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Abstract. We establish self-norming central limit theorems for non-stationary time series
arising as observations on sequential maps possessing an indifferent fixed point. These
transformations are obtained by perturbing the slope in the Pomeau—Manneville map. We
also obtain quenched central limit theorems for random compositions of these maps.
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1. Introduction

In a preceding series of two papers [2, 13], we considered some statistical properties of
non-stationary dynamical systems arising from the sequential composition of (possibly)
different maps. The first article [13] dealt with the almost sure invariance principle
(ASIP) for the non-stationary process given by the observation along the orbit obtained
by concatenating maps chosen in a given set. We choose maps in one and more

https://doi.org/10.1017/etds.2016.69 Published online by Cambridge University Press


https://doi.org/10.1017/etds.2016.69

1128 M. Nicol et al

dimensions which were piecewise expanding; more precisely, their transfer operator
(Perron—Frobenius, PF) with respect to the Lebesgue measure was quasi-compact on a
suitable Banach space. This allows us to approximate the original process with a reverse
martingale plus an error. By a recent result by Cuny and Merlevede [8], the reverse
martingale satisfies the ASIP. The error is shown to be essentially bounded due to the
presence of a spectral gap in the PF operator on a Banach space continuously embedded in
L (from now on all the L? spaces will be with respect to the ambient Lebesgue measure
m and they will be denoted by L” or L?(m)). Moreover, the same spectral property
allowed us to show that for expanding maps chosen close enough, the variance an2 grows
linearly, which permits us to approximate the original process almost everywhere with a
finite sum of independent and identically distributed (i.i.d.) Gaussian variables with the
same variance.

The second paper [2] considered composition of Pomeau—Manneville-like maps,
obtained by perturbing the slope at the indifferent fixed point 0. A fixed point p is
an indifferent fixed point for a map T if T'(p) = 1. We obtained polynomial decay of
correlations for particular classes of centered observables, which could also be interpreted
as the decay of the iterates of the PF operator on functions of zero (Lebesgue) average;
this fact is also known as loss of memory. In this situation the PF operator is not quasi-
compact, and although the process given by the observation along a sequential orbit can
be decomposed again as the sum of a reverse martingale difference plus an error, a priori
the latter turns out to be bounded only in L' and this was an obstacle to obtaining an
almost sure result like the ASIP by only looking at the almost sure convergence of the
reverse martingale difference. Instead one could hope to get a (distributional) central limit
theorem (CLT); in this regard a general approach to the CLT for sequential dynamical
systems has been proposed and developed in [7]. It basically applies to systems with a
quasi-compact PF operator and it is not immediately transposable to maps which do not
admit a spectral gap. The main goal of our paper is to prove the CLT for the sequential
composition of Pomeau—Manneville maps with varying parameters. A fundamental tool in
obtaining such a result will be the polynomial loss of memory bound obtained in [2]. We
will now recall it also because it will determine the regularity of the observables to which
our CLT will apply; see Theorem 1.2.

We consider the family of Pomeau—Manneville maps

{x +oexlte g<x<1)2,

To(x) = O<a<l. (1.1)
2x — 1, 1/2<x <1,

Actually in [2] we considered a slightly different family of this type, but pointed out that
both versions could be worked out with the same techniques (see [1]) and yield the same
result; here we prefer to use the classical version (1.1). As in [16], we identify the unit
interval [0, 1] with the circle S, so that the maps become continuous. Given 0 < < a <1,
denote by Pg, or Py the Perron—Frobenius operator associated with the map 7 = Tg, with
respect to the measure m. For concatenations we use equivalently the notation

m—m-{—l — Tﬂn o Tlgn—l 0---0 Tﬂm =T,0T,_10---0T,,
P;;_m-H — Pﬁn ° Pﬂnfl 0---0 Pﬁm =P,oP,_10---0Py,,
P = 'P{l, T = ln’
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where the exponent denotes the number of maps in the concatenation. For simplicity we
use 7 :=...T,o0---0Tj for a given sequence of transformations.
The Perron—Frobenius operator Py associated to T} satisfies the duality relation

kafgdmzf fgoTydm forall feL', geL®
M M

and this is preserved under concatenation.
We next consider [2, 16] the cone C, of functions given by (here X (x) = x is the identity
function)

Co:={feC’O, 1DNL'm)| f=0, f decreasing, xotlr increasing,
F(x) <ax™“m(f)}t.

Remark 1.1. Some coefficients that appear later depend on the value a that defines the
cone Cy; however, we will not write this dependence explicitly.

Fix 0 <« < 1; as proven in [2], provided a is large enough, the cone C; is preserved by
all operators Pg, 0 < B < a < 1. The following polynomial decay result holds.

THEOREM 1.2. [2] Fix 0 < o < 1 and consider a cone Cy as above. Suppose r, ¢ in Cp
have equal expectation, f pdm= f Y dm. Then for any sequence Tg,, ..., Tg,, n > 1,
of maps of Pomeau—Manneville type (1.1) with 0 < B <a < 1, k € [1, n], we have

/|Pﬁn°"‘opﬁ1(‘/’)—Pﬁn°"‘0PBI(W)|dm
< Collglh + ¥ l)n= 4O (1og n)t/e, (1.2)

where the constant Cy depends only on the map Ty, and || - ||| denotes the L' norm.
A similar rate of decay holds for observables ¢ and \ that are C' on [0, 11; in this case
the rate of decay has an upper bound given by

CaF(llgllcr + 1Y llenn™ VO (log m) '/
where the function F : R — R is affine.

For the proof of the CLT in Theorem 3.1 we need better decay than in L. In this paper
we improve the above result to decay in L?, provided « is small enough.
Note that P"¢ € C, if ¢ € Cy and m(P"¢) = m(¢p), so

[P (@) =P (Y] Lx | < IP (@) Lx | + 1P () | | <am(@)x™ +am(y)x™".
PROPOSITION 1.3. Under the assumptions in Theorem 1.2, if 1 < p < 1/« then

| Pg, o0 Pg(p)—Pg, o 0P (Y)llLrim
< CopUloll + ¥ ll)n'=1/P0 (1og n) /@) =ep)/(p=ep) (1.3)

where the constant Cy, , depends only on the map Ty and p.
As in Theorem 1.2, a similar LP-decay result also holds for observables ¢, ¥ €
c' (o, 1.

+ By ‘decreasing’ we mean ‘non-increasing’.
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Proof. For functions in the cone Cp, Theorem 1.2 gives L' decay; then Lemma 2.7 together
with the preceding discussion implies L” decay for o small enough. Note that we use this
lemma with K = 2a(||l¢|l1 + [[¥ 1) and the L' bound given by the theorem, and then the
coefficient in the L? bound is proportional to (||¢||1 + ||¥]1) as well.

To prove the decay for C! observables, we use Lemma 2.4 (the approach is the same as
in the proof of Theorem 1.2). O

Note that the convergence of the quantity (1.2) implies the decay of the non-stationary
correlations with respect to m:

/lﬁ(poTlgno'-~oTﬁldm—/de/onﬁno---oTﬁldm‘

‘Pﬂno~--oPﬁl(lﬁ)—PﬂnO-~~0Pﬂ](1</lﬁdm>>

provided ¢ is essentially bounded and (/v dm)1 is in the functional space where
the convergence of (1.2) takes place. In particular, this holds for C! observables, by
Theorem 1.2.

As is suggested by the preceding loss of memory result, centering the observable is a
good way to define the process when it is not stationary, in order to consider limit theorems.
To simplify the exposition, we introduce the following notation.

< llelleo

1

Definition 1.4. For ¢ : [0, 1] — R sufficiently regular (often C'!) introduce the following
normalization along a sequential orbit:

[@lk 1=¢—/<0(Tk0~~-0T1)dm- (1.4)
However, to simplify notation, it is convenient to set [¢]o = 0.

