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CONVERGENCE TO THE COALESCENT WITH
SIMULTANEOUS MULTIPLE MERGERS

SERIK SAGITOV,* Chalmers University of Technology

Abstract

The general coalescent process with simultaneous multiple mergers of ancestral lines was
initially characterized by Mohle and Sagitov (2001) in terms of a sequence of measures
defined on the finite-dimensional simplices. A more compact characterization of the
general coalescent requiring a single probability measure E defined on the infinite simplex
A was suggested by Schweinsberg (2000). This paper presents a simple criterion of weak
convergence to the E-coalescent. In contrast to the earlier criterion of Mohle and Sagitov
(2001) based on the moment conditions, the key condition here is expressed in terms of
the joint distribution of the ranked offspring sizes. This criterion interprets a vector in A
as the ranked fractions of the total population size assigned to sibling groups constituting
a (rare) generation, where a merger might occur. An example of the general coalescent
is developed on the basis of the Poisson—Dirichlet distribution. It suggests a simple
algorithm of simulating the Kingman coalescent with occasional (simultaneous) multiple
mergers.
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1. Introduction

The well-known Kingman coalescent [7]—-[9] is a continuous-time Markov chain {Ro () };>0
describing a robust asymptotic pattern for the genealogical tree of a large population. The
genealogical tree is built bottom up: starting with n leaves corresponding to a random sample
of genes in the current generation and ending with the root of the tree corresponding to the
most recent common ancestor of the sampled genes. The hold-and-jump picture of the Markov
chain {Ro(#)};>0 is very simple: if n is the current number of branches, wait an exponentially
distributed time with mean (;), and then reduce the number of branches to n — 1 by joining a
pair of branches picked uniformly at random from among the (;) available pairs.

The first robustness result [7] concerning the Kingman coalescent is stated in the framework
of the Cannings exchangeable population model [3] describing a haploid population of constant
population size N with nonoverlapping generations. The assumptions of the Cannings model
concern the vector of offspring sizes (v1, ..., vy) for N individuals constituting one generation.
The constant population size condition

i+ oy =N (1.1)

requires that the total offspring number is equal to the number of parents. It is assumed also
that there is no dependence between vectors (vy, ..., vy) for different generations and that
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840 S. SAGITOV

all generations share the same reproduction law, that is, the joint distribution of (v1, ..., vy).
Finally, the Cannings model assumes that

(v1, ..., vy) has an exchangeable joint distribution. (1.2)

Note that under these assumptions all the offspring sizes v; within one generation are equally
distributed and E(v) = 1.

The genealogy of a population with nonoverlapping generations is defined by Kingman as
a Markov chain {R(k)}x=0,1... with a finite number of states which are different partitions of
the set of labels {1, ..., n} representing » individuals sampled in generation k = 0. Theorem 1
in [7] states that the finite-dimensional distributions of {R(|Nt])};>0 converge to those of
{Ro(ozt)}tzo given that

2

oy = var(v) — o?

as N — 0o, where 0 < 0% < o0 (1.3)

and supy E(v’l‘ ) < oo for k > 3. These conditions cover the famous Wright—Fisher population
model, but fail to encompass the important Moran population model addressed by Theorem 3
in [7].

The cited convergence results by Kingman suggest the following general formula for the
time scaling in the ancestral process:

N
Ty ~— asN — oo. (1.4)

oN

This relation has a simple explanation in terms of the probability that a randomly chosen pair
of individuals have the same parent:

N 2
1 o
— Z @) _ _°N
CN_E(W Vi ) = N—l (15)
i=1

Here and elsewhere, the notation a® = ¢ (a—1)---(a—b+1)isused for the descending fac-
torial power. Since the Cannings model of nonoverlapping generations treats the reproduction
process as a sequence of independent and identically distributed trials, the time until the most
recent common ancestor for two individuals has a geometric distribution withmean 1/cy ~ Ty
as N — oo.

The minimal convergence conditions for the Kingman coalescent are established in [13]
under the assumptions (1.1) and (1.2).

Proposition 1.1. (Mohle and Sagitov [13].) Suppose that the conditions (1.1) and (1.2) hold.
The time-scaled genealogical process {R(|Tnt])}i>0 converges weakly to {Ro(t)};>0 if and
only if the time scale Ty is defined by (1.4),

oy =0o(N) as N — oo, (1.6)

and
E((v; — 1)*) =o(No}) as N — oo. (1.7)

From now on the time scale Ty is tacitly assumed to be defined by (1.4). In Section 4
we give an alternative proof of Proposition 1.1 as a corollary of the main result of this paper,
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Theorem 2.1. In particular, we show that under the conditions of Proposition 1.1 the asymptotic
relation (1.7) is equivalent to

2
o
P(v; >Ne)=0(N—A;) as N — oo fore > 0. (1.8)
The condition (1.6) stipulates that mergers of ancestor lines are rare events, which results in
a continuous-time limit coalescent. Since (1.3) entails (1.6) and Ty ~ N /02 as N — oo,
Proposition 1.1 implies the following improvement of Theorem 1 in [7].

