypothesis) depends on the underlying parameters of the data
generating process. In fact, parts (i) and (ii) of Lemma A.7 in the Appendix reveal
that it is possible that this probability converges to zero or to a positive number,
depending on the features of the distribution. From this it follows that a general
characterization of the properties of this test under case 3 appears to be an ex-
tremely complicated problem that is out of the scope of this paper.

We conclude the section by considering the behavior of the test under sequences
of local alternative hypotheses, i.c., T (X, Yy,) = D, with D, > 0 and D, — 0
as n — oo. By definition of the alternative WCSBs, T/ (X,Ys,) < T (X, Ys,).
and thus 7/ (X , Ygo) — 0 as n — oo. The local power properties of the test de-
pend on the underlying parameters of the data generating process that govern
the rate at which 7/ (X, Yy,) vanishes. On the one hand, consider the extreme
case when there are no missing data. In this situation, 7; (X, Yg,) =T (X, Yg,).
and consequently they both vanish at the same rate. Without missing data, our
hypothesis test coincides exactly with the one developed by BHHN, and as a
result the test procedure exhibits nontrivial power against local alternatives with
D, = Dn~! for some D > 0.2* On the other hand, a significant amount of missing
data can result in 7/ (X, Yy, ) vanishing much faster than 7 (X, Yy, ), resulting in
little or no power against local alternative hypotheses. In fact, Lemma A.7(iii) in
the Appendix shows that when the missing data problem becomes overwhelm-
ing, the probability of rejection of the null hypothesis converges to zero. Be-
tween these two polar cases, there are a plethora of possibilities that depend on
the underlying features of the data generating process. From this, we conclude
that a general characterization of the local power properties of the test appears
to be a complex task, but it is not hard to understand which are the forces at
play. The informational content of the local alternative hypothesis works in fa-
vor of producing nontrivial rejection rates, but the partial identification problem
caused by the missing data works in the opposite direction and can even overturn
its effect.
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5. MONTE CARLO SIMULATIONS

In this section, we describe a Monte Carlo simulation used to study the perfor-
mance of our specification test. The framework for these simulations is a two-
sector version of the Burdett—Mortensen labor market model. We now succinctly
describe the setup of the Q-sector version of this model, and readers who are
interested in the details can consult Burdett and Mortensen (1998) or Mortensen
(2003).

The Burdett—-Mortensen labor market model is a general equilibrium model
that describes how firms and workers match to produce a single homogeneous
good. In the Q-sector version of the model, there are Q types of firms that differ
in terms of (exogenous) productivity; i.e., there is a vector of productivities de-
noted by {x;} lQ: psuch that0 <7y <--- < 7. Firms are identical except in their
productivity level. In the economy there is a unit mass of firms, and for every
i=1,...,0, there is a y; fraction of firms that are of productivity z;. To pro-
duce the good, firms need to form a match with workers. This matching process is
affected by frictions, reflecting the fact that it takes time and effort for unemployed
workers and for vacant firms to discover each other and agree to produce.

In this economy, there is a unit mass of workers. From the point of view of
the worker, the dynamics are as follows. At each point in time, a worker can
be employed (matched with a firm) or unemployed (unmatched). At a Poisson rate
Ao, unemployed workers receive a job offer with a wage distributed according to
an endogenous offer distribution. In equilibrium, unemployed workers will only
receive offers that are higher than their reservation wage, denoted by r, and will
hence be immediately accepted. Employed workers receive two types of shocks.
First, at a Poisson rate 41, they receive a new job offer, which they will only accept
if it represents an improvement to the current wage rate. Second, at a Poisson
rate J, they receive a shock that destroys their current match and leaves them
immediately unemployed.

The search in this model is not directed; i.e., workers search for firms with-
out knowing their productivity. Upon meeting with a worker, the firm proposes
a wage contract, which the worker can accept or reject. Firms propose wage of-
fers to maximize the profits of production. This model endogenously produces a
continuous distribution of equilibrium wages, which has a known closed form.?

For our simulations, we randomly extract n workers from the population and
follow their (equilibrium) wage paths over 10 years.?® We introduce missing data
as follows: if an observation is affected by missing data, the wage path will be
unobserved during the last 5 years. In this sense, the data are affected by attrition
during the last 5 years of the sampling period.?’ To study how missing data affect
the behavior of the test statistic, we perform simulations with different percent-
ages of missing data, and as a benchmark we include the case when the test has no
missing data. Because the data set is completely observed during the first 5 years,
it is possible to use only these years to estimate the parameter root-n-consistently
using maximum likelihood estimation.
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We implement simulations with n = 100, T = 530 (530 weeks, i.e., 10 years),
m = 500, and V = 500.28 For fixed values of n, we implemented simulations
with different values of m and V and obtained similar results, which leads us
to believe that the performance is relatively insensitive to these parameters. We
compute critical values using the bootstrap procedure with S = 200 simulations.
Finally, following BHHN, we approximate the measure y with s ,, for M = 5.2
Simulations with other values of M produced qualitatively similar results.

5.1. Simulations under the Null Hypothesis

We begin by presenting the result of simulations under the null hypothesis. The
parameter values for our simulations under the null are as follows: 4y = 0.03,
A1 =0.01, 6 = 0.0035, r = 100, Q =2 (i.e., two-sector model), 7 = 500,
w2 = 1,000, y; =y, =0.5 (i.e., there is an equal proportion of low and high
productivity firms). The values for the parameters 4¢, 41, and J are chosen in line
with the findings of Bowlus, Kiefer, and Neumann (2001).

Table 1 describes the results of 1,000 simulations. For each significance level,
we compute the percentage of simulations for which the test results in rejection,
results in lack of rejection, or is inconclusive. Recall that with no missing data,
our hypothesis test is identical to the BHHN test. Thus, we expect the test to be
asymptotically size correct when there are no missing observations. The table re-
veals that this is indeed the case: the true and the nominal probability of rejection
are extremely close. From Theorem 4.1, we expect our hypothesis test to be cor-
rect in level (but possibly conservative) even under the presence of missing data.
Our simulations confirm the theoretical findings. In particular, as the percentage
of missing data increases, both the probability of rejection and the probability of
nonrejection decrease steadily, and consequently the probability of inconclusive
results rises steadily.

5.2. Simulations under the Alternative Hypothesis

We consider two versions of an alternative hypothesis of the Burdett—-Mortensen
model. For our first alternative hypothesis, we consider a modification of the
model that allows certain job to job transitions to result in wage decreases. To

TABLE 1. Results of simulations under the null

Percentage of o =10% a=5% a=1%
missing data Rej. Norej. Inc. Rej. Norej. Inc. Rej. Norej. Inc.

0% 9.5% 90.5% 0% 4.8% 95.2% 0% 0.7% 99.3% 0%
10% 33% 645% 332% 1.4% 813% 173% 0% 94.4% 5.6%
25% 08% 0% 992% 02% 20% 978% 0% 381% 61.9%
50% 01% 0% 999% 0% 0% 100% 0% 0% 100%
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TABLE 2. Results of simulations under the first alternative hypothesis

Percentage of o =10% a=5% a=1%
missing data  Rej. NoRej. Inc. Rej. Norej. Inc. Rej. Norej. Inc.

0% 926% 14% 0% 883% 11.7% 0% 73.0% 27.0% 0%
10% 845% 05% 150% 773% 2.8% 199% 559% 9.2% 34.9%
25% 68.3% 0% 31.7% 57.4% 0% 42.6% 36.4% 0.3% 63.3%
50% 421% 0% 579% 30.6% 0% 694% 148% 0% 852%

allow this, we alter the Burdett—Mortensen model so that employed agents will
accept any new offer, regardless of the wage level. All of the features and param-
eters of the model remain the same as in the null hypothesis.

Table 2 presents the simulation results in this alternative hypothesis. The
hypothesis test is able to strongly reject the null hypothesis when there are no
missing observations. As is expected, the percentage of rejection (inconclusive)
results decreases (increases) as the percentage of missing data increases. Never-
theless, the true rejection rates are also significantly high (relative to the nominal
level) even when there are significant amounts of missing observations. In this
sense, our specification test is still very informative even under the presence of
significant amounts of missing data.

In our second alternative hypothesis, we modify the model to introduce het-
erogeneity in the workforce. We assume that the sample is equally divided
into two types of workers, stable and unstable, who differ in their transition
rates. Specifically, stable workers are characterized by the following parame-
ters: 1o = 0.015, A1 = 0.005, 6 = 0.00175, whereas unstable workers are char-
acterized by the following parameters: Ao = 0.06, 1; = 0.02, § = 0.007.3° As a
consequence, unstable workers will transition more often between jobs and be-
tween employment and unemployment than stable workers. All of the features
and parameters of the model remain the same as in the null hypothesis.

Table 3 presents the simulation results in this alternative hypothesis. Without
missing data, the null hypothesis is rejected with significant probability, although
the frequency of rejection is not as high as in the first alternative hypothesis. Once

TABLE 3. Results of simulations under the second alternative hypothesis

Percentage of a=10% a=5% o=1%
missing data  Rej. Norej. Inc. Rej. Norej. Inc. Rej. Norej. Inc.