Conze and Raugi [7] defined the sequence of transformations {77, T, T3, ...} to be
pointwise ergodic whenever the law of large numbers is satisfied, namely
1 n
lim — Z|:¢(Tko---oT1x) —/(p(Tko---oTl)dm:| =0
n—-oon =1
for Lebesgue-almost every x.

We will prove in Theorem 2.10 that such a law of large numbers holds for our observations
provided 0 <« < 1. It is therefore natural to ask about a non-stationary central limit
theorem for the sums

n
Spi= [plkoTko-oT (1.5)
k=1
for a given sequence 7 :=---0 T, o---o Ty: this will be the content of the following

sections.
More specifically, we will prove in Theorem 3.1 a non-stationary central limit theorem
similar to that proved by Conze and Raugi [7] for (piecewise expanding) sequential

systems:
Sn

d
m —> N, 1). (1.6)
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At this point, we would like to make a few comments about our result compared to that
of Conze and Raugi. Theorem 5.1 in [7] shows that, when applied to the quantities defined
above and for classes of maps enjoying a quasi-compact transfer operator:

(1) if the norms || Sy, ||2 are bounded, then the sequence S, n > 1 is bounded;

(2) if ||S,ll2 = oo, then (1.6) holds.

We are not able to prove item (1) for the intermittent map following the same approach as
in [7], since it uses the uniform boundedness of the sequence H,, o T, where the function
H,, is defined in (2.1) and is just the error in the martingale approximation as we discussed
above. We can only prove that H,, is bounded uniformly in n on each set of the form
[a, 1), a > 0, and do not expect it to be bounded near 0 (look at the stationary case).

Instead, our central limit theorem will satisfy item (2) under the assumption that the
variance ||.S, ||% grows at a certain rate and for some limitation on the range of values of «.
It seems difficult to get such a result in full generality for the intermittent map considered
here. Conze and Raugi proved the linear growth of the variance in their Theorem 5.3 under
a certain number of assumptions, including the presence of a spectral gap for the transfer
operator. We showed in our paper [13] that those assumptions apply to several classes of
expanding maps even in higher dimensions.

However, for concatenations given by the same intermittent map 7, with o < 1/2, the
variance is linear in n, provided the observable is not a coboundary for 7,,. In §4 we prove
that the linear growth of the variance still holds if we take maps Tg, with B, arbitrary
but close to a fixed B, and an observable is not a coboundary for Tg; therefore, the CLT
holds (see Theorem 4.1). Our proof of Theorem 4.1 uses an estimate of interesting related
work of Leppinen and Stenlund [15], which we learnt about after the first version of this
paper was completed. Their result allowed us to give another example where variance
grows linearly for a sequential dynamical system of intermittent-type maps, and hence the
non-stationary CLT holds. The focus of [15] is, however, more on the strong law of large
numbers and convergence in probability rather than the CLT. They also consider quasi-
static systems, introduced in [9].

In §5 we show that the variance grows linearly for almost all sequences when we
compose intermittent maps chosen from a finite set and we take them according to a
fixed probability distribution. This means that for almost all sequences (with respect to
the induced Bernoulli measure) of maps, the central limit theorem holds (a quenched CLT)
(see [3] for related results in the random dynamics setting). See Theorem 5.3.

Remark 1.5. For simplicity, in many of the following statements we will use as rate of
decay n= (/9! jgnoring the log n factor. This is correct if we take for « a slightly larger
value (and is actually the correct rate of decay for the stationary case).

Notation 1.6. For any sequences of numbers {a, } and {b, }, we will write a,, =~ b,, if c1b, <
an < caby, for some constants ¢; > ¢; > 0 and n > 1; similarly, use a, 2 b, for a one-
sided asymptotic relation.

2. Cones and martingales

In order to get the right martingale representation, we begin by recalling a few formulas
concerning the transfer operator; the conditional expectation is considered with respect to
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the measure m, and B denotes the Borel o -algebra on [0, 1]. We have

ka
Elp | TB] = Pki‘f)) o T*,

P(poT - -y)=¢-P(Y),

and therefore, for 0 < ¢ <k,
Pyt (@ - PHD)
E ¢ kg el k
o721 T78] Ph(1)

Recall that for L2(m) functions these conditional expectations are the orthogonal
projections in L2(m).

We denote, as in Definition 1.4, ¢ — m(p o TI ) by [¢];, with the convention that
[¢lo =0. Therefore we have for the centered sum (1.5): S, :ZZZl[go]k oTk=

ZZ:O [plk o T*.
Introduce

H,oT" :=E(Sy—1 | T "B).
Hence H; = 0, and the explicit formula for H,, is
H, = %[Pn([cp]n_lp”_ll) + Py Pa1(lpla—2P" 1)
+- o PuPai - Pi(lploPOD)]. .1
It is not hard to check that, setting
Sp =My +H,pq 0 T,
the sequence {M,,} is a reverse martingale for the decreasing filtration {8, := 7 " B}:
E(My, | Byy1) =0.

In particular,

My — My =1y oT" withyy :=[¢ly + Hy — Hpp1 0 Tpp. (2.2)

We recall three lemmas from [14], stated in the current context.

LEMMA 2.1. [14, Lemma 2.6]

n 2 n
o2 :=E[<Z[(p]i on) }zzwgoﬂ ~[ws [ o

i=1 i=1

(and Hy = 0).
To prove this lemma we replace our H,, with w,, in [14].

LEMMA 2.2. [14, proof of Lemma 3.3] Let Hj =H;1H,|<c0,), Where for simplicity of
notation we have left out the dependence on n. Then

n 2 n
/(Z yjo T/ -HS, on+1> =Z/(¢j o T/ - HE, o TITH?,
j=1 j=1
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The last formula in the proof of [14, Lemma 2.6] gives the third lemma.
LEMMA 2.3.

n n
oy =Y Ellplf o T'1+2 ) ElHilgl) o T'].
i=1 i=1
The following lemma plays a crucial role throughout this paper. In a slightly different

form it was introduced and used in [16, §4], without a proof, and subsequently in [2]. We
now give a detailed proof in a more general setting.

LEMMA 2.4. Assume that we are given a C'-function ¢ : [0, 1] — R and h € Ca, where
the cone Cy is defined with a > 1. Denote by X the function X (x) = x. If

)\S_|(p/|oo,
V> =g+ AX|oo,
a
§>—(lo A h),
_a+1(|€0|oo+| Dm(h)
a
52m|§0+kx+v|oom(h),
then

(@ +2X +vV)h+8 €.

Remark 2.5. Tt follows immediately that if ¢ € C([0, 1]) and & € C, then we can use
Theorem 1.2 and Proposition 1.3 to obtain decay of pt (ph — m(¢h)): consider @ :=
(p+AX +v)h 46, ¥:=(AX +v)h + 6 + m(ph), with constants chosen according to
Lemma 2.4 so that &, ¥ € C, (by definition, m(®) = m(W)), and write

Pl -h—m(p-h) =PP—W).

COROLLARY 2.6. In particular, for a sequence wy € c'([0, 11) with lokllct < K and
hy € Co withm(hy) < M (e.g. hy := Pk(l)), one can choose constants A, v and § so that

(wr +AX +vV)hg + 8, AX +v)hy + 8+ m(wrhy) €Cr forallk > 1
and therefore
1P (@khx — m(@rhi) Il < Cox,un™ V% dogm)/*  foralln =1,k = 1,

where the constant Cy gy has an explicit expression in terms of a, K and M. Decay in
L? now follows from Lemma 2.7: if 1 < p <1/« then

IP" (wrhr — m(@rhi)llp < Cox.ppn” VPO foralin > 1, k> 1

(ignoring the log-correction; see Remark 1.5) where the constant on the right-hand side
depends now upon p too.

