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Abstract. A novel meshless scheme is proposed for inverse source identification prob-
lems of Helmholtz-type equations. It is formulated by the non-singular general solu-
tions of the Helmholtz-type equations augmented with radial basis functions. Under
this meshless scheme, we can determine smooth source terms from partially accessible
boundary measurements with accurate results. Numerical examples are presented to
verify validity and accuracy of the present scheme. It is demonstrated that the present
scheme is simple, accurate, stable and computationally efficient for inverse smooth
source identification problems.
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1 Introduction

Inverse source problems are very important in many branches of science and engineering.
They have attracted great attentions from many researchers because of their applications
to many practical examples. Many theoretical and numerical studies have been executed
over recent years. For an overview of this branch, we refer readers to references [8,14,21,
23,25] and references therein.

Most of the previous numerical works are focused on the boundary elemen-
t method [10]. Ohnaka and Uosaki [27] developed a boundary element approach for
identifying the external force applied to a number of points on the domain of a distribut-
ed parameter system. By using DRM, Kagawa et al. [19] considered the identification
of unknown electric charge distribution. Trlep et al. [31] presented the use of the dual
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reciprocity boundary element method (DRM) for the solution of the inverse problem de-
scribed with Poisson’s equation. The boundary element method is also used to compute
the unknown surface velocity distribution on a complex acoustic source from measured
acoustic field data [30]. The use of the inverse boundary element method (BEM) to iden-
tify aeroacoustic noise sources is explored in [24].

One of the boundary-type meshless method, the method of fundamental solutions [9,
15, 22], is shown to be superior to the boundary element method. It is becoming very
popular for solving both direct and inverse problems [1, 6,29]. By using the method
of fundamental solutions, Jin and Marin considered the inverse source potential problem
V2u(x)=f(x) associated with the steady-state heat conduction with the extra assumption
that Af=0[18]. Their main idea is to, by the fact that f is harmonic, transform the original
problem into a fourth-order partial differential equation. The resulting partial differential
equation can be solved using numerical methods. Recently, Wang and his coworkers [35]
considered a generalized case in a sense that the unknown source f need not be harmonic.

Note that most previous literatures are focused on the indirect approaches, i.e., the
dual reciprocity method is used during the solution process. In this paper, a direct mesh-
less collocation formulation is proposed for inverse smooth source problems associated
with Helmholtz-type equations. The fictitious boundary used in [35] is eliminated in the
current proposed method. Our problem is, first to give the meshless collocation formu-
lation, then to study the effect of related parameters and stability issue from partially
accessary boundary data.

The outline of this paper is as follows. In Section 2, we briefly state the inverse source
problems. Section 3 established the meshless collocation formulation in terms of non-
singular general solutions of the Helmholtz-type equations augmented with radial basis
functions. To deal with the ill-conditioned interpolation matrix system, we employ the
Tikhonov regularization (TR) method under parameter choice of generalized cross val-
idation. Numerical examples are discussed for both circular and irregular domains in
Section 4. Section 5 concludes this paper with some additional remarks.

2 Problem description

Most acoustic sources encountered in real applications always have definite characters
whcih can be modeled to the following Helmholtz governing equation

V2u(x) +u(x)=f(x), xeQ, (2.1)

under boundary conditions u(x)=1(x) on Dirichlet boundary I'p and g(x)=4(x) on Neu-
mann boundary I'y, where ii(x) and §(x) are pre-defined functions. u = u(x) is the un-
known field function, Q) is the physical domain with physical boundary 0Q) (=I'pUT'y),
k and n are wavenumber and unit normal vector, respectively. In cases that the boundary
is only partially accessible, the known functions 7(x) and §(x) are given boundary condi-
tions on I' C dQ) simultaneously to ensure that the boundary value problems are solvable.
We aim to determine the unknown source function f = f(x) under the circumstances.
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For homogeneous problems, i.e., f(x) =0 in Eq. (2.1), the theory of many meshless
methods lies in that the approximate solution uy(x) can be expressed in terms of radial
basis functions Q(-)

N

un(x)=)_¢Q(xy,)), (22)

=1

where y; are source points on the physical domain/boundary, ¢; are coefficient to be
determined, N the total number of source points.