Corollary 1.1. Under the assumptions (1.1), (1.2), and (1.3), the time-scaled genealogical
process {R(|Nt])}>0 weakly converges to {Ro(toz)},zo if and only ifE(vf) = o(N) as
N — o0.

In contrast to the pairwise merger, a multiple merger is a coalescent event where three or
more branches join at one point. The number of branches joining together will be called the
merger size. The condition (1.7) effectively prohibits multiple mergers of ancestral lines in
a large population, which is necessary for convergence to the Kingman coalescent process of
pairwise mergers. A situation where the condition (1.7) does not hold was first considered in
[15]. It was shown that in the case of increased offspring size variability a new coalescent
pattern arises, which is described by a probability measure F on the unit interval [0, 1]. Given
that (1.7) is not valid, the measure F has a positive mass away from zero and the coalescent
with positive probability has multiple mergers (see Corollary 2.1). This coalescent model is
called here an asynchronous coalescent { R (t)}:>0, since it prohibits simultaneous mergers of
ancestral lines.

The measure F will be called the coalescent rate measure, since it determines the transition
rates of the coalescent Markov chain {Rr(#)};>0. The fact that F is a probability measure
reflects the special choice (1.4) of the time scale T. Observe that a linear time acceleration
by a factor X transforms the coalescent rate measure into a finite measure A (dxp) := AF (dx1),
so that {Rr(t/A)}i=0 = {Ra(t)}s>0. The Kingman coalescent (with unit coalescent rate)
{Ro(t)}s>0 is a special asynchronous coalescent corresponding to F' = 4§y, the probability
measure concentrated at zero.

The asynchronous A-coalescent was first introduced in [14] (the paper [15] is written later
than though independently of [14]) in the spirit of the theory of exchangeable random partitions
[9] using a Poisson process construction. Such a construction makes it possible to model a
stochastic tree starting from infinitely many leaves. In [14] special attention is paid to the
case of the uniform coalescent rate measure, first discussed in [2]. The important question of
whether the asynchronous coalescent comes down from infinity (discussed earlier in [14] and
[15]) is fully answered in [16]. An alternative way of introducing the asynchronous coalescent
is suggested in Section 5.1 of [4].

The most general case of simultaneous multiple mergers was first addressed in [12], where
the moment conditions of [15] concerning the joint distribution of offspring sizes are relaxed,
allowing for stronger dependence between offspring sizes. The coalescent with simultaneous
multiple mergers was further investigated in [17] by extending the Poisson process construction
of [14]. It is shown that the general coalescent is characterized by a finite measure E (which
will also be called the coalescent rate measure) defined on the infinite simplex

o0
A={(x1,x2,~--)3x1szzmz(), le'il}.

i=1
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In Section 2 we give necessary and sufficient conditions for convergence to the E-coalescent
with the coalescent rate measure E being a probability measure. The main results of this paper
are stated as Theorems 2.1 and 2.2. Theorem 2.1 is a general convergence result without
the assumption (1.2) of exchangeability (cf. [11] dealing with the Kingman coalescent). It
suggests that the components of a vector (x1, x2,...) € A be interpreted as the population-
size fractions assigned to the ranked offspring sizes in a rare generation, where a multiple
merger has occurred. Theorem 2.2 is a counterpart of Theorem 2.1 concerning the discrete-time
E-coalescent. Theorem 2.1 is proved in Section 4, the proof of Theorem 2.2 is similar and is
therefore omitted.

Section 3 is devoted to a simple example of an exchangeable population whose genealogical
process is approximated by a E-coalescent with E being closely related to the Poisson—Dirichlet
distribution. We call this particular coalescent process the Poisson—Dirichlet coalescent. The
transition probabilities of the Poisson—Dirichlet coalescent are explicitly computed, and it is
worth noticing that the Ewens distribution probabilities show up in the formula for the total
collision rate. In Section 5 we return to the exchangeable case and state convergence results
in terms of the raw moment conditions (in contrast to the central moment conditions of [15]
and [12]).

2. Summary of convergence results

Consider a certain type of r simultaneous mergers transforming b ancestral lines to a smaller
number r + s of lines, where it is assumed that s lines remain unchanged and r new lines are
formed by simultaneously coalescing groups of size k1, ...,k > 2,sothatb = ky + --- +
kr + s. Following [17], we call this change in a tree a (b; k1, ..., ky; 5)-collision. Note that
a permutation of indices (ki, ..., k,) does not change the collision type (b; k1, ..., kr; ),
producing only another label for the same collision type. The full set of possible collision types
is given by

Ky :={bsky,....kr;8) ki +---+hk+s=b ki =z---2k 22,520, r =1}

Observe also that, given b distinct ancestral lines and a collision type (b; k1, ..., k/; s) with
r > 1, there are several suitable partitions of the b lines into the  + s clusters, and the number
of possible (b; k1, ..., k-; s)-collisions for
kiy...vkpys)=(0,....b,b—1,...,b—1,...,2,...,2,11). (2.1)
——— ———— ———
lb [b,1 12
is
M ( b ) ! 2.2)
biky,....kr;s = [ .
] * k19""kr’s 1_[‘1;:21]!