Proof of Lemma 2.4. Denote ® := (¢ + AX + v)h + 8. There are three conditions for @
to be in C;.

® non-negative and decreasing. If .. < — sup ¢’ and v > — inf(¢ + AX) then ¢ + AX + v
is decreasing and non-negative. Therefore @ is also decreasing (because & € C;) and non-
negative provided § > 0.
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Pxta increasing. For 0 < x <y <1, we need

[(@(x) + Ax + V)h(x) + 81X < [(9(y) + Ay + V)h(y) + 81y
h(y) yot+l |:ya+l :| 1

= [p(x) +Arx +v] <[pQ) + 1y + V]

h(x) xet! et ax)”
Since hX**! > 0 is increasing, 1 < (h(y)/h(x))(y*+!/x*T1), so it suffices to have
ya-i-l 1
p) +ax+v =[eQy) +ary+v] +8|:x“+1 - l}m

= 6> —[((p(y) + Ay +v) — (px) + Ax + v)]L
- (ya+l/xoz+l) -1

By the mean value theorem and using the fact that & < 1, y*+! — x**+! = (o + 1)£%(y —
x) > (¢ + Dx*(y —x) = (@ + Dx(y — x); therefore

- h(x) __heoxtt o hxt  am(h)
T (Oeh /et — 1yt — et T (@ Dy —x) T (@ D —x)]
Meanwhile,
(@) + 21y +v) = (p(x0) + 2x + )] = (1¢loo + AN (¥ — X).

Using these in the above lower bound for &, we conclude that it suffices to have

a
§> —(lo A h).
_a+1(|€0|oo+| m(h)

dXY < am(P). Using the fact that h X* < am(h),
[(@ +AX +V)h +8]1X* < (¢ +AX +V)hXY + 8 < sup(p + AX + v)am(h) + 6.
On the other hand, am ((¢ + A X 4+ v)h + §) > a inf(p + L X + v)m(h) + ad, so it suffices

to have
sup(¢ + AX +v)am(h) + § <ainf(p + 1 X + v)m(h) 4+ ad

L [sup(p + X +v) — inf(g + AX + v)}m(h). 0

— 6>
a—1

Note that, since the transfer operators are monotone,
P -+ Pigt[9P 1] Ly | < Po -+ Pigtll@locPE1] Le= 1@loo P - - - Pyt [P1] .
Since |@|oo Py - - - Pey1[P¥1] lies in the cone C», this implies that
P - Pist[9P1] < algloox ™.
The following lemma gives control over the L? norm of functions with such a bound.

LEMMA 2.7. Suppose that f € L'(m) and |f(x)| < Kx~%. Then, provided p > 1 and
ap < 1,
1_ - — —
1f 1y < Capll £181 702/ P72 g (P=D/(p=pe),

In particular, if | f (x)| < Kx~% and || f|li < Mn'=/®) then
1fllp < Crmapn' VP9 for1<p<lja.

Therefore, for 1 < p < 1/Q2a), there exists § > 0 such that || ||, < CK,M,a,pn_l_‘s.
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Proof. The case p =1 is obviously true, so we assume from now on that p > 1. Denote
C1:=|lfll1. Compute, for 0 < x, <1 andap < 1,

1 1
/ |f1P dx < sup{|f) P! | xe<x < 1} / |fldx < kP~ *P7 Ve,
Xy 0

and

X P _ KP l—ap
/ |f|pdx§Kp/ X7 dx = xe P
0 0

1 —ap
We want to minimize over x, the quantity

—a(p— 1 _ —a(p— _
G(xy) := K”_1C1x*a(p 1)+K”mxi ap:Ax*a(p 1)—i—Bxl “p

This reaches its minimum value for x2~! = (B(1 — ap))/(Aa(p — 1)), which gives for
the minimum of G!/7 the value

Ca)pcf(lfap)/(lfa»(l/p)K((p—l)/p)(l/(l—a)).
For the last statement notice that (1 — pa)/pa >1 < 0 <ap < 1/2. O

COROLLARY 2.8.
(1) Hyllg is uniformly bounded inn for 1 < q < 1/2a.
(2) |IH, o T"||, is uniformly bounded inn for 1 <r < 1/2a — 1/2.

Proof. Recall that H,, is given in (2.1). By [2, Remark 1.3], P"(1) > Dy > O on (0, 1]. We
now apply Minkowski’s inequality in the sum defining H,,. Thanks to Lemma 2.7, each
term of the form P, Py_1 - - - Pu—g([@ln—e—1P"¢~11), £ €0, n — 1], will be bounded
in L? by (2/Da)Ca,K’pél_(l/”°‘), where K is the C! norm of ¢. The role of Ay in
Lemma 2.6 is now played by P"~¢~!1 and therefore M = 1. By summing over £ from 1 to
infinity, we get a convergent series whenever pa < 1/2. We now write f H, o T"|" dx =
J IH,|"P"1 dx. Since P"1 belongs to L”(m) for 1 < p < 1/a by the definition of C»
and its invariance property, it suffices that the function [H,|"?/(?=1) be uniformly in
L'(m), and therefore, by the previous item, that rp/(p — 1) < 1/2«. Thus it suffices to
have 1 <r <(p —1)/2pa forsome 1 < p < 1/, whichmeans 1 <r <1/2a — 1/2. O

As we said in the introduction, we will also have a pointwise bound on the H,,.

LEMMA 2.9. For 0 <« < 1/2, there is a constant C depending on o and K = ||¢||c1,
such that

H,(x)| < Cx—%! forallx € (0, 1], n > 1. (2.3)

Proof. By again using formula (2.1) for H,, (where ¢9=0) and the bound P"(1) >
D, > 0, we are left with the pointwise estimate of

Py([@la—1P" ') + Py Pu1 ([@ln—2P" "2 1) + - - - + Py Py - - - Pi([@loPP1).

By Corollary 2.6, for each k> 1 one can write [@liP¥1= (¢ —m(p o TX)PF1 =
Ay — By where Ag, By € Cy with m(Ag), m(By) uniformly bounded by some constant
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Cqo.x < 00. Therefore, by the decay Theorem 1.2 (and ignoring the log-correction), there
is a new constant C’ depending only on « and K such that

1Py (A — Bl < C'(n — k)~ e+t 24)

We now recall the footnote to the proof of [16, Lemma 2.3]: if f € C; withm(f) <M
then

) =y T ) <al +)MIx —y| forO<x,y<1. 2.5)
But a bound |g(x) — g()| < L|x — y| for the Lipschitz seminorm |g|L;, implies

gl = Crliglloo- (2.6)

Combining the above observations and since m(P,?J:{‘( f)) =m(f), we obtain that

X PE Ak — B lLip < IXYTI P (ADILip + X4 PP F (BolLip < L uniformly

forn>1,1 <k < n, and then
IX“FPE (Ak = Bo)lloo < 1/CLIX ' PLL Ak — B < C'(n — k)~ /!
for a new constant C” depending only on «, K, L, which implies that

PR (Ak = B < x 771" (n — k)~ /et

and therefore, for 0 < a < 1/2,

n—1 n—1
S P (A= By < x0TI = k)Tt < oxme!
k=1 k=1
as desired. O

We finish this section by proving a type of Borel-Cantelli lemma which is an
indispensable tool in proving non-stationary limit theorems. For related techniques on
proving Borel-Cantelli results see [12, 14].

THEOREM 2.10. (Strong Borel-Cantelli) Suppose that, for j > 1, ¥ € c'([o, 1]) with
uniformly bounded C' norms.
(@ If0<a<1/2then

Z Y (7)) — Z m(y; (7)) = O(nl/z(log log )32y m-almost everywhere

j=I j=I
and, therefore, if liminf; m(y; o T7) > 0 then
S W (Tix)
YimimWjoTY)
®) IfO<a<1then

— 1 for m-almost every x.