For nonhomogeneous problems, i.e., f(x) #0 in Eq. (2.1), some indirect techniques
like the dual reciprocity method and the multiple reciprocity method are introduced to
deal with the nonhomogeneous terms for direct problems [3,28,32,38]. Our purpose is to
recover the unknown source terms f(x) by using the boundary data under a direct way.
The main procedure of the proposed method is described in the following section.

3 Direct methodology for inverse problems

3.1 Meshless collocation formulation

Motivated by the theory of Eq. (2.2), we propose to couple the non-singular general so-
lutions of the Helmholtz-type equations augmented with radial basis functions to solve
Eq. (2.1) with an unknown general source function f. More specifically, the approximate
solution uy(x) of Eq. (2.1) can be expressed as

N Np
M(X) = Zalq)l(xrxl) + Z :BmG(X/Xm)I 3.1)
=1 m=1

where N = Np+Nj, Np and Nj are the numbers of total boundary and internal points,
respectively. The internal points are considered for the reason that the solution accuracy
for nonhomogeneous problems also relates to the number of the internal points. G(x,y)=
Jo(kr) is the non-singular general solutions for the Helmholtz equation with | denoting
the Bessel function of the first kind and r = ||x—y|| the Euclidean distance [4,5,40]. The
basis { ¢, } ¥, is a set of user-chosen approximate-basis-functions. In this paper, we choose

the excellent MQ ¢, =/ rlz +c2? as the radial basis function [20].

In order to determine the unknowns «; and f,,, collocating the numerical expansion
(3.1) at Nj internal points and enforcing boundary conditions at Np collocation points
yields the following equations

N Np
L_l(Xl‘):Za[@l(Xi,Xl)—i— Zﬁmc(xizxm)/ Z.:1/"'/]\][/ (32&)
I=1 m=1
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N Ng

(x]):Zal(pl(xj,xl)+ Z,BMG(X],XM), jZl,'-',NB, (3.2b)
N aq)l Xk,Xl Xk/xm)
sz Z ,Bm , k=1,---,Np. (3.2¢)

I=

Egs. (3.2a)-(3.2c) can be written in the matrix form as
AA=D, (3.3)

where A and b are (N+Np) x (N+Np) known matrix and (N+ Np) vectors, respectively.
After the coefficient is solved, we can approximate the unknown source function f
with a finite series of basis functions

N
letxﬂl’z(')/ (34)
=1

where 1) must satisfy Ag; =1;.

Note that if only part of the boundary d() is accessible, the system of linear algebraic
equations (3.3) is ill-conditioned. Direct approaches, such as Gaussian elimination or
the least-squares method, would produce unstable solutions due to the ill-conditioned
coefficient matrix A. As the number of boundary points increases, the condition number
of A increases dramatically. This problem can be cured by regularization techniques [16,
34,37]. In this paper, we use the Tikhonov regularization (TR) method, which is one of the
most popular regularization methods, to solve the matrix system (3.3). The regularization
procedure will be briefly described below.

3.2 Tikhonov regularization method

Using the singular value decomposition, we can decompose the matrix A in Eq. (3.3)
as [2]
A=UDVT, (3.5)

where U = [u1,Up, - ,un+N,] and V = [v1,v2,--+,UN4N,| are matrices with orthonormal
columns, u; and v; are the left and right singular vectors of A, respectively. uru=vrtv=r
is the identity matrix, D is a diagonal matrix with diagonal entries 07 >0 > --- > 0x >0,
where 0; (1 <i<K) are the singular values of A.