Let Pp.k, .. ks be the probability that a certain collision of type (b; k1, ..., k;; s) occurs,
when b ancestral lines are traced one generation back. According to [7], given an exchangeable
reproduction law (vy, ..., vy), this probability is

N(r+s) "
Poikr,okyis =~y BOP vy v ), 23)
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Proposition 2.1. (Mohle and Sagitov [12].) If (1.1), (1.2), and (1.6) hold, then the time-
scaled genealogical process {R(|Tyt])}i>0 converges weakly to some limit coalescent process
{R(t)}i>0 if and only if there exist

Aky.oky = lim NPTy B((vr = Do (o = 1)) 24

forallky,...,kp > 2andr > 1, where b := k1 + - -+ + k.. The (b; k1, ..., k;; s)-collision
rates of the Markov chain {R(t)};>0 for s = 0 are Ap.,.... k.0 = Ak,,...k, and for s > 1 can be
computed from the recursion

,,,,,

,
Abt15ky, ks 1 = Abiky,.kess — Z VN 1 SO STy S [y SUSP ST
m=1
— SAb ik, 25515 ki,ooovkr 22, r>1, s >0. (2.5)
The setof rates {Ap.k, ...k, ;s } provides the following hold-and-jump description of the general

coalescent {R(#)};>0. It holds on a state with b ancestral lines for an exponential time with
mean A, = ZKb AbkysodrisMbiky, . kyns>» Where Mg, k.5 is given by (2.2). When the

holding time is over, a collision of type (b; ki, ..., k; s) (one among My.x, . ks Possible)
occurs with probability (1/Ap)Ap:k,... ks
It follows from [12] that, if A, . = O for some ki, ...,k > 2, then automatically

k. >k, k;H > 2,...,k/, > 2. In particular,

s Ry

Ay .k, = 0forall r'>rand k| > ki, ...
Proposition 2.1 entails the following improved version of the convergence result of [15].
Corollary 2.1. (Cf. [15].) Suppose that the conditions (1.1), (1.2), and (1.6) hold while (1.7)

does not. If
E((v — D*(1a — D) = o(Nof) as N — oo, (2.6)

then the time-scaled genealogical process {R(|Tnt])}i>0 converges weakly if and only if
E((v; — D*) ~ AxN*"262 as N — oo fork >3,

where 1 > Az > A4 > --- > 0. In this case, the limit process is an asynchronous coalescent
{RF(t)}i>0, whose collision rates are specified in terms of a probability measure F. The
coalescent rate measure F is uniquely defined on the unit interval [0, 1] via its moments
fol xkF(dx) = Ajyp for k = 0, where Ay := 1. The collision rates of {Rp(t)}i>0 satisfy
the conditions

1
Moikydys = l{r:u/ HM2A = x) Fdx),  r=1 k. k=2, 520, (27)
0

and

1 b b—1

)\b:/ 1-(1-x) 2bx(l X) Fdn), b2
0 X

This result excludes convergence to the Kingman coalescent and, by the condition (2.6),

prohibits simultaneous mergers of ancestral lines. The asynchronous coalescent {Rr (¢)};>0 is

characterized by positive tree collapse rates Ay = Ag.k.0 for K > 3 (a tree collapse is a single

merger involving all branches of the tree). It follows that the limit coalescent cannot have

bounded merger sizes k;: if A3 > 0, then Ay > 0 for all kK > 3.
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According to [17] there is a unique probability measure E defined on the simplex A
determining the collision rates of the limit coalescent {R(¢)};>¢ in Proposition 2.1 by

s _ uo(dx)
Abiky,okpis = a4 l{r 1,k = f (Z Z ( ')xik|l .. .x;irxir_'_l . le_/xO ) « x)
J=0 iieing ’
(2.8)

where (x, x) := Zl | x ,x0 i=1— Zi’i] Xi, the nonnegative constant a is the mass assigned
by E to the zero point (O 0, ...) of the infinite simplex A, and Eg is E with the atom at zero
removed. Notice that in the last integral the integrand has no singularity at zero since

S
A K s—i) |
og(z ) () V.. )(x >
J= r+j

J

(Z Z() B ﬁ ’“"’“""C"’*f)(x,;x):l

i1=1 iry1=1 irj=1

for any nonzero x € A givenr > 1.
The set of rates

ki k, Eo(dx)
Apreg = 1, o = x.ooox
2,2;0 biki ke 30 /A( Z . ”) (x, x)

i1 £ Fiy

for all k; > 3 when r = 1 and for all k, ..., k- > 2 when r > 2, uniquely determines the
coalescent rate measure E. If E is concentrated on the set {(x;,0,0,...) : x; € [0, 1]}, then it
is essentially a probability measure F on [0, 1], and the collision rates of the coalescent process
{RF(t)};>0 obtained in Corollary 2.1 can be deduced from (2.8).