1T . 1 )
2 (T ) — o T }
. |:E ¥i(T7x) E m(yj o7 )] — 0 for m-almost every x.

j=1 Jj=1
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Proof. To prove the first statement in part (a) we will use Sprindzuk’s theorem
(Theorem A.1 in the Appendix). By adding the same constant to all the ¥; and rescaling,
we can assume without loss of generality that inf; m(; o T7) >0 and sup jm(pjo
T7) < 1. We take g =m (Y o T%) and hy = 1 in Theorem A.1, and thus it suffices to
give a linear upper bound for ]E[(Z';:l Yo T7 — b,)?], where b, := 27:1 m(y; o T,
note that the same estimate can be derived for sums over m < j < n. Expand

n 2 n
E[(Z vioT ~ b”) } =Y ElY; 0T/ —m(; o THI?
j=1

j=1
+2Y Y ElWj 0T/ —m(j o TH)Wi o TN = m(i o T)]
i=1 j>i
and use the decay to estimate the mixed terms. Denote, following Definition 1.4, [g]; :=
g—m(g o 77). Then, for j >i>1,
Bl 0T/ — m(wj o TNy 0T =m0 TN = ElY;1j 0 T/ - [Wili o T'1]
= |E[([¥]; o l+1 [Wili - PP = [EL(y1; - P o (il PO
< WA ool P Qi Pr I < € — )1
where in the last inequality we have used Corollary 2.6. Therefore,

{(Eoer )]

n n
<2 @0 T/ =m0 THleomPj o T/ +2C Y Y (j —)'7¥ <nC’,
i=1 i=1 j>i
where the constants C, C’ are independent of j and n. The conclusion now follows from
Sprindzuk’s theorem.
For (b), note that for 1/2 <« < 1 the above computation still gives

n 2
E[(Z YioT! — b,,) } <Ccn’71e
j=1

which implies that

n
Z Vjo T/ — b, = O(n'™") almost surely
j=1
for some n > 0; see the standard Lemma 2.11. O

LEMMA 2.11. Assume that the random variables X,, have mean zero, and there are M <
o0, y < 2 such that

n
1Xnlloo < M, Var(Z Xk) <Cn? foralln.
k=1
Then

1
Z X = 0n") almost surely forn > v+t .
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Proof. Denote S, := Y ;_; Xi. From Chebyshev’s inequality,

Var(Sn) _285—2
(n1—8)2 = Cn” :

Pick § > 0 so that y — 26 — 2 < 0 and w > 0 such that w(2 — y + 28) > 1. Then, for the
subsequence ny := k,

P(ISy| >n'") <

> P(ISy ] > %) <00
k

so, by Borel-Cantelli,
Sy, | = O(n;~°) almost surely. 2.7)
Using (2.7), one has almost surely that, if ny <n < ng4 for some k, then

1Sl < 1Sue | + [ma1 — nid sup 1 Xelloo < O @~ °)
+CkTIM < 0(n' %) + C(n'/)7 M,

and therefore |S,,| = O (n") almost surely with

o —1
n:max{l—cﬁ, —}
w

Optimize over § and w to get the claimed lower bound on 7. O

3. Central limit theorem

We assume in this section that 0 < o < 1/2 (note that in the stationary case the CLT holds
only in this range). With our approach we can only prove the non-stationary CLT for a
lower upper bound on «, which will be stated later.

We define scaling constants a,% = IE[(Z’}:1 [¢]jo T7)2). This sequence of constants
plays the role of non-stationary variance. As we pointed out in the introduction, giving
estimates on the growth and non-degeneracy of o, in this non-stationary setting is more
difficult than in the usual stationary case.

THEOREM 3.1. (CLT for c! functions) Let ¢ be a c! ([0, 1]) function, and define S,, as
in(1.5),

n
S, = Z[(p]k oTg, o---0Tp.
k=1

Assume that )
n
0} = Var(S,) = E[(Z[mi o T") } 2 nP.
i=1

Then s
n d
— = — > N(0, 1.
2(1 — 20) o VO D
In particular, B > 9/14 = 0.643 suffices for any 0 < a < 1/9, and the lower bound on
B approaches 1/2 as o approaches zero.

1
O<oz<§ and B>

https://doi.org/10.1017/etds.2016.69 Published online by Cambridge University Press


https://doi.org/10.1017/etds.2016.69

Central limit theorems 1139

Remark 3.2. The above theorem holds, with the same proof, if we allow ¢ to vary but stay
bounded in C! (as in our strong Borel-Cantelli theorem (Theorem 2.10)). That is, consider

n
Swi=Y gl o Tp 00Ty,
k=1

where ¢y € C([0, 1]) have uniformly bounded C! norms. To keep the notation simple,
we will not prove this more general case.

Following the approach of Gordin, we will express S, = Z;’: lelj o T as the sum of
a (non-stationary) martingale difference array and a controllable error term and then use
the following theorem from Conze and Raugi [7, Theorem 5.8], which is a modification
of a result of Brown [6] from martingale differences to reverse martingale differences. For
related results see [11].

THEOREM 3.3. [7, Theorem 5.8] Let (X;, BB;) be a sequence of differences of square
integrable reversed martingales, defined on a probability space (2, B, P). For n > 0 let

n—1 n—1
Sp=Xo+- -+ Xo1. oy =) BIX;l Vi=) BIX{|Bisil.
k=0 k=0

Assume that the following two conditions hold:

(i)  the sequence of random variables (o, 2 Vi)n>1 converges in probability to 1;
(ii) foreach e > 0, limy_, o0 0,2 310 EIX?1{1xy1>c00)] = O.

Then

lim sup
n—oo acR

P[S" } L [" en ‘_
—<a|—-—= e dx|=0.
Oy \/E —00
Proof of Theorem 3.1. We will apply Theorem 3.3 with the following identifications:
e X,=Y,oTh
o B,=T"B,
o o2=E[Y"_([¢li o T)?] as defined earlier, butif @ < 1/5 then 02 = E[(31_, ¥; o
7921+ O(1) by Lemma 2.1 and Corollary 2.8.
Let us take H,, defined in (2.1) and v, given in (2.2):

Y i=lelp + Hy — Hyqq 0 Tpgq.

Recall that ¥, o 7" is a reverse martingale difference scheme, uniformly bounded
in L"(m) provided that 1<r; <1/20 —1/2 (because so is H;oT*; see the
second item in Corollary 2.8). Once we establish (i) and (ii), it follows that
limy, .00 (1/03) 3y ¥j 0 T/ — N(0, 1) in distribution. Finally, since [Y}_,[¢]; o
T - [Z'j’.zl YjoT/1=H,y1 o T"! is uniformly bounded in L? if o <1/5, we
conclude that lim,,_, » (1/0,,) Z;': leljo TJ — AN(0, 1) in distribution as well.

We will now verify conditions (i) and (ii) of Theorem 3.3. We defer to the end of this
proof the discussion about the possible choices for & and §; see (3.8).

For condition (ii) we begin by noticing that the functions (¥, o 7")? have a uniformly
bounded L? norm if the same is true for (H,4 o 7;,+1)2; this holds provided 1 <2p <
1/2a — 1/2, and we also need p > 1 (for a Holder inequality; see below). By Minkowski’s
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inequality, || (Y, o T2 Il 2.» smy Will therefore be bounded uniformly in n by some constant
Cp. Then we have by Holder’s and Chebyshev’s inequality, where 1/p + 1/ =1,

n—1 n—1
00 2 Y BLWk o T Ly omtymeon] <000 3 1k 0 T pm(1i o TH| > £0,) 4
k=0 k=0
-2 — kN2 1 k Va
<o, kgon(wkoﬁ ||,,[(wn)sE<|wkoT |S>}
< sup [y o T3, sup v o T . 3.1)

<C
35/403—“/(1 gs/qgr%—i_s/q

if 1<s<1/2a—1/2:=5(@). Since ¢g=1—-1/p)"'> 1 —a)/(1 —5a) :=G(a)
provided o < 1/5, the largest value we can use for the exponent of o, is 2+ s5/q =
2+ (5(a) — 1)/ (@(a) + 1), for 0 <¢ small. If we now assume that the variance grows
as 0,% > nP, then we need B > 2(7 (@) + 1)/ (2§ (o) + 5 (@) + 1) := by (1), in order for the
upper bound (3.1) to vanish as n tends to infinity. It is easy to check that when g(«)
and () are positive then the function ¢ — by (¢) is decreasing for ¢ > 0, so it suffices to
require that 8 > by (0) =4a/(1 — ).

