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The dynamics of a jet of an inviscid incompressible liquid spiralling out under
the action of centrifugal forces is considered with both gravity and the surface
tension taken into account. This problem is of direct relevance to a number of
industrial applications, ranging from the spinning disc atomization process to nanofibre
formation. The mathematical description of the flow by necessity requires the use of
a local curvilinear non-orthogonal coordinate system centred around the jet’s baseline,
and we present the general formulation of the problem without assuming that the
jet is slender. To circumvent the inconvenience inherent in the non-orthogonality of
the local coordinate system, the orthonormal Frenet basis is used in parallel with the
local non-orthogonal basis, and the equation of motion, with the velocity considered
with respect to the local coordinate system, is projected onto the Frenet basis. The
variation of the latter along the baseline is then described by the Frenet equations
which naturally brings the baseline’s curvature and torsion into the equations of
motion. This technique allows one to handle different line-based non-orthogonal
curvilinear coordinate systems in a straightforward and mathematically transparent
way. An analysis of the slender-jet approximation that follows the general formulation
shows how a set of ordinary differential equations describing the jet’s trajectory can
be derived in two cases: We=0(1) and eWe =0(1) as ¢ — 0, where ¢ is the ratio of
characteristic length scales across and along the jet and We is the Weber number. A
one-dimensional model for the propagation of nonlinear peristaltic disturbances along
the jet is derived in each of these cases. A critical review of the work published on
this topic is presented showing where errors typically occur and how to identify and
avoid them.

Key words: capillary flows, interfacial flows (free surface)

1. Introduction

Liquid jets spiralling out under the action of centrifugal forces are elements
of many applications, including spinning disc atomization (Senuma et al. 2000),
drawing and spinning of polymers and glass (Pearson 1985), nanofibre formation
(Mellado, Mcllwee & Badrossamay 2011), prilling (Saleh et al. 2015) among others.
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Theoretical research into the dynamics of curved and later spiralling liquid jets
began with integral approaches (Entov & Yarin 1984; Tchavdarov, Yarin & Radev
1993) and then moved on to a more detailed description, first, of nearly straight
jets (Dewynne, Ockendon & Wilmott 1992; Cummings & Howell 1999) and then
arbitrarily curved ones, including the effects of inertia and surface tension (Wallwork
et al. 2002), gravity (Decent, King & Wallwork 2002), viscosity with no gravity
(Decent et al. 2009), unsteadiness and arbitrary shape of the jet’s trajectory, first,
without surface tension (Panda, Marheineke & Wegener 2008) and then with surface
tension (Marheineke & Wegener 2009), propagation of waves (Piardu et al. 2006),
viscoelasticity (Alsharif, Uddin & Afzaal 2015; Marheineke et al. 2016), surfactants
for Newtonian (Uddin, Decent & Simmons 2008) and non-Newtonian fluids (Uddin &
Decent 2009) to mention only the main developments. All this research activity gives
an impression of a well-researched topic with plenty of results ripe for application
to problems where the spiralling jet is but one element of the flow and ready-to-use
simplified equations and/or solutions are required.

However, there is one serious issue. To be confident in the results one finds in the
literature with regard to their potential application, one should be able to verify at
least some key elements in their derivation. The problem in question is mathematically
rather intricate, by necessity it requires the use of a local curvilinear non-orthogonal
coordinate system, and one should be able to check, for example, how the authors
of published work handled the derivatives of the non-orthogonal basis vectors of
this system with respect to these curvilinear non-orthogonal coordinates, which is
needed to do covariant differentiation in the derivation of the governing equations
of fluid mechanics. However, it is these details that are invariably missing in the
exposition of published studies. Furthermore, and rather alarmingly, the demonstrably
non-orthogonal coordinate system, which has been known as such for quite a while
(Entov & Yarin 1984), is routinely referred to and dealt with as orthogonal (Decent
et al. 2002; Panda et al. 2008; Marheineke & Wegener 2009; Marheineke et al. 2016).
Such details as, for example, differentiation of one independent variable with respect
to another, as in (20) of Decent et al. (2002), or a kinematic boundary condition on
the free surface somehow including a component of the binormal to the trajectory, as
(2.7) in Wallwork et al. (2002), do little to reassure the reader.

Thus, a ‘practitioner’ looking for results to apply faces a dilemma: either to suppress
unease and take what has been published on trust or to spend the same amount of time
and effort as the authors did rederiving them to make sure they are correct. Neither
of these options looks particularly appealing. The first one essentially means leaving
science, as then there would be only faith to rely upon, whilst the second largely
defeats the whole point of mathematical research where verification and replication
of obtained results is supposed to be much easier, and by far less time consuming,
than their original derivation.

If one sets aside these reservations and embarks on a laborious journey of deriving
the mathematical framework needed to handle the spiralling jet problem and then goes
through the reported derivations and solutions, it becomes clear very soon that taking
the published results on trust would have been, at best, unwise. For example, the entire
research output of Decent and co-workers in this area (Decent et al. 2002; Wallwork
et al. 2002; Partridge et al. 2005; Pardu et al. 2006, 2007; Uddin, Decent & Simmons
2006; Uddin et al. 2008; Decent et al. 2009; Uddin & Decent 2009; Hawkins et al.
2010; Uddin & Decent 2012) appears to be riddled with mistakes, which begin
with the handling of some basic elements of differential geometry required in this
problem (see below for details). Furthermore, the mistakes tend to propagate in
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all directions as later papers rely on those published earlier, with cross-referencing
between different research groups, so that these, purely mathematical, errors ‘snowball’
and make distilling the results potentially unaffected by them a practically impossible
task, especially given an abbreviated format of the exposition of mathematics. The
bottom line to our trawling of the work published on the dynamics of spiralling
jets is that we were unable to find a single paper with correct mathematics, not to
mention a verifiable exposition. The ‘bifurcation point’ after which valid early work
on buckling (Entov & Yarin 1984; Tchavdarov et al. 1993) and nearly straight jets
(Dewynne et al. 1992; Cummings & Howell 1999) turned into a stream of erroneous
publications on spiralling and highly curved jets appears to be Wallwork et al. (2002)
so that now, after fifteen years of erroneous mathematical exercises, the field is in
need of a thorough clean up.

The purpose of the present work is twofold. Firstly, it is to create a verifiable
mathematical framework for the spiralling jet problem, a framework that does not
use any simplifying assumptions with the exposition allowing one to check its every
element without even reaching for pen and paper. Transparency of the exposition
here is the key given that, as we show, too many mistakes in the published work
are hidden behind reassuring phrases such as ‘using standard methods, we obtain. ...
Our intention is (i) to give researchers and ‘practitioners’ in this field the necessary
mathematical toolkit to deal with different aspects of the curved jet problem and
(i1) to set the standard of clarity of exposition required in this field for it to develop.
The transparent mathematical framework we present also makes it possible to analyse
the key elements where mistakes are typically made. In order for this analysis not to
interfere with our exposition of the results, we place it in separate subsections at the
end of the key steps in the derivation.

The second aim of the present work is to examine the case most important from
a practical viewpoint, namely that of a slender jet, where we asymptotically derive
some equations needed for practical applications. These include, first, equations
for the jet’s trajectory, which come from solving the governing equations for a
steady flow. Secondly, we derive the simple one-dimensional model describing the
propagation of peristaltic disturbances, which allows one to consider evolution of
the flow leading to the formation of drops. Both types of equations are derived for
different relations between the slenderness parameter and the Weber number, with
assumptions highlighted throughout the derivation.

Ultimately, our goal is to show that spiralling jets, or indeed jets of arbitrary
shape, are very easy to handle. Once the Frenet basis is used alongside the, generally
non-orthogonal, jet-specific coordinate system with respect to which the flow velocity
is considered, the mathematics required is no more difficult than that involved in
the description of the motion of a material point in the Frenet basis. This analogy
is pointed out in the places where the key equations are introduced. As for the
disturbances that propagate along the jet, it is shown that their wavelengths are
asymptotically short compared with the radius of curvature of the jet’s trajectory, so
that for them, to leading order in the slenderness parameter, the jet is straight. The
general formulation makes it possible to consider higher-order approximations in the
slenderness parameter, where the curvature of the jet’s trajectory comes into play, or
to abandon the slender-jet approximation altogether.

The structure of the present work is as follows. In §2, we state what problem
is to be considered and in §3 lay out the necessary geometric framework, from
the introduction of the local jet-specific coordinate system, the basis vectors and
components of the metric tensor to the calculation of the Christoffel symbols and the
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FIGURE 1. Sketches of applications involving spiralling liquid jets: (a) a representative
sector in the ligament regime of the spinning disc atomization process (Frost 1981), (b) the
generation of nanofibres from a spinning head (Zhang & Lu 2014).

&

free-surface curvature in a general case, i.e. without assuming that the jet is slender.
For the ease of reading, we place some technical details of the calculations into
appendices, which form an integral part of this paper. In § 4, the governing equations
and boundary conditions of §2 are derived for the local jet-specific curvilinear
coordinate system in a general case, and §5 deals with these equations in the
slender-jet approximation, where we derive ordinary differential equations for the
jet’s trajectory in different cases and one-dimensional equations describing peristaltic
disturbances. In §6, we summarize the work, point out some directions of research
that it makes possible and highlight the necessity of developing a purpose-designed
symbolic software capable of converting the invariant vector/tensor form of fluid
mechanics equations into their scalar form corresponding to a prescribed curvilinear
coordinate system.

2. Problem

We consider a free liquid jet produced by some kind of spinning device. It could be,
for example, a spinning disc atomizer, where, in the so-called ‘full ligament mode’,
the film flowing over a rotating disc comes out of its rim in the form of separate
jets (figure la), or the nanofibre generator, where the jets come from the orifices
in the side wall of a rapidly spinning head (figure 1b). The gas surrounding the jet
is assumed to be inviscid and dynamically passive. In the simplest case of a device
spinning with a constant angular velocity about a vertical axis directed against gravity
g and the fluid modelled as inviscid and incompressible with a constant density p, the
fluid’s velocity v and pressure p (measured with respect to a constant pressure in the
ambient gas) are described by the Euler equations which, in the observer’s reference
frame rotating with angular velocity §2 and with the origin at the axis of rotation, take
the form:

dv

1
V.v=0, E_——Vp—l—g—lflxv—.flx(ﬂxr), 2.1a,b)
P

where r is the radius vector, the last term on the right-hand side is the centrifugal
force and the preceding term is the Coriolis force. Note that, to consider the jet as a

whole as steady, in (2.1) 2 must be the angular velocity of the frame rotating with
the jet, which is usually, as in the situation shown in figure 1(b), equal to the angular
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velocity of the device, but in some cases, notably in the spinning disc atomization
process (figure la), can be different, albeit not by much.

On the free surface of the jet implicitly given as f(r, ) =0, where the function f
is to be found, one has the usual kinematic and dynamic boundary conditions:

8lf V=0 2.2
at+v' f_v ()

P = 0K, (2.3)

where o is the surface tension and «; is the mean curvature of the jet’s free surface.

To specify a particular flow, one has to add to the system (2.1)-(2.3) also the
boundary conditions specifying how the jet is produced, e.g. at the orifice of the
spinning container, and initial conditions specifying the initial shape of the jet’s
free surface and the initial distribution of velocity. Here, we will be interested in
(2.1)—~(2.3) and the equations one can derive for the jet’s trajectory and the nonlinear
disturbances propagating along the jet.

3. Geometric framework

To describe the flow in the jet, it is convenient to consider equations (2.1) and
boundary conditions (2.2), (2.3) in a local curvilinear coordinate system based on
some line that goes along the jet and whose form is to be determined. Such a ‘jet-
specific’ coordinate system would allow one to introduce meaningful scales along and
across the jet and, using their disparity in the slender-jet case, simplify the problem
via an appropriate asymptotic method. The price to pay for this simplification is that
one has to handle a rather cumbersome geometric side of the problem in a systematic
way.

3.1. Baseline and Frenet’s basis

Let us introduce the jet’s ‘baseline’, i.e. a geometric line going along the jet and, for
the class of motions to be considered, staying inside it at all times, as

RE)=XEXx+YE)I+Z(&)z, (3.1)

where £ is the arclength along it and X, y and Z are the basis vectors of the Cartesian
coordinate frame rotating with the angular velocity $2, i.e. the frame in which we
have equations (2.1). We introduce the term ‘baseline’ as opposed to ‘centreline’ used
for (3.1) in the literature to emphasize that the ‘baseline’ is a geometric construction
needed to set-up a local coordinate system whilst the location of the jet’s ‘centreline’,
if the ‘centre’ of an arbitrarily shaped cross-section of the jet can be meaningfully
defined, is determined by the jet’s dynamics so that, in particular, one can have a
situation where the ‘centreline’ wobbles about the defined-as-steady ‘baseline’. In what
follows, we will assume that the functions X(£), Y(§), Z(§) are sufficiently smooth
with all derivatives required of them continuous.

The Frenet (or ‘natural’) local orthonormal basis at every point of the baseline is
formed by the unit tangential vector t(£), the unit normal vector n(§) and the unit
binormal vector b(&) defined in terms of R(£) and its components as follows:

dR
r= G SX@FHYOIHZOL XTHYT R =1 Gab)
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-1

dr |dz|”"  d°R |d*R X'E+Y5+27'% 33)
n—-—|— = — | — = .
d;;: df d$2 d§2 /X2 + Y2 +Z//2
Y/z// _ Z/y// g Z/x// _ X/z// S X/ Y// _ Y/x// a3
bt )X+ ( )Y+ ( )z’ (3.4)

X//2 + Y//2 + Z//2

where primes denote differentiation with respect to &. The second equation in (3.2)
specifies that £ is the arclength. The Frenet basis is often used in the mechanics of
a material point in situations where the point’s trajectory is known (e.g. in designing
a roller-coaster track) as it allows one to reduce the problem of determining three
unknown components of velocity to a one-dimensional problem along the trajectory
with the normal and binormal projections of the equations of motion used a posteriori
to find the reaction forces (Butenin, Lunz & Merkin 1979).