We can seek for a stabilized solution for Eq. (3.3) by Eq. (3.5) in the following form

A=) v, (3.6)

The basic theory of the TR is to replace Eq. (3.3) with the minimization problem
min || AA—b]|* 42| A[|>. (37)
a€R"”
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Here, u >0 is a regularization parameter and ||| is the Euclidean norm. Its solution can
be expressed as
K T
ou; b
Ay=Amin=)_ — >0 (3.8)
U min 2 17
Hortp?

where the summation index upper-bound K is the rank of A. Readers are referred to [13,
16] for further details.

In order to obtain a good regularization parameter, we adopt the generalized cross
validation (GCV) method which is a statistical method [16]. It estimates the optimal
value of the regularization parameter by minimizing the functional

K||AA,—b|?

Vu= [trace(I—A,)]?’ (3.9)

where A, is the influence matrix satisfying AA, = A,b. After solving the TR equation
(3.7) to determine the unknown coefficients A, the unknown source distribution f can
readily be calculated by Eq. (3.4).

4 Numerical experiments

Throughout the section, numerical results will be illustrated using the relative root mean-
square error (RMSE) defined as [33]:

1 N

N, Z(Rerr)z, 4.1)

t]':1

RMSE =

where Rerr = |u(-)—ii(-)|/|u(-)| for |u(-)| >1072 and Rerr= |u(-)—i(-)| for |u(-)| >1073
with u(-) and #(-) denote the analytical and numerical solutions, respectively. Nj is the
total test point number. Not that MATLAB regularization code developed by Hansen [16]
has been used in our computations.

Our first example studies the effects of MQ parameters on the accuracy of the pro-
posed scheme. Next, we analyze the convergence curves of the RMSE versus the bound-
ary point numbers. After that, the effect of different internal point numbers on the ac-
curacy of the proposed method is discussed. Moreover, numerical performance is tested
with various boundary noisy data whilst the other parameters of the method are kep-
t fixed. The second example considers another case on an irregular domain. The last
example examines the problem with the high frequency trigonometric source function.

4.1 Case 1: circular domain

For the unit circular domain Q = {(x,y)|x?>+y? <1}, we consider inverse source prob-
lem with the analytical solution u(x,y) = x+siny. The corresponding wavenumber and
analytical source function are A=1 and f(x,y) = x, respectively.
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4.1.1 Influence of MQ shape parameters

It is well-known that the MQ solution accuracy is sensitive to the shape parameter. Some
techniques have been proposed to determine the proper MQ shape parameter [11, 12,
17,39]. Hence, we first consider the influence of the shape parameters on numerical
solutions.

We fix the internal point number N; =3 for this case, this will soon be justified in
Section 4.1.3. Fig. 1 provides the curve of numerical solutions versus different MQ shape
parameters ¢, while the boundary point number Ny =10 is fixed. Although there’s a
small oscillation when shape parameter ¢ € (1,3), we find that the numerical solutions
is becoming more and more accurate at a stable rate with increasing shape parameters.
Unless otherwise stated, we choose ¢ =10 in the following cases.

4.1.2 Convergence curves of the RMSE

To investigate the stability of the proposed method, Fig. 2 displays the RMSE versus the
boundary point number with fixed internal point number N; =3. The relative average
error decreases until the boundary point number N <7. After Ng > 7, a further in-
crease in the boundary point numbers does not improve numerical results obviously at
about RMSE~210~3. This reveals that even when using a relatively small boundary point
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Figure 1: Shape parameters ¢ versus RMSE.
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Figure 2: RMSE versus boundary point number N.
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numbers can yield accurate numerical results. So, we choose Np =7 in the following
discussions.

4.1.3 Influence of internal point numbers

When using the dual reciprocity method to solve inhomogeneous problems, some in-
ternal points are always considered to improve solution accuracy. Another technique
without any internal collocation point, called the multiple reciprocity method was devel-
oped by Nowak and his coworkers [26]. Indeed, the problem (2.1) we considered can
also be solved by the multiple reciprocity method. But such a method encounters similar
restrictions as in the scheme of [18], that is, the source function needs to satisfy definite
governing equations. This issue is beyond the scope of our current research and thus will
not be discussed here. In this paper, we also consider the effect of internal point numbers
to solution accuracy of the proposed method.