The hard part lies in establishing (i). This is in contrast to the stationary setting where
condition (i) is usually a straightforward consequence of the ergodic theorem.

For (i), we first prove that

1 < ,
g3 Z w]? o7’/ — 1 in probability as n — oo. (3.2)

n j=1

That (3.2) implies (i) follows from Theorem 3.6.

We follow [14, Lemma 3.3 and proof of Theorem 3.1(II)], which uses an argument of
Peligrad [17]. Since ¢; = [¢]; + H; —H 110 Tj11,

¥7 =1lol; +2¢lH; + H, + H} | 0 Tj11 — 2H; 41 0 Tj11([¢]; + H))
=[¢1; + 209l H; + H; + H}, ;o Tjy1 — 2H; 1 0 Tjy (¥ + Hjp1 0 Tjy1)
=[l} + (H; —H3,, 0 Tjy1) =2 - Hjp1 0 Tjy1 +2lg] H;.
Therefore

Zw?on=<H%oﬂ—Hﬁ+1oTn+1>—[ijon-Hj+1°Tj+l]

j=1 j=1
+ [Zm% o’rf} +2[Z([¢1,- -H)) o’rf]
j=1 j=1

By Corollary 2.8, H, o 7" is uniformly bounded in L* for a <1/5, so (1/0)H; | o
T"+! — 0 in probability.
Next we show that

1 [o . .
;[Z YjoT/ -Hjyio TJH} — 0 in probability. (3.3)

n j=1
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Define
Hj :=Hj1(n;|<c0,)-

By Lemma 2.2,
n 2 n
U,% = /(Z[lp/ o ’Tj 'Hj'-i-l ° Tj+1]> — / Z[wj ° 7'j . Hj’+1 ° Tj+1]2.
J=1 j=1

Hence, using Lemma 2.1 for the equality in the next computation (note that Hy o 7 € L?
ifa <1/9),

<5022/1/f o T/

—so[/(Z[go],o’T]) /HfoTl /Hnlo7-"+1:|<804 (3.4)

For any a > ¢, using Chebyshev’s inequality in the third and fourth lines below, we obtain
inequality (3.4), and we find that H; o T is uniformly bounded in L” by some constant
D (Corollary 2.8):

~a)

1
m —
o

; 1
m(max |Hj+1oT/+l|>€Un)+m —
I<j<n (of

n

n
dovioT! HjyoT/H
j=1

IA

n
S yjo Tl H, 0TI |

Jj=1

')

IA

1
quH 10T/ > eay,) + 5 4U2
j=1

2 N4 2

D
n f'H +10Tj+1| < n +8 .
(e0p)" 1<j<n a2 (e0p)" a2

Take a = \/; if we use the fact that 0.2 > n?, then p > 2/r with 1 <r < 1/20 — 1/2, that
is, B > 4a /(1 — «), which allows us to obtain (3.3).
Finally, we show that

IA

1 ¢ .
— 3 (9% +2[p]jH;) o T/ — 1 in probability. (3.5)
n j=1

We know from our strong Borel-Cantelli theorem that
n n
Z[(p]? o T/ = Z E[[(p]% oT/1+ o(n]/2+€) m-almost everywhere. (3.6)
— i
We will show in Lemma 3.4 that

(,Lz (Z(W]J‘H/’) o T/ =Y El(¢l;H;) o Tf]> 0 inprobability.  (3.7)
n ]:1

j=1
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In view of Lemma 2.3, equations (3.5) and (3.7) imply

1 n ) n )
;[Zm% oT7 +2) (lpl;H,) on] — 1
nLj=1 j=1
in probability. O

LEMMA 34. For 0 <a <1/5 and the variance growing as a,%,%nﬂ with B >
1/2(1 — 2a), we have
1 /<& . 4
— [l H) o T’ — El([¢];H; oT]]>—>O in probability.
ag(;((p] J ; ([¢]l;H;) p ty

Proof. Write S,, = Z?zl([w]jHj) o7/ and E, = Z;'.:l E[([¢];H;) o 771 and estimate
E(S, — Enl > 028) =E(|S, — En|* > 0}e?)

< E(|S, — Enl?).

= 4.2
ore

When we expand E(|S, — E,|?) we have, as usual, the diagonal terms and a double
summation of off-diagonal terms:

E(ISy — Eal*) =Y E((lpl;H)) o T/ — m[([g];H;) o T)I)
j=1
+23° ) /[([go],-Hj) o T/ —m((¢]jH)) o T/)]

j=1i=1
x [([@liH) o T' — m((lpliHy) o T dx.
The sum of diagonal terms is O (n) as ([¢];H;) o T7 e L*(m) with uniformly bounded

norm if & < 1/5. Therefore, if o,% ~ nP, then the exponent 8 must satisfy g > 1/2.
‘We now consider

n j—1
>0 /[([wth) o T/ —m((lg]H;) o T))]

j=1i=1

x [([¢liH) o T" — m(([9);H;) o T)] dx

n j—1

=33 [t — el 0 710 T

j=1i=I
leliH; — m(([@liH) o TH] o T dx

n j—1 ..
=33 [t - maten ) 0 TH10 T

j=1i=l

eliH; — m(([@)iHy) o TH]- P'1dx
n j—1

=22 f[W]jHj —m(([¢];H;) o T))]

j=1i=l
P/ HilpliP'1 — m(([@)Hy) o TP 1] dx.
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We will prove in Lemma 3.5 below that o < 1/2 implies |7/, ][P/1H;[¢]; —
Piam(([@liH)TH]1l2 < (C*i/(j —i)*"), where C* is a constant depending only on «
and the C! norm of ¢ (and uniform in i and j). Here the numerator i comes about as
1 <i<j—1landa* = (1 —2a)/2« follows from the decay Theorem 1.2 and Lemma 2.7.
Note also that |[([¢];H;) —m(([¢];H;) o T7)|l2 is uniformly bounded in j provided
o < 1/4; see Corollary 2.8.

We have to show that each row summation satisfies

j—1 S . .
3 / [([p1;H,) — m(([p];H,) o THIP/ [P 1M, [p); — P/ 1m(([@]Hy) o T dx
i=1

< j*

where n!tx = 0(0,;1 ) otherwise the double summation contributes a term which is too
large.

So we divide the sum into two parts, with 0 < § < 1:

i1 .

