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The lifetime of a player is defined to be the time where he gets his b-th hit, where a hit will

occur with probability p. We consider the maximum statistics of N independent players.

For b 6= 1 this is significantly more difficult than the known instance b = 1. The expected

value of the maximum lifetime of N players is given by logQ N + (b − 1) logQ logQ N+

smaller order terms, where Q = 1/(1− p).

1. Introduction

Consider a geometrically distributed random variable X, i.e. P{X = k} = pqk−1 (q = 1−p).
If we have N independent copies X1, . . . , XN , the maximum of them is well understood (cf.

[13] and [9]).

Now if X is the sum of two independent geometric random variables (with the same

parameter), the corresponding maximum of N such variables is surprisingly more compli-

cated. In the present note we will work out this case and indicate how the more general

case of sums of b copies can be handled. Also, we give analytic indications why the

asymptotic evalution of the expected value is more complex.

In the sequel, we will use the suggestive notation of a ‘player’ who ‘dies’ at the

second ‘hit’. We note here that our model is quite different from the well-known ‘Coupon

Collector’s Problem’ (cf. e.g. [2, 12]), where the periodic term ((2.5) in Theorem 1 below)

in the asymptotic expansion does not occur. In this context, we will concentrate on the

expected value of the maximum lifetime of N independent players. To be precise, if a

player gets his second hit at time k, we say that his lifetime is k. Such a waiting time

distribution is generally known to be a negative binomial distribution (cf. [6, 11]). Now
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we compute the probability that a particular player has lifetime > k. This is the same as

to say that he is still alive at time k, which means that he obtained either zero or one hit.

Hence

P{X > k} = qk + kpqk−1.

Thus we have for the expectation of the maximum lifetime of N players

EN = Emax(X1, . . . , XN) =
∑
k≥0

(
1−

(
1− (pk + q)qk−1

)N)
. (1.1)

The usual procedure for the analysis of such sums would proceed as follows: Using the

binomial theorem we would obtain

EN =

N∑
m=1

(−1)m−1

(
N

m

)∑
k≥0

(
(pk + q)qk−1

)m
. (1.2)

Then we would have to write this sum as a contour integral (cf. [7]). But following Rice’s

method would require deformation of the contour of integration, and therefore analytic

continuation of the function

f(s) =
∑
k≥0

(
(pk + q)qk−1

)s
(1.3)

beyond the line <s = 0. We tried hard to get such continuation but did not succeed. We

will explain, after the analysis of EN , why this is so difficult.

2. Asymptotic evaluation of the sum

As indicated in the introduction, the asymptotic expansion of EN cannot be obtained by

standard methods. Further analysis can be done by using some approximation techniques.

Our first (‘exponential’) approximation will give us a more suitable form of EN . This

exponential approximation is an important tool in the study of order statistics (cf. [6]). In

the following we will use the notations lq x to indicate log 1
q
x and Q = 1

q
.

Let us define

ẼN =
∑
k≥0

(
1− exp

(
−N(pk + q)qk−1

))
. (2.1)

Then we have

EN − ẼN =

 ∑
k≤lqN

+
∑

lqN<k≤lqN+2 lq lqN

+
∑

k>lqN+2 lq lqN


(

exp
(
−(pk + q)qk−1N

)
−
(
1− (pk + q)qk−1

)N)
. (2.2)

We have split the sum into three parts and will give estimates for each part.

1. k ≤ lqN: in this range we have (pk + q)qk−1 ≥ p lqN
qN

+ 1
N

. Thus we obtain

exp
(
−(pk + q)qk−1N

)
≤ N−

p
q logQ and

(
1− (pk + q)qk−1

)N ≤ N− p
q logQ

and consequently we have N−
p

q logQ lqN as an upper bound for this first sum.
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2. lqN < k ≤ lqN+ 2 lq lqN: using the Taylor expansions of exp(−Nu) and (1− u)N we

obtain

exp(−Nu)− (1− u)N =
Nu2

2
exp(−Nu)

+O(Nu3 exp(−Nu)) + O(N2u4 exp(−Nu)) = O

(
log2 N

N

)
for u = (pk+q)qk−1. This yields an estimate O

(
log2 N log logN

N

)
for the sum in this range.

3. k > lqN + 2 lq lqN: again, we use Taylor expansion to obtain

exp(−Nu)− (1− u)N = O
(
N(pk + q)2q2k−2

)
for u = (pk + q)qk−1. This yields an upper bound

O

N ∑
k>lqN+2 lq lqN

(pk + q)2q2k−2

 = O

(
log2 N

N

)
for the sum in this range.

Combining the three estimates yields

EN − ẼN = O

(
log2 N log logN

N

)
.

The standard technique for deriving asymptotic estimates for ẼN uses the Mellin

transform, and therefore again the analytic continuation of f(s). Thus we use a second

approximation to EN which finally yields the desired asymptotic expansion.