The derivatives of the tangent, normal and binormal with respect to & are related
with 7, n and b via the Frenet formulae:

dr dn tib, P (3.5a—c)
— =Kkn, —=—KT+Kkb, —=-—Kn, Sa—c
d%_ 1 d%_ 1 2! dS 2
where
(;f) d2R X//Z + Yuz + Z//Z (3 6)
K =|—|=V , .
1 d.§2
dR &R &R\ |dR &R|’
K2 =~ 55 o3 ) o X o
d¢  dg? dg*/ |dg  dg?

. X/(Y//Z/// _ Z//Y///) + Y/(Z//X/// _ X//Z/H) + Z/(X//Y/// _ Y//X///) (3 7)
- (Y/Z// _ Z/Y//)Z + (Z’X" _ X/Z//)Z + (X/Y// _ Y/X//)Z :

are the curvature and the torsion of the baseline, respectively. In the last equation,
the angular brackets denote the so-called parallelepipedal product, i.e. the determinant
where the components of the three vectors inside the brackets form the rows.

3.2. Local curvilinear coordinates and the corresponding basis

To be able to describe the flow, we introduce a local curvilinear coordinate system
(&, n,0) where & is the arclength along the baseline introduced earlier and 1 and 0 are
the polar radius and angle in the plane normal to the baseline at point R(§), i.e. the
plane where n(§) and b(£) lie, with the angle 8 measured from n (figure 2). Where
convenient, we will also use the notation £' =&, €2 =1, £* =6 and the summation
convention with respect to repeated lower and upper indices.

In the reference frame rotating with the angular velocity §2, the radius vector of an
arbitrary point in the jet in Cartesian coordinates (x, y, z) is given by

r(x,y,2) =xx+yy+z3z, (3.8)
and the same radius-vector is expressed in the local coordinates (€, n, 0) as
r,n,0)=R()+ncosOn(§)+nsindb(). (3.9)

Expressions (3.8) and (3.9) allow one to recalculate one set of coordinates into the
other. The local coordinate system, which we have introduced via (3.9), can be used
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FIGURE 2. A sketch illustrating coordinate systems involved in the description of curved
jets. The arclength & (= &!) along the jet’s ‘baseline’ together with two orthogonal
(e.g. plane polar) coordinates n (=£2), & (=£&3) in the plane normal to the baseline give
a visual impression of an always-orthogonal coordinate system, often declared as such
‘by definition’ (Decent et al. 2002) with the tangent to the baseline T =dR/d¢ ‘defined’
as the basis vector corresponding to the &-coordinate. However, once defined analytically
in the correct way as the derivative of the radius vector r with respect to £ (3.10), the
basis vector e, corresponding to the &-coordinate turns out to coincide with T only on
the baseline whilst away from it e, appears to be different in magnitude and can even
have a non-zero projection on the azimuthal direction (e, - €3 = n’*k, #0) if the baseline’s
torsion k, is non-zero. Thus, unlike the orthonormal Frenet basis T, n, b, in general,
i.e. for a non-zero torsion of the baseline (k; # 0), the coordinate system (&, n, 0), whose
basis is shown as e, e, e;, is non-orthogonal and hence cannot be handled in terms
of ‘scaling factors’ (i.e. Lamé coefficients) nor via transformations based on its presumed
orthogonality.

for the jets in situations where the normal planes to the baseline do not intersect inside
the jet and hence the local coordinates of all points inside the jet and on its surface
are specified uniquely. In other words, the radius of curvature of the baseline must be
greater than the distance from it to the concave side of the jet’s free surface, which
can be achieved by the appropriate choice of the baseline.

Essentially from this point onwards, i.e. after we have introduced the local
coordinate system by (3.9), the construction of the mathematical framework for
our problem is ‘automatic’ in the sense that one just has to follow the rules of
differential geometry.
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The basis vectors of our curvilinear coordinate system are defined by

r
i= T .:172737 3.10
o= 55 ) (3.10)

i.e. as tangent (and not necessarily unit) vectors to the corresponding coordinate lines.
Using (3.9) and Frenet’s formulae (3.5), we have

o IR cos62 4 ysing 2L — ¢ 4 cos6(—rit + kab) + 1 sin 6(—con)
e = —=— cosf— sinf— =1t cos O (—Kk 1T+« sin 6 (—kon
1 oE d& n d& n de n 1 2 n 2
= (1 —nk;cos0)T —niysinfn+ Nk, cos6 b, (3.11)
or .
ezza—:cosen—l—smeb, (3.12)
n
ar .
e3:£:—nsm0n—|—ncos9b. (3.13)

The Frenet basis, i.e. vectors 7, n and b, can be expressed in terms of the local
basis vectors e, e, ez by resolving linear equations (3.11)—(3.13) with respect to the
former giving

e — Kre; sin 6 . cos 6
T=——""— n=cosle,— e;, b=sinfe, +
1 —nK; cos O

es. (3.14a—c)

Note that, in a general case, i.e. if x; # 0, vectors T and e, are not parallel outside
the baseline (figure 2).

3.3. Metric tensor and Christoffel symbols

The covariant components of the metric tensor of the local coordinate frame are
defined by g, =e;-¢;, (i,j=1,2,3). After using (3.11)—~(3.13) to calculate them, we
have in a matrix form

(1 —nKycos0)? + (nk2)* 0 nky
(g) = 0 1 0 |. (3.15)
772’(2 0 772

Note that (i) if «, 7% O, the basis vectors e;, e,, e; are not orthogonal everywhere
outside the baseline (i.e. for n # 0) and hence g3 = g3; # 0 and (ii) e; and e;
are not unit vectors. Non-orthogonality of the basis vectors indicates that ‘scaling
factors’ (i.e. Lamé coefficients) cannot be used for calculating covariant derivatives
whilst the fact that the basis vectors are not unit vectors means that, as for every
curvilinear coordinate system, components of vectors and tensors in this basis are not
the ‘physical’ components used in fluid mechanics; the latter require normalization
of the basis vectors and will be introduced below in due course.
Using the notation A for the determinant

A =det(g;) = [(1 — nk;y cos 0)* + (nk2)*In* — n'*i; = (1 — nky cos 6)*n*,  (3.16)
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we introduce also the contravariant components of the metric tensor (g”) inverse to
(g;) 1e. g’kgkaéj, where §; is Kronecker’s delta, arriving at

n” 0 —n’k,
0 A 0 . (3.17)
0%, 0 (1 —nk; cos ) + (nky)?

. _1
(QJ)—Z

To be able to do covariant differentiation, we need to calculate the Christoffel

symbols I} defined by

88,‘
o0&/

=Tfe., (i.j=1,2,3). (3.18)

One can find Fl;‘, (i,j, k=1, 2, 3) using the following steps: (i) differentiate (3.11)—
(3.13) with respect to & (i=1, 2, 3), having in mind the notation &§' =&, £§> =1, &> =
0; (ii) use Frenet’s formulae (3.5) to express the derivatives of 7, n, b with respect
to £ back in terms of T, m, b, (iii) apply (3.14) to express the Frenet basis 7, n, b
in terms of e; (i=1, 2, 3) and then (iv) use the definition (3.18) to find Fl;‘, (i,j, k=
1,2, 3). The full details of this procedure are given in appendix A. As the result, we
have:

I = (—cos6 ¥ 4 kysing ) — T (3.19)
1 dg 2 1 — nk, cos @ '
Flzl = (1 — 5Ky cosO)k; cos O — n/czz, (3.20)
d in6d d
Ff, = | cos Qﬁ — K1k Sin 6 e (1 — nky cos Q)Kl o ﬁ.
d¢ 1 —nkycos6 n dé
(3.21)
ry=0, Iy=0, Iy=Iy=0,
;=0 I{=-n IZ=I3,=0, (3.22)
3 3 3 ;|
I5,=0, I;=0, F23:F32:;
Ky cosf Nk, sin 6
F112:F211:_ ) F1l3:F311: )
1 — nk; cos 1 — nK; cos O
F122:F221 =0, F123:F321 = —hky, (3.23)
0 in 0
F132 _ F231 _ K1K> COS n Q’ F133 _ F331 i NK1Ky SIN

1 —nkicosf T l—nkicosf

These expressions for the Christoffel symbols are needed to do covariant differentiation
both for the derivations below and, especially, should one wish to generalize the
results of the present work to the case of a viscous fluid.

3.4. Curvature of the free surface
Let the free surface be parameterized in the local coordinate system (&, n, 6) as

n=nhe,0,1, (3.24)
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so that, following from (3.9), the radius vector r of a point on the free surface is
given by

rE,0,)=RE)+hE,0,1)cosOnE)+hE,0,1)sin0b(E). (3.25)

Having the free surface parameterized, we can use the standard procedure for
calculating the mean curvature «; of the jet’s free surface as

__EN+GL-2FM

= , 3.26
« EG—F? (3.26)

where E, F, G and L, M, N are coefficients of the first and second fundamental form
of the surface, respectively. The details of their calculation for the general case we
are dealing with at the moment are given in the first section of appendix B.

3.5. Typical mistakes

Although it might seem that in the above procedure there is simply no room for
mistakes, this turns out not to be the case. Typically, instead of introducing the
coordinate system analytically (3.9), defining, also analytically, the basis vectors in
a regular way (3.10) and then checking whether the introduced coordinate system
(&, n, ) is orthogonal or not by calculating components of the metric tensor (3.15),
orthogonality of this coordinate system is proclaimed from the start as a self-evident
fact, usually ‘supported’ by a sketch, similar to (if a simplified version of) our
figure 2, to make this statement more palatable. Then, the orthonormal vectors t, e,
and e; = e;3/|e;| are declared to be the basis corresponding to this coordinate system
(Decent et al. 2002; Wallwork et al. 2002; Panda et al. 2008; Marheineke & Wegener
2009; Marheineke et al. 2016). This opening gambit takes place even when the paper
has the words ‘systematic derivation’ in its title (Panda er al. 2008), which makes it
difficult to distinguish this systematic derivation from the presumably unsystematic
ones elsewhere. As a result of this intuitive rather than systematic approach, in
the situations where the jet’s baseline has a non-zero torsion (i.e. k, # 0), for
example, if gravity is taken into account (Decent et al. 2002) or if the intention is
to describe jets of arbitrary shapes (Panda et al. 2008; Marheineke & Wegener 2009;
Marheineke et al. 2016), T used as a basis vector turns out not to be tangential to the
corresponding coordinate lines everywhere except the baseline itself. In other words,
in this case T is not a basis vector of the coordinate system (&, n, €). To put it
formally, from the definition of the local coordinate system (3.9) and the definitions
(3.2) and (3.11) it follows that outside the baseline
ar dR
er=3 : # dE T,
and for k, # 0 one has that e; }f 7. Thus, from this point onwards, all geometric
constructions based on the presumed orthogonality of the local coordinate system
that follow are, at best, questionable as ‘scaling factors’ (i.e. Lamé’s coefficients)
and transformations between orthogonal coordinate systems simply do not work for
non-orthogonal coordinate frames.

Notably, non-orthogonality of the coordinate system (3.9) in the situations where
ky # 0 has been specifically pointed out by Entov & Yarin (1984) but their paper,
although routinely referenced (Panda et al. 2008; Marheineke & Wegener 2009), is
apparently never read.

3.27)
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Sometimes an analytic definition of the basis vectors is not given at all and they are
‘defined’ visually via definition sketches (Wallwork et al. 2002) which is concerning
given that in the sketches of Wallwork et al. (2002) as well as in the sketches of its
twin paper (Decent et al. 2002) the normal to the centreline (used as the baseline)
points in the wrong direction.

Another useful indicator alerting one to the unconventional handling of differential
geometry is that in some papers, e.g. Decent et al. (2002), Uddin et al. (2006), Pardu
et al. (2007), in a complete reversal of the standard procedure used above, the radius
vector r is defined not only after the basis vectors but, even more peculiarly, in terms
of the latter simply by stating that (in our notation)

&
r:/ T dE + 7e,. (3.28)
0

Then, if the expression for e,, given either as e, =cos@n +sin@b in Decent et al.
(2002), which coincides with (3.12) above, or, more originally, as

e,=Y cosfx —X cosfy—sin6z (3.29)

in Pdrdu et al. (2007), is substituted in definition (3.28) of r and then, using it, the
basis vectors are calculated in the standard way (3.10), one arrives at a contradiction:
the resulting basis vector e; corresponding to the &-coordinate will differ from = used
as the basis vector in defining r in (3.28). Notably, this self-contraction takes place
irrespective of whether the local coordinate system (£, n, ) is orthogonal (k, =0) or
not (k; # 0) which indicates a fundamental flaw in the whole procedure. This error
occurs because in (3.28) not only the integral but also e, depends on &. This highlights
an important general point: the directions of all three vectors in the local basis and
the Frenet basis vary along the baseline, and this variation cannot be captured by
any ‘definition sketch’ which, like our purely illustrative figure 2, shows only one
cross-section of the jet. Therefore, all ‘definitions’ of the basis vectors for the local
coordinate frame (£, 1, ) coming from such sketches, as in Decent et al. (2002),
Wallwork et al. (2002) and the papers that rely on them (Partridge et al. 2005; Pardau
et al. 2006, 2007; Uddin et al. 2006, 2008; Decent et al. 2009; Uddin & Decent 2009;
Hawkins et al. 2010; Uddin & Decent 2012), lead to inconsistencies in the geometric
framework and hence in the equations derived on its basis.

