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Reversible symmetric periodic solutions in
spatial perturbed systems

Anderson Mercado and Claudio Vidal

Abstract. 'We study the existence of several families of reversible-symmetric periodic solutions in a
three-dimensional system of differential equations that admits a reversible symmetry and includes
differentiable perturbations depending on a small parameter ¢, where the periodic solutions arise as
continuations of circular solutions from the unperturbed system. We essentially impose symmetric
constraints on the initial conditions and make use of the Poincaré continuation method. Both
fixed-period and variable-period reversible-symmetric solutions are obtained. We provide sufficient
conditions for their existence, expressed in terms of the perturbation functions. In addition, we
compute the characteristic multipliers of these families of reversible-symmetric periodic solutions.
We also compare different types of reversible symmetries with results from the averaging method.
Several examples illustrating our results are presented.

1 Introduction

The objective of this article is to demonstrate the existence of different families of
reversible symmetric periodic solutions in close approximation to circular periodic
solutions of some three-dimensional unperturbed ordinary differential equations
(ODEs). In more precise terms, it is assumed that the ODEs are analytic and are
symmetric with respect to some reversible symmetry, called S. That is, we consider
the system

) X = X(x,¢),

where X : U x R c R? x R — R? (U is an open set of R?) is an analytic function in
both variables, ¢ is assumed to be a small parameter. Let S : R* - R? be a linear
transformation in involution, that is, $* = I. A vector field X is said S-reversible sym-
metric if X oS =-So X for all x € U, with ¢ fixed; that is, X(Sx,¢) = -S(X(x, ¢)).
Additionally, one solution x(#, ¢) of the system (1) is called S-reversible symmetric if
x(t,€) = S(x(-t,¢€)) (see [21]).

In order to make this work self-contained, we recall the following basic but essential
result for our purposes.
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Lemmall LetS:R>— R beareversible symmetry of the vector field (1). We denote
the set of the fixed points of the symmetry S as £:=Fix(S) = {£ e R?: S(&) = &}.
Assume that x(t, &, €) is solution of (1) such that:

1) (e &,
2) x(1/2,¢¢) e &,

then x(t,&,€) is a t-periodic solution of (1). Moreover, this solution is S-reversible
symmetric, that is, x(t) = S(x(-t)).

The proof of this lemma can be found in [21].

The existence of periodic solutions has been the subject of study by many authors,
who have employed a variety of approaches. It is important to recall the relevant
literature on this topic, including the works of Poincaré [22], Hale [10, 11], Farkas [7],
Sanders et al. [23], and Verhulst [24], among others. For example, in [4], Duistermaat
considers ODEs of the form % = f (¢, x, w, €), with x € R”, where f is periodic in t with
period w. This study addresses the existence of periodic solutions as continuations of
a known periodic solution of the unperturbed system x = f (¢, x, wg, &) with initial
condition &y. In another paper [5], the same problem is considered, but under the
assumption of the existence of a first integral. In both cases, the existence of periodic
solutions is reduced to finding appropriate initial conditions £ of the unperturbed
system, or equivalently, to solving the periodicity equation ¢ (&, w, ¢) = x(w, &, w, €) -
& = 0. In this way, one obtains a periodic solution with initial condition & and period
w. The authors study the case in which the rank of Dz¢(wo, &9, w, €9) is maximal.
However, in the autonomous case, it is known that this rank is never maximal, and
thus these results cannot be directly applied. The work [5] also considers the case
in which the dimension of ker D¢¢(wo, o, wo, &) is one. Lamb and Roberts [18]
provide a comprehensive overview of the role of time-reversal symmetry in dynamical
systems, with particular emphasis on its connections to Hamiltonian and equivariant
structures. Their work surveys major developments in the theory of reversible systems,
including symmetric periodic orbits, local bifurcations, homoclinic phenomena, and
renormalization techniques. They also explore various contexts, both in physics and
mathematics, where time-reversible dynamics naturally arise. The study includes an
extensive bibliography, making it a valuable resource for further exploration of time-
reversal symmetry in dynamical systems.

In this work, we present results aimed at obtaining reversible symmetric periodic
solutions as a consequence of imposing symmetry on the vector field of the ODEs. In
the Concluding Remarks section, we analyze each reversible symmetry considered in
this article, comparing two different approaches: the method developed herein and the
Averaging Method. We highlight the differences between these methods and discuss
the type of information each provides regarding the existence of periodic solutions.

In this article, we consider the following family of ODEs in R? of the form:

X1 = —X2 + «Suﬁ(X1>X2,x3) + SaJrZRl(xlst)xSx 8)>

(2) X2 X1 + S“gl(xbxz, x3) + 8MZR2(X1, X2, X3, 8)>

%3 = €%hy (%1, X2, X3) + €5 R (31, %2, X3, €),
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where «, £ € N. Here, the dot denotes the derivative with respect to the independent
real variable t, and ¢ is a small parameter. In these differential systems, the functions
fi» @, h, and R; are analytic functions in the Cartesian variables, and moreover, R;
are also analytic in e. As we will see throughout this article, these conditions can
be weakened by requiring the functions to belong to the appropriate class C*. Of
course, in the spatial case, the origin is an equilibrium point and dim W*(0,0,0) = 3;
in particular, for € =0, the xy-plane is foliated by periodic solutions of fixed
period 271

There are many works in the literature that address the problem of symmetries
and their implications in ODEs. In particular, we are interested in works concerning
reversible or time-reversible symmetries, where conditions for the existence of sym-
metric periodic solutions are established.

For example, in [13], the authors consider the system x = f(t, x), where x ¢ R"
and f is T-periodic in t. It is assumed that f(-t,Qx) = -Qf(¢,x) for all ¢ and x,
for a certain constant matrix Q. In that work, the authors prove a simple theorem
that characterizes the existence of periodic solutions of the system possessing the
symmetry property induced by Q. This result is similar to that given in our Lemma 1.1.
Moreover, in the two-dimensional case, periodic solutions are constructed using ele-
mentary geometrical and analytical arguments together with the presence of reversible
symmetries.

In [8], the authors consider a nonlinear ODE of the form x = ¢f(¢,x), where
x € R", t € R,and ¢ € Ris a small parameter. It is assumed that f satisfies the following
symmetry: there exist a matrix A and a function y € C'(R,R) such that Af(t,x) =
v (t) f(y(t), Ax). For this class of weakly nonlinear ODEs, the authors prove the
existence of a unique symmetric solution and provide information about its stability.

In [3], the authors consider a nonlinear ODE of the form x = ¢f (¢, x, u), where
xeR", ueRF teR, and eeR is a small parameter. The symmetry condition
assumed is Af(t,x,p) = —f(-t -1, Ax, u), where A is a constant matrix, 7 € R is
fixed, and f is 7-periodic in t. The authors establish two results about the existence
of periodic symmetric solutions for this class of weakly nonlinear ODEs, under the
assumption that the initial condition satisfies x € ker(I — A). They analyze the cases
when ker(I - A) = {0} and ker(I — A) # {0}, considering parametric dependence
and time-reversal symmetries. Furthermore, they rigorously analyze the local asymp-
totic behavior of these solutions. It is worth noting that these previous works consider
spatially non-autonomous ODEs, unlike the approach presented in this article.

In [17], the authors introduce a general reduction method to study periodic solu-
tions near equilibrium points in autonomous reversible systems. They consider the
autonomous differential equation x = f(x, 1), where f : R” x R" — R”" is a smooth
vector field satisfying f(0,1) = 0 forall A € R™. For some Ay € R™, the linear operator
A =Dy f(0,10) € Z(R") is nonsingular. The system is assumed to be reversible,
that is, there exists a linear involution Ry € .Z(R") (i.e., R3 = I) such that f(Rox, 1) =
—Rpf(x,1). No restrictions are imposed on the linearization at the equilibrium,
allowing for higher multiplicities and all types of resonances. The problem is reduced
to one for a lower-dimensional system, which is either conservative or reversible and
also possesses an additional symmetry. The proof combines normal forms and the
Lyapunov-Schmidt reduction method.

https://doi.org/10.4153/50008414X25101910 Published online by Cambridge University Press


https://doi.org/10.4153/S0008414X25101910

4 A. Mercado and C. Vidal

There are also several studies in the literature where the proposed system undergoes
a zero-Hopf bifurcation. Examples include predator-prey models and Chua’s system,
a classical model in electronic circuits. Some references include [1, 2, 6, 9, 12, 15, 19,
25]. In these works, the existence of periodic solutions is proven as a bifurcation
from an equilibrium point with eigenvalues +i and 0. The existence of such periodic
solutions, typically with variable period, is often established using Averaging theory
and cylindrical coordinates.

In our problem, the unperturbed system (2) also admits a zero-Hopf bifurcation,
i.e, its linearization has eigenvalues +i and 0. Therefore, the continuation of periodic
solutions in the perturbed system is studied using symmetry conditions to obtain
symmetric periodic solutions.

In [16], Kassa, Llibre, and Makhlouf provide necessary and sufficient conditions for
the existence of two or more limit cycles bifurcating from a zero-Hopf equilibrium in
the following three-dimensional Lipschitzian differential system:

(3) Xx=y, y=2z, Z=-alx|-y+3y —xz-b,

when a = b = 0. Although the system is not initially in the form of (2), the authors
apply changes of coordinates and introduce a small parameter by setting a = ¢, b = 23,
and rescaling (x, y,z) = (X, Y, Z). Then, they apply the transformation (X,Y, Z) =
(u+w,—v,—u) to rewrite the system in a form resembling ours. Finally, they use
cylindrical coordinates and take 6 as a new independent variable to compute the
averaged function. By applying averaging theory, they prove the existence and unique-
ness of a T-periodic solution based on the analysis of two equations. In contrast, our
method often requires analyzing only one equation due to the presence of reversible
symmetries.