For this purpose we define

E∗N =
∑
k≥0

(
1− exp

(
− (p lqN + q)Nqk−1

))
. (2.3)

Now we have to give estimates for ẼN −E∗N . We compute

ẼN −E∗N =
∑
k≤lqN

exp
(
−(pk + q)qk−1N

) (
exp

(
−p(lqN − k)qk−1N

)
− 1
)

+
∑
k>lqN

exp
(
−(p lqN + q)qk−1N

) (
1− exp

(
−p(k − lqN)qk−1N

) )
. (2.4)

As above we get the estimate O(N−
p

q logQ logN) for the first sum. For the second sum we

use the estimate

1− exp
(
−p(k − lqN)qk−1N

)
= O

(
p(k − lqN)qk−1N

)
.

We split the range of summation into two parts:

1. lqN < k ≤ lqN + lq lqN + lq p + 1: let k = lqN + x and estimate the summand by

O(xqx exp(−( p
q

lqN + 1)qx)). This function is monotonically increasing in the interval

0 ≤ x ≤ lq lqN + lq p + 1, thus the summand can be estimated by O( lq lqN
lqN

) which

yields a O( (lq lqN)2

lqN
) contribution to the second sum.
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2. k > lqN+lq lqN+lq p+1: in this range we have N lqN ≤ q−k , and thus the remaining

sum can be estimated using the summation formula for the geometric series

O

 ∑
k>lqN+lq lqN

p(k − lqN)qk−1N

 = O

(
log logN

logN

)
.

Therefore, we arrive at the final estimate

EN −E∗N = O

(
(log logN)2

logN

)
.

Notice now that E∗N is the sum

S(T ) =
∑
k≥0

(
1− exp

(
−Tqk

) )
evaluated at T = p

q
N lqN+N. This sum occurred in many asymptotic investigations (e.g.

[10]). By Mellin’s inversion formula [1, 3–5] we have

S(T ) =
1

2πi

− 1
2 +i∞∫

− 1
2−i∞

Γ(s)
T−sds

Qs − 1
.

Hence we get the asymptotic expansion of S(T ) by shifting the line of integration to the

right and taking residues into account

S(T ) = lqT +
1

2
+

γ

logQ
+ F(lqT ) + O

(
1

T

)
,

where F is an infinitely differentiable periodic function. Thus we have proved

Theorem 1.

E∗N = lqN+lq lqN+lq p+
3

2
+

γ

logQ
+F (lqN + lq lqN + lq p)+O

(
(log logN)2

logN

)
(2.5)

where F is a periodic C∞-function of period 1 and mean value 0 whose Fourier-coefficients

are given by

F̂(k) = − 1

logQ
Γ

(
− 2kπi

logQ

)
for k ∈ Z \ {0}.

3. Concluding remarks

If we translate the asymptotics of E∗N back to analytic properties of the Mellin-transform

of S(T lqT ), we encounter logarithmic singularities (corresponding to the log log-terms)

at s = 2kπi
logQ

for all k ∈ Z. These singularities would give us an infinity of branch-cuts

which are the reason for the difficulties mentioned in the introduction. Notice that this is

not a proof for the existence of an analytic continuation of the function f(s) in (1.3).

The method used above to find an asymptotic expansion for the sum∑
k≥0

(
1−

(
1− (pk + q)qk−1

)N)
(3.1)
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can be immediately extended to find the expansion for

Sg(N) =
∑
k≥0

(
1−

(
1− g(k)qk

)N)
where g(k) ∼ βkα and g(k) > 0 for k ≥ 0. The resulting asymptotic expansion is given by

Sg(N) = lqN + α lq lqN + lq β +
1

2
+

γ

logQ
+ F(lqN + α lq lqN + lq β) + o(1) (3.2)

where F is the periodic function of Theorem 1.

This general result can be used to compute the expected maximal lifetime of N players

who die after b hits. It is quite plain to see that

P{X > k} = qk + kpqk−1 + · · ·+
(

k

b− 1

)
pb−1qk−b+1.

Hence the g(k) from before is

g(k) = 1 + k
p

q
+ · · ·+

(
k

b− 1

)(
p

q

)k−1

∼ kb−1

(b− 1)!

(
p

q

)k−1

Therefore, this expectation is given by

E(b)
N = lqN + (b− 1) lq lqN + (b− 1) lq p+ (b− 1)− lq(b− 1)! +

1

2
+

γ

lqQ

+F
(
lqN + (b− 1) lq lqN + (b− 1) lq p− lq(b− 1)!

)
+ o(1). (3.3)

This result tells us that, if we allow an additional hit, the maximum of N players will

roughly increase by lq lqN.
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[2] Flajolet, P., Gardy, D. and Thimonier, L. (1992) Birthday paradox, coupon collectors, caching

algorithms and self-organizing search. Discr. Appl. Math. 39 207–229.

[3] Flajolet, P., Gourdon, X. and Dumas, P. (1995) Mellin transforms and asymtotics: Harmonic

sums. Theor. Comput. Sci. 144 3–58.
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