So far we have assumed that the joint distribution of the offspring sizes is exchangeable.
This excludes for example the so-called generalized Wright-Fisher model [11] based on the not
necessarily symmetric multinomial Mn(N; py, ..., py) distribution for the vector of offspring
sizes (v1, ..., vy). Next we present the main result of this paper, Theorem 2.1, which states
necessary and sufficient conditions for weak convergence to the E-coalescent in terms of the
ordered offspring sizes v(1y > - - - > v(y) without the exchangeability assumption (1.2).

The proper time scale T in this more general case might again be defined by (1.4), with ‘71%/
now being the variance of the offspring size v of a randomly chosen individual. This follows
from the following counterpart of (1.5): since E(v) = 1, the coalescence probability cy in the
nonexchangeable case is

1N ®)) 2 VaI'(U)
ol E) =y ) -3

i=1

Theorem 2.1. Let ® y(dx) be the joint distribution of the vector (v(1)/N, ..., v)/N) of the
ranked relative frequencies for sizes of N sibling groups constituting a generation. If (1.1) and
(1.6) hold, then the time-scaled genealogical process {R(|Tnt])}i=0 converges weakly to the
E-coalescent if and only if the weak convergence condition

E(dx)

X, X

TPy (dx) — as N — o0 2.9)

holds on A N {x1 > €} for all ¢ > 0, where E is some probability measure on A.
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Following Section 4 of [1], we treat A as a subset of the metric space R*° with the topology
of coordinatewise convergence. The weak convergence (2.9) holds if and only if the weak
convergence of the tail distribution functions

E(dy)
Ty P(vay > Nxi,...,v4) > Nx;) — / 1{y1>X1 ,,,,, Yo x) T o asN —> oo (2.10)

y)

holds over x; > --- > x, > Oforallr > 1.
The next two corollaries of Theorem 2.1 address the cases of the asynchronous coalescent
and the Kingman coalescent.

Corollary 2.2. Under the assumptions (1.1) and (1.6), the process {R(|Tnt])}i>0 converges
weakly to the asynchronous F-coalescent if and only if

1
Ty P(va1) > Nx) —>/ y2F(dy) asN — oo 2.11)
X

for all points x > 0 of continuity of a probability measure F defined on the unit interval [0, 1]
and

TnP(vo) > Ne) - 0 as N — oo fore > 0. (2.12)

The condition (2.12) excludes simultaneous mergers by prohibiting two large sibling groups
(of size no less than Ne¢) in the same generation among 7Tn consecutive generations. The
convergence (2.11) illuminates the role of the largest offspring size in determining the merger
size distribution (2.7). The result (2.7) implies in turn that, if F is concentrated at zero, then
only pairwise mergers are possible.

Corollary 2.3. Suppose that (1.1) and (1.6) hold. The condition that
TnP(way > Ne) - 0 as N — oofore >0 (2.13)

is necessary and sufficient for the weak convergence of {R(|Tnt])}i>0 to the Kingman
coalescent.

If instead of (1.6) it is assumed that
oy ~Nc asN — ocofor0<c<1 (2.14)

(the constant ¢ cannot exceed 1 since 01%, < N — 1), then there might exist a discrete-time limit
for the unscaled genealogical process. The condition (2.14) means that, with probability c, a
pair of randomly chosen individuals in a large population are siblings.

Proposition 2.2. (Mohle and Sagitov [12].) If (1.1), (1.2), and (2.14) hold, then the discrete-
time genealogical process {R(k)}r>0 converges weakly to some discrete-time Markov chain
{R(k)}k>0 if and only if there exist

,,,,,

ko= lim N"PE((w; — D¥ - (v, = DY)
N—o00

forallky,...,k, >2andr > 1, where b =k; + - - - + k;.
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The one-step transition probabilities of the discrete-time coalescent {R(k)}r>0 correspond-
ing to (b; k1, ..., kr; s)-collisions are computed from the recursion

— SPbt1iky, e ky, 255—15 ki,....k,>2,r>1,5>0,

where pp:i,,...k:0 = Aky,...k

A characterization of the discrete-time coalescent in terms of a single measure defined on
the infinite simplex A is proposed in [17]. Let ® be an arbitrary probability measure on the
simplex A. The Markov chain with transition probabilities

S
S\ k k s—j
Pbiky, ..., k,;s=/<2 Z <,)xi1‘ S X Xy e X X )CD(dx)

ANTZ0 iyipy; N

forr >1,k; >2,...,k, >2,s>0,and b = k| + --- + k, + s is called here a discrete-time
®-coalescent. What follows is a discrete-time counterpart of Theorem 2.1.

Theorem 2.2. [f(1.1) and (2.14) hold, then the discrete-time genealogical process { R (k)} k>0
converges weakly to the discrete-time ®-coalescent if and only if ® is the weak limit distribution
of the vector of ordered offspring proportions (v(1)/N, ..., vn)/N).

Remark 2.1. The definition of the discrete-time ®-coalescent given above slightly modifies
Definition 36 of [17]. The limit process of Theorem 2.2 is the discrete-time E-coalescent in
the strict sense of Definition 36 from [17] if the limit distribution of (v(1)/N, ..., vy /N) is
of the form

E(dx)

(x, x)
where § is the Dirac measure on A concentrated at zero and ag is a nonnegative constant such
that ®(A) = 1.