The main objective of this article is to carry out an analytical study that provides
sufficient conditions for the existence of several families of reversible symmetric
periodic solutions of the spatial system (2), close to the circular solutions of the
corresponding unperturbed differentiable system. We assume that the perturbed
system (2) possesses a reversible symmetry, specifically reflections with respect to
the coordinate axes or coordinate planes. More precisely, we aim to determine under
which conditions the circular orbits of the system

X1=-X3, X3=x1, Xx3=0

can be continued as periodic orbits of the full system. To carry out our work, we
introduce the change to cylindrical coordinates:

x;1=rcosf, x,=rsinf, x3=z,
then the system (2) takes the form
#=e*[fi(r,0,2) cos 0 + §(r,0,2) sin 0] + O(e**),
(4) 0=1+ ? [61(r,0,2) cos 0 — fi(r,0,2)sin 0] + O(e**),
z=¢%hy(r,0,2) + O(e*),
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where fi(r,0,2) = fi(rcos@,rsin6,z), §(r,0,z) = gi(rcos,rsin,z), and
hi(r,0,z) = hi(rcos6,rsin 6, z).
We write the previous system in the reduced form:
=" Fi(r,0,2) + O(e*™),
(5) 0=1+¢Gy(r,0,2) + O(e*™),
2 ="K (r,0,2) + O(e*™),
where the functions Fj, G;, and K; are given by
F(r,6,z) = ];l(r, 0,z)cos 6+ g (r,0,z)sin0,
(6) Gi(r,0,z) = [gl(r,e z) cos O — fi(r, 0, z)sm@]
Ki(r,0,z) = hl(r, 0,2).

Remark 1. For simplicity, and to avoid complications arising from a possible singu-
larity at r = 0 in system (5), we consider only the case where r > 0.

We are now ready to state our first result for the spatial case, which provides
sufficient conditions for the existence of T-reversible symmetric periodic solutions
of (5), both with fixed period 27 and with a period close to 27 (but not necessarily
fixed). We consider reversible symmetries such that one maps x; — —x; and the other
maps xX; = —Xj.

Theorem 1.1 (Tj-reversible symmetric periodic solutions). Let ;=1 and 8, = 0.
Assume that the system (2) admits a reversible symmetry of the form:

Tj(x1, x2,x3) = ((-1)7x1, (-1)7'%, x3),  j=1,2.

(ro(£),00(t),20(t)) = (ro + 8, t+ 0;%, 20+ 6z) be a Tj-symmetric and
2m-periodic solution of the unperturbed system (5), of radius ro + 0r and lying in the
plane z = zo + 6z with 8r and 8z sufficiently small. Suppose that there exist ro and zg
such that the following conditions are satisfied:

a) fﬂ[gl(ro,er8jg,zo)cos(s+8jg)—ﬂ(f’o,5+5jg,zo)5in(5+5;%)]%:0,
0
b)/ [agl(ro,s+6jﬂ,20)cos(s+5];) aafl(fo,sﬂs ,Zo)Sln(5+5 )]dﬁto
m\ o
)f [ (ro,s+8 2,zo)cos(s+6 2) a];l(ro,s+8 Z,Zo)Sin(S+5j2)]d5¢0'

Then, the following holds:

i) (Fixed period and two parameters (0z,¢)) If conditions a) and b) hold for
j=1lor j=2, and ¢ is sufficiently small, then there exists a unique family of
initial conditions (r(e),0(¢),z(¢)) = (ro +0r(0z,¢), 0;5, zo + 62), depending
on two parameters, with 6r(0,0) = 0, such that each of them defines a family of
Tj-reversible symmetric periodic solutions (for j =1 or j = 2) of the full system (2)
with fixed period T = 2m. Moreover, these solutions are close to the circular solution
of radius ro and near the plane z = z,.
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ii) (Fixed period and two parameters (0r, €)) If conditions a) and c) hold for j =1
or j =2, and 8r and ¢ are sufficiently small, then there exists a unique family of
initial conditions (r(e), 0(¢),z(¢)) = (ro +0r, 8;5, zo + 82(6r,s)), depending
on two parameters, with 6z(0,0) = 0, such that each of them defines a family of
Tj-reversible symmetric periodic solutions (for j =1or j = 2) of the full system (2)
with fixed period T = 2m. Moreover, these solutions are close to the circular solution
of radius ro and near the plane z = z,.

iii) (Variable period and three parameters (0r, 8z, €)) If condition a) holds for j =1 or
j =2, and 0r, 8z, and e are sufficiently small, then there exists a unique differentiable
function 1(68r,0z,¢) with 7(0,0,0) = 7, such that each initial condition (ry +
dr, 8;%, zo + 0z) defines a family of Tj-reversible symmetric periodic solutions
of the full system (2), depending on three parameters (3r, 8z, €), with period close
to 217(0r, 8z, €) = 2m + O(e%). Moreover, these solutions are close to the circular
solution of radius ry and near the plane z = z,.

Furthermore, the characteristic multipliers of the Ti-symmetric and T,-symmetric
periodic solutions ¢(t, (r(e), 0(¢),z(¢)), €) are, respectively 1, 1+ e*A; + O(e**), 1+
e*dy + O(e* ) and 1, 1+ &*Az + O(e*™), 1+ %Ay + O(e*™).

In Section 2, we present the proof of this theorem. Note that the conditions of
the previous theorem involve only the functions f; and g, however, ; must have
the reversible symmetry condition. We include in Theorem 1.1 case iii), that is, the
existence of periodic solutions with a period close to 27 but not fixed, because it
requires fewer restrictions. Our second result assumes the existence of the reversible
symmetry T5(x;, x2,x3) = (x1, X2, —x3), that is, reflection with respect to the plane
X1X7.

Theorem 1.2 (Ts-reversible symmetric periodic solutions). Assume that the
system (2) possesses the reversible symmetry Ts(x1,%2,%3) = (x1,%2,—x3). Let
(ro(2),00(t),20(t)) = (ro + 87, t + 69, 0) (with 0y € [0,27) fixed) be a Ts-symmetric
and 2m-periodic solution of the unperturbed system in (5), of radius ro + Or with Or
sufficiently small, and lying on the plane z = 0. Assume that there exist (ro,0o) such
that the following conditions are satisfied:

a) /0 ill(ro,s+ 00,0) ds = 0;

b) / %(1’0,5 +60,0)ds = 0;
Jo or

C) ]’ll(f’o, T+ 90,0) #0.
We have the following:

i) (Fixed period and one parameter ¢) If conditions a) and b) hold and ¢ is sufficiently
small, then there exists a unique family of initial conditions (r(¢€),0(¢),z(¢)) =
(ro + Or(¢€), 09,0) depending on one parameter, with 6r(0) = 0, such that each of
them generates a family of Ts-reversible symmetric periodic solutions of the complete
system (2) with fixed period T = 27t. Moreover, these solutions are close to the circular
solution of radius ro and near the plane z = 0.

ii) (Variable period and two parameters (3r, €)) If conditions a) and c) hold and both
Or and € are sufficiently small, then there exists a unique differentiable function
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z

Figure I: Tz-reversible symmetric periodic solution generated by a family of initial conditions
(r(¢),z(e) = 0) parameterized by ¢, obtained by Theorem 1.2 when the field (2) is under the
reversible symmetry T3 and 0 = 0.

7(8r, €) with 7(0,0) = 7, such that any initial condition (ry + 6r,0y,0) generates
a family of Ts-reversible symmetric periodic solutions of the complete system (2),
depending on the two parameters (8r,¢€), with period close to 27(dr,€) = 2m +
O(e*). Moreover, they are close to a circular solution of radius ro and near the plane
z=0.

Furthermore, the characteristic  multipliers of the periodic solution
o(t, (r(e),0(e),z(e)), €) are 1,1+ %Ay + O(e*™), 1+ %Ay + O(**1).

Note that in the above theorem, the conditions involve only the function h;. Figure 1
shows the existence of the curve of initial conditions that give rise Ts-reversible
symmetric periodic solution of period fixed close to 277 and it is on the z = 0 plane.

The next result concerns another type of reversible symmetry that changes two
variables.

Theorem 1.3 (Tj,4-reversible symmetric periodic solutions). Let §; =1 and J, = 0.
Assume that the system (2) admits the reversible symmetry

Tira(x1, x2,%3) = ((-1)x1, (-1)7" %, —x3),  j=1,2.
Let (ro(t), 600(t),z0(t)) = (ro + Or, t + 8;7, 8z) be a2m-periodic solution of the unper-
turbed system in (5) with 8r and 8z sufficiently small. Suppose that there exists ro > 0
such that the following conditions are satisfied:
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a)f izl(ro,s+8jz,0) ds =0,
)/ (r0,5+62 )ds—fll(ro,n+8jg,0)~l¢0,

where

I= f [ (ro,s+8 )cos(s+5 n) afl (ro,s+8 )sin(s+8jﬂ):| ds.
2’ 2 or 2’ 2

If conditions a) and b) are satisfied, and dr and € are sufficiently small, then there
exists a unique one-parameter family of initial conditions (r + 0r(e),d;5,0), with
0r(0) =0, and a differentiable function 1(¢), such that each of them gives rise to
a Tj,4-reversible symmetric periodic solution of the complete system (2) with period
27(e) = 2m + O(&%). Moreover, these solutions are close to a circular solution of radius
ro and lie on the x,x,-plane.

The proof of this result can be found in Section 4. Observe that the above theorem
involves the functions f;, g1, and h;. Furthermore, we only obtained periodic solutions
with variable period.