4. Governing equations in curvilinear coordinates
4.1. Continuity equation

4.1.1. Two ways of deriving the equation
As mentioned earlier, the basis vectors e;, e,, ez are not unit vectors, so that, to
introduce the ‘physical’ components of velocity v, we need to normalize these vectors:

e (%)) e3 N ~ N
v=v'le, +v’e, +vie; = vllellm + vzlezlm + v3|e3|m =uge; +u,e> +uges, (4.1)
1 2 3

where

1 1 2 2 3 3
ug=v lel|=v /gy, u,=vlex]=v", uy=vlesl=vy 4.2a—c)
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are the physical components of v and e, =e;/|e;|, é; = e,/|es|, €3 = e3/|e3| are now
unit vectors.
The continuity equation V - v =0, i.e. V,v' =0, written down explicitly has the

form )
av'

8?4_[}; k=0, 4.3)
that is
dv! 1.1 1.2 1.3 v’ 2.1 2.2 2.3
3751—’_[‘11” +F12U +FI3U +87§_2+F21U +F22U +F23U
+a—”3+r3vl+r3u2+r3 =0 (4.4)
853 31 32 33 ! *
or

vt dv? 9 1 2 3.1 1 2 3y.2
87€:I+87$2+37€3+(F11+F21+F31)U + U+ +T)v
+ (L + I+ TH)v’ =0. (4.5)
Then, using (4.2), which express the velocity components v!, v?, v* in terms of the
physical components ug, u,, up, and the expressions for the Christoffel symbols F,}(,
(i, j, k=1, 2, 3) calculated in appendix A with the results summarized in §3.3, we
finally have the continuity equation in the following form:

0 < Ug ) ou, n 1 duy ncos®  diy ug
0 \Jan)  am  na0  1—mecos6 dE g,
. Nk, cos 6 Uy L Ky 8in 6 o =0, 4.6)
1 —nkycos6 /) n 1 —nk;cosB

The component g,; of the metric tensor, which accounts for the torsion of the
baseline, is given in (3.15), and the curvature k; of the baseline is expressed in terms
of X(&), Y(&), Z(¢) in (3.6). Note that in (4.6), besides differential terms, there are
also algebraic terms proportional to each of the three components of velocity.

An alternative and much shorter way of deriving the continuity equation is by using
the well-known formula for the divergence (Sedov 1997)

1 da)
NZRT

where A =det(g,) was calculated earlier (3.16) and the expressions of v (i=1,2,3)
in terms of the physical components of velocity are given by (4.2). Once applied, this
formula verifies (4.6) and hence implicitly the expressions for the Christoffel symbols
calculated in appendix A and summarized in a compact form in § 3.3.

V= (4.7)

4.1.2. Typical mistakes

As one can see from the derivation above, there is again no room for making a
mistake as all that the derivation of (4.6) requires is the definition of a divergence as
Vv', the definition of the covariant derivative leading to (4.3) and the definition of
the Christoffel symbols (3.18). The latter, of course, rely on the correct definition of
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the basis vectors (3.10). The formula (4.7) requires even less, namely the expression
for A (3.16), which, again, relies on the correct definition of the basis vectors, and
the definition of the physical components of velocity resulting in (4.2).

In the published work on the topic, there is invariably a gap between the
introduction of the local curvilinear coordinate system (&, n, 6) with the supposedly
corresponding basis vectors and the continuity equation. The details of the derivation
are covered by the phrases such as ‘we obtain the conservation of mass...” (Wallwork
et al. 2002), ‘using standard methods, we obtain the continuity equation...” (Pirdu
et al. 2007) or simply ‘we obtain the continuity equations as...” (Decent et al. 2002),
so that the continuity equation becomes the first litmus test as to how these ‘standard
methods’ have been applied.

By comparing equation (4.6) with the versions featuring, for example, in Decent
et al. (2002), Wallwork et al. (2002), Parau et al. (2006, 2007), Decent et al. (2009)
one can see immediately that the latter are erroneous in all that is related to the jet
being curved and, notably, irrespective of whether the coordinate system is orthogonal
(k2 =0) or not (k; # 0). In other words, even where by chance the local coordinate
system ‘introduced’ as orthogonal happens to be orthogonal (Wallwork et al. 2002)
and hence the technique of ‘scaling factors’ should work, the resulting continuity
equation is still erroneous. The term proportional to us and the derivative of the
baseline’s curvature with respect to & is simply missing whilst the factors in front
of other algebraic terms involve the (non-normalized) component of the binormal, in
our notation X'Y” — Y’X”, but not the curvature of the baseline given by (3.6) as they
should.

Ribe (2004), one of the few who recognized that the local coordinate system for
a coiling liquid jet is non-orthogonal, arrived at the continuity equation as the first
invariant of the rate-of-strain tensor taking the latter from Green & Zerna (1992). The
result was again the absence of the term proportional to the variation of the baseline’s
curvature along the baseline.

4.2. Equations of motion

We will now derive the equation of motion in projections on the Frenet basis t, n, b
and, as before, ensure that the derivation is completely verifiable. For clarity, we will
derive the required expression for each term in the second equation (2.1) separately
and then put them together.

4.2.1. Velocity and acceleration in Frenet’s basis

One way of deriving the expression for the acceleration term on the left-hand
side of the equation of motion (2.1) in projection on the Frenet basis is simply
by writing it down as dv/dt + v - Vv, doing the required covariant differentiation
using the Christoffel symbols calculated in appendix A and then projecting the
result on the Frenet basis using (3.11)—(3.13). This procedure is rather lengthy and
cumbersome, so it would have to be hidden behind ‘after lengthy calculations, we
obtain...’. To remain verifiable, we will take an alternative route where calculating
the Christoffel symbols and projecting the result onto the Frenet basis is built
into the very procedure. This route is used in textbooks when the equations of
motion in curvilinear coordinates are introduced. The subtlety in our case is that the
velocity components we are dealing with correspond to our curvilinear non-orthogonal
coordinate system whilst what we need is these components in the Frenet basis. To
find the latter, we will, first, consider the velocity of a ‘fluid particle’, i.e. a particle
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with fixed Lagrangian coordinates moving with respect to the Eulerian coordinate
frame.

If we take a fluid particle whose position vector at moment ¢ in our (Eulerian)
coordinate system (&, n, ) is given by r(t) = r(& (1), n(t), 6(¢)), then the particle’s
velocity is

dr ord¢ drdy  9rdg dg  dn  df

_T_Te Do+ T, 4.8
@k Tapar Taear - al T AT @ (48)
Comparing this with (4.1) we see that
d d do
Sy, Wy =’ (4.9a—c)

dr a - d

are components of the particle’s velocity in the local basis ey, e,, e;.
Now, given that for a fluid particle, according to (3.9),

r€@), n(0), 0() =RE @) +n() cos @) n(E@) + (@) sinb () b(E®),  (4.10)

all that we need to do is differentiate r with respect to ¢ and use the Frenet formulae
(3.5) together with the definitions (4.9) and (4.2):

= %d—g—l- (cos@—nsm@de> n+n0059%§+ (dn s1n9+ncos9de> b
dé dt dr dr d¢ dr dr d
+ 1 sin dbd§ e T 4 (1, cos @ — uy sin 0)n + n cos 6 e (—Kk1T + K2b)
“Ea o Jan
+ (u, sin 6 4 ug cos 0)b — nk, sin O 4.11)

Jg_n

After rearrangement, we finally have:

v = (1 —«kyncosbh) He
g

~+ u, sin 0 + uy cos 9> b. 4.12)

T+ (—/cznsine “ + u, cos 0 —uy sin@) n

91

g

u
+ </<2n cos 6

The coefficients in front of T, n, b, i.e.

Ve = (1 — k17 08 0) |y, = —ky7y Sin O + 1, cOSO — ug sin6,  (4.13a,b)

9n g 11
U, = K1) cOS 6 ~+u, sin 0 + uy cos 6, (4.14)
9n

are components of velocity in the Frenet basis T, n, b expressed in terms of the
physical components of velocity wug, u,, ug in our curvilinear coordinate system
(&, n, 0) whose (non-orthogonal) basis is ej, e,, e3.

Now, we can consider the velocity field of a moving continuum and treat our
velocity components in (4.12) as functions of (¢, &, n, 8). To calculate the acceleration
term in the second equation (2.1), we need to differentiate (4.12) with respect to ¢,
keeping in mind that (i) the derivatives of &, n, 6 with respect to ¢ are, according
to definitions (4.9), components v', v?, v?, which, following definitions (4.2), can be
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expressed in terms of the physical components ug, u,, u, and (ii) the Frenet basis t,
n, b varies with & and the derivatives can be expressed back in terms of 7, n, b using
Frenet’s formulae (3.5). This is basically the textbook derivation of the acceleration
in a curvilinear coordinate system with the only difference that v., v,, v, in (4.13),
(4.14) are expressed in terms of wug, u,, up. Thus, differentiating (4.12) we obtain

dv {(1 0) |:8 ( ME > n I/tg d < l/tg > n d ( Mg: )
K17 COS — — U, —
dr ! t \ /91 V911 98 \ /9 "o V9
d dic, 12
+ 59 <«/u£ >] —cos 0L E e cos 08 4k, sing Y
9dn d§ gy, V911 V911

Jgg_u< cose—uemne)}
{[ (i ) o (G)

o () 5 ()

di, u Ug Uy
—nsm@——g—xzsme " —/czcosé ¢

d& g Nem Van

N 9(8 LM 8u,7+ aun Up 8u,7)
cos
Ja, g an 7 96

8 3 5 5
—sin9< T e ”9>
V911 9§ 317 n 06

— —(u,7 sin @ 4+ ug cos 0) + k(1 — kyncos ) — g
9dn

_Kl

Ug
V911
o |3 (=) + =t (G5)
Ko7 COS -~ —
ot 9, 0§ gu
0 u ug 0 u
s (o) + e (76|
an 9gnu '739 g
1 (uty €05 0 6) + ncos 9 42 1%
K u, cos 0 — uy sin ncosf——
2«/911 ! d§ gy,
Quy g 8un>

+'9<3””+ ue Oty |, Oty
sin
Jan 08 "oy T 06

n 9 (8”9 + Ug 81/{9 + Bug + Ug 8”9)
COos Uy— —
Jan 9 o oy 96

— K (KanOSQ e +unsin0+u90050>}n

911

Ug Ug
4+ — (u, cos @ — uy sinf) + k»
n ( ! ) VAT
X (—Kzn sin 0 ! ~+ u, cos 6 — u, sin 9) } b. 4.15)
9n
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After rearrangement, we finally have

dv d ug Mg d I/lg
(1 —xncosB) + —
dr at V9 V911 9§ \ /9
0 u 0
() ()]
an 9gn n a6 Idn
ool ( 9 g > e, %
n— | k1kp Sin@ —cos @ — | — 2k ——
9dn dé V911
(s |5 (J) + e (7
4+ < —kpn sinf + —
ot 91, 0§ 9n
0 Ug Ug d Ug
+ur’7 +
on \/9n n a0 V911

(u, cos 6 — uy sin 9)} T

+ u—g (Kl —ncosO(ki +k3)—n sin9dK2>
91 : : dg
Ug Ug .
— | 2K, + ) (u,, sin 0 + uy cos 0)
< V911 n !
+ cos 6 ( U Oy + naun u08u,7>
V9 9§ an  n 96

. <8M@ Ug 8u0 8u9 Ug Bu(;)}
— sinf [ — + — 4 uy—+—— | on
a /gy 9& an n 06

+{K cos@[a(u‘f)-i- uéa(ué)
T e \Van ) T van0s \ o

0 ( Ug Ug 0 < Ug >:|
+ uy— +—
In \/9n n 30 V911
u? d
+ <2K2 i + ue> (u, cos @ — uy sin0) + n—s <cos 9£ — K22 sin@)
V91 n gn dé
+ sin <8u,, +— Ouy + nau,, ugau,,>
NETRES on ~ n 06
0 0 0 0
+ cosf ( 1o + e +u,,ﬁ + ugl/lg)}b (4.16)
SO 0& an  n 096

An alternative way of calculating the acceleration is to substitute into

dv v’ v’ .
& PVLLS 417
d < a1 ) < ar Vo VY ) @17)

the expressions for F’ (i,j, k=1,2,3) from §3.3 and the expressions (4.2) of v’
(i=1,2,3) in terms of the physical components ug, u,, uy and project the result on the
Frenet basis by expressing e; (i=1, 2, 3) in terms of 7, n, b using (3.11)—(3.13). We
used this (slightly more cumbersome) way for an independent verification of (4.16).
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4.2.2. Pressure gradient in Frenet’s basis
To calculate the pressure gradient, we need only its definition and expressions
(3.11)—(3.13) relating the local basis with Frenet’s basis:

ap
Vp = ¢V i ¢,
P p=9g agx

= g“ap+ [(1 — nky cos )T — niy sin 6 v+ ni, cos O b
oE 80 1 ’ ’

d
+ g% p(cos@n—l—sm@b)—i— ( 318? +g3389) (—nsinfn+ ncosbb).
(4.18)
Using expressions for g7, (i, j=1,2,3) from (3.17), we finally have
1 d a 6 d
Vp = ——— i /cz—p T+ cos@—p—Sln i
1 —nKycosf \ 0& a0 an n 060
dp cosf dp
+ (sinf— + — | b. 4.19)
an n a6

Note that for non-zero torsion of the baseline, «, # 0, the T-projection of the gradient
includes an azimuthal derivative of the pressure.

4.2.3. Centrifugal, Coriolis and gravitational forces in Frenet’s basis
Centrifugal force. Using the parametrization (3.9), for the centrifugal force we have

— X2 xr)=—R2 x (2 xXR)—ncosO 2 x (2 xn)—nsinb 2 x (2 xb).
(4.20)

Given that 2 = 2z, R =Xx + Yy + ZZ and using the notation 7 = t.X + 1,y + ©.2,
n=nX+ny+nz, b=>bx+by+ bz, we obtain

2 x (2 xR =02% x (-YZ+Xp)=—-2*Xx + Yp) 4.21)
and similarly
2 x (2 xn)=-2*(nx+nJ), xR xb)=-2°0bx+bJ). (4.22a,b)
Then the centrifugal force takes the form

—2 x (2 xr)=2*X + nn, cos 6 + nb, sin )& + 2%(Y + nny cos 0 + nb, sin 0)y,
(4.23)
or, in projection on the Frenet basis,

—2 x (2 xr) = *[(X + nn,cos O + nb, sin0) 1, + (¥ + nny cos O + nby sin 0) 7, ]t
+ 27 [(X + nn, cos 6 + nb, sin O)n,
+ (Y + nnycos 6 +nb, sinO)n, | n
+ 22 [(X + nn, cos 0 + nb, sin 0)b,
+ (Y 4+ nnycos 0 +nb, sin )b, 1 b. 4.24)
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Coriolis’ force. Using the representation of v in the Frenet basis (4.12), the Coriolis
force can be written down as

Us

=22 xv = —2(1 —kncosH) 2xt
9n
. Ug .