®(dx) =

1y >0y + aodo(dx) 1(x,=0},

3. Poisson-Dirichlet coalescent

The best known example of a nontrivial probability measure on an infinite simplex is the
Poisson—Dirichlet distribution ITg(dx) with a positive parameter 6 defined on the infinite
simplex A* := {x € A : Z;’i]xi = 1}. The calculations of Section 9.5 of [10] show

that
9r+s r
k ky
/( Dot x,, ~~-xir+s>l'lg(dx) = m]_[(k,- — 1!
i17 iy i=1
forall r > 1, ky,...,k > 2, and s > O, where as usual b = k; +--- + k, + s and
O .= 9@ + 1)--- (0 + b — 1) is the ascending factorial power. This formula suggests a
natural example of the discrete-time I1g-coalescent with explicit transition probabilities

Qrts r

Phiki ks = W]‘{(ki - . 3.1
1=

This will be called the Poisson—Dirichlet coalescent with parameter 6.
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Using the representation (2.1), put p(l1,...,1p) = Pbiky,.. ks and L == 11 + -+ + 1.
To compute the total probability p; of all mergers in the Poisson—Dirichlet coalescent with b
ancestral lines, rewrite (3.1) as

ol b
pli, ) = o 1‘[1«]' — HHl.
]=

Observe that, due to (2.2),

b! o' b!
Pb = Z p(ll’""lb)llg...lb!(zg)lz...(by)lb ZIZ:I QT I 1 I, 2k bl
1s--5tb

where the sum is taken over all nonnegative integers [y, . .., [ satisfying Z?: 1 Jjlj = b and
I1 < b. Since the last sum contains all but one (that with /; = b) of the probabilities constituting
the Ewens distribution (see [6] or [10]), we obtain p, = 1 — 9P /9”’]. This simple formula
clearly shows how the coalescent slows down as the number of branches in a tree decreases. It
reveals also the influence of the parameter 6 on the overall speed of the coalescent: larger value
of 6 brings lower speed. Notice that 1 — 6 /0101 ~ =1 (g) as 8 — oo, implying the Kingman
coalescent approximation for the Poisson—Dirichlet coalescent.

We further enhance the example of the Poisson—Dirichlet coalescent by deducing it as the
limit process for an exchangeable reproduction model described by a compound multinomial
distribution.  Recall first that the Wright-Fisher population model uses the symmetric
multinomial Mn(N; py, ..., py) with p;y = --- = py = 1/N as the joint distribution of
offspring sizes (vi, ..., vy). To extend this model, we assume that the multinomial parameters
(p1, ..., pny) are random and have a symmetric Dirichlet distribution D(e, . . ., @), so that the
resulting distribution of (v, ..., vy) is the so-called Dirichlet compound multinomial (cf. [6]):

N )a[nl]...a[nzv]

P(V1=n1,--~,VN=nN)=< (Na)IM1

niy,...,ng

This model is particularly convenient for the coalescent calculations in view of the following
formula for the joint moments:

N®
(No)l?l]

E@*) . p®)y ) = albil. . gltrlgs, (3.2)

This formula implies that E(vf")) = N®alMl/(Na)™ | so that 01%, =WN-D@+1)/Na+1:
the smaller « is, the more variable the offspring sizes become, and the larger « is, the closer the
model is to the Wright-Fisher model in which 01%, = (N — 1)/N. If « does not depend on N,
then the asymptotic genealogy of the Dirichlet compound Wright—Fisher model is the Kingman
coalescent. If « = 0/N, it is easy to verify that (2.3) and (3.2) imply convergence to the
Poisson—Dirichlet coalescent. This derivation of the Poisson—Dirichlet coalescent illuminates
the meaning of the parameter 8: the smaller 6 is, the more variable the offspring sizes are and
therefore the faster coalescing proceeds.

It is a less straightforward exercise to obtain a coalescent with continuous time from the
Dirichlet compound Wright—Fisher model. It requires a randomization of the parameter « in
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such a way that most of the time « takes a value A which does not depend on N, and with a
small probability « is inversely proportional to N:

oo P _9\_ P
Pa=A) =1 N P<a_N>_N. (3.3)

In this case, the condition (1.3) holds with the limit variance 0% = (A + 1)/A+ p/(1+0).
Moreover, it follows that the genealogical process {R(|Nt])};>0 converges weakly to the
E-coalescent, where E := E(A, p, ) has an atom at zero of size a := (A+1)/A, which is the
first term in the formula for o2, and away from zero the measure E (A, p, 0) is closely related
to the Poisson—Dirichlet distribution.

Observe first that (3.2) and (3.3) imply that

k —r—
E(Vl( ])"'Vr(kr)‘)rJr] t Vrgs) NPNb !

grts r
o101 l_[(ki — D!+ aljpoy i =2,
i=1

which according to Proposition 2.1 and (2.3) entails that { R (| Nt |)};>0 converges to a coalescent
with the collision rates

grts r
Moskr,eis = P | [k = D!+ alp=t=)
i=1

The total rate of all mergers for b ancestral lines in the limit coalescent is

Ap = b 1 0%
b—(12+p —M.