2 Proof of Theorem 1.1

Consider the system in R* given by (2), and assume that it is T-reversible symmetric
for j =1or j = 2. Note that when j = 1, the symmetry T; is a reflection with respect to
the x,x3-plane, and when j = 2, T, is a reflection with respect to the x;x3-plane. The set
of fixed points for j = 1or j = 2is given by £ := Fix(Tj) = {(x1,x2,x3) ¢ R? : x; = 0}.
In this case, we have that dim(£ ;) =

From the reversible symmetry condition, we have that for j =1,

Sfi(=x1,%2,x3) = fi(x1, %2, %3), g1(—x1,%2,%x3) = —g1(X1, %2, x3), h1(—x1, %2, %3)

= _hl(xla xz,x3),

that is, the functions g; and h; are odd in the variable x;, and f; is even in x;. For j = 2,
we obtain

fl(xl)_xbx3) = —fl(xl,xz,x3), gl(xb—xbxs) = gl(X1>X2,X3), hl(xb—xz,xfs)

= _hl(xl) Xz,x3),

that is, the functions f; and h; are odd in x5, and g is even in x;.
Our next step is to obtain an approximation of the solutions of the perturbed
system (5). For this, we suppose the solution has the form:

r(t,e) = ro(t) + e%ry(t) + O(e*™),
(7) 0(t,e) = 0o(1) + %0 (1) + O(e™),
z(t,€) = zo(t) + %2 (t) + O(e*™).
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It can be verified that the variational equations in this case are

7o =0,
6o =1,
20209

(8) i1 = Fi(ro(t), 00(t), z0(1)),

61 = Gi(ro(1), 00(t), 20(1)),
7;'1 :Kl(f’o(t),eo(t),Z()(t)).

Considering that the initial condition of the solution is of the form (7, 8, 2o ), and
solving the equations in (8), we obtain

)
Vo(t) =70,
90(t) =t+ 60,
zo(t) = 2o,

.
r(t) = fo [fl(ro,er 60, 20) cos(s + 6¢) + §1(ro, s + 09, z9) sin(s + 90)]ds,

1 t .
0:(t) = — f [gl(ro,s +00,20) cos(s + 09) — fi(ro,s + 6o, 2z0) sin(s + 00)] ds,
ro JO

t
Zl(t) = f hl(i’(),S + 0(),20) ds.
0

The characterization of the points in the set £; in cylindrical coordinates is
given by 0 = §;7 (mod 7) for j = 1,2, respectively, for each symmetry T; and T5.
Thus, the solution of the unperturbed system has the form (ro(t), 8o(t),20(2)) =
(ro,t +8;%,20), with initial condition (ro,d;7,20), and it is a 27-periodic circular
solution of radius o on the plane z = zo, with (¢, §;3,20) € £ for j=1,2.

Lemma 2.1 Letj=1orj=2suchthaté =1and §, =0.

A solution (r(t, (ro,00,20), €), 0(t, (r0, 00, 20), €),2(t, (r0, B0, 20), €)) of the per-
turbed system (4) is 2m-periodic and Tj-reversible (j =1 or j = 2) symmetric if we take
0o = ;7 and it satisfies the condition

0(m, (r0,0;%,20),€) = 6;5 (mod ),

m
where (1o, 8j5, 2g) € L is the initial condition.

Now, from Lemma 2.1, since 0o(7)=m+9;7,

0:1(t, (r0,60,20)) at t =  takes the form:

the first-order approximation

1 V4
0, (n,(ro,(Sj%,zo)) = — /; [gl (ro,s + (S‘jg,zo)cos (5 + 51-%)

ro
—fl (ro,s + 6j§,zo)sin (s+ 8&)] ds,
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then, the symmetry condition from Lemma 2.1 takes the form:

0 (m,(ro,8;%,20),€) =m+8;Z +i—a/;n[g”l(ro,s+8j§,zo)cos(s+6j§)
0
(10) ~fi (ro,s+8;%,z) sin (s + 8;Z) ] ds + O(e**).
Since 0(, (r9,0;7,20),¢) = 8;5 (mod m), we consider

0 (m,(ro,6;%.20),¢) = m+8;%,

so equation (10) is equivalent to solving

foﬂ [§1 (ro,s + 6j§,z0)cos (s+ 6&)
(11) ~fi(ro»s+8;%,z)sin (s +8;2)] ds + O(e) = 0.

To obtain families of Tj-reversible symmetric periodic solutions of fixed period
T = 2m (or variable period close to 27), we perturb the initial condition by replacing
ro and zo with o + 67 and zo + 0z, respectively, where 67 and 8z are small. Clearly, for
j=1lor j=2,wehave (ro + 0r,8;5, 20 + 6z) € £;. Thus, the initial radius and height
of the Tj-symmetric circular solution are now rq + ér and z, + 0z, respectively. For
future computations, we introduce time 7 as an additional independent variable. Then,
equation (10) becomes

lx

F(1,0r,0z,6) =17+ [T [61(ro + 01,5+ 8;Z,29 + 8z) cos (s + ;%)
ro + Or 2 2
(12) —fl (ro+8r,s+8j5,zo+82)sin(s+8j§)]ds,

fore#0,withF: RxRxRxR —>R.
In the case of a fixed period, we set 7 = 7, and then we define a new function on
the three variables (87, 8z, ¢) as

F(or.02,6) - fon [gl (fo +0r,5+ 085,20+ 62) cos (s + 61%)
~fi(ro + 8r,s+ 8;%,20 + 82) sin (s + 8;2) ] ds,

withF:RxR xR - R. -
Note that under hypothesis (a), we have F(0,0,0) = 0, since F(0,0,0,0) = 0. To
prove item (i), we compute the derivative:

(éréz,s) f[ (ro+8r,5+8;5,20 + 82) cos (s + 8;5)
-2

r

ro +0r,s+8;Z,2 +62)sin(s+6j§) ds.

j2>

Evaluating at §r = 0, dz = 0, and ¢ = 0, hypothesis (b) implies that

oF

0,0,0 0,
557 (0000 %
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and the Implicit Function Theorem ensures the result of item (i). The proof of item (ii)
is analogous, taking the derivative with respect to 6z and using hypothesis (c).

To obtain Tj-reversible symmetric periodic solutions (for j = 1or j = 2) of variable
period close to T = 27, we treat time 7 as an independent variable. Then, it is enough
to observe that

ai:(ﬂ, 0,0,0) =1,
or

and by the Implicit Function Theorem, item (iii) follows.

In order to compute the characteristic multiplier associated with the fam-
ily of periodic solutions ¢(t,(ro+0r,8;5,20 +0z),€) = (r(t, (ro + 0r,8;5,20 +
0z),¢€),0(t, (ro + 0r,8;%,20 + 02),€),2(t, (ro + 87,05, 20 + §2), ¢)) obtained pre-
viously, we consider the cross section X = {6 = ;7 } for the system (5). Thus, to study
the stability of the T(e)-periodic solutions ¢(t, (ro + dr,8;7, 20 + 62), ¢) by means
of the Poincaré map, we take this cross section as the domain of the return map. We
take the map as

P:3->3%, (r,z)~ P(T(¢),r,z,¢) = P.(T(e),1,2),
where T(¢) = 2m + O(¢). Since
(13) r(T(e), (r,8;5,2),€) =r+e"r(T(e), (r,6;5,2)) + O(e**h),
(14) 2(T(e),(r,0;%,2),8) =z + &2 (T(e), (r,8;%,2)) + O(e**),
the Poincaré map is
P(r,z) = (r,2) + &* (n(T(e), (r, 8;5.2)),z1(T(e), (r, SJg,z))) +0(e*M).
The derivative of P; is
D(yo)Pe(r,2) =T+ %A+ O(e**),
where
f 28 n fi n 98 n
A:(/‘; [;cos(s+6 ;)+;sm(s+6j;):|ds j(; I:—zcos(s+8 2)+azsm(s+6j2):|ds)
J 27 9hy 21 oy 4
j(; s fo s

and each function in the integrands is evaluated at the initial conditions (rg,s +
8;%,20) for j =1or j= 2. For the symmetry T, the integrands of the integrals in the
matrix A, are odd in s, so A, is the zero matrix when evaluated at 8r = 0, §z = 0, and
¢ = 0 and the derivate of P, is

D(,’Z)PE(T,Z) =J+ O(SHI),

which applies to all families of T5- -symmetric periodic solutions in items (i)-(iii).

However, for Ty, the parity of fi, &, and i, with respect to s cannot be determined,
so the matrix A; may have nonzero entries. Therefore, the characteristic multipliers
(i.e., eigenvalues of DP;) can be calculated and may provide information about the
stability of the associated symmetric periodic solution. This concludes the proof of
Theorem 1.1.
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Remark 2. The eigenvalues of the first approximation do not provide any informa-
tion about the stability of the symmetric periodic solutions for any arbitrary functions
possessing the T,-reversible symmetry.

We present the following example where we study the symmetry Tj.
Example 2.1. Consider the system (2) with the following functions:
fi(x1,x2,%3) = azooxf + a210x12x2 + 112019612963 + a012x2x§ + ao3oxg + a4ooxf>
(15 gi(x1, %2, %3) = biowX1x3 + b3ox; + braox1%3,
hy(x1, X2, X3) = cnoX1X2 + Clo1X1X3 + 30172,

where a;j, b;j, and c;; are arbitrary real numbers, and Ry, R;, and R; arbitrary
functions that have the reversible symmetry T;. Clearly, this system is Tj-reversible.
The previous functions (15) in cylindrical coordinates take the form as follows:

fl(r, 0,2) = azoor? cos? 0 + azor” sin 6 cos” 0 + a1 1°z cos® O
+ o172 $in 6 + agspr” sin® 0 + ageer* cost 6,

81(r,6,2) = bipirzcos 0 + bsgor cos® 0 + byagr sin® O cos 6,

hi(r,6,2) = cror® sin 0 cos 6 + c1917z cos 0 + c30,7°z cos” 6.

We note that the equation in item a) of Theorem 1.1 reduces to

L 71 . ~ 7r
/ [gl(ro,s+f,zo)s1ns+f1(r0,s+f,zo)coss] ds
0 2 2
4
(16) = _ETZ (5(1200 +5a,01z + 4(14001’2) =0.

So, to apply item i) of Theorem 1.1, we need to solve (16) for ry, whose solution is
r() - T4 -
2 a400

as00(—azo0 — a2012) > 0.

whether

Now, the condition of no-degeneration, that is, item b) of Theorem 1.1, becomes
(=200 — 2012)*

a400

# 0.

On the other hand, to apply the second part of Theorem 1.1, we need to solve (16) with
respect to zo. In this case, we find a solution:

50200 + 461400 r2

>

Sazo1

whether a,y; # 0. Condition ¢) of Theorem 1.1 becomes
4a201r2 0.