—2<—K2ns1n6 +u cos@—ugsme)s?xn

V911 !

Ug .
-2 (Kzn cos 6 + u, sin @ + uy cos 9) 2 xb, (4.25)

VAUT !

and for its projections onto the Frenet basis one has

U

9u

—22 xv)-Tt = 2 (—Kzn sin 6 4+ u, cos 8 — uy sin@) (2xn)-t1

Ug .

-2 (KZT] cos § —— + u,, sin 6 + uy cos 0) (2 xb)-T, (4.26)
V911 !

Ug

—22 xv)-n = —2(1 —kncosB) (2 x1)'n

11

ME .
-2 (Kzf] cos 6 + u, sin 6 + uy cos 0) (2 xb)-n, (427

911

—282 xv)-b = —2(1 —KkyncosH) ué

2x1)-b

gn
U

-2 (—Kzn sin 0 + u, cos 6 —uy sin9> (2 xn)-b.

9
(4.28)
For 2 = §27, we obviously have

2xt=2(-1%+1y), Lxn=2(-nx+ny), 2 xb=Q2(-—bx+by),
(4.29a—c)

and the scalar products on the right-hand side of (4.26)—(4.28) are given by
R x1)en=82(—-tn+1tn), (Rxt)-b=82(-1b.+1.D)), (4.30a,b)

(2 xn) -t=82(—nt1.+n7), (£xn)-b=82(—nb,+nb,), (43la,b)
(2 xb)-t=82(-by1. +b,7), (£ xb)-n=82(-byn,+bmn,). (4.32a,b)

Thus, finally projections of the Coriolis force onto the Frenet basis are:

-2 xv)-1 = 2 <—/c277 sin He + u, cos 6 — uy sin 9) 2(—nyT, +n,7y)
9n ‘
—2 </<2n C0S 0 — 4y, sin @ + uy cos 9) 2(=b, + b)),
gn

(4.33)
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Q2 xv)en = —2(1 — k17 €08 ) ——— 2 (—1,1, + o)
91

-2 </c2n cos 0 ——= + u, sin 6 + uy cos 0) 2(—=byn, + b.ny),

911

(4.34)

Ug
—282 xv)-b = —2(1 —KkyncosH) 2(—1,b. + t,by)

-2 <—K2n sin 6 ! + u, cos 0 — uy sin 9) £2(—nyb, 4+ n.by).

gn

(4.35)

Gravity. The gravity force g = —gz in projection onto the Frenet basis is simply
g=—gt.T —gn.n—gbb.

4.3. Euler’s equation in Frenet’s basis

After putting into the second equation (2.1) the expressions derived in §§ 4.2.1-4.2.3,
Euler’s equation in projection on Frenet’s basis takes the following form.
Projecting on t:

5 () v (7o)
(1 —xyncosb) | — +——— | ==
ot 9 911 0§ 91
ru (7o) * e (7o)
7737] 9n n 06 9gn

u2

£ . dry
+n— | kikysin @ —cos 0 — | — 2k,
9 dg

(1, cos 0 — uy sin )

M
V91

1 ap ap
- - - T
"o — 1k, cos 9) 0r a0 ) 8T

-2 (—Kzn sin 0 + u, cos 0 — uy sin 0) £2(nety — nyTy)
91 .
—2 (Kgﬂ cos 0 b; + 1, $in 6 + 1y cos 9) (b7, — byTy)
1
+ 22 [(X + nn, cos 0 + nb, sin 0) 1,
+(Y +nny, cos 0 +nb, sinf)z, . (4.36)

Projecting on n:

. [8 ( Ug ) Ug 0 ( Ug ) 0 < Ug ) Ug 0 ( Ug >:|
—Kkonsinf | — + — +u,— + ==
ar \ /91 V911 96 \ /91 N \ V9 n 90 \ /a1
2
u

d
+= <K1 —ncos (k] +k3) — nsin@({?)

11

<2K e + Mg) (u, sin 6 + uy cos 0)
- 2 — 0
VAT n !

(8u,,
+ cos @ +

ug 8u,7+ du, ugau,])
Jan 98 on 06


https://doi.org/10.1017/jfm.2017.169

https://doi.org/10.1017/jfm.2017.169 Published online by Cambridge University Press

Spiralling liquid jets: verifiable mathematical framework 371

— sin @ <8u9 + ue Oy + ,,aue + Mgaug)
Jan 08 an n 90

1 9 09
( pop _sin p)—gnz—Z(l—Klncosé) “e

on n 06 gn

Q(Txny - T_vnx)

-2 (/czn cosf e + u, sin 6 + uy cos 9) £2(buny — byn,)

gu
+ 22 [(X + nn, cos 0 + nb, sin O)n,
+ (Y +nny,cos0 +nb,sinO)n, | . 4.37)

Projecting on b:

9|:8 < ug: >+ ng 0 ( Mg >+ 0 < Ug )+M9 0 ( M&- >:|
ko1 COS — — u, — —
1 \ /9n V911 98 \ /91 naﬁ V11 n 26 oM

+ <2 e + u9> (u, cos 6 sin 0) + u? (cosGdK2 2 sin 9)
K> — | (u — Up n— — — K, si
V91 n ! gn dg§ :

4 sing duy ug  Ouy o duy n g Oty
sin —_—
Yo 08 an Ty 96

1 cosf 8 I/tg aug " 3& Ltg 8Lt9
Jan & Tan o on 00

1 Bp cos 6 ap
=——|sinfd— + — | —gb,—2 (1 —kncosH) 2 (tby — 1,by)

p an n 00 11

-2 (—Kzn sin 0 " + u, cos 6 — uy sin 0) £2(n.by — nyb,)

9n
+ 2% [(X 4 nny cos 0 + nb, sin 6) b, + (Y + nny cos 6 + nb, sin6) b,] .
(4.38)

The component g,, of the metric tensor featuring in (4.36)—(4.38) is given in (3.15),
the Cartesian projections of 7, n and b are defined in terms of X, Y, Z by (3.2)—(3.4)
and the curvature x; and torsion x, of the baseline are expressed in terms of X, Y, Z
in (3.6), (3.7), respectively. Note that instead of (4.37)—(4.38) one can take their linear
combinations each having only one derivative of p but this would be at the expense
of making other terms more cumbersome.

4.4. Boundary conditions

With the jet’s free surface parameterized in the curvilinear system by (3.24), the
kinematic boundary condition (2.2), i.e. explicitly

of | i of

ar Y agt

=0 atf(EE,E,n=0, (4.39)

after substitution f = h(, 6, t) — n and the use of (4.2) defining the physical
components of velocity, becomes
oh ug 0h  uy oh

+ . a§+n£=u" at n="n(,0,1). (4.40)
A/ I11
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The dynamic boundary condition equating the pressure at the free surface with the
capillary pressure has its usual form

p=ok; atn=h, “4.41)

where the free-surface curvature «; is given by (3.26) with the coefficients of the two
fundamental forms E, F, G and L, M, N calculated in appendix B.

4.5. Typical mistakes

At this step, the most obvious mistakes can be seen in the boundary conditions.
For example, in Wallwork et al. (2002) and the papers that followed and relied
on it (Pardau et al. 2006, 2007), instead of having the textbook boundary condition
(4.40) above, which takes just one line to derive from (2.1), the kinematic boundary
condition, stated without a derivation, somehow includes the (non-normalized) vertical
component of the binormal vector, X'Y” — Y'X” in our notation. It is also noteworthy
that the kinematic boundary conditions can, somewhat unconventionally, include the
derivative of one independent variable with respect to another, as in condition (20) of
Decent et al. (2002), but the gaps in the exposition of the mathematics do not allow
one to find out what this non-trivial derivative means and how it was used.

Another error in the boundary conditions which is less obvious and takes some
calculation to expose is typically made in the derivation of the free-surface curvature
ks in the local coordinate system (3.9). As one can see in appendix B, where the
textbook way of calculating the free-surface curvature is used, in a general case it
is rather complicated, and there is no ‘cheap’ way of deriving it. By comparing «;
derived in appendix B with simplistic expressions for the curvature featuring, for
example, in Decent et al. (2002), Wallwork et al. (2002), one has to conclude that
the latter are nowhere near the correct result. It must be said, however, that this
mistake is of relatively little consequence as in the slender-jet approximation, to
leading order, it is only the cross-sectional curvature that plays a role.

As for the equations of motion, mistakes in the published work (Decent et al.
2002; Wallwork et al. 2002; Pardau et al. 2006, 2007; Decent et al. 2009) are simply
too numerous to list and we leave the comparison of the expressions one can find in
the literature with the entirely verifiable equations (4.36)—(4.38) to those interested.
In Ribe (2004), the equations of motion are not given explicitly and hence cannot
be verified, nor are they given in Panda et al. (2008), Marheineke & Wegener
(2009); in the latter, as mentioned earlier, the derivation is based on the coordinate
transformations between orthogonal coordinate frames which have been applied to
the systems, one of which is non-orthogonal.

5. Slender-jet approximation

Equations (4.6), (4.36)—(4.38) and boundary conditions (4.40), (4.41) are just (2.1)—
(2.3) written down in a scalar form in a curvilinear coordinate system (3.9) about
a yet undetermined and hence arbitrary steady baseline. In applications, one almost
invariably deals with jets with well-separated cross-sectional and longitudinal scales so
that, using the ratio of these scales as a small parameter, we can considerably simplify
the formulation, determine the shape of the baseline by considering a simple solution
for a steady flow and derive a one-dimensional model describing the most important
class of unsteady motions.
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5.1. Non-dimensional equations

Let L and H be the characteristic length scales along and across the jet. In what
follows, we will be interested in jets for which the ratio H/L =€ < 1 and consider
the problem in the asymptotic limit € — 0. Scaling & with L and n, & with H, we
have from Frenet’s equations (3.5) that both the curvature «; and the torsion «, scale
with L=! and hence, to leading order in € as € — 0, g1 = 1. Then, if we introduce U
as the scale for u; and T=L/U as the scale for ¢, the continuity equation (4.6) and
the kinematic boundary condition (4.40) suggest that both u, and u, should be scaled
with eU. The expression (3.26) for the free-surface curvature x, with the coefficients
given in appendix B shows that it scales with H~!, so that from the dynamic boundary
condition (4.41) one has that p scales with o /H. This non-dimensionalization ensures
that as € — O the leading-order terms in the corresponding asymptotic expansions are
non-trivial.
Now, after non-dimensionalization, the continuity equation (4.6) becomes

0 ( ug > + du, 4 1 duy encos®  diy ug
& \ V91 an  n 30 1—enk cosd d§ /g
0 in6
(i €1k COS y €k sin to =0, 5.1)
1—enkycosf ) n 1 —enky coso

and Euler’s equations (4.36)—(4.38) take the following form.
In projection on t:

@=enmeoso) [ 5 () + ot ()
— €K1 COS — — :
: ot In 91, 0§ gu
0 Ug Ug 0 Ug
+u177 + N
on \/9n n 90 \ /91

u? dk,
+en— | K1k sinf — cos f —

) 2o,
9dn dé V911

(1, cos 0 — uy sin 6)

1 ap ap 1
= —_— — 71}
T We(l —enicos0) \9E  290)  Fr

2e

- — in 6 — 0 in 6 "My, — TyHy
7D </<217 sin o u, cos 6 + uy sin ) (Teny — Ty1y)
2¢ U .

— — | kanpcos B + u, sin6 + uy cos 8 | (byt, — byty)
Rb gn ’

+ R—bz[(X + enn, cos 6 + enb, sin0)t, + (Y + enn, cos O + enb, sin 0)7,].
(5.2)

In projection on n:

—€konsing | — +u,— + ==
ar \ /9 «/91 3 V9 I \V9n n 30 \ /9u
+u—§ (Kl —encosO(ki +K3) —en sinGdKz>
9gn ! ? dg§
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—€ (2/(2 He + 1/!9) (e, sin O + cos Ouy)

V911 n
au, ug  0u, ou, Uy ou,

0 2

+ € cos < . 8$+ n377+7739

ino (8”9 + Ug 81/19 + 814(.) L% Ug 8M3>
— € SI1n - — T Uy—_—
ar /9y, 9§ " dn n 96

1 dp sinf dp 1
=—— [cos—— —— —n,
eWe an n 90 T FR

——(1 —€Kkncosf) — 5 (rxny Tyhy)
A/ I11

2¢

u
— — [ kancosB
Rb ( 9dn

+ u, sin 0 + uy cos 0) (byny, — byn,)

1
+ R—bz[(X + enn, cos 6 + enb, sin @)n, 4+ (¥ 4 enny, cos 6 + enb, sin O)n,].
(5.3)

In projection on b:

6[8 < I/tg >+ I/tg 0 < I/tg >+ 0 ( Ug >+M9 0 ( ME >:|
€K1 COS — u, —
? 9t \ /91 V911 96 \ /91 "on V911 n 30 \ /9u

l/tg Ug . ué dKZ 2 .
+e€ | 2k, + — ) (u,cos0 —uysinf) +en—— | cosf—— —k; sinf
V911 n 91 dé

+esing (8 Lt duy St Ouy Uy Bu,,)
€ sin ——
Jan 08 oy Ty a6

8u9 Ug 8u9 8”9 Uy 8149)
+€c0s0< + ‘uy—+——-
VI 9 g 0 06

1 cos 6 ap 1
=———sin 9— — | — —b,
eWe an n 00 Fr?

2
- — (l —ekncos ) ——(t.by — 1,b,)
11

2¢

( sin 6 “e
— — | K2
Rb gu

— u, cos B 4 up sin 9) (nyb, — n.by)

+ —[(X + enn, cos 0 + enb, sin 0)b, + (Y + enn, cos 6 + enb, sin 6)b,].