0% 68.1% 31.9% 0% 54.6% 454% 0%  30.1% 699% 0%
10% 572% 12% 35.6% 44.5% 158% 39.7% 22.5% 38.5% 39.0%
25% 46.7% 0% 533% 333% 0% 66.7% 16.6% 2.5% 80.9%
50% 333% 0% 66.7% 227% 0% 7713% 84% 0% 91.6%
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again our specification test can still (correctly) reject the null hypothesis under the
presence of significant amounts of missing data.

6. EMPIRICAL ILLUSTRATION

In this section, we use the test developed in this paper to test whether the ob-
servations of wage processes from the NLSY79 are distributed according to the
Burdett—Mortensen model described in Section 5.

Our data are composed of young individuals (ages 17 to 22 in our sample),
first interviewed in 1979, who are reinterviewed in subsequent years. In every
interview year, each individual is asked about their job spells that occurred since
the last interview. The first job spell reported in an interview corresponds to the
main job spell (called the current/most recent job spell), but the interview process
allows up to 5 job spells between interviews. For each job spell, the individual
reports the beginning and the end of the job spell at a weekly precision, in addition
to its wage rate. With this information, we can construct the wage path for each
individual from 1 January 19823! until 31 December 1991.3? Given that the time
information provided by the NLSY79 is sampled at weekly frequency, then by
construction each of the wage paths in the data can be either missing or not at the
same frequency.>> We express all wages in terms of weekly remuneration and in
terms of 1990 U.S. dollars using the Consumer Price Index.3*

The Burdett—-Mortensen model assumes that workers in the economy are ex
ante homogeneous. Even though our sample contains a very heterogeneous group
of individuals, we restrict attention to a subsample with the same observable char-
acteristics in the hopes of obtaining a homogeneous sample. Following Bowlus
et al. (2001), we restrict attention to white males that are high school or GED
graduates and who are not in the military sample. This constitutes a sample of
816 individuals. We eliminate from the sample individuals who, at any point
in the survey, presented problems in their duration data®> or reported having
weekly wages of over 1,000 1990 U.S. dollars.*® This reduces our sample to 589
individuals. Finally, recall that our test requires the parameter of interest to be
estimated in a root-n-consistent fashion. As we have explained in Section 3, one
way to achieve this goal is to have a period of time where all of the observa-
tions of the sample are completely observed. To be able to illustrate our method,
we eliminate all individuals that have an episode of missing data during 1982,
which represents only 53 individuals, or less than 9% of the sample. This pro-
duces the sample that will be used in our hypothesis test, composed of n = 536
individuals.

Out of our sample of 536 individuals, 433 individuals (80.7%) have no missing
wage information, and 103 individuals (19.3%) have at least one episode of miss-
ing wage information. Moreover, only 6.07% of all the weeks in the sample are
missing. In turn, out of the 103 individuals with some missing data, 58 of them
(56.3%) suffer from attrition from the sample; i.e., the information of an individ-
ual becomes unobserved at a certain point and remains unobserved for the rest of
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FIGURE 1. Description of the NLSY79 data.

the sample. For the remaining 45 individuals, there are very few episodes that vio-
late attrition. These figures indicate that sample attrition is a common explanation
for missing observations in the NLSY79 survey.

Figure 1(a) presents the evolution of the percentage of individuals with miss-
ing data. The percentage of missing data is (almost) weakly increasing in time.
Again, this is indicative that most of the missing data are generated by sample at-
trition. For those individuals who have missing information, the average number
of missing weeks is 166.4, which represents 31.6% of the weeks in our sample.
Figure 1(b) presents the histogram of the number of missing weeks for this subset
of individuals. The frequencies reveal that most individuals in the sample with
missing information have a relatively low number of missing weeks.

We now describe the result of testing whether the Burdett—Mortensen model
is the right specification for the wage processes in the NLSY79 survey. With a
complete data set for the first year, we use this year to estimate the parameter root-
n-consistently using maximum likelihood estimation. Under the assumption that
the missing data are missing at random, BHHN strongly reject the null hypothesis
that the four-sector Burdett—Mortensen model is the right specification for the
data. Applying the techniques developed in this paper, we can conduct the same
hypothesis test without requiring this assumption. We implement an individual
specification hypothesis test for each of the one-, two-, three-, four-, and five-
sector Burdett—-Mortensen models.

We implement the hypothesis test with m = 1,000, V = 1, 000, with a bootstrap
procedure with S = 200 simulations, and, following BHHN, we approximate the
measure u with g, for M = 5.37 The results are presented in Table 4, which
presents the estimated alternative WCSBs for the test statistic and also the 90th,
95th, and 99th quantiles of the statistic under the null hypothesis. Our specifi-
cation test strongly rejects each of the specifications of the Burdett—Mortensen
model.3® In other words, the information contained in the sample with missing
data is sufficient to reject the model without making ad hoc assumptions about
the nature of the missing observations.
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TABLE 4. Results of test on NLSY79 data

WCSBs Quantiles under Hy
Model nTy (X, Yy, nThy (X, Y5, 12 (00%) 1 (95%) 1 (99%)
0 0 0
One sector 55.92 99.79 0.25 0.34 0.45
Two sectors 47.26 88.02 0.44 0.57 0.77
Three sectors 38.84 77.61 0.51 0.65 1.00
Four sectors 46.59 86.66 0.30 0.35 0.48
Five sectors 32.71 66.75 0.39 0.49 0.95

7. CONCLUSION

This paper develops a specification test for functional data that allows for the
presence of missing observations. To deal with the missing data problem, we
adopt a worst case scenario approach that is agnostic about the distribution of the
missing data. The specification test adapts the Cramér—von Mises specification
test developed in BHHN to the presence of missing data. To develop the specifi-
cation test, we study the identification problem caused by missing observations.
We show how missing data imply that the distribution of the functional data is
partially identified, and we derive worst case scenario bounds for the distribution
of the Cramér—von Mises statistic proposed by BHHN.

In the presence of missing functional data, one might consider conducting a
model specification test by applying the BHHN test with the subset of the sample
that presents no missing sections. Relative to this procedure, our hypothesis test
presents two important advantages. First, our analysis avoids making untestable
assumptions about the nature of the missing data, and consequently our hypothe-
sis test produces conclusions that are valid regardless of the (unobserved) features
of the distribution of the missing data. Second, in the presence of functional data
where functions in the data have missing sections and nonmissing sections (i.e.,
functions are partly unobserved), our hypothesis testing procedure is able to ex-
tract all of the information contained in the nonmissing sections while still being
agnostic about the nature of the missing sections.

Our specification test can have three outcomes: rejection of the null hypoth-
esis, lack of rejection of the null hypothesis, or inconclusive. The possibility of
an inconclusive result is an undesired but unavoidable consequence of the exis-
tence of missing data and our unwillingness to impose assumptions regarding its
distribution.

The theoretical properties of our specification test depend not only on whether
the null hypothesis is true or false, but also on whether this can be identified from
the distribution of observed data. Under the null hypothesis, our specification test
will reject the null hypothesis with a probability that, in the limit, does not exceed
the significance level of the test. Under the alternative hypothesis, the behavior
of the test depends critically on the information contained in the observed data.
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Whenever the distribution of the observed data contains enough information to
identify that the null hypothesis is false, our hypothesis test is consistent (i.e.,
the power of our test converges to one). Monte Carlo evidence reveals that these
theoretical results hold in finite samples.

As an empirical illustration, we test whether observations of the wage process
in the NLSY79 are distributed according to the Burdett—Mortensen labor market
model. In the 1982-1991 period, 19.3% of the individuals in the survey are af-
fected by some form of missing data, typically caused by sample attrition. Even
under the presence of missing data, our specification test strongly rejects that the
Burdett—-Mortensen model is the correct framework for the NLSY79 data. This
illustration constitutes an ideal application of our specification test because it de-
livers informative results even though we adopt a worst-case scenario approach
about the nature of the missing observations.

NOTES

1. Asin BHHN, we focus exclusively on specification tests in functional data settings, i.e., infinite-
dimensional data settings. In certain restricted infinite-dimensional data settings, Cuesta-Albertos,
Fraiman, and Ransford (2006) and Cuesta-Albertos, del Barrio, Fraiman, and Matran (2007) develop
alternative specification tests using different methodologies (projections). On the other hand, in finite-
dimensional data settings, Andrews (1997), Zheng (2000), and Bierens and Wang (2010) propose
consistent specification tests for the conditional cdf. For an excellent survey of this literature, see
Bierens (2009).

2. BHHN also show how to implement the functional data analogue of the Kolmogorov—Smirnov
specification test for functional data. Nevertheless, the Cramér—von Mises test is preferred to the
Kolmogorov—Smirnov test because it tends to be more powerful in finite-dimensional settings and
it is easier to compute in the infinite-dimensional setting.

3. See, e.g., Heckman (1979), Manski (1989), and Manski (2003).

4. For example, it would be interesting to develop specification tests in the context of partially iden-
tified models defined by moment inequalities and equalities. Although there is an extensive literature
on inference for the parameters in these kinds of models (see, among many others, Beresteanu and
Molinari, 2008; Rosen, 2008; Chernozhukov, Hong, and Tamer, 2007; Romano and Shaikh, 2008;
Stoye, 2009; Andrews and Soares, 2010; Canay, 2010; Bugni, 2010, 2012), only a few hypothesis
testing procedures are specially designed to test the specification of the underlying economic model.
For a recent contribution on this topic, see Bugni, Canay, and Shi (2012).

5. In most of our applications, the random functions are functions of time, and so Z constitutes a
time interval, which we can normalize to be the unit interval.