In conclusion, by Theorem 1.1, we have the following result.
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Theorem 2.1. Consider the spatial system (2), where the functions fi(x1,x2,x3),
£1(x1, %2, x3), and hy(x1, x2, x3) are given by (15), and let Ry, R,, and R; be arbitrary
functions that preserve the Ti-reversible symmetry. Then, we have the following results:

i) (Fixed period) Let zy be fixed such that aso0(d200 + a20120) < 0, and let € be suffi-
ciently small. Then, there exists a unique two-parameter family of initial conditions
of the form (r(e), 0(¢), z(e)) = (ro + 6r(e, 02), 5, 20), with 67(0,0) = 0, such that
each initial condition gives rise to a Ti-reversible symmetric periodic solution of the
system (4) with fixed period T = 2m. Moreover, these solutions are close to the circular

? —ta—h0iZo gpd Jie near the plane z = z.
a400

ii) (Fixed period) Let aso, # 0, and let € be sufficiently small. Then, there exists a two-
parameter family of initial conditions of the form (r(e), 0(e),z(e)) = (r0, 5,20 +
0z (e, 8r)), with 8z(0,0) = 0, such that each initial condition yields a T-reversible
symmetric periodic solution of the system (4) with fixed period T = 2m. Moreover,

these solutions are close to the circular solution of radius roy and near the plane
_ 5as00 +4a400r3
Sazo

solution of radius ry =

20 =
Now, we present an other example for the case of the reversible symmetry T.

Example 2.2 Consider the system (2) with the following functions:

2 3 2
ﬁ(x17x2>x3) = do10X] X2 + Ag30X; T do12X2X3,
2 2
(17) £1(x1, X2, x3) = biaoX1x5 + bioax1X3 + boo2 X3,

h1(x1,x2,x3) = CnoX1X2 + Co11X2X3,

where a;j,b;j, and ¢;; are arbitrary real numbers, and Ry, R;, and Rj3 arbitrary
functions that have the reversible symmetry T;. Clearly, this system is T,-reversible.
Moreover, the previous functions (17) in cylindrical coordinates take the form:

Fi(r,0,2) = azor’ cos® Osin 0 + agzor” sin’ 0 + ajgrz* cos 6,
&1(r,0,2) = braorzcos O sin® 6 + by rz cos 0 + bgga 2,

hy(r,0,2) = cior? cos 0sin 6 + cop 7z sin 6.

Next, we point out that the equation in item a) of Theorem 1.1 becomes

s ~
f [gl(ro,s,zo)coss—fl(ro,s,zo)sins] ds
0
1
(18) =g [420(b101 - a01220) + 15 (~3a030 — a210 + bizo)] = 0.

To apply item i) of Theorem 1.1, we need to solve (18) for ry, whose solution is
_ \/ (5101 - a01220)Zo
To = 2 N
3ag30 + az10 — bizo

(5101 - 6101220)20
3a930 + 210 — b12o

whether

> 0.
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Condition b) of Theorem 1.1 becomes
Z()(—bl()l + tl()uZ()) +0.

On the other hand, if we want to apply the second part of Theorem 1.1, we have to solve
(18) with respect to zy, so we find two solutions

2 2
. bio1 + \/17101 + 61102(—364030 —dapo + 5120)”0
0+ = >
2a012

whether b7y, + a102(~3a030 — @210 + b120)rg > 0. Condition c) of Theorem 1.1 becomes

Tiro
2 2
+ 2 \/bIOI + aloz(—3a030 —do + b]zo)?’o *0.

In conclusion, by Theorem 1.1, we have the following result.

Theorem 2.2. Consider the spatial system (2), where the functions fi(x1,%2,x3),
g1(x1, %2, x3), and hy(x1, X2, x3) are as given in (17), and let Ry, R,, and R be arbitrary
functions that preserve the T,-reversible symmetry. Then, we have the following results:

i) (Fixed period) Let z be fixed such that % > 0, and let € be sufficiently
small. Then, there exists a unique two-parameter family of initial conditions of
the form (r(¢€), 0(¢),2(€)) = (ro + 6r(e), 0, 2¢), with 8r(0,0) = 0, such that each
initial condition gives rise to a T,-reversible symmetric periodic solution of the system

(4) with fixed period T = 2m. Moreover, these solutions are close to the circular

. . bio1— 401220 ) Z0 .
— 2 ( 101 01240 — .
solution of radius ro = 2\/ 3722220, and lie near the plane z = zg

i) (Fixed period) Let ry be fixed such that by + aj02(—3a030 — @210 + b120)78 >
0, a012 # 0, and let € be sufficiently small. Then, there exist two families of initial
conditions of the form (r(¢),0(¢),z(¢g)) = (10,0, zox + 82(¢)) , with §z(0,0) = 0,
such that each initial condition gives rise to a T,-reversible symmetric periodic
solution of the system (4) with fixed period T =2m. Moreover, these solutions
are close to the circular solution of radius ry and near the plane z = zo, =

blOli\/b%01+a102(’3ﬂ030 —az0+b120) 73
2a012 ’

3 Proof of Theorem 1.2

Consider the system in R? given by (2), and assume that it is T5-reversible symmetric,
where Ts(x1,x2,x3) = (X1, X2, —x3 ). Note that T represents a reflection with respect
to the x;x,-plane. The set of fixed points under Tj is given by

L3 = FIX(T3) = {(xl,xz,x3) € Rs L X3 = 0},

which is a plane of dimension dim(£3) = 2. From the T;-reversibility condition, we
obtain the following identities:

Sfi(xn, x2, =x3) = = fi(x1, %2, X3), g1 (%1, X2, —X3)

= —g1(x1,xz,x3),h1(x1,xz, —xs) = h1(x1,x2,x3)-

Therefore, the functions f; and g are odd in the variable x3, while 5, is even in x3.
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The characterization of the points in the set £3 in cylindrical coordinates is
given by z = 0. Moreover, the solution of the unperturbed system has the form
(ro(2), 00(t),20(t)) = (ro, t + 69,0), with initial condition (rg, 8y, 0) € L3. Thus, it
is a 2m-periodic circular solution of radius r of the unperturbed system, lying in the
plane z = 0.

Lemma 3.1 A solution (r(t, (ro, 60,20),€), 0(t, (10, 60,20), €), z(t, (19, 60, 20),€))
of the perturbed system (4) is 2m-periodic and Ts-reversible symmetric if we take zg = 0
and it satisfies the condition z(m, (¢, 09,0), €) = 0, where (ro, 6y, 0) € L3 is the initial
condition.

Since zp = 0, then by (9), the first-order approximation z; becomes

t.
(19) Z](t,(ro,eo,o)): f h1(70,5+90,0) dS,
0
and the condition in Lemma 3.1 reduces to
(20) z(m, (r9,00,0),¢€) = / hy(rg,s + 64,0) ds.
0

To obtain families of T5-reversible symmetric periodic solutions with fixed period
T = 2m (or not fixed but close to 27), we modify the initial condition by perturbing
ro to 7o + 8, where 6 is a small parameter. That is, we consider a perturbation of the
initial radius of the T3-symmetric circular solution of the unperturbed system. Then,
equation (19) becomes

(21) F(or,¢) = fﬂﬁl(r0+8r,s+90,0) ds+ O(e),
0

where, in this case, F: R x R — R.
Now, by hypothesis a), we have that F(0,0) = 0. In order to prove item i), we
compute the following derivative:

%(é‘r,s) = [0 %(ro +0r,s+09,0) ds.

Evaluating at 67 = 0 and ¢ = 0, by hypothesis b), we get

oF
o b 0 0)
YT

thus, by the Implicit Function Theorem, the proof of item i) follows.
For the case of variable period, we consider the function

p— T ~
(22) F(z,0r,¢) :f hi(ro + 8r,s+ 60,0) ds + O(e).
0

By item a), we have F(7,0,0) = 0, and by item ¢),

oF ,

—(m,0,0) = hy(ro, m+ 69,0) 0,

ot
thus, again by the Implicit Function Theorem, the proof of item ii) follows.

In order to compute the characteristic multipliers associated the family of the
previous periodic solutions ¢(t, (ro + dr,60,0),¢) = (r(¢, (ro + 67,00,0),¢),0(¢,
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(ro +0r,60,0),¢),2(t, (ro + 0r,60,0),¢)), we consider the cross section X = {6 =
0} for the system (5). Thus, to study the stability of the T(¢)-periodic solutions
o(t, (ro + 8r,0,0), ) by considering the Poincaré map, we take

(23)
P.:2 >3, (r,z) = P(T(e),1,2) = (r(T(e),(r,0,2),¢), z(T(e),(r,0,2),¢)),

where T(e) = 2 + O(¢).
We expand the flow components as:

(24) r(T(e),(r,0,0),¢) = r+e*r(T(e),(r,0,0)) + O(e*™),

(25) 2(T(¢),(r,0,0),¢) = z+ %2 (T(e), (r,0,0)) + O(e**).
Thus, the Poincaré map on X becomes:

(26)  P(r,z) = (r,2) + & (rn(T(e), (,5,0)),z1(T(e), (r,5,0))) + O(e*™).
In particular, the derivative of P, with respect to (7, z) takes the form:

(27) D(y2)Pe(r,z) =T+ %A+ O(e*),

where

2 iy o
/ [aﬁcos(s+60)+aglsin(5+90)]ds
A =70 ar or

7= 2n
[ oh, oh
0o or

/271 [afl cos(s+6y)+ % sin (s + 60)] ds
0 0z 0z

fZT[ ahl ds

0o 0z

and each function in the integrands is evaluated at the initial condition (¢, s + 69, 0).
According to our calculations, the parity of the functions f;, &, and &, with respect
to the variable s cannot be determined when evaluated at §r = 0 and & = 0 under
the symmetry Ts. Therefore, the entries a;; of the matrix A are not necessarily
zero. This enables the analysis of the characteristic multipliers, which correspond
to the eigenvalues of A, providing information about the stability of the associated

symmetric periodic solution. This concludes the proof of Theorem 1.2.
Now, we are going to show an example where we can apply Theorem 1.2.