Rb?
5.4
Here
U’H U U

We="""" Rb=_—, Fr=—— (5.5a—c)

o 2L gL

are, respectively, the Weber, Rossby and Froude numbers, and

g1, = (1 —enk; cos 0)* + €2 (nK»)*. (5.6)
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The kinematic and dynamic boundary conditions (4.40), (4.41) after non-
dimensionalization have the form
oh oh oh
s e + 0%y, at n=h, (5.7)
Jai 08 n 30
p=k, atn=nh, (5.8)

where in the latter, for the time being, x, is simply the curvature from the first
section of appendix B made dimensionless. Its asymptotic simplification from the
second section of this appendix is considered below.

5.2. Leading order in € as € — Q: preliminary step

To leading order in € as € — 0, the continuity equation (4.6) takes the ‘straight-jet’

form
dug 8u,, u, 10u

— =0, 59
5% + +n89 (5.9)
and Euler’s equations to become:
dug oue ous Uy dug I (fop  dp 1
—_—— = — |- —= X Y
o TMeae T, T B0 9t 90 ) T BT sz( G YD),
(5.10)
L 1 dp sinf dp 1
Ugky = ——— [ cosf_— — — | =5
eWe an n 060 Fr
2 1
—Eug (teny — Tyny) + @(an + Yny), (5.11)
1 . 0p cos@ dp 1 2
0=—— 0— — | ——=—=b,— by . Xb, + Yb,
eWe <sm 8n+ n 89) Fr2 Rbué(r y = Bb )+ ( +15y).
(5.12)

Note that structurally these equations are exactly the same as the projections on the
Frenet basis of the equations of motion for a material point (Butenin et al. 1979) with
the tangential and centripetal acceleration on the left-hand side of (5.10) and (5.11),
respectively, whilst the projection of the acceleration on the binormal is zero; the right-
hand sides of (5.10)-(5.12) feature the corresponding projections of the forces and it
is only the terms with the pressure gradient that make a difference compared with the
case of a material point. In a sense, the pressure gradient terms in (5.11), (5.12) could
be compared to reaction forces in the motion of a material point so that, given that
we have a free jet, one would expect these terms to turn out to be zero so that the
only difference of principle is the presence of the pressure gradient in (5.10).

The kinematic boundary condition (5.7) to leading order in € as € — O simplifies
very slightly, only due to g,; =1 to this order, and now has the form

oh oh  ug Oh

— — t n=nh. 5.13
at-i-ugas—i- Y} =u, atn ( )

In what follows, we will need the dynamic boundary condition (5.8) expanded to
O(¢) as € — 0. Having in mind that after our non-dimensionalization the leading terms
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on the left-hand side and on the right-hand side are both of O(1), we substitute in
(5.8) the expansions

p=potepi+---, h=hy+e€h +---, (5.14a,b)

use the expansion of «; given in appendix B (multiplied by € since we use H, not L
as the scale in the cross-sectional direction) and evaluate the left-hand side at n = hq.
As a result, we obtain

To.0
po(&, ho, 0, 1) = —7, (5.15)
Goo

9 ki (. h
ﬁ(g ho, 0. Dhy +pi(§, hy, 0.0 =——3 <sm90—|—hoc030>
G2 30

1 < 82h0> 3hoTo,0
+ 2hy — — h
(3)/3 962 G5/2
1 dhy 3Too\ 0 ho 0%h
0 , 5.16
ton (;3/2 00 < Goo ) 06 (;3/2 962 (>-16)
where for brevity we introduced the notation
8/’10 82]’10 ahO ?
=hg+2 —hy—, Goo=hi+ | — 5.17a,b
+ (89) 0502 0,0 ="y + 50 (5.17a,b)

(compare with Tj, G, used in appendix B).

At this stage, when our equations are more observable, by examining them one
can easily see that in the slender-jet approximation € — 0, besides specifying the
asymptotic behaviour of Fr and Rb for which we can assume without loss of
generality Fr, Rb = O(1) as € — 0, we need to specify the asymptotic behaviour of
We and there are two, not one, meaningful distinct limiting cases. In the limit € — 0,
it is necessary to specify whether it is We or eWe that remains finite. These two
cases correspond to essentially different physics.

5.3. Trajectory

To derive equations describing the jet’s trajectory (i.e. the baseline which we assume
to be going along the jet inside it), we will consider the asymptotic limit € — 0 (with
We to be specified later) and look for a solution using the expansions of ug, u,, uy, p
and A in power series in €:

MEIMg,()'i‘EMg,] +--, M,,=M,7,0+€M,],1 +--, Ug =Ugo+ EUg 1+ -~ (51861—6‘)
p=potepi+---, h=hy+eh +---, (5.19a,b)

where, given our scaling, the leading-order terms will be non-zero unless we look
for a particular solution assuming otherwise. In the asymptotic analysis, expansions
(5.18) should be substituted into equations (5.1)—(5.4) with the appropriate truncations
to obtain equations for each order but since we will be interested only in the leading
order, it will be more convenient to deal with more observable equations (5.9)—(5.12)
having in mind, of course, that we need to check that no terms are lost when p; comes
into play.
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We will be looking for a solution assuming that (i) the flow is steady and that, to
leading order in €, as € — 0 (ii) the axial velocity is uniform across the jet (‘plug
flow’) and (iii) the rotational component of velocity is zero:

us o =ug (&), us0=0. (5.20a,b)

It might seem that this assumption of plug flow is unnecessarily restrictive and looking
for a solution with a non-uniform velocity profile would be worthwhile, but this is not
the case. The description of a jet in the framework of Euler’s equations makes sense
after viscosity has already unified the velocity profile, i.e. after the transition zone if
one considers, for example, the spinning disc atomization process schematically shown
in figure 1. Should one consider a non-uniform velocity profile then, in reality, it will
be the fluid’s viscosity that will kick in and unify it, as it is viscosity that makes
fluid layers sliding by each other interact. Although, as with the flow in a straight
pipe, Euler’s equations can be formally applied and a solution with a non-uniform
velocity profile looked for (there are infinitely many such solutions for a pipe flow as
the velocity profile satisfying Euler’s equations and the impermeability conditions can
be arbitrary), this solution would not describe the physical reality and hence is simply
irrelevant.

Substituting the expansions (5.18) in the continuity equation (5.9), we consider it
to leading order in € as € — 0. The above assumptions allow this equation to be
integrated, and, after applying the condition of regularity on the baseline, u, < co at
n =0, we obtain

_ndugg
2 dE

(5.21)

Uno =

Substituting this into the kinematic boundary condition (5.13) turns it, to leading order
in €, into

dhy  hod
S L

“oge 5 g =0 (5.22)

so that, after integration, we have
ug oy = O\, (5.23)

where Q) = Q;(0) is the ‘constant’ of integration.
Now, we can turn to the equations of motion where we need to specify the order
of We as € = 0.

5.3.1. Case 1: We=0(1) as ¢ — 0

For We = O(1), as we can see from equations (5.10)—(5.12), the term with the
pressure gradient is of the same order, i.e. of O(1), as other terms in the projection
of equations of motion on 7 (5.10) whilst in normal and binormal projections (5.11),
(5.12) it is dominant (of O(e~')) so that the next-order approximation and hence the
first-order corrections to p and then to 4 will have to be brought in.

On substitution of expansions (5.18) into equations (5.11), (5.12), to leading order
(i.e. to order €!), these equations become

0 sin 6 o 0 cosf o

=0, (5.24a,b)
an n a6 an n a6
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giving that po=po(§). Then, from the dynamic boundary condition for the zeroth-order
terms (5.15) subject to periodicity conditions

oh, oh
ho(€, 0) = ho (€, 270), a—;<s,0>=a—;<s,2n> (5.25a,b)

we have that the jet’s cross-section is a circle
h 4+ n? — 2hon. cos(@ — 6.) = 1/p}, (5.26)

where 7. and 6, are coordinates of the circle’s centre. It can be easily shown that
this is the general solution: Ay in (5.15) can be rescaled to ‘absorb’ po since the
numerator and the denominator of (5.15) are homogeneous with respect to kg and for
the resulting parameter-free equation %, given by (5.26) (with 1 on the right-hand side)
will be a solution depending on two arbitrary constants, i.e. the general solution.

Now, since the ‘centre’ of the cross-section appears to be well defined as the
centre of the circle we can, without loss of generality, choose our ‘baseline’ to be
the ‘centreline’, i.e. make n. = 0, so that hy satisfying (5.15), (5.25) now becomes
hy =ho(§) =1/py(§), and hence from (5.23) one has Q = const., whilst the pressure
is obviously given by

1
=——. 5.27
po(§) 7@ (5.27)

With Q, = const. and hy = hy(§), we can now see that (5.23) is essentially a
conservation law stating that the volumetric flux, ®Q,, remains constant along the
jet.

Now, substituting (5.27) into the t-projection of the equations of motion (5.10),
expressing hy in terms of ug o from (5.23) and using (3.2) to write down explicitly
the Cartesian projections of T, we obtain

dus.0 L dep 1o Lt vy (5.28)
u =— = - — — . .
0" de weQl? d¢  F2” T Rp?
After integrating this equation, we arrive at a depressed quartic in ué/g :
2 4 2 1/2_|_iz_i(x2_|_y2)+Q =0 (5.29)
T peglP 0 T FRT T R T '

where (), is the constant of integration. This equation specifies uz ¢ as a function of X,

Y, Z. Although it can be solved analytically in a standard way (Korn & Korn 1968),

in practice, for its application below it is more convenient to solve it numerically.
Now, considering equations of motion (5.11), (5.12) to O(1) as € — 0, we have

ap;  sinf 9 69
cos§ L1 MY OPY _yon(e e, sin0 Lt 4 CY P _yepie ue o), (5.30a,b)
an n 060 ’ an n 00 '

where for brevity we introduced the notation

1 2 1

A&, ug o) = —uj gcy — Al Fbug,o(rxny — 1)+ RTaz(X"" +Yn), (5.31)
1 2 1

B, uz o) = _ﬁbz — EME,O(TXI])' - 1,b,) + @(Xbx + Yby). (5.32)
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In writing down the arguments of A and B we emphasize that there is a ‘direct’
dependence on & via X, Y, Z (and projections of T, n, b expressible in terms of X,
Y, Z via (3.2)-(3.4)) and also the ‘indirect’ dependence on & via ug o, which in this
case is given by (5.29) and also depends only on §.

We can take instead of (5.30) their linear combinations

9 9
Pl _ We(A cos @ + Bsin®), L' — Wen(—Asin6 + Bcos 0). (5.33a,b)

on a0
After integrating the first of these equations, we obtain p; = Wen(A cos 6 + Bsin6) +
C(, 6), where C(&, 0) is the ‘constant’ of integration. Substituting this expression
into the second equation (5.33) gives 0C/d60 =0, i.e. C= C(§). Thus, we now have

p1=Wen(Acos + Bsin6) + C(§), (5.34)

which we need to substitute into the dynamic boundary condition for the first-order
terms (5.16) where for hy independent of 6 the right-hand side considerably
simplifies:

1 1 9%h
We ho(A cos 6 + Bsinf) + C = —k; cos@—h—%hl —h—%ﬁ;, (5.35)
or, to write it in the standard form,
32h] 2 3 : 2
FYEl + hy = —hy(We hyA + k1) cos 8 — We hyB sin 6 — Chy. (5.36)

This is a linear ordinary differential equation with 6 as the independent variable and
& as a parameter. Since both sin6 and cos 6 satisfy the corresponding homogeneous
equation, (5.36) has 2m-periodic solutions for A; only if the coefficients in front of
sinf and cos 6 on the right-hand side are both zero, i.e. if

We hyA +k, =0, B=0. (5.37a,b)

These equations, together with the second equation in (3.2), namely X? +Y?+Z% =1,
form a closed set of ordinary differential equations (ODEs) describing the jet’s
trajectory, i.e. the functions X(§), Y (&), Z(§). To write down this set of equations
explicitly, we recall expressions (3.2)—(3.4) for the Cartesian components of 7, n, b,
expression (3.6) for «;, use equation (5.23) to eliminate /, and, to get rid of the
square roots, multiply (5.37) by —«;. Then, the set of ODEs for the jet’s centreline
takes the form

1/2
2 Ug o 12 112 12 1 1"
——— X Y Z —Z
(Mg,o We Q}ﬂ) ( + + )+ Fr2

2 ! i ! 1! 1 1! 4
+ apleo XY = YX') — o (XX 4 YY) =0, (5.38)
1 (X/Y// Y/X//) + 2 [X/ (Z/X// X/z//) Y/(y/z// Z/y//)]
S _ “ _ _ _
Fr? Rb *°

1
~ X(Y'Z' —ZY")+Y(ZX —XZ")]=0, (5.39)

X?+Y?+7%=1, (5.40)
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where u; (X, Y, Z) is specified by (5.29). To compute the centreline, one needs to
specify its initial point and slope, i.e. prescribe X(0), Y(0), Z(0) and X'(0), Y'(0),
Z'(0), of which, obviously, only two can be specified independently, and, knowing
ug 0(0) and ho(0) at this point, specify Q; via (5.23) and, using u ¢(0) together with
X(0), Y(0), Z(0), O, via (5.29).

Note that the analogy with the motion of a material point in the Frenet basis that we
pointed out in § 5.2 here becomes even more transparent: as in the case of a material
point (Butenin er al. 1979), the t-projection of the equation of motion determines the
velocity (5.29) whilst the fact that it is a free jet dictates that the ‘reaction’ from the
pressure in terms of its gradient across the jet must be zero. The latter gives the two
solvability conditions (5.37), i.e. (5.38)—(5.39), which, together with the normalization
condition (5.40), determine the jet’s trajectory. In other words, the prescribed trajectory
of a material point (e.g. in the design of a roller-coaster track) determines the normal
and binormal components of the reaction forces (from the track) whilst for a free jet
it is the other way round: the equality to zero of the normal and binormal ‘reactions’
from the pressure gradient give the conditions that determine the jet’s trajectory.

It is worth noting here that numerical analysis of (5.29), (5.38)-(5.40) shows that
for the trajectory to be, as one expects, an outgoing spiral, i.e. the process to be
dominated by inertia rather than capillarity, the expression in the first bracket of (5.38)
must be positive.