> [ten ) m(o B o THIPL
i=j—j?

x [P'1H;[p]; — P Im((lp)iH;) o T dx

i-i .
+ Z /[([‘P]jH,/) —m(([¢];Hj) o Tj)]Pl-/Jr_f
i=1

x [P'1H;[pli — P'Im(([)Hi) o T dx.
We bound the first sum by C* j® using L? bounds without decay. The second sum uses our

Y] * *
decay estimate (see Lemma 3.5) and we get Y /=) (C*i/(j —i)*) < C*jl=@ =D =
C* j1+0-e" provided o* > 1 (<= 0 < & < 1/2). Then

j—1
3 /[([w]jH,-) — m(([p];H,) 0 T7)]
i=1

x P/ LIP'1H; (9] — P im(([@)Hy) o T dx

S C(](S +j1+5—0t*5)
which is lowest for 6 = 1/a,. We obtain

n j—1

>3 [ttty o T — (o) ) 0 T

j=li=1

x [([9)H;) o T — m(([9]iH;) o T dx|
< CHplt /e — o1/ (1-20)

SO

E(1Sy — Eq|?) < Cn!/(1720.
By dividing by o,‘l‘ and asking again for growth like a,% >nP we have now that
B > 1/2(1 — 2a). This estimate allows us to show that (1/0,12)(27:1([<p]jHj) o T/ —
>i_1 Eld¢];H;) o T/]) — 0 in probability. m

https://doi.org/10.1017/etds.2016.69 Published online by Cambridge University Press


https://doi.org/10.1017/etds.2016.69

1144 M. Nicol et al

We now collect the various inequalities involving « and B, which is the scaling of

o2 2 nb:

e for our proof of condition (ii) in Brown’s Theorem 3.3 we need o < 1/5 and 8 >
4oa/(1 —a), B>1/2;

e in Peligrad’s argument we needed ¢ < 1/5 and 8 > 4o/(1 — «);

e in Lemma 3.4, using the fact that @ < 1/5, we have 8 > 1/(2(1 — 2a)).

e for Theorem 3.6 we use B > 1/2 and & < 1/9 to obtain a uniform L* bound for v, o
T"=[@laoT"+H,oT" —H, 1 o T"F! (see Corollary 2.8).

Therefore, it is sufficient to take

1 1 da 1 1
0<a<§ and ﬂ>max{— } (3.8)

2 1—a 20 —20)| 20 =2a)°
To conclude the proof we need Theorem 3.6 to show that (3.2) implies condition (i) of
Brown’s Theorem 3.3, and the following lemma.

LEMMA 3.5. For1 <p < 1/a,

PP 1H;[p); — P Im(([9]iHi) o THDI
<iC, pC(pn_l/WH(log n)(l/oz)((l—ap)/(p—ap))

Proof. See §A.2 in the Appendix. O

THEOREM 3.6. Assume ¥ o T is uniformly bounded in L* and onz ZE(Z;;l 1///2 )
TIy+ 0(1) > nP with B > 1/2. Then

1 & . ,
P Z(wf 0T’ — EW? oT7 | Bjt+11) = 0 in probability.
noi—|

Proof. Define

n

V=9 o TF =By o T* [ Bepil,  Tni=)_ V;.
j=1

Note that E[Vy | Bx+1] =0, so Vi is a reverse martingale difference; by Pythagoras,
E(V?) <E((? o T%)?). Applying Pythagoras again,

n

2 n n
e[ (Lv) |-XEvh = Bwter)<n

j=1 j=1 j=1
Therefore, by Chebyshev,

PITal > ofe) = PUTy* > 0/e?) S .

n
Since we assumed that O’nz > nl/2 it follows that

1
— T — 0 in probability

n

as claimed. O
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4. Central limit theorem for nearby maps

THEOREM 4.1. Given B € (0, 1/9) and ¢ € C'([0, 11), if ¢ is not a coboundary (up to
a constant) for Tg there exists € > 0 such that for all parameters By € (B — €, B + ¢) the
variance grows linearly for any sequential system formed from concatenation of the maps
Tg,. Therefore, by Theorem 3.1, the CLT holds.

Proof. Recall the quantities defined by a concatenation of different maps:
1 _ _
H, = S0 (Pl 1 "D + Py Pt (@1n—2P" 1)

+ oo PPt - PileloPOD]
and
Yn =@l + Hy — Hyyq1 0 Ty

First assume that the maps all coincide with Tg so that Pgl — hg (at a polynomial
rate in Lz), PP, - Py = Pg, where /g is the invariant density for Tg and Pg is
the transfer operator for Tg with respect to Lebesgue measure. Furthermore, [¢], = ¢ —
m(go(T/g')) —> @ — f @hg dx. Denote the H,, corresponding to this situation by Hg .

Note that the terms P, P,_1 - - - Pn_j([(p]n_j_lp”_j_ll) decay at a polynomial rate
in L2, | Py Pyt -+ Poj([@la—j—1P" /7 1)|l2 < C/jT for some 7 > 1 for B < 1/4, by
Proposition 1.3 and Lemma 2.4. Note that C and 7 may be taken as uniform over all Tg, if
Br is close to .

Combining this with the fact that P41 — hg in L? (and hence (1 /P{1) — 1/hg in L?
as both /g and Pgl are bounded below by a positive constantt), we see that given ¢ > 0
there exists an N such that, foralln > N,

1
ng,nzh—[Plg<h5(p—/<ph5 dx) —i—Pﬂz(h,ggo—/(ph,g dx)
B

+ "-+P/§V(hﬁ¢—/¢hﬂdx>:| +y(B, n)
where ||y (B, n)|l> < ¢. We define

1
Gﬂ,NZh—[Pﬁ<hﬂ(p—/g0hﬂ dx)-f-Pg(hﬁgo—/(phﬁ dx)
B
+ ~-'+Pév<hﬁ<p—/(ph/3dx>i|

sothat Hg , = Gg v + v (B, n).

Now suppose ¢ is not a coboundary for Tg. Denote by Fﬂ the transfer operator for Tg
with respect to the invariant measure dug = hg dx. Then ﬁg (@)= 1/hp) Pg (hge) where
Pg is the transfer operator for Tg with respect to Lebesgue measure.

1
@[ ﬂ(hﬂ(p—/gohﬂ dx)+P§<hﬂ¢—/<phﬂ dx)
N ~
+ ~~-+Pév<h,3<p—/goh,gdx)]:ZPg[w—/(pduﬁ}.
k=1

+ These facts, in particular that P;;l are uniformly in n bounded from below by a strictly positive constant, are

Hence

proved in [16].
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If ¢ is not a coboundary then > ;- | 1~’§[<p — [ @ dug] converges to a coboundary ﬁﬁ SO
that _ _

¢ =V + Hp o Ty — Hy
defines a martingale difference ~sequence {%g o TE’}, where 1;5 #0in L? (as ¢ is not a
coboundary for 7). Suppose || Vg2 > .

Choose N large enough so that, for all n > N, |[[Hg, — Hgnt1 0 Tgl — [ﬁﬂ — ﬁﬁ o
Tgllla <n/20 and [|Hg — 332, PAlp — [ ¢ dugllla < /20 . Then [[yr(8, n)|l2 > n/2
foralln > N.

Now we consider a concatenation of maps T, where By is close to 8. The idea is to
break H,, into a sum of N terms uniformly close to G(8, N) (no matter what the sequence
of maps) and a small error.

Choose all g sufficiently close to 8 so that when we form a concatenation of the maps
Tg, we have

1
H Gﬂ,N - 7371[Pn([§0]n—1pn_11) + PnPn—l([(p]n—ZPn_21) + -

n

+ PPt Poon([@li—n—1 PN 0
5 0

We can do this as we have fixed N and the finite terms are continuous in L? as Sy — B
see [15, Theorem 5.1] and Lemmas 2.4, 2.7.

Recall that we also have ||y (8, n)|l2 < n/20 foralln > N.

Using the uniform contraction (r and C are uniform for T where 8 is in a small
neighborhood of 8), we have

1
H, — m[Pn(kp]n_lP"—ll) + Py Pu1([@ln—2P" 72 1) 4 - -

_N— n

+ PuPyi - Poon(plon PPN < o5

, 20
for all n > N. Then ||, ||2 > n/10 for all n > N and we have linear growth of variance
for the concatenation of maps as anZ = Z: 1 E[Ym o ’Tk]z. O

5. Random compositions of intermittent maps

Suppose S ={Ty,, . .., Ty,} is a finite number of intermittent type maps as in §1, with
a; < 1/9. We will take an i.i.d. selection of maps from S according to a probability
vector p = (p1, ..., pe) where the probability of choosing map 7, is p;. This induces
a Bernoulli measure v on the shift space Q:={1, ..., I}N, where (i1, ip, ..., 105, ...)
corresponds to the sequence of maps: first apply Ty, s then T, and so on. Writing
elements of w € Q as sequences w := (wp, w1, .. ., Wy, ...), the shift operator S : 2 —
Q, (Sw); = w41 preserves the measure v.