Example 3.1 Consider the system (2) with the following functions:

fl(xbxb X3) = amX1X2Xx3 + donXaXx3 + aj1x1x3,
(28) g1(x1, %2, x3) = binxixoxs + bonxaxs + bi1x1x3,

2 2 2 2.2
h1(x1,x2, X3) = C200X] t Cr10X1X2 + Co02X3 + C210X7 X2 + €320X1 X3,

where a;j, b;j, and ¢;; are arbitrary real numbers, and Ry, R;, and Rj arbitrary but
satisfying the reversible symmetry T5. Clearly, this system is T3-reversible. Moreover,
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the previous functions (28) in cylindrical coordinates take the form:

fl(r, 0,z) = ajur’zcos Osin 0 + agrzsin 6 + ayrz cos 0,

&1(7,0,2) = bynr*zcos 0sin 6 + boy rzsin 6 + by rz cos 0,

l:zl(r, 0,2) = ca007r* cos” 0 + ciy07” sin 0 cos O + cooa2” + Ca107 sin O cos® O
+ C3007* sin? O cos? 6.

We note that the equation in item a) of Theorem 1.1 reduces to

o 2
(29) / ]’l](T(),S + eo,O)dS = ;‘% [37’[ (4C2()0 + C320T2) +16¢21070 COS3 60] =0.
0

To apply item i) of Theorem 1.2, we solve the equation for ry and for c3p9 # 0, we
obtain two possible roots, namely,

—8C210 COS3 0() + 2\/166%10 cos® 00 - 97'[2C20()C320
(30) Tox = .
37mcsn0
Now, we are going to analyze different situations according to the number of solutions.

Two distinct positive roots: This occurs when the discriminant is positive, i.e.,
16C§10 COS6 90 - 97T2C200C320 >0,

and in addition, one of the conditions below is satisfied:

16¢2,, cos®

(1) 0() € (7'[/2, 37'[/2), €320 >0, €210>0, 0<cy0< —210 > 70

97T2C320
16¢2,, cos® 0

(11) 00 € [0, 7T/2) @] (37[/2, 27'[], €320 >0, €210<0, 0<cy0< —210 7 70
97'[26320

The previous set will be called )y of parameters.
Unique positive root: We obtain one root when ¢339 <0, ¢390>0 or

€320 > 0, ¢200 < 0. Or when occurs that,

2
97" C320C200

cos®8y = >
16¢5)0

>

and one of the following conditions holds:
(1) 0() € (7'[/2, 37'[/2), 10 >0, €300<0,0r ¢310<0, c¢330>0.
(11) 00 € [0, 7'[/2) @] (37'[/2, 27'[], 10 >0, €320<0,0r ¢10<0, ¢330>0.

The previous set of parameters will be called Q,.
Now, the computation of the condition in item b) of Theorem 1.2 reduces to

A.B,
27m2c2,,

>

(31) f %(ro,s+00,0)ds:
0o or

where

Ai = -8¢y10 COS3 90 + 2\/166%10 cos® 90 - 97T2C20()C320,

_ 2 2 6 3 2 2
Bi =97 C200€C320 — 16C210 CoS 9() + 4C210 Cos 0()\/16C210 cos® 00 -9 €200€320-
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It is verified that in the regions Q; and Q, that A, # 0 and B, # 0. Therefore,
conditions in items a) and b) are satisfied.

For the other case, the computation of the condition in item c) of Theorem 1.2
reduces to

(32)
> _ .2 . . 2.2
hi(ro, m+ 00,0) = r5 cos Oy [Cuo sin 6y + cos 0, (Czoo — Ca1070 8in By + c3207 sin 90)] .

Now, if rg = . as in (30), on the regions ; and Q,, the condition
ill(’bi) T+ 60, 0) =A,BiorA_B, #0

is always satisfied if B; # 0, where

2
(\/l6c§10 cos8 0y — 972 ¢200C320 + 4Ca10 COS® 60) cos By
A, =4
22 >
IM=C350

cos By

2
B; = ciosin 6y + (4 sin? 8, (\/l6c210 c0s® By — 972200 C320 + 4Ca10 COS 90)

%320

+ 671C10 SIN 60 . (\/16C%10 cos® 0() - 97T2C2()()C32() +4cy19 C083 60) + 97'[2C200C320),

. 2
4sin® 60(\/16c§10 cos8 By — 972200 €320 — 4C210 COS® 00)

B, = cy19 sin By + cos O 5
97320

2C210 sin 90 . (\/16(3%10 cos® 90 - 97T2C200 C320 — 4C210 COS3 0())
- + €200
37mc3o0

In conclusion, by Theorem 1.2, we obtain the following result.

Theorem 3.1.  Consider the spatial system (2), where fi(x1, x2, x3), g1(x1, X2, x3), and
h1 (1, X2, x3) are as in (28), and let Ry, Ry, and R3 be arbitrary functions possessing the
symmetry Ts. Then, we have the following:

i) (Fixed period) Let z =0 such that condition (31) is satisfied, and let ¢ be
sufficiently small. If (200, €210, €320, 60) satisfy the conditions of the set O,
then there exist two one-parameter families of initial conditions given by
(r(e),0(¢),z(¢)) = (ry + 8ri(€),00,0), 0r;(0) =0, such that they generate
two Ts-reversible symmetric periodic solutions of system (4) with fixed period

T = 27. Moreover, these solutions are close to the circular ones with radius ro. =
2(—4c210 cos® 90¥\/16c%10 cosS 90—971262006320)

, and lie close to the plane z = 0.

(Fixed period) Let 2 =0 such that condition (31) is satisfied, and let ¢ be suf-
ficiently small. If (cz00> €210> €320, 00) satisfy the conditions of the set Q,, then
there exists a one-parameter family of initial conditions (r(¢), 0(¢),z(€)) = (ro +
8r(e),60,0),6r(0) = 0, that generates a Ts-reversible symmetric periodic solution
of system (4) with fixed period T = 271. Moreovet, this solution is close to the circular

2(746210 cos® 0o F 16¢3,, cos® 0g—97m2ca00 C3zo)

~

ii

one with radius ro, =
z=0.

Tomen , and close to the plane
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ili) (Variable period) Let ¢ be sufficiently small and suppose (c200, €210 €320, B0 ) satisfy
the conditions of the set Q3 := Oy U Q. If B; # 0, then there exists a differentiable
function T(0r,€), such that 7(0,0) = 7, and the full system (2) admits a two-
parameter family of Ts-reversible symmetric periodic solutions parameterized by
(8, &), with period close to 21(8r, ) = 2w + O(e*). Moreover, these solutions are
close to a circular solution with radius ro. and close to the plane z = 0.

4 Proof of Theorem 1.3

Consider the system in R® given by (2) and assume that the system admits the
reversible symmetry Tj,4 for j=1 or j=2. Consider the set of fixed points £;,4 =
{xj=0,x3 =0} with dim(Lj,4) = 1. In cylindrical coordinates, the set £, 4 is char-
acterized by 6 = §;7 (mod 7) and z = 0. Note that this set has two conditions, which
is an important difference with respect to previous cases. Due to the reversible
symmetry, the functions of the vector field satisfy the following properties: (a) for
the symmetry Ts, the functions f; and h; are even in the variables (x, x3), while g
is odd in (x1, x3) and (b) for the symmetry Tg, the function f; is odd in the variables
(x2,x3), and g and h; are even in (x;, x3). In cylindrical coordinates, we have the
following characterization.

Lemma4.1 Onesolution (r(t, (ro, 00, 20),€), 0(¢, (19, 60,20), €),2(t, (10, 00,20),€))
of the perturbed system (4) is 2m-periodic and Tj, 4-reversible symmetric if it is satisfied
the system

9(7T, (7’0,5]'%,0) ,e) = Sjg (mod ),

z(n, (ro, 81%’0) ,s) =0,

where (r9,0;7,0) € L4 is the initial condition for j = 1 and j = 2, respectively.

(33)

Next, the system of equations in (33) takes the form:

(34)
9(71,(7’0,8]-%,0) e)—n+8 g+j—0f0 [gl(r0,5+6jg,0)cos(s+8jg)
—fl(ro,s+8 )s1n(s+6 )]ds+(f)( ’”1):8jg (mod ),

z(n, (ro,(?jg,O) ,e) =g [0 h (ro,s+ 8];,0) ds + O(ga+1) =0,

and here we will consider the symmetry condition as 6(7, (r9,8;7,0),¢) = m+ ;5
and z(m, (r9,0;5,0),¢) = 0. In order to obtain Tj,4-reversible symmetric periodic
solutions with period close to T = 27, we modify the initial condition (7o, §;75,0)
by taking (ro +07r,8;5,0) € Lji4 for j=1,2. Thus, the Tj,4-reversible symmetr1c
periodic solutions of the unperturbed system with initial condition (rq + dr,d;7,0)
are (ro(t), 00(t),zo(t)) = (ro + &r,8;7,0). Moreover, for this symmetry, since there
are two equations in (34) and two variables (Jr, €), it is necessary to include the time
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7 as an independent variable. Thus, the system (34) admits the following equivalent
form:

Fi(r,0r,e) =1-m+ “5 f [gl(ro+8r,s+6jg,0)cos(s+6jg)
ot+dr J,
(35) —fl(r0+8r s+0;%,0)sin (s +8;Z)]ds + O(e**),

iz

F, (1,0r,¢) = f h (ro +0r,s+ 5]-5,0) ds+0(e).
0

Note that the function F = (5, F,) : R x R x R — R?. Thus, by hypotheses a) and
b), we get that F(7,0,0) = (0,0). On the other hand,

agl TT fl Vid
sz [0 [ G leas)-Fe(al)e

(7,
(v.0r) i (ro, 7 + 8,%,0) f aahld
0 r

which is non-singular at 7 = 7, §r = 0, and ¢ = 0, by hypothesis c) for j=1or j=2.
Therefore, the proof of the theorem follows from the Implicit Function Theorem.