5.3.2. Case 2: eWe=0(1) as ¢ > 0
For We = O(e™!) we will be dealing only with the zeroth-order terms of the
expansions (5.18) and, having in mind the results of the previous section, look for a
solution where the cross-section of the jet is circular, so that the baseline is again the
centreline, hy = hy(£) (and hence Q; = const.), to see whether such a solution exists.
As one can see from equations (5.10)—(5.12), for We = O(e~!) as € — 0, the terms
with the pressure gradient are of the same O(1) as other terms in the normal and
binormal projections of the equations of motion (5.11), (5.12), whilst, to leading order,
the corresponding term drops out from the tangential projection (5.10), so that, instead
of (5.10), one now has
8145 8145 al/tg Ug aug 1 1
o e Ty T e T Rt R 04D
As before, using the definition of T (3.2) and our assumptions (5.20), we can write
down this equation for u;( as

dug 0 1
- 74— (XX 4+ YY 5.42
“oTge T TRl T Rb2( + 1), (>-42)

which, after integration, gives

172

2
=|-——Z+—X*+7Y? , 5.43
Ueo = | =2 +Rb2( +Y)+ 0, (5.43)
where (, is the constant of integration.
Considering equations (5.11), (5.12), which now have the form

3 6 9 P 60
PO — eWeA(E we), sind- 4 s LY = eWe BGE, u o),

an n 060 an n d6
(5.44a,b)
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where A and B are defined by (5.31), (5.32), we can repeat the steps that led from
(5.30) to (5.34) arriving at

po=€Wen(Acosf + Bsinf) + C(§). (5.45)

Substituting this expression into the dynamic boundary condition (5.15), which for a
circular cross-section has the form py=1/hy at n = h,, we obtain

eWe ho(§)[A(E, ug 0(§)) cos 0 + B(§, ug,0(§)) sinf] + C(§) = (5.46)

1
ho(§)
Unlike (5.36), this is now an algebraic equation, and it can be satisfied only if

A, uz0) =0, B(,uz0)=0, (5.47a,b)
and C(§) =1/hy(&). Thus, we have that the pressure is uniform across the jet,

1

=—, 5.48
ho(§) 549

Po

and equations (5.47) together with the second equation (3.2), namely X? + Y? +
Z"* =1, form a system of three ODEs which, together with the appropriate boundary
conditions, determine X(&), Y(£), Z(£€), i.e. the shape of the centreline. To write these
equations down explicitly, we again recall the expressions in terms of X, Y, Z for
the components of =, n, b given by (3.2)—(3.4), for the curvature «; in (3.6) and
expression (5.43) obtained earlier for ug o, substitute all these expressions into the
definitions (5.31), (5.32) for A and B and the obtained expressions for A and B into
equations (5.47). Multiplying the result by —«; to get rid of square roots, we finally
arrive at the following set of equations describing the shape of the centreline, i.e. the
trajectory of the jet:

1 2 1
2 X//Z Y//Z Z//2 o Z// = X/ Y// . Y/ X// o XX// YY” — O, 5 49
X2+ YR+ Z%) b 52 e )= g XX YY) =0, (5.49)

1 2
ﬁ(X/Y// _ Y/X//) + EME,O[X/(Z/XU _ X/Z//) _ Y/(y/z// _ Z/y//)]

1
— @[X(Y’Z” —ZY")+YZX' —XZ"=0, (5.50)
X?+Y*+7%=1, (5.51)
where
1/2
— -2z )40 (5-52)
YO= TR R 2l '

This set of equations differs from equations (5.38)—(5.40) of §5.3.1 in two ways:
(1) the first term in (5.38) includes the influence of capillarity on the jet’s trajectory
whilst in (5.49) there is no such influence, and, more importantly, (ii) u o is calculated
differently, namely using (5.29) if We=0O(1) and using (5.52) if eWe=0(1) as € — 0.
It is noteworthy, however, that although the two cases involved different asymptotic
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procedures, with the first one requiring two-term expansion of p and A, the end results
exhibit reassuring continuity: if we formally take the limit We — oo in (5.38) and
(5.29), the system (5.38)—(5.40), (5.29) will be reduced to (5.49)—(5.52).

To compute the jet’s trajectory using (5.49)—(5.51), one, again, needs to specify
initial conditions, i.e. X(0), Y(0), Z(0) and two of X'(0), Y'(0), Z'(0), and, with the
known value of ug ((0) together with X(0), Y(0), Z(0), specify Q, using (5.51).

Note that by looking for a solution with a circular cross-section we simply took
a shortcut and, by reducing the problem to a closed set of ODEs (5.49)—(5.52)
from which the flow parameters can be calculated via (5.43), (5.23) and (5.48),
demonstrated that such a solution exists. An alternative, less insightful and hence
more cumbersome way would be, as in §5.3.1, not to make an assumption that the
cross-section is circular, substitute (5.34) into the dynamic boundary condition (5.15)
and show that s, as a 27-periodic function of 6 exists only if conditions (5.47) are
satisfied and that the cross-section is a circle. This is similar, for example, to the
situation with the equilibrium shapes of a liquid drop sitting on a solid substrate in
the gravity field (Shikhmurzaev 1997): the linear (due to gravity) pressure distribution
(5.34) results in a drop touching the substrate at one point (i.e. with the cross-section
being a circle) only if (5.47) hold, i.e. if p is a constant across the drop; otherwise,
the drop has a finite base on which it sits, i.e. a 2m-periodic free-surface profile does
not exist.

The analogy with the motion of a material point mentioned earlier is even more
obvious here than in the previous section, as the fluid’s motion along the trajectory, as
can be seen from (5.52), is determined entirely by the body forces with no influence
of the pressure gradient. The two solvability conditions (5.49), (5.50), as before, come
from the fact that it is a free jet and hence there is no ‘reaction’ from the pressure
in terms of its gradient in the normal and binormal directions to the trajectory.

5.3.3. Typical mistakes

Setting aside the errors in the derivation of the governing equations and boundary
conditions mentioned earlier, here we will point out some mistakes of principle
occurring in the way by which equations for the jet’s trajectory are derived in the
slender-jet approximation.

As shown above, in either of the two cases specifying the behaviour of We as € — 0,
the closed set of three ODEs for X, Y, Z is formed by (i) two solvability conditions,
which essentially state that we are dealing with a free jet and hence the pressure
gradient across it must be zero, and (ii) the normalization equation X2 + Y? +Z?* =1
stating that the independent variable £ is the arclength. This set of equations remains
the same regardless whether gravity is included into consideration or not as the Froude
number Fr is just a parameter in two of these equations. It is also worth noting that
even if gravity is neglected, the jet’s trajectory can still have all three of its Cartesian
coordinates varying if the conditions at the outlet from which this jet is produced
specify that the jet will not lie in the horizontal coordinate plane — and hence one will
still need all three equations for X, Y, Z. This is invariably the case in all applications
as no set-up generating spiralling jets is symmetric with respect to any horizontal
plane.

In Wallwork et al. (2002), where gravity is neglected, and its twin paper (Decent
et al. 2002), which differs only by the addition of gravity, the situation is different. In
Wallwork et al. (2002), the vertical coordinate of the jet’s trajectory is assumed to be
zero, so that the authors formulate only equations for the two horizontal coordinates
of the trajectory (which somehow appear to be inseparably linked to an equation
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for the variation of the radius of the jet’s circular cross-section along the trajectory).
As a result of this ad hoc approach, when in Decent et al. (2002) gravity is taken
into consideration and the jet’s trajectory can no longer be assumed to remain in the
horizontal plane, the authors, as they admit, find themselves short of one equation. The
way out appears to be, to put it mildly, more than ad hoc: Decent et al. (2002) take
a linear combination of two equations of motion (normal and azimuthal) and declare
p1 of the form of our (5.34) to be its solution from which one missing equation for
the trajectory can be obtained as the solvability condition. What should be noted in
this regard is that this ‘solution’ satisfies neither of the equations of motion (33) and
(35) of Decent et al. (2002), as one can easily see just from the dependence of the
terms on the azimuthal angle, nor does it satisfy even their linear combination (44)
should this linear combination be written down correctly. This is not to mention that
two equations cannot be reduced to one (their linear combination) as the number of
equations should stay the same, and hence the solution should satisfy both of them.
Setting aside this departure from mathematics and the passing of a non-solution for
a solution, it is worth noting that, if p; of the form (5.34) is required to satisfy the
(correct version of the) normal and azimuthal projections of the equation of motion,
this produces, as in the present paper, two solvability conditions whereas in Decent
et al. (2002) only one ‘extra’ equation was required as otherwise the system becomes
overdetermined. This fact alone exposes a flaw of principle in the whole procedure.

5.4. Peristaltic waves

Now, after finding X(&), Y(§), Z(§), i.e. the shape of the baseline/centreline, and
hence knowing the Cartesian components of T, n, b from (3.2)—(3.4) and «|, k»
from (3.6), (3.7), we can consider unsteady solutions describing the propagation of
peristaltic disturbances that lead to the formation of drops. Non-peristaltic waves are
of peripheral importance to this topic as in jets, as has been shown for both ideal and
viscous fluids (see Lin & Webb (1994) and references therein), it is the peristaltic
waves that drive their capillary breakup.

It can be easily shown that equations (5.9)—(5.12) do not have such solutions.
Indeed, assuming that u; o and other functions depend on f, we still have equations
(5.11), (5.12) not containing derivatives with respect to ¢ and hence will arrive at
(5.37) if We = O(1) and (5.47) if eWe = O(1) as € — 0, each giving that ug, is
independent of . This result is not surprising as otherwise we would have had waves
with the wavelength comparable to the radius of curvature of the jet’s trajectory.

Thus, we need to go back to (5.1)—(5.8) and rescale £ to account for waves with
wavelengths shorter than the radius of curvature of the jet’s trajectory/baseline but
longer than the cross-sectional scale for the slender-jet approximation to remain
applicable. Then, as the continuity equation (5.1) and the kinematic boundary
condition (5.7) suggest, at least one of the velocities in the plane normal to the
baseline must be of higher order in epsilon as € — 0 than that of a steady flow, and,
to account for unsteadiness, ¢ should be rescaled as well. We will be looking for
peristaltic waves and assume that it is the radial velocity that is of higher order in
epsilon as € — 0 than the flow along the jet’s baseline with the transversal velocity
in such waves remaining of the same order. As before, we will be looking for the
plug-flow solution.

Considering an arbitrary point &, of the jet’s baseline and an arbitrary moment 7,
we will use in the neighbourhood of this spatio-temporal point the following new
variables

§—8 L_t-h

§=—5 5

Uy =0y, (5.53a—c)
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where 8§ < 1 is to be specified later. At this stage, we only require that €5~! = o(1)
as € — 0 since 6 = O(e) would mean the wavelength asymptotically comparable with
the jet’s radius and hence the breakdown of the slender-jet approximation.

Since X, Y, Z are now regarded as known functions, in the limit § — O these
functions and all functions of their derivatives, including x|, k, and their derivatives,
will, to leading order, just take their values at & =§,.

After rescaling and multiplying (5.1) and (5.2) by § and (5.3) and (5.4) by §2, these
equations take the form:

d U duy 8 uy €Nk cos 6 Uy
—= +—+- +l1l—-—] —
& \ /91, an  n a6 1 —enkycosb /) n

dencosf di; ug ek sin @
1 —enk;cosf d§ . /g,, 1—enkycosb

8 l/tg Mg 8 l/tg
(1 —exincosh) | = + —
at \ /91 V911 96 \ /9
_ 0 u us 0 u
on \ /91 n a0 V911

2

+den < in 6 edK‘) Der, —
€EN— | K1k SINOU — COSU —— | — 46K ———
d§ 911

up =0, (5.54)

(4, cos 8 — Suy sin 0)

9gn
1 E)p ap )
= - —1
" We(l — enk; cosf) \ 9E 256 Fr2 =
2¢
% (81(217 sin 6 911 — U, cos 0 + duy sin 9> (tany — Ty0,)

2¢

(6/( n cos 6 He
- = 2
Rb gu

+ u, sin 6 + Suy cos 9) (byty — byTy)

1)
+ R [(X 4+ enn, cos 0 + enb, sin 0) 1,

+ (Y + enny cos 0 + enb, sin6) 1], (5.55)
d a
—8€k,n sin O [_ ( % ) + A < % )
a1 \ /91 V911 985 \ /9
d d
iy (o) 53 ()
an 9n n 96

d
+ 82— | x —encos@(/c12+l<22)—ensin9£
9 dé

—d¢ (2/(2 e + ue) (t, sin O + Suy cos 0)
V911 n

+ecosd (851,, L dit, +a ity gl 814,7)
Vo 0 “an n 90

duy N Uz dug +a dug ugaug>
Vo1 9 o an | n 96

— Jesinf <
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82 < dp sin6 8p> 82

TTewe o T Ty 90) B2
—Z—(Sz(l—e/clncos@ (tun, — Ty1,)
Rb Jan
2€6

<8K277 cos He + u, sin 6 + Suy cos 9) (byny, — byn,)

91

" Rb

82
+ —[(X +enn,cos 0 + enb, sin O)n, + (¥ + enn, cos 0 + enb, sin H)n, ],

Rb?
(5.56)

1) c09{8<u8>+ " 8<u5>
€K S — —
? t \ /91 V911 08 \V9u
0 0
“an «/ 790 \ /an,

Mg Ug _ .
+ Se <2K2 + > (1, cos @ — Suy sin 0)
V91 n !

uz d

+8%n— (cos@K2 — K3 sin9>
9u d§

i, ug Oty L nau,] L aun)
Vo 9€ an -~ n 90

+e€sinf <

g a a ad
+ de cos 6 ( s T ﬁnﬂ 52 u9>
N an n 96
82 a 69 82
=—— sin@—p+COS @y _ 2 .
eWe on n 00 Fr?
2 (1 0) —( by)
— — (I —exincos Tx — TyDx
Rb \/911 ’
_2 (s 9 i, €0S 0 + up sin 6 | (n,b, — n,b,)
sin — U, CcoS sin b, —n,
b Kam g“ Uy Ug n, n.b,
62
+ ﬁ[(X + enn, cos 6 + enb, sin )b, 4 (Y + enny, cos 6 + enb, sin 6)b, ].
(5.57)
The kinematic boundary condition (5.7) now becomes
oh oh ah
i Y% %, atn=nh. (5.58)

—+ —+
o /9y 9§ n 36

In the dynamic boundary condition (5.8), we will need only the leading-order
approximation, and, after rescaling & as in (5.53) and going through the derivation
of the second section of appendix B, one can easily verify that, for €6~ = o(1) as
€ — 0, to leading order, we end up with (5.15). This can be easily understood from


https://doi.org/10.1017/jfm.2017.169

https://doi.org/10.1017/jfm.2017.169 Published online by Cambridge University Press

386 Y. D. Shikhmurzaev and G. M. Sisoev

the fact that there are no second-order derivatives with respect to £ in the coefficients
E, F, G of the first fundamental form of the surface and it is only the coefficient N
of the second fundamental form that contributes to the leading-order «; so that, for
€87 =0(1) as € — 0, all terms with § will feature at higher order. Physically, this
is also clear: if €67! =o0(1) as € — 0, we still have a slender-jet approximation and
hence, to leading order, it is only the cross-sectional curvature that contributes to
the mean curvature and hence appears in the dynamic boundary condition. Thus, to
leading order, we still have (5.15).