This random system also induces a Markov process on [0, 1] with the transition
probability function P(x, A) = Zle Do 1a(Ty; (x)). A measure p is invariant for the
Markov process if P*u = w. In this setting Bahsoun and Bose [5] have shown (among
other results) that there is a unique absolutely continuous invariant measure p and that
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if ¢ : [0, 1] — R is a Holder function then ¢ satisfies an annealed CLT for this random
dynamical system in the sense that if [ ¢ dju =0 then
( ){( TS T )EA} L[ evrt
VX w4 (w, x): — O(Tisign, - x - — 1 e X
n o VSt T V2o Ja
for some o2 > 0.

In fact the result of Bahsoun and Bose [S] also shows that this convergence is with
respect to (v x m) where m is the Lebesgue measure on [0, 1]. This follows from a
well-known result by Eagleson [10] which states the equivalence of the convergence in
distribution for measures which are absolutely continuous with respect to each other.

We will strengthen this to a quenched result: almost every realization of choices
of concatenations of maps (with respect to the product measure v) satisfies a self-
norming CLT provided ¢ is not a coboundary—up to a constant—for all maps (see the
precise statement below). First we show that, in this situation, v-almost surely a random

composition of a finite number of intermittent type maps has linear growth of the variance.
Therefore, we can apply the CLT proven earlier.

LEMMA 5.1. Assume o; < 1/4 forall 1 <i </{ and let

n 2
o2() :=/(Z¢o7;f—m(goo7;f>> dx

j=1

where 7;,/ stands for T(gj-14), © - - - © T(w)y. If ¢ is not a coboundary (up to a constant) for
one of the maps, i.e.

there exists an i such that ¢ #c + Y o Ty, —  for any measurable v and
any constant c,

then for v-almost every w there exist a C > 0 (independent of w) and an integer N (w) such
that a,%(a)) > Cn foralln > N(w).

Remark 5.2. A similar cohomological condition was presented in [4] in the setting of
two random commuting toral automorphisms, and conditions on the maps are given under
which all ¢ # 0 have a linear rate of growth of variance.

Proof. We will assume that ¢ is not a coboundary (up to constants) for one of the maps.
Suppose, without loss of generality, that this map is T, .

Given any k, for v-almost every w, the sequence of m consecutive applications of
the map 7y, will occur in the sequence of composed maps prescribed by w at a fixed
asymptotic frequency of p/'.

Now we consider T,, as a fixed map. 7,, has an absolutely continuous invariant
probability measure (1o, Whose density A, is in the cone C,. We let Oy, denote the transfer
operator of Tp, with respect to the invariant measure ptq,. Then Qo1 =1, Py ho, = hq,.

First we construct a martingale decomposition for ¢ using the transfer operator Qg
corresponding to the invariant measure gy, for Ty, . Note that Py, is the transfer operator of
T, with respect to Lebesgue measure m, so the relation between Py, and Qg is Qq, (@) =
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(1/ hg,) Py, (h, @), sO le (p) = (1/ha1)Po',’l (ha, @) forall n > 0. Qq, has the same decay
rate as Py, .
Define

o
He, ZZQé1[¢_/¢dﬂa1:| and w—/wdual =Y + Hay — Hyy 0 T,
j=1

Although it will not be used, note that {yy, o T, } is a reverse martingale difference
scheme with respect to pq, and the decreasing filtration JF, := T, "3, where B is the
o -algebra of Borel sets on [0, 1].

Since ¢ — f @ dpg, = Vo + Hyy — Hy, o Ty, and there are no measurable solutions
to ¢ =c + Hy, — Hy, o Ty, with ¢ constant, the martingale difference function v, is not
zero, o ||Yg, l2 > p > Of.

Now we consider the analogous quantities defined by a concatenation of different maps,
not just iterates of T,,. We will use the notation from previous sections, so that P" :=
Py, © P"‘fn—l 0---0 P"‘il for some sequence 7" := Ty, o T“in_ 0---0 TO,[,1 (leaving out
the dependence on w for convenience).

1

Defining as before

1
H, = PTI[Pn(mMP"—ll) + Py P ([@ln—2P" 1)
+o o4 PPy - Pi(l@loP D]

and ¥, :=[¢], + H, — H,41 o T,,+1, the sequence {y, o 7"} is a reverse martingale
difference scheme for m and the decreasing filtration {7 " B}.

Our strategy is to show that if k is sufficiently large (independent of n) then ||V, 121 —
Yo ll2 < p/2 and ||[Yp42k+1 — Yo, ll2 < p/2 every time that v, o¢ corresponds to the
reverse martingale difference produced by following any sequence of n maps chosen from
S by 2k 4 1 applications of Ty, (i.e. the last 2k + 1 maps applied were T, ).

More precisely, we will show that ||H, ok — Hy, ll2 < p/10 and ||[H, 42641 — Hy, ll2 <
p/10, which will imply that Y42k — Vi, ll2 < /2 since Yu, — Yus2t = [Hay © T —
Hgy 1 — [Hpt2k+1 © Toy — Hpyok]. The proof that [[Hyqok4+1 — He, ll2 < p/10 is exactly
the same as the proof that |[H, 12 — Hy, Il2 < p/10, so we only give details in the latter
case. In fact, to simplify notation we consider 2k applications of the T, after n applications
of any sequence of maps from S.

Once we have established this, by Lemma 2.1,

ori%ZEw}-on]:Z/w}-Pf(l)dm,
j=1 j=1

and hence (since P/ (1) is bounded away from zero) there is linear growth as, for any
integer r, r consecutive applications of T, will occur with an asymptotic frequency of p}
for v-almost every w.

F Unless explicitly stated, L2 stands for L2(m), and conditional expectations are with respect to m.
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To set the stage for our estimates we make the assumption that » maps have been applied
followed by 2k applications of Ty, and write

1 _ _
Hy 101 = W[Pnﬂk([fﬂ]wqup"”k D) + Pogok Pugok—1([@lagax 2P 721
+ o Pugok Payit -+ Pi(lploPOD)]
as
Hy o = Ak, n)[B(k, n) + C(k, n)]
where
Ak, n):=1/P"2k1,
k
Bk, n) =" Puyok Pusak—1 - - Pugokj((@lura—j—1 P" 77711
j=0
and
nt2k—1 _
Clk,n)i= Y PopakParai1 -+ Poyorj({@lasak—j 1 P27 710),
j=k+1
Recall that

k
> ol [sﬂ-/wdual]
j=1

1
= = |:Po(1 (halgp — hg, / @hg, dx)
o]
+ P} <ha1g0 — he, / ohg, dx> 4.4 PE <ha1¢ — hy, f 9ha, dx):|

converges to H,, at a polynomial rate in L2
We define a (k) := 1/ hy, (which does not actually depend on k),

B(k) := P, (ha](p — hy, [ oha, dx) +P; <ho,1<p — hg, / ohy, dx)

4ot P§j1<ho,l<p — hg, /q)hal dx>

and
o0

)/(k) = Z Po{l |:hoz1(/’ - hOll /QDdMoq]-
j=k+2

We will show that as k increases, uniformly in n, |A(k,n)— ak)|2 — 0,
|B(k, n) — Bk)ll2— 0, [[Ck,n)|l2—0 and [y(k)l2—> 0. As Hy =a(k)[B(k)+
y (k)] and H, 4o = A(k, n)[B(k, n) + C(k, n)] this implies (because A(k, n) and o (k)
are uniformly bounded in L) that [|H,,42x — Hq, |l2 < p/10 for sufficiently large k.