Fig. 3 reveals the exact source distribution (Fig. 3(a) and numerical source distribu-
tions with internal point numbers Ny =0 in Fig. 3(b), N; =2 in Fig. 3(c) and Ny =3 in
Fig. 3(d), respectively. We notice that the numerical results without internal point cannot
reasonably simulate the source function. As two internal points are added, the proposed
method can simulate the source function very well with RMSE =2.90x1073. After the
internal point number increases to Ny =3, the relative average error has the same or-
der of accuracy with RMSE=1.02x1073. Although not presented here, we find internal

Exact source distribution (a) Numerical result (b)

Figure 3: Source distributions for Section 4.1.3.
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point numbers Nj > 3 yield similar numerical results. Thus, we recommend using N; =3
internal point number for all cases.

4.1.4 Influence of accessible boundary data
Here, we consider the effect of accessible boundary
r={(r,0)|r=1,0<6<a} (4.2)

on the accuracy of the proposed method, where the polar angle a €[71/4,27]. Fig. 4 shows
the sensitivity of numerical accuracy with respect to the measurement of the accessible
boundary I with angle step 77 /4.

RMSE

-3

10

10 15 20
aTu8
Figure 4: Numerical results obtained with the variation of accessible boundary data.

From Fig. 4, we observe that the variation of numerical accuracy coincide with the
accessible boundary. More specifically, more accessible boundary data will give more
accurate solutions. However, a further increase of the accessible boundary a > 37r/2
does not improve substantially the solution accuracy. This phenomenon reveals that only
partly accessible boundary can yield acceptable numerical results for the present method.
It is promising in solving problems with partly accessible boundary.

4.1.5 Noisy boundary data

For practical applications, the boundary data may be disturbed by some noise. Here,
we add random additive noise to the boundary conditions on partly accessible boundary
I'={(r,0)|r=1,0<6<3m1/2} by

u=i+o6, q=q+9o, (4.3)

where § =exRand. We use the uniform MATLAB random number generator Rand to
produce random numbers in [—1,1]. Here, € denotes the additive noise level.

For boundary point number N =7, Table 1 shows the numerical results versus differ-
ent noise levels. Even though all runs in Table 1 have exactly the same condition number,
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Table 1: Effect of noise level for Section 4.1.5.

noise percentage (%) Cond RMSE GCV-TR
0.0001 3.18x107 | 2.80x10 3 | 2.50x 103
0.001 3.18x107 | 1.26x1072 | 2.10x 1073
0.01 3.18x107 | 1.13x107 ! | 2.21x 1072
0.1 3.18x107 | 1.12x10° | 4.05x10~2

completely different error behaviors are observed in cases with higher noise levels. This
phenomenon can be illustrated by the so called effective condition number [7, 36]. As
expected, with higher noise level added, the solution accuracy decreases. The solution
accuracy is proportional to the noise level, i.e., one decimal increase of noise level corre-
sponds with one decimal increase of solution accuracy.

On the other hand, Table 1 suggests that numerical solutions are acceptable for the
small noise ¢ =0.0001. Once the noise ¢ =0.001 is added, numerical solutions are not that
reliable. Thus, we adopt regularization methods instead of applying numerical methods
directly under such cases. For the noise e =0.1 is added, the TR regularization method
can improve the solution accuracy with about two decimal precision.

Corresponding to Table 1, Fig. 5 shows the additive noise distribution for e=0.1 and
e =0.01. From which we see that the boundary with noise level ¢ = 0.1 is obviously
different from the ideal one. The boundary with noise level ¢ =0.01 is similar with the
ideal one. For smaller noise levels, the noise distribution is almost coincide with the ideal
one. Thus, they are not shown in this figure.

