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Under very general assumptions, we prove that the ratio between the average sojourn
time in a queue under the processor sharing (PS) and the same queue under the fair
sojourn protocol (FSP) can be bounded above, and we derive such a bound in terms
of the long-run average system size of the PS queue seen by arrivals.

1. INTRODUCTION

The fair sojourn protocol (FSP) is a scheduling policy proposed by Friedman and
Henderson [1] for the purpose of balancing fairness and efficiency in a queuing system.
More specifically, whenever an arrival or departure event happens, the server will
evaluate the jobs that still need to be served and then serve the one that will depart first if
aprocessor-sharing (PS) rule, which allocates the service capacity evenly to each job in
the system, had been followed. Therefore, while maintaining the departure sequences
of the PS queue, the FSP allows the server to be fully devoted to a job and thus reduce
the overall sojourn time. In their work, Friedman and Henderson also showed that a
queue under the FSP can outperform a queue with the same arrival sequence under
PS in the following sense: The jobs in the FSP queue have shorter sojourn times than
in the PS queue. It will then be of considerable theoretic and practical interests to
quantitatively characterize this advantage. In Wierman and Harcol-Balter [2], it is
shown that under the assumption of Poisson arrivals, the ratio between the long-run
average sojourn time of PS queue and FSP queue cannot be more than 1 + p, where
p is the traffic intensity.

In this article, we intend to establish a similar bound for a very general class of
queuing systems. To be more specific, we show that if the first two moments of the
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sojourn time and the system sizes seen by arrival can have ergodic limit for queues
under both FSP and PS policies, then the ratio between the average sojourn time of
the PS queue and the FSP queue can be bounded by (g™ Vv 1) + 1, where ¢S denotes
the average system size under the PS seen by arrivals. Evidently, there is still plenty of
room for improvement between this general result and the special case of the Poisson
arrivals, where the bound is less than 2 for a stable queue; much more detailed analysis
for subclasses of queuing system should be conducted in the future.

2. THE RESULT AND THE PROOF

Consider the following queuing system: The arrivals follow a general point process,
with interarrival time A,, between the nth and (n + 1)st arrival, and the workload of
the nth arrival is S,,. We assume the following.

ASSUMPTION A: For the queue under each policy,

converge almost surely to real numbers, where DS and DYSY denote the sojourn time
for the nth arrival under the PS and FSP, respectively, and QP and Q'SP denote the
number of jobs in the system that the jth arrival sees.

The long-run average sojourn time under the FSP and PS respectively will be
denoted by E[D"S] and E[DSP]. It is apparent that many practical systems such as a
GI/GI/1 queue with traffic intensity less than one easily satisfy this condition.

Now define the following:

. D}:?: sojourn time for the k-arrival under the PS assuming that there are only
the first j arrivals;

. ngp: sojourn time for the k-arrival under the FSP assuming that there are
only the first j arrivals.

The following lemma ensure that the long-run average of these two quantities are the
same as the long-run average of the sojourn time.

LEMMA 1: Under Assumption A, we have, almost surely,

N
: 1 PS PS
Jim = Z]:Dn,N = E[D™], (1)
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1 N
. FSP FSP
Jim §_1 DIS? = E[D™F]. 2)

PROOF: Let us first consider the case of the PS queue. We know that DPS < DS for
any N > n; furthermore, if job  finishes before the (N + 1)starrival, then DPs = DFS.
Therefore,

YIDE -DSI= > IDPF-DEl< > S 3)
k=1 k=n—Q} k=n—0%5
Meanwhile,

1 N n
Nl X S=y ZSQ"S_ Z[SQHQ"SH
N / 2N

where the first 1nequa11ty is the result of exchange of the summation. From Assumption
A, we know that 1/N Z 1[(QPS) ] converges as N — oo. Therefore,

N
o1 PS PS
Nh—I;%o N XI:[D” - Dn,N] = 0’
n=
from basic properties of infinite series

For the case of the FSP, we have a similar bound to (3)

n n n
YIS -DS 1= Y IDPFF-DS1< Y S @)
k=1 k=n—QFs?

k=n—QFsP

By the same arguments, Eq. (4) will lead to the conclusion |
Suppose that we have the same Qy number of initial jobs in both systems. Define

forn=1,2,...

Qo+n

Qo+n—1
PS __ PS PS
An - z :Dk,n_ 2 Dk,n—l’
k=1 k=1
Qo+n Qo+n—1
FSP FSP FSP
A z :Dkn - Z Dk,n—l'
k=1

We have the following relationship between these two increments

LEMMA 2: Under Assumption A, the following inequality holds almost surely for every
sample path, forn = 1,2,. ..