We first consider the terms A(k, n) and o (k).

For any j and any sequence of j maps TO,I.]_ o Totj,l o---oTy chosen from S, the

corresponding transfer operator with respect to Lebesgue measure P/ = Py, o Py, . °
. . . 77
) Pai, (again, we leave out the dependence on w for notational convenience) has the

property that P/1 lies in the cone C; and [ P/1dx = 1.
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Furthermore, for any n,
P he, —P"1] - O as k — oo
in L? at a uniform polynomial rate; in fact ||P,31k[hw1 — P"1]|l, < C(1/((2k)'*")) where
C and n are uniform over P"1.
Hence 1/ (PO%II‘P"I) — 1/hg, in L? at a polynomial rate as both hg, and P(f]kP”l are
uniformly bounded below by a positive constant. Thus there exists C; > 0 such that, for

all k and n,
1

1 1 <C
, = @it

PEPL hg,

This is the same as

1
Ak, n) —a(k)|2 < Cl(2k)—1+’7'

Now we consider C (k, n) and y (k).

The terms P, P,_1 - - - Pn,j([<p],,,j,173”_j_1l) decay at a polynomial rate in L?; in
fact || Py Py—t -+ Puej([@ln—j—1P"/711)|l < C/(j'*M). Note that C and n may be
taken as uniform over all choices of Ty, in the concatenation. Hence

C

ICk, m)]l2 < Tk

Similarly,
3
Dl < ——.
Iy ®ll < 55

Finally, we consider the terms B(k, n) and §(k). Observe that
k
B(k,n) — k)= PJ*! [([w]mk jo PP - (halw — hg, f Pha, dx)}
j=0

where the terms in square brackets have Lebesgue integral zero and are ‘uniformly’
differences of functions in the cone C, (see Corollary 2.6). Therefore,

) . C
Pt [([¢1n+2k_ jor P — (halw — ha, / ¢ha, dx)] H <5

2

uniformly over n, k and j.

Hence, uniformly over n,

1B m) ~ BONI2 = 1
To summarize, we have shown that if we choose k large enough then |H, 2 —
Hgy,ll2 < p/10 and |[Hj42k, — Hg, ll2 < p/10, and hence ||V, 424ll2 > p/2, whenever,
independently of n, the last 2k + 1 maps in the sequence are all Ty, . This implies linear
growth in the random composition setting as almost all choices of maps will have 2k + 1

long sequences of the map Ty, at a fixed frequency p%k+1 . o

The next theorem is an immediate consequence of the previous lemma and Theorem 3.1.

THEOREM 5.3. If o; < 1/9 forall 1 <i < and ¢ is not a coboundary (up to constants)
for one of the maps Ty, then cr,%(a)) > Cn for some C >0 and n > N (w), and hence ¢
satisfies a CLT, for v-almost every sequence w of maps.
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Note added in proof.  After this paper was finished Romain Aimino pointed out that one
can improve the second part of Corollary 2.8, and prove that |H, o 7,], is uniformly
bounded in n for 1 <r < 1/2«. To see this, replace H,, with its expression (2.1), cancel
P"1 that appears in the numerator, and continue as in the proof of the first part of that
corollary. As a consequence, Theorem 3.1 holds for « € (0, 1/8); the bound for 8 remains
unchanged. Therefore, Theorems 4.1 and 5.3 remain valid for the range (0, 1/8) as well.

A. Appendices

A.l. Sprindzuk’s theorem. We recall the following result, as formulated by
Schmidt [18, 19] and stated by Sprindzuk [20]7.

THEOREM A.1. [20, p. 45, Lemma 10] Let (2, B, u) be a probability space and let
Jr(w) (k=1,2,...) be a sequence of non-negative . measurable functions and gy, h
be sequences of real numbers such that 0 < gy <hp <1 (k=1,2,...,). Suppose there
exists C > 0 such that

2
/( > (fk(a»—gk)) dp<C Y In
m<k<n m<k<n

for arbitrary integers m < n. Then, for any € > 0,

Y @)= D" g+ 002 (n) gt ©(n))

1<k<n 1<k<n
for p-almost every € Q, where ®(n) =, o, -, hi.
A.2. Proof of Lemma 3.5. For simplicity of notation we discuss only the case k = 1;
the general case is the same, since we use the n Perron—Frobenius maps in P} only for the

decay given by Theorem 1.2.
The idea is to write [P 1H; [eli — pi 1m(([¢]iH;) o T1)] as a difference of 2i functions

1 To quote Sprindzuk [20]: ‘the lemma is abstracted from the work of Schmidt, and is based on the idea of the
well-known method of Rademacher in the theory of orthogonal series.’
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in the cone of the same integral. By writing H; explicitly we get

[P'1H;[¢]; — P 1m(([@]iH;) o T)]
i k-1

= |:Z H Pi—j([(P]i—k'Piikl)[ﬁﬂ]i — Pi1m(([pliH;) o 7"')}
k=1 j=0
i k-1 .
= [Z [ P-ielisP*Digl;
k=1 j=0
- P Zm( Olip H P (ol P ' o T)]
= Z[W Pl (@i P D) = Plim (m, Pl (@l P Do T’)}.
k=1

Denote Cy ; :=m([ @li (1/(P! 1))791‘ w1 (@li- #P'~11) o T7); then consider the quantity

() = [@)PF 1 (@lick P 1) — PI1C;.
Since [¢];—x € C! and P'~*1 € C, we can write, by Lemma 2.4,
[pli kP 1=Fi 4 - Gi
with F;_i, Gi_; € C». By the invariance of the cone, the functions hfl)k = Pk g1 Fi—k
and hz(2—)k = ’Pk

k1 G;_i are still in the cone, and we rewrite (*) as

(%) = [plih", — [@1ih?, — CixP'1.

Although the functions (in the cone) F;_j, G;_; are not of zero mean, we can still apply
Lemma 2.4 and split the product of [¢]; with them into the differences of two new functions
belonging to the cone, namely

N _ 2 ) . 2 _ A 2
[plih; 2y = M — M 23 [@lihi =y = N — N7y
with Mt(lkz), N(l 2 € C;. We finally have
0 =MD + N — M2, + N+ Cx P = Ry — Six

where the functions R;x, Six are in the cone and have the same expectation. Before
continuing, let us summarize what we have obtained:

[P, gl — PAm((@liHi) o TH1 =Y (Rix — Sik)-
k=1

By taking the power P” on both sides we have, by our Theorem 1.2 on the loss of memory
and Proposition 1.3,

IP" ([P 1H;[p); — P Im(([¢]iH) o THDI

1
< Y CapURiklln + 1Sikll)n™"/PeF (log ny M/ =ep)/ (p=ep)),
k=1
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From Lemma 2.4 we observe that if we have ¢ € C 1[0, 1]) and H € C; then the splitting
¢oH = A — B, with A, B € (5, is such that the functions A, B depend only on the C! norm
of ¢ and the integrals m(H), m(¢H). In our case since [¢]; (x) = p(x) —m(¢ o Th), we
have that ||[[¢];|c1 < ll¢|lc1; moreover, at each application of Lemma 2.4, the function H
is either 1 or obtained by applying P* to a function obtained in the previous step and
which only depends upon ||¢||-1; in conclusion, the norms ||R; «|l1, I|S; x|l1 are bounded
by a function Cy, which only depends on the choice of the observable ¢. We finally get

IP" (P 1H; [¢]; — m(([)H;) o THDI
< iCa.p Cpn~ 1P+ (log )1/ ((1=ap)/(p=ap)). 0
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