As one can see from (5.54)—(5.57), the meaningful limit we need to consider is
S /€, ie. €672=0(1) as € — 0.

The substitution of the unknown functions expanded asymptotically in power series
in /e into the equations (5.54)—(5.57) gives that, to leading order, the continuity
equation, as before, takes the form

8u5’0 1 877&,,,0 N
95 m 9

so that, as before, integrating it, using the condition of regularity on the baseline and
substituting the resulting expression for u,, into the kinematic boundary condition
(5.58), where to leading order g,; =1, we obtain

(5.59)

ah dho  ho 9
0 0 4 Mo (5.60)

— tuo— o —
ot U9 T2 9

5.4.1. Case 1: We=0(1) as e =0

If We=0(1) and €672 =0(1) as € — 0, then, from (5.56), (5.57) one has that the
leading, i.e. O(1), terms are those with the pressure gradient, so that one immediately
has po=po(&, f). Used in the dynamic boundary condition (5.15), this means that the
curvature of the jet’s free surface in the cross-sectional plane is a constant and hence
the cross-section of the jet is a circle. Assuming that its centre remains on the baseline,
we have that hy = hy(&, 1) and hence

1
=—. 5.61
Po ho ( )
Using this in the leading-order equation obtained from (5.55), we arrive at
8M5.0 aug() 1 0 1
= —+——=— ] =0. 5.62
i TH0 T T Wess (h0> (562)

Equations (5.60), (5.62) form a closed system describing peristaltic waves in the
slender-jet approximation in the case We = O(1) as € — 0. These equations are
exactly the ones derived by Ting & Keller (1990) for a straight axisymmetric jet.
This is what one should expect as in the case where the wavelength is much shorter
than the radius of curvature of the jet’s trajectory the latter will not feature at leading
order in the slender-jet approximation as, to put it simply, for such waves the jet is
locally straight. The body forces do not appear at this order also since their influence
determines the jet’s trajectory and on a much shorter scale they, to leading order,
play no role.

In the case of a straight axisymmetric jet, corrections to (5.60), (5.62) corresponding
to shorter wavelengths have been considered by Markova & Shkadov (1972) and by
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Papageorgiou & Orellana (1998) who included higher-order derivatives of h, with
respect to £ to account for the steeper slope of the free surface. Our equations (5.54)—
(5.57) together with the corresponding boundary conditions allow one to perform a
similar analysis for a spiralling jet which would bring in the curvature of the jet’s
trajectory. Another way of analysing (5.54)—(5.57) could be via the radial coordinate
expansions similar to the analysis presented by Garcia & Castellanos (1994) for a
variety of models for axisymmetric viscous jets.

5.4.2. Case 2: eWe=0(1) as ¢ >0
If eWe=0(1) and €672 =0(1) as € — 0, at leading order, the first term on the
right-hand side of (5.55) drops out, so that we immediately have

8145 0 al/tg 0
= —= =0, 5.63
TR .63

and the two equations (5.60), (5.63) form a closed system. Note that, as with
trajectories, by formally taking the limit We — oo we turn equation (5.62) into (5.63).
As with the trajectory, the peristaltic disturbances in the case eWe = O(1) as € - 0
do not involve capillarity, essentially corresponding to the regime which could be
labelled as ‘free flow’.

Thus, from the above analysis we can see that the non-existence of an unsteady
solution to (5.9)—(5.12) means that (i) the jet’s trajectory can be unsteady only due to
the conditions specifying how it is produced, e.g. at the orifice where it comes from
should its direction there vary with time and (ii) the body forces which determine the
trajectory should not feature in the equations describing the unsteady motion.

5.5. Typical mistakes

The most common mistake of principle with regard to the propagation of waves on
a curved jet is mixing up the scales assuming, on the one hand, that the wavelength
is asymptotically short compared with the radius of curvature of the jet’s trajectory
but, on the other hand, including the body forces which determine this trajectory into
the equations for the waves. For example, in Péardu et al. (2006) our equations (5.60),
(5.62) appear to be linked with the equations for the jet’s trajectory one of which,
as always, featuring the ubiquitous vertical component of the binormal X'Y” — Y'X”
(in our notation) and the other being X + Y* = 1 (the third equation is missing
as the jet is expected to stay in the horizontal coordinate plane, which it does not
in any application). Effectively, this means that the length scale of the disturbances
is comparable with the length scale characterizing the shape of the jet’s trajectory.
However, as shown above, the system (5.9)—(5.12) operating on the scale of the
radius of curvature of the jet’s trajectory does not have unsteady solutions and, when
a asymptotically shorter length and time scales are considered, one has the system
(5.54)—(5.57), which shows that, as €, § — 0, the body forces become negligible.

6. Concluding remarks

The mathematical description of the spiralling jet phenomenon relies on the
systematic handling of the local curvilinear non-orthogonal coordinate system. The
completely verifiable mathematical framework developed in the present paper is what
this field needed from the start, and it largely cleans the area of numerous erroneous
equations and boundary conditions, thus allowing the field to be developed further in
a regular way.
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The derivation of equations in the curvilinear non-orthogonal coordinate system by
projecting all the vectors onto the orthonormal Frenet basis whose variation along the
baseline is described by the Frenet equations and brings in the baseline’s curvature and
torsion in an easy-to-handle way is an essentially new element which allows one to
arrive at the equations in their general form, i.e. without any simplifying assumptions,
and hence removes all question marks that invariably appear when the approach is
asymptotic from the start. This general form makes it possible to consider different
limiting cases, not only those looked into in the present paper, and not only at leading
order in the slenderness or any other parameter.

The equations for the jet’s trajectory derived in the slender-jet approximation and
the one-dimensional models for nonlinear peristaltic disturbances obtained for different
relationships between the slenderness parameter € and the Weber number We allow
one to study two main effects in the spiralling jet phenomenon, i.e. the jet’s form
and the propagation of waves leading to the formation of drops.

It is also worth pointing out that the use of a geometrically defined ‘baseline’ as
opposed to the physically determined ‘centreline’ in setting up the local coordinate
system offers an important degree of flexibility which allows one to consider even the
situations where the centreline-based description fails. Indeed, if the jet is curved with
the radius of curvature of the centreline becoming so small that the planes normal to
the centreline intersect inside the jet, thus making the local coordinates of the points
there not uniquely defined, the baseline for setting up the coordinate system, being
independent of the jet’s physics, can always be chosen such that this does not happen.

The developed framework also allows one to extend the analysis to viscous jets as
the geometric elements needed to express V?v in the local curvilinear non-orthogonal
coordinate system centred on the jet’s baseline have been explicitly calculated and
it is now a matter of simple technique to use them. Taking this path, one should
remember, of course, that (i) to be compatible with the terms derived in the present
paper, V?v will also have to be projected on the Frenet basis and (ii) the Laplacian
of velocity in the non-orthogonal coordinate system should be calculated using the
obtained Christoffel symbols and not ‘scaling factors’.

The analysis in the present work highlights one important issue which calls for a
collective research effort. The jet-specific local coordinate system we used is only
a slight variation on the cylindrical one, basically it is a cylindrical frame with
an arbitrarily curved axis. However, even this slight variation required algebraically
intensive calculations and, to make them observable and hence verifiable, we had to
resort to a rather non-trivial interplay between the local and the Frenet basis and still
some of the calculations had to be put into rather bulky appendices. As the same
time, as we remarked after the required coordinate system (3.9) was introduced, all
that follows is straightforwardly algorithmic. Even the calculation of the Christoffel
symbols, which we did by flipping between two bases, could have been done simply
by using components of the metric tensor in (A 22). In other words, the whole
derivation could be handled by a dedicated symbolic algebra software package should
such package be available. This poses an important problem of developing a symbolic
software package that would be able to produce the scalar version of a field equation
of any type (e.g. of fluid mechanics) in physical components of vectors/tensors using
as inputs this equation in an invariant vector/tensor form and the coordinate system
into which this equation is to be cast specified either with respect to Cartesian
coordinates or, as in (3.9), with respect to a frame with known characteristics. Such
a package, besides addressing Leibniz’s remark that ‘it is unworthy of excellent
men (and women) to lose hours like slaves in the labour of calculation which could
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safely be relegated to anyone else if machines were used’, would bring into intensive
analytical work a number of known curvilinear coordinate systems (Korn & Korn
1968) which are currently of limited use as the amount of calculation required to
convert the equations of fluid mechanics into them by far exceeds the work needed
for the spiralling jet problem. The verifiable framework developed in the present
paper could then be used as one of the (many required) tests for this software.
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Appendix A. Christoffel symbols

To calculate the Christoffel symbols F;, we can use their definition,

8e,~
0&/

=Tje. (.j=1,2,3), (AD)

and then (i) differentiate (3.11)—(3.13), which give e; (i =1, 2, 3) in terms of the
Frenet basis 7, n, b; (ii) use, where necessary, Frenet’s formulae (3.5) to express the
derivatives of t, n, b with respect to & in terms of the Frenet basis t, n, b; (iii) apply
(3.14) to express T, n, b back in terms of e; (i =1, 2, 3) and finally (iv) use the
definition (A1) to find 1“;, (i,j, k=1,2,3) as the coefficients in front of e; e,, e;.
Specifically, differentiating e; and following the above procedure we obtain:
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Then, from the definition (A 1), we have

rl= (—cos@dKl + K1k, Sin 9) . (A3)
dé 1 —nk;cosf
I =1 —nk; cos8) iy cos 6 — iy, (A4)
Iy = (cosed'c1 — K1k Sin 9) T (1 e cos 0) < il da
dé 1 —nkycos6 n dg
(A5)

Similarly, differentiating e, with respect to n yields

de
a—l = —K;¢cosO0T — Kk, SinOn + Kk, cos 6b
n
€| — Kxe3 . sin 6
= —Kk;coOS@———— — Kk, sinf | cosO e, — e;
1 —nkycosb n
. cos 6
+ Kk, cos O (sm Oe + e3) , (A6)
n
so that
. K1 cos @ ) 3 K1k, cOs 6 K
r,=-— r,=0, I,=—————+—. (A7a—c)

1 —nk, cos B’ 1 —nkycos@® 7

Differentiating e; with respect to 6 gives

ad
% = nk; Sin 0T — nk, cos On — nk;, sin 6b
e — ke in 6
= nk; sin 9171623 —nkycosB | cosbe, — i es
1 —nkycosf n
. . cos
— 1Nk, sin O | sinf e + e |, (A8)
n
and hence
sin 6 sin 0
F]]3 = il ’ F]23 = —nky, 1—?3 = - adt . (A 961—C)
1 — nk; cos 1 —nK;cosd
Differentiating e, with regard to £ gives
oe edn+' i 0 ( + kyb) + sin 6 (—kon)
— = cosf— +sinf— =cosO (—k;T +« sin 6 (—kon
ag dé dE 1 2 2
= —Kk[COSOT — Ky SInOn + Kk, cos Ob,
€| — Kyes3 . sin @
= —kjcos@ [ ——————— ] —k,8inf | cosOe, — es
1 —nkycosb n
. cos 6
+Kkrcos0 | sinfe, + e |, (A10)
n
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and hence

cos 6 cos 6 K
l r2=0, rj=—2%27 5% (Alla—c)

F2ll:_ =
1 —nKcosf 7

1 —nk cos@’

Differentiating e, with respect to n gives

0
o6 _ 0, (A12)
an
and hence
r212 =0, r222 =0, r232 =0. (A13a—c)

Differentiating e, with respect to 6 gives

de, . ) sin 0
— = —sinfn +cosOb = —sin0 | cosO e, — e
a0 n
. cos 6
+ cos @ (sm Oe, + e3) , (A14)
n
and hence
1
rh=o0, =0, Ii—-. (A 15a—c)
’ n

Differentiating e; with respect to & gives

0 dn db
ai; = -7 sin@E +ncos0§ = —nsinf (—k;T + k2b) + 1 cos 0 (—krn)

= 1K SINOT — Nk cos On — N, sin Ob

. €| — Kae;3 sin 6
= nk; sSin@————— —nk,cos b | cosbe, — e;
1 —nkycosf n
cos 6
— Nk, Sin O <sin Oe,+ e3> , (A16)
n
and hence
Nk sin 6 ) 3 Nk 1k sin O
N=— =—nk,, I=——. Al7a—c
S Y 31 2 31 1 — nK;cos ( )
Differentiating e; with respect to n gives
d
%6 _ —sin6n + cos 0b
an
sin 0 cos 6
= —sin6 (cos@ez — e3) + cos 6 <s1n9e2—|— e3> , (A18)
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and hence

1
ry,=0, TI;=0, I= o (A19a—c)

Differentiating e; with regard to 6 gives

des . sin 0
— = —ncosbn —nsinfb=—ncos6 | cosbe, — e
a0 n
. . cos 6
—nsiné (sm Oe + e3> , (A 20)
n
and hence
ry=0, Ij=-n I3=0. (A2la—c)

An alternative way of calculating Fj}{ (i,j, k=1, 2,3), much more labour intensive
but more suitable for a symbolic computer algorithm and applicable to any coordinate
system, is to use the formula

g" (0gy  dgm g
ri=% (28w S8k Z8k) (A22)
= \oet T e aen

which one can find in a textbook (Sedov 1997) or easily derive using the definition
of Christoffel symbols and components of the metric tensor.