Example 4.1 Consider the system (2) with the following functions:

2.2 2 2.2 2.2
S1(x1, %2, X3) = anpaxi X5X5 + A202X] X5 + A22X5X5,
3
(36) 1(x1, %2, x3) = brgxixz + bouXxax3 + bagoxy,
2.2 2.2 2.2 2.4
hi(x1, X2, X3) = Cap0 X1 X5 + C202X1 X5 + Co22X5 X5 + €240 X35
where a;j, b;j, and c;; are arbitrary real numbers, and R;, Ry, and Rj are arbitrary
functions that have the reversible symmetry Ts. Clearly, this system is T5-reversible.
Moreover, the previous functions (36) in cylindrical coordinates take the form:
h(r,0,2) = Aranrtz? cos? 0sin? 0 + az0,722% cos? 0 + agyriz® sin 6,
&1(7,0,2) = byor® cos 0sin 0 + boy rzsin 0 + byger” cos” 0,

hi(7,0,2) = cpaor* cos® Osin® O + cy051°2% cos” O + Cpar° 2 sin® O + c2407° cos® O sin 6.

Next, we point out that the integral in item a) of Theorem 1.3 becomes
T nrt 2
(37) f h1(70,5+7'[/2,0)d5 = K(ZCZZO + Coq0? )
0
In order to apply item i) of Theorem 1.3, we need to solve the equation

rt

Y (2C220 + 62401‘2) =0.

Then, there is a unique ro > 0

C
ro = \/_ 220

6240
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whether ¢550¢240 < 0. The calculation of condition b) of Theorem 1.3 becomes

"o
(38) 0
/2

N

In conclusion, by Theorem 1.3, we have the following result.

Theorem 4.1 Let the spatial system (2) with fi(x1,%2,%3), g1(x1,%2,%3), and
hi(x1, %2, x3) as in (36), and let Ry, Ry, and Rs be arbitrary functions possessing the
symmetry Ts. Assume that cyocaa0 < 0. Then, there exists a unique one-parameter
family of initial conditions (8r(e), 5,0) with 6r(0) = 0 and a differentiable function
(&) such that each initial condition gives a Ts-reversible symmetric periodic solution of
the full system (2) , with period 21(¢) = 2m + O(&%). Moreover, these solutions are close

to a circular solution with radius ro = \/2, /iﬁ and lie on the x1x;-plane.

5 Concluding remarks

In this work, we have considered the following analytic (or C¥~ differentiable) family
of ODE in R? of the form:
X1 = —xp + ¥ fi(x, x2, x3) + ¥Ry (x1, X2, X3, €),
(39) Xy = x1 + %1 (%1, %2, x3) + € Ry (X1, X2, X3, €),
X3 = e%hy(x1, X2, x3) + +£*"1R3 (%1, %2, X3, €),
where a € N. Here, ¢ is a small parameter. Note that the unperturbed system is
X1 = =X, X2 = X1, X3 =0,

which is foliated by circular solutions of fixed period 27 on each plane x3 = x3.
For our approach, we introduce cylindrical coordinates x; = rcosf, x; =
rsin 6, x3 = x3, then the system (39) takes the form:

i= eFi(r,0,2) + e Fy(r,0,2) + O(e*™?)
(40) 0 =1+¢Gy(r,0,2) + €7 G,(r, 0,2) + O(¢°2)
z= e*K\(r,0,2) + e 'Ky (r,0,2) + O(e*?),
where
Fi(r,0,2) = fi(r,0,2) cos 0 + & (r,0,2) sin O

1 -
(41) Gi(r,6,z) = - [gl(r, 6,z) cos 0 — fi(r,0,z) sin 9] ,
r
Ky(r,0,z) = le(r, 0,z2),

with the functions fl(r, 0,z) = fi(rcosB,rsinb,z), &(r,0,z) =g (rcos,
rsin6,z), and (1, 0,2) = hy(rcos 6, rsin 6, z).

In this work, we combine the reversible-discrete symmetries T of the system (39)
and the Poincaré continuation method, strongly using the first approximation of the
solutions of the full ordinary differential system given by a variational system. The
main contribution of this article is to provide sufficient conditions for the existence of
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different families of reversible-symmetric periodic solutions for spatial perturbations
(39) using cylindrical variables. Furthermore, we provide information about the
characteristic multipliers of these solutions. We prove different theorems that give
sufficient conditions for the existence of two types of families of initial conditions that
produce reversible-symmetric periodic solutions for the system (39). The first type
corresponds to reversible-symmetric periodic solutions with the same period as the
circular orbit of the unperturbed system. The second type corresponds to reversible-
symmetric periodic solutions with variable period, but close to that of the unperturbed
circular orbit.

We point out that the periodicity equations (conditions for the existence of
reversible-symmetric periodic solutions) depend on the dimension of the fixed point
set S. Since S can be a reflection with respect to the plane x =0, 0r y =0,0rz =0, 0ora
reflection with respect to the straight linesx = y = 0,x =z =0, or y = z = 0, it follows
that §) can be1or 2. In the case dim(S) = 2, there is only one condition to be satisfied,
while in the case dim(S) = 1, two conditions must be satisfied.

The importance of stating many theorems as results in this work lies in the different
cases obtained by imposing a reversible symmetry on the system (39) in order to find
symmetric periodic solutions, which is the main objective of this work. Hence, the
relevance lies in the set of fixed points for each symmetry and their corresponding
periodicity equations, as well as in the conditions required to apply the Implicit Func-
tion Theorem. We would like to highlight the impossibility of applying our method
for certain symmetries. For the reversible symmetry Ty (x1,x2,x3) = (=X1, —x2, X3),
we have £, = Fix(Ty) : x1 = x5 = 0. In cylindrical coordinates, a solution with r > 0
would be Ty-reversible symmetric if 6y = 0 and 6y = /2 (mod 7) simultaneously,
which is impossible.

5.1 A comparison with the averaging method

In order to complement our study, we analyze the possibility of using the Averaging
method. We conclude that it is not possible to use this method in some cases due to
the degeneracy of the averaging function at its zeros.

We start our analysis by considering the variable 6 as a new time parameter, so the
system (4) assumes the form:

dr  eF(r,0,z) + "' Fy(r,0,2) + O(e**?)
d0 1+ &2Gy(r,0,2) + €¥1Gy(r, 0, 2) + O(e%+2)”
dz  e*Ky(r,0,2) + 'Ky (r,0,2) + O(e*?)
d0 1+ e2Gy(r,0,2) + €1Gy(r, 0, 2) + O(e5+2)"

(42)

Making the respective Taylor series approximation and e = 0, we obtain the new

equations

d

d—; = ¢"Fy(r,0,z) + € [Fy(r, 0,2) — Fi(r,0,2)Gi(r, 0,2)] + O(e*?),
(43)

% = e"Ki(r,0,2) + e [Ky(r,0,2) — K (1,0,2)Gi(r, 0,2)] + O(e**?),
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where F;,G;, and K; are as (41) and F, = fz(r, 0,z)cos 6 + g>(r,0,z) sinf
and K, = hy(r,0,2z), where  fo(r,0,2) = fo(rcos8,rsin6,z), §(r,0,2) =
g2(rcos@,rsinf,z), and hy(r,0,2) = hy(rcos6,rsin6,z). Moreover, fi,h,
are odd functions in 8 and h, is even in 6. Now, we obtain the averaged functions for
the first order,

— 2 _ 2m
(44) Fi(r,z) = / Fi(r,z,0)d0, Ki(r,z)= f Ki(r,z,0)de6.
0 0

We call the attention that in order to apply the Averaging theorem of first order, we
need initially to find (79, z9) such that,

(45) Fi(r9,20) =0, Ki(r0,20) =0,

i.e., we need to solve a system of two equations. In particular, in order to find (79, zp)
for this, the method notes that we need to solve a system of two equations, this is an
important difference with our approach in this work, because in some cases of our
symmetries, we need to solve only one equation.

It is important to emphasize that the existence of a family of periodic solutions
bifurcates from the point (o, zo ). We need to verify the additional condition of non-

degeneration
® %
det| o7 9 L
o, oF,
or a0 /|

z=2y
5.1.1 Analysis of the symmetry T;

We will analyze the integrals that define the functions F; and/or Kj, assuming that the
vector field associated with system (39) possesses the reversible symmetry T;.

Lemma 5.1 Assume that the vector field (2) has the Ty symmetry. Then, we have the
following:

(1) Fi(r,z) =0;
(2) Ki(r,2) = 0.

Proof Under the symmetry T;, we have the following symmetry properties with
respect to the angular variable 6:

(46)
fl(r, 0,z) = fl(r, n-0,2),8(r,0,z) = =g (r,m - 0,2), h(r,0,2) = by (r,m - 0,2).

Then, it is verified that F; (r, 7 — 0, 2) = —F(r,0,2), Gi(r,m - 6,z) = Gi(r, 0, z), and
Ki(r,m-0,z) =-Ki(r,0,z). Let u = m — 6 be a coordinate change, then

g 0 g
/ Fl(r,G,z)dG:—[ Fl(r,ﬂ—u,z)du:/ Fi(r,m—u,z)du
0 g 0
= —f Fi(r,u,z)du.
0
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Returning to the variable 6, we have that / Fi(r,0,2)d0 = 0. Similarly, making
0
2
the change of coordinates u =37 — 0, we can prove that [ Fi(r,0,2z)d0 = 0.
U1

Analogously to the previous process, we prove that f Ki(r,6,z)d6 =0 and
0
2n
[ Ki(r6.2)d0 -0, .
s

Remark 3. From the previous lemma, it is clear that the first-order Averaging theory
cannot be applied if the vector field in (2) or (39) possesses the reversible symmetry T;.
In particular, the first-order Averaging method fails to yield periodic solutions in our
Example 2.1, where fi, g, and h; are as given in (15).