6. See Definition A.1 in the Appendix. By Theorem 2.8.1 in Ito (2006), any stochastic process has
a separable modification, and so restricting the stochastic processes to separable ones does not restrict
the applicability of our analysis.

7. In a probability space (Q, BB, P), the outer probability measure P* associated to the probability
measure P is the function P* : Q — R such that P* (S) =infgc scp P (B) forall S € Q.

8. Because X and Yp are assumed to be separable stochastic progesses, equality of their cdfs for
all x € Ly (Z) is sufficient to establish that X and Yy have the same finite-dimensional distributions,
which is sufficient to establish that these two stochastic processes are weakly equivalent.

9. For example, 4 can be the Gaussian process described in BHHN and adopted later in this paper
(see Assumption 4).

10. It is conceptually possible to extend our analysis to consider the case when 6 is partially
identified and thus to a case where no root-n-consistent estimator of ) is available. However, this

https://doi.org/10.1017/50266466612000023 Published online by Cambridge University Press


https://doi.org/10.1017/S0266466612000023

984 FEDERICO A. BUGNI

extension is likely to be computationally challenging and, more importantly, to result in an uninfor-
mative hypothesis test. For these reasons, this extension is omitted.

11. Thei.i.d. assumption of the observed data is necessary for inferential purposes; see, e.g., Manski
(2003).

12. A collection of subintervals {Z;} jJ:]
j= 1,...,K,I:u]!:12j,andzjl NZj, =@ for ji # jo. j1.ja=1,....J.

13. The reason for restricting to functions in C’(Z) is that, in this case, the event
{X (w,1) < x(t),Vt € T}is measurable (see Lemma A.3 in the Appendix). The measurability is useful
because it allows us to provide precise expressions in terms of probability, instead of bounds in terms
of outer probability. As we show in Lemma 3.2, the measurability is not necessary to establishing
WCSBs. It is, however, necessary to establish that these bounds are sharp.

14. For one-dimensional random variables see, e.g., Billingsley (1995, Thm. 14.1). For multidimen-
sional random variables see, e.g., Rao (1995, p. 4), or Gihman and Skorohod (1974, p. 13).

15. This extension is based on the Daniell-Kolmogorov extension theorem (see, e.g., Rao, 1995,
pp. 4-15). For reasons of brevity, this analysis is not included in the paper. The formal arguments are
available from the author upon request.

16. According to this assumption, the estimator 90 is not allowed to depend on the random variables
used to estimate the cdf of the model or to approximate the integrals. In particular, the estimator 90
will be independent of these random variables in Assumption 5.

17. 1In this case, 90 = argmaxgeg{% ?‘:1 In f(X;]0)}, where f(X|0) denotes the likelihood of
observing the function X during the first year and the parameter is 6. Notice that even though X =
{X(r), t € Z} is arandom function over 10 years (possibly with missing sections), only the first year is
used to construct the likelihood function. Under mild regularity assumptions, the maximum likelihood
estimator can be shown to satisfy Assumption 2(b) with A (X) =0dln f(X|0q)/06.

18. For example, we could form a basis by using a sequence of cosine functions, a sequence of both
sine and cosine functions, or a sequence of polynomials.

19.  An analogous result could be established for power against sequences of local alternative
hypotheses.

20. Because lack of rejection of H( does not imply that we accept H(, one could correctly rela-
bel the “inconclusive” outcome as “do not reject Hy” outcome. After this relabeling, the resulting
hypothesis test can be formally interpreted as a hypothesis test in which the null hypothesis is that the
distribution of the model belongs to the identified set of the distribution of the data and the alternative
hypothesis is the negation of the null hypothesis. I thank an anonymous referee for suggesting this
interpretation of the test.

21. In particular, we have considered alternative WCSBs that incorporated the fact that the cdf has
to be a weakly increasing function. In practice, this restriction resulted in WCSBs that were extremely
costly to compute and only slightly sharper.

22. By imposing additional assumptions, it is conceivable to extend the asymptotic results to the
case when (V,m,n) — (00, 00, 00). However, we avoid doing this to keep our assumptions as close
to the conditions in BHHN as possible and to simplify our analysis.

23. In practice, the researcher needs to make specific choices of m and V for a particular sam-
ple size of n. It is not hard to derive from our formal results that the error of the approxima-
tion in Assumption 5 is reduced as m and V increase, and, in this sense, the researcher should
choose these parameters as high as possible (ideally, they should be set to infinity). As the re-
searcher increases m and V, one expects that our asymptotic results become a better approxi-
mation of the finite-sample behavior. Unlike with other parameter choices in econometrics (e.g.,
bandwidth parameter in kernel estimation or number of sieve terms in sieve estimation), the choice
of these parameters presents no trade-off for the inferential problem: a higher value represents an
improvement in the accuracy of the results. In this sense, in practice, m and V should be set as
high as computationally feasible. Our Monte Carlo evidence suggests that the finite-sample results
are robust to changes in these parameters, provided that they are set high enough relative to the
sample size.

is a partition of Z if and only if Z; is nonempty for all
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24. According to equation (2.3), D, = Dn~! for some D > 0is equivalent to Fy (x) = Fy (x]6)+
n_l/zH(x) for some function H that satisfies D = [ (H (x))zdy (x) > 0. The result then follows
immediately from Theorem 3.1 in BHHN.

25. For example, the formula for the density can be found in Mortensen (2003, eqn. (3.19)).

26. In other words, Z is a time interval that is 10 years long.

27. In other words, we can implement the test by partitioning Z into two subintervals, {Z,Z,},
where 7 represents the first 5 years and 7, represents the last 5 years. According to this, then, J = 2.

28. Notice that m and V are set relatively large with respect to n in hopes of producing results close
to the ones obtained in the asymptotic analysis in Section 4.2.

29. As we have explained in Section 4, using a relatively small value of M should produce a test
that is size correct but may lack power against certain alternatives. Nevertheless, even for these small
values of M, our hypothesis test has excellent power against several relevant alternative hypotheses.
Furthermore, the results of simulations with M = 25 confirm these conjectures.

30. These parameter values are chosen so that the average transition rates in the sample are those
used for the null hypothesis.

31. Even though we have data since 1979, we avoid using the first 3 years of the sample because
during those years some of the individuals of the sample were less than 20 years of age and their job
market opportunities could be different from those of their older counterparts.

32. In other words, Z is a time interval starting on 1 January 1982 and ending on 31 December 1991.

33. In other words, we implement the test by partitioning the interval Z into its J = 521 weeks; i.e.,
we use {Z; }Js-ill, where, for j =1,...,521, Z; is the jth week in Z.

34. This information is publicly available on the U.S. Bureau of Labor Statistics Web site.

35. These problems are either negative job spell duration or missing time information.

36. This type of trimming is also utilized by Bowlus et al. (2001).

37. We repeated the hypothesis test for different values of m, V, and M. Each repetition of the test
produces the same qualitative result.

38. The table presents the outcome of one run of the hypothesis test. Because the outcome of the
test is dependent on certain random draws, the test was repeated several times. All of these repetitions
resulted in the rejection of the null hypothesis.
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APPENDIX

A.l. Notation and Definitions.

1. For x1,xp € RK, lxg = x20l = /(x1 —x2)'(x1 —x2), and for G1,Gy € Ly (D),
1G1 = Gall, = [ (G (x) = G2 (x)?du (x).

2. Let S C Q, where (Q, B, P) is a complete probability space under consideration.
The outer P-measure applied to S is defined as P* (S) = infgep scp P (B), and
the inner P-measure applied to S is defined as Py (S) = SupCeB,gCS P (C). By
arguments in Royden (1988, Sect. 12.6, Prop. 34), S € B if and only if P*(S) =
Py (8) = P (9).

3. To be able to prove measurability of several events associated to stochastic pro-
cesses, we assume that the stochastic process of interest is separable. This concept
was introduced by Doob (1990, Ch. 2, Sect. 2) and has been adopted by several
references in the literature of stochastic processes, e.g., Ito (2006, Def. 2.8.1) and
Ash and Gardner (1975, Def. 4.1.2). We now provide the definition.

DEFINITION A.1 (Separable stochastic process). A stochastic process {Y (w,t):
tel}:Q— RZ s separable if and only if there exists a countable and dense subset
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of Z, denoted by S, such that

El{sm}gle tsm €S, s;m — t, such that

P|Vtel: { =1 (A.1)

. - <L
liminfY (@, 5,) < ¥ (0,1) < lggsggnw,sm)}
The set S in the definition of a separable stochastic process is referred to as the
separant set.
A.2. Auxiliary Results.

