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PROBLEMS AND SOLUTIONS

PROBLEMS

03.1.1. Deriving the Observed Information Matrix in Ordered Probit
and Logit Models Using the Complete-Data Likelihood Function

SK. Sapra
California State University, Los Angeles

Louis (1982 presents a method for computing the observed information ma-
trix and standard errors of maximum likelihood estimates obtained via the EM
algorithm based on the complete-data log likelihood functildre problem il-
lustrates the well-known method of Loui$982 for a widely used qualitative
response model in econometridhe observed-data log likelihood function for
the following model canof course be easily differentiated to obtain the ob-
served information matrixour objective is to illustrate the method and not to
recommend its use for this model

Consider the following ordered response model

yi*:B’Xi"_ui’ i:1’29""n’ (1)

wherey™ is the underlying response variapeis a(k X 1) vector of unknown
parametersx is a(k X 1) vector of known constantandu is the residualThe
termy* is not observedbut we know which of then categories it belongs 1o

It belongs to thgth category ife;_; <y * < g (j = 1,2,...,m), a’s being
known constants andy, = —oo, a, = 0. Derive the observed information ma-
trix for the model using the complete-data log likelihood function under the
assumption that; arei.i.d. N(0,1).

REFERENCE

Louis, T.A. (1982 Finding the observed information matrix when using the EM algoritBaur-
nal of the Royal Statistical Society, Seriegl8 226—233

03.1.2. Redundancy of Lagged Regressors in a Conditionally
Heteroskedastic Time Series Regression

Stanislav Anatolyev
New Economic School, Moscow

Consider the following stationary time series regression
Yo = BX t+ &, Ele X X-1,---1=0,
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where all variables are scalars and the egads conditionally heteroskedastic
with the following form of heteroskedasticity

EleX, X 1,...] =0+ A(X,— )%, ©>0 A=0.

The object of estimation i8. Usually, under conditional heteroskedasticity the
use of lagged values of regressors as instruments increases the efficiency of
generalized method of momeni&MM) estimation in comparison with ordi-
nary least squarg®©LS) estimation(seg e.g., Brozg Francq and Zakoian2001,
West 2001). This problem shows that it may not necessarily be so

Assume that the regressgrcan be represented as= >~ ¢; 1,_;, Where
n's are independently and identically distributed standard narilab as-
sume that the parameters are constrained so that all variables have finite fourth
moments Show that the OLS estimator is at least as efficient as any GMM
estimator that uses an arbitrary fixed number of instruments from the list
{Xt’ Xi—1, Xt—2, - }

REFERENCES

Broze L., C. Francq & J.-M. Zakoian(2001) Non-redundancy of high order moment conditions
for efficient GMM estimation of weak AR processdsconomics Lettergl 317-322

West K.D. (2001) On optimal instrumental variables estimation of stationary time series models
International Economic Revied?2, 1043-1050

SOLUTIONS

02.1.1. LS and BLUE Are Algebraically Identical— Solution®

Richard William Farebrothefthe poser of the problem
Shrewsbury, UK

Let Z be ann X (n — g) matrix of rankn — q whose columns span the space
orthogonal to the space spanned by the columns afd letf = Z'y. Then on
premultiplying by then X n nonsingular matri{Z: X], we find that the con-
ventional least squares problem

mine’e subjecttoe=y— Xb (1)
may be expressed as
mine’e subjecttoZ’'e=Z'y and X'Xb=X'y— X'e (2)

or, equivalently as

mine’e subjecttoZ’'e = f 3)
and
b= (X'X)"*X'(y —e), (4)
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where equatiori4) defines the optimal value dif in terms of the optimal value
of e

Further let u be ann X 1 matrix satisfyingX'u = ¢ and letd =
(2'2)7*Z'(a — u) be an(n — g) X 1 function ofa. Then the conventional
minimum variance unbiased linear estimation problem

mina’a subjecttoX'a=c (5)

may be expressed as

mina’a subjecttoX’'a= X'u—X'Zd and Z'a=Z'u-Z'Zd, (6)
and on premultiplying by the inverse of the X n nonsingular matrixzZ: X1,
we have

mina’a subjecttoa = u— Zd. (7

Clearly problems(1) and (3) are algebraically identical to problenig) and
(5) whenX, y, b, f, ande are replaced by, u, d, c, anda, respectively

NOTE

1. Two excellent solutions were independently proposed byNEudecker and .SPuntanen
G. Styan and H Werner

02.1.2. A Particular Symmetric ldempotent Matrix— Solution?

George . Styan
McGill University, Montreal

Hans Joachim Werner
University of Bonn

It is easy to see that Problem.Q2 holds more generally in that the result is
valid for B Hermitian complexrather than “symmetric real’for m=0,1,...,q
(rather than just forth < "), for r # 0 (rather than just for “integer > 1"),
and for t(B%) = tr(CX), k = 1,2,3,4 (rather than for k=1,2,..."), as shown
by Shanbhad1970.

To see this leA = (1/r)B, D = (1/r)C, anday, a,..., aq denote the eigen-
values ofA. Then

q

q q q
m=XYa=>a?=2a’=>a,
-1 i-1 i-1 i-1

because we know that i,,..., Aq are the(not necessarily distingteigenval-
ues of M € C9%9, then AL,..., Ay are the eigenvalues ofl", irrespective of
n € N (see eg., Lancaster1969 Theorem 5.2). A fundamental result on
characteristic polynomials tells us thai{) = XA, (cf. Lancaster 1969
p. 55). Hence
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q
> af(l-a)? =0,
i=1
and so they; = 0 or 1L Because>, a; = mit follows that preciselym of the
a; are equal to 1 and — m are equal to OA Hermitian matrix is unitarily
similar to the diagonal matrix of its eigenvalyesd the eigenvalues are all
real (cf. e.g., Lancaster1969 Theorem 2.5 and Theorem 2.1). It follows
then as is well knownthat a Hermitian complex matrix with all eigenvalues
equal to 0 or 1 is idempoten®ur proof is complete

One might be tempted to believe that a complex square miskrirot Her-
mitian, with all eigenvalues equal to 0 afar 1 is always idempotent his,
however is erroneousas the nilpotent matrix

<o o

shows Although this matrix fails to be idempotent has the eigenvalue 0 with
(algebrai¢ multiplicity 2.
When A and B are both Hermitian nonnegative definithen the eigenval-
uesa; = 0, and as Shanbha@1970 points ouf the condition tfB¥) = tr(C¥),
k = 1,2,3,4 may be replaced by @*) = tr(C¥), k = 1,2,3. This leads to
1 a(1 — )% = 0, and because the; are now all nonnegative we see
immediately thaty; = 0 or 1

NOTE
1. Excellent solutions were independently proposed hyD&aene Jd Hill, S. Lawford and

C. Dehon P. Omtzigt G. Trenkler M. Van de VeldenD. Wiens and H Neudecker(the poser of
the problem.
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