Motivated by the results in [20], we must examine whether any conclusions about
the existence of periodic solutions can be obtained via the second-order averaging
theory. For this, it is necessary to calculate the solutions of the system F, = 0 and
K, = 0, where

B(r.2) = [2” [Fa(r,0,2) - Fy(r, 0, 2)Gi(r, 6, 2)] d6,
(47) )

Ro(r,z) = fOZ" [K>(r, 0, 2) - Ky (r, 6,2) Gy (r, 0, 2)] 6.

By the symmetry T, we have the following symmetry properties with respect to
the angular variable 0:

fa(r,0,2) =fo(r,m - 0,2),
(48) 8(r,0,2) == g (r,m-6,2),

hy(r,0,2) == hy(r,m - 0, 2).
Then, it verifies the following symmetry properties:

Fy(r,m-0,z) = -F,(r,0,z2),
(49) Gy(r,m—0,z) = Gy(r,6,2),
Ky(r,m-0,z) =-Ky(r,6,z2).

We present the following result.

Lemma 5.2 Assume that the vector field (2) or (39) has the Ty symmetry. Then, we have
the following:

(1) Fy(r,z) =0;
(2) Ky(r,2) = 0.

Proof For item (1), we write
2 2
f [Fo(r,6,2) - Fi(r,6,2)Gi(r, 6,2)] d6 = f Fy(r,0,2)d8
0 0

2
—f Fy(r,0,2)Gi(r, 0,2)d6.
0
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2n
Since F,(r, 0,z) = —F,(r, m — 0, z), the integral f F,(r,6,z) =0, the proof is sim-
0

ilar to item (1) of Lemma 5.1. Now, we will focus on demonstrating

2m
] Fi(r,0,2)G(r,0,2)d8 = 0.
0

For this, rewrite the integral as

2n T
|7 R(r6.2)Gi(r.0.2)d0 = [ " Fi(1.6,2)Gi(r,6,2)d0
0 0

2
v [ E(.0,2)Gi(r,0,2)de.

If we take the change of coordinates u = 7 — 6 and by the symmetry properties (49),
we have that

b 0
f Fl(r,H,z)Gl(r,G,z)dG:—f Fi(r,m—u,2)G(r,m—u,z)du,

(50) ’ .
:—f Fi(r,u,2)Gi(r,u, z)du.
0

T
So, we obtain that f Fi(r,0,2)Gi(r,0,2z)d6 = 0. On the other hand, if we
0

2
take the change of coordinates u = 37w — 0, we get similarly that f Fi(r,0,z2)

Gi(r,0,2)d6 = 0. Analogously, by performing the same procedure, we pTrrove the result
for item (2). ]

Remark 4 Consequently, the second-order averaging method yields no information
regarding the existence of periodic solutions. Recursively, following the results in [20],
the higher-order averaging theory also fails to provide information on the existence
of periodic solutions.

5.1.2 Analysis of the symmetry T,

Now, we proceed to analyze the symmetry T5. In this case, we have the following result.

Lemma 5.3 Assume that the vector field (39) has the T, symmetry. Then, we have the
following:

1) Fi(r,2) =0;

(2) FI(T’,Z) =0.

Proof Weknow that F,(r, 0,z) = fi(r,6,z) cos 8 + §i(r,0,z) sin @ and K;(r, 0, 2) =
hy(r,0,z). By the reversible symmetry T,, the functions f; and h; are odd in the
variable y, while g is even. Consequently, f; and h; are odd functions of 6, and §
is even. It follows that both F; and K; are odd in 08, and therefore their integrals over a
symmetric interval vanish. [ ]

Remark 5 Analogously to the previous case, we cannot apply the Averaging theory
of first order if the vector field (2) or (39) possesses the reversible symmetry T5. In
particular, we cannot obtain periodic solutions by the Averaging method of first order
in our Example 2.2 with fj, g1, and h; as in (17).
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5.1.3 Analysis of the symmetry T

To compare our results with our method and the theory of Averaging, we will
concentrate on studying a polynomial vector field as in (39). The existence of the
reversible implies that f;, g are odd in z and h; is even in z, this implies that

f(xp,2) = 2fi(x, 7, 2%), g1(x, 3,2) = 26 (x, 3,2%), and b (x, 7, 2) = In(x, 3, 2%),

for some polynomials f;, &1, and /. Then,
_ 2m
Fi(r,z) = z[ [Ai(r,0,2%) cos O + §i(r,0,2") sin 6] d6.
0

Remark 6 From the previous calculus, we observe that zyp = 0 can be part of an
equilibrium point of the Averaging criteria of first order and ry must be computed by
the equation K;(r9,0) = 0. On the other hand, in our main result for the reversible
symmetry T3, that is, Theorem 1.2, we have that the continued periodic solutions
bifurcate from the circular solution on the plane zo = 0 and ry is computed by the

equation f izl(ro, 0 + 60,0)ds = 0. Therefore, we deduce that, in both methods,
0

zo = 0 could generate periodic solutions.

Remark 7 We consider Example 3.1 in order to compare the applicability of the
averaging method of the first order. We note that

Fl(r, Z) = m’z(alo] + bon),

= 1
Kl(r, Z) = Zﬂ (8C00222 + 462001’2 + 63207'4) .

[ ¢
From this system, we obtain a unique equilibrium point (ro =2, [- 22 7 = 0)
€320

under the condition czgg¢320 < 0. It is verified that the determinant of its monodromy
87'[2 C%()O (al()] + b()]l)

matrix is — . If we impose that (awl + bOll)CZOO # 0, then by the

€320
Averaging theorem of first order, we obtain a unique family of periodic solution of
period close to 27w which are close to the plane z = 0.
On the other hand, using our method ro must satisfy the equation

" 1
/ h](rQ,S + 90,0)(15 = ﬁ?‘z [37'[ (4C200 + C3207’2) + 1662101’COS3 90] =0.
0

From where given conditions on the parameters, we obtain 1 or 2 positive roots.

We point out that by Theorem 1.2, we obtain a family of initial conditions param-
eterized by e, given by (r(e),0(¢),z(¢g)) = (ro + 0r(¢), 6y, 0), where 0, is initially
arbitrary. The application of the Averaging method yields a different family of initial
conditions of the form (7(¢), 0(¢),2(¢)) = (ro + O(&¥),0,0(€*)). It is important to
note that these two families of initial conditions are not the same. In Example 3.1
by the method presented in this work and the Averaging theory, the bifurcation of
periodic solutions from the same point (g, zo = 0). Note that these families of initial
conditions are not the same. In Figure 2, we show how these two different families of
initial conditions are generated by both methods.
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Figure 2: Families of initial conditions (7(¢),z(¢) = 0) and (r*(¢), z* (¢)) parameterized by ¢, obtained by Theorem 1.2 and the Averaging
theorem of first order, respectively, when the field (2) is under the reversible symmetry T5. Initially, 6 = 8, is an arbitrary angle.
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5.1.4 Analysis of the symmetry T;

For the purpose of analyzing the symmetry Ts, we will assume that the functions
fi» gj> hj are polynomials. So, we have that they can be written as

A y,.2) = (5%, 9,2%),
§i(x,3,2) = x gu(x*, 3, 2°) + 2 gu(x*, . 2%),
h(x, y,2) = hu (2%, y,2°).
For some polynomials fi, g1, and h;. Now, we begin by presenting the following result.

Lemma 5.4 It verifies the following:

w [ 7 cos?*1 §sin™ 66 = 0,

(2) foh cos* @sin™ 0d6 =0 if m is odd,

3) /0~2n cos® Bsin™ 046 =2 /On cos® Bsin™ 046 if m is even,

2
(4) cos**19do = o,

0
2
20 B (21)!
(5) fo cos* 0dO = 2717221(“)2,
for £, m e Ny.

Lemma 5.5 Assume that the vector field (2) or (39) has the reversible symmetry Ts.
Then,

2n 2n
) f Fi(r,0,2)d0 = rz/ cos 0 g1,(r* cos® 0, rsin 0, z%)d6,
0 0
2n T .
(2) f Ki(r,0,z)d0 =2 f i (r* cos® 6, rsin 0, z2) d6.
0 0

Proof In cylindrical coordinates, the functions fi, g;, and h; with the symmetry Ts
have the form:

fi(r,0,2) = fu(r* cos* 0,rsin 0, 2°),
£1(r,0,z) =rcosf gu(r2 cos® 6, rsin 0, z2) +z glz(rz cos® 6, rsin 6, zz),
hi(r,0,2) = hy (1% cos® 6, rsin 6, 2%).
Then, by equation (44), we have that
Fi(r,0,2) = fu(r* cos® 6, rsin 6, z*) cos 6
+ [r cos 0 g (r* cos® 0, rsin 6, 2%) + z g1 (r* cos® 0, rsin 6, Zz)] sin 6,
Ki(,8,2) = hy(r* cos® 0, rsin 8, 2%).

Now, we analyze the following integrals that are part of the first equation in (44):
2
I = f fu(r* cos® 0, rsin 0, z*) cos 0d0,
0

21
L= ?’f cos Bsin 6 §11(r2 cos® 0, rsin 0,22)d0,
0
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2n
Iy = rz/ sin 0 g1, (1% cos® 0, rsin 6, z*)d6.
0

Itis verified that I; = 0, I = 0 by virtue of the previous Lemma 5.4. Since the integrand
is polynomial, it results in a combination of sine and cosine functions of that form:

cos?*1 9sin™ 0, sin*! cos 0,
and using the items of the previous Lemma 5.4, we obtain the result. [ ]
Remark 8 In general, it is not true that F; = 0 and K; = 0. In fact, we obtain

?](T’, Z) = T[b()]li’Z

— 1
K](T’, Z) = §7T7'2 [(822(6022 + C202) + 262201’2 + C2401’4)] .

. . . €220
Moreover, we obtain a unique zero given by (ro =V2 -2,z = 0) under the
€240

condition cy;0¢240 < 0. It is verified that the determinant of its monodromy matrix
27T2b011C220

2
€240

solutions with period close to 27 by the Averaging method.