LEMMA A.l. Let Y : Q@ = RZ pe a separable stochastic process in (Q, 13, P) with
separant set S and let x € RZ be a continuous function on a set M C Z. Then

sy Sm €S, sm — 1, such that
PlvieM: {liminf(Y(m,sm)—x(sm)) <Y(w,0)—x(1) < limsup(Y(w,Sm)—x(sm))} =1
m—00 m—»00

(A.2)
From this, it follows also that
Vi{smYoo_| :Sm €S, sm —> t, such that
P|VieM: lminf (Y y =0,
{liminf (Y @, sm) = x (5m) > ¥ (@, =x (1)}
Vism)oo_y : Sm € S, sm —> 1, such that (A-3)
P|VieM: =

{Y (w,1) —x (t) > limsup (Y (w, s;) — x (sm))}
m— 00

Proof. Notice that both statements in equation (A.3) follow immediately from equation
(A.2). As a consequence, we only show equation (A.2). For arbitrary t € M and {s;, };‘le,
such that s,, € S, s, — 1, it follows that

{limian (w,5,) <Y (w,1) < limsupY (o, sm)}
m—00 m— o0

{liminf(Y (0, 5) —x (5,)) = liminfY (o, s,,,) — limsupx (s,,) < Y (w,1) —x (t)}

c m— 00 m— 00 m—00

n {Y (w,1) —x (1) < limsupY (w, s, ) — liminfx (s,,) = limsup (Y (@, s,,) —x (sm))}
m—»00 m— 00

m— 00

c {lrinrgiglof{Y (0, 8m) —x(sm)} <Y (w,t) —x(¢) < limsup{Y (w,s,) —x (sm)}} N

where we have used the continuity of x on M and elementary properties of the liminf
and limsup operators. From this and the fact that Y is a separable stochastic process in
(Q, B, P) with separant set S, equation (A.2) follows. |

LEMMA A2. Let Y : Q > R be a separable stochastic process in (Q, B, P) with
separant set S and let J C T be such that J/int (J) is countable. Then, the stochastic
process Y' 1 Q — RI defined by Y' (w,t) =Y (w,t) for all t € J is a separable stochastic
process with separant set S’ = {SNint (J)}U{T/int (T)}.
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Proof. The proof is completed by verifying the requirements in Definition A.1. We
divide the proof into steps.

Step 1. Verify that S’ satisfies several properties.

(a) S’ is countable. This is because S’ C S U {J/int(J)}, both of which are
countable.

(b) S’ C J. This follows from {SNint N Cint(J)CJ and {J/int ()} C J.

(c) S is dense in J. This follows from the fact that S is dense in Z D 7.

Step 2. Show that Vr € J:

smlp i SmeS, sm—t: sy doo s, €8, s, >t

c .
{{];lelglof)’ (@,5m) <Y (w,1) < ]:r?LsgopY(w,snl)}} {{l;mlglofy’ (w,5),) < Y'(0,1) < II'I?LS;pY/(CU,S;,)}}
Suppose that the event on the left-hand side occurs. Then there are only two cases. In
the first case, t € {J/int (J)}. In this case, we set s), =t Vm € N, and then s}, € S’
and Y (w,s),) =Y (w,1), Ym €N, and s0 limpy 00 Y (w,5),) = Y (@,1). Furthermore,
because Y/ (w,5) =Y (w,5) Vs € 7, it follows that limy 00 Y/ (@, s),) = Y/ (,1); ie.,
the event on the right-hand side occurs. In the second case, ¢ € int (J), i.e., 30 > 0 such that
{t':||¢' —1t]| <} € J. But then 3’ = 6/2 > 0 such that {¢" : ||/ —¢|| < &'} Cint (7).
Because s, € S and s, — ¢, M such that s, € {SNint(J)} Vm > M. Then define
{sp )00, with s, = s, . By construction, then {s;,,}°°_, =5, € §’, s, — 1, and

imi K = limi ! < < lims ") =1 .
liminfy (,5m) liminfy (w,57,) <Y (w,1) < lrlnrriféng (w,57,) l}lnrlséng (,5m)

Furthermore, because Y’ (w,s) =Y (w, s) Vs € J, the event on the right-hand side occurs,
as

. . / . . / ’ / . / / . /
};lrgl(r)lon (w,50,) = gxgl(r)lon (w,50,) <Y (@,1) =Y (w,1) < l;rr;sggY (w,50,) = lrlnn;sgé)Y (w50, -

Step 3. Conclude the proof. From step 1, we know that S’ is a countable dense subset of
J . From this, step 2, 7 CZ, and that Y : Q — RT is a separable stochastic process with
separant set S, it is straightforward to conclude that Y’ : Q — R isa separable stochastic
process with separant set S’. n

LEMMA A3. Let Y : Q > R7 bea separable stochastic process in (Q, B, P) with
separant set S and let x € C' ([J). Then there exists a countable dense subset of J, denoted
D (x), such that

P* (Y (w,t) <x(t),Vie T)=P. (Y (w0,1) <x(t),Vt € J) =P (Y (w,t) < x(t),Vi € D(x)).
As a consequence, {Y (w,t) <x(t),Vt € J} € B.

Proof. Consider arbitrary x € C’ (). Denote by S’ the countable subset of ;7 where x
is discontinuous and define D (x) = SUS’. It is easy to verify that D (x) is a countable and
dense subset of 7 and that Y is a separable stochastic process in (Q, 3, P) with separant
set D (x). The remainder of the proof is divided into steps.

Step 1. Show that if A is countable, then {Y (w, ) < x (t),Vt € A} is measurable. Fix
t € A arbitrarily. Because Y (w, ) : Q — RZ is a stochastic process in (Q, 3, P), then for
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every t € A, Y (w,t) —x(t) : Q — R is a random variable, and so {Y (w,7) —x (t) < 0}
€ B. By repeating this argument Vr € A, it follows that N;cp {Y (w,1) —x(¢) <0} =
{Y (w,t) <x(t),Vt € A} e B.

Step 2. Show that P* (Y (w,1) < x(t),Vt € J) = P (Y (w,1) < x(t),Vt € D(x)). Be-
cause D (x) C J, it follows that {Y (w,?) < x(¢),Vt € T} C{Y (w,t) < x(t),Vt € D (x)};
then the monotonicity of the outer probability implies that P* (Y (w,1) < x (¢),Vr € J)
< P*(Y(w,t) <x(t),Vt € D(x)). Because D (x) is countable, step 1 implies that
{Y (w,t) <x(t),Vt € D(x)} is measurable; ie., P(Y (w,t) <x(t),Vte D(x)) =
P*(Y (w,1) < x(t),Vt € D(x)). Thus, P*Y (w,1) < x(t),Vt € J) < P (Y (w,1) < x (1),
vt € D (x)).

The proof of the step is completed if we show that P (Y (w,t) < x(t),Vt € D (x)) <
P* (Y (w,1) < x(t),Vt € J). To show this, consider the following argument:

{Y (w,1) <x(2),Vt € D(x)}

_ {Y(w,t) <x(t),Vte T}
B U{{Y (@,0) <x(t),Vt e D)}N{T' e T/D(x):Y (w,1') > x (') } }

{Y(w,t) <x(t),Vt e J}
UV {smlpe_y i Sm € D(x), sm — t', such that

{{Y (0,0)=x ()} > limsup{Y(co,sm)—x(sm)}}
m— 00

s

¥ eJ/D(x):

where we used that D (x) is dense in J to show that {{Y (w,t) <x(¢),Vt € D(x)}
N{3r'e J/D(x):Y (w,t') > x (') }} implies that there is a sequence {rg o0, with
ts € D(x) Vs €N, and t; — ¢, such that Y’ (w,#") —x (') > 0 > Y/ (o, t5) — x (i), and

thus {Y (w,1") —x (') } > limsup,, _y o0 {Y (@, 5m) — X (sm)}-
From this, we can conduct the following derivation:

P (Y (w,t) <x(t),Vt € D(x)) = P* (Y (w, 1) < x(t),Vt € D (x))
P*(Y(w,t) <x(),¥YteTJ)
+V{sm}p_y :Sm € D(x), s, — t’, such that
}}}>

S * / .
P (Elt €J/D): { {{Y (cu,l’) —x (t/)} > limsup{Y (@, $pm) — x (Sm)

< P*"(Y(w,1) <x(t),Vte J),

where the equality follows from step 1, the first inequality follows from the previous ar-
gument and the countable subadditivity of the outer probability, and the second inequality
follows from the fact that Y is separable on D (x) and Lemma A.1.

Step 3. Show that P, (Y (w,t) <x(t),Vte J) = P (Y (w,t) <x(t),Vt € D(x)). By
the same argument used in step 2, Py (Y (w,t) <x(),Vie J) < P(Y (w,1) <x(1),
Vt € D (x)). The proof of the step is completed if we show that Py (Y (w,f) < x (1),
Vte J)> P (Y (w,t) <x(t),Vt € D(x)). To show this, consider the following argument:
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{3 eT Y (0,1)>x()}
={3'eDx):Y(0,0)>x () }U{3' e T/Dx):Y (w,/') > x (1)}
_ {EIt’eD(x):Y(w,t’) >x(t/)}
T \U{Y (@) <x(0),VieD@)IN{FH e T/D(x):Y (w,1') > x (') }}
{3 eDx):Y (w,1')>x (1)}
UV {sm )y 2 sm € D(x), s, — t’, such that }}

{Elt, €J/D(x): { {{Y (w,0)=x (')} > limsup{Y(w,sm)—x(sm)}}

and from this and arguments in stp 2, P*(3'eJ:Y(w,1)>x()) <
P* (3" € D(x):Y (w,1") > x (). From here we deduce that

Pu(Y (@,1) < x(1),Vt € J) = Pu (Y (0,1) < x(1),Vt € D (x))
=P (Y (w,1) <x(1),Vt € D(x)),

where we have used the basic relationship between inner and outer probability, step 1, and
the fact that D (x) is countable.

A.3. Proofs of Section 3.