PS
A S@PVD L

C))
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PRrROOF: In the proof of the this lemma, we will use a sample path argument, so all of
the statements are true almost surely on every sample path. For the nth arrival, let us
first assume that both queues are not empty and denote the remaining workload for
jobs in the PS queue respectively as follows,

RI,INQ,. . .,RQES,

with the assumption of R < Ri,. Then for those jobs that are also present in the
FSP queue, denote their remaining workload as Rj for the same index. Furthermore,
assume that the nth arrival has workload §,,, which satisfies S, € [R,-, 1~€,-+1] for some
ie{0,1,..., QSS} where INQO and Rg are defined to be zero.

It is apparent that the sojourn time of any job that has been finished before the
arrival of the nth job will not be affected. For those remaining job with index k < i
in the PS queue, assuming that there are only the first n — 1 arrivals, the remaining
sojourn time will be ZJI.:OI (OFS —j) (ij - Rj). Considering the new arrival, the
sojourn time becomes Z]lf;ol (QSS —Jj+ 1)(Rj+1 — Rj). Taking their differences, we
get, for k < i,

Dgﬁk),n - D E?k),n—l = iek, 6)
where o (k) denotes the arrival order of the job whose remaining service job is Ry. For
the nth arrival,

i-1
Dy =D (O —j+ DRt — R) +(Q}° =i+ DSy — Ry). )
Jj=0

Similarly, for k > i, the sojourn time assuming only the first n» — 1 arrivals,
ZJI-:()] (QES — J)(Rj+1 — R;j); the sojourn time after considering the nth arrival is

i—1
D O —j+ DRisr — R) +(OF° — i+ 1)(S, — Ry)
j=0

k-1
+ (O — )(Ri1 — Su) + Z Q) = DRir1 — Ry).

j=it1
Again, their differences will be
Dg?k),n - Dgik),nq = Sp. 8
Combining expressions (6)—(8), we obtain
A =2 (Z Ry +(Q)° — i>sn> +5, < 20,° + 1S, ©)
k=1
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Now, let us consider the FSP system; note that the scheduling is conducted accord-

ing to status of the PS queue. Therefore, if forall i = 1,2,...,is Q'S R; < S,,, then
the nth job w1ll be scheduled after all the existing jobs; hence, AFSP ZQFSP A
However, Zi: | R;is just the total work load before the nth arrival, which is the same
as ZIQ:PT R;; thus in this case,

APS 2ZQPSR +5,
AFSP - ZQFSP A

<2 (10)

If, otherwise, there is at least one Ri > S;, then there is at least one job in the FSP
queue that will be processed after job r; its sojourn time will increase at least by S,.
Therefore, the difference will include this difference and sojourn time of the nth job,
which is lower bounded by S,,:

AFSP > 05, a1
The case when either QFS or QPSP is zero, from the fact that the workloads of the
two queues are always the same, we can conclude that both queues are empty; hence,

AFSP = APS 'In conjunction with Inequalities (9)—(11), we can obtain inequality (5).
[ |

To obtain our main result, we need the following technical lemma,

LeEMMA 3: Let {a;} and {b;} be two nonnegative series, satisfying (1/N) va:l a, —a
and (1/N) YN b — basN — oofora > Oandb > 0,then (1/N) YN, aib; — ab
as N — oo.

PrOOF: The Abel summation formula gives
N N-1
> aibi =) Aibi — biy1) + Axby,
i=1 =1

where A; = Y

=1 Gi- So, we can write

N 1 N—1 1 N-1 1
~ 2 —adbi = i) +as Y ihi = bip) + S Avby

i i=1 i=1

2|
]
s
s
I

N
1 . 1 1
=% Z(A,- —ai)(b; — bis1) + Ay = aN)by + a; Z b;.
The second equality is, again, because of the Abel summation, which implies
SV Vih — biny) = Y| b — Nby. The fact that lim; . o, A;/i = a implies that
m Yo Abi = bin)
N=oo SV Li(hy — biyr)

Therefore, the result follows. |

https://doi.org/10.1017/50269964810000124 Published online by Cambridge University Press


https://doi.org/10.1017/S0269964810000124

490 Yingdong Lu

THEOREM 4: For queue systems satisfing Assumption A,

E[D™]

PS
Erprey = @ VDL (12)

ProOOF: From Lemma 1, we know that it is enough to show that

ZJ +Qo

PS
J—>oo ZﬂrQo FSP =g vDh+1L

Meanwhile,
Z]+Q0 Qo + Z AES
Z/+Qo DFSP - Qo FSP + Z AESP

D;’% + 2 (QOF%) v L+ DAPF
0
kil Dll:,%P + Zk:l AESP

s V]9

where the inequality is due to Inequality (5). With the condition that

due to Assumption A, Lemma 3 implies that, almost surely,

P FSP
kaAS

j—00 j AFSP

. . Ps 0 APS 00 AFSP
exists and it is equal to ¢*>. Furthermore, because both ij 1 A;” and ijl A;

diverge, the finite terms Y2, DF$ and 32| DES? will not affect the limit. The result
follows. u
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