Notice that when the parameter p is relatively small, we have a model of the Kingman coalescent
of asynchronous pairwise mergers with occasional (simultaneous) multiple mergers.

4. Proof of Theorem 2.1

Given a probability measure & on the infinite simplex A and a positive integer r, we can
define a symmetric measure on the r-dimensional simplex

Ar :={(x1»'~-’xr):x1’~-~vxr20, xl++xr§1}

by
Edy)
P (8) = / ( Y Loy ymeS})ﬁ “.D
ANy gy >y
for all measurable S. These measures are infinite: W, (A, N{x1, ..., x,—1 > &, x, > 0}) = o0,

but on the other hand, foralle > Oandr > 1,

2 2 —
Yiy Vi E(dy) —or
W, (Ayg) < Yoo =2) (=) L <%,
r( r,s) = /A( < e ) ( e ) {y,1 ..... y,r>s}) (y,y) <¢&

i1

where A, := A, N {x1, ..., x, > &}. It turns out that the probability measure E is uniquely
determined by the sequence of measures {¥, },>1.
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Lemma 4.1. Assumethat(1.1),(1.2), and (1.6) hold and let \V,. iy denote the symmetric measure
on A, giving the joint distribution of the vector (vi/N, ..., v,/ N) of normalized offspring sizes.
The time-scaled genealogical process (R |1yt ])i=0 converges weakly to the E-coalescent if and
only if the weak convergence

N'TyV,yn > V¥, asN — ocoforr > 1 4.2)
holds over A, ¢ for any ¢ > 0, where W, is connected to & via (4.1).

Proof. The condition (4.2) is similar to the following weak convergence condition given in
[12]. It is shown there that, under (1.1), (1.2), and (1.6), the weak convergence of (R|1y:])r>0
takes place if and only if, for all » > 1, there exists a symmetric measure F, defined on A,
such that the weak convergence

F.(dxy,...,dx,)

N Ty, n(dxp, ..., dx,) — 2— as N - oo 4.3)
xl .. ox}g
holds for (xi, ..., x;) € A, and any given ¢ > 0, and moreover
N7TNE((; — D% (v, — D)?) — F,(A,) as N — oo. (4.4)

Furthermore, it is known that the total masses of F, form a monotone sequence Fi(A1) >
F>(A») = --- . Notice that, for » = 1, the convergence (4.4) follows automatically from (1.4),
the definition of the time scale T . Therefore, our task reduces to verifying that the limits in
(4.2) and (4.3) coincide, and that (4.4) for r > 2 follows from (1.1), (1.2), and (1.6).

The equality

Fr(dxy, ..., dx,) = x7 - x2W,(dxq, ..., dx,), (X1, X)) € Arg, €0

follows immediately from the representation

Eo(dy)
F(S) = f Z i Ly, es) 0.9 +aly=1,0,..0es}
i1 £ Fly ’

which according to Proposition 11 in [17] is valid for any subset S C A,. The same represen-
tation implies that, for any ¢ > O and r > 2,

F (A Nfx, <g)) <&’ / Z lzlzy(dj:)) 2,

which together with (4.3) entails

11r(1)1 limsup [N ™" Ty E((vy — )%+~ (v, = D2 1y, v,=Ne) — Fr(A)] = 0.

+ No>oo

To deduce (4.4) from the last convergence, it suffices to prove that
N7 Ty E(wr = D? - (0 = D>(1 = Ly y>nep) = O

as first N — oo and then ¢ — 0. Therefore, due to the upper bound 1 — 1j, > ne.... v, >Ne) <
Y i1 L <ne)s it is enough to show that

lim hm NT"TyE((v1 — D*- - (v, = D? 1y, <ne)) = 0. 4.5)

e—>0 N
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Observe that Y"1, v? 1, <ne) < Ne 3N, v; < N2e (where the second inequality follows
from (1.1)) implies that

(N — DE((v; — D?(12 — D? 1{,<ne})
< (N — DE((v; — D*v} Lpy<ne) + (N — Do}

N
= > E((vi — D27 1y <ne)) + (N — Dy

i=2
< N38cN + N2€N
(where the equality follows from (1.2)). Dividing the leftmost and the rightmost sides of this
inequality by N3¢y, we obtain an upper bound confirming that (4.5) is valid for » = 2. Finally,
the validity of (4.5) for r > 3 follows by induction over r due to the inequality
(N =7+ DE(1 — D? - (v = D* Ly, <nep)
N
<Y B = D o = D2 Lpyene)) + NE(1 = D? - (021 = D)
i=r
< (Ve + N)E(1 = D+ (0m1 = D).