Proof of Lemma 3.1. Fixx e C'(Z)and j =1,..., 2/ arbitrarily. Recall that Sj de-
notes the subset of Z where functions are observed in the jrh missing data pattern. By
Assumption 1(a), X is a separable stochastic process in (Q, B, P) with a separant set
that we denote by S, and by Assumption 1(c), §; is the union of finite intervals of Z,
and consequently, S;/int (S) and (I/S )/int (I/S ) are both countable subsets of Z.
Then, by Lemma A.2, X; 1 : Q — RS and Xjn:Q— RZ/Si defined by X; 1 (1) =X (1)
Vi € S; and Xjo (1) = X (1) Vi € I/S; are 5eparable stochastic processes with sepa-
rant set given by i1 = {Sﬂznt( ])} U {S]/znt( 1)} and ;o = {Sﬂmt (I/S])} U
{(I/S )/int (I/S )} respectively. Then, by Lemma A.3, {X(t) <x(t),VteS; } €
B and {X(t)<x(t),VieZI/Sj} € B. Because {O=S;} e B, it follows that
{x)<x@),viesj}n{o=S8;}}eB {{x@)<x), VteI/S }n{o=s;}}e
B, and {{X ®<x(@®), Vt eZin {0 S; }} € B. These results allow us to make proba—
bility statements over these events.

By the law of total probability:

2./
Fx(x)=Y P({X(1)<x(),vVieZ}n{0=S;})
j=1
P{X () <x(t),Vt e Z}N{O =T})
+32, P({X@0 <x(). Ve In{X @) <x(0).VreZ/S;}n{0=5})
P{X (1)<x(),vieI}n{O=1})
+22 P{X' () <x(@),VieSiin{X@®) <x@),vreZ/S;}n{o=5;}) ]
where we have used the convention that j = 1 implies S; =7 and Z/S; = @ and that Vj =
1,...,27, X' : Q— RS is defined so that X’ () = X (t) Vt € S;. This verifies equation
@3.1).

For the rest of the proof, choose j = 2,...,27 arbitrarily and consider two mutually
exclusive and exhaustive cases. In the first case, P ({ X' (1) < x (1),Vr € S;} N {0 = S;})
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= 0. Then the monotonicity of the probability measure implies that P ({ X' (1) <x(1),
VieSitN{X () <x(t),v1eZ/S;}N{0=S;}) =0. In the second case, P ({X' (1)
<x(t),Vte Sj} n {0 =3 }) > 0. Then, Bayes’ rule implies that

PU{X' (1) <x(@®),VieSi}n{X(t)<x(),vieZ/S;}n{0=5;})
P{XO) <x®), v eZ/SI{X () <x(1),V€S;}N{0 =5;})
B x P ({X' (1) <x(1),vreS;}n{0=S5;}) '
This completes the proof. u

Proof of Lemma 3.2. The proof is divided into steps. In the first step, we concentrate
on the case when x € RZ and show equation (3.2). In the second step, we specialize the
case to x € C’ (Z) and show that the bounds are sharp.

Step 1. Show equation (3.2). Fix x € RZ arbitrarily. We first show that Fy (x) < F )I('I (x).
Consider the following derivation:

Fx (x)=P*({X (1) <x(1),Vi eI}
J *
< 212:1 P*({X (1)< x(1),VteZ}N{0 =S;})
J
<32 Pr({xm <x@),viesin{o=5}) = F (v),
where we have used the countable subadditivity and the monotonicity of the outer proba-

bility. The fact that F (x) > F)% (x) follows from {{X () < x (t),Vt e Z}N{0O = S;}} C
{X (t) < x(t),Vt € Z} and the monotonicity of the outer probability.

Step 2. Fix x € C’ (Z) arbitrarily and show that the bounds in equation (3.2) are sharp. Fix
j=1,...,27 arbitrarily and let X' : Q — RS/ be defined so that X’ (1) = X (t) Vr € S;.
By repeating the argument of Lemma 3.1, it follows that {X'(t) <x(1),Vi € §;} € B,
{X ) <x(@),vVte I/Sj} € B, and {O = Sj} € B. These results allow us to make prob-
ability statements over these events.

We now show that
H(P{X )<x@),VieSn{X®)<x(),vieZ/S;}n{0=S;}))
=[0,P({X'(1)<x),vieS;}n{o=5;})]. (A4)

There are two possible cases. In the first case, P ({X' (1) <x(1),Vr € S;}n{0 =S;})
= 0. In this case, elementary arguments imply that equation (A.4) holds. In the second
case, P ({X'(t) <x(1),Vt € §;} N {0 =S;}) > 0. By Bayes’ rule:

PIX' () <x@),vieS}n{X(t) <x@),VteZ/S;}n{0=5;})

P{X(0)<x(0),vieZ/S;}I{X (1) <x(1),vieS;}N{0=S5;})
{ x P ({X'(t) <x(1),Vi e S;}n{0=5;}) }

The expression on the right-hand side is a product of two terms: the first one is not identi-
fied and only known to be a number in [0, 1], and the second one is identified. By imposing
the logical bounds on the unidentified term, equation (A.4) holds.
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‘We now show that

" <{P (X' () <x (1)1 € §; N {X (1) < x (1), V¢ € Z/5;} N {0 :s,})}jiz)
- n]{z [0,P({X (1) <x(1),VieS;}n{0=S;})] (A.5)

For each coordinate j =2, ..., 2”7 such that P ({X’ t)y<x(t),vte Sj} N {0 =35; }) > 0,
the corresponding coordinate of the vector can be decomposed into the product
of a point identified probability and nonidentified term given by P ({X (t) < x(¢),
VieZ/Si}I{X (1) <x(t),Vi1eS;}N{0=5;}). Thus, the vector is not identified
because of the nonidentification of the vector:

{P((X(t) <x(t), v e T/SH{X (1) < x (1), vt € S;} N {0 =5,~})}f;2. (A.6)

Moreover, j| # jo implies that the coordinates of the nonidentified vector in equation (A.6)
do not impose any restrictions on each other. As a consequence, the identified set for the

nonidentified vector in equation (A.6) is {[0, 1]}2i2 and, from this, equation (A.5) follows.
To conclude, combining equations (3.1) and (A.5) yields

P({X (1)<x@),VteZ}n{0=1}), . u
H(F = =|F F ;
() s2 P{X 0 <x(0). Ve s n{0=5}) [ .7 )

and this completes the proof. n

LEMMA A.4. Assume Assumption 1. In general, it is not true that

(TG : FE(x) < G(x) < FE (x), vx e RT}} CH (Fy).

Proof. To make the argument transparent, consider a one-dimensional example, i.e.,
T = {1p} € R. In this case, equation (3.1) yields Fx (x) = P (X’ (19) < x (19) {0 =T1}) +
P (X (t9) < x (tp)N{0 = @}), and also F£ = P (X' (19) < x (tp)N{0 =T}) and F =
P (X’ (ty) < x(rp)N{0 =I}) + P (O = @). Consider arbitrary xj,xp : Z = {fp} > R
such that x; (f9) < x2 (fg) and let FL, F;’, and F be such that

: Ff@ FER@ F@

x; 0.1 0.4 0.3
x 02 0.5 0.3

It is not hard to verify that F g and F }% are valid candidates for these functions and that
Fe{lN{G: F(x) < G(x) < Ff (x),Vx e RT}}. We now verify that F ¢ H (Fx).If F =
Fy, equation (3.1 ) applied to x|, x> would imply that P (X (t9) < x» (tp) N{O = 2}) <
P (X (1) < x1(t9) N{O = @}). Because x1 (fg) < x7 (fp), this is a contradiction. n

Proof of Lemma 3.3. This proof is trivial and is therefore omitted. u

Proof of Lemma 3.4. This proof is trivial and is therefore omitted. n
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LEMMA A.5. Assume Assumption 1. In general, it is not true that

T; (X,Yg,) =T1 (X.Yp,) or Ty (X.,Y,) =Ty (X,Yp,).

Proof. For transparency of the argument, consider the one-dimensional example used
in Lemma A4, i.e., Z = {tp} € R. Consider arbitrary xq, xp,x3 : Z = {fy} = R such that
x1 (tg) < x2 (t9) < x3(t9) and let F&, F{  and Fy (-|0) be such that

: Ff@ Ff@ Fyloo)

x; 0.1 0.4 0.3
x 02 0.5 0.3
x3 03 0.6 0.9

It is easy to verify that F )I('I and F )IZ are valid candidates for these functions. We as-
sume that z (x1), ¢ (x2), ¢t (x3) > 0. As in the main text, H' (Fy) = {G : F)%(x) <Gx)<
FH (x),vx e RT}.

We begin with lower WCSB. By definition:

T (X.Ye,) =, _inf {(F 1) =032 1 )+ (F (2) = 0.3)? 1t (x2)

+(F (13) =092 (x3) }.

T (X.¥g,) = inf {(F G =032 1)+ (F (2) =03 1 (1)

+(F (x3) = 0.9% 1 (x3) }.
The solution to the first minimization problem is given by F (x1) = F (xp) = 0.3 and
F (x3) = 0.6. By the argument used in Lemma A4, F € {I' N{G : F)%(x) <Gx) <
F )I('I (x),Vx € RZ }} but F & H (Fx). The minimizer in the second problem needs to be-

long to H (Fx), and so T/ (X, Yp,) < T (X,Yg,).
We now consider the upper WCSB. By definition:

T (X.Yo,) = s ){(F (x1) =0.3)* 1 (x1) + (F (x2) =0.3)> 1t (x2)
eH' (Fyx

+(F (1) = 0.9 1 (x3) }

T (X.Yoy) = swp {(F 1) =032 1)+ (F (2) = 0.3)% e (x2)
eH(Fx

+(F (x3) =09t (v3) }.