Now, as we see in Theorem 1.3 with j = 1, we obtain a family of initial conditions
parameterized by ¢ as follows (r(¢), 0(¢),z(€)) = (ro + 6r(e), 7/2,0) (with the same
value of ry). However, by the use of the Averaging method, we obtain a family of initial
conditions given by (7(¢), 8(¢),z(e)) = (ro + O(¢%),0,0 + O(&)). Furthermore, we
obtain, via our method and the Averaging theory, the bifurcation of periodic solutions
from the same point (rg,z = 0). However, these families of initial conditions are not
the same as shown in Figure 3.

. If we impose that bopcaz0c240 # 0, we obtain a family of periodic

5.1.5 Analysis of the symmetry T

For the purpose of analyzing the symmetry Ts, we will again assume that the functions
fi> &, hy are polynomials. Then, by virtue of the symmetry, we have that

fi(x,3,2) = y fu(x, 9%, 2%) + 2 fua(x, y%, %),
g% .2) = gu(x, 5%, 2%),
hi(x, y,2) = hu(x, y*, 2%)

for some polynomials f;, gi, and h;. In cylindrical coordinates, the functions take the
form:

fi(r,6,2) = rsin @ fi(rcos 8, r?sin®0,2%) + z fi(rcos B, % sin” 0, 2%),
&1(7,0,2) = gu(rcos6,r*sin® 0, 2%),
hi(r,0,2) = hy(rcos @, 1% sin’ 6, 2%).

Lemma 5.6 Assume that the vector field (2) and (39) has the reversible symmetry Tg.
Then, we have the following:

27 2m
/ Fi(r, H,Z)dﬂzzf fiz(rcos 6, r* sin® 0, z%) cos 0d 0,
0 0
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Figure 3: Families of initial conditions (r(¢),z(e) = 0) and (*(¢), z* (¢)) parameterized by ¢, obtained by Theorem 1.3 with j = 1 (this is
the Ts-symmetry) and the Averaging theorem, respectively, when the field (2) is under the reversible symmetry Ts and 6y = 7/2.
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2 T
[ hi(rcos 0, rsin® 0,2*)d0 =2 [ hyy (r cos 0, rsin® 0, 22)d6.
0 0
Proof By equation (44), the integral of F, takes the form:

2n . .
f [(rsin@ fu(rcos6,7*sin® 6,2%) + z fiy(r cos 6, r” sin® 6,2%) ) cos 6
0
+gu(rcos 6,7 sin” 6,2") sin 6] d6

and we write it as the sum of the following three integrals:
2n .
I :f rsin 0 fy; (1 cos 0, r? sin* 9,z2)c050d0,
0
2n .
I :/ z fia(rcos 6, r* sin® 0, z*) cos 0d0,
0
2
I :f sin 0 g (r cos 6, r* sin® 0, 2%)d6.
0

It is verified that I; = 0 and I3 = 0 due to the parity of the integrand, since they are odd
in the variable 0. For the integral I,, we cannot say anything because the integrand is
even in 0. Now, we rewrite the integral

2m T
f hy(rcos @, rsin 0, 2%) = f hi(rcos 0, r* sin® 0, 2%)d0
0 0
2m
+/ hy(r cos 8, r* sin® 6, z%)d6.
Let u = 27 — 0 be a change of coordinates and observe that
27 0 _
f hy(rcos @, r*sin* 0,2%)d6 = — [ hy(rcos(2m — u), r* sin® (27 — u), 2*)du,
= f hy(r cosu, r* sin® u, 0)du.

0

This concludes the proof. [ ]

Remark 9 Byitem (1) of the previous Lemma 5.6, it is possible to apply the averaging
method and obtain information about the existence of periodic solutions when the
vector field (2) or (39) admits the reversible symmetry Ts. Our objective now is
to present the differences between both methods, highlighting the advantages and
disadvantages of each. For this purpose, we will present three examples that we
consider important to illustrate the relevance of these differences depending on the
symmetry.

Example 5.1 Consider the system (2) with the following functions that admit sym-
metry Te:

2 3 2
ﬁ(x1>x2ax3) = az10Xy X2 t do30X; + A201X; X3,
2 2 2.2
(51 gl(xl;xbx3) = blzoxlxz + bwlexg + b022X2X3,

2.2 2 2
By (X1, %2, X3) = €220%1 X3 + Co20%5 + C002X3 >
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where a; s bij, and c;; are arbitrary real numbers, and R; = R, = R3 = 0. The previous
functions in cylindrical coordinates take the form:

Ffi(r,0,2) = azor’ cos® Osin 0 + agsr’ sin’ 0 + ag;zr* cos® 0,

&1(7,0,2) = biaor® cos 0sin® 0 + bygyrz* cos O + boy,r’2z* sin® 0,

hi(7,0,2) = cpaor* cos® Bsin® O + cozor? sin® O + cp22>.

We verified that F,(r,z) = 0, thus, we cannot apply the Averaging method of first
order.

Next, we present other important example for the analysis.
Example 5.2 Let
fl(xlaxZ)xS) = azloxlzxz + aosoxg + a201x12x3 + ﬂ301X32>
(52) gl(Xl, Xz,X3) = b120x1x§ + b102x1x32 + bozzxgxg,
hl(xl, xz,x3) = szoxlzxg + Cozoxg + c002x32

be polynomials that admit the reversible symmetry Tg, where a;;, b;j, and c;; are
arbitrary real numbers, and R; = R, = R; = 0. The previous functions in cylindrical
coordinates take the form:

. 2 2
3sin® 0 + ay0127% cos? 6 + r’z cos® 6,

Fi(r,0,2) = azor’ cos® Osin 6 + agszor
-~ _ 3 .2 2 22 .2
81(r,6,2) = bipor’ cos @sin” 0 + bygarz” cos 0 + boypr“z” sin 6,
hy(7,0,2) = cpaor* cos® B sin® O + copor? sin® 0 + coor2”.

We obtain that

— 3asmm
Fi(r,z) = %Pz,

— 1
Kl(T,Z) = Zﬂ (8C()()222 + 460201’2 + C2207’4) .

This system has a zero with radius ro =2,/¢% and z =0, when the condition

C202€220 < 0 is satisfied.

Remark 10 By Theorem (1.3) with j = 2, the point (ro =2,/ 7, = 0) is exactly

€220
the point (rp,0) from which the Ts-reversible symmetric periodic solution close to
the z = 0-plane bifurcate. However, the curve of initial conditions that generated by the
Averaging method is not the same curve of initial condition generated by our method,
similar to happened with the symmetry T5, so in this case, the curve of initial condition
is taken in zy = 0 and 0, = 0 and it is on the x-axis as shown in Figure 4.

Example 5.3 Consider the following polynomials:
2 3 3 5
f1(X1, X2, X3) =A210%] X2 + 30X + 2 (ﬂsoox + dsp0X ) >
2 2 2.2
(53) gl(xla X2, x3) =5120X1x2 + 5102X1X3 + bozzxzx3,

2.2 2 2
1 (%1, X2, X3) =C220X7 %5 + C020X5 + C002X35
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Figure 4: Families of initial conditions (r(¢),z(¢) = 0) and (r*(¢), z*(¢)) parameterized by ¢, obtained by Theorem 1.3 with j = 2 (this is,
the Ts-symmetry) and the Averaging theorem, respectively, when the field (2) has the reversible symmetry Ty and 8 = 0.
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that admit the Ts-reversible symmetry, a;;, b;;, and c;; are arbitrary real numbers, and
Ry = R, = R3 = 0. The previous functions in cylindrical coordinates take the form:

fi(r,0,2) = Ay107 cos® Osin O + agzer’ sin® 0 + z (azmrz cos? 0 + r° cos® 9) ,

81(r,0,z) = by 1> cos 0'sin® 0 + by rz? cos 0 + by r?z* sin’ 6,

2

hi(7,0,2) = craor® cos® 0sin® O + cozor” sin® O + coaz”.

We have that

— 3azgm
Fi(r,z) = %Pz,

— 1
Kl(T,Z) = Zﬂ (8C0()222 + 4C0201’2 + C2207'4) .

Then, solving the equations F,(r,z) =0 and K;(,z) = 0, we obtain three no-
degenerate isolated zeros

€020
to=2y/—> 29=0,
€220

\/7 ﬂsoo 3 \/10 300 A500 €020 — 30500 €220
bl
asoo as00 \/ €002
\/7 a300 _ 3 \/1061300 500 €020 — 30340 szo
asoo as00 /€002

Thus, by the Averaging theorem of first order from each point, there are periodic
solutions close to each plane zy, respectively. Now, using our Theorem 1.3, we obtain
the existence of reversible symmetric periodic solutions close to circle with radius

ro =2 C‘”“ 2 on the plane z; = 0 under the condition that c;g,¢220 > 0.

Note that in this work, our analysis does not cover the case of double symmetry,
because the vector field of system (2) does not form a group under the composition
of its reversible symmetries, unlike what occurs in Hamiltonian systems (see, for
example, [14]).

In order to get an approximation of the reversible symmetric periodic solutions,
we propose an approximation of the solution for the system (2):

x(t, & €) = xo(t) + e%x1(t) + O(e*™h)
(54) y(t, &) = yo(t) + ey (t) + O(e*™)
z(t,&,€) = zo(t) + %21 (t) + O(e*™),

where & = (xo, ¥, 20) is the initial condition. By the change of cylindrical variables,
we have that

x(t) =r(t) cos (1)
(55) y(t) =r(t)sin6(¢)
z(t) = z(t),
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where (r(t),0(t),z(t)) is as in (7). Thus, the approximation of the solution of the
complete system is given by

x(t) = (ro(t) +e%ri(t) + O(e%)) cos(o(t) + €01 (t) + O(£a+1)))

(56) y(t) = (ro(t) + e*ri(t) + (%)) sin(0o(t) + £*0,(£) + O(e*™)),
z(t) = zo(t) + %2 (t) + O(e*™)

when

x0(t) =ro(t) cosBo(t), x1(t) =r1(¢)cosbi(t),
(57) yo(t) =ro(t)sinbo(t), yi(t) =ri(t)sinby(¢),
Zo(t) =Z()(t), Z](t) =Zl(l’).

In our approach, it is possible to compute a second approximation of the solution
but additional information is required.
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