Appendix B. Curvature of the free surface
B.1. General case: dimensional

The curvature «; of the jet’s free surface is given by

_EN+GL—-2FM

: : BI
“ EG— P ®BD

where E, F', G and L, M, N are coefficients of the first and second fundamental form
to be calculated as follows.

Let the free surface be parameterized in the local coordinate system (£, n, 6) as
n=nh(§,0,1), so that the radius vector r of a point on the free surface is given by

r&,0,)=RE)+h(E,0,1)cosOn(E) +h(E,6,1)sin0b(E). (B2)

Having the free surface parameterized with £ and 6, we can calculate tangent vectors
to the free surface, using Frenet’s formulae (3.5) for the derivatives of T, n and b
with respect to &:

or dR + 8hn—i—hdn cos f + ahb—l—hdb sin 60
- - - - ) si
0§ dé & dé§ & d&

oh oh
= 74 (8&’1 +h (=T + bi)> cos 6 + (é)éb — th") sin 0
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oh ) oh .
= (1 —«ihcosO) T+ Ecos@—xzhsme n—+ K2h0059+£sm9 b,
(B3)

or oh oh .
— = [ — cos® — hsinb —sin@ +hcos6 | b. (B4)
00 00 90

Coefficients of the first fundamental form are, by definition, the scalar products of
the tangent vectors:

E=0T 0 0 hcosoy 4 (O 2+( h)? (B5)
= —— e — — COS s
o€ " 9E “ 9 ) TN
Cor or 9hoh
PO o, (B6)
T 9E 90 0E00
ar or [oh
— W, B7
=20 90 (ae) + (B7)

The unit normal vector m to the free surface is
or or
PR X PR
_ 0& 00

VEG —F*

Calculating separately the numerator and using that Tt xn=>b, n xb=1, b X T=n,
we obtain

or or
PR X PR
o0& 06

(B8)

&
<K2h cos 6 —|— — s1n 9) b}

oh
X [( cosf — hsm@) n-+ (89 sin@—l—hcos@) b]

oh
=h (— 2> T — (1 —«ihcosB) (0 sm@+hcos@>
(

oh
= [(1 —KkihcosO) T+ < cos 0 — krh sm9>

oh
4+ (1 — k1hcos8) <9 cos 6 — hsm0> b. (B9)
The denominator of (B 8) takes the form
EG—F*=(1—«hcos6)* |h* + dh 2 + n? %—Kih 2 (B 10)
- : 36 9 e )
Thus, m = m,t + m,n + mpb, where
oh oh 1)
h% K2h39 (EG—F~)~ /7, B11)
oh . 2\—1/2
m, =—(1 —k1hcosB) %sme—khcose (EG — F)~ /7, B12)
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oh
mb=(1-mhcos9)(89cos9-hmn9>(EG-F%—”% (B 13)

To calculate coefficients L, M, N of the second fundamental form, we have to find
the second derivatives of r with respect to £ and 6. Differentiating (B 3), (B4) and
using Frenet’s formulae (3.5) to express derivatives of t, n and b with respect to &,
we arrive at

d°r
9E?

9%r
9ED0

9%r

062

where we

0 ar
- 3¢ ()

dKl oh
= —|—h+4+Kk,— | cosOt + (1 —khcosB)kn

d§ 613
[0%h dkr on\ . ]
+ 875-‘2 cosf — (d&_h+/c28§_) smG_ n
oh .
+ (85 cos 8 — kyh sin 9) (—K1T + K0b)
+ -(dkzh + Kzah) cos B + ﬂ sin 9- b+ (th cos b + a—h sin 0) (—Kom)
L\ d§ 13 &2 l 9§

d oh
K1Kkyh sin @ — ﬁh cosf —2k;—cosO | T
d¢ 0&

9%h d oh
+ [(1 —k1hcosO) Kk + — cosf — <KZh+2K23§> sinf@ — KzzhCOS 0} n

0g? d§
9*h d oh
+ | = sinf + £h+2/<2— cos —kyhsin@| b
0g? dg 3
Teg - T + Teg nll + rgg,bb, (B 14)

a [ or . oh
= — | — )=« |hsind — —cosb | T
00 \ 0& 20

9%h oh oh\ .
+ 0s0 — [ — 4+ xk,— | sin@ —krhcosO | n

9E960 0 T 200
+ [ o sin 0 + (ah +K28h> cos O — koh sin@] b
IEDO 9 790
= Tt0,cT + Teoult + Teg b, (B 15)

2h h
i & = 8—c0s9—2a—sin0—hcos0 n
00 \ 96 002 00

9%h oh
+ (892 sin0—|—2£ cos 0 —hsin9> b

= Tggalt + Fog b, (B 16)

introduced notation r¢¢ ;, re:, etc. for the coefficients in front of 7, n, b.

Then, coefficients of the second fundamental form can be calculated as

0%r
L:TEZ -m:rgg’tmr +r¥€’nmn+}’55,bmb, (B 17)
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9%r
M= m M =gy My + Teg oMy + Feg pMy, (B18)
a°r
= 307 m = rpg .MM, + Fog pMyp. (B19)

Now, to obtain the free-surface curvature k,, one has to substitute (B 5)—(B7), (B17)-
(B 19) into (B 1).

(Note that, as will be clear from the asymptotic analysis below, the obtained
curvature is positive, as it is required to be in (2.3). This results from the order
of coordinates (£ = &', n =&2, 0 = &>) being a cyclic permutation of the order of
the coordinates in the standard cylindrical coordinate system of which the system
(&, n,0) is a natural generalization. Then, once the free surface is parameterized by &
and 6 (in this order) the standard procedure used above gives m as an inward normal
and «; > 0.)

B.2. Slender-jet approximation: dimensionless

In the slender-jet approximation, where £ is scaled with L (the characteristic length
scale along the jet; not to be confused with the coefficient in the second fundamental
form) and consequently k; and k, are scaled with L~' whilst & is scaled with €L,
where € — 0, the expression for the curvature can be simplified as follows. Below,
all expressions are dimensionless; they come from the dimensional expressions in the
previous section where, after non-dimensionalization, one has € as a factor in front of
(dimensionless) & in all expressions.

B.2.1. Leading order
Expressions (B 5)—(B 7) take the form

ah\’
E= (1 —ek1hcos0)® + € () + €2 (kh)? =1 — 2ek1h cos O + O(€?), (B 20)

9§
oh oh
F=€ | —— +h?|, B21
€ [8§ 89+K2 ] ( )
on\>
G=¢€||— n| . B22
’ [<89> T ] (B22)
Then,
2 2 2 8h ? 4 2 2 ah ? 3
EG—F =¢"(1 —2¢ek1hcosO) |h” + 30 +0(")=¢€¢" |h+ 30 + O(e”)
(B23)
and consequently, as € — 0,
oh oh
mae Mg
m, = e § + 0(e?), (B24)
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oh
(1 — exyhcos B) (9 sin 6 + h cos 9)

m, = — 1/2
2 dh 2
h™ + 30 (1 —2ekihcosB) 4+ O(e”)
oh .
—sinf@ + hcos 6
S o+ 0D, (B 25)
i (2 2
a6
oh
(1 —exihcosB) (80 cos 6 —hsin@)
m, =

1/2
W+ (g;’) ] (1 —2ek1hcosB) + O(e )}

R

0
— cos 6 — hsinf
00

5 T 0. (B26)
2
n* + h
20
The formulae (B 14)—(B 16) yield
hsind — Y cos 6 — 2, 2 cos 6 (B27)
Feee = € | Kikohsind — —hcos @ — 2k, — cos 8 | ,
. o dé K
9%h dkc, oh\ .
reen = (1 —€xhcosB) k) —i—ea—gz cosf — e Eh+2k28§ sin 6 —eK2h00s9
=k + O(e), (B 28)
9%h d 0
Teep = {852 sin @ + (dK;h—I—Zlqaé) cos 0 — kZh sin 0] , (B29)
. oh
Teo,r = €Ki | hsinf — £00s9 (B 30)
Oh 6 — ah+ Y 6in6 — kahcos 6 (B31)
Fegn = € cos koo | siné —kzhcosd |
. 9E00 9k ?
0%h oh doh
eop = € {asag sin6 + (ag +:<2> cos & — koh sin 9} : (B32)
9%h oh
Toon = <892 cos O — 28—9 sin@ — hcos 9> (B33)
9%h oh
oo = € <892 sm9+2—0 cosf — hsm@) (B34)

After substituting the obtained expressions into (B 17)—(B 19), it follows that

L=ree cmy + reg oy, + reg pip = Feg yimy, + O(€) = O(1), (B35)
M =gy 4 1eg My + Feg pip, = O(€), (B 36)
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N = rog.ny + rog pmy = O(€) (B37)

as € — 0 and, given that from (B20)—(B22) E=1+ 0(¢), F =0(€?) and G = O(€?)
as € — 0, we have that, as € — 0,

EN + GL —2FM = N + O(€*) = rog. iy, + 199 51y, + O(€7)
9%h oh . oh .
=€<{— | —=cosf —2—sinf — hcos@ —sin6 + hcos 6
a0 00

902
+ 82h‘9+28h 0 — hsin6 oh 0 —hsin®
— S1n — COSU —nsin — COS U — n sin
902 90 90
—1/2
x |h* + oh ’ + 0(e?)
96

—1/2
+0(»). (B3Y)

, an\*>  9%h
e|\P+2(—) —h—

a6

ot (2 2
00
Then, finally,

EN+GL—2FM 1|, on\*  *h| |, [on\’
Ky = =—|P+2( =) —h—| [P+ | =
EG — F? € 36 362 30

For a circular cross-section, dh/00 =0, we, as expected, have x, = 1/(eh).
Note that if «, is scaled with H~! = (L)™', as in the main text of this paper, the
right-hand side of (B 39) must be multiplied by e.

-32
+ O(1).

(B39)

B.2.2. Two-term expansion

If the free surface is looked for in the form & = hy + €h; + O(€?), it is necessary
to consider the first two terms in the asymptotic expansion of the curvature. This
expansion can be conveniently obtained in two steps: first, we obtain the O(1) term
in (B39) and then put there /i, instead of 4 whilst in the first term we substitute
h = hy + €h; and expand it keeping the terms of O(e¢~') and O(1) in the expansion
to obtain a correction to the leading term of the curvature linear in k. Specifically,

using for convenience the notation
. NI s an\> *h . i
Go=€¢"G=h +<80> , To=h +2(80> 892—6 G, "N,
(B 40a,b)

so that now G =¢€?G, and N=6T0G51/2, we have
EN + GL — 2FM = EN + GL + O(¢€%)
_ . _0h
=€e(1 —2ek1hcos 0)T)G, 12 _ 62K1G(1)/2 (Sm939 + hcos 9) + 0(€?)

oh
= eToGal/2 — €k ZhToGal/2 cos 6 + G(l)/2 <sin 9£ + hcos 9)} + 0(e¥).
(B41)
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Now, using (B 23), we obtain

EN + GL —-2FM
EG —F?

oh
€ToG, ' — €y [ZhToGo 2 cos 6 + Gy (sm 0— 20 + hcos 0)} + 0(€)

Ky =

€2(1 — 2ex1h cos 0)Gy + O(e%)

_ L‘;/z s (sin@ah +hcos 9) Gy + 0(e). (B 42)
G 26

The first term is the curvature from (B 39) and the second one is a correction that
depends on the curvature of the baseline «;. Now, we can substitute s, for & in the
second term of the above expression and h = hy 4 €h; in the first term which then
has to be expanded in € as € — 0. Keeping for brevity in the calculation only the
two leading terms in €, we obtain

3/2
T, 1 an\>  3%h o\’
=— |42 —h— /R s
€G)* € + <ae> 962 T\ 50
1 dho\ 92hy 32hy dhy Ohy 3%h,
= R+2— ) —h—> hy  2h e — — hy—
e{0+ (ae) 967 € "~ %62 ) T %0 90 90
-3/2 27—
dho\ dhy Ol dhy
h? — 1 —3e ( hoh h? —
X °+<39>] €<°1+3939 ot 0
1 el (2 92hy +48h0 oh, .\ 92h,
= ——= € _—— = _—
eG2 L™ T a2 96 80 96°
3 dhy dh
X 1 — 76 hol’ll + 7071
Goo 36 96
T() 0 1 82]’10 3h0ToqQ
:eGg/§+h1 G2 <2h° 00> Gyp
1 1 ah() 3T00 h() 82h1
- , B 43
89 G%/2 89 ( ,0> G?)/g 902 ( )
where
dho\ 32hy dho\ >
Too=h+2— ) —hy—., Goo=H — ) . B 44a,b
0.0 =hy + (89) 0502 0,0 =hgy + 29 ( a,b)
Now, using hy in the second term of (B42) and combining it with (B 43), we arrive
at
T()_() K1 < 8h ) ( 32h0 > 3h0TQ 0
Ks = —=5 — — | sin0— +hycosO | + hy | —= | 2hy — — .
€Gyo  Gyo 06 e U7 e Goo
dhy 1 dhy 3Ty hy 9%hy
— (4= ) — O(e). B 45
90 G2 90 ( Go,o) G e T (B45)
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In particular, if 9/y/90 =0 and hence Tp = Goo = hj, for the first two terms one

has
1 1 3%h,
Ks=— — K cos@——hl——z—.
h hg 062

€Ny ]’l(Z]
For a circular cross-section, i.e. dh;/06 =0, the mean curvature is lowest where the
normal n punctures the free surface and highest on the opposite side. This is what
one should expect given the signs of the principal curvatures at these two points.
Note that in the above derivation we scaled the curvature with L~!, so that when
we scale it with H=! = (eL)™' as in the body of the paper, the right-hand side of the
above results must be multiplied by €.

(B46)
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