Fig. 6 presents the GCV function G(A) obtained for the inverse source problem using
the Tikhonov regularization method to solve the BKM system of Egs. (3.3), and with
various levels of noise €. From this figure, it can be seen that the minimum of G(A)
occurs approximately at A =12.55 and A =5.671 for e=0.1 and £ =0.01, respectively. For
both e =0.001 and &= 0.0001, the corresponding A are the same (A =3.53 x 10~%) for the
minimum of G(A). This reveals that there’s no need to use regularization method for

—-—Ideal
—+—Noise 0.1
—— Noise 0.01

0 5 10 15 20

Figure 5: The additive noise distribution for e=0.1 and ¢=0.01.

https://doi.org/10.4208/aamm.2014.m611 Published online by Cambridge University Press


https://doi.org/10.4208/aamm.2014.m611

F. Z. Wang and Z. X. Ma / Adv. Appl. Math. Mech., 7 (2015), pp. 496-509 505

10

104 \

10% J\

G()

10}

10* 10° 10° s 10° 10" 10°

Figure 6: The corresponding generalized cross validation for e=0.1(—), ¢=0.01(——), €¢=0.01(---) and ¢=
0.01(--).

smaller noise levels which coincide with the results shown in Table 1. Similar results
have been obtained for the other problems investigated in this study and, therefore, they
are not presented here.

4.2 Case 2: irregular domain

We reconsider the inverse source problem on an irregular domain, i.e., submarine cross
section (Fig. 7). This time, the analytical source function is chosen to be f(x,y) =2¢* with
corresponding analytical solution u(x,y) =e*+siny and wavenumber A =1.

Fig. 8 shows the relation between boundary point numbers and RMSE. While the MQ
shape parameter ¢ = 12.5 is fixed, we note that the selection of MQ shape parameter is

7.5m

f==1.5m

F
’f
<F e

Figure 7: Submarine cross section.
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Figure 8: RMSE versus boundary point number N.
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the same as the previous example. We can see that convergence of the numerical solution
accuracy is stable. Although there’s a tiny oscillation when the boundary point number
Np > 32, the solution accuracy almost remains the same at about RMSE = 103, We find
that this results can compete with the previous case (Fig. 2). This phenomenon shows
that the proposed method is irrelevant to the physical domain.

4.3 Case 3: trigonometric source function

The previous two cases considered problems with polynomial and exponential source
functions. In fact, the method also works well for problems with trigonometric source
functions. This problem will consider the problem with trigonometric source function
f(x,y) =siny under the unit circular domain Q= {(x,y)|x?+y? <1}. The corresponding
analytical solution is u(x,y) =sinxcosy+siny and wavenumber is A =1.

Fig. 9 shows the relation between boundary point numbers and RMSE. Under the
way of choosing MQ shape parameter in Section 4.1.1, we fix the MQ shape parameter
c¢=10 in this example. We can see that convergence of the numerical solution accuracy is
smooth for boundary point number Np <6. After the boundary point number N > 6, the
solution accuracy almost remains the same at about RMSE = 10~2. Even the numerical
solution accuracy is enough reliable for engineering problems. We find that the RMSE
results are larger than the previous two cases (Figs. 2 and 8). This phenomenon may
contribute to the high frequency trigonometric smooth source function.

10°

RMSE

3 ‘ ‘ ‘
2 4 6 8 10
N
Figure 9: RMSE versus boundary point number N.

10

5 Conclusions

In this paper, a novel meshless scheme is proposed to deal with inverse source identifica-
tion problems of Helmholtz-type equations. The present numerical procedure is based on
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the non-singular general solutions of the Helmholtz-type equations in conjunction with
the radial basis functions. The Tikhonov regularization method under parameter of the
generalized cross validation is employed for problems with noisy boundary data. Under
this meshless scheme, we can determine the unknown source terms from partially acces-
sible boundary measurements with accurate and stable numerical results. The proposed
method can compete with the boundary-type meshless method since only a small num-
ber of internal points are needed during the whole process. However, our study focuses
on the smooth unknown source function on the whole domain. A more systematic study
on the non-smooth function deserves further investigation.
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