The solution to the first maximization problem is given by F (x1) = 0.1, F (xp) = 0.5, and
F (x3) = 0.3. Because F is not weakly increasing, F' & I' D H (F). The minimizer in the
second problem needs to belong to H (Fx), and so T}, (X, Yg,) > Tw (X, Yg,)- |

A.4. Proofs of Section 4.

Proof of Theorem 4.1. The results in BHHN are derived under the assumption that all of
the approximation errors are negligible relative to sampling error. This is formally achieved
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by taking limits in the following order: V — oo, m — oo, and n — 0. Let T(X, Yéo)

denote the (unfeasible) test statistic that we would compute if we were to observe the
complete data set. Then

liminf liminf hmmfP(nTL(X Y, ) (l—a)) < lim lim lim P(nT(X Y, ) 0(1—0()):

n—00 m—o0 n—o0om—00V—-o00

where the inequality follows from f"i (X, YAO) < f(X Y, 90) and the equality follows from
Theorem 3.2 in BHHN. u

LEMMA A.6. Assume that Assumptions 1-5 hold. Then, for all ¢ > 0,

tim tim_im P (]| (7 (X. ). T4 (X.1,)) = (T4 (%.¥5,). T (%.13,)) || > ) =0.

n—o00m—00V—o00

Proof. This proof will explicitly consider the argument for the upper WCSB, but the
same arguments can be used for the lower WCSB. Also, it is relevant to point out that
the following argument is tailored to the order in which the sequences are considered, i.e.,
V — 00, m = 00, and n — oo. Had the order of the limits been different, then the formal
results would still be true, but the formal argument would be slightly different.

Let Y denote space of pairs of functions (Fj, Fz) such that (a) Fy, F> : RZ - R and
(b)Vx e RZ 0 < F1 (x) < Fp (x) < 1. Define ‘PH,‘PH,‘PH,‘PH T — [0, 1] as follows:

Wy (Fy, Fy) = sup (@)= Fy(x160))du ),
Fe{G:F|(x)<G(x)<F|(x), VxeRT }

By (Fy, Fy) = sup [ (F @)= Fy (x1d0)*due o),
Fe{G:F1(x)<G(x)<Fi(x), VxeRT}

Py (F, F) = sup /(F(x)_ﬁY (xléo))zdﬂ (x),
Fe{G:F|(x)<G(x)<F|(x), VxeRT }

A 1 v A A NN2

Yy (F1, )= sup 2 (F(z;)—Fy(Z;100))",

Fe{G:Fi(0)<G(0)<Fi(x). VxeRT} V j20

where f, Fy, and {Z; } _, are as in Assumptions 2 and 5. By definition, T}, (X, Yp,) =
Yy (FX, F}?) and TH (X, Yéo) =¥y (FX s F)I('I), and thus by the triangular inequality
T (X.Yp,) = Ty (X. Yg,) |

(FE YY) =Py (FE P |+ [ On (PR B =Y (B B
+[Pu (PR FH) = vu (PR B |+ | (B B — ¥ (FE FE))|

The objective of the rest of the proof is to show that each of the terms on the right-hand
sideis op (1), as V — 0o, m — 00, and n — oo. The remainder of the proof is divided into
steps.

Step 1. Show that ¥y (Fk, FH) =Wy (FE, FlI) = 0p (1), as V — 00, m — oo, and
n — o0o. We show something stronger, namely that ‘PH(I?)%,IT‘};I) — ‘{’H(F}%,F)I({) =
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op (1), as (V,m,n) — (00,00,00). For any n,m, V €N, denote by P, ,, v the probabil-
ity measure with respect to the randomness in X, Vg , and Zy . Consider the following
derivation for any n,m,m’,V,V’ € N:

Puy ([ (Ef. ) = wu (. P o)
- aP (| (FE B = u (FE )| > o120, Yo 2v)
Xn’yﬁ,m,zv H( X X) H( X X) >g| n y@,m \%4
xd P (Xu|Vg.m, Zv ) dP (Vo.m, 2v)

=/ ap(
X
= oy (| (B B =¥ (FEFE) | > ¢).

where the first equality holds by definition, the second equality holds because
‘PH(ﬁ)];, I:‘)I({) — Wy (FE, F)I({) is exclusively a function of &), and &}, is independent of
Yo,m and Zy (Assumption 5(c)), and the final equality holds by undoing the previous steps
for a sample of Xy, Vp v, and Zy/. Because n,m, m’,V, V' e N were arbitrarily chosen,
this reveals that the distribution of the event {|¥ gy (I:"L, I:”)I('I) — Wy (FL, F;I)l > ¢} does
not depend on m and V. As a consequence, TH(ﬁL, 1:’)7) — Wy (FL, F}Ig) =o0p (1), as
(V,m,n) = (00, 00,00) ifand only if Wy (F&, FI) =Wy (FE, FiI)=0p (1), asn — co.
Thus, the step is complete if we show that ¥ (FL, I:”)?’) — Wy (FE, F)Iz) =op (1), as
n — 00. For convenience, we further divide this into steps.

Step 1.1. Show that if (Fi, Fp) € @, then Ve > 0, 30 = d(¢, Fy, F2) > 0 such
that (F{,F}) € Y and ||F| — Fil|ly + [|IF — F>lly < 6 implies ¥y (F{,F}) —
Yy (F1,F)| < e. Fixe > 0andset¢g € (0,¢). Let H : Ry — R4 be defined by

Vi (Ff B =¥ (FE | > el dP (20)

H(y) =2y e+ ¥y (F1, F2)/? +.

Note that H is continuous, H (0) =0, and limy_, o H (y) = 0o. By the intermediate value
theorem 30 > 0 such that

2612 (e + ¥y (F1, F) /> +6=¢c—¢¢ > 0. (A7)

Consider any (Fj,F;) € Y and ||F|{ — Fi|ly + |[|Fj — F2|lx < . We now show that
Yy (F[,F}) =Yg (F1, F2)| <e.

By definition of supremum, 3G € {G : F|(x) < G(x) < F;(x), Vx € RZ} such that
Yy (F|, F5) — &0 < |G’ = Fy (-100) || . Furthermore, if we define G” : RZ - R as fol-
lows: G” (x) = min{max{G’ (x), F} (x)}, F» (x)}, we have that G” € {G : F} (x) < G(x) <
F>(x), Vx € RZ}. We now show that ||G” — G'||x < 6. To see this, consider the following
derivation:

l"-¢'|, =/(G”(x)—G/(x))2d,u (x)
< [(F0=F @) 16 @) < A @]

+ [ (B©-Rw) 160> ] dw
<||Fi=All, +[F- R, <0
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where the first inequality follows from the definition of G” and that G’ € {G : F{(x) <
Gx) < F2’ (x),Vx € RZ }. Based on this, consider the following derivation:

Yu (F, F2) =0 < 1G" = Fy (100) Il
= [(6' @ =6"@+6" @)= Fy x10))*du ()
<[|6" =&l +2(6"~6ll,) 2 (I6" = Fy o) )2 + |6 = Fy (100,
S5+2§1/2("I’H(F1,Fz))l/2+‘PH(F],F2)
<0420 2 (e + P (F1, F2)' 2+ Wy (F1, F) = —e0+ Y (F1, Fa),

where we have used that G” € {G : Fj(x) < G(x) < F»(x),Vx € RZ} and thus
|G" = Fy (100)||, < ¥h (FI.F2), IG" = G'll; < 6, & > 0, and the definition of & in

equation (A.7). From the previous argument, it follows immediately that ¥ g (F 1’ , FZ’) —
lVH (F] Fz) <e.

We now repeat the previous argument reversing the roles of Wp (Fj, Fp) and
Wy (F{,F}). By doing this, we define G’ such that Wy (F|,F}) — & < ||G' —
Fy (-100) |l and G” such that G” (x) = min{max{G’ (x), F{ (x)}, F5 (x)}, and that sat-
isfies ||G” — G'||,. < 6. Then, we deduce that

W (Fi, F) =20 < 11G" = Fy (100) 1
_ / (G (1) =G (x)+ G (x) — Fy (x100)) 2dp (x)
<0+25'2(Wy (F, F5)) "2+ %y (F|, F})
<0+26'2 (e + Wy (F1, F2)) 24+ ¥y (F|, F) < e—eo+ Wy (F|, F),

where we have repeated previous arguments and used that ¥ (F' { s Fz’) Yy (F,Fh)<e.
From this, it follows immediately that W (Fj, F2) — Wy (F{, F}) < &, which gives
|Yy (F[,F}) =Yg (F1, Fy)| <e.

Step 1.2. Show that (FL, Fll) e Y and ||[FE — FENlu + 11FE — FH 11w = 0p (1) as
n — oo. By definition, it is trivial that (ﬁL, I:}?) € Y. We concentrate the rest of the proof
in showing that ||I:"§ - F}%H# + ||13)§1 - F)IZH,, =o0p (1). For any j = 1,...,27, define
@n,j = 1F; ()= Fj ()| where Vx € Ly (I):

Fey=tsn i (X; (1) <x(1),vr e s,) 1(0i =5;),
Fix)=P({X' () <x(1),vieS;}n{0=S;}).