4.1. Proof of Theorem 2.1

We first prove this theorem under the exchangeable reproduction assumptions (1.1), (1.2),

and (1.6).
To prove the ‘if’ part of Theorem 2.1 under these assumptions, fix an arbitrary ¢ with
0 <e < 1,andlet (x1,...,x,) € A, . Due to the obvious equality
Z l{uil>Nx1,...,v;r>er} = Z 1{V(,-1)>Nx1 ,,,,, V(i) >Nxp}s

i1 iy i1 iy

we have
NOPw; > Nxi,...,v > Nxy) = Z Py > Nxi, ..., v,y > Nxp).
1§i1¢"'#ir§i£

In the last sum there is no need to consider v(;) for i above ie := ¢! ], since ivi) < vy +
<-4 vy < Nandv;) < Nefori > ¢~L. Thus, (2.9) implies (4.2) via (2.10) and according
to Lemma 4.1 we have established the asserted convergence to the E-coalescent.

We now prove the ‘only if” part of Theorem 2.1 under the exchangeable reproduction
assumptions. If the convergence to the E-coalescent takes place, it follows from Lemma 4.1
that N"Ty P(vy > Nxi,...,v. > Nx;) converges weakly for (x1,...,x;) € A, given an
arbitrary ¢ with 0 < ¢ < 1. We will use this convergence to show that the weak convergence

,,,,,

holds over x; > --- > x, > g forallr > 1.
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For the purpose of illustration we start with the simplest case of (4.6) withr = 1 andi; = 1.
The representation {v(1y > x} = {v; > x}U---U{vy > x} and the inclusion—exclusion
method imply that

N
P(viy > Nx1) = NP(vi > Nxp) — <2> P(vi > Nxi,v2 > Nxp)
N
+ 3 P(vi > Nxi1,vy > Nxi,v3 > Nx1) —---

. (N
+(—1)’8<i )P(m > Nxi,...,v, > Nxp). 4.7
&

It follows that (4.2) does entail (4.6) and that even in this simple case the emerging relation be-
tween ® and {V, },> is rather complex. Turning to the general case, we see how overwhelming
the full set of formulae expressing ® in terms of {¥, },>; becomes.

Giving up the task of finding the exact relationship, we just verify that (4.6) holds for some
finite measure @ on A N {x; > ¢}. The idea is to apply the inclusion—exclusion method to the
representation

{vay > Nxi,...,vp) > Nx,} = U {viy > Nx1,...,vi, > Nx;},

r

i1# iy
wherer > 1,x; > --- > x, > ¢. In view of Lemma 4.1, it is enough to show that the resulting
formula for Ty P(v¢,) > Nxi,...,vq,) > Nx;) is a sum of the products
c(my, ...,m)N™+ o Py > Nxp, ..., U, > Nxi,

Vmg+1 > NX2, ooy Vinymy, > Nxo, oo,

Vmi+-+my_1+1 > er, coos Ynp4edm, > N.Xr), (48)
where my,...,m, > 1, m; + --- +m, < i, and the c(my, ..., m,) are some negative or
positive finite coefficients asymptotically independent of N.

Consider an intersection of m distinct sets {v;;;, > Nxi,...,v;,, > Nx/},..., {vy, >
Nxi,...,v, > Nx;}and let

M, be the set of distinct iy, 1 < v < m,
M, _ be the set of distinct i1, such thati,_j, ¢ M,,1 <v <m,

M be the set of distinct i1 ,, such thatij, ¢ Mo U---UM,, 1 <v <m.

We will classify such intersections using labels (my, ..., m,), where m; is the number of
elements in M;. Observe that an (m, ..., m,)-intersection contributes at the mth round of the
inclusion—exclusion procedure of the formula for P(v;,) > Nxi,...,vi,) > Nx;) with the
probability term in (4.8). Since the total number of (m1, ..., m,)-intersections is of the form

N
cr(my, ..., my) ;
mi,...,my,N—mi —---—m,

it follows that the combined contribution of the (m1, ..., m,)-intersections is of the form (4.8).
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Now, when (4.6) is established for some measure @, let us check the inequality

/(x,x)@(dx) <1, 4.9)
A

assuming that (x, x)® (dx) has no atom at zero. Since " v? 11y, = n¢) = 258:1 v(zi) Ly =Ne)»

i=1"%
we have
1 5
NTN/ 2wy y(dxy) =TN/ (Zx? 1{xi28})ch(dx).
¢ ANi=1

Applying Lemma 4.1 and (4.6), we obtain at

ie
f(zxf l{xi>g}>d>(dx) <1
ANio

and letting ¢ — 0 we arrive at (4.9).
It follows from (4.9) that we can define a probability measure on A by

E/(dx) := (x, x)®(dx) + a’8o(dx),

where ' == 1 — [ A, x)@(dx). It remains to apply (4.6) together with the ‘if” part of
the theorem established above and conclude that £ must coincide with the coalescent rate
measure E.

We now prove Theorem 2.1 under the general reproduction assumptions (1.1) and (1.6).