By the same arguments as in the proof of Theorem 3.1 in BHHN, n'/2 (1:"]- O—F;():
Q — L, (Z) is a stochastic process that converges weakly to a Gaussian process in L (Z),
and thus @, j = 0) (1) as n — oco. On the one hand, F}% ()— F)% ()=F ()=F(),and
so [|Ff = FEllu =11F) = Filly = w1 = 0p, as n — 00. On the other hand, F{ (-) —
F)I({ ()= 2]2.; I:‘j (-) = Fj (), and so, by Holder’s inequality,
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7 ~ 2
1B = FH, =1 (FH )= FE 0) due )
= [1[525, (Fa @)= Fa )] [522, (B ()= Fp ()] |dpe ()

N 2
= jzilf(F] (x)_Fj(x)) dﬂ(x)=2/2ilwn,j=op(l), asn — oo.

Step 1.3. Complete the argument. Fix ¢ > 0 arbitrarily. Because (F L F )I('I ) € Y, then step
1.1 implies that 35 = 6 (e, F)%, F)Ig) > 0 such that for all (F{, F}) : {(F{, F}) e YN | F| —
F)%H# + HFé—F}?Hﬂ <6} C{|¥H (F|, F}) —‘I’H(FL,F)?)’ < &}. As a consequence:

PU(FL ) exn | B = el + Y = P, < 0})

< P(\ ¥ (F. F) —¥u (Fg. )| <2).

By step 1.2, the left-hand side converges to one as n — oo, which implies that the right-
hand side also converges to one as n — 0.

Step 2. Show that ‘i—'H(I:")Ig,I:")IZ) —‘PH(F)];,I?)?) =o0p(l), as V = oo, m — oo,
and n — oo. We show something stronger, namely that ‘i’H (ﬁ)%, ﬁg) -¥Yy (FL, 1:")7)
=o0p (1), as (V,m,n) = (00,00,00). To show this, we can use the same argument used
in step 1 to argue that, for any ¢ > 0, 19y (ﬁL, ﬁf) ¥y (I:“L, I:“)I(L])| > ¢} does not de-
pend on m and V. To achieve this result, we rely on the fact that 90 is a function of X},
(Assumption 2(b)) and that X}, is independent of }y ;,, and Zy (Assumption 5(c)). As a
consequence, ‘?H(ﬁ)%, 1:")?’) - TH(ﬁL, ﬁ}?) =o0p(1),as (V,m,n) — (00,00, 0c0) if and
only if ‘i’H(I:“)I(‘, 13)1(1) - ‘I’H(I:}Ig, FA)I({) =0p (1), as n — oco. Thus, the step is complete
if we show that ‘i’H(I:“L, 1:”)’;'1) - LI‘H(I:"L, I:“)I('I) =0p (1), as n — oo. We begin with the
following derivation:

I1Fy(180) = Fy (10011, = [ (Fr (x100) = Fy (x160))*du ()

P

> (0Fy (x18)/26:) (Do.i —00.:)

i=1

:/‘Fy(xléo) —Fy(x|6'0)‘

du(x)

L ~ N
< /| Z (0Fy (x16)/06;) (Bo,i —6o.i)ld u (x)
i=1
N 1/2
< ||90—90||{;ug/ [(@Fy (x]0) /80") (6 Fy (x]0) /00)]d u (x)}
=0,(n"?)0(1)=0,(1), asn— oo,

where the first equality holds by definition, the second equality holds by the mean value
theorem (A € RP is between 6 and 12)0), the first inequality holds because V (@, x) €
Oox RL F y (x]0) € [0, 1], the second inequality holds by Holder’s inequality, and the
final equality holds by Assumptions 2(b) and 3.
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Next, for a fixed function F, consider the following derivation:
I1F = Fy (o)l = [ (F ()= Fy (x1f0))dp ()
= [ (F )= Fy (100) + Fy (x100) = Fy (+100))dn ()

<{ I (F @)= Fy (x160))*di )+ (Fy (x100) = Fy (x100))"du ) }
~ L +2[(S (F 00 = Fy (x100))*du () (S (Fy (x100) — Fy (x160))*d i (x))] '/
12

< |IF = Fy (-100) 1l +11Fy (-100) = Fy (-100) 11, + 211 Fy (-100) — Fy (-100) 11/~

where we have used Holder’s inequality and the fact that V(0,x) € © x RZ,
F(x), Fy (x |0o) €10, 1]. Taklng supremum on both sides of the mequahty with respect to
Fel{G: FX(x) <Gkx)< FX (x),Vx eRT }, and using that || Fy (- |00)—Fy( 100) | =
op (1), as n — o0, it then follows that ‘I—’H(FL, FH) ‘I‘H(FL, FH) <op(l),asn— oo.
By reversmg the roles of Fy (- |00) and Fy (-|0¢) and repeating the argument, it follows that
lI’H(FX, FX )— ‘PH(FX,FX ) <op(l),asn— oco.

Step 3. We show that ‘i—’H(I:’L, ﬁf) - li’H(l’:’L, ﬁf) =o0p(l),as V — oo, m — o0,
and n — oco. We first use an argument similar to the one used in step 1 to argue that, for
any ¢ > 0, {|‘PH(1:")IZ, 19}1(1) - ‘i‘H(I:")];, ﬁ{g’)l > ¢} does not depend on V. To achieve this
result, we rely on the fact that 90 is a function of A&}, (Assumption 2(b)), which implies
that @H(ﬁ)%, ﬁf) - ‘i’H (I:"L, }7")1({) is only a function of &} and )y ,, and that &} and
Yp,m are independent of Zy (Assumption 5(c)). Thus, the step is complete if we show that
Yy (FE FHY =Wy (FE FH)=0p (1), asm — 0o and n — o0.

We condition on &), and consider the following argument. By Assumption 2(b), (90 is
only a function of X}, and, consequently, it is conditioned upon. Consider now the stochas-
tic behavior of ||1:"y (~|90) - Fy(-|90)||ﬂ, where x € RZ:

Fy (x10g) =m~ 1Zl( SO =x@, Vi eI),
i=1

Fy (x109) = P(Y@,O (@.1) <x(1),Vt € T)).

By Assumption 5(a) and the arguments used in the proof of Theorem 3.1 in BHHN,
ml/z(ﬁy (~|90) — Fy (~|90)) :Q — L, (Z) is a stochastic process that converges weakly to
a Gaussian process in L (Z), and thus {||ﬁy ('|90) - Fy(«|90)||/, [ X} =o0p (1) asm — oo.
Therefore, for any ¢ > 0:

lim lim P(||ﬁy(-|9o)—Fy(-|90)lly>8)

n—o0m—0o0

n— 00 m— 00

= lim lim P(||I:‘y(-|90)—Fy(-|(90)||#>8|Xn)dP(Xn)

= Jim_ [ tim P (11Fy (:180) = Fy (+100)ll, > el X ) dP () =0,

where we have used the previous finding and the dominated convergence theorem. As a
consequence, || Fy (:|0g) — Fy (-|00)|lx = op (1) as m — oo and n — 0.
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Next, consider the following derivation for a fixed distribution F':

|7 Fr (10o)] = [ (F@ - Fy (100)) " du )

/ (F (x) = Fy (x100) + Fy (x100) — Fy (x|90)>2d,u 69)

J(F @)= Fy (x100) ) du o)+ ( By (x160) = Fy (190) ) dpe (o)

: +2Kf(F(x)—ﬁy(xwo))zdﬂ(x)) (f(l:"y(xléo)—Fy(xltz)o))zd/l(x))}l/z
§HF—FY(-|é0) ﬂ—i—”ﬁy(-l@o)—Fy(-l@o)"ﬂ+2“ﬁ}'(-|90)_Fy(_ltz)o)Hl/z,

i

where we have used Holder’s inequality and the fact that V(f,x) € © x RZ,
F (x), Fy (x|09) € [0, 1]. Taking supremum on both sides of the inequality with respect to
FelG: Fk(x) < G(x) < Ff (x) vx e RT}, and using that || Fy (-100) — Fy (-100)|lx =
op (1) asm — oo and n — oo, it follows that ¥y (F&, FH) =Py (FE, FH) < 0p (1), as
m — oo and n — oco. By reversing the roles of Fy ( |90) and Fy (-|0() and repeating the
argument, it follows that ‘i’H(I:‘)%, I:}?) - ‘i’H(ﬁL, 13)[({) <op(l),asm— ocoandn — co.

Step 4. In this step, we show that Wy (FL, I:”)I('I) — Yy (FE, I:”;]) =op(l),as V — oo,
m — 00, and n — 0o0. We condition on X}, and Vp ;, and consider the following argument.