This case follows from the exchangeable reproduction case above, due to the invariance of the
condition (2.9) with respect to permutation of the offspring sizes (vy, ..., vy). Namely, if the
jointdistribution of (v, ..., vy) is not exchangeable, we can switch to an exchangeable version
(vi, A v;\,) keeping unchanged the distribution of the ordered offspring sizes (v(1y, ..., V).
The symmetrized vector (v{ e v;\,) can be viewed as a random permutation of (v1, ..., vy),
which is equal to (vi1, ..., Vyn) with probability 1/N!, where (1, ..., 7 N) is an arbitrary
permutation of (1, ..., N).

4.2. Proof of Proposition 1.1

We have to verify that, under the conditions of Proposition 1.1, the asymptotic relations (2.13)
and (1.7) are equivalent. Let ¢ be an arbitrary positive number. Using (4.7) we can replace
(2.13) with (1.8). Since E((v; — 1)*) = E([v; — 113) — P(v; = 0), where [c]4 := ¢ V 0, it
follows from the inequality P(v; = 0) < 01%, that (1.7) is equivalent to

E([vi — 13) = o(No}) as N — oc. (4.10)
Thus, it remains to show that (4.10) is equivalent to (1.8).
The relation (1.8) immediately follows from (4.10) due to the Markov inequality. On the
other hand, (1.8) implies (4.10) because

E([vi — 113) < E((vi — D?v1 Ly, <nep) + EOF 1= nep)
< Neo} + N3P(v; > Ne).
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5. Convergence conditions involving the raw moments

Convergence conditions in Proposition 2.1 are stated in terms of the central moments of
the reproduction law. Here we restate these conditions putting emphasis on the raw moments
(moments around zero). We start with two corollaries of Proposition 2.1 where all the moment
conditions (except the condition on the variance 01%,) are given in terms of the raw moments.
The third corollary deals with very slow reproduction models similar to the Moran model with
P(vay =2,v0) =viwv—1y =1,vwn) =0) =1and 0'1%, =2/N.

Corollary 5.1. Under the assumptions (1.1), (1.2), and (1.6), letting N 01%, — 00 the time-
scaled genealogical process {R(|Tnt])}i>0 converges weakly to some limit process {R(t)}:>0
if and only if there exist

Aty = lim N"PTy B - 0F) 5.1)

N—o0
forallky > 3 whenr = landall ky, ...,k > 2 whenr > 2, where b = ki + --- + k.
The (b; ki, ..., kr; s)-collision rates of the coalescent {R(t)};>0 for s = 0 are Ap:k,,.. k.0 =

Ak,,...k, and for s > 1 can be computed from the recursion (2.5).

Corollary 5.2. Under the assumptions (1.1), (1.2), and (1.6), letting No]%, — 00 the time-
scaled genealogical process {R(|Tnt])}i>0 converges weakly to the asynchronous coalescent
{RF()}i>0 ifand only if E(v3v3) = o(No?) and there exist Ay = limy_, oo N' =K Ty B(V}) for
all k > 3. The measure F and the collision rates of {Rf (t)};>0 are determined from {Ay}r>3
in the same way as described in Corollary 2.1.

The replacement of the central moments in (2.4) by the raw moments is justified by two
mutual expansions

. . k1 ky k] k
Loopkey = N — D (v — 1)
E(v, V") E E <i1> (i )E((Vl D (vr = 1),

r

i1=0  i,=0

kl kr kl k . .
E((v; — DM oo (v, — DF) = Z - Z(_l)b—bi <i1> (l_’> E(j - vir),

i1=0  i,=0 r

where b = k; +--- + k. and b; = i1 + - - - 4+ i,. According to (2.4) and (5.1), all the terms
exceptiy =--- =i =0andi; = ki, ..., i, =k, are negligible in the limit. Thus, given that
Nol%, — 00, we have

NPTy B - o) ~ NPTy By — DR - (0, = DF) as N — o0

since the absolute value of the terms iy = --- = i, = 0 in both mutual expansions is 1 =
o(No2) = o(NP="Ty") forall ky > 3 whenr = l and all ky, ..., k, > 2 whenr > 2.

Corollary 5.3. Let (1.1), (1.2), and (1.6) hold, and let
ko = min{integer k>1: lim NkO’I%/ = oo}
N—o00

The time-scaled genealogical process {R(| Tnt])}i>0 converges weakly if and only if there exist
limits
(a) for the central moments (2.4) with ki, ..., k. >2,r > 1, and Z?:l(ki — 1) <k,, and
(b) for the raw moments (5.1) withky, ..., k- =2, r > 1, and Z?Zl(ki —1)>ks + 1.
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Due to (1.4) we have an upper bound Ty = o(N ks +1y on the time scale, and a lower bound
Nk = O(Ty). The parameter k, can be estimated in terms of the probability py := P(Dy)
of the event Dy := {(v1,...,vn) # (1,..., 1)} that in a given generation at least one parent
has no children (for example, in the Moran model case py = 1). Using the inequalities

N
o} = Z(i —D?*P(vy =i) > P(v; £ 1)

i=0

and
py =P{vi Z1}U---U{vy #1}) < NP # 1)

we obtain N 01%, > ppy (recall that in the Moran model case N a]%, = 2pn). In particular, if it is
known that N¥ py — oo, we have k, < u + 1.
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