By Assumption 2(b), 90 is only a function of &};, and consequently it is conditioned upon.
In this setting, consider

Vi (Fy. BY) = Vu (Fy. FY)
1V 7 A 2
SUPre{G:FL(x)<G(x)<FH (x), vxeRT } V=Y (F(2)) = Fr (2100))
TRty
— supFe{G:ﬁ)%(x)i(;(x)gﬁg(x)’VXERI} J(F(x)—Fy(x160)) " du (x)
. . SN2 . N2
vl maX{(F;% ()= Fy (zj100) )" (FE (2)) - Fy (2)160)) }

2
s

_ [max { ((ﬁ)% (x)— Fy (x|é0)) (ﬁ{{ (x)— Fy (x|90))2} dp (x)

Assumption 5(b) implies that, conditional on &, and Yy ., {max{(ﬁ)% (Zj) -
ﬁy(Zj |é0))2, (ﬁ)lz (Zj) — ﬁy (Z]-|6A?0))2}}j"/:1 is an i.i.d. sample, and thus the weak law
of large numbers implies that {‘?H(ﬁ)%,ﬁg) - ‘PH(I?L,}:“}[ZNX,,,yg,m} =o0p (1) as
V — oo. Therefore, for any ¢ > 0:

lim lim lim P<|®H(ﬁ§,ﬁ§’)—%(ﬁ§,ﬁf)| > g)

n—oom—o0V-—-so0o

= lim lim lim P(|@H(ﬁ§,ﬁ§)—@y(ﬁ§,ﬁ§’)|>g|Xn,yg,m>dP(Xn,yg,m)

n—00m—00V-—00

= lim lim [ lim P<|@H(F,%,ﬁ,’j)—\if,,(ﬁ,%,ﬁ,’j)|>g|;\fn,y,),m) dP (X, Vo) =0,

n—oom—00,)] Voo

where we have used the previous finding and the dominated convergence theorem. n
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Proof of Theorem 4.2. By Theorem 3.2 in BHHN, tg (I—-a)=1t9,(1=a)+y,,
o

where 7, = 0p (1), as V — 00, m — 00, and n — o0, and fy, (1 —a) is the (1 —a)
quantile of a nondegenerate and nonnegative distribution (of a random variable denoted by
Vp in BHHN). From this, it follows that Va € (0, 1), #9, (1 —a) € (0, 00). By definition,
D= T;, (X , Y90) € (0, 1]. Fix e = D/2 and consider the following derivation:

P(nf';_l(X,YéO) Slgo(l—a)) :P(an/_I(X,Yé,O) glgo(l—a)+ynﬂ}yn| > 5)
+P (nf;I(X,YéO) §t(90(1—a)+ynﬂ’yn‘ 58)
< P(|yal > )+ P (4 (X ¥;) = (19, (1 =) +2) fn)

Because (g, (1—a)+¢) < oo, IN € N such that Vn > N: (tg,(1—a)+¢)/n —
T} (X.Yp,) < =T} (X, Yp,) /2= —&. Thus, Vn > N:

P (nfpy (X, %) <5 (=) < P (jya] > &)+ P ([T (X. Y5 ) = T (X. ¥a,) | > ).

By y,=0p(1),as V- 0o, m — oo, and n — co and by Lemma A.6, the right-hand
side of the previous equation is o(1), as V — oo, m — oo, and n — oo. Thus, the
required result follows from taking limits as V — oo, m — 00, and n — o0 in the previous
equation. n

Proof of Theorem 4.3. The proof follows from arguments similar to those used in the
proof of Theorem 4.2. n

LEMMA A.7. Assume that Assumptions 1-5 hold. Consider the following particularly
simple setup. Suppose that T = {tp}, ® = {0}, X (t9) ~ N (0, 1), and Yy, (t9) ~ N (Jn, 1),
where {0y, }2(’:1 is a nonstochastic sequence that depends on the sample size. Suppose that
there are only two missing data patterns: O =T (i.e., the function is completely observed)
or O = J (i.e., the function is completely unobserved). Consider the following cases:

(i) Suppose that 6, =0 # 0, P (O = @) = 0.5, and the data are missing at random.
To simplify our computations, also assume that u (x) is degenerate at x (tg) = 0. In
this case, T (X, Ygo) =D > 0and TL (X, Y0o) =0, i.e., case 3 occurs, and

o . ., .,
Jim lim  lim P (téo (1—a) <nf] (X,7; ) <nfp (X, Yeo)) 0. (A8)

(ii) Suppose that 6, =06 # 0 and P (O = @) = 1. In this case, T (X, Ygo) =D > 0and
Ti (X, Ygo) =0 (i.e., case 3 occurs), and

lim tim lim P (15 (1—a) <nff(X.Y;) <nffy(X.7;)) =0. (A9

n—oom—00 V00
(iii) Suppose that 5, #0, 6, — 0, and P (O = @) = 1. In this case, T (X, Yg,) =Dn >0

and D;, — 0 (i.e., we are considering local alternative hypotheses), TI/‘ (X, Ygo) =0,
and equation (A.9) occurs.
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Proof.

Part (i). Because u (x) is degenerate at x (fy) =0 and P (O = @) = 0.5, then Fy (x¢) =
Fy (x¢|0p) = 0.25 and Fpg (xg) = 0.75, which implies that Ti (X, Ygo) = 0. On the other
hand: T (X, Yp,) = [ (® (x —9) — @ (x))?dp (x) = D > 0, where ® denotes the standard
normal cdf.

We now consider the performance of the test. We begin by deriving the asymp-
totic distribution of nfi (X, Y@O). Because u (x) is degenerate at x (fp) = 0, then there
is no Monte Carlo integration error, and thus V does not affect the behavior of the
test statistic. By considering m — oo, the error in approximating the distribution of
Yp, (to) vanishes, and consequently we can consider the value of Fy (x(|6() to be known.

Finally, we consider the behavior as n — oco. By our assumptions, {(le, Oi)}?zl is

1.i.d., and because the data are missing at random, 1 (Xl/ < 0) 1(0; =7) ~ Be(0.25),
{1(X] <0)1(0; =1)+1(0; = @)} ~ Be(0.75), and

Frxg)=n"13 1(X/<0)1(0; =),
Fr(xo)=n'3"_ {1(X} <0)1(0; =) +1(0; = 2)}.
By the strong law of large numbers it follows that, for any ¢ > 0, P(liminf{|ﬁ 1 (x0) —

Fr(xg)| < €}) = 1 (see, e.g., Billingsley, 1995 p. 70), which implies that
liminf{l(ﬁH(xo) > Fy(xg|0p)) = 0}, a.s. By the central limit theorem ﬁ(ﬁL(xO) -

Fy (xgl0p)) = ﬁ(ﬁL(xO) — Fr.(x0)) i) ¢, where ¢ ~ N(0,0.1875). It then follows
that

Ty (X.%;,) =nT] (X.Y,) = (Vn(FL(x0) = Fy (x0l600))*1(FL(x0) > Fy (x0160))
+ (Vi (Fr (x0) = Fy (x0160))*1(E3 (x0) > Fy (x0l60))
= [Vn(FL(x0) — Fy (x060))1%
+o,(N5 2, asVo>o00, m—o00, and n—> o0

We next consider the asymptotic distribution of tg (1 —a). Theorem 3.2 in BHHN implies
0
thatté"0 (I—a)=tg, (1 —a)+y,, wheretg, (1 —a) € (0,00) and y ,, = 0p (1), as V — o0,

m — o0, and n — o0o. Fix ¢ > 0 arbitrarily. By combining the previous findings:
P (tgo(l —a) <nf{ (X, ¥5) < nfj (X, Y@O))
<P (190(1 —a)+y, < nfi(X, Y90> Ny, > —8)
7~/
< P (19,(1 —a) =& <nff (X.7;))
%P(Ciz(tgo(l—a)—e)), as V — oo, m— oo, and n— oo,

where ¢ ~ N(0,0.1875) and t9,(1 — a) € (0,00). This provides an asymptotic upper
bound for the object of interest. By applying the same argument with P(z‘ék 1—a)=>
0

https://doi.org/10.1017/50266466612000023 Published online by Cambridge University Press


https://doi.org/10.1017/S0266466612000023

1002 FEDERICO A. BUGNI

nf‘i (X, Yéo))’ we obtain a lower bound for the object of interest. By combining these
bounds and by letting ¢ |, O:
lim lim lim P (tA (1—a)<nT] (X, Y@O) <nTy(X, Y@O))

n—>00Mm—> 00V — 00
= P((F = 19,(1—=a))>0,

where the strict inequality follows from ¢ ~ N (0, 0.1875) and 9, (1 —a) < oo. This verifies
equation (A.8).

Part (ii). Because P (O = @) = 1, then Vx € R, Fp. (x) =0, and Fg (x) =1, and so
T} (X, Yp,) = 0. On the other hand, T (X, ¥p,) = [ (® (x =) — @ (x))>du (x) = D > 0.

We now consider the performance of the test. First, P (0O = @) =1 in}plies that the
sample is composed of completely missing observations (a.s.) and, hence, TL/ (X, Y?)o) =0

(a.s.). Second, by the same argument as in part (i), tg (I—a)=1t9,(1—a)+7y,, where
0

tgo(1—a) € (0,00) and y, = 0p (1), as V — 0o, m — o0, and n — oo. Fix ¢ =
tg, (1 —a) /2 > 0 and consider the following derivation:

P(rf (1=a) > nf{ (X,7;, ))zp(ti* (I—a)>en T} (X, ¥, ) = )
>p(n (1—a)— tgo(l—a)>g—t00(1—a))+P(fL’(xy) 0)—1
2P(|té0(1—a)—tgo(l—a)|Stgo(l—a)/Z)—i—P( / X,Yéo)zo)—
-1 asV — oo, m— 0o, and n — oo.

This result implies equation (A.9).

Part (iii). All of the results in part (ii) can also be used in this case. The only result that
remains to be shown is that T (X, Yp,) = Dn — 0, which follows from 6, — 0 and the
dominated convergence theorem. u
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